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KAN EXTENSIONS AND LAX IDEMPOTENT PSEUDOMONADS

F. MARMOLEJO AND R.J. WOOD

Abstract. We show that colax idempotent pseudomonads and their algebras can be
presented in terms of right Kan extensions. Dually, lax idempotent pseudomonads and
their algebras can be presented in terms of left Kan extensions. We also show that a
distributive law of a colax idempotent pseudomonad over a lax idempotent pseudomonad
has a presentation in terms of Kan extensions.

1. Introduction

This paper follows [Marmolejo and Wood, 2010] and builds on the idea in [Manes, 1976],
which was actually preceded by [Walters, 1970], that a monad can be presented without
iterating the underlying endofunctor. [Marmolejo and Wood, 2010] extended Manes'

notion of an extension operator to handle algebras but we note now that algebras were
treated in a somewhat similar manner in [Walters, 1970] too. Our treatment of algebras

also enabled \no iteration" descriptions of distributive laws and wreaths. Because the

values of the endofunctor of a monad are term objects, the no iteration description in

e ect removes the need to mention terms of terms and (terms of terms of terms). This is

particularly helpful in the descriptions of distributive laws and wreaths where the intent

is to rewrite M-terms of A-terms as A-terms of M-terms.

When we turn to higher dimensional monads the no iteration idea is even more helpful.
For then the terms tend to ben-sorted, withn 2. For example, in completion monads
with respect to classes of limits, the terms are categorical diagrams comprised of both
objects and arrows. It is in fact completion monads, precisely colax idempotent pseu-
domonads, about which we have most to say. Such a pseudomonBdd; m; ) is what
is also called a \coKZ doctrine”, and characterized by adjunctionslD a m a Dd. We
caution the reader that in [Marmolejo, 1997], our main reference for these pseudomonads,
the subject matter is presented in terms of lax idempotent pseudomonads \KZ doctrines",
for which the adjunctions are reversed to giv®d a m a dD.

The extension operator in [Manes, 1976] and those in [Marmolejo and Wood, 2010]
satisfy equations. It will come as no surprise that if pseudomonads (on 2-categories say)
are described in similar terms then the equalities of those papers must be replaced with
invertible 2-cells | which must themselves satisfy equations. Howevercolax idempotent
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pseudomonads have all but one of their 2-cell equations given by adjunction equations.
Thus it might be hoped that if colax (or lax) idempotent pseudomonads are described by
extension operators then their 2-cell equations might also mediate universal properties.
This is the case. The extensions which appear in describing colax [lax] idempotent pseu-
domonads are right [left] Kan extensions! The precise de nition (De nition 3.1) in terms

of Kan extensions is somewhat similar to the conditions given in [Bunge, 1974] in what is
called acoherently closed family ofJ-extensions(U is a 2-functor), furthermore, the way
we extend the function of objects to a pseudofunctor from the data given in De nition
3.1 is similar to the construction of a lax adjoint toU given in [Bunge, 1974].

The algebras for a colax (or lax) idempotent pseudomonad are also de ned in terms
of Kan extensions and proven to be essentially the same as the usual algebras.

In Section 2 we begin by recalling the characterization of a colax idempotent pseudo-
monad D = (D;d; ) and its algebras, in terms of adjunctions, as given in [Mar-
molejo,1997]. Important equations involving the derived modi cation :dD ! Dd are
also recalled. In Section 3 we de ne right Kan pseudomonads and algebras for these. Sec-
tion 4 provides a construction of a right Kan pseudomona®® from a colax idempotent
pseudomonadD and a construction of a colax idempotent pseudomonddl from a right
Kan pseudomonadD. In Section 5 we show that starting with either notion asD, the
2-category of algebras fob is 2-equivalent to the 2-category of algebras fdd°.

We recall in Section 6 that morphisms between pseudomonads on 2-categories can
be described in terms of 2-functors between their underlying 2-categories, together with
liftings to their 2-categories of algebras. Moreover, these can also be described, see [Mar-
molejo and Wood, 2008] in terms of transitions which are a pseudo version of Street's
morphisms of monads [Street, 1972]. In Section 6 we use the work of the previous sec-
tions and these observations to give a description of transitions between colax idempotent
pseudomonads in terms of extensions. Since distributive laws can be elegantly described
in several ways in terms of extensions and one of their duals we are able in Section 7
to give a description of distributive laws between certain pseudomonads in terms of ex-
tensions. We note that the distributive law described in [Marmolejo, Rosebrugh, Wood,
2002], whose algebras are constructively completely distributive lattices, was produced
this way, as a Kan extension. Another example is the distributive law of the small limit
completion pseudomonad over the small colimit completion, whose algebras are the com-
pletely distributive categories [Marmolejo, Rosebrugh, Wood, to appear]; we also have
the lextensive categories as algebras for the pseudomonad obtained from a distributive
law of the nite completion pseudomonad over the nite sum completion pseudomonad,;
or regular categories as algebras for the nite limit completion pseudomonad over the
regular factorizations pseudomonad with baseat,,, as de ned in [Centazzo and Wood,
2002], and many more. To illustrate how these distributive laws work in the setting of
Kan extensions we examine, in Section 8, the distributive law of coFam over Fam.
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2. Preliminaries

For the convenience of the reader, we recall in this section the de nition of co-lax idem-
potent pseudomonad (also known as co-KZ pseudomonad). They rst appeared in the
papers of Kock [Kock, 1973] and Zeberlein [Zeberlein,1976]. In this section we largely
follow (the dual of) the development given in [Marmolejo, 1997].

