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NO-ITERATION PSEUDOMONADS

F. MARMOLEJO AND R. J. WOOD

Abstract. We present the no-iteration version of the coherence conditions necessary
to define a pseudomonad, and a description of the algebras for it in a similar fashion.
We show that every no-iteration pseudomonad induces a pseudomonad, and that the
corresponding algebras are equivalent. We also show that every pseudomonad induces
a no-iteration pseudomonad, and again, that the corresponding algebras are equivalent.
We conclude with an analysis of the algebras for the 2-monad (−)2 on Cat in the light
of the no-iteration description of the algebras.

1. Introduction

In this paper we extend the results from [Marmolejo & Wood, 2010] to higher dimensional
monads. We recall that that paper built on the idea of [Manes, 1976] (Exercise 1.3,
page 32) that a monad (T, η, µ) can be presented in a way that avoids iteration of the
endofunctor T . This leads in many particular cases to a significant simplification of
the calculations necessary to verify that something is indeed a monad. This kind of
presentation was extended to the algebras in [Marmolejo & Wood, 2010], and applied
to distributive laws to achieve an alternative presentation of these that avoids iteration
of the functors in question. After the latter paper had been published, we learned from
R.F.C. Walters that he had a similar no iteration presentation of the monad, and also of
the algebras, in his doctoral dissertation [Walters, 1970].

With these results in mind, we moved on to higher dimensions, where the no iteration
idea is even more helpful; this is clear from just a glance at the coherence conditions
necessary for a distributive law of one pseudomonad over another (see [Marmolejo, 1999]
or [Marmolejo & Wood, 2008]). Our first stop in the direction of higher dimensional
monads was [Marmolejo & Wood, 2012], where we dealt with the simplest non-trivial
examples of pseudomonads, namely, (co-)lax idempotent or (co-)KZ, whose definition was
originally given by Kock and Zöberlein in [Kock, 1973] and [Zöberlein, 1976]. However,
[Marmolejo & Wood, 2012] did not follow strictly the logic of [Marmolejo & Wood, 2010].
This was due to the fact that, at some point, we realized that it was much more efficient
to codify all the structure involved in terms of Kan extensions.
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This paper follows its lower dimensional counterpart [Marmolejo & Wood, 2010] more
closely.

We begin in Section 2 with the definition of what we will call, only for the purposes
of this paper, a no-iteration pseudomonad. This consists of six items of data and eight
coherence conditions. Observe on the one hand that this suffices to define the endo
pseudofunctor D, and also the pseudomonad over it, and on the other that there is no
instance of Dn, for n > 1 anywhere in the coherence conditions.

In Section 3 we show first how to extend the function on objects D from a no-iteration
pseudomonad to an endo pseudofunctor on a 2-category, followed by the definition of
the rest of the structure that makes up a pseudomonad, the pseudomonad induced by a
no-iteration pseudomonad.

In Section 4 we define the 2-category of algebras for a no-iteration pseudomonad in a
similar no-iteration fashion, and in Section 5 we give the proof that this latter is equivalent
to the usual algebras for the pseudomonad induced by a no-iteration pseudomonad.

Section 6 is devoted to the opposite direction, that is, every pseudomonad induces a
no-iteration pseudomonad and the corresponding algebras are equivalent.

As an application we use the new description of the algebras for a pseudomonad to
analyze the proof, given in [Korostenski & Tholen, 93] and [Rosebrugh & Wood, 02], of
the fact that the algebras for the 2-monad (−)2 are factorizations systems.

This leaves the task of producing the corresponding no-iteration version of distributive
laws between pseudomonads, the theme of a forthcoming paper.

2. No-iteration pseudomonads

We assume the reader is familiar with the different aspects of the theory of pseudomonads
as given in, for example, [Marmolejo, 1997], with distributive laws between pseudomonads
as given in [Marmolejo, 1999] and [Marmolejo, 2004], with the corresponding revision given
in [Marmolejo & Wood, 2008]. We begin with the alternative no-iteration presentation of
a pseudomonad in the 2-category A.

2.1. Definition. A no-iteration pseudomonad D on A consists of

1. A function D : Ob(A)→ Ob(A).

2. For every A ∈ A, a 1-cell dA :A→ DA.

3. For every A,B ∈ A, a functor ( )D :A(A,DB)→ A(DA,DB).

4. For every A ∈ A, an invertible 2-cell DA : IdDA → dAD.

5. For every f :A→ DB, an invertible 2-cell

A DA

DB.

dA //

f
!!
fD

��

Df
x�
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6. For every f :A→ DB and h :B → DC, an invertible 2-cell

DA DB

DC.

fD //

(hDf)D
!!
hD

��

Df,h
x�

Subject to the coherence conditions

1. For every A ∈ A,

A DA

DA

dA //

IdDA

��
dAD

��dA %%

DdA
x�

DAks = iddA (1)

2. For every f :A→ DB,

DA

DA

DB

IdDA
33

dAD

>>

(fDdA)D
//

fD

99

fD

&&
DdA,f
u}

DA �#

(Df )D��

= idfD (2)

3. For every f :A→ DB,

DA

DB

DB

fD
88

dBD **

(dBDf)D

11

IdDB

��Df,dB
w�

DB
w�

= (DBf)D. (3)

4. For every 2-cell ϕ : f → g :A→ DB,

A DA

DB

dA //

fD

��
gD

��g ((

Dg
t| ϕD

ks =

A DA

DB.

dA //

fD

��f ��
g **

Df
w�ϕ

w� (4)

5. For every f :A→ DB, h :B → DC

A DA

DB

DC

dA //

f %%
fD

��

hD

��

Df
t|

=

A DA

DB

DC.

dA //

hDf

��

(hDf)D

��

fD

''

hD{{

D
(hDf)

s{ Df,hks
(5)
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6. For every ϕ : f → g :A→ DB and every h :B → DC,

DA

DB

DC

fD
33

gD

>>

(hDg)D

11

hD

&&
Dg,h
u}

ϕD �# =

DA

DB

DC.

fD
88

(hDf)D

--

(hDg)D

22

hD

&&
Df,h��

(hDϕ)D ��

(6)

7. For every f :A→ DB and every ψ :h→ k :B → DC,

DA

DB

DC

fD
88

kD **

(hDg)D

11

hD

��Df,k
w�

ψDw� =

DA

DB

DC.

fD
88

(hDf)D

--

(kDf)D

22

hD

&&
Df,h��

(ψDf)D ��

(7)

8. For every f :A→ DB, h :B → DC and ` :C → DE,

DA

DB DC

DE

fD
;;

hD //

`D

##(hDf)D

77

(`DhDf)D
//

((`Dh)Df)D

77

Df,h
� D

hDf,` ��

(Dh,`f)D ��

=

DA

DB DC

DE

fD
;;

hD //

`D

##(`Dh)D ,,
Dh,`|�

((`Dh)Df)D

33
D
f,`Dh��

(8)

3. The pseudomonad induced by a no-iteration pseudomonad

Let D be a no-iteration pseudomonad. We extend the function on objects D to a pseud-
ofunctor as follows.

3.1. Proposition. Given a no-iteration pseudomonad D on a 2-category A, we induce
a pseudofunctor D :A → A as follows: D as given by D on objects. For objects A,B we
define DA,B as the composite

A(A,B)
−◦dB // A(A,DB)

( )D // A(DA,DB).

For every A, DA = DA. For f :A→ B and h :B → C, define Df,h :DhDf → D(hf) as
(DdC h f)D · DdB f,dC h.

Proof. Assume we have

A B C E.

f
**

g
44

h
**

k

44
` //ϕ�� ψ��
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Then D(ψ f) · Df,h is the composition of the top arrow and the rightmost one in the
diagram

DhDf
DdB f,dC h //

(dC ψ)DDf ��

(DhdB f)D
(DdC hf)D //

((dC ψ)DdB f)D ��

Dhf
(dC ψf)D��

DkDf
DdB f,dC k

// (Dk dB f)D
(DdC kf)D

// Dkf.

