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PETER J. FREYD

a low price (< $8) and—even better—hundreds of free copies to
mathematicians of my choice. (This was to be their first math
publication.)

On the day I arrived at Harper’s with the finished manuscript
I was introduced, as a matter of courtesy, to the Chief of Pro-
duction who asked me, as a matter of courtesy, if I had any
preferences when it came to fonts and I answered, as a matter
of courtesy, with the one name I knew, New Times Roman.

It was not a well-known font in the early 60s; in those days
one chose between Pica and Elite when buying a typewriter—mnot
fonts but sizes. The Chief of Production, no longer acting just on
courtesy, told me that no one would choose it for something like
mathematics: New Times Roman was believed to be maximally
dense for a given level of legibility. Mathematics required a more
spacious font. All that was news to me; I had learned its name
only because it struck me as maximally elegant.

The Chief of Production decided that Harper’s new math
series could be different. Why not New Times Roman? The
book might be even cheaper than $8 (indeed, it sold for $7.50).
We decided that the title page and headers should be sans serif
and settled that day on Helvetica (it ended up as a rather non-
standard version). Harper & Row became enamored with those
particular choices and kept them for the entire series. (And—
coincidently or not—so, eventually, did the world of desktop
publishing.) The heroic copy editor later succeeded in convinc-
ing the Chief of Production that I was right in asking for nega-
tive page numbering. The title page came in at a glorious —11
and—Dbest of all—there was a magnificent page 0.

The book’s sales surprised us all; a second printing was or-
dered. (It took us a while to find out who all the extra buyers
were: computer scientists.) I insisted on a number of changes

—24

INTRODUCTION 5

Among the axioms there would have to be one which insures
for each object 4 € @ the existence of 2 map 1, which behaves
{under the binary operation) like the identity map on A. Such
an axiom exhibits a redundancy among the primitives. Hence
we throw away not only the elements of the objects, but the
objects themselves and arrive, finally, at our definition. A
category is a class of “maps” 4 together with a subclass
CC # x A and a function ¢: C — #. If (x,y) € C we write
e(x,y) = xy. If (x,y) ¢ C we say that “xy is undefined.”

Category Axiom 1 (Associativity)
For x,y,z € # the following are equivalent:
(a) xy and yz are defined
(b) (xy)z is defined
(¢) x(yz) is defined
(d) (xy)z and x(yz) are defined and equal.

Category Axiom 2 (Enough Identities)
Define an identity map as an clement ¢ €  such that when-
ever either ex or xe is defined it is equal to x. For each
x € 4 there are identity maps ey, e such that e;x and xeg
are defined.

The recovery of the more familiar proceeds as follows:

Proposition 0.1
If e and €' are identity maps, and ex and ¢'x are both defined,

thene = ¢'.

Proof:

Let ex = x and ¢’x = x. Then e(e’x) = ex = x; hence, by
Axiom 1, ee' is defined and e — ee’ =¢’. ] (We shall use
the sign “JJ” to indicate ends of proofs.)

Proposition 0.1 together with Axiom 2 asserts the existence
of a function R: # — . such that R(x) is an identity map,
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PETER J. FREYD

course, to be replaced by the word “equalizer”.

Pages 29-30: Exercise 1-D would have been much easier if
it had been delayed until after the definitions of generator and
pushout. The category [—] is best characterized as a generator
for the category of small categories that appears as a retract of
every other generator. The category [——] is a pushout of the
two maps from 1 to [—] and this characterization also simpli-
fies the material in section 3: if a functor fixes the two maps
from 1 to [—] then it will be shown to be equivalent to the
identity functor; if, instead, it twists them it is equivalent to the
dual-category functor. These characterizations have another ad-
vantage: they are correct. If one starts with the the two-element
monoid that isn’t a group, views it as a category and then for-
mally “splits the idempotents” (as in Exercise 2-B, page 61) the
result is another two-object category with exactly three endo-
functors. And the supposed characterization of [——] is coun-
terexampled by the disjoint union of [—] and the cyclic group
of order three.

Page 35: The axioms for abelian categories are redundant:
either A 1 or A 1* suffices, that is, each in the presence of the
other axioms implies the other. The proof, which is not straight-
forward, can be found on section 1.598 of my book with Andre
Scedrov!, henceforth to be referred to as Cats € Alligators. Sec-
tion 1.597 of that book has an even more parsimonious definition
of abelian category (which I needed for the material described
below concerning page 108): it suffices to require either prod-
ucts or sums and that every map has a “normal factorization”,
to wit, a map that appears as a cokernel followed by a map that
appears as kernel.

Pages 35-36: Of the examples mentioned to show the in-

L Categories, Allegories, North Holland, 1990
—22

INTRODUCTION 3

For g: ¥, — V, a linear transformation between vector spaces,
define g*: V) — V* to be the function which assigns to
(f: Ve > F)e V¥ the element (fg: V; — F) e V* (g* is called
the dual of g). By iteration we obtain g**: V** — VF* The
critical property of the collection of ®’s is that for every
g: ¥V, — 7V, the following diagram commutes:

@y
* K
V,— V1!

. l lg..
Ve g Var*

Such an operationon linear transformations will be called a
Sunctor. A collection of maps which yield such commuting
diagrams as the above will be called a natural transformation
between functors. In the case at point, we will say that the
identity functor and the second-dual functor on finite-dimen-
sional vector spaces are naturally equivalent.

The second-dual functor assigns to each vector space a vector
space and to each map between vector spaces a map between the
corresponding vector spaces. The assignment has the property
that the second-dual of an identity map is an identity map and
that (fg)** = f**g** for any pair of composing maps f and g.
The proper abstraction of these statements will become our
definition of functor.

The notion of functor will be extended to operations which
assign objects with different types of structure. The best early
example of such is Poincaré’s fundamental-group functor: to
each topological space X there is assigned a group #(X); for
each continuous map g: X; — X, there is assigned a group
homomorphism m(g): m(X,) — 7(X;).

As before, = carries identity maps info identity maps and
behaves well with respect to composition. A similar example
is the first-homology functor. It too assigns to a topological
space X a group H(X), and to continuous maps it assigns
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PETER J. FREYD

I kept no track of their number. So now people were seeking
the meaning for the barely visible slight increase in the size of
the word BIFUNCTORS on page 72. If the truth be told, it was
from the first sample page the Chief of Production had sent me
for approval. Somewhere between then and when the rest of
the pages were done the size changed. But BIFUNCTORS didn’t
change. At least not in the first printing. Alas, the joke was
removed in the second printing.

Pages 75-77: Note, first, that a root is defined in Exercise
3-B not as an object but as a constant functor. There was
a month or two in my life when I had come up with the no-
tion of reflective subcategories but had not heard about adjoint
functors and that was just enough time to write an undergrad-
uate honors thesis?. By constructing roots as coreflections into
the categories of constant functors I had been able to prove the
equivalence of completeness and co-completeness (modulo, as I
then wrote, “a set-theoretic condition that arises in the proof”).
The term “limit” was doomed, of course, not to be replaced by
“root”. Saunders Mac Lane predicted such in his (quite favor-
able) review?, thereby guaranteeing it. (The reasons I give on
page 77 do not include the really important one: I could not
for the life of me figure out how A x B results from a limiting
process applied to A and B. I still can’t.)

Page 81: Again yikes! The definition of representable func-
tors in Exercise 4-G appears only parenthetically in the first
printing. When rewritten to give them their due it was nec-
essary to remove the sentence “To find A, simply evaluate the
left-adjoint of S on a set with a single element.” The resulting

2Brown University, 1958
3The American Mathematical Monthly, Vol. 72, No. 9. (Nov., 1965),
pp. 1043-1044.
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INTRODUCTION

If topology were publicly defined as the study of families of
sets closed under finite intersection and infinite unions a serious
disservice would be perpetrated on embryonic students of
topology. The mathematical correctness of such a definition
reveals nothing about topology except that its basic axioms
can be made quite simple. And with category theory we are
confronted with the same pedagogical problem. The basic
axioms, which we will shortly be forced to give, are much too
simple.

A better (albeit not perfect) description of topology is that
it is the study of continuous maps; and category theory is
likewise better described as the theory of functors. Both de-
scriptions are logically inadmissible as initial definitions, but
they more accurately reflect both the present and the historical
motivations of the subjects. It is not too misleading, at least
histerically, to say that categories are what one must define
in order to define functors, and that functors are what one
must define in order to define natural transformations.

|
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PETER J. FREYD

refused to engage in the myriad discussions about the issues dis-
cussed in the material that starts on the bottom of page 85. It
was a good rule. T had (correctly) predicted that the contro-
versy would evaporate and that, in the meantime, it would be a
waste of time to amplify what I had already written. I should,
though, have figured out a way to point out that the forgetful
functor for the category, B, described on pages 131-132 has all
the conditions needed for the general adjoint functor except for
the solution set condition. Ironically there was already in hand a
much better example: the forgetful functor from the category of
complete boolean algebras (and bi-continuous homomorphisms)
to the category of sets does not have a left adjoint (put another
way, free complete boolean algebras are non-existently large).
The proof (albeit for a different assertion) was in Haim Gaif-
man’s 1962 dissertation®.

Page 87: The term “co-well-powered” should, of course, be
“well-co-powered”.

Pages 91-93: Ilost track of the many special cases of Exercise
3-0 on model theory that have appeared in print (most often
in proofs that a particular category, for example the category of
semigroups, is well-co-powered and in proofs that a particular
category, for example the category of small skeletal categories,
is co-complete). In this exercise the most conspicuous omission
resulted from my not taking the trouble to allow many-sorted
theories, which meant that I was not able to mention the easy
theorem that B4 is a category of models whenever A is small
and B is itself a category of models.

Page 107: Characteristic zero is not needed in the first half
of Exercise 4-H. It would be better to say that a field arising
as the ring of endomorphisms of an abelian group is necessar-

SInfinite Boolean Polynomials I. Fund. Math. 54 1964
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PETER J. FREYD

category of sets in Homotopy Is Not Concrete®. I was surprised,
when reading page 108 for this Foreword, to see how similar in
spirit its set-up is to the one I used 5 years later to demonstrate
the impossibility of an embedding of the homotopy category.

Page (108): Parenthetically 1 wrote in Exercise 4-1, “The
only [non-trivial] embedding theorem for large abelian categories
that we know of [requires| both a generator and a cogenerator.”
It took close to ten more years to find the right theorem: an
abelian category is very abelian iff it is well powered (which it
should be noticed, follows from there being any embedding at all
into the category of sets, indeed, all one needs is a functor that
distinguishes zero maps from non-zero maps). See my paper
Concreteness”. The proof is painful.

Pages 118-119: The material in small print (squeezed in
when the first printing was ready for bed) was, sad to relate,
directly disbelieved. The proofs whose existence are being as-
serted are natural extensions of the arguments in Exercise 3—-O
on model theory (pages 91-93) as suggested by the “conspicuous
omission” mentioned above. One needs to tailor Lowenheim-
Skolem to allow first-order theories with infinite sentences. But
it is my experience that anyone who is conversant in both model
theory and the adjoint-functor theorems will, with minimal prod-
ding, come up with the proofs.

Pages 130-131: The Third Proof in the first printing was
hopelessly inadequate (and Saunders, bless him, noticed that
fact in his review). The proof that replaced it for the second
printing is OK. Fitting it into the alloted space was, if I may say
so, a masterly example of compression.

8 The Steenrod Algebra and its Applications, Lecture Notes in Mathe-
matics, Vol. 168 Springer, Berlin 1970
9J. of Pure and Applied Algebra, Vol. 3, 1973
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PETER J. FREYD

Page 159: The Yoneda lemma turns out not to be in Yoneda’s
paper. When, some time after both printings of the book ap-
peared, this was brought to my (much chagrined) attention, I
brought it the attention of the person who had told me that it
was the Yoneda lemma. He consulted his notes and discovered
that it appeared in a lecture that Mac Lane gave on Yoneda’s
treatment of the higher Ezt functors. The name “Yoneda lemma”
was not doomed to be replaced.

Pages 163-164: Allows and Generating were missing in the
index of the first printing as was page 129 for Mitchell. Still
missing in the second printing are Natural equivalence, 8 and
Pre-additive category, 60. Not missing, alas, is Monoidal cate-
gory.

FINALLY, a comment on what I “hoped to be a geodesic
course” to the full embedding theorem (mentioned on page 10).
I think the hope was justified for the full embedding theorem,
but if one settles for the exact embedding theorem then the
geodesic course omitted an important development. By broad-
ening the problem to regular categories one can find a choice-free
theorem which—aside from its wider applicability in a topos-
theoretic setting—has the advantage of naturality. The proof
requires constructions in the broader context but if one applies
the general construction to the special case of abelian categories,
we obtain:

There is a construction that assigns to each small abelian cat-
egory A an exact embedding into the category of abelian groups
A — G such that for any exact functor A — B there is a nat-
ural assignment of a natural transformation from A — G to
A —- B — G. When A — B is an embedding then so is the
transformation.

The proof is suggested in my pamphlet On canonizing cat-

—14
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8 ABELIAN CATEGORIES

then  F(4) 12 F(B)

N

F(O) commutes.

A natural transformation between two functors F, G, both
from .#, to .#,, is a function %: €, — .#, such that:

Transformation Axiom 1
For 4 € €, 5(A) € (F(A),G(4)).

Transformation Axiom 2
For any x € (4,8) C .#; the diagram

Flx}

F() 25 mB)

??(A)l ln[B)

G(A4) prme G(B) commutes,

If for each A4 e €, there exists 471{4) such that 5(A4)n1(4)
and 5~'(A)n(A) are identity maps, then # is a natural equivalence.

In 1952 Eilenberg and Steenrod published their Foundations
of Algebraic Topolagy (7], in which a homology theory is defined
as a functor from a topological to an algebraic category obeying
certain axioms. They classified such “theories,”” an impossible
task without the notion of natural equivalence of functors.
Cartan and FEilenberg's Homological Algebra [4] and Grothen-
dieck’s Elements of Algebraic Geometry [11] testify to the
fact that functors have become an established concept in
mathematics.

In 1948, MacLane drew attention to categories themselves

FUNDAMENTALS OF ABELIAN CATEGORIES 7

K —+ A4 — B =0; there is a map K — A’ such that
commutes.

Thus the subobjects represented by 4" — A4 and K — A are
contained in each other and hence equal. 4" — 4 is a kernel
of A — F. Thus KerCok = ldentity, and dually, CokKer =
[dentity. [

Theorem 2.12 for abelian categories
A map that is both monomorphic and epimorphic is an iso-
morphism.

Proof:
Let A B be monomorphic and epimorphic. B — O is

clearly the cokernel of 4 —~ B. B-> B is clearly a kernel
of B — O. By the last theorem so is 4 — B. (Already we have
shown that 4 and B are isomorphic—they are both kernels

of the same map. The theorem asserts that the map 4 — B
is an isomorphism.) Hence there is a map B—~> 4 such that
B> 4> B — B— B Dually we note that 0 — 4 is a
kernel of 4> B and that both 4> B and 4 —> A are
cokernels of O — A4. Hence there is a map B> A such that
A-=> B”> 4 — 4> A. By the definition of isomorphism,
A= Bissuch. [

The intersection of two subobjects of A is defined to be their
greatest lower bound in the family of subobjects of 4.

Theorem 2.13 for abelian categories
Every pair of subobjects has an intersection.
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10 ABELIAN CATEGORIES

roughly simultaneously, by Lubkin, Heron, and the author.
The proofs were entirely different. They were similar in that
they proved that small abelian categories (*small” means a
set of objects) were isomorphic to certain very manageable
categories of abelian groups.

The aim of this work is to serve as a basis for the theory of
abeltan categories. The full metatheorem and embedding
theorem have been chosen as targets, and indeed the book,
exclusive of the exercises, assumes what is hoped to be a geodesic
course to those ends. There are no prerequisites except an
clementary knowledge of abelian groups and modules. (We
again except the exercises.)

The full embedding theorem closes the book in more than
a literal sense. Much of the theory within abelian categories
is reduced to the theory of modules. Further investigations in
the subject will necessarily be directed towards functor theory
rather than category theory. It is fortunate that the attempted
geodesic course of this work brings us into contact with the
fundamental tools of functor theory. Chapter 6 not only serves
as a vehicle for the major constructive part of the embedding
theorems but also as an indicator of the powerful similarity
of modules and functors. In Chapter 7 we not only dispatch
the embedding theorems, but illustrate the principle that im-
portant statements about functors viewed as functors may
follow from statements about functors viewed as objects in an
abelian category.

One important area of functor theory which is not touched
m the text is the theory of adjoint functors. It is too important to
leave out entirely, and hence we have included a range of
exercises on the subject.

Among the many people whose ideas and encouragement
were necessary for this book’s present existence are David
Buchsbaum, Samuel Eilenberg, David Epstein, Serge Lang,
Saunders MacLane, Norman Steenrod, and Charles Watts.

CHAPTER 2

FUNDAMENTALS OF ABELIAN
CATEGORIES

A category 7 is abelian if
A0, .o has a zero object.

Al For every pair of objects there is a product and
A1* asum.

A2, Every map has a kernel and
A 2* acokernel.

A3, Every monomorphism is a kernel of a map.
A 3%, Every epimorphism is a cokernel of a map.

Axiom A 3 may be read as “every subobject is normal.”” Most

categories that arise in nature satisfy Axioms A 0 through A 2.

Often Axiom A0 is satisfied by using base points. Many

categories satisfy one of A 3 or A 3* Compact Hausdorff spaces
k)
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12 ABELIAN CATEGORIES

order-preserving function from @, to @,. Moreover, any order-pre-
serving function from @; to &, is induced by a unique functor from
M to M,

Let (@,<) be a partially ordered class and define # =
{[4,B} ] A < B}, We introduce a composition on .# as follows:
[4,B][B,C] = [4,C]; [4.B][B’,C] is undefined if B * &,

Then € is a category, & may be chosen as a class of objects for
A, and the partial ordering induced on @ by .# is the original.

EXERCISES ON TYPICAL CATEGORIES

I. Let .# be a category with objects &. Suppose . is a set. For
every A € U, define F(4) = {x € A | range (x) = A} and for y: 4 —
Be.#, define F(y): F(A) — F(B) to be the function induced by
composition. F is a one-to-one functor into the category of sets.

2. Let G beasemigroup (a set with an asseciative binary operation)
with a zero element 0 (Ox = 0 = x0, all x £ ). A G-set is defined
to be a set 5 together with a ““G-operation” on the set: for every
g € G and s € § there is assigned gs © S. More formally, a G-set is a
set S together with a function G X S — S such that for any pair
g.g' € G and 5 € Sit is the case that g(g's) = (gg")s. A pointed G-set
is a G-set with a distinguished element 0 € 5 such that for all s € S,
0s = 0. A G-homomorphism between two G-sets is any function
h: 8, — S, such that for all g€ G and s€ S it is the case that
h(gs} = g(h(s)). A G-homomorphism between pointed G-sets is said
to be passive if it doesn’t kill any element: i.e., for all se § — {0},
h(s) # 0.

Given any collection of pointed G-sets the collection of all passive
homomeorphisms between them is a category. We shall call such a
category an algebraic category.

3. Returning to the category .4 of part 1, assume that O ¢ .4
and define G = .# U {0}. G becomes a semigroup by defining all
products to be zero which are not previously defined in .#. Redefine

FUNDAMENTALS 33

X and maps 4 - X, D — X such that
C={D> A|D"> 4> X=u).

The automerphism class group of 7, is trivial.

3. Let &, be the category of Hausdorff spaces. The space D is
distinguished by the same fact as before. C C (D,4) corresponds to
a closed set iff there is a space X and maps 4 = X, A —> X such
that G = {D 2> A| D> 4" X = D> 4> X). (Every
closed set is a difference kernel and conversely.) The automorphism
class group of &, is trivial.

H. Conjugate maps

For distinct objects 4 and Bin a category &/ we say that 4 = B
and 4 2> B are conjugate if there are automorphisms &, €(A4,A4),
$; € (B,B) such that

-1
Al>sB—Abs 42,35 p

We say that 4 — A and 4 —> A are conjugate if there is an auto-
morphism ¢ € (4,4) such that

AL 4=44 45 455 4,
A functor F: .& — o/ is an inner automorphism if:

(1) F is naturally equivalent to the identity.
(2) F(4) = Aforail A € 7.

1. Two maps are conjugate iff there is an inner automorphism
which carries one into the other.
2. The two d's of Exercise F are conjugate.

I. Definition theory

Let 9 be the category of groups. Suppose F(4) is a one-variable
formula in the nth order language of the theory of groups (where the
one free variable is understood to be a group). There exists a formula
F'(A) in the nth order theory of # such that F'(4) %> F(4). Indeed,
F’ will often be in a lower order language than that of F, as is the
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CHAPTER 1

FUNDAMENTALS

We shall work within a set-theoretic language such as that
in Kelley’s General Topology [17].In the Introduction a category
was defined as a clgss # together with a **composition” relation
satisfying certain properties. We now explicitly impose what
was then tacitly understood, the axiom that for every two
objects 4 and B the class (4,B) is a ser. (For heuristic purposes,
a set S is a class “small enough™ so that it has a cardinality.
The class of all sets is net a set.) If .# is a set we shall call it a
small category.

We have adopted the convention of composing maps in the
linguistic order, rather than the diggrammatic order. Since cate-
gory theory is intended to be applied to problems concerning
sets and functions, and since the linguistic order of composing
functions has been generally adopted ( (fg)x) = f(g(x))), the
theory ought to conform. Hence 4 <*> B> C is written
A-E>C.

14

FUNDAMENTALS 3l

(2) If Z <> Z is such that ¢* — e, then either ¢ = [ or ¢ = 0.

Z + Z is distinguished by the fact that it is the direct sum of Z
with itself in %. Let Z—> Z 4 Z be the unique map such tha

1
z—"»z+z(i)>z:1 and

M

Z sz zM 71,

1, The elements of 4 € % are in obvious correspondence with
(Z,4).

2. Given two elements represented by Z — 4 and Z < A, their

sum in A is represented by Z 4,z +Z Qy— A.
3. The automorphism class group of ¥ is trivial.

F. The category of groups
Let & be the category of all groups, abelian or not. The group of
integers is distinguished by the same facts as in Exercise E. The map

Z-">Z 4+ Z is not distinguished. There are two maps with the
following properties:

1
(l)Zi)-Z—:hZi)rZ: 1.
(2)zi+z+z@»z= 1.
3 z 2 »ZZ
l(a,t)
’ Z+2+2

Z4+Zgm Z+(Z+Z)— > Z+Z+Z

commutes,
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ié ABELIAN CATEGORIES

the property of being an identity map. In the next chapter we
shall list a set of axioms for abelian categories and it may be
observed that if .# is an abelian category then so is #*.
Hence for every theorem that follows from the axioms there is a
corresponding dual theorent; namely, the theorem in which each
property 1s replaced by its dual property.

1.2. NOTATION

Henceforth when we say that .+ is a category we shall inter-
pret &/ as being both the maps and a class of objects. Hence
the staterents: “let 4 be an object in «#,” “let x be a map in &7
are legislated to be meaningful. We shall use only lower-case
letters for maps, upper-case for objects. “x € & means that
x is a map in &7; “4 € &7 means that 4 is an object in /.

The usual procedure used in defining a functor F: o« — &
will be a two-step affair. In the first step we describe, for each
A € o, an object F(A4) € #. In the second step we describe, for
each x € (4,B) C @/, a map F(x) € (F(4),F(B)) C «.

Suppose that % is replaced by the category of sets &. In
the first step we must, for each 4 € o7, specify a set F(4).
In the second step we must specify, for each 4 — Bec &, a
function F(x): F{(4) — F(B). To do so wusually requires the
following initial horror:

“For y € F(4), [Fx)(y)=...."

Let this be taken as a warning for the next section.

1.3. THE STANDARD FUNCTORS

Let & be the category of sets, &7 an arbitrary category, and 4
an object in ¢, The functor (4,—): & — & is defined as follows:

FUNDAMENTALS 29

C. The category of sets

Let & be the category of sets and functions. A set D with one
element is distinguished in the category by the fact that (4,0) has
one element for all 4 £ %. The elements of a set 4 are in obvious
correspondence with the maps (D,4). The automorphism class
group of & is trivial.

To prove it, let F: & — & be any automorphism and first observe
that F(D) still has precisely one element. Define, for each A € o7, the
function 4 — F(A) to be such that

D—» F(D)

xl lm)

A —> F(A)

commutes for all x € (D,A).

D. The category of small categories

Let % be the category of small categories. The empty category is
distinguished by the fact that there are no functors {maps) into it
aside from its own identity map. The category consisting of a single
identity map, which category shall be denoted by “1,” is distinguished
by the facts that it is not the empty category and that (1,1) has a
unique element. The special category [—] defined in Exercise A is
distinguished, up to isomorphism, by the facts that (1,[—]) has two
elements and ([—],[—]) has three elements. The category [—] + [—+]
is distinguished by the fact that it is the sum of [+] with itself. The
category [——] is distinguished by the fact that (1, [>—]) has three
elements and ([—1], [—=—1) has six elements, and by the existence
of an epimorphism

(=] + =D >l

There are two such epimorphisms. We choose one of them and call
it .

There is a unigque map [>] —=» [»—] which does not factor
through 7.
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18 ABELIAN CATEGORIES

A —> B is an epimorphism iff the only pairs

B —=> C, B—Z> C such that

A—> B-*» C = A— B> C are the obvious ones:
X =y.

Monomorphisms and epimorphisms are dual.

In the category of sets or abelian groups our definitions
coincide with the old (“monomorphism™ means “one-to-one,”
“epimorphism™ means “onto”}). The following propositions,
obviously true in the well-known models, can be proven in
general:

Proposition 1.41
If 4 — B — C is a monomorphism then so is A — B. If both
A — Band B — C are monomorphisms then soisA ~ B —C. |}

Proposition 1.42
If A — B — C is an epimorphism then se is B — C. If both
A — B and B — C are epimorphisms thenso is A - B— C. '}

Proposition 1.43
An isomorphism is both a monomorphism and an epimorphism.

Proof:
If A “> B is an isomorphism then there are maps such that

& . . ] -
A—=> B2+ A is 2 monomorphism and B—+ 4 = Bis an
epimorphism. |

Proposition 1.44
If 4 2> B is an isomorphism then there is a unique map

B2sAsuchthat A=>B>2>A4=1,ammd B> A-2> B =

b . . .
Iz and B —> A is an isomorphism.

FUNDAMENTALS 27

there is a unique X — K such that

X
K— A commutes,

The usual notation for kernel of x is Ker(x). (Hence Ker(x) =
Ker(x-0).)

The cokernel of 4 = B is the difference cokernel of A = B
and 4 — B, and it is symbolized by Cok(x).

EXERCISES

A. Epimorphisms need not be onto

1. Let R be the topological space of real numbers, Q C R the
subspace of rationals. The inclusion map @ — R is an epimorphism
in the category of topological Hausdorff spaces and continuous maps.
Indeed, dense subobjects may be defined as those represented by
epimorphic monomorphisms.

2. The values of a functor need not form a subcategory, i.e., need
not be closed under composition. The construction of the minimal
counterexample will be useful in a Jater exercise.

Let [—] be the category with two objects L and R and just three
maps: 1z, 1 and a map L — R.

Let [+—] be the category with objects L, M, and R and just six
maps: the three identities 17, 1,7, 15, 2 unique map in (L,M) to be
called L — M, a unique map in (M,R) to be called M — R, and
their composition L — R the unique map in (L,R).

The sum of [+] with itself in the category of small categories may
be constructed as the category with objects L, Ry, Ls, R, and just
six maps: the four identities and the two maps L, — R, L; — R,.
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20 ABELIAN CATEGORIES

the subobject represented by 4, — B it follows that the sub-
objects are the same and that 4, and 4, are isomorphic.
The relation of containment is a partial ordering on sub-
objects.

Note that the relation “is a subobject of” is not transitive.
Indeed, subobjects, as we have defined them, do not have
subobjects. But this is a baroque consideration. We are initially
misled, perhaps, by the transitivity of the relation “is a subset
of.”” Such must be considered an isolated phenomenon. Consider
the relation “is a quotient group of” in the classical theory of
groups, and recall that “quotient group” is there defined as a
set of cosets. Now a set of cosets of a set of cosets of 4 isnota
set of cosets of 4. The relation “is a quotient group of” is not
transitive.

Two epimorphisms B — C, and B — C, are equivalent if
there are maps C; — C; and C, — C; such that

C, c,
B / J and A / ] commute.
\A \
C, C,

A quotient object is an equivalence class of epimorphisms.
The quotient object represented by B — C; is called smaller
than the quotient object represented by B — C, if there is a
map C, — C; such that

&

A

B I comimutes.

™~

G
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Sums of the same objects are isomorphic; the notation
A + B refers to “the” sum of 4 and B; the maps A 1> 4 +B

and B—> A 4 B are “the” associated maps.
In the well-known categories the word “sum™ is traditionally
replaced by:

Categories Sum

Sets Disjoint union

Abelian groups Direct sum (Cartesian product)
All groups Free product

Commutative Rings Tensor product

Given X => 4 and X —> B, the unique map X - 4 x B
such that
X—>AxBE>4=X">4 and
X—>AxB>B=X>2+B

shall be designated X D 4 x B

1

On the other side we define 4 + B (x—’* X to be the unique
map such that

Ai»AJrBQ X=A2 X and
(n

Bi> 4 - B3 XY =B X

1.8. COMPLETE CATEGORIES

Given an indexed set of objects {4,}; in a category, its product
is defined to be an object I1,_, 4, together with maps

{HiEIAi i)‘ As‘}f
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2 ABELIAN CATEGORIES

of 4> B and 4-> B and if K’ — 4 represents the same
subobject, then K’ — A is a difference kernel of 4 —> B and
A B

The difference kernel of A > Band 4 - Bis the subobject
represented by any of its difference kernels and will be indicated
by the notation Ker(x-y). Formally, therefore, Ker(x-y) is a
subobject of A. But the notation Ker(x-y) — 4 shall be used
freely to refer to a difference kernel.

The dual notion is difference cokernel. Given 4 — B and

A-=<> B we say that B— F is a difference cokernel of x
and y if

DC1l., A—>B—>F=A>B—F

DC2  Forall B— Xsuchthat 4> B— X = 42>
B —> X there is a unique ¥ — X such that

B——F
N
X

commutes.

A difference cokernel must be epimorphic and if one exists
it determines a quotient object of difference cokernels called the
difference cokernel, symbolized by Cok(x-y).

1.7. PRODUCTS AND SUMS

Given a pair of objects 4, B we say that an object P is a

product of 4 and B if there exist maps P> 4 and P2> B
such that for every pair of maps X — 4 and X — B thereisa

FUNDAMENTALS 13

unique X — P such that

e

X—P comuinutes.
\lp 2
B

Note that in the well-known categories of sets, groups, rings,
and topological spaces products can be constructed by taking
Cartesian products.

Proposition 1.71
If both P and P’ are products of A and B they are isomorphic.

Proof:
Let P2 4, P2> B, P25 4, PP P> B be the maps
described in the definition of products. There is a map P — P’

such that the diagram
A4
Pa
/ Tpi
\ lpé
P
B
and there is a map P* — P such that the diagram
A
7
P —P
\lpa
i
B

commutes,

commuies.
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40 ABELIAN CATEGORIES

Dually for every pair of maps 4 —> B, A 2> B thereis a
difference cokernel.
A commutative diagram

P—-B

Lo
4—-C

is a pullback diagram if for every pair of maps X — 4 and
X — B such that

A—~C commuies,

there is a unique X — P such that X P >4 =X — 4
and X—-P —-B=X—B Our proof in Theorem 2.13
was actually a proof that Diagram 2.131 was a puliback
diagram.

Theorem 2.15 for abelian categories
Every diagram B

|
A —C  can be enlarged to a pullback diagram.

Proof:
Consider 4 x B and the two maps 4 x B2> A — C and

AxBZB> C, and let K - A4 x B be their difference
kernel. Define

K>A=K>AXBE>4

K—+~B=K—+Ax B2 B
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Proposition 3.35
If an abelian category has a generqior then the family of
subobjects of any object is a set.

Proof:
If G is a generator and A is any object, then a subobject
A’ — A is distinguished by the subset (G,4") C (G,4). |}

Proposition 3.36

G is a generator in a right-complete abelian category <& iff
for every A€ o4 the obvious map I ,G —~ A is epimorphic.
(The “obvious™ map is such that for all x e (G,4),

G=> T, ,G>4=G—>A4) ]

The dual notions are as follows: An object Q is injective if
the contravariant functor (—,() carries exact sequences into
exact sequences, albeit with a reversal in direction. (Q is
injective in &/ iff Q* is projective in #/*) An object C'is a
cogenerator if the contravariant functor (—,C} is an embedding.
(C is a cogenerator for & iff C* is a generator for &/*.)

Proposition 3.37

Let sf be a left-complete abelian category with a generator.
Every object in s¢ may be embedded in an injective object iff o/
has an injective cogenerator.

Proof:

<«  Let C be an injective cogenerator for &7, and 4 € &
an arbitrary object. The obvious (or perhaps *“co-obvious”)
map A — II 4, C 1s a monomorphism and H 4 ;, C is injective.
(We are using 3.36%.)

— Let G be a generator for #/, and let P be the product
of all the quotient objects of G (Prop. 3.35 says there are only
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Ly ABELIAN CATEGORIES

is a pushout diagram if for every pair of maps B — Xand C — X
such that

4-—~B

1

C—+X commutes,

there is a unique P — X such that B—+P + X = B-— X and
CoP+X=C—X

Theorem 2.15* for abelian categories
Every diagram A — B
l

C can be enlarged to a pushout diagram,
and, up to isomorphism, uniquely so. |

The image of a map 4 — Bis properly defined as the smallest
subobject of B such that 4 — B factors through the representing
monomorphisms.

Theorem 2.16 for abelian categories
A — B has an image and it is equal to KerCok(A — B).

Proof:

We shall say that a monomorphism S — B allows A — B
if A — B factors through it, ie., if there is a map 4 — S such
that 4 -~ § - B = 4 — B. We shall say that an epimorphism
B — Fkills 4 - Bif A — B— F = 0. These two properties are
subobject and quotient object properties respectively.

Lemma. A subobject allows A — B iff its cokernel kills
A—B. |}

Now Cok(4 — B) is the largest quotient object that kills
A — B. Hence KerCok(A — B) is the smallest subobject that
allows 4 — B, i.e., it is the image of 4 = B. ]
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Fix)

not exact. Hence F(A4,) —> F(A,)—>> F(4,) is not exact and
F(x) # 0.

(a) = (c) Let A’ -~ A — A" be a nonexact sequence. Let
0 +>K—+A—>A"and 4" — A —+ G — O be exact.

By proposition 2.21 then either 4' >4 —>A4"#0 or
K+A4A-5G#0,

Hence either F{A") - F(4) —~ F(A") # 0 or F(K) — F(4) —
F(G) #0.

In the first situation it is clear that F(4") — F(4) — F(A")
is not exact. Assume that F(K)— F(4) - F(G) #0. Let
O — B — F(4) - F(A"yand F(A") - F(A) — B” — O be exact
in #.K—+A4 — A" = 0implies that F(X) — F(4) - F(4") =0,
and there is a map F(K) — B’ such that F(K) > B — F(d) =
F(K) — F(A) and a map B" — F(G) such that F{4) - B" —
F(G) = F(4) — F(G). Hence if F(A") - F(A) —~ F(A") were
exact then B — F(4) —+ B" = 0and F(K)— B — F(A) >~ B" —
F(G) = 0, a contradiction.

If a functor F: & — £ is an exact embedding, the exact-
ness and commutativity of a diagram in & is equivalent
to the exactness and commutativity of the F-image of the
diagram.

3.3. SPECIAL OBJECTS

A phenomenon in category theory is that an interesting
property on functors may be used to define what is usnally an
interesting property on objects in categories, As an example we
define an object P in an abelian category &/ to be projective iff
the functor (P,—): & — & is exact. (For any A € &/ it is the
case that (4,—) is left-exact; hence P is projective iff (P,—) is
right-exact.) The easiest example of a projective is the ring
itself in the category of its modules,
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44 ABELIAN CATEGOQRIES

Theorem 2.17* for abelian categories
A — Bismonomorphic iff Coim(A — B) = A iff Ker(4 — B) =

0. 1
Let A — I'be a coimage of 4 — B and consider A — I’ — B.

Theorem 2.18% for abelian categories
1" —~ B is monomorphic. |}

“Unique factorization theorem”
Jor abelian categories, 2.19

IfA—~B=A—1—> Bwhere A — Iis epimorphicand [ —~ B
is monomorphic, then A — Iis a coimage of 4 — B and I — B is
animage of A — B and for any other such factorization A — I — B
where A — [ is epimorphic and I — B monomorphic, there is a
unique I — [ such that

N
\ I / commuites,

and 1 — I is necessarily an isomorphism. |

2.2, EXACT SEQUENCES

Theorem 2.21 for abelian categories
For A — B — C the following conditions are equivalent:
(@) fm(A — B) = Ker(B — C)
(B) Coim(B — C) = Cok(Ad — B)
(&) A>B—>C=0andK—+B—-F=0

where K — B is a kernel of B— C and B— Fis a cokernel of
A— B,
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Theorem 3.11
For abelian categories & and # a functor F: o — B is
additive iff it carries direct sum systems into direct sum systems.

Proof:
—  The conditions in the hypothesis of Theorem 2.41 are
preserved by additive functors.

- LetAD> A @A A2 A DA, A A A4,
A @ A > A be a direct sum system in . By hypothesis it is
the case that F(u,), Flus), F(p;), F(ps) is a direct sum system in
#. Let x,y € (A,B). Then by the definition of +- in 2.3 we obtain

x+y .1 G) x+y

A—> B=A"—> AP A— B. Hence FA— B)=

FU,1) F(;) . a,n (%D
FA) 5 B4 @ A)—2> F(B) = F(4)=> F(A) ® F(4)——

F(B) = F(x) + F(3). |

A lefi-exact sequence is an exact sequence of the form
0O — A, - A3y - A, A left-exact fanctor between abelian cate-
gories is a functor which carries lefi-exact sequences into
left-exact sequences. (Equivalently, it is a functor which pre-
serves kernels.)

Theorem 3.12
A left-exact functor is additive.

Proof:

The conditions of the hypothesis of Theorem 2.42 are pre-
served by left-exact functors. Indeed, we use only the fact that
for every exact O - A" -4 - A" — 0O it is the case that
F(A") — F(4) — F(A") is exact. Such a functor is called half-
exact or middle-exact. [

Example. (4,—): & — % is left-exact,
A right-exact sequence is an exact sequence of the form
A, — Ay — Ay — O. A right-exact functor is a functor between
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46 ABELIAN CATEGORIES

Proof:
1
A > A4 + Bisclearly monomorphicsince 4 =+ A + B@*

®

A is. To prove that A + B——> B is a cokernel of 1, let

A—I—BQ*Xbe a map such that A"—I*A—FBL)*X:O.

Thcnx=OandA+BQ* X—=4Ad +Bm—’-BI—* X. l

Theorem 2.32

0> A2 4 x BE>» B 0 is exact. I

Proposition 2.33 for abelian categories
The intersection of A~> A + B and B>~ A + B is zero.

Proof:
The proof follows from the construction of intersections. |

Dually, 2.34
The greatest lower bound of the quotient objects A x B > 4
and A x BE> Bis 0. [

By Ker-Cok duality, the least upper bound of 4 > 4 + B,
B2+ A4+ Bis A+ B. Given a sum 4, + A4, +--- + 4,
and a product B, X :-+ X B, every map from the sum
to the product is represented uniquely by a matrix (x,)
where

Aiﬂ}B‘f:A"M_""Al_]_"'_'_Aﬂ_"BlX"'X.BmﬁrBf.

Theorem 2.35 for abelian categories

G

Ay + A — A, X Aj is an isomorphism.
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4. A cogroup in ¢ is an object 4 together withamap4 — A4 + A4
which satisfies the duals of the axioms for a group. If 4 is a co-
group and B is a group then the set (4,8) enjoys group structures
inherited from either 4 or B. They are, in fact, the same, and re-
gardless of the commutativity of either the given group or cogroup
structures, (A4,B) is a commutative group. (2.38.)

5. A topological group is a group in the category of topological
spaces. Let % be the category of commutative groups in the category
of compact Hausdorff spaces. € is an abelian category.
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48 ABELIAN CATEGORIES

Proof:
(3) 21 x

A@A—B=A+ A~ 44— B

and A-— A +A@+B:A~»A + A= 4=+ B
—4— B §

Proposition 2.37

For B— C, (ux + uy) = u{x + y)andfor C=> 4,

L L

xz+y2)=(x+ y)z
E R

Proof:
) " ()
A+A—>B—>C=4+4—C. ||
Theorem 2.38

+ and + are the same binary operations, and they are (it is)
L R

associative and commutative.

Proof:

Consider 4-> A @ A ﬁ* B @® B- B. Observe that

(; J;) = ((;) (j)) (ie., if we label A @ A — D and (‘;) _

d,, (") = d,, then (;" 2’) = (dy,dy)). Thus

Z
;‘:) o w x
N (Y
Y/ g \Z
and
A1+A@A&2+B@Bi+3=[“ﬁ+(ﬂﬂ
J r 2

FUNDAMENTALS OF ABELIAN CATEGORIES &l

B. Idempotents

An idempotent is a map e such that ee = 2. We say that idem-
potents split in a category 7 if for every 4 —~ 4 such thate? = ¢
thereisan object Band maps A — B, B — Asuchthatd -~ B—~ A4 =
eand B—~4—>B=1.

1. If every idempotent may be factored into an epimorphism
followed by a monomorphism, then idempotents split,

2. Let &/ be any category. Let 5 be the category whose objects
are pairs (4,e) where A € & and e is an idempotent on A4. The maps
from (A;,e,) to {Ay.e;) are defined to be those maps 4, — 4, such
that 4, > A, — Ay, ~2> Ay = A; — A,. Prove that & is a category
in which idempotenis split.

Letting .o/ — 5 be the functor which sends 4 to (4,1), prove that,
for every category # in which idempotents split and every functor
o — B, there is a functor & — # such that

o — F

!

and moreover the functor & — # is unique up to natural equi-
valence.

3. If every pair of objects in & has a product (sum) then every
pair of objects in & has a product (sum).

commutes

C. Groups in categories
1. In the category of sets with base points, a group is an object
A together with a map A X 4 —> A such that:
(1) AXUXADZEr Ax A" A=

mxl

(AX A Xx AT A x A A.

) A 4x 4> 4=1

(3) There exists a map A —> A such that
A 4 x4254=0
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50 ABELIAN CATEGORIES

2.4. RECOGNITION OF DIRECT SUM SYSTEMS

A set of four maps

A, S, A, 2> S
SHs 4, S 4,

is a direct sum system if § is a direct sum of 4, and A4, and
= (1,0)u, = 0,1}, p, = (é), P = ([1)) . Two useful theorems

on the recognition of direct sum systems are the following:

Theorem 2.41 for abelian categories
If wy, uy, pi, py are such that

AIL)-SLA1:141| Az_"g_)'Sﬂ)‘AB_—-ldz,
A 2§52 4, =0, A, 8§85 4 =0,

and w,p; + uyp; = lg,
then uy, 1y, p1, ps form a direct sum system.

Proof:

Let X *> 4, and X =*> 4, be an arbitrary pair of maps.
Define X — § — w;%; + u,x,. Then pr1x = plugx, + wgpy) =
PithXy + PritaXs = Xy PaX = paliey X1 + UaXp) = Pathy Xy - PotlaXy =
xs. We shall know, then, that {§ £+ 4,, §2> 4,}isa product,

once we know that x = u,x; + w,x, is the only map such that
P1X = X3, poX = X,. But for any such x,

X = st = (u]_pl Jr‘ ung)x - H1x1 —i_ uzxg.
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2.67
( B, ~ By, U By
By, 0By By
monomorphisms such that the union (least upper bound) of itheir
images is By,. Then there exists an exact commutative diagram:

.) Let Bl2 —> Bzg Cmd Bz]_ — 322 be

o 0 0
! i l
00— B, — By —By/B,—~0
! ! i
O— By — By —ByuB, —~0
} { l
0 — lel’Bn - 322/312 - 0
i !
0 0 |

Splitting maps, 2.68

Let By, — By, be such that there is a map By, — By such that
By — By — By = 1. Thenif O — By, — Byp — By — (0 is exact
there is a map By — By, such that Byy — Byy — By = 1, and By,
together with the four maps to and from By and By is a direct
sum system.

Proof:
Use the nine lemma (2.65) on the following:
0o 0
l l
0 —By—> B30
! ! l
O — By — Byy — Byy > O
: 4 l
O —By — By —~ 0
! !
0 O

For the last part of the proposition use 2.42. |}
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52 ABELIAN CATEGORIES

Theorem 2.52 for abelian categories

Let
P—B

V.
A—~C

be a pullback diagram and K —~P a kernel of P —+ B. Then
K—+P—>Ais a kenel of A — C. In particular, P~ B is
monomorphic iff A — C is monomorphic.

Proof:
Suppose X — 4 is such that X -4 —+ C = 0. Then the
diagram
X—>8

Lo

A—C

commutes and there exists a unique map X — P such that
X—>P—+A=X—4and X - P — B =0, From the latter
we obtain a unique map X — K such that¥ - K - P+ 4 =
X—A4. §

Proposition 2.53 for abelian categories
Given a square
C=2>4
|
B - P
)

consider the sequence C eh, 4 P8 —Pr

C-A@pB—->P=0 iff the square commutes.
C—-C—-4A4@B—P is exact iff the square is a pullback.
C+A®B—-P—>0 is exact iff’ the square Is a pushout.

0O—>C—>ADB—>F—~0 is exact iff the square is both a
puliback and a pushout. |
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Lemma 2.64 for abelian categories
Consider the commutative diagram

o 0 0
) d !
O — By — By — By
! l A
O — By, —+ Byy — By
i 1
O — By, — Ba
l with exact columns and
o exact middle row.

The top row is exact iff the botiom row is exact.

Proof:

Since By, — By, is monomorphic, O — By, — B;; — By, is
exact iff O — By, — By, — By; is exact (by 2.62). O — B;; —
B,» — B, is exact iff

By, — By,

l '
By, — By, is a pullback diagram (by 2.61).

Again by 2.61 (turned sideways),

By — By

i i
By — By,

is a pullback diagram iff O — B,; — By — By, is exact. Since
O — Bll — le — B31 iS exact, O — Bll — Bg-]_ - Bsg lS exact iff
O — By — By, is exact (by 2.63). ]
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54 ABELIAN CATEGORIES

2,6, CLASSICAL LEMMAS

We have proved all the “‘internal” lemmas on abelian cate-
gories that will be needed for the weak embedding theorem,
Once that theorem is proved an infinite variety of lemmas
become provable by checking their truth in the category of
abelian groups, i.e., by the classical procedures of “chasing”
elements around diagrams. This process will be elucidated in
Chapter 4.

In this section we shall state and prove a number of such
lemmas for abelian categories. We of course do not use the
weak embedding theorem. The proofs are, however, instructive
and the lemmas will be needed, albeit after the proof of the
weak embedding theorem.

Throughout this section we suppose we are working in an
abelian category.

Lemma 2.61 for abelian categories
Suppose that the commutative diagram

By — By,

! N
O _)‘321 _"ng _"_Bgs

is such that the bottom row is exact. Then the square

By = By,

] !
By — By,

is @ pullback iff O — By, — By, — B,y is exact.

Proof:
— We shall prove that B,y — By, is a kernel of B;, — B,;.
Suppose X — B,, is such that X — B, — B,y — 0. Since
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X — By, — By, when followed by By, — By s zero, we have
a unique factorization X — By such that X — By — B,; =
X — B,; — B,,. That is, the diagram

X — By
l !

By, — By, commutes,

and hence there is a unique factorization X — B;; such that
X — By = Byy = X — By,

- Let O — By — Byy — By and O — By — By; — By,
be exact and

X — By
i) !

By, — By, commutative,

Since X — Byy — Bys = X — By — By, — By = 0 we have a
unique factorization X’ — B, such that X — B, — B,, is the
given X — By,. We will know that B, is the pullback when it
is established that X — By; — By; 13 the given X — B,
But X — By —~ By —~Bpp=X—>By > By >8Byy=X—
B, - Byy = X — By — B,,. Since B, — B,, is a mono-
morphism it may be cancelled from the extremes of the last
equation. [}

Lemma 2.62 for abelian categories
If By — By is @ monomorphism,

Ker(Bl el _Bg) = Ker(B]_ —_ Bg —> Bs).

Proof:
X_"Bl_’“.32=0j_ﬂ.‘X—"Bl—"'Ba=0. I
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2 ABELIAN CATEGORIES

Axiom2. LetAd; ~A,e ZandQ — K — 4, A, be exact
in &, Ke . Again the fullness of & implies that X is an
/-kernel of A, — A,.

Axiom 3. A map A, — A4, is an “/-monomorphism iff it is
a #-monomorphism (in each case the kernel must be trivial).
Hence if A, — 4, is an «/-monomorphism we let O —» A, —
As > Ay — O be exact in @, 4, € . Then A, — A, is an &7/-
kernel of 4, — A4,.

The exactness of the inclusion functor is straightforward. |

3.5. SPECIAL CONTRAVARIANT FUNCTORS

A contravariant functor ¥: &/ —~ # induces for each pair
of objects 4,,4; € o a function (4,,4,) — (F(A4),F(4)).

If o/ and % are abelian we say that F is additive if these
induced functions are group homomorphisms; F is an embed-
ding if they are one-to-ome, F is full if they are onto. An exact
contravariant functor carries exact sequences into exact se-
quences (with an order reversal, of course).

Proposition 3.51
The additive functor (—,A): & —~ % where o is abelian,

A€ st and & is the category of abelian groups, carries right-
exact sequences into left-exact sequences. |

3.6. BIFUNCTORS

Let .#, and .#, be categories, i.e., classes of maps with
composition relations. The Cartesian product .#, x .#, en-
joys a natural category structure. If @, and ¢, are classes
of objects for .#, and .#, then @, x @, may be taken as a
class of objects for .#, x .#,.

METATHEOREMS 101

Proposition 4.43 .
An abelian category with a projective generator is very
abelian. |}

But far better is

Theorem 4.44 (Mitchell) '
A complete abelian category with a projective generator is
Sfully abelign.

Proof:

Let o' be a small full exact subcategory of a complete
abelian category &, and P a projective generator for </, For
each 4 € &/ we consider the epimorphism

ZP—»A.

(P, A}

By taking I = U, (P,4) and defining P = X, P, we Obti'lin a
projective generator P such that for each 4 € &/" there is an
epimorphism P — 4. '

Define R to be the ring of endomorphisms of P. For every
A € o, the abelian group (P,4) has a canonical R-module
structure; for P=—> A4 € (P,4)and P—> P € Rdefine rx e(P,A)
tobe P> P> A ]

Given a map 4 => B ¢ o/, the induced map (P,4) > (P,B)
is an R-homomorphism ( #(rx) = P — P > 4 ~> B =
r(j(x)) ). We define, therefore, F: &7 — @8 (gF i-s the category
of R-modules) by F(4) = (P,A) with the canonical R-n-.lodyle
structure. F is an exact embedding since P is a projective
generator. F| /' is known to be an exact full embedding,
therefore, once it is known to be full. Given 4,B € & and a

map F(4) 2> F(B) € ¥* we wish to find a map 4 *> Be o’
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74 ABELIAN CATEGORIES

Let o/, #, and ¢ be abelian categories and F a functor from
& 4 to €. Fis a bifunctor if:

(1) For each A, € &, F(4;,—): & — ¥ is additive.
(2} For each A, € &, F{—,A4,): & — € is additive.

Proposition 3.63
Hom: o/* x of — % is a bifunctor where Hom(A,B) is the
group of maps (4,8). |}

EXERCISES

A, Equivalence of categories

Let & and % be two categories. They are isomorphic if there
exist functors F: of — &, F,: % — s such that F,F, and F,F, are
identity functors. .« and % are equivalent if there exist functors
Fi:of - B, Fy: B o such that FF, and F,F, are naturally
equivalent to the identity functors; in this case F; and F, are called
equivalences. There are few properties or categories of any conse-
quence which are not preserved by equivalences. Besides the prop-
erty of smallness, perhaps the only two are the following:

& is a skeletal category if every isomorphism of objects in &
implies equality (i.e., all isomorphisms in & are automorphisms).

< is a replete category if for every 4 € 57 the class of objects in
&/ isomorphic to A4 is not a set, or, equivalently, enjoys a one-to-one
correspondence with the universal class.

Every category is equivalent to a skeletal category and to a replete
category.

Equivalent skeletal categories are isomorphic and equivalent
replete categories are isomorphic. If &/ and # are skeletal and F;:
o — % and Fy: # — o/ are such that F\F, and F,F) are naturally
equivalent to the identities then both F, and F, are isomorphisms
(which is not to say that F,F, and F,F, are equal to the identities).
The same statement for replete categories is false.
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Hence there is x,, € A, such that x,, — (X3, — X22)and x;5 — Xy3.

To prove that AHL* Ay — Ay 15 exact let x;, € Ay be
such that x,, — 0. Choose x;, € 4y, such that xg; — x,; and
let x; — x35. Note that x;, — 0. Hence there is x,, € 4,
such that x,, — x5, and we let xp; — x5 Since xg3 — Ogg there
is xy3 € Ay such that x5 — X, f(X13) = X4

The full embedding theorem which will be proved in the last
chapter says that for every small abelian category there is a
ring R and an exact full embedding into the category of R-
modules. The full embedding theorem allows us to dispatch
certain existential questions in abelian categories exemplified
by the connecting homomorphism theorem.

Define a map extension of a scheme S to be a scheme §
together with a one-to-one functor G: § — S such that all the
objects of S appear as values of G (i.e., Gestablishes a one-to-one
correspondence between the objects of § and the objects of S).

Given a scheme S, a map extension .S — §, and sets of exact-
ness conditions E for § and E for S, we say that the full com-
pound diagrammatic statement (S — §, E, E) is true for &/ if
for every diagram D: S — o which satisfies the conditions E,
there is a diagram D: § — o which satisfies the condition E
and D = DG.

We say that an abelian category .« is fully abelian if for
every full small exact subcategory &/ C & there is a ring R and
a full exact embedding of & into the category of R-modules,
(We shall show in Chapter 7 that every abelian category is
fully abelian.)

The full metatheorem, 4.31

If a full compound diagrammatic statement is true for all
categories of R-modules then it is true for all fully abelian
categories.

The proof is similar to that of the first metatheorem. [}
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76 ABELIAN CATEGORIES

L is a left root therefore if for any such family {C — F(D) | D e &}
(which satisfies the same sort of “consistency’’ requirement) there is
a unique map ¢ — L such that

C—L—FD)=C—FUD)forall De 2.

If L and L’ are both left roots of F they are naturally equivalent.

Let & be the category with two objects 4 and B and two non-
identity maps 4~ B and 4 > B, For F: Z — &, the left root
of Fis the difference kernel of F(x) and F(y).

Let & be the category with two objects 4 and B and no maps
besides the two identities (the discrete category with two objects),
For F: & — £ the left root of F is the product of F(4) and F(B).

Let Z be a category with only identity maps (any discrete category).
For F: ' — o/ the [eft root of Fis the product of {F(D)},.

Let A be an objectin &7 and.# a family of monomorphisms into A
together with all the inclusion maps between them. The left root of
the inclusion functor & — & is the intersection of the subobjects in
& ; that is, the left root is a subobject of 4 and it is the greatest lower
bound of the subobjects in %,

The dual notion is as follows. The right root of a functor F: & —»
& is a constant functor R: & — o/ together with a natural trans-
formation £ — R such that for any constant functor C: 2 -» &/ and
transformation F— C there exists a unique transformation R — €
such that ¥ — R — C = F— C. As examples of right roots we may
obtain difference cokernels, sums, and the dual of intersections,
namely greatest lower bounds in the families of quotient objects.

What we have called a left root is sometimes called an inverse
limit, and what we have called a right root is sometimes called a
direct limit. We prefer to reserve the word “limit” for the case in
which the domain category is “directed.” In Exercise 0-D we defined
a partially ordered category. A directed category is a partially ordered
category such that for every pair of objects 4 and B there exists an
object C such that neither (4,C) nor (B,C) is empty (in terms of the
partial ordering on the objects: A < Cand B < C). If @ is a directed
category and F: @ — &/ a functor, F is sometimes called a direct
system in &7, and its right root is what we call a direct limit.
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Proof:
Let
K: (Maps in &) — (Objects in o)
F: (Maps in &) — (Objects in &7), and
S (Pairs of objects in &) — (Objects in &)
be functions such that

K(x) is a kernel of x
F(x) is a2 cokernel of x
S(A,B) is a direct sum of 4 and B.
Given a full subcategory # C & define {(#) to be the full

subcategory generated by #, K(%), F{(#) and S(# x %).
If #is small then so is C(#). Define C*( %) = C(CY(H)).

C*(#) = U C*{#) is, by Theorem 3.41, a full exact sub-
category. Cm(.@) is small if & is small. |

Metatheorem 4.22
Every compound diagrammatic statement true in ¥ is frue

in every very abelian category.

Proof: ‘
Suppose (S, Ey, E, ) is truein ¥. Let D: § — &/ beadiagram
in a very abelian &/ satisfying the exactness conditions E,.

Let o be a small exact subcategory of & such that the image
of Dliesin . Then D satisfies E; in o, and it satisfies E, in o
ifit satisfies Eyin o, Let F: o — % be an exactembedding, FD:
S —» @ satisfies E; and it satisfies E, iff D: § — 7 satisfies E,, 3

4.3. FULLY ABELIAN CATEGORIES

The important connecting homomorphism theorem is stated
as follows:
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P-£> F(D'). The intersection of all such difference kernels is the left
root of F.

But we don’t know yet that we have intersections,

On the other hand, we do not need the intersection of just any old
family of subobjects, but only of families of difference kernels, and

such intersections may be constructed as follows: Let {(P =2 4,
P X 4}y be afamily of pairs of maps. The difference kernel of the
two maps P = I1,4, and P> II,;4, where

P> nj’Aiif_"' A, = xﬂpi;- HIAii" 4, =y,

Is the intersection of the family {Ker(x; — v},

The proof of the above theorem yields a proof of the fact that a
functor from a left-complete category is left-root-preserving iff it
preserves difference kernels and products. A slight modification
yields that a category with difference kernels and finire products
possesses left roots for every functor from 2 finite domain, as is the
case with abelian categories. And in the case of abelian categories, a
functor is finite-left-root-preserving iff it is left-exact,

D. Small complete categories are lattices

Suppose that & is a small left-complete category and that for
some pair of objects 4,B € .27 it is the case that (4,B) has more than
one element. Let X be an indexing set of cardinality larger than that
of the category 7. Then if Il B existed in o/ we could reach a
contradiction since (4,IIB) must have at least 2% elements. We
conclude therefore that for every 4,B € .o/ it is the case that (4,B)
has at most one element.

Let =7 be a skeleton of &/. It follows that o¢' is a partially
ordered category. The completeness of .&7” implies that the partial
ordering is complete; in other words, 7 is equivalent to a complete
lattice category.

The moral: If one insists upon simplifying the language so as to
exclude categories that are not small, then all interesting complete
categories will have been excluded.

E. The standard functors
Let o be any category and A4 € 7. The functor (4,—): .o/ — %
preserves all left roots; formally speaking, for any F: & — & such

METATHEOREMS 95

embedding. F sends the diagram into a similar exact commuta-
tive diagram of groups and homomorphisms and K = O iff
FK)= 0.

The verification that the five lemma is true in % may be
effected by classical diagram-chasing techniques such as the
following, in which we will write x,; — x,, instead of

(A — Ap)xyy = X

Let x,; € 4,5 be such that x,; — 0,;. We wish to show that
X5 = O4a. Let x5 — Xx;; and observe that x,, — 0y, and hence
that x;4 = 0,,. By exactness there is x,, € 4, such that x;;, —
Xy3. Let x;, — x5, and observe that xz; — 0y3, and hence, by
exactness, there is x;, € 4,; such that x; — x5, Let x;; € 45,
be such that xy; — xy;. Because 4,, — A, is one-fo-one, x,, —
X, and then x;, - 0 = x5,

4.1, VERY ABELIAN CATEGORIES

For expository purposes we say that an abelian category 4 is
very abelian if for every small exact subcategory .o C % there
is an exact embedding &/ — %. The weak embedding theorem of
Chapter 7 will prove that every abelian category is very abelian.

We wish to describe a class of statements which are true in
every very abelian category iff they are true in %. As a first
approximation we may consider the foliowing. Define a simple
diagrammatic statement to be a statement about the exactness
and commutativity of a diagram. A compound diagrammatic
staternent shall be of the form P = (@ where P and Q are simple
diagrammatic statements. A compound diagrammatic statement
is true in every very abelian category iff it is true in %.

The formalization of the matter starts by defining “diagram.”
A diagram scheme is a small category, and a diagram in a
category & 15 a functor from a diagram scheme into &7, A set
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80 ABELIAN CATEGORIES

If o is a reflective subcategory of 2, then:

The inclusion functor & — & preserves left roots.

The reflector R: & — of preserves right roots.

If # is right-complete and 7 is full then . is right-complete.
(First obtain the right root in 4, then reflect.)

If o is a full subcategory then the inclusion functor of & followed
by the reflector is naturally equivalent to the identity on 7.

If & is left-complete and &7 is full then &7 is left-complete.

Let r: /— R be the associated transformation from the identity
to the reflector. By iteration we obtain a transformation R — R®
which splits; i.e., there exists a transformation R®2— R such that
R — R%-— R is the identity transformation of R. & is a full sub-
category iff R — R? is an isomorphism.

Let ¢ be an arbitrary subcategory of %, R: # — 9% a functor
whose image lies in &/, and r:/— R a transformation such
that r | o I| o R | & splits in &7; i.e., such that the inverse
st R| o — I| o assumes all of its values in .. Then &7 is a reflec-
ttve subcategory and R is its reflector. (Prove that for any B € #
and 4 € &

(B, A)g— (R(B),R(A)) , =22 (R(B),A)

is an isomorphism and is equal to

(BA) 522> (R(B), Ay )

G. Adjoint functors

Let ./ and 2 be two categories, and §: o -~ Fand T: #F —
covariant functors. We say that S is the left-adjoint of 7" (and T is the
right-adjoint of 3)if (5(4),B) zand (4,T(B)) , are naturally equivalent;
more formally, if there exists a natural equivalence between the two
functors

A X B B B

I=xT Hom

R B o > P
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clementary extensions 4” Z> 4, A’ 2> 4 which when followed by
fagree. g, and g, are certainly F-maps.

A category of models is co-well-powered. Let /> 4 — B be an F-
map and suppose that | B| is greater than 2M!*1¥, We shall show that
f is not an epimorphism. For each x € 4 let U, be a new unary
predicate: U(y) is true for B iff f(x) = y. Let F; be the set of
formulas involving both the original and the new predicates. There
must be distinct Vy,p, € B such that for any unary formula Fc F,
F(y,) © F(y;). Let ¥ be another unary predicate and consider the
two models B, and B, defined by: V(x) is true in B;iff x = y,. B, and
B, are elementarily equivalent with respect to all the predicates.
Let B be a common elementary extension. The two embeddings

B, B> B and B, ©> B’ must be different, for in the complete
theories of B, and B, is to be found the statement

Voo [V AV (y)=-x =yl

g, and g, are both F-maps and when preceded by f are the same.

A left-complete category has a generator: Let {4,} be a set which
represents every countable isomorphism class of models. £4, is a
generator (regardless of F).

Let . be a category of models. The forgetful functor &/ — & into
the category of sets always satisfies the solution set condition. (For
infinite S €% define 8 to be a representative set of models of
cardinality no greater than |S| + |Ty|.) The zero condition is easy,
and hence the forgetful functor has an adjoint iff it preserves left
roots, which is equivalent to saying that the standard constructions
of products (cartesian) and difference kernels (subsets) work. The
adjoint of the forgetful functor has for values what would normally
be called free models. The situation may be generalized by letting
T, C T, and F, C F, considering the forgetful functor <, — &,
where ¥ is determined by T, F,.
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8 ABELIAN CATEGORIES

find the object which represents it, evaluate the left-adjoint on the
infinite cyclic group.

A contravariant functor S: & — & which has an adjoint on the
right is representable, which in this case means that there is an object
A € & such that S is naturally equivalent to (—,4). And the same
statement is true in the additive case.

H. Transformation adjoints

Let T, T,: & — & be covariant functors and #: 7} — 7, a natu-
ral transformation. For every 4 € %/, B € &, 5 induces a function
(B, Ty(A)) — (B,Ty(A)). If we define (—,T,(—)): # x o — F tobe
the composition & x & —T> B x B"> ¥ we obtain a
natural transformation #: (—,T(—)) — (—,T,(—)). Conversely,
given any such 77 define the natural transformation %: T, — T, by
4= Tp, a4y 0) These two processes take us around in
a circle.

Similarly, given S,. S,: # — &/ and a natoral transformation
77 Sy — S; we obtain 5: (5,(B),4) — (Sg(B).4). (The interchanging
of the indices is not a misprint.)

If S, is a left-adjoint of T, and #: 7, — T, is a natural transfor-
mation then there is a unique #*: S, — S such that

(B, Ty(A) = 4> (B,Ty(4))

! !
(SI(B)aA) W (3:(8),4)
commutes for all A € o/, Be &.

If further, 8: T, — T is a natural transformation, then (89)* =
n*5*. Set theoretical inhibitions prevent us from saying that the
category of functors from & to # with left-adjoints is dual to the
category of functors from # to .« with right-adjoints.

Adjoints are unique up to isomorphism.

Given abelian categories & and &, covariant functors 73,7,,75:
& — #, and transformations T, — T, T, — T, such that for all
Ael, 0 — T,(4) = TyA) = T(A4) is exact in &, then if S,,5,,5:
are left-adjoints of T,,T,,T; the induced transformations S; — S,

SPECIAL FUNCTORS AND SUBCATEGORIES ]|

Let & be the smallest full subcategory replete in .« which con-
tains &/’ and is closed under the formation of products and difference
kernels, Then II . A is a cogenerator for &¢”, and T | ##” is left-root-
preserving.

O. Exercise for model theorists
An n-ary predicate on a set S is a subset of the #-fold product of

S. Given an indexed collection of finite numbers {m, 75, "+, n;}, a
first-order statement is a well-formed formula obtained by combining
the atomic formulas, Py(x;, x, """, x, ), """, Pilory, x5 " "« Xy,

using conjunction, disjunction, implication, negation and then
quantifying the lower-case variables. Examples:

V¥, V.[P(x)) A P(y,2) => P(x,2)],
VoV [P A Px)=>=x =], AV [P(yx)]

A theory T is any set of first-order statements. The above list of
examples is a theory of partial orderings with maximal elements.
A model for T is a set S together with a designated set of predicates
on S such that all the statements in T become true. We shall
notationally confuse the model with its underlying set.

We may start with a theory and consider its class of models;
conversely we may start with a model (for the empty theory) and
consider its complete theory. Two models are said to be elementarily
equivalent if they have the same complete theories. A function
between the underlying sets of two models 4 L5 Bis said to be an
elementary extension, if for every formula F (not all the lower-case
letters need be quantified) that can be built from the original
predicates and for every x;, x,, -, x,, € A it is the case that

Fxy,« ooy x0) o F(f(n), -+ - Ax,)-

If fis an inclusion function, A is an elementary submodel of B,
The Lowenheim-Skolem theorem says that every model B has a
countable elementary submodel in the case that the original list of
predicates is finite or countable and otherwise of cardinality equal
to that of the original list of predicates.



"L Jo jurofpe-ya] a1 ST gp
<HED.F uorsodwos 2y yey) 183D 81 31 Uyl (& 2q 01, F Jo auer
Y} SUYSPST 9 JI ‘ST IBY)) 2" < & I J0JUNy N} JIPISUOd am JI

*$LI0T2IRIqNS FANIAPAIIOD
oyerauad sjmiofpe-1ys] jo safewr 2yl pue ‘s3I0FEIqNS SANIAPAI
oje1auad syurolpe-yfu Jo sefewn oy Jey) ‘asojassy; ‘Aes Avw
M S Aq pereroual g Jo AzoSaresqns Al jo JOIRYALINd 3L SI IS
Lrenp pue &0 Jo 30193g21 S SI § /7 ‘AI0JalaL) ‘J-¢ ASOIOXT AY

*AINIUSPI 9Y) 2q 0] UIas 3q Kew

Pl «— B | SL "I

5

uonrsodwon sy, *, 2 JO AINULPI AR 01 , 2 | S.7 WOIJ UOHBULIOJSURI
femnjeu e swIoy {¥s} wonoafeo YL, 'F = (g)L 1| yons g Aue
loJ (i) dew aq) aq 01 ¥ «— (P)SL :Fs ugap , 2 2 p Yowd 104
(@I] o0y
spuodsar1oo #4) “gs ue AJUAPI Y} O} LS WOI] 4 VO[BULIOJSURT) B
ystqelse ((F)L(@)L) < (g(g)Ls) swsrydiowost ay) Ageiulg “S 7 01
& U0 AI1uapl 9y LI} UOIJBUIIOJSUEI] [BINIBU € SWIo] {¥.4} uonssf
109 4L ((F)SLV) < ({(V)S'(p)S) vuseanba eanieu 2y 1opun
(7381 01 spuodsaizoo yormyam dewr 2y aq 01 (P)SL + p ¥4 augap
F 2 ¥ yIea 1o " 3o oFewr o) aq g5 19T s108[qo uo auo-01-000 SI
I 1oy asoddng g +— g7 © 4 Jo utolpe-ypo] ot aq g5 — & 15 1T
s1ojounj jutolpe Jo sadews Jo Auanaspgsr aqy ‘1

‘A[9812AU0D

pue saduanbas yowxa-139] oo seowanbas joExaySn sates (D)L

uay} 3oexa-1ydir st (— F)S dJowIayuny J| ‘19ex-YI[ sI (—‘g)L pue
wexa- sy st (§°—)s “wrolpe a1 (—‘g)L pue (§°—)s ssneooq

(oo

g woiy sdewr jo dnoid oy (H°g)z pue jonpord Josus) oy) ag

&< % X g '§ 19 odurexs Jeuonepuno) oyl 104) ‘(O°FLLY)

—(2(g'y)s) swsigdiowost sppid ssouuiolpe oq], ° g w0 JuELEA

-00 ‘gr U0 JUBLIBABNUOY £ < g, X g '] Iouny © oy} urejqo

M & — 5 Emolpeydu e seq g +— & (F°—)S ‘g o g K19A3
10J 12T) Yons J0JoUny JULLIBAOD & ST 9 «— g X & S 1eq) asoddng

% og

TIE I0] 108X3 SI O « (§)'S < (§)°¢ « (F)°S 1211 yons a1e 1§ — 3¢

£ SINODILYIENS ANY SYOLONN TVIDAdS

7| Lo
suagpamba Apirgvu S1 g0 | (—*) 1wyl yons g Sy 12algo up sisixa
243Y) ‘g <« g5 oI dopunf Suraiasaid-1004-1f31 Juptevaod v pup ¢ g
403210290 jjouis v ¢ g £i032102 213§duti0o-1fa] A1D411GID uD HIAY

T UI3103Y] UOTIRIUasaldal Jed0] aY) UIRIqo am ‘A[jeurg

“§1004 1f3]
saazasaid 51 ffi ajqoinasaidas s g, < 5 I d0iunf jupLpiod y

RI0RY) SHEAA UTRIQO AW am IojRIsuado) © SBY 4 18Ul MON
“I0)e13ua300 aansafur ue Aq psjussaidar aq 1snw 11 ‘O[qE
-103s21daI §T 11 2IULS "S100 2] OIUL $100.L WILI SILLIED YdIYm SuIppaq
“W3 JUBTIABIUOD 0¥X3 UE S| £ <——— £ < y 4 U PUE ‘51004
e sealasard g <5y TOPUNf my1agicf 3, "y4 I0f 101BI3UIJ0D
aaT1oa(uUr UB 190NsU0D ABW M USY) ‘g J0J JOJEIdUIZ00 2amdalUT UE
ST ‘Z/8 1re2 [[eys 24 dnoid yorya ‘s1adojur jo dnoidqns o) opnpowr
sIsquinu [euonel yo dnoid ay) Jeys 198 941 351 0} PIMO[[E 312 Im JT
()L = ()L ~ (¥4I 14 Ag pauTwIsiop
st () Jo 21n3onas amnpowr 2], (¥ st droId uerpqe Suiliiapun
asoyMm a[npowr B AQ pAiussasdal s1 7 1By SUTWISLAP AJISEd AR 344
"21qeruasaidal sp f usy[, 's1001 149]
OFUI $1001 JYJLT SILITED YOIy JOIUNJ JUBLIRARIIUCO AUE 0q 4 < 45
1L 197 "sempow-y 1391 Jo A108a1e0 2y} 5 puk Juul e aq ¥ 197

B (& pue & yog ozmeny)

"$1004 JSLs saadasa4d [ [ nuolpo
-3 v Sspy [ way g ioppunf wonpaod p g «— g pup 10ip0a133
p ypm ALio321p> apapduios-iysie ‘paiasmod-yos-0> v 3q g 197

B (zozpenq)

“$300.4 1f3] 01u1 51004 Y34 sa10400 [ [fi 1ySia 2y vio qurofpy
up spY [ uAY[ “d0ppunf jupLDInIIed v g «— g5 L[ PUD J0I013U25
v ynm dio8swd apapdico-iydid ‘paismod-ias-03 b 29 g 197

S$ANODILYD NYIN3aY 06



84 ABELIAN CATEGORIES

J. The adjoint functor theorem

A category is well-powered if it shares with the category of sets
the property that the family of subobjects of any object is a set.
(Prop. 3.35 says, then, that an abelian category with a generator is
well-powered. Electrifying.)

Let & be a well-powered, left-complete category, and T: o — &
any covariant functor. Then T has a left-adjoint iff
(0) For every Be & thereis Ac ¢ andamap B— T(A) e &.
(1) T preserves left roots.
(2) (The solution set condition.) For every B € & there exists a set
S C o such that for every A€ o and map B—T(A)c &
there is an object A4’ € Sy and maps A’ —> Ac o, B~
T(A") € # such that

T(A')
/ lru)
B
N

T(A) commutes.

One direction has almost been established : If 7 has a left-adjoint §
then condition (1} appeared in Exercise 3-G, and for the solution
set take Sz = {TS(B)}.

For the other direction, let B € & and let S be a solutien set as
described in the second condition. Define 4 = Il I1 p 5 4,4 and
note that there is a map B — 7(A) such that for any 4 € & and

B — T(4) € # there is a map A = A .o such that

T(4)
/

B Tix)

N

7(A) commutes. (No uniqueness.)

A few definitions which not only simplify the statement of the
rest of the proof, but will be needed in the next few exercises, are

SPECIAEL FUNCTORS AND SUBCATEGORIES 89

M. The special adjoint functor theorem

The chief failing of the adjoint functor theorem is that it involves
not only the (unavoidable) continuity condition on the functor but
also a (generally necessary) smallness condition relating the domain
category, the functor, and the range category. The special adjoint
functor theorem below says in effect that the smallness condition
will always be satisfied by left-root-preserving functors if the domain
category is “small enough™ to have a cogenerator.

Let of be a well-powered, left-complete category with a cogenerator
and T: & — & any covariant functor. Then T has a left-adjoint iff T
preserves left roots and for all Bc @ there is Acs/ and
B—+TAcH

Let C be a cogenerator for .o/ and suppose that B2 7(4) gen-
erates 4. The function (4,C) ——> (T(A),T(C) L= (B,T(C)) is
one-to-one. Hence A — 11 ; oyC — Il 70y C is monomorphic.

If B generates A through T (see last exercise) then A is isomorphic
foa Subﬂbjeff Of H(B‘T{dnc.

As an immediate application, we note that the full subcategory of
compact spaces in the category of Hausdorff spaces is reflective. The
Urysohn lemma asserts that the unit interval is a cogenerator for the
category of compact Hausdorff spaces, and the Tychonoff theorem
implies that the inclusion functor preserves left roots.

N. The special adjoint functor theerem at work
By dualizing the range and domain we obtain three other theorems,
in which we omit the “zero’ condition:

Let o7 be a well-powered, left-complete category with a cogenerator
and T: o — & a contravariant functor. Then T has an adjoint on the
left iff T carries left roots into right roots.

{Dualize £.) I
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86 ABELIAN CATEGORIES

distinction is spurious. The requirement that there be a set such as
Sy is of the same nature as a requirement that a group be generated
by a finite set. Both requirements can be very difficult to fulfill, and
both can have powerful consequences.

Whereas the set—class distinction first appeared in order to solve
certain puzzles in the formulation of a language for mathematics,
the distinction must be considered more than a linguistic accident.
True, there are languages for mathematics which do not admit the
distinction; and it is likewise true that such languages either do not
admit any interesting examples of complete categories (Exercise 3-D),
or, if they do, have simply renamed the distinction (usually in terms
of accessibility of cardinals or of level of type). Many of the classic
results of algebraic number theory may be stated in a language which
does not admit infinite sets. Indeed, theorems such as the Dirichlet
unit theorem become much more obviously the deep theorems
which they are when so stated, for they become in such languages
existence theorems. (There is a group of units,) Tt is another question
whether the theorems may be proved in such languages.

K. Some immediate applications of the adjoint functor theorem

Let o7 be a complete well-powered and co-well-powered additive
category and A € o/, Then the functor (A,—): o — % has a left-
adjoint.

The functor (4,—) preserves left roots and we need only verify the
solution set condition. Let G € % and define S, to be a representative
set of all the quotient objects of 2.4, For any G 2 (4,B) e &
let B> Bbe the image of the map X4 — B where A 25 T4
B=f(g) for all g G. Then B' =Sy and the image of f lies in

(4,B") L2 (4,B).

The adjoint of (4,—) we shall call —®A4: ¥ — /. Hence for
Ge%, A4 e, (G ® A,A") is naturally equivalent to (G,(4,4").
By Exercise 3-H we may obtain a functor ®: ¥ X .o — & which
is right-exact in both variables. We call this functor the tensor product.

SPECIAL FUNCTORS AND SUBCATEGORIES 87

Dually, the contravariant functor (—,4): &7 — ¥ has an adjoint
on the right which we shall indicate by the symbol (—,4). For G € &,
A e o, (G,A)is an object in . For 4’ € #, (G,(A",4)) is naturally
equivalentto(A4 ',(GTJ). Exercise 3-H leads to the definition of {(—,—):
% x o — ¢ a functor on two variables, contravariant on the
first and covariant on the second. We call it the symbolic hom functor.

The tensor product and symbolic hom functors are related through
duality as follows:

G®A=(GAD*, (GA)=(GDAN*

There is a natural equivalence between (4,(G,47)) and (G @ 4,4).
The solution set condition is often guaranteed to hold by certain
other hypotheses. For instance, we may obtain the old theorem:

Let & be a complete well-powered and co-well-powered category and
A a full subeategory repiete in % such that o is closed under the
formation of products and subobjects. Then o is a reflective sub-
category of &.

For B € & let S5 be a representative set of quotient objects of B
which lie in 7.

As immediate applications one may obtain the reflectivity of
Hausdorff spaces in all spaces, torsion-free groups in all groups
(abelian or not), and countless similar well-known cases.

Let 54 be a well-powered left-complete eategory and let T: A — A
be a lefi-root-preserving full functor whose image is all of %#. Then T
has a left-adjoint.

For Be #, {4} is a solution set if T(4) = B.

As a consequence, a left-root-preserving fenctor from a left-
complete well-powered category has a left-adjoint iff its image
penerates a reflective subcategory of the range.

L. How to find solution sets
Let .o be a lefi-complete well-powered category, and T: & — &
a left-root-preserving functor. Fix an object B € #. Given an object
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104 ABELIAN CATEGORIES

always induce the same correspondences from (X,4) to (X,58) and
from (B, ¥) to (4,Y). An equivalence class of cwords from A to B will
be called a correspondence in =7, If a correspondence in & is such that
all the induced correspondences are functions then it will be called a
function in <7,

In the classical construction of the connecting homomorphism a
cword was defined and then shown to represent a function.

In a category of R-modules every function is represented by a map.

If & is fully abelian then every function in .& is represented
(obviously uniquely) by a map in /. Mote generally, every cor-
respondence from A to B may be represented by a map from a sub-
object of A to a quotient object of B.

D. A specialized embedding theorem

The proof of Theorem 4.44 proved a stronger statement than that
of the theorem: If 27 is a small full exact subcategory of a complete
abelian category # with a projective generator, then & is isomorphic
to a full exact subcategory of cyclic modules over some ring R. We
may go a step further. Assume & is a category of modules and re-
place the projective generator P in the proof by Z P, where K is an
infinite indexing set at least as large as P. Then the ring R is such
that for every 4 € & there is an exact sequence R—~ R— 4 — 0.
By iteration we may finally obtain a ring R big enough so that for
every A € & there is an infinite exact sequence -+ —+ R—+ R—~ R —
A— 0.

But instead of making the ring larger we may make it smaller.
There is a ring R such that R and .o have the same cardinality and
such that & is isomorphic to a full exact subcategory of cyclic
modules over R. To obtain such, assume that & is a full exact
subcategory of cyclic modules over a ring S. Let F be a minimal
family of ideals such that for every A4 € o7 there is W e F and an
exact sequence G > % — § — 4 — O, Let T be a subset of § such
that for every AL € F and s € § with Us C £ there exists ¢ € T with
5 — ¢ € 8. The cardinality of T need be no larger than that of &,

Forany ring R, TC RC S, & is isomorphic to a full subcategory
of cyclic modules over R (§/% — R{R N ), but not necessarily an
exact subcategory. However, if R has the further property that for
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injective envelope of R, then E/R is injective. Let r 7= 0 and consider
an exact commutative diagram:

O—+R-—> R—>R(nN—0

l Lol
O—>R—> E— EjR 0

All three vertical maps are monomorphisms. Hence every proper
cyclic module is embeddable in E/R.

let ACE be a finitely generated submodule. Because E is
essential over R and R is a domain, 4 is isomorphic to a submodule
of R, hence to R itself. Every finitely generated submodule of F is
cyclic and therefore every finitely generated submodule of E/R is
cyclic.

2. Let A be a finitely generated module. The family of all ideals
that appear in the form Ker(R — A) is a finite family with (+) as a
minimal member. let R{(r) — A be an embedding. If (r} = O let
A — E be such that R/(r} — A — E is a monemorphism. If (r) = O
let 4 — E{R be such that Rf(r) > 4 — E{R is a monomorphism.
In either case the map from A has a cyclic image and we obtain a
monomorphism Rf(r) — 4 — R/(s). Note that (s) C ().

There exists R — 4 such that R — 4 — R/(s) is onto.

Ker(R— A C () C (),
hence Ken(R — 4) = (5) = {r) and we obtain a splitting
Ri(rt>A4—>Rl(r)=1.

By iteration, A ~ Rj(r,}} @ - - @ Rf(r,), where (r) C(r) C---C
(7).

3. The uniqueness of any such representation of 4 may be obtained
from the following: For any prime p € R, the number of (,)’s such
that (r,) C (p™) is equal to the dimension of {(p™1A)/(p™A) as a
vector space over R/(p).

In particular if (p} and (g) are distinct nonzero prime ideals then



‘pale1auag A[31ay st gi [euls st spnpour aandafoid v (i)
(1 D 1y e 10y i jo afeun
SSISAUL B} JAPISUD 'pl7 «— J UAAIDY) “WOY) SIZLIIJORIRYD
() ur soanoaflord [rews jo Auadoid sy woyp (p)—x
= (*p )y (] Yeu) 250 o) ST 3T Yy «*p) spalqoqns Jo Apiueg
Surpusose pue p <« J 1x 10§ JBY] yans SI & Arogajes afy J1 (g)
(-eanasload st g 18q1 108] 913
asn moN oydrounda si g« *gi7 1ey smojoj 1] "193lqoqns
Jadoxd ® £q papunoq jou ST yorgm sialqogns jo Aprwey Sur
-pusose ue 3q H{F — '} 197) ‘192lqoqns sadoid e £q papunoq
SI uOrun MUY Japun paso[> s1oalqoqus Jadoxd jo Lpwe]
L1343 pue 1olqogqns rodoid ® £q papunoq sT aanoeloid
Trews © w spalqogns radoid jo wreys Fuipusose £10a7 (7)
Al byl J
=*pig g 1) Qans ;O£ opuy ' st 3yl pig g
dewr £19A3 107 g1 eanmalord qrews e st 3alqo aan3sford v (1)

‘stns $9413531d 31 J1 Kpjuapeanba 10 ‘sjoor1 qe

san13501d g <« A ((—°g) J019UN} Y1 JT aAnpdaford [ews € ST gD 4
130lqo 2anaafoid v -£1089185 uereqe 219idwos-yEil € 9q & 19T

saanseford ewg g

$3IPUTULIDIDPUY
(Sunnwodnouy fo a5 a1quiunod v Lq papiausd Ajaaif Sur ayp 420
sapnpow pqpIunos fo £108a103 ayi dof anay 5111 fi djuo pup fi s311032102
uvlaqy b 10 anil SI JuIWRIDIS MpwiupiSvip punoduios ynf ¥

10] 1£'p WaI0dy |, saordwy ABW oM “pEf

“Jooq 91} JO W02} [EUL ) SUILNSSE PUR , 5 <« 4 SUIPPaqUId

[INJ 192X U saonpur ¥ <— 4 wsiydiowowroy Juld owo ue eyl

UOIBAISqO 31} Y Joe] jeys Suroror “satodajes ueraqe I[qeIUNed

1snf wo wraroayy Aue 1831 01 sasodind onpIosyiEIoWE 10J SIOYNS I
spapow jo L1093 31} WIOL] WSIOST) WS[oNS-W_uamoT 31 Sursn)

- I3A0 S3[NpOU I[[ILI JO

£1082100qns 1opxs [0 B 01 oydIowWost 81 g U] ‘I3 7 — 14 18

YONS W 34 ST 3L 3D 1 — IS 1B YIMS § 38 ‘g Iy "L 2,7 K120

S01 SHIYOIHILYLINW

ue SI F 2SI34M J08Xd SI Q < Y[/F «— T~ ¥ < O Ji Pue uURmop
Teapr redouird B STy J1 18y} PAUIBI] Sem I1 ISIIAXS 18B] AL U |
surewiop [eapr [Bduud 13i0 sappojy D)

'sa11083110 UBIAQR AI0A J0] THAI0AYIRIAUL AT3[enp & 2a01d
01 pasn aq Aew 4 Tt Suippaquis JuEIRABIIUOD JOBXD Y],
*101e1313800 © ST 7/ el 198] 211 J0J soLyns
ol juomIngIe 1901ip v ("s19801ur dnoidqns oY) O[NpOW S[BUONEI JO
dnois oyy s1 Z/9) "4 ur 10elqo aansslut ue st z{G yeys saosd Lewr am
‘uayy “A[eulq 'y Jo so[npowr jusnonb £q paueyur Afresya st A1sadosd
SIY), 'y 3 4 o1zuou |f 10§ oiydiowids sI 7 <— F 18y} UOBIpUCd
a1 01 ‘Y ISA0 SINPOUI IOJ ‘SIONPII $]'9 WIIOI] JO SIYMpouL
2an309[ul Jo vonyezZIIaEIEYD 3y "urewop [eopl [edound € 2q ¥ 197
sdnead aqqisiang g
B
Suippaquus [jnj 10€Xa UB IONHSUC)) "AI033] 2 [[EwS AURSq £ 19T L
‘SISQUNU [RUIpLo Jo oFuel aInjus a1} ganoly) Sumuni
suosusIxs [enuasss Jedoid Jo {"g} asuanbes v jonnsuo) -9
‘aansaford 10 aansalur s1 g Ut 1a2iqo eIALR
-uou ou “OEJ uf "uolsudxad dandalul ue asey jou saop g 30y ¢
D@ F g wsryd
-JOWIOUQUI B ST 9J3Y) UAY) “}OEXD (J < ) < & <V «+ (} ‘UOSUNKD
aanoalur ue s1 7 «— p pue ‘g 5 p ‘A10d01en werjoqe ue st g J ¥
"Jas © 20U SI ‘J0BXD SI
O "V «— g <"y« 0 1211 Yons g s1o0lqo Jo sadAy wsigdiowost
Jo sse[d ayl 2susy dydiowost jou are Yy pue Tp A =£ x J0g
BN SL QO 4 TV -V O

QV*H.':V:EV*TDV edewr p[gp{z_(T‘f_Z@ZpuE Z@Z -'(-WZ

asImMIaIo

T=lg=1y | =Z g ZOZmZOZ 5 Z
£q g 3 ({x} %'z @ Zz) = “y sugap x L1348 104
‘w3{Z'7)— g g7y ="y ‘s1dau1 Jo dnoid oy aq 7 1271 ¢
‘pazemod-fiam ST g5 T
"A108273 JOAPUYIOIN B ST g5 °|

S3IMODILVYO NYI1IaVY (47



106 ABELIAN CATEGORIES

F. Categories representable as categories of modules

Let &/ be a right-complete abelian category with a small
projective generator P. Let R be the ring of endomorphisms of P and
define F: of — %% as in 4.44. F(4) is the left R-module (P,4). Then
Fis an exact embedding which preserves all roots. Tts image contains
R and all free modules. Moreover, any map between free modules
comes from a map in &/. Since the image of F is closed on the right
we may conclude that it is a full representative subcategory. By
Exercise 3-A, F is an equivalence of categories.

A category is equivalent to a category of madules iff it is a right-
complete abelian category with a small projective generator.

G. Compact abelian groups

Let € be the category of compact abelian groups, advertised in
Exercise 2-C as being an abelian category. Let € €% be the “circle
group,” defined as the multiplicative group of complex numbers of
modulus one, or additively, as the group of reals modulo the sub-
group of integers. We shall treat C as an additive group. The only
proper closed subgroup of C are finite and cyclic. The only auto-
maorphisms of C are rigid (the metric structure of € may be defined
via the group structure and topology and a continuous automor-
phism must be an isometry). The only rigid automorphisms on C are
the identity and the map which results by multiplying by —1. The
last three sentences combine to prove that the only endomorphisms
of C are those which result by multiplying by integers. That is, the
ring of endomorphisms of C is the ring of integers.

C may be proven to be a cogenerator for ¥. The most efficient
proof is beyond the scope of this book. It involves among other
things the fact that the space of complex numbers is a cogenerator
for the category of Banach algebras. But granted that C is a cogenera-
tor we may prove the Pontrjagin duality theorem:

First, C is injective in %. Indeed, any cogenerator for any abelian
category whose ning of endomorphisms is a principal ideal domain
is an injective cogenerator. (Given a monomorphism C-— 4 let

1C(C,C)be the set of maps of the form C —- 4 ——> C. Iis an ideal
and if it is generated by € =  then every mapin I kills Ker(n). Now

INJECTIVE ENVELOCPES R

Now let Q be the first ordinal of cardinality greater than that
of the family of subobjects of G. We shall prove that E, | = E,,.

Supposing otherwise, we let G = E be a map whose image
is not contained in the image of £, — E, ;.

For all y < Q + 1, we shall identify E, with the image of
E,— E; ,—that is, we shall suppose that it is a subobject of
E, .- The family of subobjects of G, {x~(E.}}, is an ascending
family, and by the choice of Q it must stabilize before Q. There
exists, then, an ordinal y < Q such that x{E)) = x1(E,).
(We use here the fact that in a Grothendieck category the
inverse images of ascending unions behave well) By our

assumption that F(y) = ¥ + | we obtain a map G- E,,,
such that

(x1Eg) —~ G > E,—E,, =(xE)—~G—=E,,
Let z =x —y, H=2zYE,). Then x(f) =1(z + v)(H) <

2(H) + W(H) = E, and H < xYE,). Hence z(H) =0 and
z) nE, =0. |

EXERCISES

A. A very large Grothendieck category

Define # to be the category whose objects are pairs (G, f: S —
(G,G)) where G is an abelian group, § is a set, and fis a function
from § into the set of endomorphisms on G. We adopt the con-
vention that f(y) = 0 for all y ¢ S. A homomorphism G %» G’ is a
map from (G, f: § — (G,G)) to (G',f/: §' — (G",G) iff

G fix) G
Lo
G Jix) Gr

commutes for all x e § U S,
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io8 ABELIAN CATEGORIES

I. Unembeddable categories

Not every category may be embedded in the category of sets.
What seems to be the simplest counterexample may be described as
follows:

For objects let there be for each ordinal number o an object
named A4,; let there be a zero object O; and let there be a special
object S. o 42 -

Let there be maps named 4, 2> S, § > 4, and 4, 2> 4, for
every pair of ordinal numbers 8 < &, and let there be a zero map
between any two objects, and let there be an identity map for every
object.

For the composition of maps letAxﬁ-)- A ﬁrAa=Aa:£; A, where
B" = max(§,f). Let all other compositions of nonidentity maps be
zero maps (which makes the verification of associativity downright
trivial), and finally, let the composition of maps with identity maps be
what it must.

Calling the above-described category +, suppose that F: of — &
is an embedding into the category of sets. Let « be an ordinal number
of cardinality greater than that of the family of subsets of F(S). There
must exist § <. # <7 « such that Im(F(x3)) = Im(F(x})). On the other
hand the image of F(x}) is not in the difference kernel of Hyz) and
F(y3), whereas the image of F(x}) is. A contradiction.

(Every category may be embedded in an abelian category (using
techniques not to be covered in this book) and the above counter-
example leads to an example of an abelian category which cannot be
embedded, exactly or not, in the category of abelian groups. The
presence of a projective generator or an injective cogenerator, of
course, implies the existence of an exact embedding. The only em-
bedding theorem for large abelian categories that we know of
besides the just named triviality is, that if an abelian category, small
or not, has both a generator and a cogenerator, then it has a group-
valued exact embedding. The proof is, in light of the special nature of
the resuit, too long for inclusion.)

INJECTIVE ENVELOPES 2%

Let A — E be an essential extension. Letting G be a generator
choose for every x €((G,4) a map f(x) €(E,C) such that
GEr 4 >E C+#0.Then d - EL> I, 4,C is a mono-
morphism (E "> Iz ,,C 2> C = f(x)). Since 4 ~E is
essential it follows that y is a monomorphism. Hence every
essential extension of A is isomorphic to a subobject of Il 4,C.
To finish things off let Q be an ordinal number of greater
cardinaiity than that of the family of subobjects of Il 4,C.
Then any sequence of essential proper extension must terminate
before L.

Second Proof (Mitchell), in which it is assumed that modules
may be embedded in injectives (Exercise 5-D):

Let R be the ring of endomorphisms of the generator G and
define the functor F: & — %* to be that which sends B inio
the R-module (G,B). (The endomorphisms of G operate obvi-
ously on the group {G,5).)

Lemma. If A— E is an essential extension in % then

F(A) — F(E) is an essential extension in 4%,

Proof of lemma. Let M C F(E) be a nontrivial submodule
and x € M a nontrivial element. We shall construct a non-
trivial element in M N Im[F(A) — F(E)}. Remembering that

x € (G,E) we let
PG

A—E
be a pullback diagram. Since 4 — E is essential, P #* O
and there exists G — P such that G > P - G—> E #0.
G -»P — G- E is an element of M (M is a submodule)
and in the image of F(4 — E).

The lemma implies the theorem by a cardinality argument
similar to that in the first proof. Using the fact that F(4) has
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10 ABELIAN CATEGORIES

Axiom 0. The constantly zero functor is a zero object.
Axiom 1. Given F\,F, € (@, %) define F, @ F, to be a functor
such that (F; ® F,)(4) = F(4) © Fy(4) and

Fxy 0 )
F, ®F, =t
( 1 @ 2)(x) (0 Fg(.TC) .
Axiom 2. Let F;, — F, € (#,9). For each A e o let O —
K(A4) — Fy(A) — Fy(A) be exact. Given A = B e < thereis a
unique map K(x): X(4) — K(B) such that

K(A) — F,(4)

er)l lrlcx)

K(B) — F\(B) commutes.

Then X is a functor and K — F, is a naiural transformation.

Axiom 3. The above construction shows that a transforma-
tion F; — F, is a monomorphism in (&,%) iff F;(A) — Fy(4)
is a monomorphism in ¢ for each 4. The dual construction
needed for Axiom 2* indicates that if F; — ¥, is a mono-
morphism then it is a kernel of its cokernel. [

The constructions above indicate that a sequence ' — F — F*
1s exact in (&, %) iff the sequences F'(4) — F(4) — F'(4) are
exact in & for all 4 € &/. More formally the evaluation functor
E : (f,%) — % defined by EfF, > F,) = F,(4)™> F,(4)
is an exact functor for each 4 € &, The product

(1 E): (A, %) >

defined by (II E)(F) = II_E (F) = I ,F(4) is an exact em-
bedding.

Proposition 5.12
(A, %) is a complete abelian category.

INJECTIVE ENVELOPES 127

Proof:

Let S be an arbitrary nonzero subobject of UE; Then
S=SnNUE,=USNE,) and S NE, O for some i
Because E, is an essential extension of A it follows that
AnS#0. |

We show next that in a Grothendieck category every ascend-
ing chain of extensions may be embedded in a common extension.
Lemma 6.22 says, then, that every ascending chain of essential
extensions is bounded by an essential extension.

Theorem 6.23

Let & be a Grothendieck category, I an ordered set, and
{E: — E};; a family of monomorphisms such that for i < j < h
E.~E, > E, =E —E, Then there is an object Ec % and a
family of monomorphisms {E; — E}, such that for i < j,

E,—~E —~FE=E—~E
Proof:

Let S = I,F; and foreach i e ] let E| =i> § be the associated
map. For each j ¢ I define #,: § — § to be the unique map such
that
E,—~E~>5 ifi<j

kR
E,—"S_j:"'S: .
E2> § ifj <i.

Let S-— Ebean epimorphism such that Ker(#) = U Ker(h,).
Note that {Ker(h;)} is an ascending family since for j < j’

s> s — 52 525 g

To conclude that E, “> S~ Eisa monomorphism it suffices
to establish that Im(E;, —S) N U(Ker(h,)) = O. By the
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12 ABELIAN CATEGORIES

5.3. THE REPRESENTATION FUNCTOR

We define the representation functor as the contravariant
functor of > (,%) such that H(4) — (4,—) e (A, %),
H(4 > B) = (B,—) &> (4,—). When (4,—) is being con-
sidered as an object in (&, %) we shall denote it by H*. Given
A-~"> Be & it is convenient to denote the corresponding
transformation by H” <> HA,

Proposition 5.31

F 3 . . .
o —> (o, %) carries right-exact sequences info left-exact
sequences. l

Given A € &, Fe(,%) we consider the group of natural
transformations (H*,F). Let n € (H*,F). By evaluating at 4
we obtain a group homomorphism #, € (H4(4),F(4)). By
evaluating at 1, e (4,4) = H4A) we obtain an element
7.4(14) € F(4). We define the Yoneda function y: (H4,F) —F(4)
by y(n) = n4(L,). Tt is clear that y is a group homomorphism.
Moreover, it is a natural transformation: a statement which
needs clarification.

We define two group-valued functors D,E each on two
variables, one variable from «, the other from (&,%9). D is
defined to be the composition

{Hxr Hom

A x (A, 8 D (4,%) < (4,9 "> &

Hence D(A,F) = (H4,F)e %.
E: o x (#,9) — %, the “evaluating functor,” is defined
b
Y E(A,F) = F(A)

E(AF, > Ey) = Fy(4) 4> Fy(4)
E(d, > Ay, F) = F(AD ™> F(4y).

INJECTIVE ENVELOPES 125

Theorem 6.13
In a Grothendieck category an object is injective iff it has no
proper essential extensions.

Proof:

— If Eis injective, its only proper exiensions are trivial
and thus clearly not essential.

-— Let E have no proper essential extensions and consider
an extension E — B. We wish to show that the extension is trivial.

Let # be the partially ordered family of subobjects of B
which have zero intersections with (the image of) E — B. The
following lemma is provable directly from the definition of the
Grothendieck property.

Lemma 6.131.  If {B,}; is an ascending chain in & then ) B,
isin #.

By Zorn's lemma, then, # has a maximal element B C B.
The corresponding family #* of quotient objects of B (B +F ¢
F* iff E— B — F is monomorphic) likewise has a minimal
element: B — B”. Certainly then £ — B — B" is monomorphic.
Moreover the minimal nature of B” insures that £ — B” is
essential, since if B”" — F is such that E—~B—>B" +F is
monomorphic, then the coimage of B — B” — F yields an
element in #* not smaller than B” and hence equal to B,

By hypothesis E has no proper essential extensions: E — B —
B’ is an isomorphism and E — B is a trivial extension. [}

The next theorem is a classic characterization of injective
modules. We have included it, not because it will be directly
needed, but because its proof, suitably modified, will become
the proof of the main theorem of this chapter.

Theorem 6.14

Let R be a ring. If a left R-module A has the property that
for every left ideal I C R it is the case that (R,A) — (1,4) is epi-
morphic, then A Is infective in the category of left R-modules.
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14 ABELIAN CATEGORIES

To see that a, (x}) = F(x)[o, (1, )] we use the fact that « is a
natural transformation and that the diagram

{43, %)

(AlsAl) —_— (Astz)

ol I)l luu 2

F(A4)) —> F(A4,) commutes.
Starting with 1, € (4,,4,) and traveling clockwise:
Ly, = x = %, (x);
traveling counterclockwise,

lA1 — G‘A;(ldl) — F(x)(%,(lal))- l

Theorem 5.34
The Yoneda transformation y: D — E is a natural equivalence.
((H*,F) is naturally equivalent to F(A).)

Proof:

First, y is one-to-one. Let « € (H4,F) and 0 = y(«) = e (1 ).
We must show that « is the zero transformation. Let 4, € &
and x € (4,4,) = H*(4,). In the last step in the last proof it
was shown that x, (x) = F(x)(e,(10)). Henceif y(o) = a (1) =
0 then 2, (x) = O0and « = 0.

To show that y is onto, we let z € F(4). For each Be &
we define the function «,: (4,B) — F(B) by az(x) = (F(x)Xz)
for x € (A4,B). The additivity of F implies that oy is a group
homomorphism. If the coliection of «z’s produces a natural
transformation « it is clear that y is onto since y(«) = z.

To prove that « is natural we must show thai for any 8, —
B, the diagram

(A’Bl) % (’4932)
o, g,

F(B) =2 F(B) commutes.

CHAPTER 6

INJECTIVE ENVELOPES

We have shown that the category (&/,%) is a Grothendieck
category with a generator. In this chapter we prove that such
conditions insure the existence of injective envelopes. In the
next chapter we shall return to (/,%) and put the injectives

to work.
All categories in this chapter are abelian.

6.1. EXTENSIONS

We recall that an object E in an abelian category & is
injective if the contravariant functor (—,E): o — % 1s exact.

Given an object 4 € & we shall call a monomorphism
A — B an extension of 4, and sometimes B itself will be called
an extension.

A ftrivial extension of an object is a monomorphism 4 — B
which “splits,” i.e., which is such that there is a map B—-4
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1é ABELIAN CATEGORIES

B. Co-Grothendieck categories

1. Ifthe dual of an abelian category .+ is a Grothendieck category,
then the lattice of subobjects of each object A € .o has the property:

if {A,} is a descending family then
BU(MA, =NBUA)

2. Thecategory of abelian groups is not the dual of a Grothendieck
category.
3. If the abelian category & and its dual both were Grothendieck

a0 oo
categories, then for every 4 € &7 the natural map > 4 — J] Ais an
i=1 i=1

isomorphism and 4 = 0. (Let x=1,+1,+1,+---. Then
x=1,+x)

C. Categories of modules

Let </ be any monoidal category and (&7,%) the category of
additive functors.

1. (#,%) is abelian,

2. Consider a ring R as a monoidal category. (R,%) is isomorphic
to the category of R-modules.

3. If ¢, the category of compact abelian groups, has been identified
as the dual of the category of groups, then the dual of the category of
left R-modules may be identified as the category of compact right
R-modules,

D. Projectives and injectives in functor categories

The functor £ _E : (/%) — & preserves all right roots and if
followed by (—,0/Z): % > & results in a contravariant exact
embedding which carries right roots into left roots. (Exercise 3-G.)
It must be representable, and therefore (¢,%) has an injective
cogencrator.

More generally: If # has a projective generator then so does
(7, %). Each evaluation functor E: (/,#) — ¥ preserves all roots.
That it satisfies the further condition of Exercise 3-F for functors with
left-adjoints may be directly verified. Letting E%: & — (7,%) be the
left-adjoint of E,, and P a (projective} generator for 4, it follows
that 2 _,E%(P) is a (projective} generator for (o7, %).

FUNCTOR CATEGORIES 12§

objects. &' is a coreflective subcategory and we define R: & — %’
to be its coreflector. By the isomorphisms (F(—),B) — (F{—),R(B))
we obtain a commutative diagram

F
\Y(&/*ﬁ).

Because & is right-complete and co-well-powered and has a
generator, namely X, F(A), it is aiso left-complete. It is clear that if
F: #' — (of*,%) has a left-adjoint then so does F: & — (&/*.9).
We thus reduce to the case that & is left-complete, well-powered, and
co-well-powered.

Let T € (& *,%) and suppose that B € # is generated by T through
F, i.e., there is a transformation 4: T — F(B) € (&/*,%) such that %
generates B. It follows that we obtain an epimorphism

2 o Zray F(A) > B

where y is such that for x € T(4) F(4) > I Zp, F(A) > B=
n.+(x) (the image of y allows ). Hence T generates B only if B
is a quotient object of X T ,, F(4) and by Exercise 3-K Fhas a left-
adjoint F*: (s/*,%) — #. We obtain a commutative diagram

H/v(ﬂ’ *,9)
< F* ,
=N l
@

that is, F(H ) = F(4). This fact together with the fact that F pre-
serves right roots characterizes F up to isomorphism.

Given a transformation xn: F, — F, we easily obtain 7: Fy - F}
and then by Exercise 3-H a transformation *: F} — F}. Define for
Te(*¥), Fc(~A,F) T®F=FYT). We obtain a bifunctor
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118 ABELIAN CATEGORIES

of &7 is implied by the existence of difference cokernels and sums,
By the left-completeness of .o/ every map has an image (the partially
ordered family of subobjects of any object is a complete lattice; the
image of 4 = B is the least subobject which allows x). Because .«
has difference kernels one may prove that if the image of x is all of B
then x is an epimorphism,

Given an object A and a family of quotient objects {4 — A7}, let
A" betheimage of A — 1A, Then A — A" represents the least upper
bound of all the quotient objects {4 — A7}. Hence, the family of
quotient objects of 4 is a complete lattice.

Necessary and sufficient conditions for the existence of sums are
best expressed by expanding the language of Exercise 3-J as follows:

Given a family &F = {4, > B} we shall say that a subobject
B’ — Ballows # if it ullows every x; € 5. We shall say that & gener-
ates B is no proper subset of B allows #. We shall say that {4}

generates B if there exists a family {4, ~> B} which generates B.
Finally, then, if .o¢ is a left-complere, well-powered and co-well-
powered category with a right zero object then it is right-complete
iff every set of objects generates at most a set of nonisomorphic
objects.

If .« does not have a right zero object we may easily adjoin one.
In that case, the right root of 7: & — &/ is the right zero object iff
T has no transformations into any constant functor into the original
categoery. The ideal right zero object plays a role analogous to +
for the real numbers and indeed + o0 is a right zero object in the
category that is associated with the ordering type of the real
numbers.

If we were to relax our definition of completeness in categories in
the analogous way (sets of real numbers with any upper bound have
a least upper bound) then we could leave out the ideal zero objects.
In particular, we could prove that categories of models [Exercise
3-0O] are left-complete iff they are right-complete, where the notion
of completeness is understood to be the relaxed notion.

Let & be a small abelian category and define #{+#) to be the full sub-
category of left-exact functors in the category of all additive functors
{#,%}. In the next chapter #(+) will be shown to be a reflective category

FUNCTOR CATEGORIES e

(but not via the adjoint functor theorem). Let (=) be the full subcategory
of right-exact functors. The only proof that we know of that #() is a
coreflective subcategory (or, in classical Janguage, that Oth left-derived
functors always exist), Is via the special adjoint functor theorem and the
statement that the set {7 € #(#) | the cardinality of UT(A4) is less than
that of .}, is a generating set for #(+).

The result may be generalized as follows: Instead of specifying right-
exactness, consider any class of functors into &, and then consider the full
subcategory of all those functors which preserve their right roots. It is

coreflective.
On the other side, the full subcategory of functors which preserve the

left roots of some specified class is reflective. These two results do not have
a common proof, and both depend on the special nature of the range
category #. (It does not depend on the abelianness of ., or for that
matter on anything about % save its smallness, and ¥ may be replaced
with the category of sets.}

G. Small projectives in functor categories

Let o7 be a small additive category, and {#¢,%) the category of
additive functors from .& to %. By the Yoneda theorem H* is a
small projective in (£, %), and the family of all such small projectives
generates (., %).

Suppose that =7 not only is additive but also bas finite direct sums
and that idempotents split in o (see Exercise 2-B). Such a category
is called amenable. Let P be a small projective in (o7,%). Then P is
isomorphic to H4 for some A € .%/. To prove it, first find {4,}; and
an epimorphism X, H4: — P (the H's generate (=7,9)); second, let
P> ZH4 —» P = 1 (Pis projective); third, let J C 7 be a finite sub-
set such that P — X MY+ — X H = P— 2, H4: (Pissmall); fourth,
let A = &;4, (o has finite direct sums) and simplify to the maps
P Hi > p—1; fifth, find x €(4,4) C .o such that H4 — P —
HA = He (o is additive) and observe that x* = x; sixth, let A — 8
and B— Abesuchthat 4 — B— A =xand B — A — B =1 (idem-
potents split in «7); seventh, conclude from the factorization
H* = H41 P> H* = H* - H¥— H* that P is isomorphic to
HE (o, %) is abelian).

The moral is that any property of F: .27 — % which may be stated
in terms of its behavior as a functor may be stated in terms of its
behavior as an object in (o7,%).
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136 ABELIAN CATEGORIES

between simple modules is either zero or an isomorphism and R is
isomorphic, as a ring, to a product of matrix rings over skew fields.

3. Let R be a semisimple ring, that is, a ring which obeys the de-
scending chain condition and has no nilpotent ideals (* = O im-
plies A = O). Every ideal in R is a direct summand, as an R-module,
of R. To prove it let % be a minimal counterexample. If W is not minj-
mal in the family of all nonzero ideals there exist 8 C 9 and a map
R—>Bsuchthat B8 =+ — R —B = 1. LettingC = Ker({ - R—
B), we obtain A=BEHE Hence U= R-BEE->A=1,
If A is minimal in the family of all nonzero ideals there must exist
x €U such that 9 — RS> U £ 0, otherwise ¥* = O. But any
nonzero endomorphism on a simple module is an automorphism.

By Theorem 6.14 every R-module is injective and R is isomorphic
to a finite product of matrix rings over skew fields.

F. Noetherian ideal theory

Let R be a ring which obeys the ascending chain condition for
left ideals. Alf modules over R will be understood to be left-modules.

Let F be an indecomposable injective and R — £ any nonzero
map. If O — A — R — Eis exact, then R/Y is embeddable in E and
R{U is absolutely indecomposable. Equivalently, U is not the inter-
section of two larger ideals, or as classically stated, U is indecom-
posable. Two indecomposable ideals %, B are such that R/ and
R/B have isomorphic injective envelopes iff there exists x,y € R such
that {re R |rxe¥W} = {re R|ry e B}.

Henceforth let R be commutative, that is, a Noetherian ring. The
last paragraph says that if R/ and R/B have isomorphic injective
envelopes there exists € C R such that ACE, BCE, and R/E
has the same injective envelope. The family of ideals Fg that appear
as kernels of maps R — E has a unique maximal member f. More-
over, for any x € R, {¢ | rx € P}, if not all of R, is a member of Fz.
That is P is a prime ideal. For any ¥ € Fg there exists x € R such
that {r|rx €U} = P, hence P is the only prime in Fgz. Every
indecomposable injective is the injective envelope of R/ for some
unique cheice of prime ideal .

Let P and P’ be prime ideals and E,E’ their corresponding injec-
tives. (E,EY £ Ot PC P
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CHAPTER 7

EMBEDDING THEOREMS

We return to the functor category (#/,%). In Chapter 5
we observed that (&£,9) is a Grothendieck category with a
generator, and in Chapter 6 we constructed, under such con-
ditions, injective envelopes.

7.1. FIRST EMBEDDING

Proposition 7.11

If an object E € (&, %) is injective, then it is a right-exact
Junctor,
Proof:

Let A" — A —~ A" — O be any exact sequence in 7. Applying
the representation functor H we obtain the exact sequence

0 — HY  H4 — HY in («,9).

The functor (—,E): (#,%) — % is an exact functor. Hence
we obtain the exact sequence
138
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Adjoint functor theorem, 84
Adjoint on the left, 81

Allows, 85, 118

Amenable, 119
Automnorphism class group, 28

Bifunctot, 74

Category, 5

Cogenerator, 69

Cogroup, 63

Coimage, 43

Cokernel, 27

Compact abelian group, 63, 106
Complcte, 26

Conjugate map, 33

Connecting homomorphism, 97
Contained, 1%

Contravariant, 15

Co-obvious, 69

Coreflection, 79
Correspondence, 104
Covariant, 15

Cword, 103

Derived functor, 151
Diagram, 95
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Difference cokernel, 22
Difference kernel, 21
Direct limit, 76

Direct sum, 47

Direct sum system, 50
Direct system, 76
Directed category, 76
Directly continuous, 77
Discrete category, 11
Divisible group, 132
Domain, 6

Doolittle diagram, 53
Dual category, 15

Effaceable, 150
Embedding, 66
Endomorphism, 49
Epimorphism, 18
Equivalent categories, 74
Essential extension, 124
Evaluation functor, 110
Exact functor, 66

Exact sequence, 45
Exact subcategory, 70
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140 ABELIAN CATEGORIES

Since x € F(A') C E(A"), we know that F # O. Since MCE
is essential, F N M # Q. In particular then, there is an object
B such that F(B) N M(B) # 0. Let 0 # y € F(B) N M{(B). By
the construction of F there is a map 4’ — B such that y =
[£(4) — E(B)](x). Let

A — A4
P
B P

be a pushout diagram. The pushout theorem asserts that B — P
is a monomorphism. Since M is a mono functor

[M(B) - M(P)(y) # 0,
and hence

0 # [E(B) — E(P)[(y) = [E(B) —~ E(P)][E(A"} — E(B))(x)
= [E{4") - E(P))(x)
= [E(4) — E(P)[E(A’) — E(A)](x)
=0,

a contradiction. l

Corollary 7.13
A group-valued functor may be embedded in an exact functor
iff it is a mono functor. |}

First embedding theorem, 7.14

Every small abelian category is isomorphic to an exact
subcategory of 9. Equivalently, for every small abelian category
& there is an exact embedding functor & — %. In the termi-
nology of Chapter 4, every abelian category is very abelian.

Proof:

Consider the group-valued functor G = ¥ H4. G is a mono
Aesd

functor, Let E be its injective envelope. By 7.13 E is an exact
functor. Since G is an embedding functor it follows that any
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142 ABELIAN CATEGORIES

where each component of % is the obvious epimorphism. Then
M(B) € .#, since 11B" & .4 and M(B) is a subobject of IIB".
Moreover, given any epimorphism B — B” where B” € .# we
may find M(B) — B" such that

B—> M(B)

N

commutes,
by defining M(B) —~ B” as M(B) > 118’ > B". |

Proposition 7.22
Let Be B, Mc 4, and B~ M any map. Then there is a
unique M(B) — M such thar

B—> M(B)

N\

In the terminology of Exercise 3-F, M(B) is the reflection of B
in M,

commulies.

Proof:

Let B — B" be the coimage of B — M. Since .# is closed
under subobjects, B” € .# and the maximality of M(B) among
mono quotients insures 2 map M(B) — B” such that

B—>MB >B =M B,

Hence, we may define M(B) -~ M as M(B) - B" — M where
B” — M is such that B — B" — M = B — M. Its uniqueness
is insured by the fact that B — M(B) is epimorphic. |

APPENDIX 15%

chapter but the chapter grew longer than the rest of the book,
I did validate the exercises as exercises during the 1963 NSF
Summer Institute in Algebra and the participating students
should be blessed for their service.

Mitcheil’s theorem of Chapter 4 appeared in his disserta-
tion [21].

The possible importance of functor categories was pointed
out to me by Watts, along with the niceness of the representation
functor. The nature of the Yoneda transformation was first
worked out by Yoneda [23].

Baer discovered and proved the existence of enough injective
modules [1], using as a start his theorem herein known as 6.14.
Injective envelopes were discovered by Eckmann and Schopf [5],
who constructed them by first taking any injective extension
and then minimizing. Grothendieck showed that the Baer con-
struction of injectives worked in Grothendieck categories with
generators [10]. Yes, Grothendieck discovered, but did not
name, Grothendieck categories. Mitchell [21] was the first to
construct injective envelopes in one sweep as maximal essential
extensions.

The weak embedding theorem was obtained independently
by Heron [13], Lubkin [18], and myself [8]. Our proofs were
entirely different. I do not think that it was coincidence that I
had just read Hurewicz and Wallman’s Dimension Theory [15],
which embeds topological spaces into Fuclidean space via a
theorem about function spaces.

For some time now there has been a flow of ideas between
Gabriel and myself. We have never met, or even corresponded.
At first we didn’t even know each other’s name. (I was known
as “a student of Xxxx” [2]. But I was not a student of Xxxx.)
Anyway, Gabriel first noticed the nice nature of the category
of left-exact functors. The proofs using injectives seem to be
mine. And to repeat, Mitchell put things together for the full
embedding theorem.
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144 ABELIAN CATEGORIES

where M(B) — E is the map insured by Proposition 7.22. It is
clear then that K — B” = 0 and that X is torsion. [}

-# is not in general an abelian category. Not every mono-
morphism in .# appears as a kernel of a map in .#.

Borrowing from group theory terminology, let us define a
subobject M'C M e .# to be pure if the exact sequence
O—-M —>M-—> MM —Olies in .4, ie., if M/{M’is mono.
We shali say that a mono object is absolutely pure iff whenever
it appears as a subobject of a mono object it is a pure subobject.
An everpresent example of such is an injective mono object.
Indeed, in the case of torsion-free modules over a domain such
are the only examples. In the case of mono functors, however,
we find that a mono functor M € (+#,%) is absolutely pure iff
it is left-exact.

First,

Lemma 7,25
IfO—- M, —~B—~M,— Oisexact in B gnd M, M, e K&,
then Be #.

Proof:
Let M, — E be an injective envelope, and B — E an extension
of M, — E. Then B — E ( M, is a monomorphism. [

Lemma 7.26
A pure subobject of an absolutely pure subobject is absolutely

pure.
Proof:
Let 4 be absolutely pure, 7 — 4 pure in 4, and P —~ M any
monomorphism into a mono object M,
Let
P-4

1]
M- R

APPENDIX I57

recognized the importance of the choice that they used the word
“blank” throughout most of the manuscript. After entertaining
an unrecorded number of possibilities they settled on “exact.”
It was initially suggested by history: the exact sequence in
DeRham’s theorem 1s about exact differentials. It was chosen
because it is descriptive, it is short, it translates easily, and it
inflects well (“exactly,” “exactness™).

The notion of projective objects is implicit in much early
work. MacLane called them “‘free”” objects [20] (and in a foot-
note used the word “fascist™ for the dual). The words *“pro-
jective” and “injective” appear in Cartan and Eilenberg [4].
MacLane’s “integral” objects [20] are the first generators. To
be precise, an integral object is a generator which does not
contain any generators as direct summands and which has no
nontrivial idempotents. He observed that the only integral
object in the category of groups is the group of integers, thus
anticipating all the Chapter | exercises. The word “‘generator”
appears in Grothendieck [10].

I might have been the first to observe that the additive
structure of an abelian category is implied by the other axioms.
On the other hand, MacLane knew [20] that the additive
structure could be recovered from the way in which maps
compose. The specific proof of the associativity, commutativity,
and identity of the two operations is probably from Eckmann
and Hilton, who seem to be responsible for the concept of
groups in categories. I learned the proof from Eilenberg who
also devised the neat construction of additive inverses.

The “classical” lemmas that close Chapter 2 have their
origins in algebraic topology (and hence, so does the entire
subject). I believe that Eilenberg, Hurewicz, MacLane, and
Steenrod were the prime movers. To Buchsbaum [2] goes the
credit for demonstrating that the lemmas are categorically
provable. He had been anticipated by MacLane’s proof [20]
that any map between extensions of the same objects was an
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The hypothesis of 2.64 is satisfied: F is mono iff M is left-
exact. |

We return to the abstract situation: a Grothendieck category
# and a full subcategory .# closed with respect to subobjects,
products, and essential extensions. We define % to be the full
subcategory of absolutely pure objects.

Given M ¢ .# we say that M - R, Re %, is a reflection
of Min ¥ if for everymap M — L, L € &, there is a unique
map R — L such that

M—5R

N\

commuties.

Recognition theorem 7.28

If the sequence O — M — R — T — Q is exact in %, M mono,
R absolutely pure, T torsion, then M — R is ¢ reflection of M
in &,

Proof:

Consider any M - L, Le . Let L — E be an injective
envelope and £ — F a cokernel of L — E. Consider the com-
mutative diagram with exact rows:

O—-M R>T->0

I 1
O—-1L - E->F->0

where R — E is any commutative map insured by the injective-
ness of E, T'— F the commutative map arising from the
exactness of rows,

APPENDIX

In writing and preparing this book 1 repeatedly told myself
that I would give everyone his credit in the appendix. Now the
book is written, the proofs are read, the publisher is waiting,
and I realize I don’t know who is to be credited for what.
There are some who learn by reading, I am told. The material
in this book 1 have learned ecither by discovery or by con-
versation,

The origin of concepts, even for a scholar, is very difficult to
trace. For a nonscholar such as me, it is easier. But less accurate.
Nonetheless, 1 have a few stories to tell. I shall tell them. I shall
read all the letters that refute them. I shall hope for enough
book buyers to pay for a revision.

To start at the beginning, MacLane tells me that there
is an intellectual ancestry for the words “category” and
“functor” in Kant’s Critique of Pure Reason. As I said in the
Introduction, he should know, for he and Eilenberg defined
them.

£S5
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148 ABELIAN CATEGORIES

T is torsion, R is a pure subobject of an absolutely pure object,
and hence absolutely pure. The top row fits the last theorem. |

Choosing M — R(M) a reflection in % for each M € .#, we

obtain an additive functor .# —> % and a natural trans-
formation from the identity functor on .4, I — R that induces
an isomorphism (I(M},L) — (R(M),L) forevery M € #,L e &.

7.3. THE ABELIANNESS OF THE CATEGORIES OF
ABSOLUTELY PURE OBJECTS AND
LEFT-EXACT FUNCTORS

Theorem 7.31
& is abelian and every object has an injective envelope.

Proof:

Axiom 0. The zero object is obvious.

Axiom 1,1*. For M c .# it is the case that M e ¥ iff
M — R(M) is an isomorphism. R is an additive functor, Hence
& is closed under the formation of products and sums.

Axiom 2. Lemma 7.26 asserts that the #-kernel of (I, —~L,) e
& is in & and hence & has kernels. Moreover, a map in &
is an .Z-monomorphism iff it is a #-monomorphism.

Axiom 3. Given a monomorphism L, —L,€.¥ let O —
Ly —=L;—> M — O be exact mn #. The absolute purity of L,
asserts that M  .#. Then L, — L, = Ker(L, — M — R(M)).

Axiom 2*. LetL, - L,e X and I, - L, - F — O be exact
in #. Then L, - F — M(F) — R(M(F)) = Cok(L, — L,).

Axiom 3*. The above construction shows that a map
Ly +L;e? is an Z-epimorphism iff the #-cokernel of
Ly — L, is torsion. Let L, — L, be an F-epimorphism, and
M—L, the %-image of L, - L,, O >M—->L,—-T—0
exact in #. T Is torsion and the recognition theorem asserts

EMBEDDING THEOREMS 153

3. For Fe (¥ ,%) we say that Fis a sheaf if O — (A, F)— (B,F)—~
(C,F)is exact for all fundamental C — 8 — 4 in (F,%). An injective
substantial presheaf is a sheaf.

We may apply the abstract situation of this chapter to prove that
the full subcategory of sheaves (X) is an abelian category with

injective envelopes and that there is an exact functor (7,%) =
F(X)C (T ,%) and a transformation from the identity functor 7 —
S such that for every F — T, T € (X)) there is a unique map S(F}— T
such that
I(F)— S(F)
N Y
T

commutes.

S(X) 1s a Grothendieck category (Exercise 7-D), but the inclusion
functor F(X)— (7 ,%9), unlike P(&) — (,%), is not directly
continuous.

G. Relative homological algebra

Let o be a small additive category and A a family of mono-
morphisms which appear as kernels in % and such that

(0) Forevery des/, 1, M,
(1) M is closed under composition,
QD IfA—-B—>CeMthend—>Be M.

() f A—>~BeM and A— Ce then there exist maps
C — DeMand B— D e such that

A—B
Lol

C—D commutes,

We give some examples of such families:

1. The family of all menomorphisms in an abelian category.
2. The family of all splitting monomorphisms in an additive
category.
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E an injective cogemerator in (o). This last sequence is
isomorphic by the Yoneda theorem, 5.34, to

G — E(A') = E(d4) > EA"}y—~ 0

and this sequence is always exact iff £ is an exact functor.
The exactness of E was proved in the essential lemma 7.12. §}

Theorem 7.34 (Mitchell)
Every abelian category is fully abelian.

Proof:

The last theorem shows that for every small abelian category
there is an exact full contravariant embedding into a complete
abelian category with an injective cogenerator. By taking the
dual of the range category, we obtain for every small abelian
category an exact full embedding (covariant} into a complete
abelian category with a projective generator. Theorem 4.44
implies therefore that for every small abelian category there is
an exact full embedding into a category of modules. |

EXERCISES

A. Effaceable and torsion functors

Let Fe (W, %), A c oA, x € F(A). xis an effaceable element if there
is a monomorphism 4 — B such that [F{4) — F(B)](x) = 0. Fis an
effaceable functor if all elements in F are effaceable.

1. Subfunctors and quotient functors of effaceable functors are
cffaceable.

2. The only effaceable mono functors are trivial.

3. Effaceable functors are torsion functors.

4. Define T(A4) = {x € F{(4) | x is effaceable}. T is a subfunctor of
F. (Use the pushout theorem.)

EMBEDDING THEOREMS Isi

5. F|T is momno.
6. T is the maximal torsion subfunctor of F and torsion functors
are effaceable.

B. Effaceable functors and injective objects
If o/ has injective extensions then Fe(/,%) is effaceable iff
F(Q) = O for all injective Q € &

C. Oth right-derived functors

Define R,: (oA, %) — L) = (A, 9) 2> M(A) "> F(f)and
F— Ry(F)= F— M(F)—~ R(M(F)). F— Ry(F) is the Oth right-
derived functor of F.

1. For any F— L, Le.%(xf) there is a unique factorization
Ry(Fy— Lsuchthat F—~L =F— R(Fy— L.

2If 0> >F—>R—->T,—0 is exact in (#,9), T, T,
torsion and R left-exact, then R = Ry(F).

3, Given F— Re(o4,9), ReF(af), where &7 has injective
extensions; F — R is the Oth right-derived functor iff O — F(Q) —
R(Q) — O is exact for all injective 0 € &

4. Let O - 4 — g — A" — O be exact in &/, @ injective. Then
F(A) — Ker(F(Q) — F(A")) = F(A) — RF(A).

D. Absolutely pure objects
In the abstract situation define

Ry B—YL =3 #5 .

1. R is an exact functor. (Use an injective cogenerator on #.)

2. Ry: # — & preserves right roots, as do all reflectors, and we
may construct right roots for # by constructing them in & and then
reflecting in &, Since R,: # — & is also left-exact we obtain a proof
via Exercise 5-E that ¥ is a Grothendieck category.

E. Cemputations of Oth right-derived functors

Let Fe{(.o/,%). For each 4 € o consider the set of pairs S(4) =
{(A—B,y)| A— B is a monomorphism, ye€ F(B)}. Given two
elements in S(A) define (4 — By, y,) = (4 — B,, y,} iff there exist



