Theory and Applications of Categories, Vol. 25, No. 6, 2011, pp. 142–179.

REFLECTIVE-COREFLECTIVE EQUIVALENCE

ERIK BÉDOS, S. KALISZEWSKI, AND JOHN QUIGG

Abstract. We explore a curious type of equivalence between certain pairs of reflective and coreflective subcategories. We illustrate with examples involving noncommutative duality for C^∗-dynamical systems and compact quantum groups, as well as examples where the subcategories are actually isomorphic.

1. Introduction

Our intent in writing this paper is to explore a special type of equivalence between certain pairs of reflective and coreflective subcategories. We have noticed that in certain categories involving C^∗-algebras, there is a pair of equivalent subcategories, one reflective and the other coreflective, and moreover this equivalence really depends only upon certain categorical properties, and not upon the theory of C^∗-algebras. To highlight the categorical nature of this phenomenon, we will present the equivalence from a purely abstract category-theoretical point of view, and then describe several examples from C^∗-algebra theory.

To give an idea of what our equivalence entails, consider subcategories M and N of a category C. Letting Inc_M denote the inclusion functor of M into C and F |_M = F ∘ Inc_M : M → D the restriction of a functor F : C → D, let us say that M and N are C-equivalent if M = N or there exist functors S : C → M, T : C → N such that T |_M : M → N and S|_N : N → M are quasi-inverses of each other. Clearly, M and N are then equivalent as categories in the usual sense and it is easy to check that C-equivalence is an equivalence relation. Now assume that M is coreflective in C and N is reflective in C, with coreflector M : C → M and reflector N : C → N , respectively. The restriction N|_M is then a left adjoint of M|_N , and in order to prove that M and N are C-equivalent, it suffices to show that the adjunction N|_M ⊣ M|_N is an adjoint equivalence. When this happens may be characterized in several ways. One of them involves the counit ψ of the adjunction Inc_M ⊣ M and the unit θ of the adjunction N ⊣ Inc_N , which enjoy certain universal properties by definition. We show in Section 4 that N|_M ⊣ M|_N is an adjoint equivalence if and only if, when everything is restricted to the subcategories, each of ψ and θ actually possesses both universal properties.

As kindly indicated to us by Ross Street after reading an earlier draft of this article,

Received by the editors 2010-12-17 and, in revised form, 2011-02-27.

Transmitted by Ross Street. Published on 2011-03-10. Revision 2011-06-08; see Addendum p179. 2000 Mathematics Subject Classification: Primary 18A40; Secondary 46L55, 46L89. Key words and phrases: adjoint functors, reflective and coreflective subcategories, equivalent categories, C^∗-algebras, coactions, quantum groups.

© Erik Bédos, S. Kaliszewski, and John Quigg, 2011. Permission to copy for private use granted. 142 our considerations may be enlarged to characterize when a composite adjunction gives an adjoint equivalence. For the benefit of specialists in category theory, we have devoted a separate section (Section 3) to this more general approach. We thank Professor Street warmly for his permission to include this material.

Our first main example of the reflective-coreflective equivalence involves normal and maximal coactions of a locally compact group on C^∗-algebras. It has already appeared in the literature [7], but we provide an alternative development, with several improvements arising from a close scrutiny of the underlying category theory. To avoid interrupting the exposition of this equivalence, we have relegated the prerequisite background on coactions and their crossed products to an appendix.

Our second example deals with reduced and universal compact quantum groups. The equivalence of the two associated categories is surely known to experts in quantum group theory, but does not seem to be mentioned in the existing literature. We also include two other examples involving tensor products of C^∗-algebras and group representations, in which the subcategories are not only equivalent but in fact isomorphic.

2. Preliminaries

We record here our conventions regarding category theory. All of this can be found in [10]. We assume familiarity with elementary category theory, e.g., adjoint functors, coreflective and reflective subcategories. However, since we want this paper to be readable by operator algebraists, among others, we give somewhat more detail in this preliminary section than might seem customary to a category theorist.

2.1. Notation. If C and D are categories, we write:

(i) Obj C for the class of objects in C;

(ii) C(x, y) for the set of morphisms with domain x ∈ Obj C and codomain y ∈ Obj C, and f : x → y in C to mean f ∈ C(x, y);

(iii) 1_x for the identity morphism of the object x;

(iv) (most of the time) F f rather than F (f) for the value of a functor F : C → D at a morphism f (although we usually write compositions of morphisms as f ∘ g rather than fg).

Recall that a functor F : C → D is called full (respectively, faithful) if it maps C(x, y) surjectively (respectively, injectively) to D(F x, F y) for all x, y ∈ Obj C, and essentially surjective if every object in D is isomorphic to one in the image of F .

If x ∈ Obj C and G : D → C is a functor, we write x ↓ G for the comma category whose objects are pairs (y, f), where y ∈ Obj D and f : x → Gy in C, and in which h : (y, f) → (z, g) means that h : y → z in D and (Gh) ∘ f = g. Dually, we write G ↓ x for the comma category whose objects are pairs (y, f), where y ∈ Obj D and f : Gy → x in C, and in which h : (y, f) → (z, g) means that h : y → z in D and g ∘ (Gh) = f. If Inc_D : D → C is an inclusion functor, we write

x ↓ D = x ↓ Inc_D and D ↓ x = Inc_D ↓ x.

In the particular case that D = C, the categories x ↓ D and D ↓ x are sometimes called slice categories.

A more general definition goes follows: given functors F : C → D and G : E → D, the comma category F ↓ G has as objects all triples (x, y, f), with x ∈ Obj C, y ∈ Obj E and f : F x → Gy in D, and as morphisms (x, y, f) → (x^′, y^′, f^′) all pairs (k, h) of morphisms k : x → x^′ in C, h : y → y^′ in E such that f^′ ∘ (F k) = (Gh) ∘ f. The composite (k^′, h^′) ∘ (k, h) is (k^′ ∘ k, h^′ ∘ h), when defined.

Recall that if x ∈ Obj C and G : D → C is a functor, a universal morphism from x to G is an initial object in the comma category x ↓ G, and, dually, a universal morphism from G to x is a final object in G ↓ x.

Thus, a universal morphism (u, η) from x to G is characterized by the following universal property: whenever f : x → Gy in C there is a unique morphism g in D making the diagram x^η � f � � � � � Gu Gg � � � u g! � � � Gy y

commute, and, dually, a universal morphism (u, ε) from G to x is characterized by the universal property that whenever f : Gy → x in C there is a unique morphism g in D making the diagram Gy Gg � � �_f � � � � � y g! � � � Gu_ε � x u

commute.

Also, (u, η) is a universal morphism from x to G if and only if for every y ∈ Obj D the map ϕ : D(u, y) → C(x, Gy) defined by

ϕ(g) = (Gg) ∘ η

is bijective, in which case we have η = ϕ(1_u). Dually, (u, ε) is a universal morphism from G to x if and only if for every y ∈ Obj D the map ψ : D(y, u) → C(Gy, x) defined by

ψ(g) = ε ∘ Gg

is bijective, in which case we have ε = ψ(1_u). If G = Inc_D : D → C, we refer to universal morphisms from x to D, or from D to x. A morphism η : x → u in C is an isomorphism if and only if (u, η) is a universal morphism from x to C. The dual statement is also true.

A functor F : C → D is a left adjoint of a functor G : D → C, or G is a right adjoint of F , if there are bijections

ϕ_{x,y} : D(F x, y) → C(x, Gy) for all x ∈ Obj C, y ∈ Obj D

that are natural in x and y. In this case, we write ‘F ⊣ G’, and refer to F ⊣ G as an adjunction from C to D. As is customary, we usually drop the subscripts x, y from the ϕ, which causes no confusion.

If F ⊣ G, with natural bijections ϕ : D(F x, y) → C(x, Gy), then for every x ∈ Obj C the pair (F x, η_x) is a universal morphism from x to G, where η_x = ϕ(1_{F x}); and for every y ∈ Obj D the pair (Gy, ε_y) is a universal morphism from F to y, where ε_y = ϕ^{−1}(1_{Gy}). Recall that η : 1_C → GF is called the unit of the adjunction F ⊣ G, and ε : F G → 1_D is the counit.

Conversely, given a functor G : D → C, if for each x ∈ Obj C we have a universal morphism (F x, η_x) from x to G, then the map F on objects extends uniquely to a functor such that η : 1_C → GF is a natural transformation, and moreover F ⊣ G, with natural bijections ϕ : D(F x, y) → C(x, Gy) defined by ϕ(g) = Gg ∘ η_x.^1

If, given G: D → C, we only know that for every x ∈ Obj C there exists a universal morphism from x to G, then an Axiom of Choice for classes says that we can choose one such universal morphism (F x, η_x) for every x; thus G is left-adjointable if and only if every x ∈ Obj C has a universal morphism to G. Dually, a given functor F : C → D is right-adjointable if and only if every y ∈ Obj D has a universal morphism from F .

It follows that F ⊣ G if and only if there exists a natural transformation η : 1_C → GF such that, for every x ∈ Obj C, the pair (F x, η_x) is a universal morphism from x to G. There is a similar characterization in terms of ε.

For any functor G : D → C, the left adjoints of G form a natural isomorphism class, and dually for any functor F : C → D, the right adjoints of F form a natural isomorphism class.

Certain properties of adjoints are related to properties of the unit and counit, as illustrated in the following standard lemma.

2.2. Lemma. Let F ⊣ G, with unit η and counit ε.

(i) F is faithful if and only if every η_x is a monomorphism.

(ii) F is full if and only if every η_x is a split epimorphism.

(iii) F is full and faithful if and only if η : 1_C → GF is a natural isomorphism.

(iv) G is faithful if and only if every ε_y is an epimorphism.

(v) G is full if and only if every ε_y is a split monomorphism.

1Dually, if F : C → D is a functor, and if for all y ∈ Obj D we have a universal morphism (Gy, ε_y) from F to y, then the map G extends uniquely to a functor such that ε : F G → 1_D is a natural transformation, and moreover F ⊣ G, with natural bijections ϕ : D(F x, y) → C(x, Gy) determined by ϕ^{−1}(f) = ε_y ∘ F f.

(vi) G is full and faithful if and only if ε : F G → 1_D is a natural isomorphism.

Adjunctions can be composed: if F : C → D, G : D → C,H : D → E, and K : E → D are functors with F ⊣ G and H ⊣ K, then H ∘ F ⊣ G ∘ K.

Recall that if F : C → D is an equivalence, so that there is a functor G : D → C such that^2 GF ∼= 1_C and F G ∼= 1_D, then F and G are called quasi-inverses of each other; F and G are then left and right adjoint of each other, and C and D are called equivalent.

An adjunction F ⊣ G from C to D is called an adjoint equivalence if both its unit and counit are natural isomorphisms, i.e., if both F and G are full and faithful (using Lemma 2.2); clearly, F and G are then quasi-inverses, and C and D are equivalent.

A functor F : C → D is an equivalence if only if it is full, faithful, and essentially surjective, in which case a functor from D to C is a quasi-inverse of F if and only if it is a right adjoint of F , if and only if it is a left adjoint of F .

Subcategories A subcategory N of C is reflective if the inclusion functor Inc_N : N → C is left-adjointable, and any left adjoint N of Inc_N is then called a reflector of C in N .

Such a reflector N : C → N is completely determined by the choice of a universal morphism (Nx, θ_x) from x to N for each object x of C. The universal property says that every morphism in C from x to an object in N factors uniquely through θ_x:

x^{θx} � � � � � Nx ! � � � z ∈ N .