Let K be a 2-category. Aco-lax idempotent pseudomona® = (D;d;m; ; ; ;" ) on
K consists of a pseudofunctdd : K ! K , together with strong transformationsd: 1x ! D
andm:D?! D, and modi cations

1p

D- b ROLE
w2 e D.de" ke (1)
D2 ngl 2 T/D;

with and" invertible, that render dD a m a Dd, and such that the coherence condition

$

is satis ed. It is shown in [Marmolejo, 1997] that any such structure induces a pseudo-
monad, whose structure is given by;d;m; %" 1 ), where is the pasting

1

D3 D3 3__ bm Ip2
D }}} ap %

N W S ®
D2 ——D —D;

and furthermore, that for a pseudomonad@;d;m; ;" !; ) to be co-lax idempotent

it su ces that there exists a modi cation such that ; :dD a m is an adjunction;

equivalently, that there exists a modi cation such that ;" :m a Dd is an adjunction.
Recall as well that we can then produce a 2-cel: dD ! Dd as the pasting

1,2
. .PZ?%%%D D
D .o
D——/D

K 1
1p

«* Dd

that this pasting is equally the pasting of* *and atm, that d= ddl, that m =
"1 1l andthat misthe pasting of and at 1p-.
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The 2-categoryD-Alg of D-algebras is de ned as follows. Its objects are adjunctions

X b.-dB a B,
1g
B B B
o | N g @
DB

with invertible unit. The invertibility of  is automatic if d is fully faithful. Recall as well
that Dis completely determined by as the pasting

and that all we have to do to verify that a as above determines an object iB-Alg is to
show that the equation

BH =1g (5)
~bis D

1os

is satis ed. (Note that replacingB by D, B by m, and by in the de nition of b gives
us = b))
A 1l-cell from (B;B; )to (A;A; )isa l-cellH:B ! A such that the pasting

1

In A
B btﬁ“’@& ol o | ®
1p

/ /
DB — DA

is invertible. GivenH; K :(B;B; ) ' (A;A; ),a2-cellinD-Algis simply a 2-cell :H !

K in K. Provisionally write D°for the pseudomonadD;d;m; ;" !, )described above.

It is shown in [Marmolejo, 1997] thatD-Alg is 2-isomorphic toDO AIg the usual category

of algebras for a pseudomonad, since the associativity constraint needed to complete a
D-algebra B;B; ) to a D%algebra is given uniquely by the pasting

D2 P DB
B } } %\
BA?"‘*»% P AT S ™

/ B
pE —B B;

1g
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while for a 1-cellH:(B;B; ) ! (A;A; ), the pasting (6) uniquely completesH to a
1-cell of D%algebras.

3. Right Kan pseudomonads and their algebras

We de ne co-lax pseudomonads in terms of right Kan extensions. Later on we shall
show that they are the usual co-lax pseudomonads as in the previous section, but for the
moment (and just to be able to distinguish one from the other in this paper) we will call
them right Kan pseudomonads.

3.1. Definition. A right Kan pseudomonadD on K is given as follows:
i) A function D :Ob(K) ! Ob(K).
ii) For everyA 2K, al-celldA:A! DA.
i) For every 1-cellF :B! DA, aright Kan extension ofF alongdB

B2 /DB

FO (8)
DA

with Dg invertible (the latter being automatic if the 1-celtB is fully faithful).
Subject to the axioms
a) For every A in K,

DA

exhibits1p o as a right Kan extension ofdA alongdA.
b) ForeveryG:C! DB andF:B! DA the 2-cell

C dC

DC
GP 9)
DB

FD

DA

exhibits FPGP as a right Kan extension of~°G alongdC.
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3.2. Remark. Observe that we can also de ne an e ect (J on 2-cells: given : F !
G:B! DA inK,wedene'P:FP! GP as the unique 2-cell such that

B—=—/DB B € /pB

De F Dr &
' D ‘\
} GD L |:D = |:D
G
(DA DA:

We clearly obtain a functor ( °:K(B;DA)!K (DB;DA).

We now de ne the 2-category of algebras for a a right Kan pseudomon&din terms
of right Kan extensions. We denote it byD-Alg and we de ne it as follows. An objectB
in D-Alg consists of an objecB in K together with an assignment, to everyr :C ! B,
of a right Kan extensionFB:DC ! B of F alongdC

F |||\Tl$ FB (10)

with Bg invertible (automatic if dC fully faithful), in such a way that for every G: X !

DC in K, the diagram

X =2 /px

GP (11)
DC

FB

B

exhibits F® GP as a right Kan extension ofF® G alongdX .
Al-cellH:B! AinD-Algisal-cellH:B! A inK such that for everyF:C! B,

the diagram

C dC

DC
= |F®B (12)

B

E

F

H

A

exhibits FB H as a right Kan extension off H alongdC. A 2-cell :H! K:B! A
is simply a 2-cell :H ! K in K. Composition is as inK. It is not hard to show that
composition of 1-cells inD-Alg results in a 1-cell inD-Alg.
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3.3. Remark. As in Remark 3.2 we can, for amyB in D-Alg, induce an e ect ( ) on
2-cells: given' :F! G:C! B,wedene'B:FB! GB as the unique 2-cell such that

c—/Dc C dc bc
GB/ FB =

B

thus inducing a functor ( )®:K(C;B) 'K (DC;B).

4. Right Kan pseudomonads versus co-lax idempotent pseudomonads 1

In this section we construct a colax idempotent pseudomonad from a right Kan pseudo-
monad, and vice versa. The constructions are given in the following two theorems.

