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PETER J. FREYD

a low price (< $8) and—even better—hundreds of free copies to
mathematicians of my choice. (This was to be their first math
publication.)

On the day I arrived at Harper’s with the finished manuscript
I was introduced, as a matter of courtesy, to the Chief of Pro-
duction who asked me, as a matter of courtesy, if I had any
preferences when it came to fonts and I answered, as a matter
of courtesy, with the one name I knew, New Times Roman.

It was not a well-known font in the early 60s; in those days
one chose between Pica and Elite when buying a typewriter—not
fonts but sizes. The Chief of Production, no longer acting just on
courtesy, told me that no one would choose it for something like
mathematics: New Times Roman was believed to be maximally
dense for a given level of legibility. Mathematics required a more
spacious font. All that was news to me; I had learned its name
only because it struck me as maximally elegant.

The Chief of Production decided that Harper’s new math
series could be different. Why not New Times Roman? The
book might be even cheaper than $8 (indeed, it sold for $7.50).
We decided that the title page and headers should be sans serif
and settled that day on Helvetica (it ended up as a rather non-
standard version). Harper & Row became enamored with those
particular choices and kept them for the entire series. (And—
coincidently or not—so, eventually, did the world of desktop
publishing.) The heroic copy editor later succeeded in convine-
ing the Chief of Production that I was right in asking for nega-
tive page numbering. The title page came in at a glorious —11
and—Dbest of all—there was a magnificent page 0.

The book’s sales surprised us all; a second printing was or-
dered. (It took us a while to find out who all the extra buyers
were: computer scientists.) I insisted on a number of changes

—24
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PETER J. FREYD

course, to be replaced by the word “equalizer”.

Pages 29-30: Exercise 1-D would have been much easier if
it had been delayed until after the definitions of generator and
pushout. The category [—] is best characterized as a generator
for the category of small categories that appears as a retract of
every other generator. The category [——] is a pushout of the
two maps from 1 to [—] and this characterization also simpli-
fies the material in section 3: if a functor fixes the two maps
from 1 to [—] then it will be shown to be equivalent to the
identity functor; if, instead, it twists them it is equivalent to the
dual-category functor. These characterizations have another ad-
vantage: they are correct. If one starts with the the two-element
monoid that isn’t a group, views it as a category and then for-
mally “splits the idempotents” (as in Exercise 2-B, page 61) the
result is another two-object category with exactly three endo-
functors. And the supposed characterization of [——] is coun-
terexampled by the disjoint union of [—] and the cyclic group
of order three.

Page 35: The axioms for abelian categories are redundant:
either A 1 or A 1* suffices, that is, each in the presence of the
other axioms implies the other. The proof, which is not straight-
forward, can be found on section 1.598 of my book with Andre
Scedrov!, henceforth to be referred to as Cats € Alligators. Sec-
tion 1.597 of that book has an even more parsimonious definition
of abelian category (which I needed for the material described
below concerning page 108): it suffices to require either prod-
ucts or sums and that every map has a “normal factorization”,
to wit, a map that appears as a cokernel followed by a map that
appears as kernel.

Pages 35-36: Of the examples mentioned to show the in-

L Categories, Allegories, North Holland, 1990
—22
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egory theory or on functorializing model theory''. It uses the
strange subject of T-categories. More accessibly, it is exposed in
section 1.54 of Cats & Alligators.

Philadelphia
November 18, 2003

HMimeographed notes, Univ. Pennsylvania, Philadelphia, Pa., 1974
—-13
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PETER J. FREYD

I kept no track of their number. So now people were seeking
the meaning for the barely visible slight increase in the size of
the word BIFUNCTORS on page 72. If the truth be told, it was
from the first sample page the Chief of Production had sent me
for approval. Somewhere between then and when the rest of
the pages were done the size changed. But BIFUNCTORS didn’t
change. At least not in the first printing. Alas, the joke was
removed in the second printing.

Pages 75-77: Note, first, that a root is defined in Exercise
3-B not as an object but as a constant functor. There was
a month or two in my life when I had come up with the no-
tion of reflective subcategories but had not heard about adjoint
functors and that was just enough time to write an undergrad-
uate honors thesis?. By constructing roots as coreflections into
the categories of constant functors I had been able to prove the
equivalence of completeness and co-completeness (modulo, as I
then wrote, “a set-theoretic condition that arises in the proof”).
The term “limit” was doomed, of course, not to be replaced by
“root”. Saunders Mac Lane predicted such in his (quite favor-
able) review?, thereby guaranteeing it. (The reasons I give on
page 77 do not include the really important one: I could not
for the life of me figure out how A x B results from a limiting
process applied to A and B. I still can’t.)

Page 81: Again yikes! The definition of representable func-
tors in Exercise 4-G appears only parenthetically in the first
printing. When rewritten to give them their due it was nec-
essary to remove the sentence “To find A, simply evaluate the
left-adjoint of S on a set with a single element.” The resulting

2Brown University, 1958
3The American Mathematical Monthly, Vol. 72, No. 9. (Nov., 1965),
pp. 1043-1044.
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Pages 131-132: The very large category B (Exercise 6-A)—
with a few variations—has been a great source of counterexam-
ples over the years. As pointed out above (concerning pages
85-86) the forgetful functor is bi-continuous but does not have
either adjoint. To move into a more general setting, drop the
condition that G be a group and rewrite the “convention” to
become f(y) = 1¢ for y ¢ S (and, of course, drop the condition
that h : G — G’ be a homomorphism—it can be any function).
The result is a category that satisfies all the conditions of a
Grothendieck topos except for the existence of a generating set.
It is not a topos: the subobject classifier, €2, would need to be the
size of the universe. If we require, instead, that all the values of
all f:S — (G,G) be permutations, it is a topos and a boolean
one at that. Indeed, the forgetful functor preserves all the rel-
evant structure (in particular, 2 has just two elements). In its
category of abelian-group objects—just as in B—Ext(A, B) is a
proper class iff there’s a non-zero group homomorphism from A
to B (it needn’t respect the actions), hence the only injective ob-
ject is the zero object (which settled a once-open problem about
whether there are enough injectives in the category of abelian
groups in every elementary topos with natural-numbers object.)

Pages 153-154: I have no idea why in Exercise 7-G I didn’t
cite its origins: my paper, Relative Homological Algebra Made
Absolute!?.

Page 158: I must confess that I cringe when I see “A man
learns to think categorically, he works out a few definitions, per-
haps a theorem, more likely a lemma, and then he publishes it.”
I cringe when I recall that when I got my degree, Princeton had
never allowed a female student (graduate or undergraduate). On
the other hand, I don’t cringe at the pronoun “he”.

10 proc. Nat. Acad. Sci., Feb. 1963
—15
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PETER J. FREYD

refused to engage in the myriad discussions about the issues dis-
cussed in the material that starts on the bottom of page 85. It
was a good rule. T had (correctly) predicted that the contro-
versy would evaporate and that, in the meantime, it would be a
waste of time to amplify what I had already written. I should,
though, have figured out a way to point out that the forgetful
functor for the category, B, described on pages 131-132 has all
the conditions needed for the general adjoint functor except for
the solution set condition. Ironically there was already in hand a
much better example: the forgetful functor from the category of
complete boolean algebras (and bi-continuous homomorphisms)
to the category of sets does not have a left adjoint (put another
way, free complete boolean algebras are non-existently large).
The proof (albeit for a different assertion) was in Haim Gaif-
man’s 1962 dissertation®.

Page 87: The term “co-well-powered” should, of course, be
“well-co-powered”.

Pages 91-93: Ilost track of the many special cases of Exercise
3-0 on model theory that have appeared in print (most often
in proofs that a particular category, for example the category of
semigroups, is well-co-powered and in proofs that a particular
category, for example the category of small skeletal categories,
is co-complete). In this exercise the most conspicuous omission
resulted from my not taking the trouble to allow many-sorted
theories, which meant that I was not able to mention the easy
theorem that B4 is a category of models whenever A is small
and B is itself a category of models.

Page 107: Characteristic zero is not needed in the first half
of Exercise 4-H. It would be better to say that a field arising
as the ring of endomorphisms of an abelian group is necessar-

5Infinite Boolean Polynomials I. Fund. Math. 54 1964
—18
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ily a prime field (hence the category of vector spaces over any
non-prime field can not be fully embedded in the category of
abelian groups). The only reason I can think of for insisting on
characteristic zero is that the proofs for finite and infinite charac-
teristics are different—a strange reason given that neither proof
is present.

Page 108: T came across a good example of a locally small
abelian category that is not very abelian shortly after the second
printing appeared: to wit, the target of the universal homol-
ogy theory on the category of connected cw-complexes (finite
dimensional, if you wish). Joel Cohen called it the “Freyd cat-
egory” in his book®, but it should be noted that Joel didn’t
name it after me. (He always insisted that it was my daugh-
ter.) It’s such a nice category it’s worth describing here. To
construct it, start with pairs of cw-complexes (X', X') where X'
is a non-empty subcomplex of X and take the obvious condition
on maps, to wit, f : (X', X) — (YY) is a continuous map
f X — Y such that f(X’) CY’. Now impose the congruence
that identifies f, g : (X', X) — (YY) when f|X’ and g| X’ are
homotopic (as maps to Y'). Finally, take the result of formally
making the suspension functor an automorphism (which can, of
course, be restated as taking a reflection). This can all be found
in Joel’s book or in my article with the same title as Joel’s".
The fact that it is not very abelian follows from the fact that
the stable-homotopy category appears as a subcategory (to wit,
the full subcategory of objects of the form (X, X)) and that
category was shown not to have any embedding at all into the

6Stable Homotopy Lecture Notes in Mathematics Vol. 165 Springer-
Verlag, Berlin-New York 1970

“Stable Homotopy, Proc. of the Conference of Categorical Algebra,
Springer-Verlag, 1966
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INTRODUCTION 5

Among the axioms there would have to be one which insures
for each object 4 € @ the existence of 2 map 1, which behaves
{under the binary operation) like the identity map on A. Such
an axiom exhibits a redundancy among the primitives. Hence
we throw away not only the elements of the objects, but the
objects themselves and arrive, finally, at our definition. A
category is a class of “maps” 4 together with a subclass
CC # x A and a function ¢: C — #. If (x,y) € C we write
e(x,y) = xy. If (x,y) ¢ C we say that “xy is undefined.”

Category Axiom 1 (Associativity)
For x,y,z € # the following are equivalent:
(a) xy and yz are defined
(b) (xy)z is defined
(¢) x(yz) is defined
(d) (xy)z and x(yz) are defined and equal.

Category Axiom 2 (Enough Identities)
Define an identity map as an clement ¢ €  such that when-
ever either ex or xe is defined it is equal to x. For each
x € 4 there are identity maps ey, e such that e;x and xeg
are defined.

The recovery of the more familiar proceeds as follows:

Proposition 0.1
If e and €' are identity maps, and ex and ¢'x are both defined,
thene = e'.

Proof:

Let ex = x and ¢’x = x. Then e(e’x) = ex = x; hence, by
Axiom 1, ee' is defined and e — ee’ =¢’. ] (We shall use
the sign “JJ” to indicate ends of proofs.)

Proposition 0.1 together with Axiom 2 asserts the existence
of a function R: # — . such that R(x) is an identity map,
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INTRODUCTION 3

For g: ¥, — V, a linear transformation between vector spaces,
define g*: V) — V* to be the function which assigns to
(f: Ve > F)e V¥ the element (fg: V; — F) e V* (g* is called
the dual of g). By iteration we obtain g**: V** — VF* The
critical property of the collection of ®’s is that for every
g: ¥V, — 7V, the following diagram commutes:

@,
* K
V,— V1!

. l lg..
Ve g Var*

Such an operationon linear transformations will be called a
Sunctor. A collection of maps which yield such commuting
diagrams as the above will be called a natural transformation
between functors. In the case at point, we will say that the
identity functor and the second-dual functor on finite-dimen-
sional vector spaces are naturally equivalent.

The second-dual functor assigns to each vector space a vector
space and to each map between vector spaces a map between the
corresponding vector spaces. The assignment has the property
that the second-dual of an identity map is an identity map and
that (fg)** = f**g** for any pair of composing maps f and g.
The proper abstraction of these statements will become our
definition of functor.

The notion of functor will be extended to operations which
assign objects with different types of structure. The best early
example of such is Poincaré’s fundamental-group functor: to
each topological space X there is assigned a group #(X); for
each continuous map g: X; — X, there is assigned a group
homomorphism m(g): m(X,) — 7(X;).

As before, = carries identity maps info identity maps and
behaves well with respect to composition. A similar example
is the first-homology functor. It too assigns to a topological
space X a group H(X), and to continuous maps it assigns
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INTRODUCTION

If topology were publicly defined as the study of families of
sets closed under finite intersection and infinite unions a serious
disservice would be perpetrated on embryonic students of
topology. The mathematical correctness of such a definition
reveals nothing about topology except that its basic axioms
can be made quite simple. And with category theory we are
confronted with the same pedagogical problem. The basic
axioms, which we will shortly be forced to give, are much too
simple.

A better (albeit not perfect) description of topology is that
it is the study of continuous maps; and category theory is
likewise better described as the theory of functors. Both de-
scriptions are logically inadmissible as initial definitions, but
they more accurately reflect both the present and the historical
motivations of the subjects. It is not too misleading, at least
histerically, to say that categories are what one must define
in order to define functors, and that functors are what one
must define in order to define natural transformations.

|
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8 ABELIAN CATEGORIES

then  F(4) 12 F(B)

N

F(O) commutes.

A natural transformation between two functors F, G, both
from .#, to .#,, is a function %: €, — .#, such that:

Transformation Axiom 1
For 4 € €, 5(A) € (F(A),G(4)).

Transformation Axiom 2
For any x € (4,8) C .#; the diagram

Flx}

F() 25 mB)

??(A)l ln[B)

G(A4) prme G(B) commutes,

If for each A4 e €, there exists 471{4) such that 5(A4)n1(4)
and 5~'(A)n(A) are identity maps, then # is a natural equivalence.

In 1952 Eilenberg and Steenrod published their Foundations
of Algebraic Topolagy (7], in which a homology theory is defined
as a functor from a topological to an algebraic category obeying
certain axioms. They classified such “theories,”” an impossible
task without the notion of natural equivalence of functors.
Cartan and FEilenberg's Homological Algebra [4] and Grothen-
dieck’s Elements of Algebraic Geometry [11] testify to the
fact that functors have become an established concept in
mathematics.

In 1948, MacLane drew attention to categories themselves

FUNDAMENTALS 2l

1.6. DIFFERENCE KERNELS AND COKERNELS

Given two maps 4 — B and A > B we say that K — A
is a difference kernel of x and y if

DKi1, K—+A4A>>B=K->A-X>B

DK2. For all X - 4 such that X ~4—"> B= X —
A > B there is a unique X — K such that

X
v\ N\
K——>4 commutes.

In other words, a difference kernel of x and y is a map into 4
which fails to distinguish x and y, and is universal in that respect
—i.e., is such that every map into 4 which fails to distinguish
x and y factors uniquely through it.

We are not asserting here that difference kernels exist. We
are only defining them.

Proposition 1.61

If K — A is a difference kernel of A—> B and A 2> B then
it is a monomorphism and it represents the largest subobject
Sof Asuchthat S ~4—> B—=S > A4 B.

Proof:

Let C—"+» K—>Ad=C">K>4d=C—> 4 Then C—>
A—> B =C— 4 > B, by DKI. But by DK2 the factor-
ization through K is unique and hence ¢ = 5. |}

All difference kernels of 4 —> B and 4 2> B represent the
same subobject, and conversely, if K — 4 is a difference kernel
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10 ABELIAN CATEGORIES

roughly simultaneously, by Lubkin, Heron, and the author.
The proofs were entirely different. They were similar in that
they proved that small abelian categories (*small” means a
set of objects) were isomorphic to certain very manageable
categories of abelian groups.

The aim of this work is to serve as a basis for the theory of
abeltan categories. The full metatheorem and embedding
theorem have been chosen as targets, and indeed the book,
exclusive of the exercises, assumes what is hoped to be a geodesic
course to those ends. There are no prerequisites except an
clementary knowledge of abelian groups and modules. (We
again except the exercises.)

The full embedding theorem closes the book in more than
a literal sense. Much of the theory within abelian categories
is reduced to the theory of modules. Further investigations in
the subject will necessarily be directed towards functor theory
rather than category theory. It is fortunate that the attempted
geodesic course of this work brings us into contact with the
fundamental tools of functor theory. Chapter 6 not only serves
as a vehicle for the major constructive part of the embedding
theorems but also as an indicator of the powerful similarity
of modules and functors. In Chapter 7 we not only dispatch
the embedding theorems, but illustrate the principle that im-
portant statements about functors viewed as functors may
follow from statements about functors viewed as objects in an
abelian category.