Hence, if f : x → y in C, then Nf is the unique morphism in N making the diagram

x^{θx} � f � Nx Nf ! � � � y_{θy} � Ny

commute.

The associated natural transformation θ : 1_C → Inc_N ∘N is then the unit of the adjunction N ⊣ Inc_N . Its counit ρ : N ∘ Inc_N → 1_N is the natural transformation given by letting ρ_y : Ny → y be the unique morphism in N such that ρ_y ∘ θ_y = 1_y for each y ∈ Obj N , and (y, ρ_y) is then a universal morphism from N to y.

Note that if N is full, then Inc_N is full and faithful, so the counit ρ is a natural isomorphism and θ_y = ρ^{−1}_y when y ∈ Obj N . In this case we could in fact choose θ_y = 1_y, i.e., we could arrange that N|_N = 1_N ; the counit ρ would then be just the identity transformation and the reflector N : C → N could be thought of as a sort of “projection” of C onto N .

2Between functors, the symbol ‘∼=’ always denotes natural isomorphism.

Dually, a subcategory M of C is coreflective if the inclusion functor Inc_M : M → C is right-adjointable, and any right adjoint M of Inc_M is called a coreflector of C in M.

Such a coreflector M is completely determined by the choice of a universal morphism (Mx, ψ_x) from M to x for each object x of C. The universal property says that every morphism from an object of M to x factors uniquely through ψ_x:

y ∈ M � � � � ! � � � Mx_{ψx} � x.

Hence, if g : z → x in C, then Mg is the unique morphism in M making the diagram

Mz^{ψz} �

Mg ! � � � z g � Mx_{ψx} � x

commute.

The associated natural transformation ψ : Inc_M ∘M → 1_C is then the counit of the adjunction Inc_M ⊣ M. Its unit σ : 1_M → M ∘ Inc_M is the natural transformation given by letting σ_y : y → My be the unique morphism in M such that ψ_y ∘ σ_y = 1_y for each y ∈ Obj M, and (y, σ_y) is then a universal morphism from y to M.

Similarly to reflective subcategories, note that if M is full, then the unit σ is a natural isomorphism and ψ_y = σ^{−1}_y when y ∈ Obj M. In this case we could choose ψ_y = 1_y, i.e., we could arrange that M|_M = 1_M and the coreflector M : C → M could be thought of as a sort of “projection” of C onto N . However, since this projection property can also be made to happen with reflective subcategories, it is not terrifically informative.

3. Composite adjoint equivalence

Throughout this section we consider categories C, M, and N , and functors I, J, M, and N as shown:

M I � NI � C N � M � N J � MJ �

We further assume that N ⊣ J and I ⊣ M; this provides us with units θ : 1_C → JN and σ : 1_M → MI, and counits ρ : NJ → 1_N and ψ : IM → 1_C .

The unit η : 1_M → MJNI and the counit ε : NIMJ → 1_N for the composite adjunction NI ⊣ MJ are given by

η = MθI · σ , ε = ρ · NψJ .

In other words, we have:

η_x = (Mθ_{Ix}) ∘ σ_x for each x ∈ Obj M ; (1) ε_y = ρ_y ∘ (Nψ_{Jy}) for each y ∈ Obj N . (2) We are interested in conditions ensuring that NI ⊣ MJ is an adjoint equivalence, i.e., in η and ε being natural isomorphisms.

3.1. Theorem. The following conditions are equivalent:

(i) For each x ∈ Obj M, (x, θ_{Ix}) is a final object in I ↓ JNIx. (ii) NI is full and faithful. (iii) η is a natural isomorphism.

If I is full and faithful, then conditions (i)–(iii) are equivalent to (iv) Mθ_{Ix} is an isomorphism in M for each x ∈ Obj M.

Similarly, the following conditions are equivalent:

(v) For each y ∈ Obj N , (y, ψ_{Jy}) is an initial object in IMJy ↓ J. (vi) MJ is full and faithful. (vii) ε is a natural isomorphism.

If J is full and faithful, then conditions (v)–(vii) are equivalent to (viii) Nψ_{Jy} is an isomorphism in N for each y ∈ Obj N .

An immediate consequence is:

3.2. Corollary. The pair NI ⊣ MJ is an adjoint equivalence if and only if conditions (i) and (v) in Theorem 3.1 are satisfied.

To prove Theorem 3.1 we will use the following lemma. 3.3. Lemma. Assume that we are given categories and functors P : A → C, F : C → D, G : D → C, Q : B → D such that F ⊣ G. Then the comma category F P ↓ Q is isomorphic to the comma category P ↓ GQ.

Proof. Let ϕ : D(F x, y) → C(x, Gy) for x ∈ Obj C and y ∈ Obj D denote the natural bijections implementing the adjunction F ⊣ G. We define a map R from F P ↓ Q to P ↓ GQ as follows: set R((a, b, f)) = (a, b, ϕ(f)) ∈ Obj(P ↓ GQ) for each (a, b, f) ∈ Obj(F P ↓ Q), and set R((k, h)) = (k, h): (a, b, ϕ(f)) → (a^′, b^′, ϕ(f^′)) for each (k, h) : (a, b, f) → (a^′, b^′, f^′) in F P ↓ Q. It is routine to check that R is an isomorphism between the two comma categories.

Proof of Theorem 3.1 Let x ∈ Obj M, y ∈ Obj C. As σ is the unit of I ⊣ M, the bijection ϕ : C(Ix, y) → M(x, My) implementing this adjunction is given by ϕ(h) = (Mh) ∘ σ_x. Now, using Lemma 3.3 and its proof, we have

I ↓ JNIx ≃ 1_M ↓ MJNIx = M ↓ MJNIx

under an isomorphism which sends (x, θ_{Ix}) to

(x, ϕ(θ_{Ix})) = (x, (Mθ_{Ix}) ∘ σ_x) = (x, η_x) .

It follows that (x, θ_{Ix}) is final in I ↓ JNIx if and only if (x, η_x) is final in the slice category M ↓ MJNIx, that is, if and only if η_x is an isomorphism.

This shows that (i) is equivalent to (iii). Lemma 2.2 gives that (ii) is equivalent to (iii). If I is full and faithful, then σ is a natural isomorphism and the equivalence between (iii) and (iv) follows from equation (1). Hence the first half is shown, and the second half follows in a dual way.

3.4. Theorem. Consider the following conditions:

(i) (Nx, θ_x ∘ ψ_x) is an inital object in IMx ↓ J for each x ∈ Obj C.

(ii) Nψ_x is an isomorphism for each x ∈ Obj C.

(iii) (Mx, θ_x ∘ ψ_x) is a final object in I ↓ JNx for each x ∈ Obj C.

(iv) Mθ_x is an isomorphism for each x ∈ Obj C.

Then (i) ⇔ (ii) and (iii) ⇔ (iv).

If these conditions are satisfied and I and J are both full and faithful, then NI ⊣ MJ is an adjoint equivalence.

On the other hand, if NI ⊣ MJ is an adjoint equivalence, then all four conditions above are equivalent; moreover, I and J are then both full and faithful whenever one of these four conditions holds.

Proof. Let x ∈ Obj C, y ∈ Obj N . As θ is the unit of N ⊣ J, the bijection ϕ^′ : N (Nx, y) → C(x, Jy) implementing this adjunction is given by ϕ^′(h) = (Jh)∘θ_x. Further, using the properties of ψ and θ, it is not difficult to check that θ_x ∘ ψ_x = (JNψ_x) ∘ θ_{IMx} .

Hence, using Lemma 3.3 and its proof, we have

NIMx ↓ N = NIMx ↓ 1_N ≃ IMx ↓ J

under an isomorphism which sends (Nx, Nψ_x) to

(Nx, ϕ^′(Nψ_x)) = (Nx, (JNψ_x) ∘ θ_{IMx}) = (Nx, θ_x ∘ ψ_x) .

It follows that (Nx, θ_x ∘ ψ_x) is initial in IMx ↓ J if and only if (Nx, Nψ_x) is initial in the slice category NIMx ↓ N , that is, if and only if Nψ_x is an isomorphism. This shows that (i) is equivalent to (ii). The equivalence of (iii) and (iv) is dual.

If conditions (i)–(iv) are satisfied and I and J are both full and faithful, then σ and ρ are natural isomorphisms, and we see from equations (1) and (2) that η and ε are natural isomorphisms, hence that NI ⊣ MJ is an adjoint equivalence.

Conversely, assume that NI ⊣ MJ is an adjoint equivalence. Then MJ is full and faithful (Corollary 3.2) and η_{Mx} is an isomorphism (Theorem 3.1). Since

(MJNψ_x) ∘ η_{Mx} = (MJNψ_x) ∘ Mθ_{IMx} ∘ σ_{Mx} = M � (JNψ_x) ∘ θ_{IMx} � ∘ σ_{Mx} = M(θ_x ∘ ψ_x) ∘ σ_{Mx} = Mθ_x ∘ Mψ_x ∘ σ_{Mx} = Mθ_x

for each object x in C, we see that Mθ_x is an isomorphism if and only if Nψ_x is an isomorphism. It follows that (ii) is equivalent to (iv), hence that all four conditions are equivalent. If one of them holds, then (ii) and (iv) hold, and from equations (1) and (2) we now see that σ and ρ must be natural isomorphisms; that is, I and J must both be full and faithful.

4. Reflective-coreflective equivalence

We now apply the general theory to a curious sort of equivalence between full subcategories, one reflective and the other coreflective. We have not been able to find this type of equivalence in the category-theory literature.

We let M and N be full subcategories of a category C, with N reflective and M coreflective. We will use the same notation as in the previous section, now with I = Inc_M and J = Inc_N . Note that I and J are both full and faithful since we are assuming that M and N are full subcategories of C. Thus:

4.1. Notation. N : C → N is a reflector, θ : 1_C → Inc_N ∘N is the unit of the adjunction N ⊣ Inc_N , ρ : N ∘ Inc_N → 1_N is the counit of the adjunction N ⊣ Inc_N , M : C → M is a coreflector, ψ : Inc_M ∘M → 1_C is the counit of the adjunction Inc_M ⊣ M, and σ : 1_M → M ∘ Inc_M is the unit of the adjunction Inc_M ⊣ M.

Writing N|_M = N ∘ Inc_M and M|_N = M ∘ Inc_N , the following diagram illustrates this special situation:

M Inc_M �

N|_M � C N � M � N Inc_N � M|_N �

By composition, we have N|_M ⊣ M|_N , with unit η : 1_M → M|_N ∘ N|_M and counit ε : N|_M ∘ M|_N → 1_N .

In light of Theorem 3.1, the following properties are of interest:

4.2. Properties.

(F) For each x ∈ Obj M, (x, θ_x) is a final object in M ↓ Nx;

in other words, (x, θ_x) is a universal morphism from M to Nx. (I) For each y ∈ Obj N , (y, ψ_y) is an initial object in My ↓ N ;

in other words, (y, ψ_y) is a universal morphism from My to N . These conditions may be visualized by the following commutative diagrams: M N z � � � � � ! � � � x^{θx} � � � � � � Nx ! � � � y

M N x � � � � � ! � � � My^{ψy} � � � � � � y ! � � � z In the left half, the top part is Property 4.2 (F), and the bottom part is guaranteed by reflectivity of N in C. In the right half, the top part is guaranteed by coreflectivity of M in C, while the bottom part is Property 4.2 (I).

As a consequence of Theorem 3.1, we immediately get: 4.3. Theorem. The following conditions are equivalent:

(i) Property 4.2 (F) holds. (ii) N|_M is full and faithful. (iii) η is a natural isomorphism.