4.1. Theorem. Every right Kan pseudomonad oiK induces a co-lax idempotent pseudo-
monad onK.

Proof. Assume we have a right Kan pseudomonad® on K. We rst extend D to a
pseudofunctorD :K ! K . Given' :F! F%B! A inK, dene DF =(dA F)P, and
dene D' :DF ! DF%as @A ')P, thatis, D' is the unique 2-cell such that

BB i5g B—= /DB
ro|Daa £ 0, DF /L\\ DF = Foi/kl—>FDdA F DF
)g% // \ k@&

A————DA

(using the fact that the left most square exhibitsDF °as a right Kan extension). It is then
immediate that D(1¢) = 1p¢ and that for :F°! F%we haveD(' )=(D )(D'). If
G:C! B,deneD®F:DF DG! D(F G) as the unique (invertible) 2-cell such that

c—% Jpc c—/Dc

G , Das g ‘DG
G .

Tt pp = 54/DB

B
F‘ DdAFg WMD»;A:/ F‘ DdAgDF
A ———/DA A ——/DA
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Observe that the inverse of the 2-celD®F is the unique 2-cell :D(F G)! DF DG
such that

c—*—Ibc C = 'bc
D
G‘ dB%DG ‘ \D(F - ‘G Daa £ G‘s‘s
B—5 /DB | = B—%—'DB mp ¢ D(F G)
e~ 1
DE - / dB ‘ Dya F~ %
DA DB = DA:

(using (9)). It is not hard to see that forany :G! GPand' :F! F?°
D(F )DSF = DS (DF D )andD( G)D®F = DSF(D' DG):

Since both L and D(1,) are right Kan extensions ofdA along dA, there is a unique
isomorphismD4 :1p4 ! D(dA) such that

ALDA

1an | Dda 1§(1A)%/Ei> Ioa =14a:
#t\
A A DA

It is not hard to see that
DF'(Da DF)=1pr = D' F(DF Dg);

as well as
DG H;F (DF DH;G): DH;F G(DG;F DH),

thereforeD :K ! K is a pseudofunctor.

Then we extendd to a strong transformationd:1x ! D by dening d= = Dga ¢
for F:B ! A (all the relevant equations necessary to show thal is indeed a strong
transformation appear above).

Next we de nem:D?! D such that for everyA,

mA =1pa°;

and, using (9), dene forF:B! A, mg:DF mB ! mA DZ2F as the unique 2-cell
such that

DB dDB /DZB % PZ
Y _ dDB {{{ g P
DF | Daa oF &% |D?F DB = {{ [ (13)

& me
DA —g5n /DA U—wfﬁw
Dipa D

Ipa DA

1ba
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The inverse ofmg is the unique 2-cell such that

DB /p2g. DB —2% /p2p
lpe i mB_:_:_I-?_::_F DF DdDADF\“‘ D?F
I ~ dDA{‘
DB., D?2A = DA D2A
5 .
DE _::: mA 1A . mA
DA DA

It is not hard to see thatm : D?! D is a strong transformation.
Now dene A = D, 1, then (13)tellsusthat :1po ! m dD is a modi cation.
Dene "A:mA DdA ! 1p, as the unigue 2-cell such that

ALDA

da | Daoa d}‘s“ DdA
= DA %D 2A
A
oA ' mA
DA
The inverse of"A is the unique 2-cell such that
A LDA
dA ‘ Diba dA  pgya ‘ \lDA
DA —g5a—D?A | =l (14)
Dipa mA.-:: /
- DA
Ipa

It is not hard to show that ":m Dd ! 15 is a modication by pasting the relevant
equation with d=. Dene A :dDA mA ! 1524 as the unique 2-cell such that

DA C“D4A/D2A L/DA PZA
Y-
Q dDA ) dDMlDA El
Y
Ipa ’DZA DA — /DA dDA/DZA:

Finally dene A :1p:a ! DdA mA as the unique 2-cell such that

dDA dDA
DA D2A 5@6 %TISQZA:
1 mA 2A _ 1DASS§% mA."'$SSSSS
Ioa 7 {S‘A % s§"A 1 s> 1p2a
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By Section 2, the 2-cell above isA :dDA ! DdA. Itis not hard to see that and are
modi cations and that they determine, together with and", adjunctionsdD a m a Dd.
Furthermore, the coherence condition (2) is given by (14). ]

4.2. Theorem. Every co-lax idempotent pseudomonaB® on K induces a right Kan
pseudomonad orK.

Proof. Let D be a co-lax idempotent pseudomonads with structure (1). We then tak2
andd on objects for items i) and ii) of De nition 3.1. For item iii) we de ne F°® = mA DF
and show that

B—2= /DB
de o

> DF

?S

DAA /p2p (15)
1
Ipa . mA

DA

exhibits FP as a right Kan extension ofF alongdB. So takeH :DB ! DA and :H
dB ! F. We show that the 2-cell

DA

F

B .
b __ 8l DB DH ?ZA mA ‘DA (16)

DF

is the unique 2-celH ! FP that produces when pasted with (15). So paste the above
2-cell with (15), substitute B dB by d,g, then substitute the pasting ofd,’, d,a, D
andd: by dDA |, and cancel A with its inverse, thus obtaining . Assume now that
we have a 2-cell :H ! FP such that pasting it with (15) equals . Substitute D in
(16) by D of the pasting of with (15). We show that the resulting 2-cell equals . For
this replace the pasting of B and Ddr by the pasting ofdpr and D A. Now replace
the pasting ofd,’, D and dpr by the pasting of andd, k. Paste A and its inverse
at the compositemA DmA (where :m Dm ! m mD is the pasting (3)). Replace
the pasting of A, d_ % and A by mDA D A, and the pasting of *andD A !by
mA "DA. The pastingof D A, D A and "D A s the identity, leaving just .
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The proof of a) is similar, given :K dA ! dA, the relevant 2-cell to consider is

DA Ioa

DA ¢®2A DK /(PZA mA 6DA:

And the proof of b) is also similar, for a 2-cell :L dC ! mA DF G, the relevant

2-cell is
DA

We compare these constructions in Section 6 below.