One important area of functor theory which is not touched
m the text is the theory of adjoint functors. It is too important to
leave out entirely, and hence we have included a range of
exercises on the subject.

Among the many people whose ideas and encouragement
were necessary for this book’s present existence are David
Buchsbaum, Samuel Eilenberg, David Epstein, Serge Lang,
Saunders MacLane, Norman Steenrod, and Charles Watts.
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Proaf:
Let by and b, be as in the definition of isomorphisms.

B2, 4=B2» A4 5 4=B254-°5B", 4_p L,
B> A=B"r4 |

Proposition 1.45
The composition of isomorphisms is an isomorphism. I

We say that two objects are isomorphic if there is an iso-
morphism between them. The above two propositions show
that the relation on objects sc defined is an equivalence relation.

L.5. SUBOBJECTS AND QUOTIENT OBJECTS

Definition. Two monomorphisms 4, — B and A, - B are
equivalent if there are maps 4, — A4, and A, — A4, such that

A, A,
l T B and 1 T B commuie,
2 2

A subobject of B is an equivalence class of monomorphisms
into B. We define the subobject represented by 4; — B to be
contained in that represented by 4, — B if there is a map
A, — A, such that

A,
1l T B commutes.

A,

Note that 4, — 4, must be a monomorphism and unique.
From the uniqueness we may conclude that if it is also the
case that the subobject represented by A, — B is contained in
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12 ABELIAN CATEGORIES

order-preserving function from @, to @,. Moreover, any order-pre-
serving function from @; to &, is induced by a unique functor from
M to M,

Let (@,<) be a partially ordered class and define # =
{[4,B} ] A < B}, We introduce a composition on .# as follows:
[4,B][B,C] = [4,C]; [4.B][B’,C] is undefined if B * &,

Then € is a category, & may be chosen as a class of objects for
A, and the partial ordering induced on @ by .# is the original.

EXERCISES ON TYPICAL CATEGORIES

I. Let .# be a category with objects &. Suppose . is a set. For
every A € U, define F(4) = {x € A | range (x) = A} and for y: 4 —
Be.#, define F(y): F(A) — F(B) to be the function induced by
composition. F is a one-to-one functor into the category of sets.

2. Let G beasemigroup (a set with an asseciative binary operation)
with a zero element 0 (Ox = 0 = x0, all x £ ). A G-set is defined
to be a set 5 together with a ““G-operation” on the set: for every
g € G and s € § there is assigned gs © S. More formally, a G-set is a
set S together with a function G X S — S such that for any pair
g.g' € G and 5 € Sit is the case that g(g's) = (gg")s. A pointed G-set
is a G-set with a distinguished element 0 € 5 such that for all s € S,
0s = 0. A G-homomorphism between two G-sets is any function
h: 8, — S, such that for all g€ G and s€ S it is the case that
h(gs} = g(h(s)). A G-homomorphism between pointed G-sets is said
to be passive if it doesn’t kill any element: i.e., for all se § — {0},
h(s) # 0.

Given any collection of pointed G-sets the collection of all passive
homomeorphisms between them is a category. We shall call such a
category an algebraic category.

3. Returning to the category .4 of part 1, assume that O ¢ .4
and define G = .# U {0}. G becomes a semigroup by defining all
products to be zero which are not previously defined in .#. Redefine

FUNDAMENTALS 17

For Be s/, (A,—)B) = (4,B) (the set of maps from 4
to B).

For B, =» B, € &, (A,—)(x) is the function
(A,B,) 2225 (A4,B,) defined by
f(4x) 4 2s B)=A2s B, X B, c(A,B,).

The contravariant functor (—,A4): & — % is defined as
follows:

For B e &/, (—,4A)}B) = (B,A).

For B, = B, € &7, (—,A)(x) is the function
(B,,4) EX5 (B),A) defined by
[(x,)](B, = A) = B, —> B, > 4 € (B8,,4).

1.4. SPECIAL MAPS

For the rest of this chapter and all of the next we shall be
working inside categories. That is, we assume that one category
is under discussion and that all maps and objects mentioned
are from that one category. Three special types of maps may
be mentioned:

A —> B is an isomorphism iff there are maps
B> 4 and B2:» A such that
B> A-">Band A "> B "> 4

are identity maps.
The property of being an isomorphism is self-dual.
A — B 1s a monomorphism ifl the only pairs
C = 4, C %+ A such that

C*->A—> B=C-2> 4—> B are the obvious ones:
x =y
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CHAPTER 1

FUNDAMENTALS

We shall work within a set-theoretic language such as that
in Kelley’s General Topology [17].In the Introduction a category
was defined as a clgss # together with a **composition” relation
satisfying certain properties. We now explicitly impose what
was then tacitly understood, the axiom that for every two
objects 4 and B the class (4,B) is a ser. (For heuristic purposes,
a set S is a class “small enough™ so that it has a cardinality.
The class of all sets is net a set.) If .# is a set we shall call it a
small category.

We have adopted the convention of composing maps in the
linguistic order, rather than the diggrammatic order. Since cate-
gory theory is intended to be applied to problems concerning
sets and functions, and since the linguistic order of composing
functions has been generally adopted ( (fg)x) = f(g(x))), the
theory ought to conform. Hence 4 <*> B> C is written
A-E>C.

14
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The conflict could be avoided by writing the arrows in the
other direction: C <% 4 = C <X~ B «¥~ 4. But here again we
are confronted with the traditional precedent in older branches
of mathematics, and we hesitate to declare independence (largely
because we wish to avoid independence).

As often as possible we shall write “4 <> B > C” instead of
“fg.” We are forced to write *“fg” in expressions involving
addition of maps. The order conflict will concern us only
occasionally.

1.1. CONTRAVARIANT FUNCTORS
AND DUAL CATEGORIES

A contravariant functor from a category .#, to a category
A, 1s a function F: A, — .#, such that

CF 1. If ¢ is an 1dentity map in .#, then F(e) is an identity
map in %,.

CF 2, If xy is defined in .#, then F(y)F(x) is defined in
# 4 and equal to F(xy).

(Sometimes we modify “functor” with the word covariant in
order to emphasize that it is not contravariant.)

For every category 4 we define the dual category .#* =
{x*| x € M} where x*y* = (yx)*. The function D: M — M*
such that D({x) = x*, is a contravariant functor with a contra-
variant inverse D: M* — M, D(x*} = x.

If € is a class of objects for .#, we may take 0* = {A*| 4 e 0}
as a class of objects for .#*, Hence D(4 — B) = B* L

For each property on maps or objects in categories there is
a dual property. If P is a property on maps in categories, P*
is the property defined by “x is P*”" «» “x* is P.”” Some proper-
ties are self-dual: P = P*, the most obvious example being
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24 ABELIAN CATEGORIES

The composition P — P' — P = P—> P shares with the map

1 p the property that
A
7,

P 5 P
Nl”’
B commutes,

The uniqueness condition in the definition of products then
implies that x = 15, Similarly P’ — P — P’ is the identity. J

Products are determined “up to isomorphism™ and we ought
not speak of the product. Again, this turns out to be a barogue
consideration. The notation 4 x B is interpreted as the product
of A and B, and it is assumed that

AXxB2»4 and
Ax B2s-B
though not uniquely determined, are fixed.

The dual of product is sum. Given a pair of objects 4 and B
we say that an object S is a sum of 4 and B if there exist maps

A - S and B> § such that for every pairof maps 4 — X
and B — X there is a unique map S — X such that

A
| N\

S— X commutes,

e

FUNDAMENTALS OF ABELIAN CATEGORIES 7

K —+ A4 — B =0; there is a map K — A’ such that
commutes.

Thus the subobjects represented by 4" — A4 and K — A are
contained in each other and hence equal. 4" — 4 is a kernel
of A — F. Thus KerCok = ldentity, and dually, CokKer =
[dentity. [

Theorem 2.12 for abelian categories
A map that is both monomorphic and epimorphic is an iso-
morphism.

Proof:
Let A B be monomorphic and epimorphic. B — O is

clearly the cokernel of 4 —~ B. B-> B is clearly a kernel
of B — O. By the last theorem so is 4 — B. (Already we have
shown that 4 and B are isomorphic—they are both kernels

of the same map. The theorem asserts that the map 4 — B
is an isomorphism.) Hence there is a map B—~> 4 such that
B> 4> B — B— B Dually we note that 0 — 4 is a
kernel of 4> B and that both 4> B and 4 —> A are
cokernels of O — A4. Hence there is a map B> A such that
A-=> B”> 4 — 4> A. By the definition of isomorphism,
A= Bissuch. [

The intersection of two subobjects of A is defined to be their
greatest lower bound in the family of subobjects of 4.

Theorem 2.13 for abelian categories
Every pair of subobjects has an intersection.
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26 ABELIAN CATEGORIES

such that for any family {X —> 4,}, there is a unique X — 11,4,
such that X — ;4,2 4, = X-~> A4, The dual notion is
sum and it is denoted {4, —> ;4.}.

A category is left-complete if every pair of maps has a
difference kernel and every indexed set of objects a product.
Dually, a category is right-complete if every pair of maps has a
difference cokernel and every indexed set of maps a sum. If a
category is both left- and right-complete it is complete.

1.9. ZERO OBJECTS, KERNELS, AND COKERNELS

A zero object is an object with precisely one map to and
from each object. We reserve the symbol O for a zero
object. Hence the sets {0,4) and (4,0) have one object each,
for all A. The category of sets does not have a zero object;
the category of groups does: namely, the group with one
¢lement.

If the category has a zero object we define the zero map
A—"> Btobe the unique map A — O — B. (It does not matter
which zero object is used.)

The kernel of 4 — B is defined to be the difference kernel

of A% Band 4->> B Henceif K — Aisakernelof 4 > B
then

Kl. K—-A>B=—k-%p
K 2. For all X — 4 such that

X
1™
A—=> B

commutes

CHAPTER 2

FUNDAMENTALS OF ABELIAN
CATEGORIES

A category 7 is abelian if
A0, .o has a zero object.

Al For every pair of objects there is a product and
A1* asum.

A2, Every map has a kernel and
A 2* acokernel.

A3, Every monomorphism is a kernel of a map.
A 3%, Every epimorphism is a cokernel of a map.

Axiom A 3 may be read as “every subobject is normal.”” Most

categories that arise in nature satisfy Axioms A 0 through A 2.

Often Axiom A0 is satisfied by using base points. Many

categories satisfy one of A 3 or A 3* Compact Hausdorff spaces
k)
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28 ABELIAN CATEGORIES

Define the functor [+] + [+] —> [—>—] by the following:

ml) =L
mRy) = m(ly) = M
m{Ry) = R

Ly ~R)y=L—> M
w(ly— R;) =M > R.

@ is an epimorphism in the category of small categories. The map
L — R is not a value of #. The maps L — M and M — R are values.

B. The automorphism class group

Let o be a category, and [ the class of functors from . to .o
which are naturally equivalent to the identity functor. We say that
F. of — o is an equivalence if there is a functor G: .of — o such
that FG and GF are in 1. Let J be the class of functors from .« to.of
which are equivalences. 7 and J are closed under composition. Let
K be the class of natural equivalence classes of J. K, if it is a set, is a
group, and is called the automorphism class group of .o/

1. Let o/ be the category of ordered sets and order-preserving
functions. Let D: o/ — .o/ be the functor which assigns to each
ordered set the dual (opposite) ordered set. The automorphism class
group of 7 has at least two elements.

2. For many interesting categories, the automorphism class group
is trivial. When such is the case it is significant for roughly the same
reasons that it is significant that the group of field automorphisms
of the reals is trivial. All the structure on the real numbers may be
recaptured from the field structure alone; any property on real
numbers may be, perhaps laborously, defined solely in terms of the
properties of that number as an element of a certain field,

In essence the triviality of the automorphism class group means
that all the structure on an object that can be defined anywhere can
be defined “‘categorically”—in terms of its properties as an object in
an abstract category. In throwing away everything except the way
in which the maps compose, enough remains so that all the original
structure may be recovered.

FUNDAMENTALS 33

X and maps 4 - X, D — X such that
C={D> A|D"> 4> X=u).

The automerphism class group of 7, is trivial.

3. Let &, be the category of Hausdorff spaces. The space D is
distinguished by the same fact as before. C C (D,4) corresponds to
a closed set iff there is a space X and maps 4 = X, A —> X such
that G = {D 2> A| D> 4" X = D> 4> X). (Every
closed set is a difference kernel and conversely.) The automorphism
class group of &, is trivial.

H. Conjugate maps

For distinct objects 4 and Bin a category &/ we say that 4 = B
and 4 2> B are conjugate if there are automorphisms &, €(A4,A4),
$; € (B,B) such that

-1
Al>sB—Abs 42,35 p

We say that 4 — A and 4 —> A are conjugate if there is an auto-
morphism ¢ € (4,4) such that

AL 4=44 45 455 4,
A functor F: .& — o/ is an inner automorphism if:

(1) F is naturally equivalent to the identity.
(2) F(4) = Aforail A € 7.

1. Two maps are conjugate iff there is an inner automorphism
which carries one into the other.
2. The two d's of Exercise F are conjugate.

I. Definition theory

Let 9 be the category of groups. Suppose F(4) is a one-variable
formula in the nth order language of the theory of groups (where the
one free variable is understood to be a group). There exists a formula
F'(A) in the nth order theory of # such that F'(4) %> F(4). Indeed,
F’ will often be in a lower order language than that of F, as is the
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30 ABELIAN CATEGORIES

1. The objects of a smalt category A are in obvious correspondence
with (1,A).

2. The maps of 4 are in obvious correspondence with ([—], 4).

3. Given the category ¢ and an object 4 € €, may we reconstruct
the composition table for 4?7 Not quite. The automorphism class
group of % has at least two elements: the identity and the “dual”
functor which assigns to each small category its dual. The choice
mentioned above in selecting # will determine whether we construct
the composition table or the dual composition table.

We may, however, do one or the other, as follows: Given two
maps in 4, represented by [+] > 4 and [—+] <> 4, their compo-
sitton is defined and equal to the map in A represented by [»] —> 4
iff there exists a map [—+—] — A such that

[?]\

[——]— 4

[—1+1—] ) commutes,

4. The automorphism class group of % is the cyclic group of
order two.

5. The automorphism group of the category of partiaily ordered
sets and order-preserving maps is the cyclic group of order two.
(By Exercise 0-D we may consider the category of partially ordered
sets to be a part of the category of small categories. It contains the
special objects [—+], [=—], [+] + [-»] and they are distinguished
by the same facts.)

E. The category of abelian groups

Let & be the category of abelian groups. The group of integers Z
is distinguished, up to isomorphism, by the facts that:

(1) For every A€ %, A not a zero object, (Z,A4) has more than
one element,

FUNDAMENTALS 3l

(2) If Z <> Z is such that ¢* — e, then either ¢ = [ or ¢ = 0.

Z + Z is distinguished by the fact that it is the direct sum of Z
with itself in %. Let Z—> Z 4 Z be the unique map such tha

1
z—"»z+z(i)>z:1 and

M

Z sz zM 71,

1, The elements of 4 € % are in obvious correspondence with
(Z.4).
2. Given two elements represented by Z — 4 and Z < A, their

sum in A is represented by Z 4,z +Z Qy— A.
3. The automorphism class group of ¥ is trivial.

F. The category of groups

Let & be the category of all groups, abelian or not. The group of
integers is distinguished by the same facts as in Exercise E. The map
Z-">Z 4+ Z is not distinguished. There are two maps with the
following properties:

o)

Nz2>z+z%z=1.
(2)zi+z+z@»z= 1.
3 z u »Z4+Z
l(a,t)
’ Z+2)+2

Z4+Zgm Z+(Z+2Z)— > Z+7Z4+2Z

commutes,
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40 ABELIAN CATEGORIES

Dually for every pair of maps 4 —> B, A 2> B thereis a
difference cokernel.
A commutative diagram

P—-B

Lo
4—-C

is a pullback diagram if for every pair of maps X — 4 and
X — B such that

A—~C commuies,

there is a unique X — P such that X P >4 =X — 4
and X—-P —-B=X—B Our proof in Theorem 2.13
was actually a proof that Diagram 2.131 was a puliback
diagram.

Theorem 2.15 for abelian categories
Every diagram B

|
A —C  can be enlarged to a pullback diagram.

Proof:
Consider 4 x B and the two maps 4 x B2> A — C and

AxBZB> C, and let K - A4 x B be their difference
kernel. Define

K>A=K>AXBE>4

K—+~B=K—+Ax B2 B

FUNDAMENTALS OF ABELIAN CATEGORIES 53

In the last mentioned case the square is said to be a Doolittle
diggram. (The apparent asymmetry of the sequence vanishes
when it is observed that the minus sign could have been placed
before any one of the four maps.)

Pullback theorem 2.54 for abelian categories

i

is a pullback diagram and B — C is epimorphic, then so is
P—A.

We shall prove the dual:

Pushout theorem 2.54*

¥

is a pushout diagram and C—> A is monomorphic, then so is
B— P.

Proof:

By hypothesis the sequence C <% 4 @ B ﬂ P->0is

. . . @b
exact and C% 4 @ B is a monomorphism since €=

A @ B> A is. Hence, the diagram is a Doolittle diagram, in
particular it is a pullback diagram and Theorem 2.52 applies. |



d< 0D
T 1
B 4

welFeIp SANBINUILIOD

B » w weiBep yoeqynd syy jo dew [ruoSerp
oy Lppsivard st (O« g) X (O« ) = (O« d) wnpoid ay1
Dy =0<g«v|@r28«pr}=0-gD2¥)
Aq paquosap are sdew asoym pue (pexy D) {# 3 ¥ | (O < ¥)}
aie sp2fqo ssoym AroFamd oyl ur eyl Sj0U ABW am Ases
i oyew o (12T "doxg) sponpord 10] se JwEs Ay} A[[endiIA

:foosg

"L 3 dI0UIOST U ST 11 PUD “SITNUIOD

.-J

8'/ \V
*\ /
d

1wiyr yons g« J dowt snbuin v 51 auayy paspuy ~onydiowiosy aip
<V O+
 Pup g uayy swwidvip yovgund a4s 1 tpur ST
g~ .d g~d
1517 uoptsodoid

B wesSerp yorqpnd e st

D2+ F
T 1
g—X
1 AJIsa 01 Asea st ]
14 SAHODILVD NVI13aVY 4O STYLNIWVANNA

B inoysnd v pun yovgynd
v yroq st aambs ayr fi poxs st O J GOV« 0O

noysnd v 81 aavnbs ayp fJi 1o0x3 51 O~d—~gDV D
yovgnd p st aaonbs 3y ffi 190x3 s1 d—FgEV+~2+—0
“Saymuiod auonbs ayy O=d~—gDyp <2

d <= D ¥ < O 2ouombas oyi iapisuod
7

d<~—§g
i b
V<02
24vnbs p uaatn
s214082302 uviyaqo tof go'y uoysodosg

I v—x
= ¥ +— d — ¥ < X1yl gons ¥ «— x dew enbmn ® ureiqo am

el o wos] =F<«d< X PUEBF—Y=FVd+—X
181 yons § <« x dew anbrun B S)Smxe 2I0y] pUBR SNWITOD

i
X
weIdeip
I WYL 0=« F <X 1B yons §1 <« y asoddng
fooud

-onyydiowionont s1 ) < y f1 omdiowonou
St g—d ‘wpopand uf Dy Jo jauiay v st e ge Y
UYL g — J Jo jouidy v < Y puv wipidoip yovgynd v ag

DI~F
toot
g+~d
177
$2140323100 uv11aqy 10f 7C'7 WII0IY

SINMODILVYD NVYI3av 147



Ly ABELIAN CATEGORIES

is a pushout diagram if for every pair of maps B — Xand C — X
such that

4-—~B

1

C—+X commutes,

there is a unique P — X such that B—+P + X = B-— X and
CoP+X=C—X

Theorem 2.15* for abelian categories
Every diagram A — B
l
C can be enlarged to a pushout diagram,
and, up to isomorphism, uniquely so. |

The image of a map 4 — Bis properly defined as the smallest
subobject of B such that 4 — B factors through the representing
monomorphisms.

Theorem 2.16 for abelian categories
A — B has an image and it is equal to KerCok(A — B).

Proof:

We shall say that a monomorphism S — B allows A — B
if 4 — B factors through it, i.e., if there is a map 4 — S such
that 4 -~ § - B = 4 — B. We shall say that an epimorphism
B — Fkills 4 - Bif A — B— F = 0. These two properties are
subobject and quotient object properties respectively.

Lemma. A subobject allows A — B iff its cokernel kills
A—B. |}

Now Cok(4 — B) is the largest quotient object that kills
A — B. Hence KerCok(A — B) is the smallest subobject that
allows 4 — B, i.e., it is the image of 4 = B. ]

FUNDAMENTALS OF ABELIAN CATEGORIES 51

Dually (4, = §, 4,-"> §)is a sum of 4, and A4,, and the
theorem is proved. |

Theorem 2.42 for abelian categories

If wy, us, py, ps are such that 4, G lap Ay~
SE> 4y =1, and A, > S 7> A, and A, > S A, are
exact, then w,, Uy, p1, ps form a direct sum system.

Proof:

Just as in the last proof, it may be shown that for every pair
X2 A, X 2> 4,) there is a map X = § such that prx =
X3, P2X = X;. For the uniqueness of x suppose x’ is such that
PiX =X, pox’ = x;. Let z=x — x’ and note that p,z =0,
p:z = 0. We must show that z = 0. O—A4,—> S 4,
is exact since #; is & monomorphism (p,x, is a monomorphism).
Hence there is a map X — A, such that

X

O— A, 5> S+ 4, commutes,

and X oA, =X —4,—> A4, =X >4, 2584, =
X> S8 4, —0.Hence X—> S = X— 4, - § = 0.

2.5. THE PULLBACK AND PUSHOUT THEOREMS

Proposition 2.51 for abelian categories
(Ker{x- y) = Ker(x -y))

Given A~ Band A=*> B, let z = x — y. Then Ker(A— B)
is the difference kernel of A~ B and A*> B. |}
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44 ABELIAN CATEGOQRIES

Theorem 2.17* for abelian categories
A — Bismonomorphic iff Coim(A — B) = A iff Ker(4 — B) =

0. 1
Let A — I'be a coimage of 4 — B and consider A — I’ — B.

Theorem 2.18% for abelian categories
1" —~ B is monomorphic. |}

“Unique factorization theorem”
Jor abelian categories, 2.19

IfA—~B=A—1—> Bwhere A — Iis epimorphicand [ —~ B
is monomorphic, then A — Iis a coimage of 4 — B and I — B is
animage of A — B and for any other such factorization A — I — B
where A — [ is epimorphic and I — B monomorphic, there is a
unique I — [ such that

0
\ I / commuites,

and 1 — I is necessarily an isomorphism. |

A4

2.2, EXACT SEQUENCES

Theorem 2.21 for abelian categories
For A — B — C the following conditions are equivalent:

(@) fm(A — B) = Ker(B — C)
(B) Coim(B — C) = Cok(Ad — B)
() A-B—->C=0and K +B>F=0

where K — B is a kernel of B— C and B— Fis a cokernel of
A— B,

FUNDAMENTALS OF ABELIAN CATEGORIES 49

On the other hand, 4 254 ) Aﬂ* B @ B=[(w,x)+(y,2)]
L
amd A2 (4 @A) T (B@B) > B =(w+ ) +(y + 2
R L R
Thus (w+x)+(y +2) =W+ +(x + 2). Letting x =
R L R L R L

y—Oweobtainw+z—w+z

Calling both + and —|— by the same name “‘+-” the equation
rewrites: (¥ + x) + (¥ —i— z) = (u +y) +(x 4 2); letting y = 0,

(+x)+z=u+(x+2), and letting u =z=0, x + y =
y—|—x. l

The wsual rules of matrix multiplication can now be proven.

Theorem 2.39 for abelian categories
The set (A,B) with the operation + is an abelian group.

FProof:

1 x

Given 4 "> B consider the map A @B —> A ® B. Its

kernel K =2 4 & A is such that 0 —KQ*AOB(Q*

A@®B=K% 4 g B and a =0,b =0. Thus ((1) ’1")

is monomorphic. Dually it is epimorphic and thus an iso-
morphism, It is easily seen that its inverse must be of the form

((1) {)whcrey—t-x:O. |

From now on, (A4,B) shall refer to the group of maps from
A to B. For each triple A,B,C we have a bilinear function
¢: ((4,B),(B,C)) — (4,C) defined through composition of maps.
The endomorphisms of an object 4, thatis, the maps from A4 to 4,
form a ring with unit.
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46 ABELIAN CATEGORIES
Proof:
1
A > A4 + Bisclearly monomorphicsince 4 =+ A + B@*
®

A is. To prove that A + B——> B is a cokernel of 1, let

A—I—BQ*Xbe a map such that A"—I*A—FBL)*X:O.

Thcnx=OandA+BQ* X—=4Ad +Bm—’-BI—* X. l

Theorem 2.32
0> A2 4 x BE>» B 0 is exact. I

Proposition 2.33 for abelian categories
The intersection of A~> A + B and B>~ A + B is zero.

Proof:
The proof follows from the construction of intersections. |

Dually, 2.34
The greatest lower bound of the quotient objects A x B > 4
and A x BE> Bis 0. [

By Ker-Cok duality, the least upper bound of 4 > 4 + B,
B2+ A4+ Bis A+ B. Given a sum 4, + A4, +--- + 4,
and a product B, X :-+ X B, every map from the sum
to the product is represented uniquely by a matrix (x,)
where

Aiﬂ}B‘f:A"M_""Al_]_"'_'_Aﬂ_"BlX"'X.BmﬁrBf.

Theorem 2.35 for abelian categories

G

Ay + A — A, X Aj is an isomorphism.

FUNDAMENTALS CF ABELIAN CATEGORIES 47

Proof:
Let K—> 4, + A; be the kernel of ((l) (1)) Then K —

9
A1+A,,("—‘»A, xAzﬁ*AE=K—>A1+A2@rA2 and

K — A4y + A, is contained in A, => 4, + A,. Similarly it is
contained in 4, —=> A, -+ A,, and hence it is contained in their

intersection, which is zero. Thus X = O and ((1) (l)) is mono-
morphic. Dually it is epimorphic and hence an isomorphism. [

1
Thus 4, + AEQ* Ay Ay + Ay Q* A, may be taken as the

product of 4; and A,.

Notation: A @ B shall be used to denote the sum 4 + B
and the product 4 < B, and shall be called the direct sum of
A and B.

A A A=A 4 + Athe “diagonal map.”

1
A@GA—> A=A4Ax A @, A the “summation map.”

Given two maps 4 — B, A = B we define

1 P G
A2 B4 44X B

x+¥
(x.0

A2> B =A% B x B> B.

Proposition 2.36
0+x=x=x4+0; 0+x=x=x40.
L L R R
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56 ABELIAN CATEGORIES

Lemma 2.63 for abelian categories
Consider the commutative diagram

0
l

O—~>By—>B —+B,—~0
ol
O —~B,—+B — B,
in which the top row is exact. The bottom row is exact iff the

column is exact.

Proof:
<= By preceding lemma.
- Consider the commutative diagram

0

l
P —-K >0
} !

O—+By—~B —~8—~0

oy

0_>Bo _"BI_PBS

in which the two bottom rows and the right hand column are
exact, and the (sub)diagram

P K

ool
B, — B, isa pullback diagram.

The top row is exact by the pullback theorem, 2.54. We wish
to prove that K = 0. It suffices to prove that » - K — B, = 0.

P— B s B, — B; = Oimplies that there is a map P — B,
such that P - B, = P -~ By, — B,. Hence P - K — B, =
P—+B —+B,=P—+B,—+B —~»8=0 |

SPECIAL FUNCTORS AND SUBCATEGORIES 59

Proposition 3.35
If an abelian category has a generqior then the family of
subobjects of any object is a set.

Proof:
If G is a generator and A is any object, then a subobject
A’ — A is distinguished by the subset (G,4") C (G,4). |}

Proposition 3.36

G is a generator in a right-complete abelian category <& iff
for every A€ o4 the obvious map I ,G —~ A is epimorphic.
(The “obvious™ map is such that for all x e (G,4),

G=> T, ,G>4=G—>A4) ]

The dual notions are as follows: An object Q is injective if
the contravariant functor (—,() carries exact sequences into
exact sequences, albeit with a reversal in direction. (Q is
injective in &/ iff Q* is projective in #/*) An object C'is a
cogenerator if the contravariant functor (—,C} is an embedding.
(C is a cogenerator for & iff C* is a generator for &/*.)

Proposition 3.37

Let sf be a left-complete abelian category with a generator.
Every object in s¢ may be embedded in an injective object iff o/
has an injective cogenerator.

Proof:

<«  Let C be an injective cogenerator for &7, and 4 € &
an arbitrary object. The obvious (or perhaps *“co-obvious”)
map A — II 4, C 1s a monomorphism and H 4 ;, C is injective.
(We are using 3.36%.)

— Let G be a generator for #/, and let P be the product
of all the quotient objects of G (Prop. 3.35 says there are only
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58 ABELIAN CTATEGORIES

“Nine lemma”* for abelian categories, 2.65
Consider the commutative diagram

o o 0
! l i
O—~B,—=>B,—+B;—~0
! ! !
O — By = By, — By —~ O
) ! !
O — By + By — By —0
l l l with exact columns and
0 o o exact middle row.

The top row is exact iff the bottom row is exact.

Proof:
Simply adjoin the last lemma and its dual.

The full proofs of the following are left as exercises.

2.66 Nocther isomorphisms

322/‘811 BEE
(Ler By, C By C By, then B,/ B i B, ) Let By — By, and

let By — By, be monomorphisms. Then there exists an exact
commutative diagram:

O (9] 0
! ! i
O—~ 8By —» By — O
! ! !
O— By — By - By/By—0
! ! !
O — By /B, — Byy/Byy — BysfBy — O
l d J,
0 0 0 i

* “Three-by-three lemma® would be a better name.
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Fix)

not exact. Hence F(A4,) —> F(A,)—>> F(4,) is not exact and
F(x) # 0.

(a) = (c) Let A’ -~ A — A" be a nonexact sequence. Let
0 +>K—+A—>A"and 4" — A —+ G — O be exact.

By proposition 2.21 then either 4' >4 —>A4"#0 or
K+A4A-5G#0,

Hence either F{A") - F(4) —~ F(A") # 0 or F(K) — F(4) —
F(G) #0.

In the first situation it is clear that F(4") — F(4) — F(A")
is not exact. Assume that F(K)— F(4) - F(G) #0. Let
O — B — F(4) - F(A"yand F(A") - F(A) — B” — O be exact
in #.K—+A4 — A" = 0implies that F(X) — F(4) - F(4") =0,
and there is a map F(K) — B’ such that F(K) > B — F(d) =
F(K) — F(A) and a map B" — F(G) such that F{4) - B" —
F(G) = F(4) — F(G). Hence if F(A") - F(A) —~ F(A") were
exact then B — F(4) —+ B" = 0and F(K)— B — F(A) >~ B" —
F(G) = 0, a contradiction.

If a functor F: & — £ is an exact embedding, the exact-
ness and commutativity of a diagram in & is equivalent
to the exactness and commutativity of the F-image of the
diagram.

3.3. SPECIAL OBJECTS

A phenomenon in category theory is that an interesting
property on functors may be used to define what is usnally an
interesting property on objects in categories, As an example we
define an object P in an abelian category &/ to be projective iff
the functor (P,—): & — & is exact. (For any A € &/ it is the
case that (4,—) is left-exact; hence P is projective iff (P,—) is
right-exact.) The easiest example of a projective is the ring
itself in the category of its modules,
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&0 ABELIAN CATEGORIES

EXERCISES
A. Additive categories
A pre-additive category is a category .4 with a zero object and an

operation not everywhere defined on # (indicated by the symbol
*4+) such that

AC1l.  x+ yis defined iff x and y have the same range and
domain.

AC2 w(x + y)z = wxz - wyz when defined.

AC3. For objects A4,B ((A4,B),+) is an abelian group with the
zero-map as neutral element.

1. If .# is a pre-additive category and 4 x B exists, then 4 + B
exists and is isomorphic to 4 X B.
2. If .# is a category with a zero object such that for every object

1
A, AxXx Aand A + Aexistand 4 + A QA % A 18 an isomor-
phism, then there is a unique eperation “<4” such that ACl and
AC2 are satisfied. ((4,B) +) is not necessarily a group but it is
commutative, associative, and has the zero map as a neutral element,

3. Let .# be a pre-additive category and let .#“ be the category
of all rectilinear matrices. Prove that .#® is a pre-additive category
under the usual composition and summation rules for matrices.

4. Every pair of objects in .#% has a product, A pre-additive
category with finite products is an additive category.

If a functor between pre-additive categories preserves the pre-
additive structure it is called an additive functor.

5. The obvious functor .# — .#% has the property that, for
every additive & and additive functor .# — &, there is an additive
functor #% — # such that . — &% P — .4 > F and
AP — Z is unique up to natural equivalence.