(iv) For each x ∈ Obj M, Mθ_x : Mx → MNx is an isomorphism (in M and therefore) in C.

Similarly, the following conditions are equivalent: (v) Property 4.2 (I) holds. (vi) M|_N is full and faithful. (vii) ε is a natural isomorphism.

(viii) For each x ∈ Obj N , Nψ_x : NMx → Nx is an isomorphism (in N and therefore) in C.

As a corollary to Theorem 4.3 we get the following more precise version of [7, Proposition 2.1]:

4.4. Corollary. The pair N|_M ⊣ M|_N is an adjoint equivalence if and only if Properties 4.2 (F) and (I) hold.

5. “Maximal-normal” type equivalence

In this section we keep the hypotheses of Section 4, so N is a full reflective subcategory of a category C and M is a full coreflective subcategory of C; we also retain Notation 4.1. We further assume that the adjunction N|_M ⊣ M|_N is an adjoint equivalence; that is, we assume that both Properties 4.2 (F) and (I) are satisfied (cf. Corollary 4.4). Moreover, in order to capture the complete “maximal-normal equivalence” phenomenon exhibited by C^∗-coactions in [7], we also assume that the following condition is satisfied:

5.1. Hypothesis. For each x ∈ Obj C, (Nx, θ_x ∘ ψ_x) is an initial object in the comma category Mx ↓ N .

5.2. Remark. Hypothesis 5.1 may be seen as a strengthening of Property 4.2 (I). As we are also assuming that Property 4.2 (F) holds, it follows from Theorem 3.4 that we could equally have assumed that (Mx, θ_x ∘ ψ_x) is final in M ↓ Nx for each x ∈ Obj C

We immediately apply our new hypothesis:

5.3. Proposition. N ∼= N|_M ∘ M.

Proof. It follows from Theorem 3.4 that Nψ_x is an isomorphism for each x ∈ Obj C. This may also be seen directly: in the diagram

Mx^{θMx} �

ψ_x � NMx Nψ_x ! � � � x_{θx} � Nx,

both (NMx, θ_{Mx}) and (Nx, θ_x ∘ ψ_x) are initial in Mx ↓ N , so the unique morphism Nψ_x in N making the diagram commute in C is an isomorphism.

Since N is functorial and ψ is a natural transformation, the composition

Nψ : N|_M ∘ M → N

is natural, and the result follows.

5.4. Corollary. M ∼= M|_N ∘ N.

Proof. We could argue as in the proof of Proposition 5.3, using Theorem 3.4; alternatively, using Proposition 5.3 directly we have

M|_N ∘ N ∼= M|_N ∘ N|_M ∘ M ∼= 1_M ∘ M = M.

We can deduce various consequences of the foregoing results; for example, Proposition 5.3 and Corollary 5.4 immediately give:

5.5. Corollary. N|_M ∘ M is a reflector of C in N , and M|_N ∘ N is a coreflector of C in M.

Another consequence is:

5.6. Corollary. The following conditions are equivalent:

(i) For every x ∈ Obj C, ψ_x : Mx → x is an epimorphism in C.

(ii) M is faithful.

(iii) N is faithful.

(iv) For every x ∈ Obj C, θ_x : x → Nx is a monomorphism in C.

Proof. Since ψ is the counit of Inc_M ⊣ M and θ is the unit of N ⊣ Inc_N , Lemma 2.2 gives (i)⇔(ii) and (iii)⇔(iv). Since N ∼= N|_M ∘ M and N|_M is an equivalence, we have (ii)⇔(iii).

5.7. Remark. Even if we now also assume that ψ_x is an epimorphism for every x ∈ Obj C (or, equivalently, θ_x is a monomorphism for every x ∈ Obj C), N : C → N itself can still fail to be an equivalence of categories: N is faithful by Corollary 5.6, and it is essentially surjective because the counit ρ is a natural isomorphism. But, although θ_x : x → Nx is a monomorphism for all x ∈ C, it is in general not an isomorphism for all x, in which case θ_x will not be a split epimorphism, and hence by Lemma 2.2 N is not full. The point we are making here is that this is the only property of equivalences that N can fail to possess.

Similarly, the coreflector M : C → M is then faithful (by Corollary 5.6 again) and essentially surjective (because the unit σ is a natural isomorphism), but in general will not be full.

5.8. Remark. Hypothesis 5.1, as well as the assumptions in Remark 5.7, are satisfied in the examples given in Section 6. But we don’t know whether it is necessarily true that θ_x is an epimorphism for all x ∈ Obj C and that ψ_x is a monomorphism for all x ∈ Obj C, although these properties are satisfied in our examples.

6. Examples

All our examples will involve C^∗-algebras. We record here a few conventions which are not totally standard. By a homomorphism from a C^∗-algebra (or just a ∗-algebra) into another, we will always mean a ∗-homomorphism. If X and Y are ∗-algebras, X ⊙ Y will represent the algebraic tensor product; if X and Y are C^∗-algebras, X ⊗ Y will represent the minimal (i.e., spatial) C^∗-tensor product [12, Chapter 6].

6.1. Coactions Our first — in fact the “original” — example of the “maximal-normal” equivalence involves coactions of groups on C^∗-algebras.

Fix a locally compact Hausdorff group G. Coactions of G on C^∗-algebras are dual to actions; see [8] for an introduction (including an exposition of the equivalence we will now describe), or [4, Appendix A].

We will give here a development of the equivalence between maximal and normal coactions of G. Most of the main results have appeared in the literature (mainly in [7]), but we will give an alternative development, with new proofs, and, in some cases, improvements upon existing results. We emphasize that these improvements arose from a close scrutiny of the underlying category theory.

One of our motivations for making this exposition essentially self-contained is that we find the existing literature on group coactions somehow unsatisfying, and in particular we sometimes find it inconvenient to dig specific results out of the currently available papers.

For the theory of coactions, we adopt the conventions of [4]. All our coactions will be full and coaction-nondegenerate.

6.1.1. Notation.

(i) C^∗ will denote the category whose objects are C^∗-algebras and whose morphisms are nondegenerate homomorphisms into multiplier algebras, so that ϕ : A → B in C^∗ means that ϕ : A → M(B) is a homomorphism such that ϕ(A)B = B. For such a homomorphism, there is always a canonical extension ϕ : M(A) → M(B), and we have (for example) ψ ∘ ϕ = ψ ∘ ϕ when ψ : B → C in C^∗.

(ii) C(G) will denote the category whose objects are coactions of G on C^∗-algebras, and whose morphisms are morphisms of C^∗ that are equivariant for the coactions, so that ϕ : (A, δ) → (B, ε) in C(G) means that the diagram

A^δ � ϕ � A ⊗ C^∗(G)

ϕ⊗id � B_ε � B ⊗ C^∗(G)

commutes in C^∗.

In this example of the maximal-normal equivalence, the coreflective and reflective subcategories of C^∗ are given by the maximal and normal coactions, respectively. To introduce these, it behooves us to say a few words about crossed-product duality for C^∗-dynamical systems: for every coaction (A, δ) there is a crossed product C^∗-algebra, denoted A ×_δ G, that encodes the representation theory of the coaction, and there is a dual action ^δ of G on A ×_δ G and a canonical surjection

Φ : A ×_δ G ×_{^δ} G → A ⊗ K(L^2(G)), where K denotes the compact operators. (A, δ) is maximal if Φ is an isomorphism, and normal if Φ factors through an isomorphism of the reduced crossed product by the dual action:

A ×_δ G ×_{^δ} G^Φ � Λ � A ⊗ K

A ×_δ G ×_{^δ,r} G, ∼= � � � � where Λ is the regular representation. The full subcategories of C(G) obtained by restricting to maximal or normal coactions will be denoted by C^m(G) and C^n(G), respectively.

In practice, the following normality criterion is often useful: a coaction (A, δ) is normal if and only if j_A : A → M(A ×_δ G) is injective, where j_A is the “A-part” of the canonical covariant homomorphism (j_A, j_G) of (A, C_0(G)) in the multiplier algebra of the crossed product. It is also useful to note that we can take

j_A = (id ⊗ λ) ∘ δ,

where λ is the left regular representation of G.

6.1.2. Notation. For any object (A, δ) in C(G), an object ((B, ε), ϕ) in the comma category C^m(G) ↓ (A, δ) will be denoted simply as a triple (B, ε, ϕ), and similarly for the comma category (A, δ) ↓ C^n(G).

Thus, to say (B, ε, ϕ) is an object in C^m(G) ↓ (A, δ) means that (B, ε) is a maximal coaction and ϕ : B → M(A) is a nondegenerate homomorphism that is ε − δ equivariant, i.e., ϕ : (B, ε) → (A, δ) in C(G).

6.1.3. Definition. Let (A, δ) be a coaction.

(i) A normalizer of (A, δ) is an initial object (B, ε, η) in (A, δ) ↓ C^n(G), and we say (B, ε) is a normalization of (A, δ).

(ii) A maximalizer of (A, δ) is a final object (B, ε, ζ) in C^m(G) ↓ (A, δ), and we say (B, ε) is a maximalization of (A, δ).

6.1.4. Remark. Note that just knowing that (B, ε) is a normalization of (A, δ) doesn’t uniquely determine a normalizer — indeed, in general there will be many normalizers for a single normalization^3. Our choice of terminology (particularly “normalizer”) was designed to allow us to keep track of this distinction. Similarly for maximalization.

Normalizations We need to know that normalizations exist:

3and every normalizer can be obtained from any particular one by pre- (alternatively, post-) composing with an automorphism of the respective coaction

6.1.5. Proposition. [13, Proposition 2.6] If (A, δ) is a coaction, then j_A : (A, δ) → (j_A(A), Ad j_G) is a normalizer.

In the above proposition, we’ve committed a mild abuse of notation: by our earlier use of the notation “Ad”, Ad j_G would refer to an inner coaction, for example on A ×_δ G; here of course we are using the same notation for the restriction of Ad j_G to j_A(A). Moreover, we should formally have said “(j_A(A), Ad j_G, j_A) is a normalizer”. We will from now on sometimes be sloppy and refer to an object (y, f) in a comma category just by the morphism f.

Proof. Corollary A.14 tells us that j_A is a morphism of (A, δ) to the normal coaction (j_A(A), Ad j_G), and by construction j_A is surjective. Let ϕ : (A, δ) → (B, ε) in C(G) with (B, ε) normal. We need to know that there is a unique morphism ρ in C(G) making the diagram (A, δ)^{jA} � ϕ � � � � (j_A(A), Ad j_G) ρ! � � � (B, ε)

commute. It suffices to show that ker j_A ⊂ ker ϕ. By functoriality of crossed products, we have a commutative diagram

A^{jA} � ϕ � A ×_δ G ϕ×G � B_{jB} � B ×ε G,

so that

ker j_A ⊂ ker � (ϕ × G) ∘ j_A � = ker � j_B ∘ ϕ) = ker ϕ

because j_B is injective.

Upon examining the above particular normalizer, we discern a hidden property:

6.1.6. Corollary. Every normalizer is surjective.

Proof. This follows immediately from the following two observations: it is true for the particular normalizer in Proposition 6.1.5, and all normalizers are isomorphic by universality of initial objects.

In the following characterization of normalizations, the proof of the converse direction is essentially due to Fischer [5, Lemma 4.2] (see also [3, Lemma 2.1] — the hypothesis in [3] that the homomorphisms map into the C^∗-algebras themselves rather into the multipliers is not used in the proof of [3, Lemma 2.1]). We say “essentially” regarding [5] because Fischer doesn’t explicitly address equivariance.