5. D-Alg versusD-Alg

5.1. Theorem. Let D be a right Kan pseudomonad oK, and produce the colax idem-
potent pseudomonad (also called) as in Theorem 4.1. There is a 2-equivalence D-
Alg ! D-Alg such that the diagram

D-E%EEEEEEE—'M-NQ

K

commutes, where the un-labeled arrows are forgetful 2-functors.

Proof. We dene : D-Alg! D-Alg as follows. For :H ! K :B! A in D-Alg, de ne
ofitas :H! K:Bg! Al wil bea 2-functor if we can show that B, ' and H
are in D-Alg. To show the rst of these we must show that equation (5) is satis ed, in
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this case the equation is

1
. B : 'B
ls dB o,
dDB d lBH o 1p B
* 1g %% B
I
DB el ©?B——F5—/DB; =1y
DdB D(Dls)H °
1ps

but this follows from the fact that (10), with F = 15, is a right Kan extension. Again,
since forF =13, (12) is a right Kan extension, we obtain the inverse of

/

M %ﬁ dlAE“'EEEs.\; '

'bB DA
as the unique 2-cell such that
Cg—/DC. B —*—/DB
E =pH dy &
- Py H “{.s‘ DH
B DA = A =2IpA
B 1n ®
X A
H LA dc . 1A
A DA

In the opposite direction dene : D-Alg ! D-Alg as follows. For an algebra as
in (4), we dene ( ) such that for everyH : X ! B, its extension isB DH, and the
corresponding 2-cell is

X LDX
d \J
H ;s“" DH
B g /DB (17)
s H B
B

To see that () is well de ned, we must show that (17) exhibitsB DH as a right Kan
extension ofH alongdX. Given K :DX I B and :K dX ! H, the unique 2-cell
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K ! B DH that pasted with (17) equals is

B 1g
K
x| ™,
DX xIl D2x B B:
Dd X DH Px P °
DH

Furthermore, we must show that foranyG:Y ! DX andH :X ! B, the 2-cell

y —¥ /py
G d;s“o DG
DX Lxl/sz (18)
1ox mx
DX X /pg —2—/B

exhibits B DH mX DG as a right Kan extension ofB DH G along dY . Given
N:DY! Band :N dY! B DH G, the 2-cell

N

1
dDY dy H [

DY vl D2y fB;
DAY b H H yyyy
DG M yy
D2X ’DZB B’
%Wl DH
%

DX

where , is the 2-cell given by (7), is the unique 2-cell that pasted with (18) equals
We thus conclude that ( ) is an object of D-Alg.
Given a 1-cellL: ! (with  :idc ! C dC) in D-Alg, we want to show that
L:( )! ( )isa1l-cellinD-Alg. Thus we must show that

XLDX
\J
H d;s“‘ DH
Be=—2—/DB (19)
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exhibits L B DH as right Kan extension ofL H alongdX foranyH :X ! B. Given
N:DX! Cand :N dX! L H,theunique2-cellN! L B DH that pasted with
(19) equals is

where is the inverse of the 2-cell induced by that corresponds to (6), given by the
fact that L is a 1-cell of algebras. Thus we dene ()= L.

Fora2-cell :L! L% ! inD-Alg,dene ( )= .
It is routine to verify that and are isomorphic to the corresponding
identities. ]

Similar arguments produce the following

5.2. Theorem. Given colax idempotent pseudomondai, produce its associated right Kan
pseudomonad (also callel), as in Theorem 4.2. ThenD-Alg and D-Alg are equivalentm

6. Right Kan pseudomonads versus co-lax idempotent pseudomonads 2

If U and D are pseudomonads on the 2-categoriesand K respectively then, following
[Marmolejo, 1999] we can describe morphisms frorh;(U) to (K; D) in terms of liftings
of 2-functorsF:L ! K to 2-functors P U-Alg ! D-Alg (that commute with the for-
getful 2-functors). In Theorem 3.5 of [Marmolejo and Wood, 2008] we showed that such
liftings are essentially the same asansitions from U to D along F. The latter are a
pseudo version of the morphisms of monads found in [Street, 1972] (where they are called
monad functors) and consist of strong transformations:DF ! FU together with two
invertible modi cations (corresponding to the two equalities of [Street, 1972]) subject to
two equations. We refer the reader to [Marmolejo and Wood, 2008] for the de nitions of
these and of coherent isomorphisms between them.

We consider the particular case dd = (D;d;m; p; p; p;"p)andU = (U;u;n; yu; u;

u; "u) colax idempotent pseudomonads (wittD as in (1), but with subindex D on the
2-cells that conformD, and we use the same letters for the corresponding 2-cells that
conform U, but with subindex U; thus the structure for U is

%42/“2 32

:“)};}U
u

S e
U T/ U:
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We follow the same pattern with , thus p:dD! Dd,and y:uU! Uu). Itfollows from
the previous Section that morphisms of monads between them and hence also transitions,
can be described in terms of algebras for the corresponding right Kan pseudomonads.

6.1. Theorem. Let U and D be colax idempotent pseudomonads on 2-categoriesind
K respectively. A transition from U to D along a 2-functorF :L ! K can be given
by the following data: for evenA in L, a D-algebra(FUA; () ), such that for every
L:B! UA inL,

F(LY):(FUB;() )! (FUA;())

is a morphism ofD-algebras. Every transition fromU to D alongF is coherently isomor-
phic to one that arises in this way.