SPECIAL FUNCTORS AND SUBCATEGORIES 45

Theorem 3.11
For abelian categories & and # a functor F: o — B is
additive iff it carries direct sum systems into direct sum systems.

Proof:

—  The conditions in the hypothesis of Theorem 2.41 are
preserved by additive functors.

— Ltd>AQAA> ADAADAT> A,
A @ A > A be a direct sum system in . By hypothesis it is
the case that F(u,), Flus), F(p;), F(ps) is a direct sum system in
#. Let x,y € (A,B). Then by the definition of + in 2.3 we obtain

x+y .1 G) x+y

A—> B=A"—> AP A— B. Hence FA— B)=

Fx)
a,n (F(y).)

FA) ™S R4 @ A) o, F(B) = F(4)*> F(4) ® F(4) —>>
F(B) = F(x) + F(»). |

A lefi-exact sequence is an exact sequence of the form
0O — A, - A3y - A, A left-exact fanctor between abelian cate-
gories is a functor which carries lefi-exact sequences into
left-exact sequences. (Equivalently, it is a functor which pre-
serves kernels.)

Theorem 3.12
A left-exact functor is additive.

Proof:

The conditions of the hypothesis of Theorem 2.42 are pre-
served by left-exact functors. Indeed, we use only the fact that
for every exact O - A" -4 - A" — 0O it is the case that
F(A") — F(4) — F(A") is exact. Such a functor is called half-
exact or middle-exact. [

Example. (4,—): & — % is left-exact,
A right-exact sequence is an exact sequence of the form
A, — Ay — Ay — O. A right-exact functor is a functor between
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&2 ABELIAN CATEGOCRIES

The group is commutative if:

(4) For Ax A—> 4 x A the map which “twists compo-
nents,’” i.e., is such that

AxAéa-AxA*’—"»A:{P* ifi=1
pifi=2,

jtisthecasethat A x A—> A X A=> A = m.

Given two groups 4 X A—> 4 and B x BZ> B, a homo-
morphism from A to B is a map 4 = B such that

AXAT> 4
fxppxh'i lx commutes.

Bx BZ> B

2. Let &/ be a category with finite products and a zero object.

A group ir &/ may be defined precisely as above and so may
homomorphisms between groups in 7. _

If 4 X A—> 4 is a group in 7, then the contravariant functor
(—,4): o — & may be factored through the forgetful functor from
the category of all groups to the category of sets with base points (the
functor forgets the group structure). This is simply the observation
thatforany B € o7 (B,4) X (B,4)— (B,4 X 42" (B,4)isagroup
in &, and that for any B — B’ € &, the induced map from (B',4) to
(B,4) will satisfy the requirement for a homomorphism,

3. Let A be an object in & and let F be a contravariant functor
from & to the category of all groups % such that when followed by
the forgetful functor into the category of sets the composition results
in the functor (—,4). Define me(4 x 4,4) to be the image of
{P1,p2) under the map (4 x 4,4) X (4 X A,4) — (4 X A,A) which
results from group multiplication. Then 4 X A => 4 is a group in
s and the given functor Fis the same as described in part 2 above.
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4. A cogroup in ¢ is an object 4 together withamap4 — A4 + A4
which satisfies the duals of the axioms for a group. If 4 is a co-
group and B is a group then the set (4,8) enjoys group structures
inherited from either 4 or B. They are, in fact, the same, and re-
gardless of the commutativity of either the given group or cogroup
structures, (A4,B) is a commutative group. (2.38.)

5. A topological group is a group in the category of topological
spaces. Let % be the category of commutative groups in the category
of compact Hausdorff spaces. € is an abelian category.
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2 ABELIAN CATEGORIES

Axiom2. LetAd; ~A,e ZandQ — K — 4, A, be exact
in &, Ke . Again the fullness of & implies that X is an
/-kernel of A, — A,.

Axiom 3. A map A, — A4, is an “/-monomorphism iff it is
a #-monomorphism (in each case the kernel must be trivial).
Hence if A, — 4, is an «/-monomorphism we let O —» A, —
As > Ay — O be exact in @, 4, € . Then A, — A, is an &7/-
kernel of 4, — A4,.

The exactness of the inclusion functor is straightforward. |

3.5. SPECIAL CONTRAVARIANT FUNCTORS

A contravariant functor ¥: &/ —~ # induces for each pair
of objects 4,,4; € o a function (4,,4,) — (F(A4),F(4)).

If o/ and % are abelian we say that F is additive if these
induced functions are group homomorphisms; F is an embed-
ding if they are one-to-ome, F is full if they are onto. An exact
contravariant functor carries exact sequences into exact se-
quences (with an order reversal, of course).

Proposition 3.51
The additive functor (—,A): & —~ % where o is abelian,

A€ st and & is the category of abelian groups, carries right-
exact sequences into left-exact sequences. |

3.6. BIFUNCTORS

Let .#, and .#, be categories, i.e., classes of maps with
composition relations. The Cartesian product .#, x .#, en-
joys a natural category structure. If @, and ¢, are classes
of objects for .#, and .#, then @, x @, may be taken as a
class of objects for .#, x .#,.

SPECIAL FUNCTORS AND SUBCATEGORIES 85

the following: Given a map B —1 T(A), we shall say that a subobject
A" — Aallows yif B2+ T(4) may be factored through 7(4") — T(A).
We shall say that y generates A if no proper subobject of 4 allows y.
(The word “generates” here is best appreciated by letting 7 be the
category of groups and T the forgetful functor into the category of
Sd"?’ﬂe left-completeness of .o/ together with the left-root-preser-
vation of T implies that for every map B = T(4) there is a minimal
subobject of 4 which allows y. Thus there exists a factorization B >
T(4) = B> T(A") — T(A) such that y’ generates A", We shall call
the subobject A" the subobject generated by y. . ,

If B-X> T(A) generates A, then if B2+ T(4) —> I(C)= B>
T(A) o T(C) it is the case that Ker(a - &)— 4 allows y and
hence that Ker(z - b) = A and thata = b.

Starting with the map defined above, B — T(A), we Iet_/f be the
subobject of 4 generated by B — T(A). The map B — T(zi)_hz:s the
property that for every B—> T(A4) there exists a unique 4 — A
such that

7(4)
4 l
B
N

T(A) commutes.

We define §: & — .o by, first, letiing S(B) = 4; secc:nd, doing the
same for all the other objects of #; third, for a map 8, = B,, letting
S(z) = x, where x is the unique map from S(B;) to S(B,) such that

By, — T(5(By))

:l inx)

B, — T(S(B,)) commutes.

The stipulation in condition two, that Sz be a set, is not baroqpe.
Because mathematics has progressed for a long time without having
had to take the set-class distinction seriously does not mean that the
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74 ABELIAN CATEGORIES

Let o/, #, and ¢ be abelian categories and F a functor from
& 4 to €. Fis a bifunctor if:

(1) For each A, € &, F(4;,—): & — ¥ is additive.
(2} For each A, € &, F{—,A4,): & — € is additive.

Proposition 3.63
Hom: o/* x of — % is a bifunctor where Hom(A,B) is the
group of maps (4,8). |}

EXERCISES

A, Equivalence of categories

Let & and % be two categories. They are isomorphic if there
exist functors F: of — &, F,: % — s such that F,F, and F,F, are
identity functors. .« and % are equivalent if there exist functors
Fi:of - B, Fy: B o such that FF, and F,F, are naturally
equivalent to the identity functors; in this case F; and F, are called
equivalences. There are few properties or categories of any conse-
quence which are not preserved by equivalences. Besides the prop-
erty of smallness, perhaps the only two are the following:

& is a skeletal category if every isomorphism of objects in &
implies equality (i.e., all isomorphisms in & are automorphisms).

< is a replete category if for every 4 € 57 the class of objects in
&/ isomorphic to A4 is not a set, or, equivalently, enjoys a one-to-one
correspondence with the universal class.

Every category is equivalent to a skeletal category and to a replete
category.

Equivalent skeletal categories are isomorphic and equivalent
replete categories are isomorphic. If &/ and # are skeletal and F;:
o — % and Fy: # — o/ are such that F\F, and F,F) are naturally
equivalent to the identities then both F, and F, are isomorphisms
(which is not to say that F,F, and F,F, are equal to the identities).
The same statement for replete categories is false.
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S, — 8§, are such that Sy{(B) — 5,(B) — 5,(B) — O is exact for all
Be #.

Suppose that §: & X # — € is a covariant functor such that for
every Be #, S(—,B): & — € has a right-adjoint T: ¢ — /. We
obtain then a functor T: & x ¥ — &/ contravariant on &, co-
variant on ¢. The adjeintness yields isomorphisms ($(A4,B),C)—
(A, T(B,C)). (For the foundational example let §: ¥ x ¥ > &
be the temsor product and 7(B8,C) the group of maps from B
to C.)

Because S(—,8) and T(B,—) are adjoint, S(—,B) is right-exact
and T(B,—) is left-exact. If furthermore S{4,—) is right-exact then
T(—,C) carries right-exact sequences inte left-exact sequences and
conversely.

I. The reflectivity of images of adjoint functors

Let S: o/ — & be the left-adjoint of T: # — . Suppose that T
is onme-to-one on objects. Let %/ be the image of T. For each 4 € &
define ry : A — TS(4) to be the map which corresponds to Ig,
under the natural equivalence (S(A),S(4)) — (4,75(4)). The col-
lection {r,} forms a natural transformation from the identity on &
to TS, Similarly the isomorphisms (ST{(8),8) — (7(B),T(B)) establish
a transformation »* from ST to the identity on #. (r; corresponds
to lym.)

For each 4 € .’ define 5,: TS(4) — 4 to be the map T(rp) for
any B such that T(B) = 4. The collection {s,} forms a natural
transformation from 7S | /' to the identity of .. The composition

Iyp—> TS| ' —> I,
may be seen to be the identity.

By Exercise 3-F, therefore, 7§ is the reflector of &7 " and dually
ST is the correflector of the subcategory of & generated by S. We
may say, therefore, that the images of right-adjoints generate
reflective subcategories, and the images of left-adjoints generate
correflective subcategories.

If we consider the functor T: & — &' (that is, if we redefine the

range of T'to be ") then it is clear that the composition &' C & 5
& is the left-adjoint of T.
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76 ABELIAN CATEGORIES

L is a left oot therefore if for any such family {C — F(D) | D € 2}
(which satisfies the same sort of “consistency’’ requirement) there is
a unique map ¢ — L such that

C—L—FD)=C—FUD)forall De 2.

If L and L’ are both left roots of F they are naturally equivalent.

Let & be the category with two objects 4 and B and two non-
identity maps 4~ B and 4 > B, For F: Z — &, the left root
of Fis the difference kernel of F(x) and F(y).

Let & be the category with two objects 4 and B and no maps
besides the two identities (the discrete category with two objects),
For F: & — £ the left root of F is the product of F(4) and F(B).

Let Z be a category with only identity maps (any discrete category).
For F: ' — o/ the [eft root of Fis the product of {F(D)},.

Let A be an objectin &7 and.# a family of monomorphisms into A
together with all the inclusion maps between them. The left root of
the inclusion functor & — & is the intersection of the subobjects in
& ; that is, the left root is a subobject of 4 and it is the greatest lower
bound of the subobjects in %,

The dual notion is as follows. The right root of a functor F: & —»
& is a constant functor R: & — o/ together with a natural trans-
formation £ — R such that for any constant functor C: 2 -» &/ and
transformation F— C there exists a unique transformation R — €
such that ¥ — R — C = F— C. As examples of right roots we may
obtain difference cokernels, sums, and the dual of intersections,
namely greatest lower bounds in the families of quotient objects.

What we have called a left root is sometimes called an inverse
limit, and what we have called a right root is sometimes called a
direct limit. We prefer to reserve the word “limit” for the case in
which the domain category is “directed.” In Exercise 0-D we defined
a partially ordered category. A directed category is a partially ordered
category such that for every pair of objects 4 and B there exists an
object C such that neither (4,C) nor (B,C) is empty (in terms of the
partial ordering on the objects: A < Cand B < C). If @ is a directed
category and F: @ — &/ a functor, F is sometimes called a direct
system in &7, and its right root is what we call a direct limit.
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If o/ and % are additive categories we replace & with %,
and require, of course, that the equivalence preserve group
structure.

Some examples of adjoint functors are the following:

Let o be a reflective subcategory of #. Then its reflector is the
left-adjoint of the inclusion functor & — #. Indeed, a subcategory
is reflective iff its inclusion functor has a left-adjoint, and is co-
reflective iff its inclusion functor has a right-adjoint.

If o/ is a complete category then the functor (4,—): of — &
has a Jeft-adjoint, thus: Define F: & — & by F(S) = Zg A. Then
(F(S),4’) is naturally equivalent to (5,(4,4).

The functor (4,—): ¥ — ¥ has a left-adjoint, namely the tensor
product. (B & A,A") is naturally equivalent to (B,(4,4')). We have
not defined tensor products in this book, nor need we now give any
other definition save the one just given: - ) 4 is the left-adjoint of
(4,—). The proof of its existence is another matter.

The contravariant cases:

Let §: of — & and T: # — o/ be contravariant functors. § and
T arc adjoint on the left if (5(4),B)z is naturally equivalent to
(7(B),4) 5, and they are adjoint on the right if (B,5(4)), is naturally
equivalent to (A4,7(B))4.

For a complete category « the functor (—,4): & — & has an
adjoint on the right, thus: Define F: ¥ — & by F(S) = IIzA4. The
functor (—,4): ¥ — % has an adjoint on the right: itself!

Some facts about adjoint functors are the following:

If § is the left-adjoint of T and T is the right-adjoint of S then T
preserves left roots and .5 preserves right roots.

If S and T are adjoint on the left then they both carry left roots
into right roots, If § and T are adjoint on the right then they both
carry right roots into lefi roots.

If a covariant functor S: &7 — & is naturally equivalent to (4,—)
some A € &/ we say that S is a representable funetor, and that it is
represented by A. If a covariant functor S: .7 — % has a left-adjoint
then it is representable.

In the additive case the same statement is true. If a covariant
functor S: & — ¥ has a left-adjoint then it is representable. To
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78 ABELIAN CATEGORIES

P-£> F(D'). The intersection of all such difference kernels is the left
root of F.

But we don’t know yet that we have intersections,

On the other hand, we do not need the intersection of just any old
family of subobjects, but only of families of difference kernels, and

such intersections may be constructed as follows: Let {(P =2 4,
P X 4}y be afamily of pairs of maps. The difference kernel of the
two maps P = I1,4, and P> II,;4, where

P> nj’Aiif_"' A, = xﬂpi;- HIAii" 4, =y,

Is the intersection of the family {Ker(x; — v},

The proof of the above theorem yields a proof of the fact that a
functor from a left-complete category is left-root-preserving iff it
preserves difference kernels and products. A slight modification
yields that a category with difference kernels and finire products
possesses left roots for every functor from 2 finite domain, as is the
case with abelian categories. And in the case of abelian categories, a
functor is finite-left-root-preserving iff it is left-exact,

D. Small complete categories are lattices

Suppose that & is a small left-complete category and that for
some pair of objects 4,B € .27 it is the case that (4,B) has more than
one element. Let X be an indexing set of cardinality larger than that
of the category 7. Then if Il B existed in o/ we could reach a
contradiction since (4,IIB) must have at least 2% elements. We
conclude therefore that for every 4,B € .o/ it is the case that (4,B)
has at most one element.

Let =7 be a skeleton of &/. It follows that o¢' is a partially
ordered category. The completeness of .&7” implies that the partial
ordering is complete; in other words, 7 is equivalent to a complete
lattice category.

The moral: If one insists upon simplifying the language so as to
exclude categories that are not small, then all interesting complete
categories will have been excluded.

E. The standard functors
Let o be any category and A4 € 7. The functor (4,—): .o/ — %
preserves all left roots; formally speaking, for any F: & — & such
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that Lim F exists, it is the case that (4, Lim F) is the left root of
9> A

The functor (—,4): of — % carries right roots into left roots.

Given any constant functor C: % — & and transformation € —
F, we may test whether C is a left root of # by applying all the functors
of the form (4,—). For & an additive category, we may replace &
with % and obtain the same statements.

The functor (4,—): ¥ — ¥ preserves direct limits (is directly
continuous) iff 4 is a finitely generated group.

F. Reflections

Let & be a subcategory of &. Given an object B € # we define
its reflection in ¢ (if it exists) to be an object B e & which “best
approximates™ B via a map B— B. To be precise, for any 4 € &/
and map B — A4 there is a unique map B — 4 € &7 such that

B
B/ i
\ A commutes.