6.1.7. Proposition. An object (B, ε, η) of (A, δ) ↓ C^n(G) is a normalizer if and only if the morphism η × G : A ×_δ G → B ×_ε G in C^∗ is an isomorphism.

Proof. First assume that (B, ε, η) is a normalizer. By Lemma A.12, to see that η × G : A ×_δ G → B ×_ε G is an isomorphism it suffices to show that (B ×_ε G, j_B ∘ η, j_G) is a crossed product of (A, δ). Since η is surjective by Corollary 6.1.6, B ×_ε G is generated by j_B ∘ η(A)j_G(C_0(G)). Thus by Lemma A.6 it suffices to show that every covariant homomorphism (π, μ) of (A, δ) factors through (j_B ∘ η, j_G). By universality there is a unique morphism ρ in C(G) making the diagram

(A, δ)^η � π � � � � (B, ε) ρ! � � � (C, Ad μ)

commute. Then by Lemma A.3, (ρ, μ) is a covariant homomorphism of (B, ε) in M(C), and the morphism ρ × μ : B ×_ε G → C in C^∗ satisfies

(ρ × μ) ∘ j_B ∘ η = ρ ∘ η = π,

and of course (ρ × μ) ∘ j_G = μ.

Conversely, suppose η × G is an isomorphism, and let (C, γ, ϕ) be an object in (A, δ) ↓ C^n(G). We need to show that there is a unique morphism ψ in C(G) making the diagram

(A, δ)^η � ϕ � � � � (B, ε) ψ ! � � � (C, γ)

commute. It suffices to observe that ker ϕ ⊃ ker η, since

j_C ∘ ϕ = (ϕ × G) ∘ j_A = (ϕ × G) ∘ (η × G)^{−1} ∘ (η × G) ∘ j_A = (ϕ × G) ∘ (η × G)^{−1} ∘ j_B ∘ η

and j_C is injective.

6.1.8. Remarks.

(i) For the first half of the above proof, we could have alternatively argued^4 as in Proposition 6.1.11 below: note that by Corollary A.15 and Lemma 6.1.5 there is at least one normalizer (C, γ, σ) for which σ × G is an isomorphism, and since any two normalizers are isomorphic it follows that η × G is also an isomorphism.

(ii) Since Corollary A.15 shows that j_A × G is an isomorphism, the above proposition implies that (j_A(A), Ad j_G, j_A) is a normalizer, giving an independent proof of Lemma 6.1.5.

6.1.9. Notation. For every coaction (A, δ) we make the following choice of normalizer q^n : (A, δ) → (A^n, δ^n):

• A^n = A/ ker j_A;

• δ^n is the unique coaction of G on A^n corresponding to the coaction Ad j_G under the canonical isomorphism A^n ∼= j_A(A);

• q^n = q^n_{(A,δ)} : A → A^n is the quotient map.

Thus it follows from Proposition 6.1.5 that there is a unique functor Nor : C(G) → C^n(G) that takes each object (A, δ) to (A^n, δ^n) and is a left adjoint to the inclusion functor, so that C^n(G) is a reflective subcategory of C(G) and Nor is a reflector, with unit q^n. Moreover, by our construction we can identify the normalization of every normal coaction with itself, so that the counit of this reflector is the identity transformation on the identity functor on the subcategory C^n(G). What the normalization functor does to morphisms is characterized as follows: if ϕ : (A, δ) → (B, ε) in C(G), then the normalization of ϕ is the unique morphism ϕ^n in C^n(G)^5 making the diagram

(A, δ)^{qn} � ϕ � (A^n, δ^n)

ϕ^n � (B, ε)_{qn} � (B^n, ε^n)

commute.

Maximalizations The existence of maximalizations is established in [3, Theorem 3.3] and [5, Theorem 6.4]. The construction in [3] is noncanonical (involving a choice of minimal projection in the compacts), while Fischer’s construction in [5] is canonical (involving an appropriate relative commutant of the image of K in the multipliers of the double crossed product). However, having a specific formula for maximalizations has not turned out to be particular useful, and in fact from a categorical perspective is clearly deprecated.

4and in fact there is some redundancy in the results presented here 5indeed, unique in C(G), since the subcategory C^n(G) is full

In certain situations where the cognoscenti “know” what the maximalization should be, we’ll be careful to say “a maximalization” (or “a maximalizer”). For instance, if (A, G, α) is an action, then the regular representation

Λ : (A ×_α G, ^α) → (A ×_{α,r} G, ^α^n)

is the normalization of the dual coaction on the full crossed product, but is only a maximalization of the dual coaction on the reduced crossed product. The point is that, given only the coaction (A ×_{α,r} G, ^α^n), we can’t reconstruct what the action (A, α) was, and so we can’t reconstruct the full crossed product. Again, Fischer tells us how to pick a canonical maximalization, but we will not do that.

As with normalizers, we have an automatic surjectivity for maximalizers:

6.1.10. Lemma. Every maximalizer is surjective.

Proof. The argument is similar to Corollary 6.1.6: the maximalizers constructed in both [3] and [5] are surjective, and by universality all maximalizers are isomorphic.

6.1.11. Proposition. An object (B, ε, ζ) of C^m(G) ↓ (A, δ) is a maximalizer if and only if the morphism ζ × G : B ×_ε G → A ×_δ G

in C^∗ is an isomorphism.

Proof. First suppose that (B, ε, ζ) is a maximalizer. To see that ζ ×G is an isomorphism, it will suffice to know that there is at least one maximalizer (C, γ, σ) for which σ × G is an isomorphism; for example, this holds for the constructions of maximalizers in both [5] and [3]. By universality of maximalizers there is an isomorphism

θ : (B, ε, ζ) → (C, γ, σ).

Then in particular θ gives an isomorphism (B, ε) ∼= (C, γ) of coactions, and we have a commuting diagram B ×_ε G^{θ×G}_{∼=} �

ζ×G � � � � C ×_γ G σ×G ∼= � A ×_δ G.

Thus ζ × G is an isomorphism.

Conversely, suppose that ζ × G is an isomorphism, and let (C, γ, ϕ) be an object in C^m(G) ↓ (A, δ). We need to show that there is a unique morphism ψ in C(G) making the diagram (C, γ) ϕ � � � � ψ ! � � � (B, ε)_ζ � (A, δ) commute.

Consider the diagram

C^{id⊗1} � ψ ! � � � � � � �_ϕ � � � � � C ⊗ K

σ �

ϕ⊗id � � � � C × G × G

Φ_C ∼= � ϕ×G×G � � � � A^{id⊗1} � A ⊗ K A × G × G

Φ_A �

B^{id⊗1} � ζ � � � � � B ⊗ K

ζ⊗id � � � � B × G × G

Φ_B ∼= � ζ×G×G ∼= � � � �

in C^∗, where we define

σ = Φ_B ∘ (ζ × G × G)^{−1} ∘ (ϕ × G × G) ∘ (Φ_C )^{−1},

so that the diagram (without ψ) commutes. We must show that there is a unique morphism ψ making the left triangle commute, and moreover that ψ is γ − ε equivariant.

Note that by crossed-product duality theory we have σ � �_{1M(C)⊗K}�= 1_{M(B)} ⊗ id_K.

It follows that σ maps C ⊗ 1_{M(K)} into (the canonical image in M(B ⊗ K) of) M(B) ⊗ 1_K. Thus there is a unique homomorphism ψ : C → M(B) such that

σ = ψ ⊗ 1_{M(K)},

and moreover ψ is nondegenerate since σ is.

For the equivariance of ψ, note that, again by the general theory of crossed-product duality, the morphism σ is (γ ⊗_∗ id) − (ε ⊗_∗ id) equivariant, where by “⊗_∗” we mean that, in order to have an honest coaction, tensoring with id_K must be followed by a switching of the last two factors in the triple tensor product, so that, for example,

γ ⊗_∗ id = (id ⊗ Σ) ∘ (γ ⊗ id),

where Σ : C^∗(G) ⊗ K → K ⊗ C^∗(G) is the flip isomorphism. Thus we have

(id ⊗ Σ) ∘ � (ε ∘ ψ) ⊗ id � = (id ⊗ Σ) ∘ (ε ⊗ id) ∘ (ψ ⊗ id) = (ε ⊗_∗ id) ∘ σ = (σ ⊗ id) ∘ (γ ⊗_∗ id) = (ψ ⊗ id ⊗ id) ∘ (id ⊗ Σ) ∘ (γ ⊗ id) = (id ⊗ Σ) ∘ (ψ ⊗ id ⊗ id) ∘ (γ ⊗ id)

= (id ⊗ Σ) ∘ � (ψ ⊗ id) ∘ γ � ⊗ id � , so because id ⊗ Σ is injective we have (ε ∘ ψ) ⊗ id = � (ψ ⊗ id) ∘ γ � ⊗ id, and therefore ε ∘ ψ = (ψ ⊗ id) ∘ γ.

6.1.12. Remarks. (i) The above property of giving isomorphic crossed products was in fact the definition of maximalization given in [5] and [3]. In Definition 6.1.3 we use the universal property as the definition because it can be stated completely within the original category. Also, in [5] and [3] the property involving isomorphic crossed products was only shown to imply the universal property of Definition 6.1.3, not that the two properties are in fact equivalent, as proved above.

(ii) In [7, Lemma 3.2] it is shown that in fact any morphism ϕ : (A, δ) → (B, δ) in C(G) for which ϕ × G is an isomorphism is surjective. Moreover, in [7, Proposition 3.1] it is shown that ϕ is in fact an isomorphism if either (A, δ) is normal or (B, ε) is maximal.

6.1.13. Notation. For every coaction (A, δ) we assume that a maximalizer

q^m : (A^m, δ^m) → (A, δ)

has been chosen, with the proviso that if (A, δ) is maximal then

(A^m, δ^m) = (A, δ) and q^m = id_A.

Thus it follows that there is a unique functor Max : C(G) → C^m(G) that takes each object (A, δ) to (A^m, δ^m) and is a right adjoint to the inclusion functor, so that C^m(G) is a coreflective subcategory of C(G) and Max is a coreflector, with counit q^m. Moreover, since we have chosen the coreflector to do nothing to maximal coactions, the unit of this coreflector is the identity transformation on the identity functor on the subcategory C^m(G). What the maximalization functor does to morphisms is characterized as follows: if ϕ : (A, δ) → (B, ε) in C(G), then the maximalization of ϕ is the unique morphism ϕ^m in C^m(G)^6 making the diagram

(A^m, δ^m)^{qm} �

ϕ^m � (A, δ) ϕ � (B^m, ε^m)_{qm} � (B, ε)

commute.

We have now defined a coreflector Max : C(G) → C^m(G) and a reflector Nor : C(G) → C^n(G). The following two lemmas show that Max and Nor satisfy Properties 4.2 (F) and (I).

6.1.14. Lemma. Let (A, δ) be a normal coaction. Then not only is q^m : (A^m, δ^m) → (A, δ) a maximalizer, it is also a normalizer.

Thus, not only is q^m final in C^m(G) ↓ (A, δ), it is also initial in (A^m, δ^m) ↓ C^n(G).

Proof. (A, δ) is normal, so (A, δ, q^m) is an object of (A^m, δ^m) ↓ C^n(G). Since q^m × G : A^m ×_δm G → A ×_δ G is an isomorphism, the result follows from Proposition 6.1.7.

6indeed, unique in C(G), since the subcategory C^m(G) is full

6.1.15. Lemma. Let (A, δ) be a maximal coaction. Then not only is q^n : (A, δ) → (A^n, δ^n) a normalizer, it is also a maximalizer.