Proof. ForeveryA inL denerA =(FuA) and! ;A = Egya:

FA *A  _DFA
'1A= Fua
} (FUA) =rA
FuA *
FUA

To make r a strong transformation observe that, for everyG:B ! A, rA drg =
(FUA) Dgra rc exhibits rA DFG as a right Kan extension off A dFA FG along
dFB. Thus we de nerg as the unique 2-cell such that

FB —2 /pF FByr——2 /DFB
1B

FG DFG FG rB

drG FuB

FAg —+/DFA  FUB = FA DF A
L 1A ké”lll FUc

FuA 'HiEA }||||||FUG Fua Ty, |FY@

FUA FUA:

The inverse ofrg is the unique 2-cell (given by the fact that FUG !B = F((UA
G)Y) rus exhibits FUG rB as a right Kan extension ofFUG FuB alongdB) such
that

FB drB IDE B
d
%}&ﬁ% F; DFG
=  FuB FAq;=+—DF A
! 1A
Fuei FUA rA
FUB IEUA:

FUG
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It is routine to verify that r:DF ! FU is a strong transformation and the equation
de ning rg above tells us that! ;:r dF ! Fu is a modi cation.

To de ne ! ;A we observe thartA F A '=(FuA) D, , exhibitsrA mFA as
a right Kan extension ofrA mF A alongdDF A, thus we can de ne! ,A as the unique
2-cell such that

l WA Dr A

PR @ DFUA
lDFA'.:::_?~ mF A FU?A - rUA
- I 2A FnA FUZ2A
L ) ‘FnA

DFA ———/FUA 'FUA

rA

(This is the equation in Theorem 2.3 of [Marmolejo and Wood, 2008].) To induce the
inverse of! ;A we observe rstthatrUA DrA = (FUUA TrA) : in one direction take
the unique 2-cell such that

DF A “BFA/p2pp
A 4. DIA DFA —="—/D2FA
FU W’DFUA (FUUA rA) = (A Fuu A rA (FUUA rA)
k.
2A -
FUA ———IFU?A;

FU?2A
while in the other take the unique 2-cell such that

-Dr A
(FUUA rA) -
rA DFUA =
FuU A rA -
} ru A
N
FUA —a FU?A

The isomorphism just exhibited and the equality FnA = F((1ya)Y) show that the
pasting ofd;», ! ;UA and F Al exhibits FnA rUA DrA as a right Kan extension of
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rA alongdDF A. Thus, the inverse of! ,A is the unique 2-cell such that

dDF A

CEA DF A D2FA
FA L
ok A mF A
DF A = DF A
rA
i FUA:

We need to verify that! ,:Fn rU Dr ! r mF is a modication. GivenanyG:B! A,
one shows that the pasting ofl,rc and pFA ! followed byrA exhibitsrA mFA D?FG
as a right Kan extension of A DFG alongdFB. Then one has to prove that the two
pastings that need to be equal to show that , is a modi cation, are equal when preceded
by dDF B and pasted withdprg and pFA 1.

The coherence conditions in De nition 2.1 of [Marmolejo and Wood, 2008] remain to
be shown. The rst ends inr, so it su ces to show that both pastings are equal when
preceded bydF and pasted with! ;. The following commutative diagram shows this:

I 2 DdF dF

Fn rU Dr DdF Iy mF DdF
r dar r mF dge ‘ '

Fn rU Dr dDF dF 4/r mF dDF d

1> dDF dF
Fnru D! 1 dF FnrU dr r ofF ldF
FandFUrnganFUrdF r dF
Fn!,UrdF . 1y drF
FandFU!l‘ ‘FnFuU!l v

/ Fn!iUFu ¢
Fn rU DFu dF FnrU dFU Fu

nFuUu F I
Fn rU dey Bn FuU Fu 1 Ey
FnryldF n Fuy
Fn FUu r dF 4/Fn FUu Fu Fu:

u:
Fn FUU ! F'y Fu

For the other condition, observe rst that, for everyA, rA mFA pDF A ! exhibits
rA mFA mDF A as aright Kan extension of A mF A alongdD?FA. Itthen su ces to
show that both pastings are the same when preceded 8p%F and pasted with ,DF 1.
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The following commutative diagram shows that these are equal:

rmF OF dD2F Y /i m mp
Oy \\\\\\\\\\\\\\\\r\ﬁ\G\n\F\\\\\\ @
\\\\\\\\\\\\\\\\ rmF pDF 1 @
! , DmF dD 2F CccCCCCCCCCC:Ir mF dDF mF
En U D I, dOF mF ',
- n raaa a%aaaaaaaao:n rU Dr d mF ,
Fn rU DrgdmF dD2F ropfF lmF
rU dr mF ',
FnrU DFn [uu U Dr 'y
rU DFn dyy Dr ',
Fn rU DFn dFHrU Dr Fn 1o dru ! :
dgn U Dr n 'qU r mF
Fn ru
Fn F r
D! , dD 2F Fnrn L dFU 21U Dr FnrU dFU Fpgqr Fn FuU '2 W
Fn rU DFn DrU dp, U Fn ru Dr
Y-
2 2 yy
FnFUnru2d rU Dr Fn Furlan_-_rU Dr
= F
FnrU DFn DrU D2r dD2F n Fun 11U% U for =
Fn rp DU D2 dD 2F rr =
n 3 rrr Fn Funp rU Dr =
2 2
Py adrusm or Fn FUn Fuu3 U Dr F
1 r mF mDp dD2F
Fn FUn rU2DrU D2r dD2F 95 e }}}}
F uru2pru D2rdp2F F ,:U2UDJJ }
u uy Fuu 2 U Dr \]\]0/ }}}
Fn FnU rU2dFu2rU Dr Fn FnU FuU?2rU Dr
Fn FnU ! (U2 U Dr
Fn FnU rU2 Dru D2F 1
Fn FnU U 2dy Dr Fnor pFU 20 ! 5 MDF
Fn FnU rU2Dru dpy, dD 2F
2 I |
Fn ! U Fn FnU rU2 DrU dDFU Dr e Uaaaﬂdaddddan' rU mFU dDFU Dr
Dr dD 2F ddddddddddddddd%jd Fn rU Dr pDF 1\\
d
ddddddddddddd Fh U mEU dp, \

FnrU mFU D2r dD2F

/

Fn U m; 1dp2F

Fn rU Dr mDF dD?2F:

Assume now that we have a transitionr(! ;
composite

») from U to D along F. Consider the

U-Alg —"—/D-Alg —/D-Alg,

where P ; U-Alg ! D-Alg is the lifting of F determined by the transition (;! 1;!,) as in
Proposition 2.2 of [Marmolejo and Wood, 2008], and D-Alg ! D-Alg was de ned in
the proof of Theorem 5.1. If we apply this composite to the fred-algebra (A, A in
L, we obtain the following U-algebra structure onFUA: for H:X ! FUA, H s the
composite

DX ——/DFUA “2/Fyza 22JFUA
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and 4 is the pasting

FUAGC"2/DFUA
A &
FUUA UA (21)

Furthermore, since for everyL :B ! UA we have thatLY: (B ! uA IS a mor-
phism of U-algebras, the same composite of functors tells us th&t(L"): (FUB;() )!
(FUA; () ) is a D-algebra morphism. According to the rst part of this proof, thet; of
the induced transition fromU to D alongF is

FA -2 _IDEA

drua ¥
FuA 3

F UAN{%"dFUA DFUA
A-$
rUA
FuUA

with its correspondingt,, and the invertible modi cation that makes this and (r;! 1;! 2)
coherently isomorphic is given by

DFuA

This completes the proof. n

7. Distributive laws

In this section we deal with distributive laws. We treat the particular case of a distributive
law of a colax idempotent pseudomonad over a lax idempotent pseudomonad, but observe
that the other cases are similar. We point out that the composite pseudomonad resulting
from a distributive law of a colax idempotent pseudomonad over another colax idempotent
pseudomonad turns out to be colax idempotent (see Theorem 11.7 in [Marmolejo, 1999])).
We begin with the following
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7.1. Lemma. Let D be a pseudomonad oK and let U be a colax idempotent monad (as
in (20)) on K. If there is a distributive law ofU over D, then

(i) For everyA, du,i exhibitsdUA as a right Kan extension oDuA dA alonguA.

(i) ForeveryL:B! UA in K,

uB

B UB
L

L L®

UA
dUA
DUA
exhibitsdUA LY as a right Kan extension ofdUA L alonguB.
Proof. Let (r;! 1;!,;!3;!4) be a distributive law of U over D as in Proposition 5.1 in

[Marmolejo and Wood, 2008]. Actually, the only part of the structure for a distributive
law that we need to prove this ig; wy; w, and the coherence condition (10) of that article.
For(i)let H:UA! DUA and :H uA! DuA dA, then the unique 2-celH ! dUA

that pasted with duA Is is given by the pasting

PU lpu A
H
WA quH wu A “HgUA 7 2 (° oA || .
uzA ———/QUA:

UAH |IL5}DUA UA
\\ U H ||IIIII 1H D" yA ||
\ dA [ Ubua Tua UUA
'UDA [[[[[[[[[[[ Tou A
oA || PUA

dUA

For (i) let M:UB ! DUA and :M uB ! dUA L, then the unique 2-cellM !
dUA LY that pasted with dUA U_ is is given by the pasting

PU lpy A
M
m uDuA’m.
A

U?B — gy 1§DUA — 5 —PU?A —5 o RUA;

N UWHNI 2UA | o |

dUA

LU j-LJIA\

where :nA UL! LY is the unique 2-cell that pasted withU, equals the pasting ofi_
and (A. n
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For the next theorem we takeU a colax idempotent pseudomonad with structure as
in (20), but D is now a lax idempotent pseudomonad. We take the data f@ as follows:

1 /
.'Dv'ﬁ‘a) DZ?%‘H’DZ DZ DZ’;;}”%
m o 2nd -. O dD ,»° || %
e . '.. "D‘ m ¥ i ... dD o.. ol
D2 D2——,—/D? D D——D
D

so that Dd a m a dD.

7.2. Theorem. Assume thatU is a colax idempotent monad ofK, and that D is a lax
idempotent monad orK such that the conditions(i) and (ii) of Lemma 7.1 are satis ed.
Then a distributive law ofU over D can be given by the following data:

(i) For every A in K, a U-algebra structure(DUA; () ),
such that the following two conditions are satis ed:
(iv) ForeveryL:B! UA,D(LY):(DUB;())! (DUA;() ) is 1-cell of U-algebras.

(v) ForeveryH:C! DUA, (H )P:(DUC;())! (DUA;() ) is an algebra mor-
phism.

Proof. According to Theorem 6.1 we get a transition fronU to U alongD if we de ne,
for everyA in K, rA =(DuA) , dene ! ;A as the 2-cell pya:

DA —*—/UDA

||| UA &

\)
DuA I'I{]‘$
DUA;

(DuA)

denerg,forG:B! A, as the unique 2-cell such that

DB —28 /yp DB 22 /UDB

DG u UDG DG
DG

O
>
g
> X0
= 3
. >
> cC
)
- >
_—_E‘
m—
c —
o
C
o
Il
O
>
)
c
>
W)
c
5
(e
W)
g >
o
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and de ne ! ;A as the unique 2-cell such that

UDA %UZDA L/UDUA

L rUA
DA
Y 0y
\) nD A 2 =
lupa {‘ DU“A
I 3A DnA

. )
UDA ———/DUA
We de ne ! ;A as the unique 2-cell such that such that

AU4A/UA

A U4A/UA
&%qﬁ% dA “dg UdA
dUA 4
dA DA = DA—22/ypaA
. k22l 1A
d“A\‘é ||| rA
o }|||| rA DuA
DA —-—+—/DUA DUA:

Then ! , is an invertible modi cation. Now we de ne ! ;A as the unique 2-cell such that
2
HD?A

Y D2A
ub 2a-mN ubD 2 a1
L A ol
DA umA  DUDA D2A S DUDA

L4 g Dr A = w Dr A
mA wDA D2UA mA D2uA ) ‘D2UA
H—;‘J’frrﬂﬂ mUA Mua o

{s“ ‘mUA
DUA DA = /'DUA:

One induces the inverse df 4A using the fact that

W D2A
2pM!
ub ﬁnn | DA H %
D2A S 'DUDA ~“/D2yA "“—/DUA

exhibits MUA Dr A rD A as a right Kan extension oimnUA DrA DuD A alonguD?A;
the proof that it is indeed a right Kan extension follows from the fact thatmUA Dr A '
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(rA)° = ((DuUA) )P:(DUDA;())! (DUA;() ) is a 1-cell ofU-algebras. To show
that ! 4 is a modi cation, one shows that for everyG:B ! A,

ubD 2 QDZB 2G
D?B q, ‘0% YD?*Aq,
D2G uD 2A
D2A U A UDA
ubD
Ty Q%i}a
DA Soa DUA

exhibits rA UmA UD?G as a right Kan extension oDuA mA D?2G, sincerA UmA
UD?G' (DuA mA D?G) .

Next we show that ;! ,;! 4) is an op-transition from D to D along U. Coherence
condition (7) of [Marmolejo and Wood, 2008] follows from the fact that ;A exhibits rA
as a right Kan extension ofDUA alonguDA, using the de ning equation of! ,A. And
coherence condition (8) of [Marmolejo and Wood, 2008] follows from the fact that

§JD3AQE
D3A Uom A HDZA
Q% ey Q%

DmA uD 2A

D2A . YDA
%A 1AH gy,

'DUA

exhibitsrA UmA UDmMA as a right Kan extension oDuA mA DmA alonguD3A,
this becauser! A UmA UDmMA ' (DuA mA DmA) .

Thus we have a transition ¢! 1;!3) from U to U along D and an op-transition
(r;! 2;14) from D to D along U. We are left with the veri cation that the coherence
conditions of Proposition 5.1 of [Marmolejo and Wood, 2008] are satis ed. Condition
(10) of that paper is the de ning equation of! ,, while (11) of the same paper follows
from the fact that dUA |, exhibits dUA nA as a right Kan extension ofdUA along
uUA. And (12) of that paper is the de ning equation for! 4, leaving us only with co-
herence condition (13) of the same paper. This coherence condition follows from the fact
that rA UmA (DA exhibitsrA UmA nD?A as a right Kan extension of A UmA
alonguUD?A (sincerA UmA nD?A "' (rA UmA)). "

We must now show that every distributive law ofU over D, with U colax idempotent
and D lax idempotent, arises essentially in this way. Letr(! 1;! ,;! 3;! 4) be a distributive
law of U overDD. Then we have that conditions (i) and (ii) of Lema 7.1 are satis ed, and we
must obtain conditions (iii), (iv) and (v) of Theorem 7.2, and show that the distributive
law obtained from Theorem 7.2 is essentially the distributive lawr{! 1;! 5;!1 3;!1 4).
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Observe that O;! 1;! 3) is a transition from U to U alongD. Then Theorem 6.1 gives
us the U-algebra structure onDUA corresponding to (21), which in this case assigns to
anH :X ! DUA the right Kan extension

X L/UX

H

{s‘ UH
_UubU AJ

DUA2A/UDUA
A
M ru A

_DU2A

D UA “s
1 ? DnA
DU A
*
DUA;

and for everyL :B ! UA, D(LY) is a 1-cell ofU-algebras. This gives us conditions (iii)
and (iv) of Theorem 7.2.

We are left with showing that, for any H:C ! DUA, (H )°:(DUC;( )) !
(DUA;( ) ) is a U-algebra morphism. To do this we observe thatQUC;( ) ) and
(DUA;( ) ) are the images under the 2-functor :U-Alg! U-Alg of the U-algebras
given by

DU lpy c /[lUC DU 1py A /D<UA
iy 9 o] iy o o]
DuU C DnC DuU A DnA
wuc uc 1| DYC and wua U 1| DUZA
ruc rUA
ubucC UDUA

respectively (these in turn are the images of the free algebragC and (A under the
lifting U-Alg ! U-Alg induced by the transition (D;! 1;! 3)), thus it su ces to show that

(H )D = DUC %DUDUA M/DZUZA Dz#A/DZUA M/DUA
is a 1-cell between these lattet-algebras. According to (6), we must show that

DnA rUA UmUA UD?nA UDrUA UDUH UDnC UrucC (DUC

is invertible; and one uses the available isomorphisms to produgBU C just after y(DUC

to conclude that the above 2-cell is indeed invertible. One then applies the construction
given in Theorem 7.2 to produce a new distributive laws} 1; »; 3; 4). The claim is
that the original distributive law (r;! 1;!2;! 3;!4) is coherently isomorphic to this new
one in the following sense:
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7.3. Definition. Let U and D be pseudomonads oK, and let (r;! 1;! 21 3;14) and

(s; 17 2; 3; 4) be distributive laws of U over D. We say that the distributive laws
are coherently isomorphicif there is an invertible :r ! s that makes the transitions
(r;! 1;13) and (s; 1; 3) coherently isomorphic, and makes the op-transition@;! ;! 4)

and (s; »; 4) coherently isomorphic.

7.4. Theorem. Let U be a colax idempotent monad) a lax idempotent monad orK,
and (r;! 1;! 2;1 3; 1 4) a distributive law ofU overD. If (s; 1; 2; 3; 4) is the distributive
law produced just before De nition 7.3, then(r;! 1;!5;13;14) and (s; 1; 2; 3; 4) are
coherently isomorphic distributive laws.

Proof. Theorem 6.1 already gives usry(! 1;!3) and (s; 1; 3) coherently isomorphic by

the 2-cell
g Y tou
||IIIIrII rul ", 2 ( (22)
UD ——5;——UDU ————DU?2 DU

D r Dn

We must show that it also makes ! ,;! 4) and (S; 2; 4) coherently isomorphic. We
have that sA = DnA rUA UDuUA and, ; is the pasting

DA 22 _JypA

Upu A ¥
DuA {s‘ UDuA
DUAG2A/YUDUA
\ A\~‘
DuU A rUA
,DU 2A
D uA ‘g
1pu A {;‘ DnA
"DUA:

To show that (22) at A pasted with , equals! , we use the fact thatdu,i exhibits dUA
as a right Kan extension oDuA dA alonguA and the de ning equation of ,, namely

uA / uA /
A UA A UA
dA dA “dé@& UdA
dUA 1 uD A
dA N DA = DAg——'UDA
1 & S2as ||| 1A
dua & ||
> || DnA rUA UDuA
$ || DnA rUA UDuUA DUA

DA —-—+—/DUA DUA:

The case forl 3 and 3 is similar to the one just shown. n
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7.5. Remark. Of course we still have not shown that De nition 7.3 is good, in the sense
that the structures induced (liftings, composite pseudomonads, coherent structures) are
essentially the same for two coherently isomorphic distributive laws. However, this would
take us too far from the objectives of the present paper. We defer the treatment of this
issue to a paper that will deal with the \no-iteration" version of the algebras for a general

pseudomonad, and the corresponding version of a distributive law.

8. Example

Let U be coFam onCat. That is, U:Ob(Cat) ! Ob(Cat) is given as follows. For a
category A, the objects of UA are nite families bA;jij,, of objects ofA. A morphism
MAiii2; ! h Bjij2s in UA consists of a function' :J ! | together with a family of
morphismsHh; :A- iy ! Bjij2; in A. The identity on hAjiiz is (1;la;ii2i), whereas
composition of (; Hjijzj):miii2| I'h Bjisz and (; h‘]kikZK):I’Bjisz I'h Ckik2K is
(' ho f ooikek)

The functor uA :A' ! UA sends an objeci to the family with exactly one element
Mitg , andf Al B to (1tg ;M itg ).

We observe thatUA has nite products. Given a nite set |, and for everyi 2 | an
elementhAj ij2,5 in UA, then

Y - - N
PAj Tj23 = PAjiG2 a0
i2l

with the i-th projection given by
Cindit i dihlagii20) s PR T2 00 th Agijay:

Given a functor F:B ! UA, FY:UB ! UA is such thatF(MBjij2j) = QJZJ FBj,
and given a morphism (; hgjij25): hC«ixak ! h Bjij23, dene FY on it such that the
diagram

FY(hCyirak ) —=IFC )
FU((:hgjisz))‘ ]
FY(hBjij2;) ——/FB;

commutes for every] 2 J. Then the diagram
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commutes (provided we make the convention that a unary product is simply the object
involved). And it exhibits FY as a right Kan extension ofF alonguB. Indeed, given

B”IIU—B/UB
ly
F II"I$
UA;

H

then the unique natural transformation b:H 1 FYthat preceded byuA is , is given,
at hBjij,;, by the morphism that makes the diagram

H ((pi g:hds; irg )

H(hBjij25) IH (hBjitg )
b8 i, Bj
FU(B;i25) JFO(hB;jij2s)

FU((pighls;ifg ))

commute for allj 2 J.

It is a routina exercise to verify thatFY:UB ! UA preserves nite products, and
that MBjijy = ~,;MBjirg in UB. Then we can verify condition b) of Theorem 3.1.
Indeed, givenG:C ! UB,H:UC! UA and :H uC! FY G, then the unique
natural transformation P:H 1 FY GV that preceded byuC is s given, athCiij,; in
UC, by the unique arrow that makes the diagram

H(FCiii21) D M (G )
brciiiz, Ci

FUGY(KCiiiz)) W/FUGU(miifg )

commute for alli 2 1.

We have shown, using the techniques of this paper, thall is a colax idempotent
monad. It is well known that the algebras forU are categories with nite products and
functors that preserve nite products.

Dually, as D we take Fam. ThusDA = (U(A°"))°", and the rest of the structure can
be read from this from the description olJ. Of course,D is a lax idempotent monad.

It is well known that there is a distributive law of U over D; the main ingredient being
the fact that if A has nite products then FamA also has nite products. Here we verify
the conditions of this paper.

We observe rst that DUA has nite products. Indeed, given a nite setl, and for
everyi 2 | an elementhij iszij Ij23, iIn DUA, then the product of the family is given
by the object

hh\it(i)kik2 i21 Kit (i)itZQi2| Ji
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With@he i-th projection given by the projection ;: Qm J; I J; together with, for every
t2 °,, Ji, the morphism

(i Kigy ! 21 Kit iy Play k2 o)) S PAIRGKI k2, Ky 1D Ak Tkak -

It is not hard to verify that the conditions of Lemma 7.1 are satis ed. Indeed, to see
that d,» exhibits dUA as a right Kan extension oDuA dA alonguA, take :H UA !

DuA dA, then the unique 2-cellb:H | dUA that pasted with d,» produces is
constructed as follows. GiverhAij»; in UA, we observe that

Y - . . -
hl’AiIfg lfg = hmi|i2|lfg
i2l
in DUA. Thus bhAiim "H(MAii2)) ! dUA(PAjii21) = hifjiiitg IS the unique arrow
such that the diagram
. H((pighAjig ) .
H (MAiii21) — 2 JH (Mg )
bha iz, Aj
hiAii2) g —i/hmiifg ifg

commutes.
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