Reflections are unique up to isomorphism. If every object in %
has a reflection in &/ we say that . is a reflective subcategory. In
this case we obtain a functor R: % — &/ which assigns to each
object B € # a reflection in &7. R is called a reflector. If we consider
R to be a functor from % to % we obtain a natural transformation
from the identity functor on # to R. This transformation establishes
a natural equivalence from (R(B),A),, to (B,A4) 4 for all Be # and
AcA,

The duat notion of reflection is coreflection.

Among the best known examples of reflective subcategories are:
the category of compact spaces in the category of normal Hausdorff
spaces; the category of abelian groups in the category of all groups;
the category of torsion-free groups in the category of abelian groups;
the category of complete metric spaces in the category of all metric
spaces and uniformly continuous maps. The category of torsion
groups in the category of abelian groups is an example of a coreflective
subcategory.
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38 ABELIAN CATEGORIES

A € o/ we shall say that B generates A through T if there exists a
map B> T(A) such that y generates 4 (as defined in Exercise 3-).

Let S; be a solution set for B and let B> 7(A4) generate 4,
There exists an object A" € S; and 4’ > A € .o such that B-2>
T(4) = B—>T(4) T, T(4). A’ => Amustbean epimorphism, for
if /"> 4> C= 42> 4-2> Cthen Ker(a - b) — A allows
xand Ker(a - b)) = A and a = b.

If o is co-well-powered and if T has a left-adjoint then each object
in B generates at most a set of nonisomorphic objects in .

Conversely, if B generates at most a set of nonisomorphic objects
in & then Bhas a solution set. Indeed, if we let S be a Tepresentative
set of objects in .o/ which may be generated by B it is easy to verify
that S is a solution set.

Let & be a left-complete well-powered category and T: o4 — & a
covariant functor. Then T has a left-adjoint if (and, in the case that of
is also co-well-powered, only if)

(0) For every Be & thereis Ac s/ and B—T(A) e &.

(1) T preserves left roots.

(2) Every object in B generates through T at most a set of non-
isomorphic objects in .

As an immedijate application (see Exercises 5-D, F, and 1 for
more), let o7 be the category of lattices and functions between lattices
that preserve finite unions and intersections. Let T: &7 — & be the
forgetful functor into the category of sets. For B € & the only objects
in & which may be generated by B are of cardinality less than or
egual to that of B (unless B is finite, in which case, B generates only
denumerably infinite lattices). The left-adjoint of T carries B into
what is usually called the free lattice generated by B. We can com-
plicate the example by defining = to be the category of countably
complete lattices and then replacing “‘countable’ with any cardinal.
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Proposition 4.43
An abelian category with a projective generator is very
abelian. |}

But far better is

Theorem 4.44 (Mitchell)
A complete abelian category with a projective generator is
Sfully abelign.

Proof:

Let o' be a small full exact subcategory of a complete
abelian category &, and P a projective generator for </, For
each 4 € &/ we consider the epimorphism

S P oA

(P, A}

By taking I = U 4, (P,4) and defining P = X, P, we obtain a
projective generator P such that for each 4 € &' there is an
epimorphism P — 4.

Define R to be the ring of endomorphisms of P. For every
A € o, the abelian group (P,4) has a canonical R-module
structure; for P=—> A4 € (P,4)and P—> P € Rdefine rx e(P,A)
tobe P> P> A ]

Given a map 4 => B ¢ o/, the induced map (P,4) > (P,B)
is an R-homomorphism ( #(rx) = P — P > 4 ~> B =
r(j(x)) ). We define, therefore, F: &7 — &® (4" is the category
of R-modules) by F(4) = (P,A) with the canonical R-module
structure. F is an exact embedding since P is a projective
generator. F| /' is known to be an exact full embedding,
therefore, once it is known to be full. Given 4,B € & and a

map F(4) 2> F(B) € ¥* we wish to find a map 4 *> Be o’



B (& ozmen

"S1004 14514 ot s1004 1fap sarupd It 1fo)
ayp uo tofpp up soYy J Y I “i010unf JUDLIDAD.IUCI D g5 — g5 1 [ pup
d0ipsauaior v yim L1082103 3131dw0d-1f31 ‘pasemod-jan b 3q g 127

JUONIPUOD |, 019Z,, 9] WO IM YHNYM Ul
‘SIIAI0Y] JAI0 3211} Urelqo am urewop pue aueray) Surzienp g
FI0A J¥ WAION] J0)Ming jorolpe [erdads aqy, ‘N

*$3001 3J9] $3ATasa1d Iojounj uorsnour Y3 jeys sardurr
uIsI0aY) gouoydAl ay3 pue ‘sadeds JJj1opsnel joeduoo jo A1053Ed
Ay} Jof 101eI3us309 & 51 [RAIAUI JIun Y} 1BY) $)I58SE BWIWI] uYosAln)
Y[ "aAl1ooad 81 s3ords Jylopsney Jo AFofayeo oy ur saveds 1oudwoo
Jo A10891B0qns [0y 213 JBY3 220U am ‘vonednjdde syerpownur e sy

.D((P}I‘H)H fo ;Jafngng D o
ottiduotuost st y uayy (astoaaxa jsuy 2as) [ ySnosyi y sawsauad g Jf

‘srydrowonon sp UNE TN « HOF)[[ «— p 20US[ "2UO-01-3U0
SL((DVL'T) <o (OML'(F)L) <~ (O'%) uonsuny ayy p sajels
U3 (V)L - & 1oy osoddns pue zr 10§ J0jeseusdod € 2q 3 191

&> Wi—4g
pub g3y st oyl g g v 40f puv siood Ifap saasasasd
I f1 ywolpp-1 o7 v spy § uay g “sopounf wvripaed dup g« g pup
4030423302 © yiim Lio32ip0 219jdwioa-1fa; ‘pasamod-f1am b 2q g 127

"1078I2ua800 ¥ ary 01  Y3noua [ews,, st L1odaes
UIBHOP 211 J1 s1010unj Suislssard-1001-1J8] AQ PYSIIES 34 SABMIR [JIM
TONIPUOS SSAUfeWs Y1 JBY) 1339 Ul sAEs MO[aq [III0IY] I0jouny
jurolpe erods ay1 Aro8a:es s3uer sy3 pue ‘i10uny 21 ‘Arodojes
urewop 3y} Jurreles uonipuod sssujews (K1essasau Ajersusd) e osfe
Ing JOjoURy 243 UO WOMIPUOd ANnunuos (3jqeploarun) oyl AJuo 10w
SOAJOAUL J] 1B} ST WIAI03Y) Jojouny 1urolpe a1 Jo Jurprey Jorys ay L,
W03y} I0)ouny Jurofps [epads ayy, ‘A

&8 SANMOOALYIENS ANV SHOLINNL T¥IDAdS

Y14 SZI[BULIO] UED aph “Suruurdaq
a3 wolj jalgns oy Jo sropqio] 23 jo 1aed e seam ‘sjuemald
se poo8 su aIv s101eI9UAT sanoalord yeiy ‘ou] SIY] "J0jBISUAE
aanoaford © yum A1032)80 UEI[2qQE AUR Ul PIIOSfe UBQ AMEBY
PINOS BUIWA] 3AY 2Y) Jo JooId amus 2y] 20udy “ICI1BJIU3 B ST Y
asnedaq wsydiotwouow e I € «— ETpr Jeyl IpO[OUCd I ¥ JO
ssauaanos{oxd sy sem ssoooad Jurseyds sy ur pasn sem 1By [y

‘0=t 3Ty Uy y = 8« i ‘usi ‘AQpeurg

ULIOJ 271 JO WEITRIP A RINTIHOD
£ payoeal am [iiun Surseyd anunuod pnod opp Fp «— y = iy
<« ¥« 37 1o gons ¥ «— y dew B ureiqo ¥ Jo ssauaandelord
o) pue ¥« flp « S J0 ssomoexo ) Jutsn pur ‘g = My
— I« 3 167y 240X pInom ap ‘0 = B < T« i 1eqrygons
By« 3 dew ¢ s 11818 ppnod om ‘S5 «— T jey) yons 8Ty o
JUSWR[S Ue [m Furpels jo peasul -jooud Suiseyo-dewr v Aq
paoerdar aq pInos eww A oy} Jo JooId Surseyo-judw? sy L,
W 01 ¥ woly sdeur Jo ng A Inpow-y UE JO SWUSWP JO
yeads jou pinom aam s)s1I0aYy) AI085180 1UMNSISUOS 2I9M a4 ]
‘(a[npow-y ue ST gy 1ey) s30810] 31) py dnoig ueroqe Suiippepun
A} 4 S[npow-y [des o) sudisse 1—Iopunj  [npafio],, oy s

& g5 (=)

F010UNJ 3] PIIPU] ", 4 UI J01eIouad aanalord & st y
GaY T, “sa[hpow-y o] Jo £1033180 9} , 5 PUE SUlI B aq ¥ W

WIIOTHL S. TFAHILIN ‘¥'P

SANODILYD NwITIV 001



90 ABELIAN CATEGORIES

Let o be a co-well-powered, right-complete caregory with a
generator and T: &/ — % a contravariant functor. Then T has an
adjoint on the right iff T carries right roots into left roots.

(Dualize .<7.) .

Let o be a co-well-powered, right-complete category with a
generator and T: o — & a covariamt functor. Then T has a right-
adjoint iff T preserves right roots.

{Dualize both =7 and #.) [

Let R be a ring and %*# the category of left R-modules. Let T
% & be any contravariant functor which carries right roots into
left roots. Then T is representable.

We may easily determine that T is represented by a module whose
underlying abelian group is T(R). The module structure of T(R) is
determined by r: T(R)Y — T(R) = T(r).

If we are allowed to use the fact that the group of rational numbers
modulo the subgroup of integers, which group we shall call Q/Z, is
an injective cogenerator for %, then we may construct an injective

cogenerator for %%, The forgetful functor gk L, ¢ preserves all

F (.02 o .
roots, and hence ¥% —» ¥ 9%, % is an exact contravariant em-
bedding which earries right roots mto left roots. Since it i$ represent-
able, it must be represented by an injective cogenerator,

Now that ¥ has a cogenerator we may obtain Watts® theorem:

A covariant functor T % — G is representable iff it preserves
left roots.

Finally, we obtain the local representation theorem:

Given an arbitrary left-complete category &, a small subcategory
&£’ and a covarignt left-root-preserving funcior T: of — G, there
exists an object A € o such that (A,—) | &' is naturally equivalent
roT| o'
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Hence there is x,, € A, such that x,, — (X3, — X22)and x;5 — Xy3.

To prove that AHL* Ay — Ay 15 exact let x;, € Ay be
such that x,, — 0. Choose x;, € 4y, such that xg; — x,; and
let x; — x35. Note that x;, — 0. Hence there is x,, € 4,
such that x,, — x5, and we let xp; — x5 Since xg3 — Ogg there
is xy3 € Ay such that x5 — X, f(X13) = X4

The full embedding theorem which will be proved in the last
chapter says that for every small abelian category there is a
ring R and an exact full embedding into the category of R-
modules. The full embedding theorem allows us to dispatch
certain existential questions in abelian categories exemplified
by the connecting homomorphism theorem.

Define a map extension of a scheme S to be a scheme §
together with a one-to-one functor G: § — S such that all the
objects of S appear as values of G (i.e., Gestablishes a one-to-one
correspondence between the objects of S and the objects of §).

Given a scheme S, a map extension § — S, and sets of exact-
ness conditions E for § and E for S, we say that the full com-
pound diagrammatic statement (S — §, E, E) is true for &/ if
for every diagram D: S — o which satisfies the conditions E,
there is a diagram D: § — o which satisfies the condition E
and D = DG.

We say that an abelian category .« is fully abelian if for
every full small exact subcategory &/ C & there is a ring R and
a full exact embedding of & into the category of R-modules,
(We shall show in Chapter 7 that every abelian category is
fully abelian.)

The full metatheorem, 4.31

If a full compound diagrammatic statement is true for all
categories of R-modules then it is true for all fully abelian
categories.

The proof is similar to that of the first metatheorem. [}
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7] ABELIAN CATEGORIES

Godel's completeness theorems say that every logically consistent
theory has a model (and it is an article of faith that the complete
theory of a model is consistent). A corollary is the compactness
theorem: If every finite subset of T has a model then so does T.
Finally, every set of elementarily equivalent models has a com-
mon ¢lementary extension.

In order to define a category of models it 1s necessary to specify
what we mean by maps. Categories of elementary extensions do not
seem 1o be interesting as categories. Suppose F is a set of formulas
made up from the original list of predicates. We shall say that a

function between models 4~ B is an F-map if every formula in F
is “‘preserved,” in the positive sense, by f. That is, for FeF and
Xy, X, X, €A F(0, 00 x )= F(f(xy), - -, f(x,)). IfF is empty,
any function is an F-map; if F is the set of all possible formulas then
only elementary extensions are F-maps. (Note that if the formula
x # y is in F, then every F-map is one-to-one.) Given a theory T
and a set of formulas F, a category of models is determined. As
familiar examples we can obtain the category of groups and group
homomeorphisms, the category of lattices and lattice homomorphisms,
the category of small categories and functors.

If F is empty and T has models of every cardinality (and one
infinite model implies a model of every infinite cardinality) then the
corresponding category of models is equivalent to the category
of sets. We shall tacitly assume this to be the case throughout.

A category of models is well-powered. Suppose /4 — B is an
F-map and that | 4] (the cardinality of 4) is greater than 2!%! and 2!%,
We shall show that fis rot a monomorphism For each } EBlet U,
be a new unary predicate: Uy(x) is true for A iff f(x) = y. Let T,
be the complete theory of 4 with respect to the original precllcates
and the new. Let E be the set of elementary (with respect to the
original predicates and the new) submodels of 4 of cardinality
|Ty| = | 8] + |Ty|- The union of the models in £ is all of 4 because
for each x4 we could have added another unary predicate
insuring that elementary submodels contain x. Hence £ contains at
least |A| distinct subsets of 4 and there are only 2BIHIT g
morphism classes. Necessarily, then, there is a model 4" and distinct
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Proof:
Let
K: (Maps in &) — (Objects in o)
F: (Maps in &) — (Objects in &7), and
S (Pairs of objects in &) — (Objects in &)
be functions such that

K(x) is a kernel of x
F(x) is a2 cokernel of x
S(A,B) is a direct sum of 4 and B.
Given a full subcategory # C & define {(#) to be the full

subcategory generated by #, K(%), F{(#) and S(# x %).
If #is small then so is C(#). Define C*( %) = C(CY(H)).

C*(#) = U C*{#) is, by Theorem 3.41, a full exact sub-
category. Cm(.@) is small if & is small. |

Metatheorem 4.22
Every compound diagrammatic statement true in ¥ is frue
in every very abelian category.

Proof:
Suppose (S, Ey, E, ) is truein ¥. Let D: § — &/ beadiagram
in a very abelian &/ satisfying the exactness conditions E,.

Let & be a small exact subcategory of & such that the image
of Dliesin . Then D satisfies E; in o, and it satisfies E, in o
ifit satisfies Eyin o, Let F: o — % be an exactembedding, FD:
S —» @ satisfies E; and it satisfies E, iff D: § — 7 satisfies E,, 3

4.3. FULLY ABELIAN CATEGORIES

The important connecting homomorphism theorem is stated
as follows:
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CHAPTER 4

METATHEOREMS

In Chapter 7 we shall prove that for every small abelian
category &/ there is an exact embedding & — %.

To illustrate the usefulness of the existence of exact embed-
dings let us consider the “five lemma™;

Let o/ be an abelian category and

0

!
o K 0
! ¢ l

Ay — Ay — A3 — Ay
l ! 1 !
Agy = Agy — Agy — Ay

l
o

a commutative diagram in &/ with exact rows and columns.
We wish to prove that X = 0. Let F: & — % be an exact
24
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embedding. F sends the diagram into a similar exact commuta-
tive diagram of groups and homomorphisms and K = O iff
FK)= 0.

The verification that the five lemma is true in % may be
effected by classical diagram-chasing techniques such as the
following, in which we will write x,; — x,, instead of

(A — Ap)xyy = X

Let x,; € 4,5 be such that x,; — 0,;. We wish to show that
X5 = O4a. Let x5 — Xx;; and observe that x,, — 0y, and hence
that x;4 = 0,,. By exactness there is x,, € 4, such that x;;, —
Xy3. Let x;, — x5, and observe that xz; — 0y3, and hence, by
exactness, there is x;, € 4,; such that x; — x5, Let x;; € 45,
be such that xy; — xy;. Because 4,, — A, is one-fo-one, x,, —
X, and then x;, - 0 = x5,

4.1, VERY ABELIAN CATEGORIES

For expository purposes we say that an abelian category 4 is
very abelian if for every small exact subcategory .o C % there
is an exact embedding &/ — %. The weak embedding theorem of
Chapter 7 will prove that every abelian category is very abelian.