The right rectangle commutes by the functoriality of ( )D and (4), the left one by (7). The
other composition in the diagram is Df,k ·DψDf . Similarly we have that D(hϕ) ·Df,h =
Dg,h · (DhDϕ) is shown by the commutativity of

DhDf
DdB f,dC h //

DhDϕ ��

(DhdB f)D
(DdC hf)D //

(DhdB ϕ)D ��

Dhf
(dC hϕ)D��

DhDg
DdB g,dC h

// (DhdB g)D
(DdC hg)D

// Dhg,

using naturality and (6).
Furthermore, we have

DIdA,f ·Df DA = (DdB f )
D · DdA,dB f · (dB f)DDA = idDf

by (2) applied to dB f , and

Df,IdB ·DBDf = (DdBf)D · DdB f,dB ·DB(dB f)D

= (DdBf)D · (DBdB f)D

= (DdBf ·DBdB f)D = (iddB f )
D = idDf

by (3) and (1). Finally, we show that Dhf,` ·D`Df,h = Df,`h ·Dh,`Df by means of the fol-
lowing commutative diagram, where the label inside each subdiagram is the corresponding
axiom needed:

D`DhDf D`(DhdB f)D D`Dhf

(D`DhdB f)D

(D`dC hf)D((D`dC h)DdB f)D

D`hf

(D`dC h)DDf

Dh`Df (D`h dB f)D

(8)

(6)

(5)

(7)
(4)

D`DdB f,dC h //

DdC h,dE `Df

��

D`(DdC hf)D //

DDhdB f,dE `
��

DdC hf,dE `

��

(D`DdC hf)D

,,
(DdC h,dE `dB f)D
��

(DdE `hf)D
��

(DD` dC hf)D //

((DdE `h)DdB f)D
��

DdB f,D` dC h//

(DdE `h)DDf
��

DdB f,dE `h
//

(DdE `hf)D
//
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We now extend the family of 1-cells 〈dA :A→ DA〉A∈A to a strong transformation.

3.2. Proposition. If for every f :A→ B we define df := DdB f :

A DA

B DB.

dA //

f
��

(dB f)D=Df
��

dB
//

df

w�

then we obtain a strong transformation d : IdA → D.

Proof. The only non-trivial condition is

dhf ·Dhdf = DdC hf ·DhDdB f = DdC hf · DDhdB f · DdB f,dC hdA

= DdC h f · (DdC hf)DdA · DdB f,dC hdA = dhf ·Df,h

by (5) and (4).

We now define a strong transformation m :D2 → D.

3.3. Proposition. If for every A we define mA = (IdDA)D and for every f :A→ B we
define mf as

D2A DA

D2B DB

(IdDA)
D

//

D2f

��

(IdDB)D
//

Df

��

(Df)D

##((IdDB)DdDBDf)D ..

DIdDA,dB f

u}(D−1
IdDB

Df)D

w�
D−1
dDBDf,IdDB

rz

then we obtain a strong transformation m :D2 → D.

Proof. For ϕ : f → g :A→ B the diagram

Df mA
mf //

Dϕ mA ��

mBD2f
mBD2ϕ��

Dg mA mg
//mBD2g

is the exterior of the diagram

Df mA
DIdDA,dB f //

Dϕ mA��

DfD
(D−1

IdDB
Df)D

//

DϕD
��

(mB dDBDf)D
D−1
dDBDf,IdDB //

(mB dDBDϕ)D ��

mBD2f

mBD2ϕ ��
DgmA

DIdDA,dB g
// DgD

(D−1

IdDB
Dg)D

// (mB dDBDg)D
D−1
dDBDg,IdDB

//mBD2g.

The first rectangle commutes because of (7), the second by naturality, and the third by
(6).
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Now take f :A→ B, h :B → C. The equality (D2)f,g ·mhD
2f ·Dhmf = mhf ·mADf,h

is proved by the following commutative diagram:

(8)
(7)

(8)

(6)

(8)

(7)

(6)(∗)

DdB f,dC hmA
//

DhDIdDA,dB f

OO

(DdC hf)DmA
//

DIdDA,DhdB f

55

DIdDA,dC hf

//
(D−1

IdDC
Dhf)D

//
D−1
dDC Dhf,IdDC

//

(DdC hf)DD

))

(D−1
dB f,dC h)

D

OO
DDf,dC h

//

Dh(D−1
IdDB

Df)D

OO

(DhD−1
IdDB

Df)D

OO
DmB dDBDf,dC h

//

DhDdDBDf,IdDB

OO

(DIdDB,dC h
dDBDf)D

OO

DIdDB,dC h
D2f

//

D−1
dDBDf,Dh

OO

((D−1
IdDC

Dh)DdDBDf)D
//

(D−1
IdDC

Dh)DD2f
//

DdDBDf,mC dDC Dh
��

D−1
dDC Dh,IdDC

D2f
//

(D−1
dDC Dh,IdDC

dDBDf)D

��
D−1

D2h dDBDf,IdDC //

(mCDdDC DhDf)D

��

mCDdDBDf,dDC Dh

��

mC(DdDC DhDf)D

��

(mC dDCDdB f,dC h)D

��

(mC dDC(DdC hf)D)D

��

mC(dDCDdB f,dC h)D

��

mCD((DdC hf)D)
��

where the labels inside the subdiagrams indicate the equation needed for its commutativ-
ity, and (∗) is ( )D of the following commutative diagram:

(5) (4) (5)D−1
dB f,dC h

OO

id
(DhdB f)D --

DhD−1
IdDB

Df
//

DIdDB,dC h
dDBDf

//
(D−1

IdDC
Dh)DdDBDf

//
DDhDf��

D−1
dDC Dh,IdDC

dDBDf
//

DmC dDCDhDf ++
mCDdDC DhDf��

mC dDCDdB f,dC h��
D−1
IdDC

DhDf

//
DdB f,dC h ��

(DdC hf)D �� mC dDC(DdC hf)D��
D−1
IdDC

Dhf

//

where the unlabeled subdiagram commutes by naturality.
Finally,

mIdDA ·DAmA = D−1dDADIdDA,IdDA
· (D−1IdDA

DIdA)D · DIdDA,dA ·DAmA

= D−1dDADIdDA,IdDA
· (D−1IdDA

DIdA)D · (DA)D

= D−1dDADIdDA,IdDA
· (mAdDADA)D · (D−1IdDA

)D

= mAD(DA) · D−1dDA,IdDA · (D
−1
IdDA

)D

= mAD(DA) ·mADIdDA
= mA (D2)A

by (3), naturality, (6) and (2).

The following two propositions give the 2-dimensional data for the construction of a
pseudomonad.
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3.4. Proposition. If for every A in A we define βA = DIdDA
and we define ηA as

DA

D2A

DA

DdA --

(mAdDAdA)D

55
dAD

//

IdDA

))

mA

==

D−1
dDAdA,IdDA ��

(D−1
IdDA

dA)D ��

DA��

then we obtain modifications β :mAdD → IdD and η : IdD → mADdA.

Proof. The statement for β follows from the following commutative diagram for every
f :A→ B:

Df mAdDA

DfDdDA (mB dDBDf)DdDA mBD2f dDA

mB dDBDfmB dDBDf

Df

(5)

(4)(5)
DIdDA,dB f

dDA

OO

DfDIdDA //

(D−1
IdDB

Df)DdDA
//

DDf

++

D−1
dDBDf,IdDB

dDA
//

DmB dDBDf ++
mBDdDADf��

DIdDB
Df

��

The one for η follows from the commutative diagram

(2)

(6)

(8)

(7) (8)

(6)

(3)
(5) (8)

(∗)

Df DA

OO

idDf

11
(D−1
dB f )

D

;;

DB Df //

Df(D−1
IdDA

dA)D
OO

DdA,dB f //

DmAdDAdA,dB f //

DfD−1
dDAdA,IdDA

OO

(DfD−1
IdDA

dA)D

OO

(DIdDA,dB f
dDAdA)D

OO

DIdDA,dB f
DdA

//

D−1
dDAdA,Df

OO

((D−1
IdDA

Df)DdDAdA)D

//

(D−1
IdDB

Df)DDdA
//

(D−1
dDBDf,IdDB

dDAdA)D

//

DdDAdA,mB dDBDf

��

DdDBDf,IdDBdDA //
mBDdDAdA,dDBDf

��
D−1

D2f dDAdA,IdDB //

(mBDdDBDfdA)D

��
mB(DdDBDfdA)D

��

(mB dDBDdB f )D

��
mB(dDBDdB f )D

��

(mBD−1
dDB dBf)

