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AN INTRINSIC APPROACH TO THE NON-ABELIAN TENSOR
PRODUCT VIA INTERNAL CROSSED SQUARES

DAVIDE DI MICCO AND TIM VAN DER LINDEN

ABSTRACT. We explain how, in the context of a semi-abelian category, the concept of
an internal crossed square may be used to set up an intrinsic approach to the Brown-
Loday non-abelian tensor product.

1. Introduction

The aim of this article is to explain how, in the context of a semi-abelian category [22, 1],
internal crossed squares can be used to set up an intrinsic approach to the non-abelian
tensor product. Both concepts were originally introduced for groups (by Guin-Waléry,
Brown and Loday, in [16, 24, 5]) and for Lie algebras (by Ellis, in [13]).

Recall that a crossed module is a group homomorphism 0: M — L together with an
action of L on M, satisfying suitable compatibility conditions. The category XMod of
crossed modules is equivalent to the category Grpd(Grp) of internal groupoids in the
category of groups, via the following constructions. The normalisation functor sends an
internal groupoid (of which we only depict the underlying reflexive graph)

d
—
XéiEL

to the map coky: Kq — L (where k;: Ky — X denotes the kernel of d), together with
the action ¢ determined by conjugation in X. Its pseudo-inverse sends a crossed module
(0: M — L,§) to the semidirect product M x¢ L with the suitable projections on L.

A crossed square (of groups) is a two-dimensional crossed module, in the following
precise sense. The internal groupoid construction may be repeated, which gives us the
category Grpd*(Grp) = Grpd(Grpd(Grp)) of internal double groupoids in Grp. Given
such an internal double groupoid as in Figure 1.1, viewed as a diagram in Grp (in which
again the composition maps are omitted), we may take the normalisation functor vertically
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dy
A %T
CZ e]’; W{\(
Y <—e—2 Mo L

Figure 1.1: An internal double groupoid, viewed as a double reflexive graph

and horizontally to obtain a commutative square

P pm M

l l (A)

The given double groupoid structure naturally induces actions of L on M, P and N, of
M and N on P, etc. One may now ask, whether it is possible to equip a given com-
mutative square of group homomorphisms with suitable actions (and, possibly, additional
maps), in such a way that an internal double groupoid may be recovered—thus extending
the equivalence XMod ~ Grpd(Grp) in order to capture double groupoids in Grp as
commutative squares with extra structure. The concept of a crossed square ([16, 24, 5],
see Definition 5.1 below) answers this question, and does indeed give rise to a category
equivalence XSqr ~ Grpd?(Grp).

Internal crossed squares answer the same question, now asked for a general base cat-
egory A, which we take to be semi-abelian (in the sense of [22]; for the sake of simpli-
city, we ask our categories to satisfy a relatively mild extra condition called the Smith
is Hug condition (SH) in [29]—see Section 2 and Section 3 for detailed explanations).
The work of Janelidze [21] provides an explicit description of internal crossed modules
in A, together with an equivalence of categories XMod(A) ~ Grpd(A) which reduces
to XMod ~ Grpd(Grp) when A = Grp. Since the category of internal groupoids in a
semi-abelian category is again semi-abelian [3], the category of internal crossed modules is
semi-abelian as well. Hence this construction may be repeated as in [14], and thus we ob-
tain an equivalence XMod?(A) ~ Grpd*(A). We may now write XSqr(A) = XMod?(A)
and say that a crossed square in A is an internal crossed module of internal crossed modules
in A. Indeed, any such double internal crossed module has an underlying commutative
square in A, which the crossed module structures equip with suitable internal actions
in such a way that an internal double groupoid may be recovered. The internal action
structure is, however, far from being transparent, and thus merits further explicitation.

Yet, we shall see that even this tentative and very abstract general definition is concrete
enough to serve as a basis for an intrinsic approach to the non-abelian tensor product.
Originally this tensor product (of two groups M and N acting on each other in a certain
“compatible” way) was defined in [5] via a presentation in terms of generators and relations.
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In the article [10] we investigated how to extend the concept of a pair of compatible actions
(of two given objects M and N acting on each other) to the semi-abelian setting. A key
feature (known already for groups and Lie algebras) of such a pair of compatible actions
is that it is equivalent to the datum of a third object L and two internal crossed module
structures yu: M — Land v: N — L. According to another result of Brown and Loday [5],
given two L-crossed modules p and v, the crossed module popy, = vopy: P — L in a
crossed square of groups of the form (A) happens to be the tensor product of M and N
with respect to the actions of M and N on each other, induced by the crossed module
structures of yu: M — L and v: N — L, if and only if the crossed square is the initial
object in the category of all crossed squares over the given crossed modules 1 and v.
This property of course determines the tensor product, and it may actually be taken as a
definition.

Concretely this means that in a semi-abelian category (satisfying the condition (SH)),
the non-abelian tensor product of two objects acting compatibly on one another may be
constructed as follows.

1. Consider the internal L-crossed modules p: M — L and v: N — L corresponding
to the given actions.

2. Use the equivalence XMod(A) ~ Grpd(A) to obtain internal groupoids

do cx
Y €0 L ex X.
co dx

3. Take the pushout of ey and ex to find the double reflexive graph in Figure 1.1.

4. This double reflexive graph is not yet a double groupoid; reflect it into Grpd? (A)
by taking the quotient of Z by the join of commutators [K.,, K4, v [K.,, Kq,].

cz

5. The resulting internal double groupoid normalises to an internal crossed square

M® N -2 M

a lu

Nﬁ[z,

whose structure involves a crossed module M ® N — L. By definition, this is the
non-abelian tensor product of the given pair of compatible actions.

By known properties of the non-abelian tensor product for groups and Lie algebras, this
reduces to the classical definitions in those cases (Proposition 6.4 and Proposition 7.12).
In Section 7 we give further concrete information in the case of a pair of inclusions of
normal subobjects (where we obtain a crossed module whose image is a commutator) and
the case of a pair of abelian objects acting trivially upon one another (then we regain the
bilinear product of [19]).
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In the forthcoming article [11], we use this general version of the non-abelian tensor
product to prove a result on the existence of universal central extensions of internal
crossed modules over a fixed base object. Our present article is devoted to exploring some
basic properties of the definition, and showing that in certain cases, the tensor product
may be used to give an explicit description of an object of XSqr(A) as a square (A) in A
equipped with suitable actions and a morphism A: M @N — P. This extends the explicit
descriptions for groups and Lie algebras to the general setting. It is, however, not yet
clear to us whether this description is always valid—see Section 8.

We start by recalling basic notions and techniques of commutators and internal actions
(Section 2) and crossed modules (Section 3) in semi-abelian categories. Section 4 discusses
double reflexive graphs and internal double groupoids, and Section 5 is devoted to the
basic theory of crossed squares. In Section 6 we explain how this may be used in an
intrinsic approach to the non-abelian tensor product. Section 7 gives examples. Section 8
treats a (partial) description of crossed squares in terms of the tensor product.

2. Commutators and internal actions

Here we recall basic properties of commutators and internal actions, needed in what
follows. We start with the equivalence between internal actions and split extensions.

A point (p, s) in a category A is a split epimorphism p: A — B together with a chosen
splitting s: B — A, so that pos = 15. The category Pt(A) of points in A has, as objects,
points in A, and as morphisms, natural transformations between such (as in Lemma 2.4).

If A is a semi-abelian category, then a point (p, s) with a chosen kernel k of p is the
same thing as a split exlension in A: a split short exact sequence

OHK%A#B—A),

which means that k is the kernel of p, p is the cokernel of k, and pos = 1. In such a split
extension, k and s are jointly extremal-epimorphic.

Via a semi-direct product construction [4], we have an equivalence Pt(A) ~ Act(A),
where the latter category of (internal) actions in A consists of the algebras of the monad
(Ab(=),n?, u) defined through

1a
0— > B A4 B> A 50, (B)
LA

One of the functors in the equivalence sends a point (p, s) to the action (B, K, ¢) in

1B
k
O%BbKPDﬂB—FKp[—DLB%O

C

b
0 K, > A - > B 0.

p kp
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The other functor sends an action (A, X, ¢) to the induced semidirect product, which is
the point (me: X 3¢ A — A ig: A — X x¢ A), where X x¢ A is the coequaliser

ix0f o
DX ——=A+ X ——— X xc A,
A, X

the map m¢: X x¢ A — Ais the unique map such that (16‘] = Teoog, and finally i¢ = o¢oi 4.

We will denote X x¢ A as X x A if there is no risk of confusion regarding the action
involved. The map k = o¢oix: X — X x¢ A is always the kernel of m¢: it is easy to see
that m¢ok = 0, whereas for the universal property some work needs to be done.

2.1. EXAMPLE. The trivial action (A, X,74) is 7¢ = [&]okA,X: AbX — X. We have
(X NT)? A,O’T),?) = Coeq(z'xo([&]okAX), kAg().
Both [16‘] and (1(;] coequalise the two maps, and it is indeed not hard to see that
Coeq(ixo[l(})(]ok:AX,kA,X) ~ (A x X, {('8), [12(]>: A+ X > AxX).

2.2. EXAMPLE. For each object A we can define the conjugation action (A, A, y4) through
XA = Gz)OkJA,A: AbA — A. Then we have that

(A, A oy,) = Coeqliae((;4)okan), kaa) = (Ax A (4], (): A+ A— Ax A).

2.3. REMARK. From the definition, it follows that the square on the left

AX S A4 X AX ‘ X
é‘l lo’g igbk:ﬂgl/ J/kﬂ-g
X———> X x¢ A (X x¢ Ab(X NSA)HX Mg A

is both a pushout and a pullback. In fact, also the square on the right commutes, which
means that “computing an action” is the same as “computing the conjugation in the
induced semidirect product”.

2.4. LEMMA. Consider a morphism of points (f,g): (po, so) — (p1, 1)

Ay =—= By

flp i

1
A== Bi.

If f is an epimorphism then the right pointing square is a pushout. Dually, if f is a
monomorphism, then the left pointing square is a pullback.
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2.5. BASIC COMMUTATOR THEORY. We turn to the definition and stability properties of
binary and ternary Higgins commutators.

2.6. DEFINITION. [28, 6, 18] Given two objects A and B in A, the morphism

Sas = (51%) ={(¢)(°):A+B—AxB

<Ole>

s a reqular epimorphism. Hence taking its kernel we find the short exact sequence

O%AOB%A—FBEA%BAX B——0

where A o B is called the cosmash product of A and B.
2.7. DEFINITION. [20, 28] Given two subobjects (M, m) and (N,n) of an object X, we

define therr Higgins commutator as the image of the map [Tg]ohM,N, that is the subobject
of X given by the factorisation

hy N

MoN>—= M+ N

18

[M, N]>-o > X

The Huq commutator [M, N])Q( of M and N can be seen as the normal closure in X
of their Higgins commutator. Note that one vanishes if and only if so does the other.
An object X is said to be abelian when [X, X] is trivial; this happens precisely when X
admits a (necessarily unique) internal abelian group structure—see |[1].

2.8. DEFINITION. [6, 18, 17| Given three objects A, B and C in A, consider the map
a4 14 O
Yapc=\|ig 0 ip|:A+B+C—(A+B)x(A+C)x(B+C)
0 ic ic
and its kernel hapc: AoBoC — A+ B+ C. The object Ao BoC s called the cosmash
product of A, B and C.

Given three subobjects (K, k), (M,m) and (N,n) of an object X, we define their Hig-
gins commutator as the subobject of X given by the factorisation

hy MmN

KoMoNr—>K+ M+ N

L (%)

[K?M7N]> """"""""""" >X_

We call |[K, M, N| the ternary Higgins commutator of K, M and N in X.
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2.9. PROPOSITION. [18, 17| Suppose K, Ky, K3 < X. Then we have the following
(in)equalities of subobjects of X :

0. Zf K1 =0 then [KlyKQ] =0= [Kl,KQ,Kg],'
1. [KbKQ] = [K27K1] and fO’f’ o€ 53? [K17K27K3] = [Ko'(l)aKG(Q)aKU(?))];

S K] = [f(K), f(K2)] <Y and Ky, Ky, Ks] = [f(Ky), f(EK), f(K)] <Y
for f: X =Y any reqular epimorphism;

b

3. L1, Ks] < [Ky, K| and [Lq, Ko, K3] < [Ky, Ky, K3| when Ly < Kq;
4 [[Kl,Kz] ]\ [K17K27K3];

5. Ky, Ky, Ko < [Ky, Kal;

6. [K1, Ky v K3] = [Ky, Ks] v [Ky, K3] v [Kq, Ko, K3].

A semi-abelian category is said to satisfy the Smith is Huq condition (SH) when the
Smith-Pedicchio commutator [31] of two internal equivalence relations vanishes if and only
if so does the Huq commutator of their associated normal subobjects [1, 29]. As explained
in [18], in terms of Higgins commutators, this amounts to the condition that whenever M,
N < L are normal subobjects, [M, N] = 0 implies [M, N, L] = 0. As a consequence, under
(SH), Higgins commutators suffice for the description of internal groupoids. Furthermore,
the characterisation of internal crossed modules given in [21] simplifies—see below. From
now on, unless mentioned otherwise, this is the context we shall work in. Examples of
semi-abelian categories that satisfy (SH) include the categories of groups, (commutative)
rings (not necessarily unitary), Lie algebras over a commutative ring with unit, Poisson
algebras and associative algebras, as are all varieties of such algebras, and crossed modules
over those. In fact, all Orzech categories of interest |30, 8] are examples. On the other
hand, the category of loops is semi-abelian but does not satisfy (SH).

3. Internal reflexive graphs, groupoids and (pre-)crossed modules

Here we recall how to characterise internal reflexive graphs and internal groupoids as
internal precrossed modules and internal crossed modules in a semi-abelian category A
that satisfies the Smith is Huq condition (SH). When the context is clear, we sometimes
drop the adjective internal.

3.1. DEFINITION. A reflexive graph (Cy, Cy,d, c,e) in A is given by a diagram
d

Cl ee— Cg

such that dee = 1¢, = coe. A morphism of reflexive graphs is a natural transformation
between two such diagrams. This determines a category RG(A).
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3.2. LEMMA. [29] Let A be a semi-abelian category with (SH). Given a reflexive graph
(Cy, Cy,d,c,e), it admits a (unique) internal groupoid structure if and only if [Kq4, K] = 0.

The forgetful functor Grpd(A) — RG(A) admits a left adjoint RG(A) — Grpd(A).
The image of a reflexive graph (C}, Cy,d, ¢, e) through this functor is the reflexive graph
(C1,Cp,d', ' €e') where Cf = Cy, C] = C1/[Kq, Kc]g1 and d', ¢, ¢ are induced by d, ¢ and
e, respectively. By Lemma 3.2 this is indeed an internal groupoid.

3.3. DEFINITION. |21, 27] An internal pre-crossed module (X 4 A, &) in a semi-abelian
category A with (SH) is given by an internal action (A, X, &) and a morphism ¢: X — A
such that the diagram

X -t Xx

e |2

AA—> A
A

commutes. We write PreXMod(A) for the category of precrossed modules with the suit-
able morphisms between them, which are morphisms of arrows that preserve the action.

3.4. CONSTRUCTION. By using the correspondence between Pt(A) and Act(A) we can
map each internal pre-crossed module to a particular reflexive graph

kq —
Xt X g A

A,

where coe = 14 = doe. Details of this construction are as follows: first we obtain X x¢ A
and the maps d, e and kg by computing the point associated to the action . Then we
define the map c, so that cooe = [15‘J : A+ X — A. Notice that [15‘]0(2')(05) = [15‘)0]{:,4,)( due
to the fact that (A, X,&,0) is a pre-crossed module. Finally we deduce that cok = 0 and
that coe = 1. This determines a category equivalence between internal reflexive graphs
and internal pre-crossed modules.

3.5. DEFINITION. |21, 27, 18] An internal crossed module in a semi-abelian category A

with (SH) is an internal pre-crossed module (X 2, A, &) satisfying the so-called Peiffer
condition, which is the commutativity of the diagram

XbX XX X

amxl

As follows from the results of |21, 27, 18], the equivalence PreXMod(A) ~ RG(A)
restricts to an equivalence XMod(A) ~ Grpd(A).
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3.6. ExaMPLE. Consider the pre-crossed module (X > A, 74) given by the trivial action.
Then the situation simplifies, and the associated reflexive graph is

TA
XD%A X Xe(l;;@—s A.

Furthermore, from Lemma 3.2 it follows that (X > A, 74) is a crossed module if and only
if X is an abelian object.

4. Double groupoids and double reflexive graphs

We recall the categories of internal double groupoids and internal double reflexive graphs,
and describe how one is embedded into the other as a reflective subcategory. In this
section, A is a semi-abelian category that satisfies (SH).

4.1. DEFINITION. A double reflexive graph in A is a reflexive graph in RG(A). This
means that the category RG*(A) is defined as RG(RG(A)).

4.2. LEMMA. A double reflexive graph can be depicted as a diagram in A of the form in
Figure 1.1 in which each pair of adjacent vertices forms a reflexive graph.

4.3. DEFINITION. An internal double groupoid in A is a groupoid in Grpd(A). This
means that the category Grpd*(A) is defined as Grpd(Grpd(A)).

4.4. PROPOSITION. Double groupoids are diagrams as in Figure 1.1 in which each reflexive
graph has an internal groupoid structure.

PRrROOF. This combines two facts: internal groupoid structures are necessarily unique, and
limits in functor categories are computed pointwise. [

4.5. DOUBLE GROUPOIDS INDUCED BY PARTICULAR DOUBLE REFLEXIVE GRAPHS.
Consider a double reflexive graph as in Figure 4.1, such that the reflexive graph on the
right and the one at the bottom are already groupoids; in other words (Lemma 3.2),
[Kap,, K] and [Ky,, K., ] are trivial. We want to construct a double groupoid by divid-
ing the join

[KdL7 KCL],% v [Kdm KCU],%
out of A. This does indeed work, and is part of the construction in the following:

4.6. PROPOSITION. The forgetful inclusion Grpd*(A) — RG?*(A) has a left adjoint
RG?(A) — Grpd?(A).

Let us explain in detail how this works. Recall that in a semi-abelian category, the
join of two subobjects A, B of an object X may be obtained via the image factorisation

A+B— s Av B>Yb x

of the map [Z] : A+ B — X induced by representing monomorphisms a, b. When both «a
and b are normal monomorphisms, then so is a v b. In particular, we have:
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dy
A ey B

cy

U
dy

A 4 ;
T g
U
q
crler|dr, qs Jjjg

a;

A A

S

A

>
1"
ar > SvT v > B
A CII
U
cp eidy cf ey CR ER| dR
Viv Viv dp
—
C C C D D

cp

Figure 4.1: Reflecting a particular double reflexive graph to a double groupoid

4.7. LEMMA. [1| Given two regular epimorphisms and their pushout

A_—fDB

gl h lf* (9)
4

C——=D
9*(f)

the kernel of the diagonal h is the join of the kernels of f and g: K), = Ky v K,.

We apply this to the situation depicted in Figure 4.1, where S = |K,,, K., | and
T = |Kg,, K. ] All dotted arrows are universally induced: to see this, use Lemma 3.2
and the fact that the reflexive graph on the right and the one at the bottom are groupoids.
Clearly,
(A/(SvT),B.dy,cypery)  and  (A/(S v T),C.dycp,ef)
are reflexive graphs. We need to prove that they are internal groupoids, that is
[Kd’{]aKcé’J]QA =0 and  [Kg, KCZ]QA =0

SvT SvT

We shall only prove the first equality, since the strategy for the second one is the same.

Consider the following diagram, which has vertical and horizontal short exact sequences
by the 3 x 3-Lemma.

Kgr—> Kq, —> Ky

T

q
K> T > SéT
[
O—>208 B
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duy A d;
% ﬁ
A v Svr ——U 5

_— _—
C<—ep D C<—-=>

—_— —_—
¢D ¢D

Figure 4.2: The unit of the adjunction, when we already have a groupoid on the right
and on the bottom

dU dN
-_—> -_—>
A<—evu B A <—en B’
—_—>
cuy CN
(5%)
crler|dy CR |ER| dR %CW dw CE dg
F dp r ds f
-_—>
C<—ep D C'<—=s D'
—_—> —_—>
cp cs

Figure 4.3: A morphism of double reflexive graphs

In precisely the same way it is possible to describe the image factorisation of gsok, . Now
we can apply Proposition 2.9 to the diagram
A

Ky>——s=2<—~<K,
U T ‘v

|

Kdl{] SvT KCI(,]

to see that if [y , K ] is trivial, then [Kgy , Ko ] is trivial as well.

"
4.8. PROPOSITION. Given a double reflexive graph as in Figure .1 where the reflexive
graphs on the bottom and on the right are internal groupoids, the morphism of double
reflexive graphs in Figure 4.2 coincides with the unit of the adjunction between double
groupoids and double reflexive graphs induced by the adjunction between groupoids and
reflexive graphs.

PROOF. Consider another morphism of double reflexive graphs as in Figure 4.3 in which
the codomain is a double groupoid. We want to define a morphism ¢: A/(S v T) — A’
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such that ¢oq = . In order to do this, consider the diagrams

dy dr,
A ey B A oL
VA cu H Y cr,
dy dy,
-
a % <—, B @ % —
. _—> . R
% l/ﬁ <, l"’
L éT dn i ¢s dw
A o B A w e
CN cw

using the notation of in Figure 4.1. Here the dotted maps are defined through the universal
property of the unit of the adjunction between RG(A) and Grpd(A). Now we define ¢
via the universal property of the pushout in the diagram

Obviously, (f g) is a morphism of double groupoids, the only one where (f g )o(

(55)-

Proposition 4.6 follows as a straightforward consequence of this result; the main thing
to be done is to reflect the bottom and the right reflexive graph in Figure 4.1 to internal
groupoids before applying Proposition 4.8.

5. Crossed squares of groups and internal crossed squares

Crossed squares are to double groupoids what crossed modules are to groupoids. Before
studying this principle in the semi-abelian context, we recall the definition in the category
of groups. The case of Lie algebras shall be treated much later, in Subsection 7.5.

5.1. DEFINITION. [16, 24, 5] A crossed square (of groups) is a commutative square

P bpm M

| e

in Grp, together with actions of L on M, N and P (and hence actions of M on P
and N via pu, and of N on M and P via v) and a function (not a group morphism!)
h: M x N — P such that the following axioms hold:
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(X.0) h(mm',n) ="h(m',n)h(m,n) and h(m,nn’') = h(m,n)"h(m,n’);

(X.1) the maps pyr and py preserve the actions of L, furthermore with the given actions
(M5 L), (N5 L) and (P 2Z22=PN, 1) are crossed modules;

(X.2) par(h(m,n)) = m"m=" and py(h(m,n)) = "nn=";

(X.3) h(pm(p),n) =p"p~" and h(m, pn(p)) = "pp~;
(X.4) 'h(m,n) = h('m,'n);

forallle L, m, e M, n,n" € N and p e P.

A map of crossed squares is given by four group morphisms which are compatible with
the actions and with the map h. Crossed squares and morphisms between them form the
category XSqr(Grp).

5.2. DEFINITION. [5] Given a pair of L-crossed modules (M % L,&y) and (N % L, &x)
in Grp, we have an action EX of M on N induced via u and an action £ of N on M
induced via v. We say that a map h: M x N — P is a crossed pairing if the following
hold, for each m, m' € M andn, n' € N:

h(mm',n) = h(™m',"n)h(m,n), h(m,nn') = h(m,n)h("m,"n').

5.3. REMARK. Notice that if we have a crossed square, then the map h: M x N — P is
actually a crossed pairing. Indeed, by using (X.4) and the fact that the actions involved
are induced from the actions of L, we can show the equivalence between condition (X.0)
and h being a crossed pairing, through the equalities

"h(m!,n) = "M™h(m! n) = L(*™m! Kp) = h(Mm!, ™),

nh(m’nl) _ ”(”)h(m,n') _ h(u(n)m’u(n)nl) _ h(nm7nn/)‘

In Proposition 5.2 in [24], it is proved that Definition 5.1 is equivalent to the concept
of a cat?-group. Using that crossed modules are equivalent to cat!-groups, that is using
the equivalences of categories

cat'-Grp ~ Grpd(Grp) ~ XMod(Grp),

we may view a crossed square as an internal crossed module in the category of crossed
modules of groups. This means that we have equivalences

XSqr(Grp) ~ cat’-Grp ~ Grpd*(Grp) ~ XMod(XMod(Grp)).

In particular, the functor from Grpd?*(Grp) to XSqr(Grp) is given by normalisation;

that is, given a double groupoid as in Figure 5.1 where the outer square is obtained by

taking kernels of the domain morphisms, the induced maps admit suitable internal actions

induced by the conjugation in A, making it a crossed square. Similarly, a morphism of

internal crossed squares is the (unique) normalisation of a morphism of double groupoids.
We return to the context of semi-abelian categories.
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Figure 5.1: The normalisation of a double groupoid

5.4. DEFINITION. In a semi-abelian category A that satisfies (SH), an internal crossed
square is an internal crossed module in XMod(A). This means that the category XSqr(A)
is defined as XMod(XMod(A)).

We would like to have an explicit description of an internal crossed square as a diagram
in the underlying category A like in the case of groups, but this is far from straightforward.
Certainly any double groupoid can be normalised to a commutative square as in Figure 5.1,
and it is also possible to deduce suitable actions. The normalisation is the “underlying
commutative square” of the given crossed module of crossed modules, so we have a forgetful
functor. This raises the question, what kind of structure needs to be added to the square
so that this forgetful functor can be lifted to an equivalence. In other words, we are
confronted with a kind of descent problem. Part of the aim of the paper is to answer this
question, and we actually manage to provide partial answers in several special cases: the
concept of a weak crossed square—see Section 8—does it for groups, Lie algebras, and
the case where we find a pairing that happens to be a suitable regular epimorphism.

For now, let us consider a basic example and prove some preliminary results. In
Section 6 we use the idea of a crossed square in the definition of the non-abelian tensor
product.

5.5. EXAMPLE. Given two normal subobjects M, N <1 L of an object L in a semi-abelian
category with (SH), the square induced by taking their intersection (the pullback of their
representing monomorphisms) carries a canonical crossed square structure. Indeed, by
taking cokernels, any pullback square of normal monomorphisms is seen to be part of a
3 x 3-diagram; replacing the kernels by kernel pairs we find a “denormalised 3 x 3-diagram”
as in [2]. If (R,r1,72) and (S, s1, s2) denote the respective denormalisations of M and N
(the kernel pairs of the cokernels of their inclusions into L), then the upper left corner of
this diagram is a double equivalence relation as in Figure 5.2 on the left, which may be
constructed as the pullback on the right. Hence it is a double groupoid, which forgets by
normalisation to the given intersection of normal subobjects, viewed as crossed modules.
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R | R s1 ‘ s2 (rftmdty (81,82)%(81,52)
. 4
R# L Rx R {rixry,raxra)

Figure 5.2: The parallelistic double equivalence relation R o S and its construction

5.6. THE DIAGONAL INTERNAL CROSSED MODULE IN AN INTERNAL CROSSED SQUARE.
We find ourselves in a semi-abelian category that satisfies (SH). Referring to Figure 5.1
we will write j for the diagonal of the upper left square, with (D, A, ¢, d, e) the reflexive
graph structure induced diagonally in the lower right square (¢ = cpocy, d = dpedy,
e =epoep) and A = coj.

Given an internal double groupoid as in Figure 5.1 we can define an action of D on P
in the following different ways:

— First of all we can define it as the dotted arrow in the diagram

DyPp —h s p AL (B OB x ()

5 l/XA \LX(BXC) (C)
\

P , A BxC

J {dy,dr)

where j = ky, okq, = kayokay,, is the kernel of {dy, dp);
— next we induce it through any of the diagrams

erbk ‘iW dedW €D de dDde

DoP ——" ByKy, —> DKy, DbP ——"> ChKy, —2"> Dby,
5 le l/Q/’D 5 le l/de
v v
Pr Fay KdU o KdD Pr Fa KdL . KdR-

Notice that these three actions are uniquely determined by the universal property of the
kernels and that they are actually the same: indeed it suffices to show that if such a &
makes one of the previous diagrams commute, then also the other does. This is easily
seen via the diagrams

DhP ——" N B K gy~ A A Dbp ——" PMin ey, <P A A
3 le lXA and 3 lw L lXA
v 1

PDﬁKdUDﬁA PDﬁKdLDﬁA.

dyy dir drp dr,
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In each rectangle the square on the right commutes by Remark 2.3. Therefore, since kg,
and k4, are monomorphisms, the square on the left in each rectangle commutes if and
only if the corresponding outer rectangle does. These, however, coincide with the left
hand square in (C). Hence the three definitions are the same.

We can also define an action of D on P in the following, a prior: different, way.
Consider the diagram

kap
P—" s K, ———K,,
deI g l
KdU E— KdL 4 KdU kaj,
‘ kay vkay,
KdU > A.

U

Consider the diagonal split extension

k d
Ky, v Kgy—">A—=>D
e

defined through Figure 5.1. Notice that K4, v Ky, is the kernel of d (and kg = k4, Vv ka,,)
because of Lemma 4.7 and Lemma 2.4. Since kgol is a normal monomorphism, we can
construct the diagram

through Lemma 2.6 in [9], which gives us an action of D on P.
5.7. LEMMA. The two internal actions defined above coincide.

PROOF. In order to show this, it suffices to prove that the equivalence Act(A) ~ Pt(A)
sends the point constructed in (D) into the action & uniquely defined through the com-
mutativity of (C). To do this, consider the diagram

1D
DbP w PP D+ P——">D
(5)] H

: d
\'

PDTA%D
d e

Let us prove that kj;o§ = [kéh]okD,p. The map [ x 1p is a monomorphism since [ is so,
d ~

therefore we need to show that (I x 1p)ok & = (I x 1D)O(;h]OI€D7P. The left hand side is
d
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equal to kof which in turn (by definition of &) is yac(ebk), whereas the chain of equalities

(1 10)e(EJoho.r = ({50 )oko e = (Jekpir = (1)ele + ek
- [1A]°kA7A°(€bk) = xa0(ebk)

gives us the right hand side. n

5.8. PROPOSITION. In the situation above, (P EN D, &) is an internal crossed module.

PROOF. Notice that if we define ¢ = co(l x 1p), then we have that éok; = coj = A.

Therefore it suffices to show that the first row in (D) is actually a groupoid, once it is

endowed with ¢ as a second leg. In order to prove this, since P = K;, by Lemma 3.2 we

only need to show that [P, K;] is trivial. But K; < K. implies [P, K:| < [P, K], hence it

suffices that [P, K] = 0. This follows from the chain of inequalities of subobjects
|P,K.| =[P, K., v K., | =|P,K.,]v|P,K.,]|vI|P K., K]

cys

< [Kay, Koy |V [Kay Koy | v [Key, Koy, Al =0v 0v 0 =0

Cy» Ccy»
which we have by Lemma 4.7 and Proposition 2.9. [

5.9. PROPOSITION. Given a morphism of internal double groupoids

i < i

consider the unique morphism of internal crossed squares induced between their normal-
isations, and denote p: P — P’ the upper-left component. Then

(P—>D 5) (P5 (P/L')D/’Sl)

s a morphism of internal crossed modules.

PROOF. We want to show the commutativity of the diagrams

P-2.D Dhp—S.p
l l wd oo
D DOP' —— P

The first one is obvious by construction of the map p. For the second one we need to use
one of the explicit constructions for the actions £ and &, in particular the one depicted
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in (C). From this we construct the cube

DbP ook AbA

¢ D'bP’ T AbA

P > A
We want to prove that the face on the left commutes. Since we already know that every

other face commutes, this follows from the fact that £’ is a monomorphism. ]

6. Construction of the non-abelian tensor product

6.1. THE CASE OF GROUPS. First of all, let us examine what happens in the category
Grp. The aim of this subsection is to explain how to obtain the non-abelian tensor product
of two coterminal crossed modules of groups, without passing through set-theoretical
constructions.

Let M and N be groups acting on each other via £¥ : MbN — N and &3): NbM — M.
Denote ™n the action of m e M on n € N, and "m the action of n€ N on m e M.

6.2. DEFINITION. [5| Given two groups M and N acting on each other (and on themselves
by conjugation) we define their non-abelian tensor product M ® N as the group generated
by the symbols m @ n for m e M and n € N, subject to the relations

(mm")@n = ("m'® ™n)(m®n) m® (nn') = (mn)("me"n’)

for all m, m" e M and n, n' € N.

Although the above definition works for arbitrary actions, the main results of [5] that
we are interested in, always assume that those actions are compatible in a precise sense.
Such a pair of compatible actions (£, £)) is equivalent to the datum of a third object L
and two crossed module structures p: M — L and v: N — L; by [10], this is true both
in the case of groups and in the general semi-abelian setting. For the sake of simplicity,
from now on we will do the same: we shall always deal with non-abelian tensor products
of pairs of compatible actions, and we shall always assume that those actions are induced
by a pair of coterminal crossed modules. In particular, we formulate all definitions and
results in terms of crossed modules. For instance:

6.3. REMARK. The tensor product of two L-crossed modules carries a natural L-crossed
module structure. Thus it may be seen as a bifunctor

®: XMod(Grp) x XMod,(Grp) — XMod(Grp).
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N——>1L N———L

Figure 6.1: A pushout of crossed squares

The non-abelian tensor product satisfies a universal property which determines it: let
us recall Proposition 2.15 from [5].

6.4. PROPOSITION. Let (M % L. &) and (N % L, &y) be crossed modules, so that M
and N act on both M and N wvia L. Then there is a crossed square as on the left

M ® N ™™ pl\]
| l -l l“
N——L N——L
where Ty (m@n) = m"m™!, ty(m@n) = "nn~! and h(m,n) = m @ n. This crossed

square is universal in the sense that it satisfies the following two equivalent conditions:

(i) If the square on the right is another crossed square (with the same p and v),
then there is a unique morphism of crossed squares (ﬁv 111‘;) from the left-hand
to the right-hand crossed square which is the identity on M, N and L and where
¢o: MQN — P.

(ii) The diagram of crossed squares in Figure 6.1 is a pushout in XSqr(Grp).

We can reinterpret this result as a way to construct the non-abelian tensor product
M & N—namely, as the upper-left group in the pushout crossed square of Figure 6.1. This
process does not involve generators and relations and hence completely avoids the use of
set-theoretical tools. In order to generalise this construction to XSqr(A) we need the
description in Section 4 of pushouts of this kind in the category Grpd*(A) ~ XSqr(A).
Again, here and in what follows, A is a semi-abelian category that satisfies (SH).
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C%ep D D<—— D B<— B
S - =
1 1
f’D iD (TR TR) T T
eD D 1 1 MCR Er dr CR er dr
1 1
P — ——
C%ep D D<— D D<— D
D N
1 1

Figure 6.2: The span induced by a pair of groupoids

dy
Q%GU M « L

=

cr ler| dr, CM [ dyr
[‘ dn

NNL%ﬁz -y

Figure 6.3: Pushout in RG(A) computed in A

6.5. CONSTRUCTION. In a semi-abelian category with (SH), consider internal L-crossed
modules (M % L, €y) and (N % L, &x) and their induced internal groupoid structures

dy M
kn — < kn
EN— —€ M
NHN%L«CZ L dz»»MxLHM.
M

In Grde(A), we construct the span of Figure 6.2; in order to compute its pushout, we
use the fact that the reflector preserves colimits. This means that we see it as a diagram
m RGQ(A) and compute its pushout there, via the pushout in A depicted in Figure 6.5.
In other words, QQ = (M x L)+, (N x L) is the pushout of ep; along en, and the maps
dy, cuy, di, and ¢, are defined via the universal property of the pushout:
(L . (enod (1w . fenoc
b= () = () = () e ()
Applying the left adjoint to Figure 6.3 we obtain the desired double groupoid in Figure 6.4,
indeed the pushout in Grpd*(A) of the span in Figure 6.2. Note that Qe 5 given by

(M x L)+, (N % L)

[Ka,, K, 1V [Kay, Koyl (E)

By normalising this double groupoid (that is, by computing the kernels of the “domain”
morphisms and of the induced maps), we go back from Grpd*(A) to XSqr(A) obtaining
the internal crossed square in Figure 6.4. Using the equivalence XSqr(A) ~ Grpd?(A)
we now have that this crossed square is the pushout in XSqr(A) depicted in Figure 6.1.
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V, S EEEEE——
M@N- de =——u

KEH Q]w@]v <er— M x L

No— sNxL<en—21

CN

Figure 6.4: Crossed square involving tensor

6.6. DEFINITION. Given two internal L-crossed modules (M %5 L, &) and (N % L, Ey)
we define their non-abelian tensor product M ® N as the top left object in the square

1\I®N

M&®N

— M
M@Nl/ l/ @
L

%

constructed above.

6.7. PROPOSITION. The non-abelian tensor product M & N has an internal L-crossed
module structure, namely (M ® N EN L, &), where the action & is defined as in 5.6.

PRrROOF. This follows immediately from Proposition 5.8. n

6.8. PROPOSITION. Consz'der two L-crossed modules (M 5 L, ¢5), (N % L, £k), two L'-

crossed modules (M’ X L' &), (N 2> Ly 1LY and two morphisms of internal crossed
modules

(M2 Lek) L o S p gl (NS L) 2 (v L e,

Then there exists a unique morphism f® g: M Q@ N — M' ® N’ such that (@g {) s a
morphism of internal crossed squares.

PRrROOF. Consider Figure 6.5, where ¢ is determined by the universal property of the
diagram in Figure 6.4: in particular ¢ is the only morphism which makes (g‘il flx'l) a
morphism of double groupoids. Since the other dotted maps are uniquely induced by
taking kernels, f®g is automatically the unique morphism such that (f C;)g { ) is a morphism
of internal crossed squares. [
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M@N———>(MQN) x M === M
o)

Y
oy (@a) a1 \

=Y
M@Npb——m (M QN') x M == ]\g’
Y

Y

(AJ@N) x N >— %Qﬂj@z\/: i; M x L

(f&g)»g .
(M'®N') x N'b——— Qrren M x L'

N> N x L L

NEENI

Np—— > N'x [ eF/F——7—"=21I

Figure 6.5: Functoriality of the tensor product

6.9. COROLLARY. In the situation of Proposition 6.8,

(MoN 1,6 L aren X 1)

s a morphism of internal crossed modules. Hence the non-abelian tensor product is a
bifunctor ®: XMody(A) x XMod,(A) - XMod,(A).

PROOF. The first result applies Proposition 5.9 to the morphism (f(;)g {) The second
part is the particular case where [ = 1;. [

The tensor product operation is obviously commutative, up to isomorphism, by con-
struction; but it is not associative—see [13] for an argument in the case of Lie algebras;
see also Section 7.

6.10. ExaMPLE. Consider the two crossed modules (N % L, ¢5) and (0 > L,7&). Let
us compute their non-abelian tensor product. The induced internal groupoids are given
in the diagram

dn 1z

N S Nw == L= L2 40

CN 1r,

The double groupoid in Figure 6.3 has M x L = L, which is easily seen to imply 0Q N = 0.

The tensor product may be viewed (or defined) as an initial object in a certain category
of crossed squares.
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MONr—— (M@N) x M e=—= M
Y Y -

P. X 1ps \
RY

“
e | =—= M
}; P >é M XV[

(M®N) x Nv— QureN == MxL
'M 1N ' o \
Ty EY
P x N Py M x L
N > N x L

NERVIRN

No0——— s> Nx Lze2/=1L

Figure 6.6: The universal property of the non-abelian tensor product

6.11. PROPOSITION. Consider an internal crossed square as on the left

Then there exists a unique ¢ such that the diagram on the right commutes, making (l‘fv 11124)
a morphism of internal crossed squares.

PROOF. We first shift to the internal double groupoid setting and construct the diagram
in Figure 6.6. Here ¢, is induced by the fact that the double groupoid involving Quen
is defined as a pushout in Grpd?®(A), whereas the maps ¢ x 1 and ¢ x 1y are the
maps induced between the kernels and finally ¢ is given by the front square in the upper-
left cube being a pullback. The fact that ¢ is the unique morphism making (ﬁv 1M)

1p
a morphism of crossed squares comes from the fact that ¢, is the unique morphism such
that (113)2[/ 1”12“) is a morphism of double groupoids. n

7. Examples of the tensor product

In this section we consider three different types of examples of the tensor product: first
we look at the case of two normal subobjects, viewed as crossed modules (7.2); then we
explore the other end of the spectrum: pairs of abelian objects acting trivially upon one
another (7.3); finally in (7.5) we treat the non-abelian tensor product of Lie algebras.
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s
T

Aps<———=3S

R<——1L

Figure 7.1: The universal double equivalence relation Ags over R and S

We shall work in the context of an algebraically coherent [8] semi-abelian category A.
This means that the natural comparison morphism G);Zi;] XY + XbZ — Xb(Y + 2)
is a regular epimorphism, for each choice of X, Y, Z € A—recall the definition of b given
in (B). All locally algebraically cartesian closed semi-abelian categories [15] are examples,
since then by definition, the comparison morphisms Gf{ Eg) are isomorphisms. We find
groups, Lie algebras, crossed modules, cocommutative Hopf algebras. Next, all Orzech
categories of interest |30| are algebraically coherent.

All algebraically coherent semi-abelian categories satisfy (SH). More precisely, when-
ever M, N < L in an algebraically coherent semi-abelian category, the so-called Three
Subobjects Lemma [M, N, L] = [M, [N, L]] v [N, [M, L]] implies that [M, N, L] < [M, N].
Further convenient properties of algebraically coherent categories will be recalled below.

7.1. THE SMITH-PEDICCHIO COMMUTATOR. We start with something which is not quite
an example, but very close to being one. Pedicchio’s categorical approach to the Smith
commutator of equivalence relations (see [31, 33, 1]) involves a double equivalence rela-
tion as in Figure 7.1. Given equivalence relations R and S on an object L, the double
equivalence relation Agg is initial amongst all double equivalence relations over R and S.
(In the words of [31], it is the smallest such.) Thus, it satisfies part, but only part, of the
universal property depicted in Figure 6.6: it is initial among equivalence relations rather
than initial among double groupoids.

As explained to us by Cyrille Simeu, it is not hard to see that the corresponding
crossed square (where M and N < L are the respective normalisations of R and S and
all arrows are normal monomorphisms) has an upper left corner which is precisely the so-
called Ursini commutator [M, N4 of M and N in the sense of [26]. By the results of [18],
in the present, algebraically coherent context, this commutator coincides with [M, N]. So

[M, N]p0—> N

[l

is the initial crossed square of normal monomorphisms over m and n.
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7.2. NORMAL SUBOBJECTS. We may now ask ourselves what is the tensor product of
two normal subobjects M, N <1 L in A. From the above it is not hard to deduce that this
tensor product must have [M, N| as a quotient. Let us give an alternative and slightly
more explicit explanation for this fact.

First of all, we know from Example 5.5 that the intersection of M and N is part of a
crossed square, so we have a canonical map h: MQ@N — M A N. Now in the computation
of the tensor product (the construction in 6.5, with in particular equation (E)), we have
to take (a quotient of) a certain pushout in A, which happens to be the sum over L of
the respective denormalisations R and S of M and N; the intersection of the kernels Kg—
and Kz of the first projections dy, and dy in this double reflexive graph (also called the
direction of the square of first projections dyod; = dyody) is the underlying object of
the cosmash product R oy S of R and S over L, which (by Lemma 2.9 in [32]) in an
algebraically coherent setting is nothing but the cosmash product M ¢ N of M and N.
The tensor product M @ N is a quotient of this object, and h composed with the quotient
map is the canonical map M o N — M A N.

Thus we see that the image of h: MQN — M A N is [M, N] < M A N. In particular,
h is far from being a regular epimorphism in general.

7.3. ABELIAN OBJECTS ACTING TRIVIALLY ON ONE ANOTHER. Recall that Nily(A) is
the full subcategory of A of the objects A where [A, A, A] is trivial [18, 8]: this is the
Birkhoff subcategory whose reflector Nily: A — Nily(A) sends A to A/[A, A, A]. When A
is algebraically coherent, [A, A, A] = [[A, A], A] < A. We are going to prove:

7.4. THEOREM. When A is an algebraically coherent semi-abelian category, for any pair
of abelian objects M and N acting trivially on one another we have M @ N = M o5 N,
where M oy N is the cosmash product of M and N in the 2-nilpotent core Nily(A) of A.

Via [25] this allows us to recover the result from [5] that when M and N are groups,
M ® N = M ®z N. This also exhibits the bilinear product of [19] as a special case of the
non-abelian tensor product.

PROOF OF THEOREM 7.4. The construction of the tensor product tells us that we should
consider the crossed modules M — 0 and N — 0, which correspond to the reflexive graphs
M and N on the object 0. Here we use that M and N are abelian as in Example 3.6.
Hence the tensor product is the normalisation of the internal groupoid obtained from the
quotient of the sum M + N by the join of commutators J = [NbM, NoM| v [MbN, MbN]
as in Figure 7.2. Further note that

[M,N]=MoN = (MbN) A (NDM) < M + N.

In fact, M @ N = (M ¢ N)/J, because indeed J factors through both MbN and NoM,
as we shall see, and so it factors through their intersection M ¢ N as well. Since, as
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y MOVN ——>
M®N» e N

Nb M > M+N ——>
T J —
P ——

M M 0

Figure 7.2: Tensor product of abelian objects

Nilo(M + N) = Nily(M) +5 Nily(N), we have the 3 x 3 diagram

[M+NM+NM+N—>[M+NM+NM+N—— 50

| | |

M o N> M+ N > M x N

| | |

Moy No————— Nily(M) + Nily(N) M x N,

it now suffices to prove that J coincides with [M + N, M + N, M + N] in order to show
that M @ N = M o3 N. So let us compare the two. First of all, by algebraic coherence we
can write [M + N, M + N, M + N]| = [[M + N,M + N|, M + N]. We use Proposition 2.9
on the latter commutator. Since the kernel and the splitting in the split short exact
sequence (B) are jointly extremal-epimorphic, we have M + N = (MbN) v M; from the
split short exact sequence

0
(1) ohar
0— sNoMr—sMN—>N—50

M
N

we deduce MbN = (N o M) v N; whence

[M + N, M + N]| = [MbN, M + N| v [M, M + N| v [MbN, M, M + N]
= [MbN, MbN] v [MbN, M] v [MbN, MbN, M]
— [MbN, MbN] v [MbN, M]
— [MbN, MbN| v [N, M] v N, M]
— [MbN, MON] v [[N, M], M] v [N, M] v [[N, M], N, M]
— [MbN, M5N] v [N, M].
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Note that

[N, M],M + N] =

[N, M], MbN v NbM]

[N, M], MbN] v [[N, M], NbM] v [[N, M], MbN, NbM]
MbN, MbN] v [NbM, NbM] v [MbN, MbN, M + N
MbN, MbN] v [NbM, NbM],

<

M

so that

[[M + N,M + N],M + N

= [[MbN, MbN] v [N, M], M + N]

[[MbN, MbN],M + N] v [[N,M],M + N] v [[M>N, MbN],[N, M], M + N]|
< [MbN, MbN] v [NbM, N>M] v [MbN, MbN, M + N]

= [MbN, MbN] v [NbM, NoM].

Conversely, [NbM, NoM]| = [[N, M] v M, NbM] is
[[N, M], NbM] v [M, NbM] v [[N, M], M, NbM],
whose terms are all contained in [M + N, M + N, M + N], because
[M,NbM] = [M,[N,M] v M]=[M,[N,M]] v [M,M] v [M,[N, M], M]

and M is abelian.

7.5. LIE ALGEBRAS. The aim of this subsection is to show that the non-abelian tensor
product of Lie algebras defined in [13| coincides with the general definition of non-abelian
tensor product when A = Lieg, for any given commutative ring R. In order to do that

we need to recall some definitions and results from [13, 7].

From now on we will assume that M and N are two Lie algebras with crossed module
structures on a common Lie algebra L, since in [10] it is shown that this is the same as

having two compatible actions of Lie algebras.

7.6. DEFINITION. [13] Given two R-Lie algebras M and N acting on each other, their
non-abelian tensor product M Qe N 1s the Lie algebra generated by the symbols m @ n

with me M and n € N, subject to the relations
— (Am)@n =Am®n) =m® (An),
— (m+mM)@n=mOn+m'n and m (n+n") =mn+mQen/,
— [m,m]@n=m® ("n)—m'® (") and m® [n,n'] = ("m)@n — ("m) @/,
— [m@n,m'@n'] = —("m)® ("),

forall xe R, m, m" € M andn, n' € N.
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7.7. DEFINITION. [13| Given two R-Lie algebras M and N acting on each other, and a
third Lie algebra P, we say that a bilinear function h: M x N — P is a Lie pairing if

1. h([m,m'],n) = h(m,™n) — h(m/,™n),
2. h(m, [n,n']) = h("'m,n) — h(*m,n’),
3. h("m,™n') = —[h(m,n), h(m',n')],

for all m, m'" € M and n, n' € N. The Lie pairing h is said to be universal if for any
other Lie pairing h': M x N — P’ there exists a unique Lie homomorphism ¢: P — P’
such that ¢oh = h'.

7.8. PROPOSITION. [Proposition 1 in [13|] Given two R-Lie algebras M and N acting on
each other, h: M x N — M Qe N: (m,n) — m®n is a universal Lie pairing.

Hence the non-abelian tensor product M ®r;e N of two Lie algebras acting on each
other is characterised (up to isomorphism) as the codomain of their universal Lie pairing.

7.9. DEFINITION. [12, 7| A crossed square in Lieg is a commutative square of Lie algebras

P pm M

| e

endowed with Lie actions of L on P, M and N (and hence Lie actions of M on N and P
via p, and of N on M and P via v) and a function h: M x N — P such that

(X.0) h is bilinear and satisfies

7 7

h([m,m'],n) = "h(m',n) — "™ h(m,n), h(m,[n,n']) ="h(m,n’) =" h(m,n);
(X.1) pam and py are L-equivariant, and
(M5 L&), (NS5 Léy), (PEREEESLEp)
are crossed modules;
(X.2) pu(h(m,n)) = ="m and py(h(m,n)) ="n;
(X.3) h(par(p),n) = ="p and h(m,pn(p)) = "p;
(X.4) th(m,n) = h(!m,n) + h(m,'n);
forallle L, m, e M, n,n" € N and p e P.

7.10. LEMMA. [Theorem 30 in [7]|| Lie crossed squares, as just defined, coincide with
internal crossed squares in the category Lieg.
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7.11. LEMMA. [23] For a pair of crossed modules (M %> L,&y) and (N % L,&y), the

square
PM

M ®pie N — M
T
N——>—1L
in Lieg, with py and pn defined via ppr(m®n) = —="m, py(m®@n) = "™n endowed with
— the actions &y and &y,
— the action of L on M ®pie N given by {(m®n) = (‘m)@n +m® (‘n),
— the map h: M x N — M @ N defined in Proposition 7.8,
is a crossed square (in the sense of Definition 7.9).

7.12. PROPOSITION. When A = Lieg, the non-abelian tensor product MQN as in Defin-
ition 6.6 coincides with the tensor product of Lie algebras M Qe N from Definition 7.6.

PROOF. The first step is to construct a Lie pairing from M x N to M & N. We consider
Figure 6.4 and denote with j5, and jy the diagonal inclusions of M and N in Qygn. We
are going to define a function h from M x N to Quen, and show that it factors through
M®N as h: M x N —- M ® N. Then we prove that it is a Lie pairing.

Since we are in Lier we can define h directly on the elements by imposing h(m,n) ==
[ia(m), jn(n)]. To prove that it factors through M @ N it suffices that dioh = 0 = dyoh,
the rest being trivial since M ® N is the pullback of the kernels K- and Kg-. This is
done through the equalities

dyh(m,n) = dy([jnu(m), jn(n)) = [dujs(m), dujn(n)] = [dujs(m),0] = 0
and
dph(m,n) = d([jam(m), jx (0)]) = [drja(m), dijn(n)] = [0,drjn(n)] = 0.

Thus we obtain h: M x N — M @ N. Let us prove that it is a Lie pairing. For 1. we
have the chain of equalities

h([m, m'],n) = Ljs([m, m']), jn ()] = [Lar(m), jar(m)], jiv ()]
= —[Liar(m"), i (n)], jar (m)] = [[in (), jar (m)], Gar(m')]
= ina(m), Ljas (m"), v ()] = L (), [jne (m), jine (n)]]

7

= [jp(m), jn("n)] = [iar(m), jn("n)] = h(m,™n) — h(m',™n)
and a similar one shows 2.; for 3. we have

h(*m, "™ n') = [ ("m), g ("' n)] = [lin (), Gar(m)], [Gar(m'), g (n)]]

)
—[Line(m), in ()], [iae(m'), i ()] = =[h(m, n), h(m', n)].
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By Proposition 7.8 we may take a universal Lie pairing h. This provides us with a
unique morphism ¢ such that the triangle

SN ()

commutes. We next show that there is a unique ¢ such that ¢oh = h. This then implies
that ¢ and v are each other’s inverse, so that M @ N =~ M Q. N.

We use Lemma 7.11 which tells us that the non-abelian tensor product M ®r;. N
induces a crossed square of Lie algebras

M @pie N— M

R

N—>L

in the sense of Definition 7.9. By Lemma 7.10 we know that Definition 5.4 in Liegy
coincides with Definition 7.9 and hence we can use the universal property of M ® N—
Proposition 6.11—which gives us the needed unique morphism ¢: M @ N - M Qe N
such that (F) commutes. =

MQN

. M®N
Hence from now on we may write py, and py as my;

and my ®", respectively.

8. Internal crossed squares through the non-abelian tensor product

The aim of this section is to generalise the explicit description of crossed squares of groups
(given in Definition 5.1) and Lie algebras (given in Definition 7.9) to the semi-abelian case,
without passing through the double groupoid formalism. In order to do so, we use the
construction of the non-abelian tensor product, first in the categories Grp and Lieg, and
then in a general A (which is semi-abelian with (SH)). We call the object we obtain a weak
crossed square, and we prove that weak crossed squares are the same as crossed squares in
Grp or Lieg. We then show that in the semi-abelian context, each double groupoid gives
rise to a weak crossed square. The converse is still an open question: the aim would be to
find suitable conditions on the surrounding category under which we have an equivalence.
Under such conditions we have an explicit description of what is a crossed square.

The idea behind this internalisation is given by a bijection introduced in [5] (see their
Definition 2.2 and following): the authors say that, given a pair of compatible group
actions, to each crossed pairing h: M x N — P corresponds a group homomorphism
h*: M ®@ N — P defined by h*(m ®&n) = h(m,n). From now on we will write h for both
these maps, since there is no risk of confusion.

Using this hint as the basis of our reasoning we give the following definition.
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8.1. DEFINITION. Let A be a semi-abelian category that satisfies (SH). An (internal) weak
crossed square in A s given by a commutative square

P2 M
PN ,\ lu
N % L
in A, together with internal actions
& LbM — M &% IODN — N ¢ LbP — P

and a morphism h: M @ N — P such that the following axioms hold:

(W.1) the maps pyr and py are equivariant with respect to the L-actions: the squares

LhbP —— LbP—=P
1prMl/ l/pM 1pr1\rl l

commute; furthermore, (M % L, &%), (N % L, £%) and (P A L,€E) are L-crossed

modules;
M&N
| ey e
(W.2) the diagram h commutes;
N P M
PN pmMm

P®NPM®1N M®N 1 ®pN M®P

(W.3) the diagram hl / commutes;
71_11::"@)]\/' ﬂ_}]y@P

P

(W.4) the map h is equivariant with respect to the action {fey: ID(M @ N) - M Q@ N
(induced as in Remark 5.6); that is, the square

5M®N
) —>

L(M@N) 2L M@ N

] J

LbPTP
P

commutes.
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A morphism of weak crossed squares
P M
N L

s given by a quadruple of morphisms

M

—

p: P— P f: M — M g: N - N’ I: L— L
such that the obvious cube commutes and the h-maps are respected; that is, the square

f®g

MQN-L% @ N
Tk
P——sP

commutes as well.

8.2. REMARK. From the three L-actions &&, €& and ¢5 we construct the actions M, €5
&M and £} through the diagrams

Mb]\ __me o hp NbP\ __ e Ihp
MbN — 1% 1N NOM — 21 rong

AN AN

Condition (W.1) implies that also (P 225 M, M) and (P 2% N, ¢5) are crossed modules.
This is an application of the following lemma.

8.3. LEMMA. Let A be a semi-abelian category with (SH). Consider a triangle

Pp—" M

N4
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with internal crossed module structures (M % L, &5 and (P EN L. &), and the induced
action EM = Lo(ublp). If p is equivariant with respect to the L-actions, i.e., the square

LbP ——

P
X 1
M

commutes, then also (P 2 M, &M) is an internal crossed module.

PROOF. We need to show the commutativity of the squares

]\[

PoP —— MyP —— P
S A
MbP % P MboM 7 M.

For the left one we have the chain of equalities

Ep'o(p1p) = Epe(d1p)o(pp1p) = Epo(A1p) = Xp,

and we have

pobpt = pokpo(pblp) = E5po(1rop)o(ublp) = Exro(ublar)o(1Lbp) = xaro(1Lbp)
for the right one. n

8.4. PROPOSITION. If A = Grp, then weak crossed squares are the same as internal
crossed squares, that is the group version of Definition 8.1 is equivalent to Definition 5.1.

PROOF. As explained in [5], given a crossed pairing h: M x N — P (see Remark 5.3), we
can decompose it as

MxN-—5>M®N

N

where the horizontal map, which sends (m,n) to m ® n, is called the universal crossed
pairing, whereas h* is a morphism of groups. Vice versa, we can associate a crossed
pairing h*o(—®—) to every morphism of groups h*: M ® N — P. This means that giving
a crossed pairing amounts to giving a morphism out of the non-abelian tensor product.
For the sake of simplicity, we are going to denote both of them as h.

Notice that (W.1) is precisely the internal reformulation of (X.1), which makes them
equivalent. Let us prove that (X.2) < (W.2). The only non-trivial step is given by the
explicit description

MO (m@n) = m"m ™, MO (m@n) = "nn!
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for the projection maps: for further details see Proposition 2.3.b in [5]. Using these
equations together with pa/(h(m ®n)) = pay(h(m,n)) and py(h(m @ n)) = pn(h(m,n))
we obtain the desired equivalence.

Similarly, in order to show (X.3) < (W.3), we use the equations

{ mp2N (p®n) = p'p, {h(pM( P)®n) = h(pa(p). n).
O (m@p) = "oy, h(m @ px(p)) = him, px(p)).

We have already explained that, whenever (X.4) holds, (X.0) is equivalent to the require-
ment that h: M x N — P is a crossed pairing, and that this is in turn equivalent to
having a morphism h: M @ N — P.

Finally, to show that (X.4) < (W.4), we first take the action &,y as defined in
Remark 5.6: in the particular case of groups it can be described through the equation

(m@n) = ('m) @ ('n).
(For more details about this action see Proposition 2.3.a in [5]). Then the equations
'him®@n) = "him,n), h('m ®'n) = h('m,'n)
prove our claim. [

8.5. REMARK. Consider a crossed square of groups as in Definition 5.1: according to Pro-
position 6.11 we have a unique morphism ¢: MQ®N — P such that ( ¢ 1M ) is a morphism
of crossed squares. In particular this map ¢ is the same as the map h M® N — P in-
duced by the crossed pairing h: M x N — P. To see this, it suffices to show that ({;V 111‘;)
is again a morphism of crossed squares: following the description of morphisms given in
Definition 8.1, this amounts to proving that h makes the outer cube in Figure 6.6 commute
as well as the diagram

MN=—=MQRQN

|k

The latter is trivial, and the former is given by condition (W.2).

Using the same reasoning as in the last remark we can deduce that, if there is a
way to show the equivalence between the notion of weak crossed square and the one of
internal crossed square, then the morphism h: M @ N — P has to be the one given by
Proposition 6.11.

8.6. PROPOSITION. In A = Liegr, weak crossed squares are the same as internal crossed
squares, so that the Lie algebra version of Definition 8.1 coincides with Definition 7.9.
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PROOF. Let us compare condition (X.0)—(X.4) as in Definition 7.9 with condition (W.1)—
(W.4) as in Definition 8.1.

As follows from Proposition 7.8, having a function h: M x N — P such that (X.0)
holds (that is a Lie pairing) is the same as having a morphism h*: M ® N — P (from
now on denoted again with h).

Notice that (W.1) is precisely the internal reformulation of (X.1), and hence they are
clearly equivalent. The equivalence (X.2) < (W.2) is given by the equivalence between
the systems

{ TMEN (m @ n) = py(h(m®@n)), {—nm = par(h(m,n)),
TN BN (m@n) = pn(h(m @n)), mn, = py(h(m,n)),

which in turn is obtained via the explicit description of the maps W%®N and in

the Lie algebra case. Similarly, in order to show (X.3) < (W.3), we use the equ1valence
between the systems

{ 2N (p@n) = h(py ® 1n) (P @), { hoar(p).m) = —".

M®N

O (m @ p) = h((1ar @ par) (m @ p)), h(m,pn(p)) = "p.

Finally, to show that (X.4) < (W.4), we first consider the action {f;qy as defined in
Remark 5.6: in the particular case of Lie algebras it can be described through the equation

men)=("m)@n+m® ('n).

Then we use the equivalent equalities

h((m@n)) ="(h(m®n))
= h(lm®@n +m®'n) = (h(m®n))
= h(lm®@n) + h(m®'n) = (h(m®@n))
= h('m,n) + h(m,'n) ='(h(m,n))
to finish the proof. n

We return to the context of a semi-abelian category A that satisfies (SH).

8.7. PROPOSITION. An internal crossed square is automatically a weak crossed square,
that is Definition 5.4 implies Definition 8.1.

PRrROOF. Consider a normalisation of an internal double groupoid as in Figure 8.1. Let us
start by fixing the basic ingredients. We define the maps py; = crokq,., py = cwokq,, and
A = cok. The actions £X; and £k are already given, whereas £5 and fﬁ@N are constructed
as in (D) and h: M ® N — P is given by Proposition 6.11. Now we are ready to show
the properties of these objects.

For (W.1), we already know by hypothesis that (M % L. ¢F) and (N % L, &%) are

crossed modules. The fact that also (P EN L,£L) is so, is given by Proposition 5.8. Tt
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ky dr
PD%P ><1 M ef;— ‘%[

Kay, k kay, kap,

PNNHQPeEU—]WNL
\f C

cw ew| dw

NwaLeeo vv"L

‘dp cp

Figure 8.1: An internal double groupoid and its normalisation

remains to be shown that p,,: P — M is equivariant with respect to these actions; then
for py the reasoning is entirely similar. Consider the diagram

k; ~ 4
Pr— > Qp———1L
B

]\VIT M % LjﬁjL
where the two top squares are the ones defining the action £5, whereas the dotted map
is induced by the fact that M is the kernel of dg. In order to show that (py,17) is a
morphism of split extensions from the top row to the bottom one (and hence an equivariant
map), it suffices that py; = ¢ol, since each square commutes: this is done using the chain of
equalities kg,opol = dyokgol = dyok = kg,opy and the fact that kg, is a monomorphism.

Condition (W.2) is already given by definition of the map h. In order to show (W.3)
it suffices that

1\I®P

M@P MLV P—" M
1\1'®P lu
ner j iz
’10(1M®pv 1\1
P — L —F)—L

are both morphisms of crossed squares, so that the claim follows from Proposition 6.11:
the universal property of M ® P (and similarly for PQN). The map 7T§‘34®P clearly satisfies
the universal property depicted in Proposition 6.11 and therefore it induces the morphism
of crossed squares on the top. The second one is obtained as the composition

(h°(1M®pN) 1M) _ ( h 1M) (1M®Z7N 1M)
PN 1z 1p 11 pNn 1 /¢
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Ib((MQN)>——>L+ (MQN)—————=1L

.‘ Tooh \1L+h \
Sy N

§{CJ®N wwP—m— s[4+ P—————1],

13

MON>——|—— Qugn =—|———=>1L

| \h\ \(7)\ | \

Qr L

Apygn>——|—— Qugy —|——=1L

\\ \\ \

Qr

L

Figure 8.2: Checking condition (W.4)

The first one is a morphism of crossed squares by definition of 1 & py, whereas the second
one is so by definition of 4 (and by Remark 8.5).

It remains to be shown that (W.4) holds and to do so, consider Figure 8.2. We want
to prove that the top square in the left face commutes. Notice that by definition of ¢
and ¢ we already know that the squares on the bottom face commute, and similarly, by
definition of A the bottom square on the left face commutes. The two lower cubes then
commute by construction of Quen, Qp and ¢ (see Lemma 2.6 in [9]). This means that
(h,11) is a morphism between the lifted points and therefore h is equivariant. n

8.8. WHEN IS A WEAK CROSSED SQUARE A CROSSED SQUARE? It remains an open
question whether the converse of Proposition 8.7 holds; a stronger condition on the base
category A might be necessary for this to be the case.

We have a partially positive answer in the situation where A happens to be a regular
epimorphism: such a weak crossed square is always a crossed square, as soon as in the
induced diagram of Figure 8.3, the kernel of h is normal in Qygn-

Note, however, that examples of crossed squares exist where the induced h is not a
regular epimorphism—see for instance Subsection 7.2. For this reason, what follows here
can only ever be a partial answer to the question.

As it turns out, a double groupoid as in Figure 8.1 gives rise to a regular epimorphic h
(whose kernel is necessarily normal in Quygy) if and only if the morphisms ey, and ey
are jointly extremal-epimorphic. Indeed, the latter condition holds if and only if the
morphism % in Figure 8.3 is a regular epimorphism. We may then use the idea contained
in the following remark.
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=

4

hx1pr

N x L

N

I x L

N

Pr————= P M &e=—/———= XV[

N\

$MxL

|
N

1305

No— > NxLe=——=1L

Figure 8.3: The crossed square induced by a regular epic h

8.9. REMARK. Suppose for the moment that the front face in Figure 8.3 is already an
internal crossed square. Then both squares in the diagram

M@N—(MQ@N) x M —> Quan

hJ]J héJ l;; Q)

P——PxM—>(

are pullbacks (by item 1. of Lemma 4.2.4 in [1]) and hence the outer rectangle is so.
By item 2. of Lemma 4.2.4 in [1], this implies that K, = Kj, but since h is a regular
epimorphism if and only if so is & (by applying the Short 5-Lemma twice), it is the cokernel
of its kernel: this means that Q' can be described as the cokernel of the inclusion of K,
into Qyen. Furthermore, this inclusion is normal.

Conversely, when h is a regular epimorphism and the kernel of A is normal in Quen,
we can construct the object @) and the dotted arrows in Figure 8.3 so that the double
reflexive graph in the front face is an internal double groupoid:

8.10. THEOREM. In a semi-abelian category that satisfies (SH), a weak crossed square
where h is a reqular epimorphism is also an internal crossed square—that is, Definition 8.1
implies Definition 5.4 in that case—as soon as in the induced diagram of Figure 8.3, the
kernel of h is normal in Qpugn-
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PROOF. By using the idea in the previous remark we define )’ as the cokernel of 7ok,
where 7 is the composition depicted in the first row of (G). In particular we obtain that

M®N$QM®N

3 N (H)

P——7—C
v

is a pushout. Since Q) is the cokernel of ~yoky,, from dyoy = 0 = dpoy we find unique
morphisms dj;: ) - M x L, d}: Q" — N x L such that d’UOiL = dy and d,LO;L = dj.
Similarly, by using the universal property of the pushout (H) we obtain unique morphisms
cp:Q = M =L, Q' — N x L such that c’UoB = ¢y and c’Lol~1 = ¢;,. Then we define
¢, = hoey and ¢}, = hoey. With these data we already have that (Q', M x L, d};, ¢, ¢}
and (Q', NxL,d;,c;, e} ) are reflexive graphs. Since they are quotients of groupoids, they
are groupoids as well. In particular, the square of groupoids involving them is a double
groupoid: this can be shown by proving the commutativity of each of the nine squares by
using the fact that his a regular epimorphism.

We still need to construct morphisms a: P x M — @' and 3: P x N — ()’ making
Figure 8.3 commute, and show that o = kg and § = kg . We are going to construct o
only, since a symmetric strategy works for 5. Let us first of all notice that the square

ey kg
M+ (M ®N) MQM@V

1+hl lfl (1)

M+P——(Q
(e/UOfCJLw]
Y

is commutative by definition of e}, and the commutativity of (H). Also the triangle

O.M
M+ (M®N) ML (M®N) »x M
\ / (J)
eUOkM
QreN
commutes, since
ML(M@N)NM M®N (M®N) x M

kl lde and \ /

M > L v Quen QreN
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do. Now we can use the definition of the semidirect product P x M as a coequaliser to
obtain the dotted arrow « in the commutative diagram of solid arrows

kM1
Mb(M @ N) — M+ (M®N) "o (M®N) » M
iMeN NN
1adh 1p+h ]\/[®N hx1y
h
ka,p TN
MbP M+ P P x M.
it \ e
okl - "
[ ; M] 5 o

In particular we need to show that [elUf;foL‘/f] coequalises ks p and zpo§P this is done by
precomposing with the regular epimorphism 1,,bh and by using the commutativity of (I)
and (J). In a similar way we build g: P x N — @Q’. Let us now show that every square
in Figure 8.3 involving o and § commutes. Indeed, we already know that the square

de
(M@N) el M%QM@BN

o] |

PNM*QI

commutes by construction and similarly for the one involving J; the square

k]\/[
P—L sPxM

kN l \y\ l/a

PNNTQI

commutes by construction of o and f; finally we need to show that the two right-pointing
squares and the left-pointing square in

M
PxM<—f—M
M
¢p
al kk{
dyy
-—
Q<—f—Mx L
—Uv
v

commute. For the left-pointing one we have the chain of equalities

. ! okl .
voed] = Qoo oty = (eU:, M]on = e okl
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whereas for the right-pointing ones we need to compose with the regular epimorphism Ten
to obtain

' _ (dyoepokty (kb _ L (v _ L M
dyeaeoey = ( &) 0/ ) = (%) = ki ((57) = kagedp 0N

CIUoO[oO'glfgf - [CbZ’ZIUojﬁLWJ — [k]L:ilOM] = ]{3][\/40[11)];) = /{Z]%/[ocﬁloo'gy.
Finally we can repeat this argument for the corresponding squares involving .

It remains to be shown that o = kg (and similarly that 8 = kg ): to do this, we
first show that d; is the cokernel of o and then that « is a normal monomorphism, which
implies the claim. The first step is easily done by checking the universal property of the
cokernel through the diagram

k
(M ®N) x M —5 Qrrany —25 N % L

hﬂlj\jl Bl/

PxM Q' N x L

« dlL

and the universal property of the cokernel dj,.

If the kernel of A is normal in Qygn, then (H)—which is precisely the outer rectangle
in (G)—is a pullback by [1, Lemma 4.2.4]. For the same reason, also the left hand side
square in (G) is a pullback. Since h x 1), is a regular epimorphism, Proposition 4.1.4 in [1]
now implies that the right hand side square in (G) is a pullback. Since A is protomodular,
pullbacks reflect monomorphisms; since k4, is a monomorphism, so is . Furthermore, o
is normal as a direct image of the normal monomorphism k4, , which implies our claim
that « is the kernel of d7. n
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