We wish to describe a class of statements which are true in
every very abelian category iff they are true in %. As a first
approximation we may consider the foliowing. Define a simple
diagrammatic statement to be a statement about the exactness
and commutativity of a diagram. A compound diagrammatic
staternent shall be of the form P = (@ where P and Q are simple
diagrammatic statements. A compound diagrammatic statement
is true in every very abelian category iff it is true in %.

The formalization of the matter starts by defining “diagram.”
A diagram scheme is a small category, and a diagram in a
category & 15 a functor from a diagram scheme into &7, A set
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104 ABELIAN CATEGORIES

always induce the same correspondences from (X,4) to (X,58) and
from (B, ¥) to (4,Y). An equivalence class of cwords from A to B will
be called a correspondence in =7, If a correspondence in & is such that
all the induced correspondences are functions then it will be called a
function in <7,

In the classical construction of the connecting homomorphism a
cword was defined and then shown to represent a function.

In a category of R-modules every function is represented by a map.

If & is fully abelian then every function in .& is represented
(obviously uniquely) by a map in /. Mote generally, every cor-
respondence from A to B may be represented by a map from a sub-
object of A to a quotient object of B.

D. A specialized embedding theorem

The proof of Theorem 4.44 proved a stronger statement than that
of the theorem: If 27 is a small full exact subcategory of a complete
abelian category # with a projective generator, then & is isomorphic
to a full exact subcategory of cyclic modules over some ring R. We
may go a step further. Assume & is a category of modules and re-
place the projective generator P in the proof by Z P, where K is an
infinite indexing set at least as large as P. Then the ring R is such
that for every 4 € & there is an exact sequence R—~ R— 4 — 0.
By iteration we may finally obtain a ring R big enough so that for
every A € & there is an infinite exact sequence -+ —+ R—+ R—~ R —
A— 0.

But instead of making the ring larger we may make it smaller.
There is a ring R such that R and .o have the same cardinality and
such that & is isomorphic to a full exact subcategory of cyclic
modules over R. To obtain such, assume that & is a full exact
subcategory of cyclic modules over a ring S. Let F be a minimal
family of ideals such that for every A4 € o7 there is W e F and an
exact sequence G > % — § — 4 — O, Let T be a subset of § such
that for every AL € F and s € § with Us C £ there exists ¢ € T with
5 — ¢ € 8. The cardinality of T need be no larger than that of &,

Forany ring R, TC RC S, & is isomorphic to a full subcategory
of cyclic modules over R (§/% — R{R N ), but not necessarily an
exact subcategory. However, if R has the further property that for

FUNCTOR CATEGORIES Hr

For arbitrary B € &, the functor £} (B) may be identified as the
functor from &7 to & which sends A’ into (4,4") & B, where &
refers to the functor defined in Exercise 3-K. The right-adjoint of
E i (#,B) — B, evaluated at B B, is the functor which sends A’

into ((A',4),8).

E. Grothendieck categories

Let & be a Grothendieck category, Z a directed category (see
Exercise 3-B), F,G: % — # two functors, and F— G a mono-
morphic transformation. The induced map lim F— lim G is a
monomorphism. (“The direct limit of monomorphisms is a mono-
morphism.”) If such is always the case in a complete abelian category
then the category is a Grothendieck category.

Let A be an object in a Grothendieck category, {4,} an ascending
family of subobjecis of A the union of which is all of A. Then 4 may
be identified as the direct limit of the system {4,}. The statement
remains true for Grothendieck categories if we require only that
{A} be directed (i.e., that every pair of subobjects in f4.} hs.we an
upper bound in {4,}), and becomes another characterization of
Grothendieck categories among complete categories.

F. Left-completemess almost implies completeness

Let o7 be any category, and & any small category. Define € to be
the full subcategory of constant functors in the category of all
functors (Z,s). Given F € (%,.«/), F has a reflection in % T Fhasa
left root, and, in fact, the two are the same. On the other side, Fhasa
coreflection in % iff F has a right root, and, again, the two are equal:

Suppose that o is a left-complete, well-powered category with a
cogenerator and a “right zero object” Og €./ with the property
that for all 4 € .o, (4,0) has precisely one element. Then the same
is true for % (they are isomorphic categories), and the inclusion
functor € — (2,5¢) is left-root-preserving. By Excrcise 3-M, there-
fore, ¥ is reflective, and since this is true for any small &2, we conclude
that .o/ is right-complete.

Suppose that & does not have a cogenerator but that it is left-com-
plete, well-powered, and co-well-powered. The right-completeness
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106 ABELIAN CATEGORIES

F. Categories representable as categories of modules

Let &/ be a right-complete abelian category with a small
projective generator P. Let R be the ring of endomorphisms of P and
define F: of — %% as in 4.44. F(4) is the left R-module (P,4). Then
Fis an exact embedding which preserves all roots. Tts image contains
R and all free modules. Moreover, any map between free modules
comes from a map in &/. Since the image of F is closed on the right
we may conclude that it is a full representative subcategory. By
Exercise 3-A, F is an equivalence of categories.

A category is equivalent to a category of madules iff it is a right-
complete abelian category with a small projective generator.

G. Compact abelian groups

Let € be the category of compact abelian groups, advertised in
Exercise 2-C as being an abelian category. Let € €% be the “circle
group,” defined as the multiplicative group of complex numbers of
modulus one, or additively, as the group of reals modulo the sub-
group of integers. We shall treat C as an additive group. The only
proper closed subgroup of C are finite and cyclic. The only auto-
maorphisms of C are rigid (the metric structure of € may be defined
via the group structure and topology and a continuous automor-
phism must be an isometry). The only rigid automorphisms on C are
the identity and the map which results by multiplying by —1. The
last three sentences combine to prove that the only endomorphisms
of C are those which result by multiplying by integers. That is, the
ring of endomorphisms of C is the ring of integers.

C may be proven to be a cogenerator for ¥. The most efficient
proof is beyond the scope of this book. It involves among other
things the fact that the space of complex numbers is a cogenerator
for the category of Banach algebras. But granted that C is a cogenera-
tor we may prove the Pontrjagin duality theorem:

First, C is injective in %. Indeed, any cogenerator for any abelian
category whose ning of endomorphisms is a principal ideal domain
is an injective cogenerator. (Given a monomorphism C-— 4 let

1C(C,C)be the set of maps of the form C —- 4 ——> C. Iis an ideal
and if it is generated by € =  then every mapin I kills Ker(n). Now

FUNCTOR CATEGORIES 115

Starting with x € (4,8,) and traveling clockwise,
X — wx — ap (wx) = [F(wx)](z);
counterclockwise,
x — g (x) = [Fw)](25,(x)) = FW)FH2)]:
Since F is a functor, F(wx) = F(w)F(x) and « is natural. |

Theorem 5.35
T H* is a projective generator for (A4, ¥4).

Proof:
(TH*, -} «,9) - ¥ is naturaily equivalent to

(IE): (#4,%)~ Z. |}

Theorem 5.36
H . .
The representation functor s/ — (&,%9) is a contravariant
Sfull embedding.

Proof:
(H4,H?) = (B,4). l

EXERCISES

A. Duals of functor categories .
Let o be a small category, & any category, .&/* and #* their
duals.
Both (o/*, %) and {«/,%*) may be interpreted as the category of
contravariant functors from .o/ to #. However, (& *,%) and (&, %™*)

are dual.
(=, B) is dual to (*,B*).
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io8 ABELIAN CATEGORIES

I. Unembeddable categories

Not every category may be embedded in the category of sets.
What seems to be the simplest counterexample may be described as
follows:

For objects let there be for each ordinal number o an object
named A4,; let there be a zero object O; and let there be a special
object S. o 42 -

Let there be maps named 4, 2> S, § > 4, and 4, 2> 4, for
every pair of ordinal numbers 8 < &, and let there be a zero map
between any two objects, and let there be an identity map for every
object.

For the composition of maps letAxﬁ-)- A ﬁrAa=Aa:£; A, where
B" = max(§,f). Let all other compositions of nonidentity maps be
zero maps (which makes the verification of associativity downright
trivial), and finally, let the composition of maps with identity maps be
what it must.

Calling the above-described category +, suppose that F: of — &
is an embedding into the category of sets. Let « be an ordinal number
of cardinality greater than that of the family of subsets of F(S). There
must exist § <. # <7 « such that Im(F(x3)) = Im(F(x})). On the other
hand the image of F(x}) is not in the difference kernel of Hyz) and
F(y3), whereas the image of F(x}) is. A contradiction.

(Every category may be embedded in an abelian category (using
techniques not to be covered in this book) and the above counter-
example leads to an example of an abelian category which cannot be
embedded, exactly or not, in the category of abelian groups. The
presence of a projective generator or an injective cogenerator, of
course, implies the existence of an exact embedding. The only em-
bedding theorem for large abelian categories that we know of
besides the just named triviality is, that if an abelian category, small
or not, has both a generator and a cogenerator, then it has a group-
valued exact embedding. The proof is, in light of the special nature of
the resuit, too long for inclusion.)

FUNCTOR CATEGORIES 113

(Prop. 3.61 on the recognition of functors on two variables is
useful here. Condition three of that proposition is here equiva-
lent to the defining condition for natural transformations.)

Theorem 5.32 '
The Yoneda funciions y: (H*,F) = F(A), y(n) = n.4(1 ,), provide
a natural transformation from D fo E.

Proof: .
By proposition 3.62 it suffices to show that
(1) for F,— F,e(#,9),

(HA, 2)

(H,F) — (H',F,)
Ji ly
Fi{A) N (FpA4) commulses,
and

(2) for 4, = A,,

(H%,F) =5 (HF)
b4 ¥
F(4) —> F(4y) commutes,
(1) is easy: starting with 5 € (H*,F}) and traveling clockwise
we obtain 7 — an — {(an)4(1,); traveling counterclockwise,  —
na(le) = (2qn (1. But, of course, (az), is the composition
of x, and 7, and we obtain the same element in F,(A) regardless

of direction of travel. '
For condition (2) we start with « € (H41,F), and traveling

clockwise we obtain
o« — aH* — (aH?), (1,) = o, (x.4)(1,) = o 4 (X).
Traveling counterclockwise we obtain
@ —ay (1,) = FOla, (1,)]-
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10 ABELIAN CATEGORIES

Axiom 0. The constantly zero functor is a zero object.
Axiom 1. Given F\,F, € (@, %) define F, @ F, to be a functor
such that (F; ® F,)(4) = F(4) © Fy(4) and

Fxy 0 )
F, ®F, =t
( 1 @ 2)(x) (0 Fg(.TC) .
Axiom 2. Let F;, — F, € (#,9). For each A e o let O —
K(A4) — Fy(A) — Fy(A) be exact. Given A = B e < thereis a
unique map K(x): X(4) — K(B) such that

K(A) — F,(4)

er)l lrlcx)

K(B) — Fi(B) commutes,

Then X is a functor and K — F, is a naiural transformation.

Axiom 3. The above construction shows that a transforma-
tion F; — F, is a monomorphism in (&,%) iff F;(A) — Fy(4)
is a monomorphism in ¢ for each 4. The dual construction
needed for Axiom 2* indicates that if F; — ¥, is a mono-
morphism then it is a kernel of its cokernel. [

The constructions above indicate that a sequence ' — F — F*
1s exact in (&, %) iff the sequences F'(4) — F(4) — F'(4) are
exact in & for all 4 € &/. More formally the evaluation functor
E : (f,%) — % defined by EfF, > F,) = F,(4)™> F,(4)
is an exact functor for each 4 € &, The product

(1 E ): (A, %)~ &

defined by (II E)(F) = II_E (F) = I ,F(4) is an exact em-
bedding.

Proposition 5.12
(A, %) is a complete abelian category.

FUNCTOR CATEGORIES il

Proof:

Let {F,}; be an indexed family of functors in (#,%9). II[F;
and Z,F; are constructed “pointwise” (just as were finite direct
sums):

(I F)(d) = 1;F{4)

EFX4) =ZF(4). |

5.2. GROTHENDIECK CATEGORIES

% and (&7, %) enjoy a critical property with respect to certain
infinite operations. Note that if G is an abelian group and {G,},
is a linearly ordered family of subgroups, and H is any subgroup
of G,then H n U G; = U (H N G;). A complete well-powered
category in which this same statement is always true for the
lattice of subobjects of any object is called a Grothendieck
category (the property is elsewhere referred to as ABS). Just one
of the many consequences of the Grothendieck property is
explored in the next chapter. Among the many properties
equivalent to the Grothendieck property is the following: for
all x: A — B and ascending families {B, — B}; it is the case
that x~'(w B,) = v x~'(B,). For any category such is the case
(purely lattice theoretically) for epimorphic x. In the case that
x is a monomorphism the two properties are immediately
equivalent.

Proposition 5.21
(A, ¥) is a Grothendieck category.

Proof:

We simply observe that given a collection {F;}; of subfunctors,
their union and intersection may be constructed “pointwise™:
(U F}(4) = U (F{(A4)) C F(A4). Hence given a linearly ordered
family {F,}and a subfunctor H C F, (H N U F{4) = H(4) N
U F{4) = U [H(A) NF{4) = [(U H n EDIA4). |
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120 ABELTAN CATEGORIES

H. Categories representable as functor categories

Let # be a right-complete abelian category with a generating set
of smalt projectives 2. That is, for any 4 — B # 0 there exists a
small projective P € 22 and a map P — A such thatP — 4 - B #£ 0,

Let o/ be the full subcategory of 4 generated by & and let
(&7 *,9) be the category of contravariant additive functors from ¢
to ¥. Define F: & — (o&/*.%) to be the covariant functor which
sends B into the contravariant functor (—,B) | 4. Regardless of the
special nature of =7, F preserves left roots. The fact that the objects of
</ are small projectives in & implies that F preserves right roots.
And the fact that the objects of =/ generate & implies that F is an
embedding.

As in Exercise 4-F it may now be shown that Fis an equivalence of
categories. A cafegory is equivalent to a category of group-valued
Junctors iff it is a right-complete abelian category with a generating
set of small profectives.

I, Tensor products of additive functors

Let .o be a small additive category, # any additive category and
(L£*,%) the category of contravariant group-valued additive functors
from /. Given any covariant F: & — & define F: & — (/*, %)
to be such that B is sent into the contravariant functor (F(—),B) €
(/*,%). We obtain a diagram

i
e l
H
(A*.9)

where A: o — (&/*,%) is the covariant functor which sends A into
the contravariant functor (—,A). (If # = &7 and F is the identity
then H = F.)

If % is left-compiete and well-powered and has a cogenerator, then
F has a left-adjoint F*: (/*,%) — #. Somewhat surprisingly it
suffices to assume that & is right-complete, well-powered, and co-
well-powered. (This is a weaker assumption by Exercise 5-F.)

Define %' C % to be the smallest full subcategory which contains
the image of Fand is closed under the formation of sums and quotient
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injective envelope of R, then E/R is injective. Let r 7= 0 and consider
an exact commutative diagram:

O—+R-—> R—>R(nN—0

l Lol
O—>R—> E— EjR 0

All three vertical maps are monomorphisms. Hence every proper
cyclic module is embeddable in E/R.

let ACE be a finitely generated submodule. Because E is
essential over R and R is a domain, 4 is isomorphic to a submodule
of R, hence to R itself. Every finitely generated submodule of F is
cyclic and therefore every finitely generated submodule of E/R is
cyclic.

2. Let A be a finitely generated module. The family of all ideals
that appear in the form Ker(R — A) is a finite family with (+) as a
minimal member. let R{(r) — A be an embedding. If (r} = O let
A — E be such that R/(r} — A — E is a monemorphism. If (r) = O
let 4 — E{R be such that Rf(r) > 4 — E{R is a monomorphism.
In either case the map from A has a cyclic image and we obtain a
monomorphism Rf(r) — 4 — R/(s). Note that (s) C ().

There exists R — 4 such that R — 4 — R/(s) is onto.

Ker(R— A C () C (),
hence Ken(R — 4) = (5) = {r) and we obtain a splitting
Ri(rt>A4—>Rl(r)=1.

By iteration, A ~ Rj(r,}} @ - - @ Rf(r,), where (r) C(r) C---C
(7).

3. The uniqueness of any such representation of 4 may be obtained
from the following: For any prime p € R, the number of (,)’s such
that (r,) C (p™) is equal to the dimension of {(p™1A)/(p™A) as a
vector space over R/(p).

In particular if (p} and (g) are distinct nonzero prime ideals then
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(F* %) X (A, %)~ # which preserves right roots on both
variables separately. (This fact together with H, X F = F(A)
characterizes it.)

Define for Be % Fe(of, #) (F,B) = (F(—),B) c(&F*,4). We
obtain a bifunctor (&, < F - (F* %), contravariant on the
first variable, covariant on the second. The adjointness yields iso-
morphisms (T ® F,B) — (T,(F,B)).

When .« is the category consisting only of the group of integers we

obtain the previously described tensor product and symbolic hom
functors.

If we view these bifunctors as operations and replace % with
(%.%) we obtain a long list of associativity and commutativity
statements which generalize the classical list on tensor products and
the hom functors on modules.

INJECTIVE ENVELOCPES R

Now let Q be the first ordinal of cardinality greater than that
of the family of subobjects of G. We shall prove that E, | = E,,.

Supposing otherwise, we let G = E be a map whose image
is not contained in the image of £, — E, ;.

For all y < Q + 1, we shall identify E, with the image of
E,— E; ,—that is, we shall suppose that it is a subobject of
E, .- The family of subobjects of G, {x~(E.}}, is an ascending
family, and by the choice of Q it must stabilize before Q. There
exists, then, an ordinal y < Q such that x{E)) = x1(E,).
(We use here the fact that in a Grothendieck category the
inverse images of ascending unions behave well) By our

assumption that F(y) = ¥ + | we obtain a map G- E,,,
such that

(x1Eg) —~ G > E,—E,, =(xE)—~G—=E,,
Let z =x —y, H=2zYE,). Then x(f) =1(z + v)(H) <

2(H) + W(H) = E, and H < xYE,). Hence z(H) =0 and
z) nE, =0. |

EXERCISES

A. A very large Grothendieck category

Define # to be the category whose objects are pairs (G, f: S —
(G,G)) where G is an abelian group, § is a set, and fis a function
from § into the set of endomorphisms on G. We adopt the con-
vention that f(y) = 0 for all y ¢ S. A homomorphism G %» G’ is a
map from (G, f: § — (G,G)) to (G',f/: §' — (G",G) iff

G fix) G
Lo
G Jix) Gr

commutes for all x e § U S,
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i24 ABELIAN CATEGORIES

such that A =B — 4 — 4~ A, [Equivalently, A — B is a
trivial extension if there is an object C such that B =4 O C

and 4 > B =A—> 43 C. (See 2.68.)]

Proposition 6.12
An object E in o is injective iff it has only trivial extensions.

Proof:

- From the dual of 3.31.

<«  Let 4 — B be a monomorphism and 4 — E any map.
Consider the pushout diagram

A-—+B

L
E—-P,

The pushout theorem, 2.54*, asserts that £ — P is monomorphic;
hence by hypothesis P is a trivial extension of E. Let P — E be
such that E ~ P ~ E = E— E and define

B—~E=B-+P > E
Then

AdA— B

N

An essential extension is a monomorphism 4 — B such that for
every nonzero monomorphism B’ — B, the intersections (of the
images) of 4 — B and B — B are nonzero.

Equivalently, 4 — B is essential if for every B — F such that
4 —~ B— F is monomorphic it s the case that B — F is
monomorphic.

commutes, I

INJECTIVE ENVELOPES 2%

Let A — E be an essential extension. Letting G be a generator
choose for every x €((G,4) a map f(x) €(E,C) such that
GEr 4 >E C+#0.Then d - EL> I, 4,C is a mono-
morphism (E "> Iz ,,C 2> C = f(x)). Since 4 ~E is
essential it follows that y is a monomorphism. Hence every
essential extension of A is isomorphic to a subobject of Il 4,C.
To finish things off let Q be an ordinal number of greater
cardinaiity than that of the family of subobjects of Il 4,C.
Then any sequence of essential proper extension must terminate
before L.

Second Proof (Mitchell), in which it is assumed that modules
may be embedded in injectives (Exercise 5-D):

Let R be the ring of endomorphisms of the generator G and
define the functor F: & — %* to be that which sends B inio
the R-module (G,B). (The endomorphisms of G operate obvi-
ously on the group {G,5).)

Lemma. If A— E is an essential extension in % then

F(A) — F(E) is an essential extension in 4%,

Proof of lemma. Let M C F(E) be a nontrivial submodule
and x € M a nontrivial element. We shall construct a non-
trivial element in M N Im[F(A) — F(E)}. Remembering that

x € (G,E) we let
PG

A—E
be a pullback diagram. Since 4 — E is essential, P #* O
and there exists G — P such that G > P - G—> E #0.
G -»P — G- E is an element of M (M is a submodule)
and in the image of F(4 — E).

The lemma implies the theorem by a cardinality argument
similar to that in the first proof. Using the fact that F(4) has
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Proof:
By the last theorem it suffices to show that 4 has no proper
essential extensions. Assume then that A C B and that x e B

and x ¢ 4. Let R—— B be the map which sends 1 into x and let

I =R

Lol
A—B

be a pullback diagram. Let y € 4 be such that f -~ R > 4 =
I — A. The element x—y is not trivial and it generates a sub-
module of B which meets A4 only trivially. B is notessential. [}

6.2. ENVELOPES

An injective envelope of A is an injective essential extension.
It is, therefore, a maximal essential extension and a minimal
injection extension. The latter follows easily since 4 — E is an
essential extension of every proper subobject between (the image
of) A and E and thus none could be injective.

The construction of injective envelopes for arbitrary objects
in Grothendieck categories proceeds from the following propo-
sitions:

Lemma 6.21
An essential extension of an essential exfension is essential. l

Lemma 6.22

Let {4 — E} be an extension of A in a Grothendieck category,
and {E,} an ascending chain of subobjects berween (the image of)
A and E. If E, is an essential extension of A for each i, then [ JE;
is an essential extension of A.

INJECTIVE ENVELOPES 127

Proof:

Let S be an arbitrary nonzero subobject of UE; Then
S=SnNUE,=USNE,) and S NE, O for some i
Because E, is an essential extension of A it follows that
AnS#0. |

We show next that in a Grothendieck category every ascend-
ing chain of extensions may be embedded in a common extension.

Lemma 6.22 says, then, that every ascending chain of essential
extensions is bounded by an essential extension.

Theorem 6.23

Let & be a Grothendieck category, I an ordered set, and
{E: — E};; a family of monomorphisms such that for i < j < h
E.~E, > E, =E —E, Then there is an object Ec % and a
family of monomorphisms {E; — E}, such that for i < j,

E,—~E —~FE=E—~E
Proof:

Let S = I,F; and foreach i e ] let E| =i> § be the associated
map. For each j ¢ I define #,: § — § to be the unique map such
that
E gt 5 EiTEj“—‘r s ifi<j

E.“> S if j < i

Let S-— Ebean epimorphism such that Ker(#) = U Ker(h,).
Note that {Ker(h;)} is an ascending family since for j < j’

s> s — 52 525 g

To conclude that E, “> S~ Eisa monomorphism it suffices
to establish that Im(E;, —S) N U(Ker(h,)) = O. By the
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136 ABELIAN CATEGORIES

between simple modules is either zero or an isomorphism and R is
isomorphic, as a ring, to a product of matrix rings over skew fields.

3. Let R be a semisimple ring, that is, a ring which obeys the de-
scending chain condition and has no nilpotent ideals (* = O im-
plies A = O). Every ideal in R is a direct summand, as an R-module,
of R. To prove it let % be a minimal counterexample. If W is not minj-
mal in the family of all nonzero ideals there exist 8 C 9 and a map
R—>Bsuchthat B8 =+ — R —B = 1. LettingC = Ker({ - R—
B), we obtain A=BEHE Hence U= R-BEE->A=1,
If A is minimal in the family of all nonzero ideals there must exist
x €U such that 9 — RS> U £ 0, otherwise ¥* = O. But any
nonzero endomorphism on a simple module is an automorphism.

By Theorem 6.14 every R-module is injective and R is isomorphic
to a finite product of matrix rings over skew fields.

F. Noetherian ideal theory

Let R be a ring which obeys the ascending chain condition for
left ideals. Alf modules over R will be understood to be left-modules.

Let F be an indecomposable injective and R — £ any nonzero
map. If O — A — R — Eis exact, then R/Y is embeddable in E and
R{U is absolutely indecomposable. Equivalently, U is not the inter-
section of two larger ideals, or as classically stated, U is indecom-
posable. Two indecomposable ideals %, B are such that R/ and
R/B have isomorphic injective envelopes iff there exists x,y € R such
that {re R |rxe¥W} = {re R|ry e B}.

Henceforth let R be commutative, that is, a Noetherian ring. The
last paragraph says that if R/ and R/B have isomorphic injective
envelopes there exists € C R such that ACE, BCE, and R/E
has the same injective envelope. The family of ideals Fg that appear
as kernels of maps R — E has a unique maximal member f. More-
over, for any x € R, {¢ | rx € P}, if not all of R, is a member of Fz.
That is P is a prime ideal. For any ¥ € Fg there exists x € R such
that {r|rx €U} = P, hence P is the only prime in Fgz. Every
indecomposable injective is the injective envelope of R/ for some
unique cheice of prime ideal .

Let P and P’ be prime ideals and E,E’ their corresponding injec-
tives. (E,EY £ Ot PC P

EMBEDDING THEOREMS E49

that L, = R(M). Hence if L, —~L, = Ker(L, — M), then
Cok(Ly —~ L)) = L, - M — R(M) and every ¥-epimorphism
is an .%-cokernel.

Since monomorphisms are the same in # and 2, if Eis a
#-injective envelope of an Z-object, it is injective in Z. |

Returning to (&/,%) we define #() C (#,%) to be the
full subcategory of left-exact functors. The last theorem asserts
that # (=) is an abelian category with injective envelopes.
The representation functor H: o — (&,%) factors through
L),

Theorem 7.32
(&) is complete and has an injective cogenerator.

Proof:

The construction of products in (2} is straightforward.
Surprisingly, the construction of sums in #(.o7) is also straight-
forward. Given a family of left-exact functors {F;} their sum as
defined in (&7, %) is already left-exact and is the sum defined in
L),

The product of all the functors {H*} ., is also left-exact and
a generator for (). Proposition 3.37 now implies that
Z(sf) has an injective cogenerator.

Theorem 7.33
H: of — Z(sf) is an exact full embedding.

Proof:

We know that H 1s a full embedding (5.36). Let O — 4" —
A —+ A" — O be exact in &/. We wish to show that 0 — H4 —
HY +~ HY 0 is exact in Z(). Such is the case iff the
sequence O — (H*,E) — (H,E) — (H* ,E) — O is exact for
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CHAPTER 7

EMBEDDING THEOREMS

We return to the functor category (#/,%). In Chapter 5
we observed that (&£,9) is a Grothendieck category with a
generator, and in Chapter 6 we constructed, under such con-
ditions, injective envelopes.

7.1. FIRST EMBEDDING

Proposition 7.11
If an object E € (&, %) is injective, then it is a right-exact
Junctor,

Proof:
Let A" — A —~ A" — O be any exact sequence in 7. Applying
the representation functor H we obtain the exact sequence

0 — HY - HY — HY in (o, %).

The functor (—,E): (#,%) — % is an exact functor. Hence
we obtain the exact sequence
138
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E is mono by the essential theorem, F is mono since L is
absolutely pure. Hence T — F = 0 and Im(R — E) C L. Thus
is obtained a map R — L such that

M—R

N

The uniqueness is seen easily by considering two extensions
of M — L. Their difference R -> L is such that M — R —>
L = 0, hence R >> L factors through R—> T. But Tis torsion,
L is mone, and é = 0. l

commutes.

Construction theorem 7.29
For every mono object M e .# there is a monomorphism
M — R which is a reflection of M in &,

Proof:

Embed M into any absolutely pure object E (an injective
envelope will do).

Construct the exact commutative diagram

o o0 0

1 ! !
O-+M—> R -~ T —0

! } s
O+M—> E - F —0

! ! !
O — M(F) = M(F) —~ 0

J, l

0 0

by starting with the middle row, then the right-hand column,
then the bottom row, then the top row (nine lemma, 2.65).
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140 ABELIAN CATEGORIES

Since x € F(A') C E(A"), we know that F # O. Since MCE
is essential, F N M # Q. In particular then, there is an object
B such that F(B) N M(B) # 0. Let 0 # y € F(B) N M{(B). By
the construction of F there is a map 4’ — B such that y =
[£(4) — E(B)](x). Let

A — A4
P
B P

be a pushout diagram. The pushout theorem asserts that B — P
is a monomorphism. Since M is a mono functor

[M(B} — M(P)l(y) # 0,

and hence
0 # [E(B) — E(P)[(y) = [E(B) —~ E(P)][E(A"} — E(B))(x)
= [E{4") - E(P))(x)
= [E(4) — E(P)[E(A’) — E(A)](x)
=0,

a contradiction. l

Corollary 7.13
A group-valued functor may be embedded in an exact functor
iff it is a mono functor. |}

First embedding theorem, 7.14

Every small abelian category is isomorphic to an exact
subcategory of 9. Equivalently, for every small abelian category
& there is an exact embedding functor & — %. In the termi-
nology of Chapter 4, every abelian category is very abelian.

Proof:

Consider the group-valued functor G = ¥ H4. G is a mono
Aesd

functor, Let E be its injective envelope. By 7.13 E is an exact
functor. Since G is an embedding functor it follows that any
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be a pushout diagram and
o 0 0

! | )
O—- P - A —-PA—-0

| i i
O0—+ M - R -P/A—>0

! { !
O~ MP—>R/A— O

! l

o 0

an exact commutative diagram. Since M and Pf4 are mono,
R is mono. Hence R/4 is mono and M/P is mono. Thus P is

absolutely pure. |

Theorem 7.27

A mono funcior M €(o4,9) is absolutely pure iff it is lefi-
exact.
Proof:

Since M may be embedded in a functor that is both absolutely
pure and lefi-exact, namely its injective envelope, it suffices to
prove that a pure subfunctor of a left-exact functor is left-exact.

Let O - M — E — F — O be exact in (&,%), E left-exact,
F mono. Let 0 - A" — A4 — A" be exact in /. Consider the
commutative diagram

0 0 0
l l l

O — M(A") — M(A) — M(A")
| ! |

O — E(A") — E(4) —~ E(4")
l !

0 — FA) — F(4)
L L
0 0
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where each component of % is the obvious epimorphism. Then
M(B) € .#, since 11B" & .4 and M(B) is a subobject of IIB".
Moreover, given any epimorphism B — B” where B” € .# we
may find M(B) — B" such that

B—> M(B)

N

commutes,
by defining M(B) —~ B” as M(B) > 118’ > B". |

Proposition 7.22
Let Be B, Mc 4, and B~ M any map. Then there is a
unique M(B) — M such thar

B—> M(B)

N\

In the terminology of Exercise 3-F, M(B) is the reflection of B
in M,

commulies.

Proof:

Let B — B" be the coimage of B — M. Since .# is closed
under subobjects, B” € .# and the maximality of M(B) among
mono quotients insures 2 map M(B) — B” such that

B—>MB >B =M B,

Hence, we may define M(B) -~ M as M(B) - B" — M where
B” — M is such that B — B" — M = B — M. Its uniqueness
is insured by the fact that B — M(B) is epimorphic. |
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Given a map 8" — B we obtain then a unique map M(8') —
M(B) such that
B — M(B")
| |
B — M(B) commutes.

The uniqueness forces M to be an additive functor. The epi-
morphisms B — M(B) produce a natural transformation from
the identity functor on % to M.

Proposition 7.23
The transformation I— M yields a natural equivalence
(M(A),B) — (KA),B) forall 4 c #,Be #,

Proof:
The last proposition restated.

We shall say that 7€ # is a torsion object if for every
M c 4,(T,M) = 0. Equivalently, T'is torsion if M(T) = O.

Proposition 7.24
Ker(B — M(B)) is the maximal torsion subobject of B.

Proof:

It is clear that for every torsion object T and map T — B,
the image of T — B lies in Ker(B — M(H)), and hence if
Ker(B — M(B)) is torsion it is the maximal such,

Suppose B” € .#, K — B is any map, and O - K — B —
M{(B) — O is exact. Let B — E be the injective envelope of
B,

We know that E € .#. Let B — E be such that

O0—+K—>B—>MB)—-0

Lol

B"—E commutes,
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monomorphisms B, — B, B,— B such that [F(8,)) — F(B)l(y)) =
[£(By) — F(B)](y2)-

1. There is a functor R € {4/, %) such that R{A) is the set of
equivalence classes in S(4), and the functions F(A) I, R(A),
n(x) ={A4 > 4, x] yield a natural transformation.

2. The kernel and cokernel of # are effaceable.

3. Ris left-exact,

4. F— R is the Oth right-derived functor of F. (Use 7-G-2.)

F. Sheaf theory

Let X be a topological space, 7 the category of open sets and
“restrictiou” maps (the dual of the category of open sets and in-
clusion maps). (7 ,%) is called the category of group-valued pre-
sheaves on X. Given an open set U C X let H" € (F,%) be defined
b
’ z fvCu
0 otherwise.

1 f¥,CU
0 otherwise.

HE(V) =
HEY(V, — V) = {

Let {U;} be a family of open sets, U= |J U,, Uy, = U, N U,
Define the sequence > HY “ s, 3 gt L, gU by
i

HUa 3 HYs S 5 gV = HVa » Vx> 3 g U
Hou oS BV, Syt V% o % . T HU
HU: S HO L gv— gl gt
We shall call all such sequences the family of fundamental se-
quences in (J,%).

1. Al fundamental sequences are exact.

2. For F e (7 %) we say that Fis substantial if O — (A,F)— (B,F)
is exact for all fundamental C— B — A4 in (& ,%). An essential
extension of a substantial presheaf is substantial.

REPRINTS IN THEORY AND APPLICATIONS OF CATEGORIES will
disseminate articles from the body of important literature in Category The-
ory and closely related subjects which have never been published in journal
form, or which have been published in journals whose narrow circulation
makes access very difficult. Publication in ‘Reprints in Theory and Ap-
plications of Categories’ will permit free and full dissemination of such
documents over the Internet.

Articles appearing have been critically reviewed by the Editorial Board
of Theory and Applications of Categories. Only articles of lasting signifi-
cance are considered for publication.

Distribution is via the Internet tools WWW/ftp.

SUBSCRIPTION INFORMATION. Individual subscribers receive (by e-
mail) abstracts of articles as they are published. To subscribe, send e-mail
to tac@mta.ca including a full name and postal address. For institutional
subscription, send enquiries to the Managing Editor, Robert Rosebrugh,
rrosebrugh@mta.ca.

INFORMATION FOR AUTHORS. After obtaining written permission
from any copyright holder, an author, or other member of the community,
may propose an article to a TAC Editor for TAC Reprints. TAC Editors
are listed below. When an article is accepted, the author, or other proposer,
will be required to provide to TAC either a usable TeX source for the article
or a PDF document acceptable to the Managing Editor that reproduces a
typeset version of the article. Up to five pages of corrections, commentary
and forward pointers may be appended by the author. Please obtain de-
tailed information on TAC format and style files from the journal’'s WWW
server at http://www.tac.mta.ca/tac/.

EDITORIAL BOARD.

John Baez, University of California, Riverside: baez@math.ucr.edu
Michael Barr, McGill University: barr@barrs.org, Associate Managing
Editor

Lawrence Breen, Université Paris 13: breen@math.univ-parisi3.fr
Ronald Brown, University of North Wales: r.brown@bangor.ac.uk
Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu
Aurelio Carboni, Universita dell Insubria: aurelio.carboni@uninsubria.it
P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk
G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au
Anders Kock, University of Aarhus: kock@imf .au.dk



‘Kro3ajen
aantppe ue ur swsrydrowouow Sumyds jje Jo Apme; oyl -7
‘k103a7e0 URHRqe ue ur swsydrowenow [[e Jo A[uuej 3yL ‘[

ssofjrure] yons Jo sajdwexs owos aa13 ap

*§INTWD aqa~D
T 1
g~F

TEY) YONS gr3 ¢(f < G PUB W S F
sdema JsIxe 2layl WAl @3 )< p pPUB Wsg-+—¥ JI (€}
WIFg— Yy W 3D g~y @)
‘uonsodwos Iapun pasopd st i (1)
‘W3 w3y Avad Jog (0)
ey} Yons pue g ur s[auIsY se Izadde gorym swsiydiow
-ouow Jo A[ue] € p¢ pue L10821ed SANIppR [eWIS ® 2Q & 197
RIGISIE [EI[So[0woY ANERY "D

‘SnoONUIuoOd

Apaomp 10U St (g2 ) — (&) Mun (5 £) < (X)A Jowuny
uorsnjoul ays nq (-, asnIaxyg) Alodared yosorpuayioln B 81 {(X)4

‘SHMUIWOD z
7N

(s (D1

Jeyl yons
L {08 dew anbrun v staroy1( X)) 5 3 I ‘I + F A1243 20] 1BY) YONS §
< J 1013unj AINUSPT 543 WO UOTIRUWIIOJSURT) B PUE (5° £) D (X)A5
~—(8° ) I010UN] 108X5 LR §T J13Y} IEY) puUT sadofaaus sanoalur
qun Atofates uernaqe ue st (x)5 seArals Jo AroZoredqns JnJ s
16y} aoxd 03 1mdeyo siyy jo woneniis pensqe 9y Ajdde Aeur ap

‘Jeays ® st Jeaysaid |enuelsqns
2AndalUI Uy (5° £) Ul p «— g < O |rIuawepuny Jfe 3o 10exa st {J2)
— (IO <~ (V) o N fpoys sty jeq kesom (£° £) 5.4 107 ¢

£sl1 SWIYOIHL ONIAGIgNT

9z ‘017
ZIT ‘uonaunj epauo g

8 ‘poramod-Tram
06 “W3103Y) Sllem

§6 ‘uBnaqe A1ap

£Z1 “UOISUNXI [BIALLY,

§ ‘monewIofsuRI]

£p1 “120[qo uoIsIOT

£9 ‘dnoid eoSerodo

86 *RUIUDT 99Ny}-AQ-9211 L,

0Z1 “s1ouny jo 1onpord rosua]
9§ “Jonpoud 10su2 )

18 ‘woy djoquuky
97 ‘b ‘wing

61 “10lgoqng

¢, ‘AroBajeagng

971 ‘101pUny plepue)g
65 ‘dew Sumnds

68 ‘waroayy 10iun] jutofpe [emadg
+§ ‘3125 uonn|og

50T “2anselosd ewg
p1 ‘A1odared (RS
CL “U0R[ING

L ‘A1032180 [RI9[24S
76T Jesys

9¢q “apdunstuog

gL 1009
L1 ‘Buiazasaxd-100z-ySry
9; ‘1001 mgm
1oexa-1Yar
4 ‘glgéldwoo-ltllﬁig
g1 “kioZayeaqns saneimasarday
Z11 “101ung uonejussaidey
1§ ‘Iopsuny s[qeinasasday
s “A108a1maqns ayopdoy
+1 “Axodaen aajdoy
£51 “miqadie rexdojowoy sane[og
6L ‘UOLYRY
9 “aduey

0z “1w3fqo 1usnond

£6 “IISI03Y] INOYSTL
¥ ‘moysng

FP1 ‘aing

£5 “URON]) Y2eqring
0t “qoeqing

19 *aanmlo1g
§T 7T ‘wnpoid
£01 ‘wreg

9 “198lq0

¢ “oelqogns reunion

of [ “SULl melAION

gc ‘swspydrowost 1aqroN
g¢ “BLUWIS] SUIN

€ ‘ammjep]

g ‘UDNEWIO)SURI) [EINTEN

LT ‘wsiydiowouopy
09 ‘Alo8a1ea [eploUOW
T “plouapy

TH1 “103(qo ouow

GET f1013UN) OUG]

16 ‘A103(1 |9pON

051 “6ZL ‘100 AN
£9 "1oexa-2[ppPIN

9L “Nury

g¢1 ‘6v ‘wiBwoapiafa|
gt ‘Suiaissaid-1001-15a
¢l 1001 I

£g ‘13exa-1a]

o7 “‘aordwes-)a

gL ‘0meT

p1 *A103AMIy
9T ‘Tewia]

L1 ‘wsydiowosy

61 ‘spalqo smpdrowesy
L1 ‘Wwasks asmang

94 ‘] IsIvAUY

L€ ‘uonsasisjuf

¢ ‘wsiycliowone 1suur
9Z1 ‘adojaaua aanassluy
69 “aanssfug

zp “adewy

¢ ‘dewr Aiyuspy

19 “upds syumodwapy

£l ‘WoH
£9 "1oexa-JleH

19 ‘sannodsies m sdnoiny
11T “A10831e3 3os1pusyIoIny
§9 ‘I0JeIsUALY

211 ‘88 “smrlaunan

X3ANI

144



154 ABELIAN CATEGORIES

3. Lets/ be an additive category with pushouts and a cogenerator
C.

Define M to be those maps 4 — B such that (8,C) > (A4,() is
epimorphic.

4. Asin the last example except that instead of using a cogenerator
use a covariant embedding functor ./ — % which preserves push-
outs.

Define #{s¢) to be the full subcategory of those functors in
(7, %) which carry maps in M into monomorphismis in %, .#(=)is
closed under essential extensions and #(<), the subcategory of
absolutely pure functors in .#(/), is abelian. 1f ¢ has kernels, the
functors in (') may beidentified as those which are *“ M-left-exact.”

Suppose that .o¢ has cokernels. We may define E C .o/ to be the
family of epimorphisms which appear as cokernels of maps in M.
We assume that E satisfies the dual of the properties listed above.
(If < is abelian this turns out to be a gratuitous assumption.) Define
A'— A4 — A" to be relatively exactin o if A’ ~ A =4+ K—~ A,
A+A"=A+F->A" A' >KecEK—~AeM A—+FeE F-—
A" e M, and K - 4 = Ker(4 — F), An exact functer Q. &/ — ¥ is
one that carries relatively exact sequences into exact sequences.

By the weak embedding theorem there exists an exact functor Q:
& — % which is faithfully left-exact, that is, 0{4") — @(A) is mono
iff A" — 4 € M. Through dualization, we may obtain an exact functor
which is faithfully right-exact.

Let M C #(s) be the family of monomorphisms such that 7° —
TeMifl (T,0) —{(T',Q) — O is exact for all exact @ € ¥(). By
the last paragraph, H* - H'’e M ifil 4 —~A"cE, and HY —
H* —~ H" is exact relative to M iff 4' —+ 4 — A" |5 exact relative
to M. Let .#, be a small exact subeategory of () which contains
the representable functors and embed % into ZP(¥¥) in a manner
dual to that described above.

The composed full embedding.«/ — £ (Z¥) is exact and faithfully
so, that is, only relatively exact sequences are carried into exact
sequences.

The full metatheorem holds for the relative case.

INDEX
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Abelian category, 33
Absolutely indecomposable, 134
Absolutely pure, 144

ace ring's, 134

Additive category, 60
Additive functor, 64

Adjoint functor, 80

Adjoint functor theorem, 84
Adjoint on the left, 81

Allows, 85, 118

Amenable, 119
Automnorphism class group, 28

Bifunctot, 74

Category, 5

Cogenerator, 69

Cogroup, 63

Coimage, 43

Cokernel, 27

Compact abelian group, 63, 106
Complcte, 26

Conjugate map, 33

Connecting homomorphism, 97
Contained, 1%

Contravariant, 15

Co-obvious, 69

Coreflection, 79
Correspondence, 104
Covariant, 15

Cword, 103

Derived functor, 151
Diagram, 95
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Difference cokernel, 22
Difference kernel, 21
Direct limit, 76

Direct sum, 47

Direct sum system, 50
Direct system, 76
Directed category, 76
Directly continuous, 77
Discrete category, 11
Divisible group, 132
Domain, 6

Doolittle diagram, 53
Dual category, 15

Effaceable, 150
Embedding, 66
Endomorphism, 49
Epimorphism, 18
Equivalent categories, 74
Essential extension, 124
Evaluation functor, 110
Exact functor, 66

Exact sequence, 45
Exact subcategory, 70
Exactness conditions, 96
Extepsion, 123

Forgetful functer, 62
Free models, 93

Full functor, 70

Fuil subcategory, 70
Fully abelian, 99
Function, 103
Functor, 7
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156 ABELIAN CATEGORIES

The definitions in Chapter 1 are also the work of Eilenberg
and MacLane, That statement requires a definition of “work.”
In 1940 algebraic entities were defined by the remnants of
generators and relations. MacLane’s definition of ““product” [20]
as the solution of a universal mapping problem was revolution-
ary. So revolutionary that it was not immediately absorbed
even by the most category minded people. It was common to
define finite direct sums as suggested in Theorem 2.41, which
definition can only apply to additive categories and allows,
even there, no generalization to the infinite case.

The axioms for abelian categories in Chapter 2 are new.
The first set of equivalent axioms appears in Buchsbaum's
dissertation [2], where they are said to describe an “exact”
category. The word “abeltan” has stuck, partly to honor
MacLane who suggested the whole idea [20], partly because
Grothendieck writes in French and “abelian™ seems to mean
“very nice structure” in French [10]. (There are two words:
“Abelian” and “abelian.”)

The word “pullback™ and the ubiquity of the concept I
learned from Lang, who also pointed out the pullback theorem
and its importance, T plead guilty to “pushout” and “difference
kernel.”

Since this note is already so personal (it certainly isn’t
objective} let me relate my awakening as a graduate student
to the newness of my own language. T was brought up, as an
undergraduate at Brown, by Massey and Buchsbaum to think
in exact sequences. The notion of exactness seemed as funda-
mental as the notion of continuity must seem to an analyst.
And then one day at Princeton my advisor, Norman Steenrod,
calmly told me how he and Eilenberg—just a few years before—
had choesen the word “exact.”

By now I have heard the story from both Eilenberg and
Steenrod, the combined version being somewhat as follows:
m writing Foundations of Algebraic Topology [7] they so
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158 ABELIAN CATEGORIES

isomorphism. The repeated use of pullbacks and pushouts that
I use, I trace to Lang.

I believe that the term *‘skeleton™ applied to categories is
Isbell’s, who also knew the facts in Exercise 3-A. The concept
of direct limit first appears in Steenrod’s dissertation. Allow
me to go back a bit. Emmy Noether is credited with selling the
idea that the homology of a space is a group, not a set of
numerical invariants. The “mother of modern algebra™ is more
than that. She seems to be the mother of modern mathematics.
(There were some fathers too.} Again, 1 point out that groups
used to be generators and relations. After Emmy Noether they
were things. Now, when Steenrod wrote his dissertation, Cech
cohomology was still a set of numerical invariants. In order to
define it in a way such that he could prove the universal
coefficient theorem he needed direct limits. So he invented
them.

Adjoint functors were defined by Kan [16], who borrowed
their name from functional analysis and who exposed their
properties as outlined in Exercises 3-G and 3-I. Except for
Watts® theorem in 3-N [22], the adjoint functor theorems that
are developed in the rest of the Chapter 3 exercises appeared
in my dissertation [8]. I never published them before now. In a
new subject it is often very difficult to decide what is trivial,
what is obvious, what is hard, what is worth bragging about.
A man learns to think categorically, he works out a few
definitions, perhaps a theorem, more likely a lemma, and then
he publishes it. Very often his exercise, though unpublished, has
been in the folklore from the beginning. Very often it has been
published faithfully every year. I think the notion of “generator”
has appeared regularly, each time under a new name, since
MacLane defined his integral objects in 1950.

It was not until my unpublished dissertation began to be
rather frequently cited for its adjoint functor theorems that 1
considered their publication. I tried to write them as a separate
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chapter but the chapter grew longer than the rest of the book,
I did validate the exercises as exercises during the 1963 NSF
Summer Institute in Algebra and the participating students
should be blessed for their service.

Mitcheil’s theorem of Chapter 4 appeared in his disserta-
tion [21].

The possible importance of functor categories was pointed
out to me by Watts, along with the niceness of the representation
functor. The nature of the Yoneda transformation was first
worked out by Yoneda [23].

Baer discovered and proved the existence of enough injective
modules [1], using as a start his theorem herein known as 6.14.
Injective envelopes were discovered by Eckmann and Schopf [5],
who constructed them by first taking any injective extension
and then minimizing. Grothendieck showed that the Baer con-
struction of injectives worked in Grothendieck categories with
generators [10]. Yes, Grothendieck discovered, but did not
name, Grothendieck categories. Mitchell [21] was the first to
construct injective envelopes in one sweep as maximal essential
extensions,

The weak embedding theorem was obtained independently
by Heron [13], Lubkin [18], and myself [8]. Our proofs were
entirely different. I do not think that it was coincidence that I
had just read Hurewicz and Wallman’s Dimension Theory [15],
which embeds topological spaces into Fuclidean space via a
theorem about function spaces.

For some time now there has been a flow of ideas between
Gabriel and myself. We have never met, or even corresponded.
At first we didn’t even know each other’s name. (I was known
as “a student of Xxxx” [2]. But I was not a student of Xxxx.)
Anyway, Gabriel first noticed the nice nature of the category
of left-exact functors. The proofs using injectives seem to be
mine. And to repeat, Mitchell put things together for the full
embedding theorem.