Thus, not only is q^n initial in (A, δ) ↓ C^n(G), it is also final in C^m(G) ↓ (A^n, δ^n). Proof. The proof is similar to the above: (A, δ) is maximal, so (A, δ, q^n) is an object of C^m(G) ↓ (A^n, δ^n). Since q^n × G : A ×_δ G → A^n ×_δn G is an isomorphism, the result follows from Proposition 6.1.11.

6.1.16. Corollary. [7, Theorem 3.3] Nor |_Cm_{(G)} ⊣ Max |_Cn_{(G)} is an adjoint equivalence. In particular, Nor |_Cm_{(G)} : C^m(G) → C^n(G) is an equivalence, and Max |_Cn_{(G)} is a quasiinverse.

Proof. This follows immediately from the above two lemmas and Corollary 4.4.

We now show that Max and Nor satisfy the extra property recorded in Hypothesis 5.1 and its dual analog mentioned in Remark 5.8.

6.1.17. Lemma. Let (A, δ) be a coaction. Then q^n ∘ q^m : (A^m, δ^m) → (A^n, δ^n) is both a normalizer and a maximalizer.

The notation in the above lemma is unambiguous, but just to be clear: in the composition q^n ∘ q^m the maps are q^n : A → A^n and q^m : A^m → A.

Proof. We only prove the first statement; the second one is similar. The coaction (A^n, δ^n) is normal, and q^n ∘ q^m is an equivariant surjection, since q^n and q^m are. By functoriality of crossed products, we have (q^n × G) ∘ (q^m × G) = (q^n ∘ q^m) × G : A^m ×_δm G → A^n ×_δn G.

Since both q^n × G and q^m × G are isomorphisms, so is (q^n ∘ q^m) × G. Thus q^n ∘ q^m is a normalizer, by Proposition 6.1.7.

The following three consequences may be new, and result from careful consideration of the categorical perspective:

6.1.18. Corollary. Nor ∼= Nor |_Cm_{(G)} ∘ Max and Max ∼= Max |_Cn_{(G)} ∘ Nor. Proof. This now follows immediately from Proposition 5.3 and Corollary 5.4 6.1.19. Corollary. Max and Nor are both faithful.

Proof. Since maximalizers are surjective, they are epimorphisms in C(G), so this follows immediately from Corollary 5.6.

6.1.20. Corollary. If (A, δ) is a coaction, then the map q^n : (A, δ) → (A^n, δ^n), and hence every normalizer of (A, δ), is a monomorphism in C(G).

Proof. The first part follows immediately from Lemma 2.2, and then the second part follows since any two normalizers of (A, δ) are isomorphic in C(G).

6.1.21. Remark. The preceding corollary surprised us at first. Certainly q^n : A → A^n is not generally a monomorphism in C^∗, because it would then have to be injective, which it frequently fails to be — for example, if G is a locally compact group then q^n : (C^∗(G), δ_G) → (C^∗_r (G), δ^n_G) is the integrated form of the regular representation, which is noninjective if G is nonamenable.

It is instructive to repeat Remark 5.7 in the present context: let us examine exactly how the functor Nor : C(G) → C^n(G) itself fails to be an equivalence of categories. We have seen that Nor is faithful, and it is not only essentially surjective, as any reflector in a full reflective subcategory must be, but in our case is actually surjective on objects, because we have insisted that the reflector satisfy

Nor |_Cn_{(G)} = 1|_Cn_{(G)}.

Thus the unit q^n, although it is always both an epimorphism and a monomorphism in C(G), is not generally an isomorphism. In particular, it is not a split epimorphism, so by Lemma 2.2 Nor is not full, and that is the only property of equivalences that it fails to possess.

6.2. Compact quantum groups Our next example of the reflective-coreflective equivalence involves compact quantum groups as defined by S.L. Woronowicz [14, 15] — see also [9, 11, 2]. For the ease of the reader, we begin by recalling some basic facts about these objects.

A compact quantum group (A, Δ) consists of a unital C^∗-algebra A (with unit 1 = 1_A) and a unital homomorphism Δ : A → A ⊗ A (called the co-multiplication) satisfying

(id ⊗ Δ) ∘ Δ = (Δ ⊗ id) ∘ Δ,

and such that the linear spans of (1 ⊗ A)Δ(A) and (A ⊗ 1)Δ(A) are each dense in A ⊗ A. For any compact quantum group (A, Δ), there exists a unique state h = h_A on A, called the Haar state of (A, Δ), which satisfies

(h ⊗ id) ∘ Δ = (id ⊗ h) ∘ Δ = h(·)1.

(These conditions are known, respectively, as left- and right-invariance of h.)

By a Hopf ∗-subalgebra A of (A, Δ) we mean a Hopf ∗-algebra A which is a unital ∗-subalgebra of A with co-multiplication given by restricting the co-multiplication Δ from A to A. (As a Hopf ∗-algebra, A has a co-unit and a co-inverse, but they won’t play any role in our discussion).

Any compact quantum group (A, Δ) has a canonical dense Hopf ∗-subalgebra A, called the associated Hopf ∗-algebra of (A, Δ); A is the linear span of the matrix entries of all finite dimensional co-representations of (A, Δ). Here, when n ∈ N, an n-dimensional co-representation of (A, Δ) means a unitary matrix U = (u_{ij}) ∈ M_n(A) satisfying

Δ(u_{ij}) = n� k=1 u_{ik} ⊗ u_{kj}, i, j = 1, . . . , n .

The associated Hopf ∗-algebra of (A, Δ) is the unique dense Hopf ∗-subalgebra of (A, Δ) (see the appendix of [2] for a proof). It is known (cf. [15]) that the Haar state of (A, Δ) is faithful on A, but not on A in general.

Now let (A, Δ) and (B, Δ^′) be compact quantum groups with associated Hopf ∗- algebras A and B, respectively. A quantum group morphism from (A, Δ) to (B, Δ^′) is a unital homomorphism π : A → B satisfying

Δ^′ ∘ π = (π ⊗ π) ∘ Δ.

Using this equation, one easily sees that if U = (u_{ij}) ∈ M_n(A) is a co-representation of (A, Δ), then V = (π(u_{ij})) ∈ M_n(B) is a co-representation of (B, Δ^′). It follows that π(A) ⊆ B.

The obvious category whose objects are compact quantum groups and morphisms are quantum group morphisms has too many morphisms for our purposes; our category C will be obtained by considering only those morphisms satisfying a certain natural condition. The following lemma illustrates two ways of describing this condition. Whenever π satisfies one of these equivalent conditions, we will say that π is a strong quantum group morphism.

6.2.1. Lemma. Let π be a quantum group morphism from (A, Δ) to (B, Δ^′). Then the restriction of π to A is injective if and only if h_A = h_B ∘ π.

Proof. Assume first that π_{|A} : A → B is injective, and set h^′ = h_B ∘ π. We will show that h^′ = h_A.

Let a ∈ A. Then we have

π(h^′(a) 1_A) = h^′(a) 1_B = h_B (π(a)) 1_B = � (h_B ⊗ id_B) ∘ Δ^′ � (π(a)) = � (h_B ⊗ id_B ) ∘ (π ⊗ π) � (Δ(a))) = π � (h^′ ⊗ id_A)(Δ(a)) � . As Δ(a) ∈ A ⊙ A, we have (h^′ ⊗ id_A)(Δ(a)) ∈ A. The injectivity of π on A then implies that (h^′ ⊗ id_A)(Δ(a)) = h^′(a) 1_A.

In the same way, one gets (id_A ⊗ h^′)(Δ(a)) = h^′(a) 1_A. Hence the state h^′ is leftand right-invariant on A, and therefore also on A, by density of A and continuity of the involved maps. By the uniqueness property of the Haar state on A, it follows that h^′ = h_A, as desired.

Assume now that h_A = h_B ∘ π. To show that π is injective on A, consider a ∈ A satisfying π(a) = 0. Then we have

h_A(a^∗a) = h_B (π(a^∗a)) = h_B (π(a)^∗π(a)) = h_B (0) = 0

But h_A is faithful on A, so a = 0.

It is straightforward to check that the usual composition (as maps) of two strong quantum group morphisms, whenever it makes sense, is again a strong quantum group morphism. The following definition is therefore meaningful.

6.2.2. Definition. The category C has compact quantum groups as objects. Its morphisms are strong quantum group morphisms. Composition of morphisms is given by usual composition of maps, while the identity morphisms are just the identity maps.

Reduced compact quantum groups Let (A, Δ) be a compact quantum group with associated Hopf ∗-algebra A. The left kernel N_A = {a ∈ A | h_A(a^∗a) = 0} of h_A is then known to be a two-sided ideal of A. Set A_r = A/N_A and let θ_A denote the quotient map from A onto A_r.

The C^∗-algebra A_r can be made into a compact quantum group (A_r, Δ_r), called the reduced quantum group of (A, Δ) (cf. [14] and [2, Section 2] for details):

The co-multiplication Δ_r is determined by the equation Δ_r ∘ θ_A = (θ_A ⊗ θ_A) ∘ Δ. The quotient map θ_A is injective on A and θ_A(A) is the Hopf ∗-algebra of (A_r, Δ_r). In particular, this means that θ_A is a morphism in C from (A, Δ) to (A_r, Δ_r). Moreover, the Haar state of (A_r, Δ_r) is faithful and is the unique state h_r of A_r such that h_A = h_r ∘ θ_A.

We will say that (A, Δ) is reduced whenever h_A is faithful on A, i.e. whenever N_A = {0}, in which case we will identify (A_r, Δ_r) with (A, Δ). Clearly, the reduced quantum group of any (A, Δ) is reduced.

6.2.3. Definition. The category R is the full subcategory of C whose objects are reduced compact quantum groups.

To see that reduction gives a functor R from C to R, we will use the following lemma.

6.2.4. Lemma. Let π be a strong quantum group morphism from (A, Δ) to (B, Δ^′). Then there exists a unique strong quantum group morphism π_r from (A_r, Δ_r) to (B_r, Δ^′_r) such that π_r ∘ θ_A = θ_B ∘ π, that is, making the diagram

(A, Δ)^{θA} � π � (A_r, Δ_r)

π_r � (B, Δ^′)_{θB} � (B_r, Δ^′_r)

commute.

Proof. As h_A(a^∗a) = h_B (π(a)^∗π(a)) for a ∈ A, it follows readily that π(N_A) ⊆ N_B.^7 Hence we may define π_r : A_r → B_r by

π_r(θ_A(a)) = θ_B (π(a)), a ∈ A.

It is easy to check that Δ^′_r ∘ π_r ∘ θ_A = (π_r ⊗ π_r) ∘ Δ_r ∘ θ_A. This implies that π_r is a quantum group morphism from (A_r, Δ_r) to (B_r, Δ^′_r) satisfying π_r ∘ θ_A = θ_B ∘ π.

7This is not necessarily true if π is not strong. Consequently, Lemma 6.2.4 is not true for general quantum group morphisms.

Letting h_r and h^′_r denote the respective Haar states of (A_r, Δ_r) and (B_r, Δ^′_r), we have

(h^′_r ∘ π_r) ∘ θ_A = h^′_r ∘ θ_B ∘ π = h_B ∘ π = h_A.

From the uniqueness property of h_r, we get h_r = h^′_r ∘ π_r, so π_r is a strong quantum group morphism. The uniqueness property of π_r is evident.

If now π and π^′ are two composable morphisms in C, it is straightforward to deduce from the uniqueness property that (π ∘ π^′)_r = π_r ∘ π^′_r. Hence, we may define R as follows.

6.2.5. Definition. The functor R : C → R takes each object (A, Δ) in C to (A_r, Δ_r) in R, and each morphism π in C to the morphism π_r in R.

6.2.6. Proposition. The functor R is a left adjoint to the inclusion functor Inc_R : R → C, and the unit θ of R ⊣ Inc_R is given by θ_x = θ_A for each x = (A, Δ) in C. In particular, R is reflective in C.

Proof. For each compact quantum group x = (A, Δ), let θ_x : x → Rx be the morphism in C given by θ_x = θ_A. Then Lemma 6.2.4 implies that the map θ which sends each x to θ_x is a natural transformation from 1_C to Inc_R ∘R.

Moreover, Lemma 6.2.4 also implies that (Rx, θ_x) is a universal morphism from x to R for each object x = (A, Δ) in C. Indeed, consider an object y = (B, Δ^′) in R and a morphism π : x → y in C. Then (B_r, Δ^′_r) = (B, Δ^′) = y and θ_B = id_B . Hence π_r : Rx → y is the unique morphism in R such that π = π_r ∘ θ_x.

This shows that R ⊣ Inc_R and θ is the unit of this adjunction.

Universal compact quantum groups Let (A, Δ) be a compact quantum group with associated Hopf ∗-algebra A. We recall the construction of the universal compact quantum group associated to (A, Δ) (cf. [2, Section 3] for more details).

When a ∈ A, set ‖a‖_u = sup_ϕ ‖ϕ(a)‖, where the variable ϕ runs over all unital homomorphisms ϕ from A into any unital C^∗-algebra B. The function ‖ · ‖_u : A → [0, ∞] is then a C^∗-norm on A which majorises any other C^∗-norm on A. Let A_u be the C^∗- algebra completion^8 of A with respect to the C^∗-norm ‖·‖_u. As usual, we identify A with its canonical copy inside A_u. The C^∗-algebra A_u has the universal property that every unital homomorphism from A to a unital C^∗-algebra B, extends uniquely to a unital homomorphism from A_u to B.

In particular, Δ : A → A ⊙ A ⊆ A_u ⊗ A_u extends to a homomorphism

Δ_u : A_u → A_u ⊗ A_u,

and (A_u, Δ_u) is then seen to be a compact quantum group, called the universal quantum group of (A, Δ). Since A is, by construction, a dense Hopf ∗-subalgebra of (A_u, Δ_u), it is the Hopf ∗-algebra associated to (A_u, Δ_u), by uniqueness.

8As such a completion is unique only up to isomorphism, we actually make a choice here for each compact quantum group.

By the universal property of A_u, there is a canonical homomorphism ψ_A from A_u onto A extending the identity map from A to itself. Then Δ ∘ ψ_A = (ψ_A ⊗ ψ_A) ∘ Δ_u, and h_A ∘ ψ_A is the Haar state of (A_u, Δ_u), which just means that ψ_A is a morphism in C from (A_u, Δ_u) to (A, Δ).

A compact quantum group (A, Δ) is called universal if ψ_A is injective. Equivalently, (A, Δ) is universal if, and only if, the given norm on A is its greatest C^∗-norm. Obviously, the universal compact quantum group associated to any (A, Δ) is universal.

6.2.7. Definition. The category U is the full subcategory of C whose objects are universal compact quantum groups.

To see that universalization gives a functor U from C to U, we will use the following lemma.^9

6.2.8. Lemma. Let π be a strong quantum group morphism from (A, Δ) to (B, Δ^′). Then there exists a unique strong quantum group morphism π_u from (A_u, Δ_u) to (B_u, Δ^′_u) such that ψ_B ∘ π_u = π ∘ ψ_A, that is, making the following diagram commute

(A_u, Δ_u)^{ψA} �

π_u � (A, Δ) π � (B_u, Δ^′_u)_{ψB} � (B, Δ^′)

Proof. We have π : A → B ⊆ B_u. Hence, by the universal property of A_u, we may uniquely extend this map to a unital homomorphism π_u : A_u → B_u.

Let a ∈ A. Then we have

(π_u ⊗ π_u)(Δ_u(a)) = (π ⊗ π)(Δ(a)) = Δ^′(π(a)) = Δ^′_u(π_u(a)).

By density of A and continuity, we see that π_u is a quantum group morphism. As π_u agrees with π on A, π_u is injective on A. Hence, π_u is a strong quantum group morphism.

Further, as ψ_B ∘ π_u = π = π ∘ ψ_A clearly holds on A, we have ψ_B ∘ π_u = π ∘ ψ_A (again by density of A and continuity). Finally, if ϕ is a another morphism which satisfies ψ_B ∘ ϕ = π ∘ ψ_A, then ϕ agrees with π on A, so ϕ = π_u.

If now π and π^′ are two composable morphisms in C, it is straightforward to deduce from the uniqueness property that (π ∘ π^′)_u = π_u ∘ π^′_u. Hence, we may define U as follows.

6.2.9. Definition. The functor U : C → U takes each object (A, Δ) in C to (A_u, Δ_u) in U, and each morphism π in C to the morphism π_u in U.

6.2.10. Proposition. The functor U is a right adjoint to the inclusion functor Inc_U : U → C and the counit ψ of the adjunction Inc_U ⊣ U is given by ψ_y = ψ_B for each y = (B, Δ^′) in C. In particular, U is coreflective in C.

9As will be apparent from its proof, Lemma 6.2.8 is also valid if we consider quantum group morphisms instead of strong quantum group morphisms.

Proof. For each compact quantum group y = (B, Δ^′), let ψ_y be the morphism in C defined by ψ_y = ψ_B . Then Lemma 6.2.8 implies that the map ψ which sends each y to ψ_y is a natural transformation from Inc_U ∘ U to 1_C .

Lemma 6.2.8 also implies that each ψ_y is a universal morphism from U to y for each object y = (B, Δ^′) in C. Indeed, consider a universal compact quantum group x = (A, Δ) and a morphism π : x → y in C. Then ψ_A is an isomorphism and π^′ = π_u ∘ ψ^{−1}_A : (A, Δ) → (B_u, Δ^′_u) is clearly the unique morphism in U(x, Uy) such that π = ψ_y ∘ π^′.

Equivalence of R and U It follows from Propositions 6.2.6 and 6.2.10 that R|_U ⊣ U|_R is an adjunction from U to R. To see that this is an adjoint equivalence, we will use the following:

6.2.11. Proposition. Let (A, Δ) be a compact quantum group. Then:

(i) Uθ_A = (θ_A)_u is an isomorphism in U;

(ii) Rψ_A = (ψ_A)_r is an isomorphism in R.

Proof. (i) Lemma 6.2.8, applied to θ_A, gives that

(θ_A)_u : (A_u, Δ_u) → � (A_r)_u, (Δ_r)_u � is a morphism in U satisfying ψ_{Ar} ∘ (θ_A)_u = θ_A ∘ ψ_A.

Since θ_A is injective on A, the map θ_A(a) → a ∈ A ⊆ A_u gives a well-defined homomorphism from θ_A(A) to A_u. Hence, by universality, it extends to a homomorphism from (A_r)_u to A_u, which is easily seen to be a morphism in U and the inverse of (θ_A)_u.

(ii) Lemma 6.2.4, applied to ψ_A, gives that

(ψ_A)_r : � (A_u)_r, (Δ_u)_r � → (A_r, Δ_r)

is a morphism in R satisfying (ψ_A)_r ∘ θ_{Au} = θ_A ∘ ψ_A. As (ψ_A)_r ∘ θ_{Au} = θ_A ∘ ψ_A is surjective (because θ_A and ψ_A are both surjective by construction), it is clear that (ψ_A)_r is surjective.

Moreover, as h_r ∘ θ_A ∘ ψ_A is the Haar state of (A_u, Δ_u) and h_r is faithful, we have ker(θ_A ∘ ψ_A) = N_{Au} = ker(θ_{Au} ). Since (ψ_A)_r ∘ θ_{Au} = θ_A ∘ ψ_A, it readily follows that (ψ_A)_r is injective.

Hence, (ψ_A)_r is a bijection. But any quantum group morphism which is a bijection is easily seen to be an isomorphism in C. So (ψ_A)_r is an isomorphism in R.

6.2.12. Theorem. The adjunction R|_U ⊣ U|_R is an adjoint equivalence. In particular, the categories R and U are equivalent.

Proof. Proposition 6.2.11 (i) (respectively (ii)) implies that the adjunction R|_U ⊣ U|_R satisfies condition (iv) (respectively (viii)) in Theorem 4.3. As U (respectively R) is full, Theorem 4.3 gives that the unit (respectively the counit) of this adjunction is a natural isomorphism. Hence, the assertion follows.

6.2.13. Remark. Proposition 6.2.11 may be reformulated by saying that (Rx, θ_x ∘ ψ_x) is an initial object in Ux ↓ R and (Ux, θ_x ∘ ψ_x) is a final object in U ↓ Rx for each x ∈ Obj C (cf. Theorem 3.4), which means that Hypothesis 5.1 and its dual analog are satisfied. Being surjective by construction, ψ_x is an epimorphism in C for each x ∈ Obj C, so we can conclude from Corollary 5.6 that U and R are faithful.

6.3. Other examples Here we describe two other examples of the maximal-normal equivalence, in which the subcategories are not only equivalent but in fact isomorphic. These concern tensor products and group representations, and it should be clear that one can readily construct an abundance of such examples.

Tensor products We show that the categories of maximal and minimal C^∗-tensor products are equivalent, indeed isomorphic.^{10} More precisely, we show that, for a fixed C^∗-algebra D, the categories of maximal tensor products A ⊗_{max} D and minimal tensor products A ⊗_{min} D are isomorphic. We thank Chris Phillips for this suggestion.

We could easily have done everything with both variables free, i.e., allowing D to vary as well as A, but we merely wanted to present examples, and the result we establish is more readily compared with the maximal-normal equivalence for coactions. To see the relation, let G be a locally compact group, and take D = C^∗(G). For any C^∗-algebra A, let ι be the trivial action of G. Then the full and reduced crossed products are

A ⋊_ι G = A ⊗_{max} C^∗(G) and A ⋊_{ι,r} G = A ⊗_{min} C^∗_r (G),

and in each case the dual coaction is trivial. The maximal-normal equivalence relates the maximal coaction (A ⋊_ι G, ^ι) to its normalization (A ⋊_{ι,r} G, ^ι^n), i.e., the maximal tensor product A ⊗_{max} C^∗(G) to the minimal one A ⊗_{min} C^∗_r (G), both with the trivial coaction. The “maximal-normal isomorphism” we exhibit here relates only the C^∗-algebras A ⊗_{max} C^∗(G) and A ⊗_{min} C^∗(G) (not A ⊗_{min} C^∗_r (G)); thus the comparison is not perfect (and so even in with D = C^∗(G) the results we present here are not a special case of the maximalnormal equivalence for coactions), but clearly there is a strong similarity between the two types of equivalence.

Fix a C^∗-algebra D. Our ambient category C will comprise C^∗-tensor products with D. More precisely, the objects in C are pairs (A, σ), where A is a C^∗-algebra and σ is a C^∗-norm on the algebraic tensor product A ⊙ D; and a morphism π : (A, σ) → (B, τ) in C is a C^∗-homomorphism π : A → B such that the homomorphism

π ⊙ id : A ⊙ D → B ⊙ D

between the algebraic tensor products is σ − τ bounded.

Thus, for any object (A, σ) in C, id_A : (A, max) → (A, σ) and id_A : (A, σ) → (A, min) are morphisms in C, where max and min denote the maximal and minimal C^∗-norms, respectively. Also, any C^∗-homomorphism π : A → B gives two morphisms π : (A, max) → (B, max) and π : (A, min) → (B, min) in C.

10Of course, the tensor-product C^∗-algebras themselves will usually not be isomorphic!

A moment’s thought reveals that C really is a category: the identity morphism on an object (A, σ) is id_A, and the composition of morphisms π : (A, σ) → (B, τ) and ϕ : (B, τ) → (C, γ) is ϕ ∘ π : (A, σ) → (C, γ).

Our subcategories M and N will comprise the maximal and minimal tensor products, respectively. That is, M is the full subcategory of C with objects of the form (A, max), and N is the full subcategory with objects of the form (A, min). The following proposition is almost trivial.

6.3.1. Proposition. The subcategories M and N of C are coreflective and reflective, respectively.

Proof. To show that M is coreflective, we must construct a right adjoint M of the inclusion functor Inc_M : M → C. It suffices to find, for each object (A, σ) in C, a universal morphism (M(A, σ), ψ_{(A,σ)}) from M to (A, σ), because there would then be a unique way to extend M to a right adjoint such that ψ : Inc_M ∘M :→ 1_C is a natural transformation. So, let (B, max) be an object in M, and let π : (B, max) → (A, σ) be a morphism.

Then obviously π : (B, max) → (A, max) is the unique morphism making the diagram

(B, max) π � � � � π ! � � � (A, max)_{idA} � (A, σ)

commute, so we can take

M(A, σ) = (A, max) and ψ_{(A,σ)} = id_A

It is just as easy to construct a left adjoint N for the inclusion functor Inc_N : N → C.

Note that the adjunctions Inc_M ⊣ M and N ⊣ Inc_N implicitly constructed in the above proof are given by

M(A, σ) = (A, max) Mπ = π N(A, σ) = (A, min) Nπ = π,

where (A, σ) and π are an object and a morphism, respectively, of C. Moreover, the counit of Inc_M ⊣ M and the unit of N ⊣ Inc_N are both given by identity maps:

ψ_{(A,σ)} = id_A : (A, max) → (A, σ) θ_{(A,σ)} = id_A : (A, σ) → (A, min)

We could now apply the results of Sections 4 and 5, after verifying the relevant hypotheses therein, but in this context all this reduces to almost a triviality, and in fact the restriction N|_M is not only an equivalence, but in fact an isomorphism of subcategories: N|_M and M|_N are easily seen to be inverses of each other.

6.3.2. Remark. The components of both the counit ψ : Inc_M ∘M → 1_C and θ : 1_C → Inc_N ∘N are both monomorphisms and epimorphisms, since these components reduce to id_A for each object (A, σ). Of course, in spite of all this we must still keep in mind that neither the counit nor the unit is an isomorphism.

Group representations Another example of the “maximal-normal isomorphism” is given by group representations weakly containing the trivial representation. More precisely, this time our ambient category C will have

• objects: triples (G, u, A), where G is a locally compact group, A is a C^∗-algebra, and u : G → M(A) is a strictly continuous unitary homomorphism that weakly contains the trivial representation 1_G : G → C (given by 1_G(s) = 1 for all s ∈ G), and for which the associated morphism π_u : C^∗(G) → A in C^∗ maps C^∗(G) onto A;

• morphisms: (ϕ, π) : (G, u, A) → (H, v, B) in C means that ϕ : G → H is a continuous homomorphism, π : A → B is a morphism in C^∗ and the diagram

G^u � ϕ � M(A) π � A� � � π � � � H_v � M(B) commutes.

Thus, for each object (G, u, A) in C, the weak containment hypothesis means that there is a morphism γ_u in C^∗ making the diagram

G^u �

1_G � � � � M(A)

γ_u � A γ_u � � � � � � �

C commute. It is routine to check that this is a category.

This time, our full subcategories M and N will have objects of the form (G, i_G, C^∗(G)) and (G, 1_G, C), respectively, where i_G : G → M(C^∗(G)) is the canonical inclusion.

6.3.3. Proposition. The subcategories M and N of C are coreflective and reflective, respectively.

Proof. As usual, it suffices to find, for each object (G, u, A) of C, a universal morphism (M(G, u, A), ψ_{(G,u,A)}) from M to (G, u, A), and a universal morphism (N(G, u, A), θ_{(G,u,A)}) from (G, u, A) to N . Note that we have a commutative diagram

M(C^∗(G))

π_u � C^∗(G)

π_u � � � � � � �

G i_G � � � �_u � 1_G � � � � M(A)

γ_u � A γ_u � � � � � � � �

C.

Claim It follows that we can take M(G, u, A) = (G, i_G, C^∗(G)) ψ_{(G,u,A)} = (id_G, π_u) N(G, u, A) = (G, 1_G, C) θ_{(G,u,A)} = (id_G, γ_u).

To verify the claim, first we show that (id_G, π_u) : (G, i_G, C^∗(G)) → (G, u, A) is final in the comma category M ↓ (G, u, A):

Given an object (H, i_H , C^∗(H)) in M and a morphism (ϕ, ω) : (H, i_H , C^∗(H)) → (G, u, A), we must show that the diagram

(H, i_H , C^∗(H))

(ϕ,ω) � � � � (σ,τ ) ! � � � (G, i_G, C^∗(G))_{(idG,πu)}� (G, u, A)

can be uniquely completed. We will show that we can take (σ, τ) = (ϕ, C^∗(ϕ)), where C^∗(ϕ) : C^∗(H) → C^∗(G) is the morphism in C^∗ corresponding to the continuous homomorphism ϕ : H → G. First of all, note that (ϕ, C^∗(ϕ)) : (H, i_H , C^∗(H)) → (G, i_G, C^∗(G)) is a morphism in C (in fact, in M, since M is full and both objects are in M), by the universal property of group C^∗-algebras. Of course ϕ = id_G ∘ ϕ, so it remains to show that ω = π_u ∘ C^∗(ϕ) in C^∗. This time, because we are “mixing categories”, we take some care with the “barring” of nondegenerate homomorphisms into multiplier algebras (see [1, Appendix A]). So, we must show that π_u ∘ C^∗(ϕ) = ω : C^∗(H) → M(A).

Since all the above homomorphisms are nondegenerate, it suffices to show that π_u ∘ C^∗(ϕ) = ω : M(C^∗(H)) → M(A).

Furthermore, by the universal property of group C^∗-algebras it suffices to show that the above equation holds after pre-composing both sides with i_H : H → M(C^∗(H)):

π_u ∘ C^∗(ϕ) ∘ i_H = π_u ∘ C^∗(ϕ) ∘ i_H (properties of barring) = π_u ∘ i_G ∘ ϕ ((ϕ, C^∗(ϕ)) is a morphism) = u ∘ ϕ (universal property of π_u) = ω ∘ i_H ((ϕ, ω) is a morphism).

To finish, we need to verify that

(id_G, γ_u) : (G, u, A) → (G, 1_G, C)

is initial in the comma category (G, u, A) ↓ N : given an object (H, 1_H , C) in N and a morphism (ϕ, ω) : (G, u, A) → (H, 1_H , C), we must show that the diagram

(G, u, A)^{(idG,γu)}�

(ϕ,ω) � � � � (G, 1_G, C)

(σ,τ ) ! � � � (H, 1_H , C)

can be uniquely completed. We will show that we can take (σ, τ) = (ϕ, id_C). Again, the only nontrivial thing to show is ω = id_C ∘ γ_u = γ_u. Note that γ_u : A → C is the unique homomorphism such that γ_u ∘ u = 1_G. Thus the following computation finishes the proof:

ω ∘ u = 1_H ∘ ϕ = 1_G.

6.3.4. Proposition. With the above notation, the restriction N|_M : M → N is an isomorphism of categories.

Proof. Again N|_M and M|_N are easily seen to be inverses of each other.

A. Appendix

In this appendix we take the opportunity to reinterpret much of the existing theory of coaction crossed products in the present, more categorical, context.

To begin, we explicitly record a few properties of the category C^∗. Since C(G) is obtained from C^∗ by adding extra structure, some of the following observations will be relevant for C(G) as well.

A morphism ϕ : A → B in C^∗ is a monomorphism if and only it is injective. Thus, monomorphicity is completely determined by the kernel. What about epimorphicity? One direction is elementary: If ϕ : A → B in C^∗ and ϕ is surjective (i.e., ϕ(A) = B), then ϕ is an epimorphism. Of course, the converse is false for general morphisms in C^∗. For example, if ϕ(A) properly contains A then ϕ is an epimorphism in C^∗. There is a positive result, which does not seem to have become a standard tool among operator algebraists:

A.1. Lemma. [6] Suppose ϕ : A → B is a homomorphism — so we are requiring ϕ to map A into B itself rather than merely M(B). Then ϕ is an epimorphism in C^∗ if and only if it is surjective.

The above results lead to an obvious question, which does not seem to be addressed in the literature: if ϕ : A → B is an epimorphism in C^∗, must ϕ(A) ⊃ B?

Factorizability in C^∗ is also often controlled by kernels: if ϕ : A → B and ψ : A → C in C^∗, with ϕ surjective, then there is a morphism ρ in C^∗ making the diagram

A^ϕ � ψ � � � � B ρ � � � C commute if and only if ker ϕ ⊂ ker ψ, and moreover ρ is unique. We do not know whether the conclusion still holds if we weaken the surjectivity hypothesis on ϕ to epimorphicity of ϕ in C^∗.

The above factorizability criterion carries over to C(G) (a routine diagram chase shows the required equivariance): if ϕ : (A, δ) → (B, ε) and ψ : (A, δ) → (C, γ) in C(G), with ϕ surjective, then there is a morphism ρ in C(G) making the diagram

(A, δ)^ϕ � ψ � � � � (B, ε) ρ � � � (C, γ)

if and only if ker ϕ ⊂ ker ψ, and moreover ρ is unique.

A.2. Lemma. [13, Lemma 1.11] Every morphism μ : C_0(G) → B in C^∗ implements an inner coaction Ad μ of G on B, and all inner coactions are normal.

Of course “Ad μ” is an abuse of notation — it is intended to be in an obvious way dual to the notation Ad u for the inner action determined by a strictly continuous unitary homomorphism u : G → M(B). The notation stands for the morphism Ad μ : B → B ⊗ C^∗(G) in C^∗ defined by

Ad μ(b) = Ad μ ⊗ id(w_G)(b ⊗ 1),

where w_G denotes the unitary element of M(C_0(G) ⊗ C^∗(G)) determined by the canonical embedding G → M(C^∗(G)).

A.3. Lemma. Let (A, δ) be a coaction, and let μ : C_0(G) → B and π : A → B in C^∗. Then the pair (π, μ) is a covariant homomorphism of (A, δ) in M(B) if and only if π is δ − Ad μ equivariant.

We will show presently that the crossed-product functor for coactions is right-adjoin-table. Of course, this will follow from the universal property of crossed products. It will be a little clearer to consider this universality for an individual coaction first. Let’s recall Raeburn’s definition of crossed product:

A.4. Definition. Let (η, ν) be a covariant homomorphism of a coaction (A, δ) in M(C). Then (C, η, ν) is a crossed product of (A, δ) if for every covariant homomorphism (π, μ) of (A, δ) in M(B) there is a unique morphism ρ in C^∗ making the diagram

A^η � π � � � � � C ρ! � � � C_0(G) ν� μ � � � � B

(3)

commute. The existence of ρ is expressed by saying that (π, μ) factors through (η, ν), and existence and uniqueness together are expressed by saying that (π, μ) factors uniquely through (η, ν).

A.5. Remark. In addition to the above axioms, Raeburn explicitly hypothesizes that the C^∗-algebra C is generated by products of the form η(a)ν(f) for a ∈ A and f ∈ C_0(G). This hypothesis is redundant: the theory of crossed products tells us that if (C, η, ν) and (D, σ, ω) are crossed products of (A, δ), then there is a unique isomorphism θ : C → D such that θ ∘ η = σ and θ ∘ ν = ω in C^∗. Since there is at least one crossed product (C, η, ν) for which C is generated by^{11} the set of products η(A)ν(C_0(G)), it must therefore be true for every crossed product (D, σ, ω). That being said, we can nevertheless turn this redundancy around to find a useful replacement for the uniqueness clause:

A.6. Lemma. Let (η, ν) be a covariant homomorphism of a coaction (A, δ) in M(C), and suppose that every covariant homomorphism of (A, δ) factors through (η, μ). Then (C, η, ν) is a crossed product of (A, δ) if and only if C is generated by η(A)ν(C_0(G)).

We will use Lemma A.3 to show that crossed products give universal morphisms. We need a functor:

A.7. Notation. Ad denotes the functor that takes an object (B, μ) of C_0(G) ↓ C^∗ to the object (B, Ad μ) of C(G), and takes a morphism ψ in C_0(G) ↓ C^∗ to ψ, now regarded as a morphism in C(G).

Note that the above definition of Ad makes sense on morphisms, because if ψ : (B, μ) → (C, ν) in C_0(G) ↓ C^∗ then (computing in the usual category of C^∗-algebras and ∗-homomorphisms)

Ad ν ⊗ id(w_G) � ψ(b) ⊗ 1 � = ψ ∘ μ ⊗ id(w_G) � ψ(b) ⊗ 1 � = ψ ⊗ id � Ad μ ⊗ id(b ⊗ 1) � , so that (Ad ν) ∘ ψ = (ψ ⊗ id) ∘ (Ad μ) in C^∗.

A.8. Lemma. Let (A, δ) be a coaction of G, let (C, ν) be an object in C_0(G) ↓ C^∗, and let η : (A, δ) → (C, Ad ν) in C(G). If (C, η, ν) is a crossed product of (A, δ) then (C, ν, η) is a universal morphism from (A, δ) to the functor Ad.

11in fact is the closed span of

Proof. Let (B, μ) be an object in C_0(G) ↓ C^∗, and let π : (A, δ) → (B, Ad μ) in C(G). By Lemma A.3 the pair (π, μ) is a covariant homomorphism of (A, δ) in M(B). Thus, since (C, η, ν) is a crossed product of (A, δ) there is a unique morphism ρ : C → B in C^∗ making diagram (3) commute. Then ρ : (C, ν) → (B, μ) in C_0(G) ↓ C^∗, so ρ is also a morphism from (C, Ad ν) to (B, Ad μ) in C(G), and it is the unique such morphism making the diagram (A, δ)^η � π � � � � (C, Ad ν) ρ! � � � (B, Ad μ)

(4)

commute. We have shown that (C, ν, η) is a universal morphism from (A, δ) to Ad.

A.9. Question. Is the converse of the above lemma true? That is, if (C, ν, η) is a universal morphism from (A, δ) to Ad, is (C, η, ν) a crossed product of (A, δ)? The naive approach would be to take any covariant homomorphism (π, μ) of (A, δ) in M(B), then note that by Lemma A.3 we have a morphism π : (A, δ) → (B, Ad μ) in C(G), so by universality we have a unique morphism ρ in C(G) making the diagram (4) commute. But this only says that the coactions Ad μ and (Ad ρ) ∘ ν on B coincide, which does not imply that μ = ρ ∘ ν.

Now we promote the above universal property to a functor: once we choose a universal morphism (A ×_δ G, j_G, j_A) for each coaction (A, δ), there is a unique functor from C(G) to C_0(G) ↓ C^∗ that takes an object (A, δ) to (A ×_δ G, j_G) and is a left adjoint to the functor Ad. A.10. Definition. The above functor, taking (A, δ) to (A ×_δ G, j_G), is the crossedproduct functor, denoted by

CP : C(G) → C_0(G) ↓ C^∗.

The value of CP on a morphism ϕ in C(G) is written ϕ × G.

The above discussion can be summarized by:

A.11. Corollary. CP is a left adjoint for Ad, with unit j : 1_{C(G)} → Ad ∘CP given by

j_{(A,δ)} = j_A : (A, δ) → (A ×_δ G, j_G).

The following easy observation is another summary of the above discussion, and follows from essential uniqueness of universal morphisms:

A.12. Corollary. Let (η, ν) be a covariant homomorphism of a coaction (A, δ) in M(C). Then (C, ν, η) is a crossed product of (A, δ) if and only if

η × ν : A ×_δ G → C

is an isomorphism in C^∗.

A.13. Lemma. [“Epi-mono factorization” in C(G)] If ϕ : (A, δ) → (B, ε) in C(G), then there is a unique coaction γ on ϕ(A) such that the diagram

(A, δ)^ϕ � ϕ � � � � (ϕ(A), γ)� � � (B, ε)

commutes in C(G). Moreover, γ is normal if ε is.

Proof. We claim that γ = ε|_{ϕ(A)} does the job. First, note that

ε(ϕ(A)) = ϕ ⊗ id(δ(A)) ⊂ ϕ ⊗ id(M(A ⊗ G^∗(G)) ⊂ M(ϕ(A) ⊗ C^∗(G)).

Further, γ is injective since ε is injective on M(B), and γ satisfies the coaction identity because ε does. Finally, γ � ϕ(A) � 1_{M(ϕ(A))} ⊗ C^∗(G) � = ε � ϕ(A) � 1_{M(B)} ⊗ C^∗(G) � = ϕ ⊗ id � δ(A) � 1_{M(B)} ⊗ C^∗(G) � = ϕ ⊗ id � δ(A) � 1_{M(A)} ⊗ C^∗(G) � , which has closed span ϕ(A) ⊗ C^∗(G) since δ(A)(1 ⊗ C^∗(G)) has closed span A ⊗ C^∗(G).

For the last part, suppose that ε is normal. The inclusion map gives a morphism ι : (ϕ(A), γ) → (B, ε), so we have a commutative diagram

ϕ(A)^ι �

j_{ϕ(A)} � B j_B � ϕ(A) ×_γ G_{ι×G} � B ×_ε G

in C^∗. Since j_B and ι are injective, so is j_{ϕ(A)}, so γ is normal.

As a consequence of the above, we have another effective means to recognize normal coactions:

A.14. Corollary. [13, Lemma 2.2 and Proposition 2.3] If (π, μ) is a covariant homomorphism of (A, δ) in M(B), then Ad μ restricts to a normal coaction δ^μ on π(A), and then π : (A, δ) → (π(A), δ^μ) in C(G). Moreover, if π is injective then it is an isomorphism of (A, δ) onto (π(A), δ^μ). Thus, (A, δ) is normal if and only if it has a covariant homomorphism (π, μ) with π injective.

A.15. Corollary. [13, Proposition 2.5] For every coaction (A, δ), the morphism j_A × G : A ×_δ G → j_A(A) ×_{Ad jG} G is an isomorphism.

Proof. Since j_A : A → j_A(A) is surjective, by Lemma A.6 and Corollary A.12 it suffices to show that every covariant homomorphism of (A, δ) factors through (j_{jA(A)} ∘j_A, j_G), and then by Lemma A.3 it suffices to show that for every morphism π : (A, δ) → (B, Ad μ) to an inner coaction there is a morphism ρ making the diagram (A, δ)^{jA} � π � � � � (j_A(A), Ad j_G) ρ � � � (B, Ad μ)

(5)

commute in C(G). Define ρ = π × μ|_{jA(A)} : j_A(A) → M(B).

Applying Corollary A.14 to the morphism j_A : (A, δ) → (A ×_δ G, Ad j_G), then post-composing with the morphism π × μ : (A ×_δ G, Ad j_G) → (B, Ad μ), we see that ρ gives a suitable morphism in C(G).

References

[1] A. an Huef, J. Quigg, I. Raeburn, and D. P. Williams, Full and reduced coactions of locally compact groups on C^∗-algebras, Expositiones Math., to appear.

[2] E. Bédos, G. J. Murphy, and L. Tuset, Co-amenability of compact quantum groups, J. Geom. Phys. 40 (2001), no. 2, 130–153.

[3] S. Echterhoff, S. Kaliszewski, and J. Quigg, Maximal coactions, Internat. J. Math.

15 (2004), 47–61.

[4] S. Echterhoff, S. Kaliszewski, J. Quigg, and I. Raeburn, A Categorical Approach to Imprimitivity Theorems for C*-Dynamical Systems, vol. 180, Mem. Amer. Math. Soc., no. 850, American Mathematical Society, Providence, RI, 2006.

[5] R. Fischer, Maximal coactions of quantum groups, Preprint no. 350, SFB 478 Geometrische Strukturen in der Mathematik, 2004.

[6] K. H. Hofmann and K.-H. Neeb, Epimorphisms of C^∗-algebras are surjective, Arch.

Math. (Basel) 65 (1995), no. 2, 134–137.

[7] S. Kaliszewski and J. Quigg, Categorical Landstad duality for actions, Indiana Univ.

Math. J. 58 (2009), no. 1, 415–441.

[8] S. Kaliszewski and J. Quigg, Categorical perspectives on noncommutative duality, Summer school on C*-algebras and their interplay with dynamical systems, June 2010, http://www.ntnu.no/imf/english/research/fa/oa/summerschool2010.

[9] J. Kustermans and L. Tuset, A survey of C^∗-algebraic quantum groups. I, Irish Math.

Soc. Bull. (1999), no. 43, 8–63.

[10] S. Mac Lane, Categories for the working mathematician, second ed., Graduate Texts in Mathematics, vol. 5, Springer-Verlag, New York, 1998.

[11] A. Maes and A. Van Daele, Notes on compact quantum groups, Nieuw Arch. Wisk.

(4) 16 (1998), no. 1-2, 73–112.

[12] G. J. Murphy, C^∗-algebras and operator theory, Academic Press Inc., Boston, MA, 1990.

[13] J. C. Quigg, Full and reduced C^∗-coactions, Math. Proc. Cambridge Philos. Soc. 116 (1994), 435–450.

[14] S. L. Woronowicz, Compact matrix pseudogroups, Comm. Math. Phys. 111 (1987), no. 4, 613–665.

[15] S. L. Woronowicz, Compact quantum groups, Symétries quantiques (Les Houches, 1995), North-Holland, Amsterdam, 1998, pp. 845–884.

Addendum Prof. F. W. Lawvere has kindly drawn our attention to the article On the Complete Lattice of Essential Localizations, (with G.M. Kelly; Bull. Soc. Math. Belg. Sér A 41 (1989), 289–319), where an associated pair is a certain type of reflective/coreflective pair of (full replete) subcategories. Any pair of full replete subcategories satisfying our assumptions in Section 5 is an associated pair; all our examples in Section 6 are associated pairs.

Institute of Mathematics School of Mathematical and Statistical Sciences University of Oslo Arizona State University P.B. 1053 Blindern, 0316 Oslo, Norway Tempe, AZ 85287

Email: bedos@math.uio.no kaliszewski@asu.edu quigg@asu.edu

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/25/6/25-06.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Glasgow, Tom.Leinster@glasgow.ac.uk Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca