Theory and Applications of Categories, Vol. 14, No. 14, 2005, pp. 310–327.

CLASSIFICATION OF CONCRETE GEOMETRICAL CATEGORIES

YVES DIERS

Abstract. A precise concept of concrete geometrical category is introduced in an axiomatic way. To any algebra L for an many-sorted infinitary algebraic theory T is associated a concrete geometrical category Geo(L), the so-called classifying concrete geometrical category of L, satisfying a universal property. The terminology "geometrical" is justified firstly for Geo(L) and secondly for any concrete geometrical category by proving that they are all classifying ones. The legitimate category CGC of concrete geometrical categories is build up and proved to be the dual of the legitimate category TGC of topological geometrical categories.

1. Introduction

The aim of the work is the unification of geometrical structures and the introduction of a precise concept of geometrical categories. We set bounds to our ambition by dealing only with geometrical structures which are carried by sets and lead to categories which are concrete over Set. The objects of these geometrical categories are sets equipped with a geometrical structure, called geometrical spaces, and their morphisms are maps preserving the structure, called geometrical maps.

We start with an axiomatic definition of concrete geometrical categories which implies that they are complete, cocomplete, wellpowered, cowellpowered, coregular, with enough injective objects and free objects, and enjoy the transportability of structures along bijections. Morphisms of concrete geometrical categories are defined in a natural way and are the morphisms of the category CGC of concrete geometrical categories. Not only this category is legitimate i.e. it has small hom sets but, moreover, it is cocomplete and coregular. Its regular monomorphisms are precisely the full embeddings of concrete geometrical categories ; they are represented by full geometrical subcategories and characterized as full limit-completions of sets of injective objects.

We construct, for any algebra L for an many-sorted infinitary algebraic theory T, a concrete geometrical category Geo(L), the so-called classifying concrete geometrical category of L, which contains a canonical injective algebra object A carried by L, the so-called generic injective algebra carried by L, which satisfies the following universal property: for any concrete geometrical category X and any injective algebra object B of X carried by L, there exists a unique morphism of concrete geometrical categories

Received by the editors 2004-06-09 and, in revised form, 2005-05-31. Transmitted by Robert Paré. Published on 2005-09-26. 2000 Mathematics Subject Classification: 18B99, 18F99, 18C99.

Key words and phrases: concrete geometrical category, classifying geometrical category, topological geometrical category.

©Yves Diers, 2005. Permission to copy for private use granted. 310

R : Geo(L) −→ X such that the algebra object R(A) is identical to B. The objects of Geo(L) are, up to isomorphisms, precisely the sets of solutions with values in L of systems of T-algebraic equations in many variables. According to the general idea of algebraic geometry, these objects are geometrical spaces: if one thinks of L as being a generalized affine line, any power of L as being a generalized affine space whose elements are points, then any object of Geo(L) is thought as being a locus of points satisfying algebraic equations. In this way, we justify the terminology "geometrical" not only for Geo(L) but indeed for any concrete geometrical category by proving that they are all classifying concrete geometrical categories.

A special class of concrete geometrical categories is that of topological geometrical categories introduced previously in [5]. With their natural morphisms, they form the legitimate category TGC. The relation between the two categories CGC and TGC is not simple. On the one hand, there is a canonical natural embedding of categories J : TGC^{op} → CGC, but on the other hand, there is a duality of categories A : TGC^{op} → CGC. The functor A assigns to a topological geometrical category X its full subcategory AX of algebraic objects, and its quasi-inverse assigns to a concrete geometrical category X its topological geometrical completion EX.

We end with a long list of examples of concrete geometrical categories classified by algebras.

2. Concrete geometrical categories

Let us recall that a concrete category over Set is a category X equipped with a faithful forgetful functor U : X → Set ([1], Definition 5.1.), that it is said to be uniquely transportable provided that, for any object X of X, any set E and any bijection g : U(X) → E, there exists a unique isomorphism f : X → Y of X such that U(f) = g ([1], Definition 5.28.), and that it is said to be concretely complete provided it has small limits preserved by U ([1], Definition 13.12). Let us say that an object X of X is injective if it is injective with respect to the class of regular monomorphisms of X ([1], Definition 9.22), that is, if Hom_X(f, X) is surjective for any regular monomorphism f of X, and that the category X has enough injective objects provided that any object is a regular subobject of an injective one. Let us recall that a set X of objects of X is called a strong cogenerating set provided that any morphism f of X such that Hom_X(f, X) is bijective for any X ∈ X is an isomorphism.

2.1. Definition. A concrete geometrical category is a concrete category over Set which is concretely complete, uniquely transportable, and has a strong cogenerating set of injective objects.

2.2. Proposition. A concrete geometrical category is amnestic, fibre-small, wellpowered, cowellpowered, cocomplete, coregular, and has enough injective objects and free objects.

Proof. Let (X, U) be a concrete geometrical category with a strong cogenerating small family of injective objects (X_i)_{i∈I} . According to ([1], Proposition 5.29), X is amnestic i.e. any isomorphism of X whose underlying map is an identity is itself an identity. Let us prove that X has an (epi, regular mono)-factorization structure. Let f : X → Y be a morphism, g : Z → Y the collective equalizer of the set of pairs of morphisms of the form (u, v) : Y ⇒ X_i with i ∈ I coequalizing f, and h : X → Z the morphism such that gh = f. Then g is a regular monomorphism and h is an epimorphism since, for any pair of morphisms (v, w) : Z ⇒ X_i coequalizing h, there exists a pair of morphisms (v^′, w^′) : Y ⇒ X_i such that v^′g = v and w^′g = w, hence we have v^′f = v^′gh = vh = wh = w^′gh = w^′f, thus v^′g = w^′g and v = w. It follows that regular monomorphisms are identical to extremal monomorphisms and stable under composition. Moreover a morphism f such that Hom_X(f, X_i) is surjective for any i ∈ I factors in the form f = gh where h is an epimorphism such that Hom_X(h, X_i) is bijective, hence h is an isomorphism and g is a regular monomorphism. Consequently f is a regular monomorphism if and only if the maps Hom_X(f, X_i) are surjective for any i ∈ I, and therefore regular monomorphisms are co-universal i.e stable under pushout along any morphism. As a result, the category X is coregular [1, 14.E]. For any object X of X, the set of morphisms of the form X → X_i (i ∈ I) defines a morphism f : X → Π_{i∈I} X^{HomX(X,Xi)}_i which is a regular monomorphism since Hom_X(f, X_i) is surjective for any i ∈ I. Since any X_i is an injective object, Π_{i∈I} X^{HomX(X,Xi)}_i is injective, and X is a regular subobject of an injective object. Consequently X has enough injective objects. Let us prove that X is fibre-small. Let E be a set, X(E) the fibre of X at E, E_i = U(X_i) for any i ∈ I, E = Π_{i∈I} P(E^E_i ) the product of the power sets P(E^E_i ) and φ : X(E) → E the map defined by φ(X) = (φ_i(X))_{i∈I} = ({U(f) : f : X → X_i})_{i∈I} . Let us prove that φ is injective. Let X, X^′ ∈ X(E) such that φ(X) = φ(X^′). According to what we have seen above, we get two regular monomorphisms , f : X → Π_{i∈I} X^{HomX(X,Xi)}_i ≃ Π_{i∈I} X^{φi(X)}_i , f^′ : X^′ → Π_{i∈I} X^{HomX(X′,Xi)} i ≃ Π_{i∈I} X^{φi(X′)}_i having the same underlying map U(f) : E → Π_{i∈I} E^{φi(X)}_i and same codomain. Then we have X ≃ X^′ in X(E), and X = X^′ since X is amnestic. As a result X is fibre-small. Let X be an object of X and E = U(X). For a monomorphism f : Y → X, the injective map U(f) : U(Y ) → E induces a bijection U(Y ) ≃ F between U(Y ) and the image F of U(f) thus, since X is uniquely transportable, there exists a subobject f^′ : Y^′ → X of X isomorphic to f such that U(Y^′) = F and U(f^′) is the insertion of F in E. It follows that the class of subobjects of X can be embedded into the set ⋃ F ∈P(E) X(F ), so that it is a set. Consequently X is wellpowered. Then, according

to ([12], Proposition 16.4.8), X is cocomplete. According to ([12], Proposition 16.4.7) the forgetful functor U : X → Set has a left adjoint i.e. X has enough free objects. Let X be an object of X and F the set of morphisms of the form f : X → Π_{i∈I} X^{Ei}_i with E_i ⊂ Hom_X(X, X_i) for any i ∈ I. For any epimorphism f : X → Y , there is a regular monomorphism of the form g : Y → Π_{i∈I} X^{HomX(Y,Xi)}_i ≃ Π_{i∈I} X^{Ei}_i . Thus any quotient object of X arises in the coregular factorization of some morphism of F, hence they form a set and X is cowellpowered.

2.3. Definition. A morphism of concrete geometrical categories is a concrete functor R : X → Y between two concrete geometrical categories which is continuous and preserves injective objects.

2.4. Proposition. For a concrete functor R : X → Y between two concrete geometrical categories, the following assertions are equivalent:

(i). R is morphism of concrete geometrical categories.

(ii). R has a left adjoint preserving regular monomorphisms.

Proof. (i) ⇒ (ii): The functor R has a left adjoint S according to ([12], Proposition 16.4.7). Let f : Y → Z be a regular monomorphism of Y and S(f) = me the coregular factorization of S(f) in X where e : S(Y ) → X is an epimorphism and m : X → S(Z) a regular monomorphism. For any injective object T of X, R(T ) is injective in Y, thus the map Hom_X(S(f), T ) ≃ Hom_Y(f, R(T )) is surjective, hence the map Hom_X(e, T ) is surjective and indeed bijective. Since injective objects form a strong cogenerating class in X, e is an isomorphism and S(f) is a regular monomorphism.

(ii) ⇒ (i): The functor R is continuous since it has a left adjoint S. For an injective object X of X and any regular monomorphism f of Y, S(f) is a regular monomorphism, thus Hom_Y(f, R(X)) ≃ Hom_X(S(f), X) is surjective, hence R(X) is injective.

2.5. Proposition. Concrete geometrical categories and their morphisms form a legitimate category CGC.

Proof. It is enough to prove that the class M of morphisms R : X → Y between two concrete geometrical categories X and Y is a set. Let (X_i)_{i∈I} be a small strong cogenerating set of injective objects of X, Y the set of objects of Y whose underlying set is the underlying set of some X_i (i ∈ I), and φ : M → Y^I the map defined by φ(R) = (R(X_i))_{i∈I} . Let R, T ∈ M be such that φ(R) = φ(T ). For any object X of X, the canonical morphism f : X −→ Π_{i∈I} X^{HomX(X,Xi)}_i is a regular monomorphism according to the proof of Proposition 2.2, hence both morphisms R(f) : R(X) → Π_{i∈I} R(X_i)^{HomX(X,Xi)} and T (f) : T (X) → Π_{i∈I} T (X_i)^{HomX(X,Xi)} are regular monomorphisms of Y having the same codomain and same underlying map, and thus are identical, so that R(X) = T (X). Consequently R = T , φ is injective and M is a set.

3. Full geometrical subcategories.

3.1. Definition. A full geometrical subcategory of a concrete geometrical category X is a full subcategory Y of X such that the insertion functor Y → X is a morphism of concrete geometrical categories.

3.2. Theorem. For a full subcategory Y of a concrete geometrical category X, the following assertions are equivalent:

(i). Y is a full geometrical subcategory of X

(ii). Y is a full limit-completion of a set of injective objects of X.

Proof. (i) ⇒ (ii): Let Y be a strong cogenerating set of injective objects of Y. It is a set of injective objects of X, according to Definition 2.3 Let P be the class of objects of X which are products of small families of objects of Y. According to the proof of Proposition 2.2, any object of Y is a regular subobject of an object of P, and thus is an equalizer of a pair of morphisms between two objects of P. It follows that any full limit-closed subcategory of X containing Y contains Y. Since Y is limit-closed in X, it is a limit-completion of Y in X.

(ii) ⇒ (i): Let Y be a set of injective objects of X. Let P be the class of objects of X which are products of small families of objects of Y, and M the class of morphisms of X which are equalizer of some parallel pair of morphisms whose codomain belongs to P. Then M is a class of regular monomorphisms of X closed under products, intersections and pullback along any morphism. Let us prove that M is closed under composition. Let f : X → Y , g : Y → Z be two morphisms of M, respective equalizers of some pair of morphisms (u, v) : Y ⇒ R, (r, s) : Z ⇒ S with R, S ∈ P. Since R is injective, there exists a pair of morphisms (u^′, v^′) : Z ⇒ R such that u^′g = u and v^′g = v. Let us prove that gf is the equalizer of the pair of morphisms ((u^′, r), (v^′, s)) : Z ⇒ R × S. If t : T → Z is a morphism equalizing ((u^′, r), (v^′, s)), then t equalizes (r, s) hence factors through g in the form t = gh where h : T → Y is a morphism equalizing (u, v) since uh = u^′gh = u^′t = v^′t = v^′gh = vh, and thus h factors through f in the form h = fw, so that the morphism t = gh = gfw factors uniquely through gf. As a result M is stable under composition. Let Y be the full subcategory of X whose objects are those X such that there exists some morphism f : X → Y of M whose codomain Y belongs to P. Then Y is closed in X under products. It is also closed under equalizers since for any pair of morphisms (f, g) : X ⇒ Y of Y there are objects X^′ and Y^′ in P and morphisms u : X → X^′ and v : Y → Y^′ in M, so that the equalizer h : Z → X of (f, g) in X is the equalizer of (vf, vg), thus h ∈ M, uh ∈ M, Z ∈ Y, and h is the equalizer of (f, g) in Y. It follows that Y is limit-closed in X and thus is a concretely complete concrete category over Set. Moreover Y is a set of injective objects of Y which is a regular cogenerating set of Y, hence which is a strong cogenerating set in Y. As a result, Y is a concrete geometrical category. Let Y be an injective object of Y, and m : Y → Z a morphism in M with Z ∈ P. Since m is a regular monomorphism of Y, Y is a split subobject of Z. Because Z is injective in X, Y is injective in X.Consequently the insertion functor Y → X as a morphism of concrete geometrical categories, so that Y is a full geometrical subcategory of X.

Proof. In the second part of the proof of Theorem 3.2, the property that X has a strong cogenerating set of injective objects has not been used. Therefore, by abuse of language, one can speak of a full geometrical subcategory of X even in the case when X has no strong cogenerating set of injective objects, provided that the other properties are fulfilled. Then, the limit-completion of a set of injective objects Y of X will be called the full geometrical subcategory of X generated by Y.

4. Topological geometrical categories

According to ([5], Definition 3.1.), a topological geometrical category is a concrete category over Set which is topological i.e. creates initial or final structures, and has an initially dense set of initially injective objects.

4.1. Theorem. Any topological geometrical category is a concrete geometrical category.

Proof. Let X be a topological geometrical category with an initially dense set of initially injective objects X. Since regular monomorphisms of X are embeddings hence are initial morphisms, the objects of X are injective. Let T be the indiscrete object of X on the set {0, 1}. It is an injective object since, for any regular monomorphism f of X, U(f) is injective, thus Hom_X(f, T ) ≃ Hom_{Set}(U(f), {0, 1}) is surjective. Let us prove that X ∪ {T } is an initially dense set in X. Let f : Y → Z be a morphism of X such that Hom_X(f, X) is bijective for any X ∈ X ∪ {T }. Then Hom_{Set}(U(f), {0, 1}) ≃ Hom_X(f, T ) is bijective and, since {0, 1} is a strong cogenerator in Set, U(f) is bijective. Since the set of morphisms g : Y → X (X ∈ X) is initial and each of them factors through f, the morphism f is initial, hence is an isomorphism. As a result, X∪{T } is strong cogenerating set of injective objects of X, and X is a concrete geometrical category.

4.2. The embedding T : TGC^{op} → CGC.

According to ([5], Definition 4.1.), a morphism of topological geometrical categories is a concrete functor S : X → Y between two topological geometrical categories which preserves initial morphisms and final families of morphisms. They are the morphisms of the legitimate category TGC. According to the Galois correspondence Theorem ([1], Theorem 21.24), the functor S has a unique concrete right adjoint R : Y → X which is a morphism of concrete geometrical categories, since its left adjoint S preserves regular monomorphisms. Then we get the embedding of categories J : TGC^{op} −→ CGC defined by J (X) = X and J (S) = R.

5. Algebraic objects

Let X be a topological geometrical category.

5.1. Definition. The category AX of algebraic objects of a topological geometrical category X is the full limit-completion of the class of initially injective objects of X.

5.2. Theorem. AX is a full geometrical subcategory of X.

Proof. Let X be an initially dense set of initially injective objects of X. According to Theorem 3.2 the full limit-completion of X in X is a full geometrical subcategory Y of X. Let Y be an initially injective object of X. The canonical morphism f : Y −→ Π_{X∈X}X^{HomX(Y,X)} is initial, thus factorizes the identity of Y , thus is a split monomorphism whose codomain belongs to Y, hence Y belongs to Y. It follows that Y is the full limitcompletion of the class of initially injective objects of X.

5.3. Proposition. If Z : X −→ AX is the reflector and η its unit, then:

1. η_X is an initial morphism for any X in X,

2. a morphism f of X is initial if and only if Z(f) is a regular monomorphism of AX.

3. an object X of X is initially injective if and only if it is an injective object of AX.

Proof.

1. Let X be an initially dense set of initially injective objects of X. The canonical morphism f : X −→ Π_{Y ∈X}Y^{HomX(X,Y )} is an initial morphism of X which factors through η_X . Thus η_X is initial.

2. Let f : X −→ Y be an initial morphism of X and Z(f) = me the coregular factorization of Z(f) in AX, where e is an epimorphism and m a regular monomorphism. For any object T ∈ X, the map Hom_{AX}(Z(f), T ) ≃ Hom_X(f, T ) is surjective, thus the map Hom_{AX}(e, T ) is surjective and indeed bijective. Since X is a strong cogenerating set of objects of AX, e is an isomorphism, hence Z(f) is a regular monomorphism of AX. Conversely if Z(f) is a regular monomorphism of AX, it is a regular monomorphism of X, thus an initial morphism of X, hence η_Y f = Z(f)η_X is initial in X and f is an initial morphism.

3. An initially injective object of X belongs to AX by definition and is injective in X and in AX. Conversely if X is an injective object of AX then, for any initial morphism f of X, Z(f) is a regular monomorphism of AX, hence the map Hom_X(f, X) ≃ Hom_{AX}(Z(f), X) is surjective, thus X is initially injective in X.

5.4. The functor A : TGC^{op} −→ CGC.

Let G : X −→ Y be a morphism of topological geometrical categories. Its concrete right adjoint H is continuous and preserves algebraic objects and induces a continuous concrete functor A(G) : AY −→ AX. If Y is an injective object of AY, it is an initially injective object of Y (Proposition 5.3), thus H(Y ) is an initially injective object of X and A(G)(Y ) an injective object of AX. Therefore A(G) : AY −→ AX is a morphism of concrete geometrical categories. It follows a functor A : TGC^{op} −→ CGC defined by A(X) = AX and A(G) just defined.

5.5. Proposition. . The functor A : TGC^{op} −→ CGC is full and faithful.

Proof.

(a). Let G, G^′ : X ⇒ Y be a pair of morphisms of topological geometrical categories such that A(G) = A(G^′). Let H, H^′ be the respective concrete right adjoints to G, G^′ and Y an object of Y. Since AY contains all initially injective objects of Y, the family of morphisms f : Y −→ Z (Z in AY) is initial in Y, thus both the families of morphisms H(f) : H(Y ) −→ H(Z) (Z in AY) and H^′(f) : H^′(Y ) −→ H^′(Z) (Z in AY) are initial in X. Since they have the same families of underlying maps and H(Z) = H^′(Z) for any Z in AY, they are identical, hence H(Y ) = H^′(Y ). As a result H = H^′, G = G^′, and A is faithful.

(b). Let X, Y be a pair of topological geometrical categories with respective underlying functors U, V and categories of algebraic objects AX, AY whose reflectors are both denoted by Z and units by η. Let R : AY −→ AX be a morphism of concrete geometrical categories with left adjoint S and unit θ. For any object X of X, let φ_X : G(X) −→ S(Z(X)) be the initial morphism of Y whose underlying map is V (φ_X ) = U(θ_{Z(X)}η_X ). For any morphism f : X −→ X^′ of X, let G(f) : G(X) −→ G(X^′) be the morphism of Y such that φ_X′ G(f) = S(Z(f))φ_X and V (G(f)) = U(f). We get a concrete functor G : X −→ Y and are going to prove that it is a morphism of TGC such that A(G) = R.

(c). The functor G preserves initial morphisms since, for any initial morphism f : X −→ X^′ of X, Z(f) is a regular monomorphism of AX (Proposition 5.3, S(Z(f)) is a regular monomorphism of AY (Proposition 2.4) thus is an initial morphism of Y, φ_X′ G(f) = S(Z(X))φ_X is an initial morphism of Y, hence G(f) is an initial morphism of Y.

(d). For any object Y of Y, let ψ_Y : H(Y ) −→ R(Z(Y )) be the initial morphism of X whose underlying map is U(ψ_Y ) = V (η_Y ). For any morphism g : Y −→ Y^′ of Y, let H(g) : H(Y ) −→ H(Y^′) be the morphism such that ψ_Y ′ H(g) = (R(Z(g)))ψ_Y and U(H(g)) = V (g). We get a concrete functor H : X −→ Y and are going to prove that it a concrete right adjoint to G or equivalently that (G, H) is a Galois correspondence ([1], Theorem 21.24).

(e). The functor H induces the functor R since for any object Y of AY, the morphism η_Y is an identity, V (η_Y ) = U(ψ_Y ) is an identity, ψ_Y is an identity and H(Y ) = R(Y ). The functor H preserves initial morphism since, for any initial morphism g : Y −→ Y^′ of Y, Z(g) is a regular monomorphism of AY (Proposition 5.3), R(Z(g)) is a regular monomorphism of AX (Proposition 2.4) thus is an initial morphism of X, ψ_Y ′ H(g) = R(Z(g))ψ_Y is an initial morphism of X, hence H(g) is an initial morphism of X.

(f). Let X be an object of X. The morphisms H(φ_X ) : H(G(X)) −→ H(S(Z(X))) and θ_{Z(X)}η_X : X −→ R(S(Z(X))) have the same codomain and the same underlying map U(H(φ_X )) = V (φ_X ) = U(θ_{Z(X)}η_X ). Since H(φ_X ) is initial, we have X � H(G(X)) in the fibre of X at U(X).

(g). Let Y be an object of Y. The morphism ψ_Y : H(Y ) −→ R(Z(Y )) factors in the form ψ_Y = fη_{H(Y )} where f : Z(H(Y )) −→ R(Z(Y )) factors in the form f = R(g)θ_{Z(H(Y ))} where g : S(Z(H(Y ))) −→ Z(Y ). Then we get a morphism gφ_{H(Y )} : G(H(Y )) −→ Z(Y ) whose underlying map is

V (gφ_{H(Y )}) = V (g)V (φ_{H(Y )}) = U(R(g)) U ( θ_{Z(H(Y ))} ) = U ( R(g)θ_{Z(H(Y ))} ) = U(fη_{H(Y )}) = U(ψ_Y ) = V (η_Y ).

Since η_Y is initial, we have G(H(Y )) ≤ Y in the fibre of Y at V (Y ). As a result, (G, H) is a Galois correspondence between X and Y ([1], Definition 6.25), the functor G has a concrete right adjoint H and preserves final families of morphisms ([1], Theorem 21.24.), hence is a morphism of TGC such that A(G) = R. Therefore A is full.

6. Topological geometrical completion

Let X be a concrete geometrical category with forgetful functor U, free functor F , unit η and counit μ. Let EX be the category whose objects are the ordered pairs (E, ε) of a set E and a quotient object ε of F (E) in X, and whose morphisms (E, ε) −→ (E^′, ε^′) are the maps f : E −→ E^′ such that there exist some representative q : F (E) −→ X of ε, q^′ : F (E^′) −→ X^′ of ε^′ and some morphism u : X −→ X^′ of X such that uq = q^′F (f).

6.1. Theorem. EX is a topological geometrical category whose category of algebraic objects is isomorphic to X.

Proof.

(a). EX is a concrete category over Set whose forgetful functor V : EX −→ Set is defined by V (E, ε) = E and V (f) = f. Let f : (E, ε) −→ (E^′, ε^′) be an isomorphism of EX such that V (f) is an identity. Then E = E^′, F (E) = F (E^′), and if ε, ε^′ are represented by q : F (E) −→ X, q^′ : F (E^′) −→ X^′ respectively, there exist u : X −→ X^′ and v : X^′ −→ X such that uq = q^′ and vq^′ = q. Then q ∼ q^′, ε = ε^′, (E, ε) = (E^′, ε^′), and f is the identity of (E, ε). As a result, the functor V is amnestic ([1], Definition 5.4).

(b). Let us prove that EX has initial structures. For any morphism f : X −→ Y of X and any quotient object ε of Y represented by q : Y −→ Q, we denote by f^∗(ε) the quotient object of X represented by the epimorphism p : X −→ P arising in the coregular factorization mp = qf of qf in X. Let (E_λ , ε_λ )_{λ∈Λ} be a family of objects of EX and (f_λ : E −→ E_λ )_{λ∈Λ} a family of maps. Let ε = ⋁ λ∈Λ F (f_λ )^∗(ε_λ ) be the co-union, in the complete lattice Quot(F (E)) of quotient objects of F (E) in

X, of the family (F (f_λ )^∗(ε_λ ))_{λ∈Λ} . Then we get an object (E, ε) of EX together with a family of morphisms (f_λ : (E, ε) −→ (E_λ , ε_λ ))_{λ∈Λ} of EX. Let (g_λ : (D, δ) −→ (E_λ , ε_λ ))_{λ∈Λ} be a family of morphisms of EX and m : D −→ E a map such that f_λ m = g_λ for any λ ∈ Λ. The direct image of δ along F (m) is bigger in Quot(F (E)) than any F (f_λ )^∗(ε_λ ) with λ ∈ Λ, thus is bigger than ε. Hence m is a morphism (D, δ) −→ (E, ε). As a result (f_λ : (E, ε) −→ (E_λ , ε_λ ))_{λ∈Λ} is an initial family of morphisms and EX a topological category over Set.

(c). Let J : X −→ EX be the functor defined by J(X) = (U(X), μ_X ) and J(f) = U(f).

It is an embedding of categories. It is full since for any objects X, Y of X and any morphism g : (U(X), μ_X ) −→ (U(Y ), μ_Y ), there exists a morphism f : X −→ Y of X such that g = U(f) = J(f). The functor J has a left adjoint S which assigns to an object (E, ε) an object X such that ε is represented by q : F (E) −→ X and to a morphism f : (E, ε) −→ (E^′, ε^′) the morphism u : X −→ X^′ such that uq = q^′F (f) where q^′ : F (E^′) −→ X^′ represents ε^′. It follows that J induces an isomorphism of concrete categories between X and the full reflective subcategory Y = J(X) of EX.

(d). According to the description of initial structures given in b), we see that a morphism f of EX is initial if and only if the morphism S(f) is a regular monomorphism of X. It follows that an object X of X is injective in X if and only if J(X) is initially injective in EX. Let (X_i)_{i∈I} be a small strong cogenerating family of injective objects of X. Then (J(X_i))_{i∈I} is a small family of initially injective objects of EX. Let (E, ε) be an object of EX. The unit morphism ν : (E, ε) −→ J(S(E, ε)) is initial, there exists a regular monomorphism of X of the form f : S(E, ε) −→ Π_{i∈I} X^{ni}_i , thus there exists an initial morphism of EX of the form J(f)ν : (E, ε) −→ Π_{i∈I} J(X_i)^{ni} . Therefore the family of objects (J(X_i))_{i∈I} is initially dense in EX. As a result, EX is a topological geometrical category.

(e). The subcategory Y of EX being the full limit-completion of (J(X_i))_{i∈I} is also the full limit-completion of the class of initially injective objects of EX, hence is the category of algebraic objects of EX.

6.2. Definition. EX is called the topological geometrical completion of X.

6.3. Theorem. The functor A : TGC^{op} −→ CGC is an equivalence of categories.

Proof. Follows from Proposition 5.5. and Theorem 6.1.

6.4. Corollary. The category CGC is cocomplete and coregular.

Proof. Follows from ([5], Theorem 4.5.)

6.5. Proposition. For a morphism of concrete geometrical categories R : X −→ Y, the following assertions are equivalent:

(i). R is full.

(ii). R is a full embedding.

(iii). R is a regular monomorphism in CGC.

Proof. (i) =⇒ (ii). Follows from ([1], Proposition 5.10.).

(ii) =⇒ (iii). Let G be a left adjoint to R such that GR = 1_X (Proposition 2.4). Let us identify X (resp. Y) with a subcategory of EX (resp. EY). According to Theorem 6.3, the functor G extends to a morphism of topological geometrical categories T : EY −→ EX such that A(T ) = R. Let E be an object of EX. There exists an object X of X together with an initial morphism f : E −→ X of EX. Let Y = R(X) and g : F −→ Y be the initial lift in EY of the map U(f) : U(E) −→ V (Y ). Since T preserves initial morphisms, T (g) : T (F ) −→ T (Y ) = GR(X) = X is an initial morphism of X having the same underlying map as the initial morphism f : E −→ X, thus we have T (F ) = E. Therefore the functor T is surjective on objects, and thus surjective, being part of a Galois correspondence. According to ([5], Corollary 4.6) T is a regular epimorphism in the category TGC and, according to Theorem 6.3, R = A(T ) is a regular monomorphism in the category CGC.

(iii) =⇒ (i). According to Theorem 6.3, the morphism R is of the form R = A(T ) where T a regular epimorphism of TGC whose right adjoint M induces R. Then T M = 1_{EX}, M is full, hence R is full.

6.6. Corollary. Regular subobjects in the category CGC are precisely represented by full geometrical subcategories.

7. Classifying concrete geometrical categories

Let L = (L_i)_{i∈I} be an algebra for an I-sorted infinitary algebraic theory T.

7.1. Affine sets over L.

According to ([5], Definition 2.1.), an affine set over L is a set X equipped with a Tsubalgebra A(X) of the power T-algebra L^X = (L^X_i )_{i∈I} . They are the objects of the topological geometrical category Af Set(L) whose morphisms (X, A(X)) → (Y, A(Y )) are the maps f : X → Y such that vf ∈ A_i(X) for any i ∈ I and v ∈ A_i(Y ) [5]. In particular for an I-indexed family of sets (n_i)_{i∈I} , E = Π_{i∈I} L^{ni}_i is an affine set over L called the affine space of type (n_i)_{i∈I} over L. An algebraic equation of type (n_i)_{i∈I} of T is a pair of operations (ω, μ) : (n_i)_{i∈I} ⇒ j of type ((n_i)_{i∈I} , j) of T, and an algebraic system of type (n_i)_{i∈I} of T is a set S of algebraic equations of type (n_i)_{i∈I} of T. A solution of S with values in L is an element x ∈ E = Π_{i∈I} L^{ni}_i such that L(ω)(x) = L(μ)(x) for any (ω, μ) ∈ S. The set Z(S) of solutions of S with values in L is an affine subset of the affine space E, called an algebraic subset of E.

7.2. Definition. A geometrical space over L is an affine set over L isomorphic to some algebraic subset of some affine space over L. They are the objects of the full subcategory Geo(L) of AfSet(L).

7.3. Theorem. Geo(L) is a concrete geometrical category identical to the category of algebraic objects of AfSet(L).

Proof. Let X ≃ Z(S) be a geometrical space over L. For all (ω, μ) : (n_i)_{i∈I} ⇒ j belonging to S, the pair of maps (L(ω), L(μ)) : Π_{i∈I} L^{ni}_i ⇒ L_j is a pair of morphisms of AfSet(L) whose collective equalizer is Z(S) ≃ X. According to the proof of ([5], Theorem 3.2), each object L_i is initially injective in AfSet(L), thus Π_{i∈I} L^{ni}_i is initially injective, and X ≃ Z(S) is an algebraic object in AfSet(L). Conversely let X be an algebraic object of AfSet(L). Since {L_i}_{i∈I} is a strong cogenerating set of objects in the category of algebraic objects of AfSet(L), there exist two affine spaces E = Π_{i∈I} L^{ni}_i and F = Π_{j∈I} L^{mj}_j and a pair of morphisms (f, g) : E ⇒ F whose equalizer is X (Proof of Theorem 3.2). Then f, g are of the form f = (f_{jm}) and g = (g_{jm}) where (j, m) ∈ ∐ j∈I m_j and each f_{jm}, g_{jm} is of the form f_{jm} = L(ω_{jm}), g_{jm} = L(μ_{jm}) where (ω_{jm}, μ_{jm}) : (n_i)_{i∈I} ⇒ j is an algebraic equation of T. Then X ≃ Z(S) with S = {(ω_{jm}, μ_{jm}) : (j, m) ∈ ∐ j∈I m_j} is a geometrical space over L.

Let (X, U) be concrete geometrical category.

7.4. Definition. An algebra of X carried by L is a T-algebra A = (A_i)_{i∈I} of X such that the T-algebra U(A) = (U(A_i))_{i∈I} of Set is identical to L. It is injective if any object A_i is injective in X.

7.5. Examples. L = (L_i)_{i∈I} is an injective algebra of Geo(L) carried by L and, for any morphism of concrete geometrical categories R : Geo(L) −→ X, R(L) = (R(L_i))_{i∈I} is an injective algebra of X carried by L.

7.6. Theorem. For any algebra L, there exists a concrete geometrical category Geo(L) equipped with an injective algebra A carried by L such that, for any concrete geometrical category X and any injective algebra B of X carried by L, there exists a unique morphism of concrete geometrical categories R : Geo(L) −→ X such that the algebra R(A) is identical to B.

Proof. Let us prove that the previously defined category Geo(L) equipped with the injective algebra A = L carried by L satisfies the property. Let B = (B_i)_{i∈I} be an injective algebra carried by L of a concrete geometrical category (X, U). The two functors (Hom_X(−, B_i))_{i∈I} , (Hom_{Set}(U(−), L_i))_{i∈I} : X^{op} ⇒ Set^I and the natural transformation (α_i)_{i∈I} : (Hom_X(−, B_i))_{i∈I} −→ (Hom_{Set}(U(−), L_i))_{i∈I} defined by α_{iX} (f) = U(f) for any f : X −→ B_i in X, lift to the functors H, L^{U(−)} : X^{op} −→ Alg(T) and natural transformation α : H −→ L^{U(−)} , respectively. Let A(U(−)) −→ L^{U(−)} be the image of the pointwise injective natural transformation α. We get a concrete functor G : X −→ AfSet(L) defined by G(−) = (U(−), A(U(−))) such that G(B_i) = L_i for any i ∈ I. Therefore if S : AfSet(L) −→ Geo(L) denotes the reflector, we get a functor SG : X −→ Geo(L) such that SG(B_i) = L_i for any i ∈ I. Let us prove that SG has a right adjoint R. For any i ∈ I, R(L_i) = B_i is a co-universal object from SG to L_i since, for any object X of X, we have Hom_X(X, B_i) ≃ Hom_{AfSet(L)}(G(X), L_i) ≃ Hom_{Geo(L)}(S(GX)), L_i). It follows that R(Π_{i∈I} L^{ni}_i ) = Π_{i∈I} B^{ni}_i is a co-universal object from SG to Π_{i∈I} L^{ni}_i , for any I-indexed family of sets (n_i)_{i∈I} . Since any object Y of Geo(L) is an equalizer object of a pair of morphisms between affine spaces over L of the form Π_{i∈I} L^{ni}_i , it follows that there exists a co-universal object R(Y ) from SG to Y , defining the right adjoint functor R : Geo(L) −→ X, which can be chosen to be a concrete functor such that R(A) = (R(L_i))_{i∈I} is the algebra B. Moreover R preserves injective objects because they are in Geo(L) split subobjects of affine spaces over L. Then R is a morphism of concrete geometrical categories, easily seen to be the unique possible one which satisfies R(A) = B.

7.7. Notation. The category Geo(L), uniquely defined up to a unique isomorphism, is called the classifying concrete geometrical category of L, and its algebra A is called the generic injective algebra carried by L.

7.8. Theorem. Any concrete geometrical category is the classifying concrete geometrical category of some algebra L

Proof. Let X be a concrete geometrical category. According to Theorem 6.1. the topological geometrical completion EX of X is a topological geometrical category whose category of algebraic objects is isomorphic to X. According to ([5], Theorem 3.3), the concrete category EX is isomorphic to a concrete category of the form AfSet(L) for some algebra L. Thus X is isomorphic to the category of algebraic objects of AfSet(L) which is, according to Theorem 7.3, identical to the category Geo(L). According to the proof of Theorem 7.6, X is the classifying concrete geometrical category of the algebra L.

8. Examples of concrete geometrical categories

The following concrete geometrical categories are classified by algebras. Any algebra carried by {0}, {0, 1}, {0, 1, 2}, . . . will be denoted by 1, 2, 3, . . . respectively. Their algebraic structures may be different and not explicitely described. For example the three elements grid {0, 1, 2} [2] is denoted by 3, but other algebraic structures on {0, 1, 2} are also denoted by 3.

The category Sgl of singleton sets is the concrete geometrical category classifying the singleton algebra 1. It is the initial concrete geometrical category.

For any set E, the category Exp(E) is the concrete geometrical category classifying the set E : It is the uniquely transportable modification ([1], 5.36) of the concrete category whose objects are the sets E^I for any set I, and whose morphisms E^I −→ E^J are the maps of the form E^α for any map α : J −→ I.

The category Spec of spectral spaces is the concrete geometrical category classifying the bounded lattice 2: Following Hochster [7] a spectral space is a topological To-space whose compact open sets form an open basis closed under finite intersections and whose irreducible closed sets have a generic point. With proper continuous maps, they form the category Spec which has the Sierpinski space S as a strong injective cogenerator.

The category BoolSp of boolean (or Stone) spaces is the concrete geometrical category classifying the boolean algebra 2.

The category Sob of sober spaces is the concrete geometrical category classifying the frame 2 [9].

The category Ord of ordered sets (i.e posets) is the concrete geometrical category classifying the completely distributive complete lattice 2.

The category Set of sets is the concrete geometrical category classifying the complete atomic boolean algebra 2

The category PtSet of pointed sets is the concrete geometrical category classifying the completely distributive complete and conditionally cocomplete lattice 2.

The category Sp of spaces has as objects the sets X equipped with a set S(X) of subsets of X, and as morphisms the maps f : X −→ Y such that f^{−1} (Y^′) ∈ S(X) for any Y^′ ∈ S(Y ). It is the concrete geometrical category classifying the algebra (2, 2) for a 2-sorted algebraic theory T whose first sort is the theory of sets and the second sort is that of complete atomic boolean algebras. Notice that there exists no 1-sorted algebra L such that Sp is the classifying concrete geometrical category of L.

The category Sp_∧ (resp. Sp_∨, Sp_♦ , Sp_c) of meet (resp. join, lattice, complemented) spaces is the full subcategory of Sp whose objects are the spaces X such that S(X) is closed under binary meets (resp. binary joins, binary meets and joins, complements). They are the concrete geometrical categories classifying the algebra (2, 2) for a 2-sorted algebraic theory whose first sort is that of meet semilattices (resp. join semilattices, lattices, S_2-sets) and whose second sort is that of complete atomic boolean algebras.

The category Top of topological spaces is the concrete geometrical category classifying the grid 3 [2].

The category Ext of exterior topological spaces [6] is a concrete geometrical category classifying an algebra of the form 3.

The category PrTop (resp. Neigh) ([1], 5N) of pretopological (resp. neighborhood) spaces is a concrete geometrical category classifying an algebra of the form 3.

The category Mes of measurable spaces and maps is a concrete geometrical category classifying an algebra of the form 3.

The category PrCl of preclosure spaces has as objects, the sets X equipped with an order preserving inflating map c : P(X) −→ P(X) and as morphisms, the maps f : X −→ Y such that f(c(A)) ⊂ c(f(A)) for any A ∈ P(X). It is a concrete geometrical category classifying an algebra of the form 3.

The categories PrCl_o, PrCl_{o∨}, Cl, . . . of preclosure spaces X such that c(∅) = ∅, c(A ⋃ B) = c(A) ⋃ c(B), c( ⋂ i∈I Ai) = ⋂ i∈I c(Ai), . . ., respectively, are concrete geometrical categories classifying algebras of the form 3.

The categories Sp_1, Sp_0, Sp_{1∧}, Sp_{0∨}, . . . are the full subcategories of Sp whose objects are the spaces X such that S(X) contains X, ∅, is stable under finite meets, joint, . . . , respectively, are concrete geometrical categories classifying algebras of the form 3.

The category SubSet of sets equipped with a subset and maps inducing a map of subsets, is a concrete geometrical category classifying an algebra of the form 3.

The categories RRel, RSRel, PrOrd, Equ of sets equipped with a reflexive, reflexive symmetric, preorder, equivalence relation, respectively, and relation preserving maps, are concrete geometrical categories classifying algebras of the form 3.

The categories Rel, SRel, TRel, STRel of sets equipped with a relation, a symmetric relation, a transitive relation, a symmetric transitive relation, respectively, are concrete geometrical categories classifying algebras of the form 4.