D

��
mB(D−1

dDB dBf)
D

��
D−1
DdB dB f,IdDB

//

(DdDB dB,IdDBdB f)
D

��
mBD−1

dB f,dDB dB

��
D−1
dB f,mB dDB dB

��
D−1
dDB dB,IdDB

Df

//

(DdB f )D
##

(DB dB f)D ))

(D−1
IdDB

dB)DDf

//
DdB f,dB

88
((DIdDB

dB)DdB f)D
//
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where (∗) is ( )D applied to the following commutative diagram

Df dA

Df mAdDAdA

DfD dDAdA

Df dA

dB f

(mB dDBDf)DdDAdA

mB dDBDf dA

mBD2f dDAdA

mB dDB dB f

mBDdB dB f

(mB dDB dB)DdB fdBDdB f

(5)

(4) (5)

(4) (5)
(1) D−1

dBf

��

DB dB f

��

DfD−1
IdDA

dA

OO

DdB f
//

idDf dA

33

DIdDA,dB f
dDAdA

OO
DDfdA

**

(D−1
IdDB

Df)DdDAdA
//

D−1
IdDB

Df dA

00

D−1
IdDB

dB f

00

DmB dDBDfdA ++

D−1
dDBDf,IdDB

dDAdA
//

mB dDB DdB f
��

mB DdDBDfdA
��

mBD−1
dDB dBf

&&D−1
mB dDB dBf

�� DdDB dB,IdDBdB fxx

(D−1
IdDB

dB)DdB f

//

3.5. Proposition. If for every A we define µA as

D3A D2A

D2A DA

DmA //

mDA

��

mA
//

mA

��

(mAdDAmA)D

$$mAD
..

DdDAmA,IdDA

{�(DIdDA
mA)D

v~
D−1
Id
D2A

,IdDA

s{

then we obtain a modification µ : mADmA→ mAmDA.

Proof. The proof is obtained by glueing the following three commutative diagrams, first
the last two along the dashed arrow, and then the resulting diagram with the first along
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the dotted arrows:

(†)

DfDdDAmA,IdDA

OO

DIdDA,dB f
DmA

//

DmAdDAmA,dB f //

Df(DIdDA
mA)D

OO

DdDAmA,Df //

(D−1
IdDB

Df)DDmA

��

(D−1
IdDA,dB f

dDAmA)D

OO

((DIdDB
Df)DdDAmA)D

��

(DfDIdDA
mA)D

OO
DmA,dB f //

DfD−1
Id
D2A,IdDA

OO

(DIdDA,dB f
)D

OO

(mf )
D

//

DIdDA,dB f
mDA

//

D−1
Id
D2A,Df

OO

(D−1
IdDB

Df)DD
//

(D−1
IdDB

Df)DmDA
//

(D−1
dDBDf,IdDB

)D

��

DId
D2A

,mB dDBDf

��

(mBD−1
Id
D2B

D2f)D

��

(DId
D2B

,IdDB
dD2BD2f)D

��

DdDAmA,mB dDBDf //

D−1
dDBDf,IdDB

DmA

��

mBDdDAmA,dDBDf
��

(D−1
dDBDf,IdDB

dDAmA)D

��

mB(DdDBDfmA)D

��

DD2f dDAmA,IdDB 44

(mBDdDBDfmA)D

��

DdDBDf mA,IdDB

44

mBDmf
//

(mB dDBmf )
D

//

D−1

dDBmBD2f,IdDB
��

(mBD−1
dDBmBD

2f)D

OO
(DdDBmB,IdDBdD

2BD2f)D

OO
((DIdDB

mB)DdD2BD2f)D

OO

(D−1
dDBDf,IdDB

)D

��

DId
D2A

,mB dDBDf

��

D−1
dDBDf,IdDB

mDA
//

D−1

D2f,mB //

(mBD−1
Id
D2B

D2f)D

��

mBDId
D2A

,dDBDf

��

mB(D−1
Id
D2B

D2f)D

��
D−1

mDB dD2BD2f,IdDB //

(DId
D2B

,IdDB
dD2BD2f)D

��

mBDdD2BD2f,Id
D2B

��
D−1

dD2BD2f,mB

//
DId

D2B
,IdDB

D3f
//

D−1

dD2BD2f,mB //

D−1

dDBmBD2f,IdDB

��

(mBD−1
dDBmBD

2f)D

OO

mB(D−1
dDBmBD

2f)D

??
D−1

DmB dD2BD2f,IdDB

//

(DdDBmB,IdDBdD
2BD2f)D

OO

mBD−1

dD2BD2f,dDBmB

OO

D−1

dD2BD2f,mB dDBmB

//

((DIdDB
mB)DdD2BD2f)D

OO

D−1
dDBmB,IdDB

D3f

OO
(DIdDB

mB)DD3f

OO
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where (†) is ( )D applied to the commutative diagram

DIdDA,dB f

66

(D−1
IdDB

Df)DdDAmA

��

DDf mA
//

DfDIdDA
mA

��

D−1
IdDB

Df mA

��

mf //

DmB dDBDfmA
//

D−1
dDBDf,IdDB

dDAmA

��

mB dDBmf
//

mBDdDBDfmA

GG

D−1
IdDB

dDBD2f

��

mBD−1
Id
D2B

D2f

33

D−1
mBD

2f

//

D−1
mB dDBmBD

2f

//

mBD−1
dDBmBD

2f

��

DId
D2B

,IdDB
dD2BD2f

��

(D−1
IdDB

mB)DdD2BD2f
��

id

��
(DIdDB

mB)DdD2BD2f

��

DdDBmB,IdDBdD
2BD2f

33

We now show that we have indeed produced a pseudomonad.

3.6. Theorem. Let D be a no-iteration monad. The above constructions of the pseudo-
functor D, the strong transformations d and m, and the modifications β, η, µ constitute
a pseudomonad (D, d,m, β, η, µ).

Proof. We must show the usual two coherence conditions. The equation µADdDA =
(mADβA)(mAηDA) is shown by the commutative diagram

(†)

DdDAmA,IdDADdDA
//

mADdD2AdDA,dDAmA

OO

(DIdDA
mA)DDdDA

//

DdD2AdDA,mAdDAmA

OO

D−1
Id
D2A

,IdDA
DdDA

//

((DIdDA
mA)DdD2AdDA)D

//

(D−1
dDAmA,IdDA

dD2AdDA)D

OO

D−1

dD2A,mA
��

DDmAdD2AdDA,IdDA //

mA(DdDAmAdDA)D

OO

(mADdDAmAdDA)D
OO

(DId
D2A

,IdDA
dD2AdDA)D

��

D−1

mDAdD2AdDA,IdDA //

mADdD2AdDA,Id
D2A

��

(mAdDADIdDA
)D

//

(mAD−1
Id
D2A

dDA)D

��

D−1
dDA,IdDA

22
DdDAmAdDA,IdDA

,,

mA(dDADIdDA
)D

//

mA(D−1
Id
D2A

dDA)D

��

where (†) is ( )D applied to the commutative diagram

(DIdDA
mA)DdD2AdDA

//

id 11

id //
(D−1

IdDA
mA)DdD2AdDA

��

DmAdDA

++

D−1
dDAmA,IdDA

dD2AdDA
��

DmAdDAmAdDA

++ DIdDA
mAdDA��

id

++

DId
D2A

,IdDA
dD2AdDAaa

mADdDAmAdDA
//

mAdDADIdDA

//

D−1
mAdDA

OO

mADId
D2A

dDA

==
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The proof of the other coherence condition is given by the commutative diagram after the
following one, where (†) is ( )D applied to the commutative diagram

DmAdDAmADmA
//

D−1
dDAmA,IdDA

dD2ADmA ==

(DIdDA
mA)DdD2ADmA

��

mADdDAmADmA !!

DIdDA
mADmA

��

mAdDADdDAmA,IdDA
//

mAdDAµA

OO

DdDAmA,IdDA
//

mADId
D2A

DmA

==
DmADmA //

D−1
Id
D2A

,IdDA
dD2ADmA !!

DIdDA
(mAdDAmA)D

��

mAdDA(DIdDA
mA)D
//

(DIdDA
mA)D

//
DIdDA

mAD

''

id
//

mAD−1
dDAmAmDA

OO

mAdDADId
D2A

,IdDA
''

DIdDA
mAmDA

//

DdDAmA,IdDAdD
2AmDA

//

DmAdDAmAmDA

��

(DIdDA
mA)DdD2AmDA

//
D−1
Id
D2A

,IdDA
dD2AmDA

//

DmAmDA

''

mADId
D2A

mDA

��

DId
D2A

,IdDA

��

(†)

DdDAmA,IdDAD
2mA

��

mADdD2ADmA,dDAmA

OO

DdD2ADmA,mAdDAmA

//

(DIdDA
mA)DD2mA

��
((DIdDA

mA)DdD2ADmA)D

��

(D−1
dDAmA,IdDA

dD2ADmA)D

OO

DdD2ADmA,mA

//

D−1
Id
D2A

,IdDA
D2mA

��

(DId
D2A

,IdDA
dD2ADmA)D

��

D−1

mDAdD2ADmA,IdDA ��

(mADId
D2A

DmA)D
//

mADdD2ADmA,Id
D2A

//
mA(DId

D2A
DmA)D

//

(DdDAmA,IdDA )D

OO

DDmA,IdDA

OO

mAD−1
Id
D3A

,dDAmA

//

D−1
Id
D3A

,mAdDAmA

//
(DIdDA

mA)DD

OO

(DIdDA
mA)DmD2A

OO

DdDAmA,IdDAmD
2A

OO

D−1
Id
D3A

,mA
//

D−1
Id
D2A

,IdDA
mD2A

OO(DId
D2A

,IdDA
)D

��

D−1
mDA,IdDA

//

mADId
D3A

,Id
D2A ��

(mADId
D2A

mDA)D
��

DmDAdD2AmDA,IdDA

//

mA(DId
D2A

mDA)D
��

(D−1
Id
D2A

,IdDA
dD2AmDA)D

��

DdD2AmDA,mA //

mADdD2AmDA,Id
D2A ��

D−1
Id
D2A

,IdDA
DmDA

��

((DIdDA
mA)DdD2AmDA)D

��

D−1

dD2AmDA,mAdDAmA

33

(DIdDA
mA)DDmDA

��

DDmAdD2ADmA,IdDA

//
mA(DdDAmADmA)D
OO

(mADdDAmADmA)D
OO

DdDAmADmA,IdDA
//

mA(dDAµA)D

OO
(mAdDAµA)D

OO
DdDAmAmDA,IdDA

//

mA(D−1
dDAmAmDA)

D

OO

(mAD−1
dDAmAmDA)

D

OO
DDmAdD2AmDA,IdDA

++

mAD−1

dD2AmDA,dDAmA

//

(DdDAmA,IdDAdD
2AmDA)D

//

DdDAmA,IdDADmDA
//
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4. The algebras for a no-iteration pseudomonad

Let D be a no-iteration pseudomonad as in Definition 2.1. Following the same no-iteration
framework, we define the 2-category Âlg-D of algebras for such a presentation as follows.

An object of Âlg-D consists of

1. An object A in A.

2. For every X in A a functor ( )A : A(X,A)→ A(DX,A).

3. For every h : X → A an invertible 2-cell

X DX

A

dX //

hA

��h &&

Ah
u}

4. For every h : X → A and every g : Y → DX, an invertible 2-cell

DY

DX

A

gD
77

hA

''

(hAg)A
//

Ag,h ��

subject to the axioms

1. For every ϕ : h→ k : X → A

X DX

A

dX //

kA

��
hA

��
k

&&

Ak
w� ϕA

ks =

X DX

A

dX //

k ,,

h

��
hA

��

Ah
z�ϕ

{� (9)

2. For every h :X → A

DX

DX

A

IdDX
33

dXD

>>

(hAdX)A
//

hA

::

hA

&&
AdX,h
u}

DX
�#

(Ah)A��

= idhA (10)

3. For every h :X → A and every g :Y → DX

Y DY

DX

A

dY //

g %%
gD

��

hA

��

Dg
t|

=

Y DY

DX

A.

dY //

hAg

��

(hAg)A

��

gD

''

hA{{

A
(hAg)

s{ Ag,hks
(11)
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4. For every h :X → A and every ψ : f → g : Y → DX

DY

DX

A

fD
33

gD

>>

(hAg)A

22

hA

&&
Ag,h
u}

ψD �# =

DY

DX

A

fD
88

(hAf)A

,,

(hAg)A

22

hA

&&
Af,h��

(hAψ)A ��

(12)

5. For every ϕ :h→ k :X → A and every g :Y → DX

DY

DX

A

gD
88

kA ++

(kAg)A

22

hA

��Ag,k
w�

ϕAw� =

DY

DX

A

gD
88

(hAg)A

,,

(kAg)A

22

hA

&&
Ag,h��

(ϕAg)A ��

(13)

6. For every h :X → A, g :Y → DX and ` :Z → DY

DZ

DY DX

A

`D
;;

gD //

hA

##(gD`)D

77

(hAgD`)A
//

((hAg)A`)A

88

D`,g
� A

gD`,h ��

(Ah,g`)A ��

=

DZ

DY DX

A

`D
;;

gD //

hA

##(hAg)A ,,

((hAg)A`)A

33

Ag,h|�
A
`,hAg��

(14)

Given objects (A, ( )A) and (B, ( )B) in Âlg-D (we omit the rest of the structure), a 1-cell

in Âlg-D is a 1-cell f :A→ B in A together with an invertible 2-cell

DX

A B

hA

��

(fh)B

&&
f

//
f [h]��

for every h : X → A in A, subject to the coherence conditions

X DX

A B

dX //

h
&&
hA

��

(fh)B

&&
f

//

Ah
y� f [h]

v~
=

X DX

A B

dX //

h
��

(fh)B

��

f
//

Bfh
|�

(15)

and for any g :Y → DX

DY DX

A B

gD //

(hAg)A

%%

hA

��

(fh)B

%%
f

//

Ag,h
{� f [h]

x�

=

DY DX

A B

gD //

(hAg)A

��

((fh)Bg)B

��(fhBg)B --

(fh)B

��

f
//

Bg,fh
v~

(f [h] g)B

x�
f [hAg]

v~

(16)
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and for every κ :h→ k :X → A,

DX

A B

kA

��

hA

��

(fh)B

  

f
//

κAks f [h]

x�

=

DX

A B

(fk)B

$$

(fh)B

��
kA

��

f
//

(fκ)B

v~
f [k]
}�

(17)

For 1-cells f :A→ B, f ′ :B → C in Âlg-D, composition is given by the usual composition
f ′f in A and, for every h :X → A, the 2-cell

(f ′f)[h] =

DX

A B C

hA

��

(fh)B

��

(f ′fh)C

��

f
//

f ′
//

f [h]

x�
f ′[fh]
rz

It is direct to show that the composition f ′f satisfies the conditions (15), (16) and (17).

A 2-cell α : f → g : A → B in Âlg-D is a 2-cell α : f → g in A such that for every
h :X → A we have that

DX

A B

hA

��

(gh)B

&&

(fh)B

��
g

//
g[h]

x�

(αh)B

v~ =

DX

A B

hA

��

(fh)B

&&

g

;;
f //

f [h]

x�
α ��

(18)

Composition of 2-cells in Âlg-D is as in A.
For every object A in Âlg-D, IdA is the usual IdA : A → A in A together with the

identity two cell
DX

A A

hA

��

hA

%%
IdA

//
IdA[h]��

on hA for every h : X → A in A.

5. The biequivalence D-Alg ' Âlg-D
In this section we consider a no-iteration pseudomonad, called D, as in Definition 2.1, and
induce the pseudomonad, also called D, as in Section 3. We denote the usual category of
algebras for D as D-Alg.
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5.1. Theorem. The categories D-Alg and Âlg-D are biequivalent.

Proof. We define pseudofunctors in both directions.

Define F : Âlg-D→ D-Alg as follows. Take (A, ( )A) (B, ( )B)

f
,,

g
22

ϕ �� in Âlg-D. Let

α0 = IdA
A, α1 = AIdA , β0 = IdB

B, β1 = BIdB , and define FA as
A DA

A

dA //

IdA
%%

α0

��

α1

{� ,

D2A DA

DA A

D(α0 ) //

mA

��

(α0dAα0 )
A

��

α0
A

--

α0

��
α0

//

AdAα0 ,IdA

{�
(α1α0 )

A

{�
AIdDA,IdA

−1|�


(19)

For convenience, we write α2 for the second coordinate of FA. Define Ff as

DA DB

A B

Df //

α0

��

(β0dB f)
B

��

fB

..

β0

��

f
//

BdB f,IdB

~�(β1f)B

}�
f [IdA]
|�

For future reference, call this two cell ρ. And define Fϕ = ϕ.
We must verify first that FA is indeed an object in D-Alg, but this is essentially the

same proof given in Theorem 3.6 except that some D’s should now be A’s. We must also
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show that Ff : FA→ FB is in D-Alg. The diagram for this has the same shape, namely

(†)

BdB β0 ,IdBD
2f

��

β0DdDBDf,dB β0

OO

BdDBDf,β0dB β0
//

(β1β0 )
BD2f��

((β1β0 )
BdDBDf)B

��

((B−1
dB β0 ,IdB

)B dDBDf)B

OO

BdDBDf,β0
//

B−1
IdDB,IdB

D2f

��

(B−1
IdDB,IdB

dDBDf)B
��

B−1
mB dDBDf,IdB ��

(β0DIdDBDf)
B

//

β0DdDBDf,IdDB
//

β0 (DIdBDf)
D

//

(BdB f,IdB )B
OO

BDf,IdB
OO

β0D
−1
IdDA,dB f

//

B−1
IdDA,β0dB f

//
(β1f)BB

OO
(β1f)BmA

OO

BdB f,IdBmA

OO

B−1
IdDA,f

//
f [IdA]mA

OO
(f [IdA]

−1)B

��

f [α0 ]
//

fA−1
IdDA,IdA ��

(fα1α0 )
B
��

f [α0dAα0 ]
//

f (α1α0 )
A
��

(f [IdA]dAα0 )
B

��

B−1
dAα0 ,f //

f AdAα0 ,IdA ��

f [IdA]Dα0 ��

((β1f)BdAα0 )
B
��

B−1
dAα0 ,β0dB f

22

(β1f)BDα0

��

BDβ0dDBDf,IdB
//

β0 (DdB β0Df)
D

OO
(β0DdB β0Df)

B
OO

BdB β0Df,IdB //
β0Dρ

OO
(β0dB ρ)

B
OO

BdB f α0 ,IdB //

β0 (D
−1
dB fα0 )

D

OO

(β0D
−1
dB fα0 )

B

OOBDf dAα0 ,IdB ,,

β0DdAα0 ,dB f
//

(BdB f,IdBdAα0 )
B

//

BdB f,IdBDα0

//

where (†) is ( )B applied to the commutative diagram

Bβ0dB β0Df
//

B−1
dB β0 ,IdB

dDBDf ::

(β1β0 )
BdDBDf

��

β0DdB β0Df $$

β1β0Df

��

β0dBBdB f,IdB //

β0dB ρ

OO

BdB f,IdB
//

β0DIdDBDf

::
Bβ0Df

//

BIdDB,IdBdDBDf $$

β1(β0dB f)
B

��

β0dB (β1f)B
//

(β1f)B
//

β1fB ))

id
//

β0D
−1
dB fα0

OO

β0dB f [IdA]
−1

))

β1f α0

//

BdB f,IdBdAα0 //

Bβ0dB fα0

��

(β1f)BdAα0 //
f [IdA]dAα0 //

Bfα0

))

f α1α0

��

f [IdA]
−1

��

It is not hard to see that Fϕ is a 2-cell in D-Alg. We have that F (IdA) = IdFA by

(10). Furthermore, if f :A→ B and f ′ :B → C are 1-cells in Âlg-D, then the proof that
F (f ′f) = F (f ′)F (f) is given by the following commutative diagram (with γ0 = (IdC)C
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and γ1 = CIdC )

.
γ0 (D

−1
dC f ′ )

D
OO

CdC f ′f,IdC
//

γ0D
−1
dB f,dC f ′

OO
CD(f ′)dB f,IdC //

CdC f ′,IdCDf
OO CdB f,γ0dC f ′

++

(γ1f ′)CDf //

(γ0D
−1
dC f ′f)

C
OO

(γ1f ′f)C
//

(CdC f ′,IdC dB f)
C

OO
((γ1f ′)CdB f)C //

f ′[f ]
//

(f ′β1f)C ��
f [β0dB f ]

//
(f ′[IdB ]dB f)C
��

CdB f,f ′��

f ′[IdB ]Df //

f ′ f [IdA]
//

f ′(β1f)B��

f ′BdB f,IdB

��

In the other direction take


A DA

A

dA //

α0

��IdA   

α1

}� ,

D2A DA

DA A

Dα0//

mA
��

α0

��
α0

//

α2

��



DA DB

A B

Df //

α0 �� β0��

f
//

ρ

��

++

DA DB

A B

Df ′//

α0 �� β0��

f ′
//

ρ′

��

33
ϕ

��


B DB

B

dB //

β0
��IdB   

β1
}� ,

D2B DB

DB B

Dβ0//

mB
��

β0
��

β0

//

β2
��



in D-Alg. Define G(α1, α2) as

1. The same object A.

2. For every X in A, ( )A is A(X,A) A(DX,DA) A(DX,A).D //
A(X,α0 ) //

3. For every h :X → A define Ah as

X DX

A DA

A

dX //

h
��

Dh
��

dA //

IdA $$
α0
��

dh
w�

α1

v~

4. For every g :Y → DX and h :X → A define Ag,h as

DY

D2X

DX

D2A DA

DA A

Dg
��

(mX dDX g)D
//

gD

%%

mX

::

D2h ��

Dh

��

mA
//

Dα0 ��
α0
��

α0

//

(D−1
IdDX

g)D
��

D−1
dDX g,IdX ��

mh
v~

α−1
2

v~

Define G(f, ρ)[h] as

DX

DA DB.

A B

Dh
��

D(fh)

''

Df
//

α0

��
β0
��

f
//

(Dh,f )−1

v~

ρ

w�

And define Gϕ = ϕ.
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To see that G(α1, α2) is an object in Âlg-D, observe first that condition (9) is direct.
The show condition (10) observe that the pasting of DX and AdX,h is α−12 D2hDdx ·
α0mhDdX · α0DhηX, and then consider the following commutative diagram:

.
α0 DhηX

OO

idα0Dh
//

α0 mhDdX

OO

α0 DhηX
−1

--

α−1
2 D2hDdX

//
α0 Dα0 Ddh //

α0 mXDdh ++

α0 D
dA,α0Dh

//

α−1
2 DdADh

33

α0 Dα1 Dh

��

α0 D
−1
A Dh

��

α0 ηX
−1Dh

++

Condition (11) is the commutativity of the diagram

α0Dh(β
−1
X g)DdY

OO

α0DhDg //

α0 DhD
−1
dDX g,IdDA

OO

α0DhDmX dDX g

22

α0mhDg dY
11

α0DhmX dg

,,

α−1
2 D2hDg dY

//

α0mAD
2h dg

��

α0Dα0D
g,DhdY

//

α0Dα0D
2h dg

��

α0D
Dhg,α0 dY

//

α0dα0 Dhg

��

α1α0Dhg

��

α0Dα0dDhg //
α0dα0Dhg

//
α−1
2 D2h dDX g

//
α0mAdDhg

))
α−1
2 dDADhg

55

α0βADhg

--

α0mhdDX g
//

α0DhβX g

00

Conditions (12) and (13) are straightforward. As for (14), observe that the right hand
side of (14) is

DZ DY DX

D2Y D2X

D2A DA

DA

A

D2A

DA

(mY dDY `)D //

`D

$$

D` ))

D(α0D(α0Dhg)`)

00

(mX dDX g)D //

gD

$$

Dg ))

D(α0Dhg)

..

Dh

##

mY

55

D2(α0Dhg)

##

mX

55

D2h

))

mA
//

Dα0��
α0

��
α0

))

mA
//

Dα0 ))
α0

//

(βY −1`)D

��
(βX−1g)D

��

D−1
dDY `,IdDY �� D−1

dDX g,IdDX ��

mh
w�

α−1
2

t|

t|

α−1
2

~�

mα0Dhg

s{w�

where the two unlabeled 2-cells are simply the coherence isomorphisms associated to
the pseudofunctor D. In the middle replace the pasting of mα0Dhg

and the coherence
isomorphism to its right by the pasting of mg, mDh, mα0

and the corresponding coherence

isomorphism for D2. Then replace the pasting of α−12 , mα0
and α−12 by the pasting of

µ−1A , α−12 and Dα−12 (in this last one we omit the corresponding coherence isomorphisms
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associated to D). Then replace the pasting of mh, mDh and µ−1A by the pasting of µ−1X ,
mh and Dmh. Thus we have arrived at

DZ DY DX

D2Y

D3X

D2X

D2X

DA
DA

A

D2A

DA
D2A

(mY dDY `)D //

`D

$$

D` ))

D(α0D(α0Dhg)`)

33

(mX dDX g)D //

gD

$$

Dg ))

Dh

��

mY

55

D2g
++

D2(α0Dhg)

%%

mDX

33

DmX
--

D3h ��

mX

55

mX

FF

D2h��

α0��

DmA
--

D2α0��

α0

//

mA
//

Dα0��
Dα0

--

(βY −1`)D

��
(βX−1g)D

��

D−1
dDY `,IdDY �� D−1

dDY g,IdDX ��
mg ��

µ−1
X
��

mh
t|

α−1
2

s{

Dmh
t|

w�

Dα−1
2
t|w�

Comparing this pasting with the left hand side of (14), we see that we have to show that

DZ

DY

DX

D2X

`D

55
gD

))

(gD`)D

,,

(mX dDX gD `)D
//

D(gD `)

))
D((mX dDX g)D `)

00

D(mXDg `)

88

mX

@@

D`,g ��

(βX−1gD`)D ��

D
dDX gD `,IdDX

��
D((βX−1g)D`)

��

D(DdDX g,IdDX
`)
��

equals

DZ DY DX

D2Y

D3X

D2X

D2X

(mY dDY `)D //

`D

$$

D` ))

D(mXDg `)

33

(mX dDX g)D //

gD

$$

Dg ))mY

55

D2g
++ mDX

33

DmX
--

mX

55

mX

FF

(βY −1`)D

��
(βX−1g)D

��

D−1
dDY `,IdDY �� D−1

dDX g,IdDX ��
mg ��

µX−1 ��

��

On this last pasting, substitute the pasting of D−1dDY `,IdDY , D−1dDX g,IdDX
, mg and µ−1X by the
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other side of the commutative diagram

(mX dDX g)D D−1
dDY `,IdDX��

DmY dDY `,mX dDX g //

DdDX g,IdDX
mY D`

��

DIdDY ,mX dDX gD`
//

mX DIdDX,dDX gD`

��

mXmg D`

��

DDg,IdDXD` //
mX (βDX−1Dg)DD`

��

mX DdD2XDg,Id
D2X

D`

��

DmDX dD2XDg,IdDX
D`

//

µX−1D2g D`
//

(DIdDY ,mY dDX gdDY `)
D
//

D−1

dDY `,(mX dDX g)D
��

((βX−1(mX dDX)D)D dDY `)D //

(D−1
dDX g,IdDX

)DD`

��

(βX−1(mX dDX g)D)DD`
//

(mX βDX−1Dg)DD`

��

(βX−1mXDg)D //

(µX−1dD2XDg)DD` //

D−1

dDY `,mX dDX(mX dDX g)D
��

(mX dDX D−1
dDX g,IdDX

)DD`

��

(mX D−1
dDXmXDg)

DD`

��

D−1

DmX dD2XDg,IdDX
D`

��
mX D−1

dD2XDg,dDXmX
D`

oo

Now replace the pasting of (βX−1g)D, (βY −1`) and the top row of the previous diagram
by the other side of the commutative diagram

(βX−1)D`D //

D`,g

��

(mX dDX g)D(βY −1`)D //
DmY dDY `,mX dDX g//

(DIdDY ,mX dDX gdDY `)
D

//

((mX dDX g)DβY `)D 00

(D
(mX dDX g)DdDY `)

D

��

��

(βX−1(mX dDX g)D `)D

��

((βX−1g)D`)D
33

(βX−1gD`)D //

((mX dDX g)DβY −1`)D

33

id
((mX dDX g)D`)D

//

(mX dDX(βX−1g)D `)D //

D
dDX gD `,IdDX
�� (D

mX dDX(mX dDX g)D`)
D ��

mXD((βX−1gD)D`)
//

D
dDX(mX dDX g)D`,IdDX

11

where the rightmost arrow is ((βX−1(mX dDX g)D)DdDY `)D. And finish the argument
with the substitution given by the commutative diagram

D
dDX(mX dDX g)D`,IdDX //

mXD`,(mX dDX g)D

##

mX(D−1

dDX(mX dDX g)D
`)D

''

mXD(D−1
dDX g,IdDX

`)

��

(mXD−1

dDX(mX dDX g)D
`)D

((

(D−1

mX dDX(mX dDX g)D
`)D

))
D
(dDX(mX dDX g)D)DdDY `,IdDX

//

mXD−1

dDY `,dDX(mX dDX g)D
��

(D
dDY (mX dDX g)D,IdDX

dDY `)D
//

D−1

dDY `,mX dDX(mX dDX g)D

��
D
dDX(mX dDX g)D,IdDX

D`
//

mXD(D−1
dDX g,IdDX

)D`

))

(mX dDXD−1
dDX g,IdDX

)DD`
//

(mXD−1
dDXmXDg)

DD` ��DdDXmXDg,IdDX
D`

11

mX(D−1
dDXmXDg)

DD`

//

mXDDg,mXD`
00

D−1

DmX dD2XDg,IdDX
D`

��

mXD−1

dD2XDg,dDXmX
D` ��mXD`,mX Dg

11
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This completes the proof that G(α0 , α1) is an object in Âlg-D. Conditions (15), (16),

(17) and (18) are not hard to verify, as well as the fact that G :D-Alg → Âlg-D is a
pseudofunctor.

Given (A, ( )A) ∈ Âlg-D, define t(A, ( )A) : (A, ( )A) → GF (A, ( )A) as IdA and the
assignment to every h :X → A of the invertible 2-cell

DX

A A

DA

hA

��

(α0dAh)
A

''

Dh //

IdA
//

α0

��(α1h)
A
�

AdAh,IdA
��

with the notation as in (19). We have that t(A, ( )A) is a morphism in Âlg-D (condition
(16) is a bit long), and that it defines an invertible strong transformation t : 1→ GF since
for any f : (A, ( )A)→ (B, ( )B) the diagram

(A, ( )A)
t(A,( )A) //

f
��

GF (A, ( )A)

GFf
��

(B, ( )B)
(B,( )B)

// GF (B, ( )B)

commutes.
On the other hand, given (α1 , α2) in D-Alg define s(α1 , α2) :FG(α1 , α2)→ (α1 , α2) as

the identity 2-cell

DA
D(IdA) //

D(IdA)
��

DA

α0

��

DA

α0

��

=

A
IdA // A

One of the conditions for s(α1 , α2) to be a 1-cell in D-Alg is trivial and the other one is
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given by the following commutative diagram:

α0 D
D(IdA),α0D(dAα0D(IdA)) //

α0D
dAα0D(IdA),α0D(IdA)

//
α0D(α0DdAα0D(IdA)) //

α0D(α1α0D(IdA)) //

α0D
IdDA,α0D(IdA)

��

α−1
2
D2(IdA)D(dAα0D(IdA))

OO

α0Dα0 (D
2)−1
A D(dAα0D(IdA))

jj
α0D(α0DA)D(dAα0D(IdA))

OO

α0D
dAα0D(IdA),α0

//
α0Dα0D

α0D(IdA),dA

''

α0D(α0DAdAα0D(IdA))
OO

id

44

α0D
D(IdA),α0D(IdA)

��

α0D
α0D(IdA),IdA

GG

α0D
α0D(IdA),α0dA

CC

α0D(α1 )D(α0D(IdA)) //
α0D

dA,α0D(α0D(IdA)) //

α0 (βAdA)
DD(α0D(IdA))

OO

α0DdDAdA,IdDAD(α0D(IdA))
//

α−1
2
DdAD(α0D(IdA))

hh

α0mAD
α0D(IdA),dA

//
α−1
2
D(dAα0D(IdA))

SS

α0m
−1
IdA

D(dAα0D(IdA))

OO

α0D
−1
A mAD(dAα0D(IdA))

22

α0mA(D
2)−1
A D(dAα0D(IdA))ll

α0D(IdA)D−1
dDAdAα0D(IdA),IdDA

OO

α0D
−1
A (mAdDAdAα0D(IdA))

D
//

α0D
−1
dDAdAα0D(IdA),IdA

OO

α0D(IdA)(βA
−1dAα0D(IdA))

D

OO

//
α0 (βA

−1dAα0D(IdA))
D

OO

α0D
α0D(IdA),IdA

OO

idα0D(α0D(IdA))

22

α0D
IdA,α0

OO

idα0Dα0 D
2(IdA)

44

α0mAD
α0 ,dA

OO

α0D
−1
dDAdAα0 ,IdDA

OO

α0 (βA
−1dAα0 )

D

33

α0D
IdDA,α0

22

α0Dα0D(D−1
A )

22

α2D
2(IdA)

��
α0m

−1
IdA

//

α0D(IdA)(βA)
D

dd
α0D(IdA)DdDA,IdDA

��

α0D(IdA)mAD
−1
DAoo

α0Dα0D
2(IdA)D

−1
DA

tt

α2D
2(IdA)D(IdDA) ��

α0mAD
2(IdA)D

−1
DA

ss

α0mIdA
D(IdA)

��

α0mADdAD(α0DA)

OO

Then the diagram

FG(α1 , α2)
s(α1 ,α2 ) //

FG(f,ρ)

��

(α1 , α2)

(f,ρ)

��
FG(β1 , β2) s(β1 ,β2 )

// (β1 , β2)

commutes, and we obtain s :FG→ 1 invertible.

6. Every pseudomonad induces a no-iteration pseudomonad

6.1. Theorem. Let U = (U, u, n, β, η, µ) be a pseudomonad on A. Define D :Ob(A) →
Ob(A) as DA = UA. For every A define dA = uA. For every A,B in A define ( )D as
the composite

A(A,DB) U // A(DA,D2B)
A(DA,nB) // A(DA,DB).
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Define DA = ηA : IdDA → nA UdA. For f : A→ DB in A, define Df as the pasting

A DA

DB D2B

DB.

uA //

f
��

Uf
��

uDB
//

idDB ((
nA
��

uf

z�

βB
u}

And for h : B → DC, define Df,h as the pasting

DA D2B DB

D3C D2C

D2C DC.

Uf // nB //

U2h
��

Uh
��

nDC
//

UnC
��

nC
��

nC
//

nh
z�

µC−1

z�

The data defined above is a no-iteration pseudomonad.

Proof. The proof is direct.

Starting with a pseudomonad U on A, produce the no-iteration pseudomonad as in
the theorem above. Now produce the pseudomonad D induced by this presentation. We
describe in detail the pseudomonad D = (D, d,m, β, η, µ).

The action of D on the objects is U . For ϕ : f → g :A→ B in A, the action of D on
it is given by

DA DB D2B DB

Uf

))

Ug

55
UuB // nB //Uϕ ��

DA = ηA. If h :B → C in A, a brief calculation tells us that Df,g is

DA DB

D2B

DB DC D2C DC
Uf //

UuB
<<

nB

""

IdDB
// Uh // UuC // nC //

ηB−1
��

Now d : 1A → D is given by dA = uA for every A, and for every f :A→ B we have that
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df is

A DA

B DB

DB D2B

DB

dA //

f
��

Uf
��

dB
//

dB
��

UdB
��

dDB
//

nB

��IdDB ''

uf
qy

uuB
qy

βB
y�

For every A in A, mA = nA. And for f :A→ B in A, mf is (after one substitution)

D2A DA

D2B DB

D3B D2B

D2B D2B DB

D3B

nA //

U2f
��

Uf
��

nB
//

U2uB
��

UuB
��

nDB
//

UnB
��

nB
��IdD2B //

nB
//

UuDB $$ nDB

::

nf

v~

nuB
v~

µB−1

t|

ηDB ��

We also have that βDA = βUA whereas ηDA is the pasting

DA DA

D2A D2A

D3A

IdDA //

UuA %% IdD2A //

UuDA %%

nA

99

nDA

99

ηA ��

ηDA ��

Finally µDA is (after one substitution) the pasting

D3A D2A

D3A

D2A

D2A DA

UmA //

mDA
��

IdD2A

//

UdDA
<<

nDA

""

nA
��

nA
//

ηDA−1

��

µA

x�

6.2. Theorem. The bicategories U-Alg and D-Alg, for the pseudomonads U and D con-
sidered above, are isomorphic.
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Proof. Define r :U → D such that for any A ∈ A, rA = IdUA :UA→ DA and for f :A→
B, rf = ηB−1 Uf . It is not hard to see that r is an invertible strong transformation, and
that the diagrams

1 U

D

u //

d %%
r
��

U2 UD D2

U D

Ur //

n
��

rD //

m
��

r
//

commute. It is not hard to see that r, together with the two commutative diagrams given
above is a transition from D to U along 1 :A → A in the notation of [Marmolejo & Wood,
2008], and thus induces a lifting D-Alg→ U-Alg of 1A. The inverse is the lifting given by
the transition s :D → U from U to D along 1A given as follows. sA = IdUA for every A
in A, for f :A→ B, sf = ηB Uf . Now the diagram

1 D

U

d //

s
��u
%%

commutes, and we define

D2 DU U2

D U

Ds //

m
��

sU //

n
��

s
//

ω2

{�

such that ω2A = nAηUA−1.

7. Factorization systems

We take from [Korostenski & Tholen, 93] and [Rosebrugh & Wood, 02] the example of

the monad (−)2 :Cat → Cat, where 2 = 0 α // 1. It is given on every category A
by DA = A2, ηA :A → A2 is given on a :A → A′ as (a, a) : 1A → 1A′ . If we denote
by d0, d1 :A2 → A the domain and codomain functors, then for F :X → A2 we define
FD :X2 → A2 such that, for f :Y → X in X, FD(f) is

d0FY
FY // d1FY

d1Ff // d1FX,

and for (h0, h1) : f → f ′, with f ′ :Y ′ → X ′,

FD(h0, h1) = (d0Fh0, d1Fh1).

Given ϕ :F → G :X→ A2, define, for f :Y → X, ϕDf = (d0ϕY, d1ϕX).
Then ηAD = 1A2 , FD ◦ ηA = F and for G :Z→ X we have that FD ◦GD = (FD ◦G)D

and thus we take DA = id, DF = id, and DG,F = id. Then the coherence conditions are
trivial.
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It is well known that every category with a factorization system is an algebra for this
monad. We prove this explicitly with the new formulation for the algebras. So take A
with a factorization system (E ,M). Given F :X→ A we define FA :X2 → A as follows.
Given f :Y → X in X2, we define FA(f) as in the diagram

FY FX

FA(f)

Ff //

eFf ++ mFf

33

where mFf ◦eFf is the E-M factorization of Ff . Given f ′ :Y ′ → X ′ in X2 and a morphism
(h, k) : f → f ′ in X2, FA(h, k) is the unique arrow in A such that the diagram

FY FX

FA(f)

FY ′ FX ′

FA(f ′)

Ff //

eFf ++ mFf

33

Ff ′
//

eFf ′ 33 mFf ′

++

Fh

��

Fk

��

FA(h,k)

��

commutes (given by the diagonal fill in property). It is clear that FA is a functor. Fur-
thermore, given ϕ :F → F ′ :X → A, we define ϕA :FA → F ′A :X2 → A such that
ϕAf :FA(f)→ F ′A(f) is the unique arrow that makes the diagram

FY FX

FA(f)

F ′Y F ′X.

F ′A(f)

Ff //

eFf ++ mFf

33

F ′f
//

eF ′f 33 mF ′f

++

ϕY

��

ϕX

��

ϕAf
��

commutes. It is direct to see that ϕA is natural, and that in fact we have defined a functor

( )A :Cat(X,A)→ Cat(X2,A).

We also have that the diagram

X dX //

F !!

X2

FA

��
A

commutes, provided that the E-M factorization of 1A is 1A ◦ 1A for every A ∈ A (which
we assume). We thus take AF = id.
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Given G :Z→ X2, F :X→ A and h :W → Z in Z2, we have that FAGD(f) is given
by the E-M factorization of Fd1Gh · FGW :

Fd0GW Fd1GW Fd1GZ,

FAGD(h)

FGW // Fd1Gh //

eFd1Gh·FGW ++ mFd1Gh·FGW

33

whereas the calculation of (FAG)A(h) can be read from the following diagram

d0GW d1GW

FAGW

d0GZ d1GZ

FAGZ

(FAG)A(h)

GW //

eGW -- mGW

11

GZ
//

eGZ 11 mGZ
--

d0Gh

��

d1Gh

��

FAGh

��

e
FAGh

$$

m
FAGhzz

We then define AG,Fh as the unique isomorphism such that the diagram

Fd0GW
FAGW

(FAG)A(h)
FAGZ

Fd1GZ

FAGD(h)

eFGW
--

eFd1Gh·FGW
11

e
FAGh

--
m
FAGh

11 mFGZ

11

mFd1Gh·FGW

--AG,F h
��

(20)

commutes. It is not hard to see that AG,F :FAGD → (FAG)A is a natural transformation.
As for the coherence conditions, (9) is immediate, for (10) we must show that AdX,F = id,
but this follows from the fact that (20) is transformed into

FW
FW

FA(h)
FZ

FZ

FA(h)

1FW
--

eFh
11

eFh
-- mFh

11 1FZ

11

mFh

--AdX,F h
��

for the particular case G = dX. (11) is the fact that AG,F (1Z) = id, which is not hard to
see. (12) is given by the fact that both composites involved, namely AH,Fh · FAψAh and
(FAψ)Ah · AG,Fh make commutative the diagram

Fd0GW
eFd1Gh·FGW //

Fd0ψW

��

FAGDh

AH,F h·FAψAh (FAψ)Ah·AG,F h
��

mFd1Gh·FGW // Fd1GZ

Fd1ψZ

��
Fd0HW eFHW

// FAHW e
FAHh

// (FAH)Ah m
FAHh

// FAHZ mFHZ
// Fd1HZ.
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(13) is given by the fact that both composites involved, namely AG,F ′h · ϕAGDh and
(ϕAG)Ah · AG,Fh, make commutative the diagram

Fd0GW
eFd1Gh·FGW //

ϕd0GW

��

FAGDh

AG,F ′h·ϕAGDh (ϕAG)Ah·AG,F h
��

mFd1Gh·FGW // Fd1GZ

ϕd1GZ

��
F ′d0GW eF ′GW

// F ′AGW e
F ′AGh

// (F ′AG)Ah m
F ′AGh

// F ′AGZ mF ′GZ
// F ′d1GZ.

Finally, (14) is given by the fact that for a k :S → U in U and K :U→ Z2, both compo-
sitions involved, namely AK,FAGk ·AF,GK

Dk and (AG,FK)Ak ·AGDK,Fk, make commutative
the diagram

Fd0G
DKS

e
Fd1G

DKk·FGDKS //

eFGd0KS

��

FA(GDK)D

A
K,FAGk·AF,GK

Dk (AG,FK)Ak·A
GDK,F k

��

m
Fd1G

DKk·FGDKS // Fd1G
DKU

FAGd0KS e
FAGKS

// (FAG)AKS e
(FAG)AKk

// ((FAG)AK)Ak m
(FAG)AKk

// (FAG)AKU m
FAKU

// FAGd1KU.

mFGd1KU

OO

In the opposite direction, assume we have an algebra (A, ( )A) for the monad ( )2.
According to [Korostenski & Tholen, 93] we have to define the following:

1. for every f in A, a factorization of f : •
f //

ef ))
•;

•
mf

55

2. for every (u, v) : f → g in A2, an arrow t(u, v) that makes the following diagram
commute

•

u

��

ef // •
mf //

t(u,v)

��

•

v

��
• eg

// • mg
// •;

such that, with E = {f |mf is iso} and M = {f |ef is iso}, the following conditions are
satisfied:

a. if f is an isomorphism, then ef and mf are isomorphisms;

b. the assignment of t(u, v) is functorial on (u, v);

c. ef ∈ E and mf ∈M.

Take an arrow f :A → B. This defines a functor pfq :2 → A in the obvious way.
Thus we have the isomorphism

2 22

A.

d2 //

pfq
""

pfqA

��

Apfq

{�
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Observe that 22 is isomorphic to 3 =
0

1

2

α 99

γ
//

β
%% with βα = γ, and that d2 takes as

value γ. We then obtain the following commutative diagram

pfqA0
pfqAα //

Apfq0

��

pfqA1
pfqAβ //

mf
((

pfqA2

Apfq2

��
A

f
//

ef

66

B,

where we define ef = pfqAα · Apfq0
−1 and mf = Apfq2 · pfqAβ. This gives the desired

factorization for f .
If g :C → D is another arrow and (u, v) : f → g is an arrow in A2, then (u, v) defines

a natural transformation ϕ : pfq → pgq, and then a natural transformation ϕA : pfqA →
pgqA. Using condition (9) it is not hard to see that the diagram

A
ef //

u

��

pfqA1
mf //

ϕA1
��

B

v

��
C eg

// pgqA1 mg
// D

commutes. That this assignment results functorial on (u, v) follows at once from the fact
that ( )A :Cat(2,A)→ Cat(22,A) is a functor.

We show now that mef is an isomorphism. For this we observe that since the assign-
ment f 7→ (ef ,mf ) is functorial on arrows of A2 and ef is isomorphic in A2 to pfqAα,
then it suffices to show that mpfqAα is an isomorphism. Define G :2 → 22 the functor
whose value is the arrow α. Then the image of GD :22 → 22 is

1 id
**0

α
44

α
// 1.

We have that pfqAG :2 → A takes the value pfqAα, and thus the natural isomorphism
AG,pfq : pfqAGD → (pfqAG)A produces the following commutative diagram

pfqA0
A
G,pfqA0 ��

pfqAα // pfqA1 id //

A
G,pfqA1 ��

pfqA1
A
G,pfqA2��

(pfqAG)A0
(pfqAG)Aα //

ApfqAG0 ��

(pfqAG)A1
(pfqAG)Aα //

mpfqAα **

(pfqAG)A2
ApfqAG1��

pfqA0
epfqAα

44

pfqA1

The upper right square tells us that (pfqAG)Aα is an isomorphism, thus m(pfqAα is also
an isomorphism. Therefore mef is an isomorphism.
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The proof that emf is similar, just take G with value β instead of α.
We are left with showing that for f an isomorphism, ef and mf are isomorphisms. For

this we take the category I of the “generic” isomorphism, that is I is the category with
two objects and two no identity arrows as in

0
α ,,

1.
β

ll

Then a functor F : I → A is the same thing as an isomorphism f in A. Now apply
the same ideas as above observing that every arrow in I2 is an isomorphism, and taking
G :2→ I2 with value the arrow that goes from p0q :2→ I2 to p1q :2→ I2 in I2.
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