The category RTerRel (resp. SRTerRel) of sets equipped with a reflexive (resp. reflexive symmetric) ternary relation is a concrete geometrical category classifying an algebra of the form 4.

The category STerRel of sets equipped with a symmetric ternary relation is a concrete geometrical category classifying an algebra of the form 6.

The category TerRel of sets equipped with a ternary relation is a concrete geometrical category classifying an algebra of the form 10.

The category Set^G of left actions of a group G is a concrete geometrical category classifying the G-complete atomic boolean algebra P(G).

The category HCompAb of compact Hausdorff abelian groups is the concrete geometrical category classifying the abelian group R/2πZ.

The category Ab of abelian groups is the concrete geometrical category classifying the compact Hausdorff abelian group R/2πZ.

The category HComp of compact Hausdorff spaces is the concrete geometrical category classifying the unit interval algebra I = {x ∈ R : /x/ � 1} for an algebraic theory described by Isbell in [8].

The category LCVct(K) of linearly compact vector spaces over a commutative field K [3] is the concrete geometrical category classifying the K-vector space K.

The category Vct(K) of K-vector spaces is the concrete geometrical category classifying the linearly compact K-vector space K.

The category LCAf(K) of linearly compact affine spaces over K is the concrete geometrical category classifying the pointed K-vector space K with point 1.

The category Af(K) of affine spaces over K is the concrete geometrical category classifying the pointed linearly compact K-vector space K with point 1.

For any real closed field R, the category Geo(R) of geometrical spaces over R is a concrete geometrical category described as follows. Let T be the 1-sorted algebraic theory of formally real algebras over R, defined as being commutative algebras over R with unit in which any element of the form 1+x^2_1 +. . .+x^2_n is invertible. Then R is a T-algebra defining the classifying concrete goemetrical category Geo(R) of R. The objects of Geo(R) are precisely the algebraic subsets of the linearly compact affine spaces over R. Let us recall that any linearly compact affine space over R is isomorphic to some space R^I and that an algebraic subset of R^I is the set of solutions of a system of algebraic equations of the form P ((x_i)_{i∈I} ) = 0 where P ∈ R[X_i]_{i∈I} . The morphisms of Geo(R) are the rational maps definable by families of rational fractions with coefficients in R. The category Geo(R) contains in particular all finitely dimensional affine or projective spaces over R and their algebraic subsets. For example, if V is a finitely dimensional vector space over R, then V_∗ = V \ {0} is an object of Geo(R) on which acts the group object R^∗, giving rize to a coequalizer diagram R^∗ × V_∗ ⇒ V_∗ −→ P (V ) in Geo(L) which gives rize to the projective space P (V ).

For any non algebraically closed commutative field K, the category Geo(K) of geometrical spaces over K is a concrete geometrical category described in a similar way as in the previous example, by substituting the notion of formally rational algebra over K to the notion of formally real algebra [10].

For any commutative field extension L of K, the category Geo(L/K) of geometrical spaces over L/K is the concrete geometrical category classifying the commutative algebra L over K. It objects are precisely the algebraic subsets of the linearly compact affine spaces over L defined by systems of algebraic equations with coefficients in K and its morphisms are maps definable by families of polynomials with coefficients in K. Whenever L/K is algebraic, the Galois group Gal(L/K) is the free object of Geo(L) generated by one element. One can take for L, an algebraic closure of K, a separable closure of K, a Galois extension of K, etc. . . The classical Galois theory of algebraic equations lives entirely in such concrete geometrical categories.

The category Dio of diophantian spaces is the concrete geometrical category classifying the unitary ring Z: its objects are, up to isomorphisms, precisely the subsets of the spaces Z^I which are the sets of solutions of systems of diophantian equations in unknown (x_i)_{i∈I} , and its morphisms are the maps definable by families of polynomials with coefficients in Z. The category Geo(C^∞) of C^∞-spaces is the concrete geometrical category classifying the C^∞-ring R. [11]: its objects are, up to isomorphisms, precisely the closed subsets of the spaces R^I and its morphisms are the smooth maps. This category contains, as a full subcategory, the category of smooth manifolds with countable basis [11].

References

[1] J. Adámek, H. Herrlich, G.E. Strecker. Abstract and concrete categories. Wiley- Interscience, New-York, (1990).

[2] M. Barr and M.C. Pedicchio. Top^{op} is a quasivariety. Cahiers de topologie et géométrie différentielle catégoriques XXXVI-1 (1995), pp 4-10.

[3] N. Bourbaki. Eléments de mathématiques. Algèbre Commutative. Masson, Paris (1995).

[4] Y. Diers. Affine algebraic sets relative to an algebraic theory. Journal of Geometry 65 (1999), pp 54-76.

[5] Y. Diers. Topological Geometrical Categories. Journal of Pure and Applied Algebra, 168 (2002) pp 177-185 .

[6] J.M. Garcia-Calcines, M. Garcia-Pinillos, and L.J. Hernández-Paricio. A closed simplicial model category for proper homotopy and shape theories, Bull. Austral. Math. Soc. 57 (1998), pp 221-242.

[7] M. Hochster. Prime ideal structure in commutative rings. Trans. Amer. Math. Soc.

142 (1969) pp 43-60.

[8] J. Isbell. Generating the algebraic theory of C(X). Algebra Universalis 15 (1982) p 153-155.

[9] L. Nison. Algèbres rationnelles et variétés algébriques sur un corps commutatif quelconque. Communication in Algebra 28 (2000) n^o 1, pp 419-445.

[10] P.T. Johnstone. Stone Spaces. Cambridge University Press. Cambridge (1982).

[11] I. Moerdijk and G.E. Reyes. Models for Smooth Infinitesimal Analysis. Springer Verlag, New-York, 1991.

[12] H. Schubert. Categories. Springer-Verlag, Berlin, 1972.

Département de Mathématiques, Institut des Sciences et Techniques de Valenciennes Université de Valenciennes, Le Mont Houy F-59313 VALENCIENNES Cedex 09 (FRANCE) Email: yves.diers@univ-valenciennes.fr

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/14/14/14-14.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX 2ε is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@mathstat.uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca