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EXTENSIONS AND GLUEING IN DOUBLE CATEGORIES

SUSAN NIEFIELD

ABSTRACT. Let D be a double category with an initial object. Any cotabulator I'v of
a vertical morphism v: Xy —e—= X gives rise to an extension (i.e., short exact sequence)
Xo—>Tv—= X in the vertical bicategory VD. If D has “open cokernels,” then every
extension is equivalent in VD to one of this form. Examples include the double cate-
gories Loc, Topos, Pos, and Cat, whose objects are locales, toposes, posets, and small
categories, respectively, and I'v is given by glueing along v in the first two cases, and by
the collage of v in the others.

1. Introduction

In [FM20], Faul and Manuell characterize extensions in the category Frm, whose objects
are frames (i.e., locales) and morphisms are finite meet preserving maps. They show that

P

X1 % Gl(U) —2 X()
is an extension of Xy by Xj, where Gl(v) denotes the frame obtained by Artin-Wraith
glueing along v: Xo—=X; in Frm, with 7y and m; the usual projections, and every extension
is isomorphic in Frm, to one of this form. Thus, Gl(v) plays the role for frames that the
semidirect product does for groups.
Frm{’ is the vertical bicategory of the double category Loc of locales (c.f., [N12a]),

Xo_ 4
vt = Gl(v)
X, /11/
is a cotabulator (in the sense of [P11]), and the characterization in [FM20] essentially uses
the fact that Loc is a double category D satisfying

e D has a horizontal initial object (Definition 2.3)
e D has cotabulators which “restrict to the vertical bicategory” (Definition 3.5)

e D has “open” cokernels (Definition 4.1)
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With an appropriate definition of an extension in a bicategory, we will see that if D
is a pseudo double category satisfying the three bulleted conditions, then every extension
in the vertical bicategory VD is equivalent to one arising from a cotabulator of a vertical
morphism of D. Moreover, these three properties hold in our four main examples [Loc,
Topos, Pos, and Cat; and cotabulators are given by Artin-Wraith glueing in the first two
and collages in the others. Thus, these constructions are analogous to the semidirect
product vis a vis extensions.

We begin, in Section 2, by recalling the relevant properties of double categories and the
four main examples of interest. The next two sections introduce the notion of extensions
in VD and give their characterization in terms of cotabulators in D. In Section 5, we show
that the set Ext(Xy, X) of extensions of X, by X defines a bifunctor (VD)% x VD—Set.
We conclude, in Section 6, with the introduction and characterization of a category of
adjoint extensions of Xy by X in D.

This paper is dedicated to Bob Rosebrugh for his leadership in digital communica-
tion over the past thirty years, from the development of the category theory mailing list
and home page to the conception and implementation of Theory and Applications of
Categories, one of the first refereed electronic mathematics journals.

2. Double Categories and Cotabulators

Introduced by Ehresmann [E63] in the 1960’s, double categories provided a setting to
transfer results from one category to others that admit analogous structures. This section
is a review of the definitions and examples used in this paper. For details and more
information, we refer the reader to the work of Grandis and Paré [GP99, GP04, P11], as
well as Shulman [Sh08].

2.1. DEFINITION. A double category is an internal pseudo category

® _ o
[D1 X Do |D1 — |D1 <—id*— |D0
dy
in the 2-category CAT of locally small categories.

The objects X and morphisms f: X —Y of Dy are called the objects and horizon-
tal morphisms of D. The objects of D; are called wvertical morphisms, and denoted by
v: Xo —= X1, and their morphisms

Xo -2 Y,

IR 2.)
X1 —=Y,

are called cells of D. Horizontal composition is denoted by o and vertical composition by
©, both of which are sometimes elided. Note that when w is the vertical identity id}, on
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Y, we often denote the cell (2.1) by

X1
2.2. DEFINITION. The objects, morphisms, and special cells

idx,

X04>X0

ot

X1 ‘>X1

idx,

form a bicategory VD, called the vertical bicategory of D. The horizontal 2-category HD
1s defined dually.

2.3. DEFINITION. A horizontal initial object of D is an object O such that there is a
unique horizontal morphism ux: O — X, for every object X, and a unique cell

UXO

OHXO
id?, i U, i (2.3)
O TX1> X1

for every vertical morphism v.

2.4. DEFINITION. A companion for a horizontal morphism f: X —Y s a vertical mor-
phism f,: X —=Y together with cells

x4 x x-—1.y
id;(i e if* f*t 3 iid;

whose horizontal and vertical compositions are identity cells. A conjoint for f is a vertical
morphism f*:Y ——= X together with cells

idy

x-1.oy y 2y
Ao A

whose horizontal and vertical compositions are identity cells.
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2.5. EXAMPLE. Loc has locales as objects, locale morphisms f: X —Y, in the sense of
[J82], as horizontal morphisms, and finite meet preserving maps v: X —= X; as vertical
morphisms. There is a cell of the form (2.1) if and only if w® fy, < f1,®v or equivalently,
fi ©w <v® fi. The initial locale O is the horizontal initial object, and the companion
and conjoint of f are the direct and inverse images f, and f*, respectively. The vertical
bicategory VLoc is the partially ordered bicategory Frm’.

2.6. ExAMPLE. Topos has (elementary) toposes X as objects, geometric morphisms
f: X — ) (in the sense of [J77]) as horizontal morphisms, finite limit preserving func-
tors v: XAy —= X as vertical morphisms, natural transformations ¢: w ©® fo,= f1, ® v or
equivalently, ¢: ff ©w=v® f§, as cells of the form (2.1). The horizontal initial object O
is the one object topos, and the companion and conjoint of f are the direct and inverse
images f, and f*, respectively.

2.7. EXAMPLE. Pos has posets as objects, order-preserving maps f: X —Y as horizontal
morphisms and order ideals v: Xy —> X; (i.e., upward closed sets v C X(¥ x X)) as
vertical morphisms. There is a cell of the form (2.1) if and only if (fo(xo), fi(z1)) € w, for
all (xzg,2z1) € v. The empty poset O is the horizontal initial object, and the companion
fe: X ==Y and conjoint f*:Y —= X of f: X —Y are defined by f. = {(x,y) | fz <y}
and f* = {(y,x) | y < fz}, respectively. The vertical bicategory VPos is the partially
ordered bicategory of posets and ideals.

2.8. EXAMPLE. Cat has small categories as objects, functors f: X—Y as horizontal mor-
phisms, profunctors v: Xg —= X; (i.e., functors v: X§* x X;—Set) as vertical morphisms,
and natural transformations ¢: f1, Ov=w® fy, or equivalently, ¢: v® fj = f; ©w, as cells
of the form (2.1). The empty category O is the horizontal initial object, and the compan-
ion f,: X —=Y and conjoint f*:Y —= X of f: X —Y are defined by f.(z,y) =Y (fz,y)
and f*(y,z) = Y(y, fx), respectively. The vertical bicategory VCat is isomorphic to Prof.

2.9. DEFINITION. A cotabulator of a vertical morphism v: Xog —= X7 consists of an object
I'v and a cell

Xo \“L
“l ne _T'v (2.9)

7

X"
such that for any cell

v Y

5

1

X3

there exists a unique horizontal morphism f:T'v—Y such that fio = fo, fir = f1, and
idn, = ¢.
flhv
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One can show that the cotabulator ['v exists, for all v, if and only if id*: Dg—D; has
a left adjoint [P11].

2.10. ExAMPLE. Cotabulators in Loc and Topos are given by the glueing construction
used in [N81] which is also know as Artin-Wraith glueing in the topos case [J77]. The
topos Gl(v) obtained by glueing along v: Xy —= X7 has objects (Xg, X1, a: X7 — vXj),
where X, € |Ay| and X; € ||, and morphisms pairs (fo, f1) such that

X1 s ’UXO

A |

Yl?UYO

commutes, with i§(Xo, X1,a) = X, i7(Xo, X1, ) = X1, i0.(Xo) = (Xo,vXo,idyx,),
i1.(X1) = (1, X4,!), and n,:ip, =i1,v at X given by (!,id,x,). The cotabulator in Loc
is defined similarly as Gl(v) = {(xo, x1)|z1 < vae} with ig,(x0) = (2, vzo) and i1, (x) =
(Ta Xl)

2.11. ExaMPLE. Cotabulators in Cat are given by “collages.” Recall that the collage I'v
of a profunctor v: X¥ x X; — Set, also denoted by X, L, X;, is constructed by taking
the disjoint union of the categories Xy and X; together with a set T'v(zg, x1) = v(xg, x1)
of morphisms, for each zy € Xy and z; € X;. The functors 7o and i; are given by the
inclusion. Collages in Pos are defined similarly.

3. Extensions as Cotabulators

In this section, we introduce the notion of an extension in a bicategory B and prove a
general theorem relating cotabulators in D to extensions in the vertical bicategory VD.
Thus, relating Artin-Wraith glueing in Topos and Loc, and collages in Cat and Pos, to
extensions in the corresponding vertical bicategories.

3.1. DEFINITION. We say B has initial morphisms if each category B(X,Y') has an initial

object, denoted by Oxy, and the unique cells Owy =0xy f and Oxz =>g0xy are invertible,
forall fW—X and g:Y — Z.

3.2. PROPOSITION. If D has a horizontal wnitial object O and the unique morphism
ux:O — X has a companion ux, and conjoint u’, for all X, then B(X,Y) has an
wnitial object, for all X,Y and Oxy is given by

X
Ux

X X0 Xy
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PRroOF. This follows from Definition 2.3, since for all v: X —= Y, there is a unique cell

02, x

id&i Uy iv

O——Y
uy

Note that for the double categories D in Examples 2.5-2.8, the unique cells Oyy=0xy f
and Oxz=>¢0xy are invertible, for all f: W — X and ¢:Y — Z, and so VD has initial
morphisms.

3.3. DEFINITION. Suppose B has initial morphisms. A kernel of a morphism f: X —Y
is an inverter (in the sense of [CJSV94]) of the unique cell us:0xy = f, i.e., a morphism
k: K — X such that, for all B, the functor B(B,k):B(B,K)— B(B,X) induces an
equivalence of categories between B(B, K) and the full subcategory of B(B, X) consisting
of morphisms b: B — X such that usb: Oxyb=>fb is invertible. The dual of a kernel is
called a cokernel.

Unpacking the definition of kernel, we see that u¢k is an invertible cell satisfying the
following universal property. For all b: B — X such that ub is invertible, there exists
b: B — K and an invertible cell 6: kb=-b, and for any [:by=by with usb; and usby
invertible and invertible cells 0;: kby = b; and 6y: kby =>b,, there exists a unique 3: b;=>b,
such that

kl_)l % b1

kﬁﬂ ﬂﬁ

k‘Bz T> b2

commutes. Moreover, the uniqueness of 3 implies that for any b, the pair (b, 6) is unique
up to isomorphism.

Note that if D is flat, in the sense of [GP99], and the only invertible cells are identities,
then this agrees with the usual (strict) definition of kernel and cokernel in VD.

3.4. DEFINITION. A diagram K$X$Q is called an extension of Q) by K in a bicategory
B if k is a kernel of e and e is a cokernel of k.

To show that cotabulators in D give rise to extensions in VD, we use the following
property of cotabulators in our main examples.

3.5. DEFINITION. A cotabulator
Xo i
o m\X

1

X1
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in D restricts to VD and VD if ig and 11 have companions and cotabulators, and

XO\-Q ﬁ/XO
vt X and X ot
i1 \l*‘\
X1 Xy

become a pseudo cotabulator and a pseudo tabulator in the bicategories VD and VD,
respectively.

3.6. ExaMPLE. Cotabulators in Loc restrict to VlLoc and VLoc®, as follows.
For V0l oc, consider the diagram

XO — fo
\ f

vL > Glv)—==>Y
-

Xl 1x f1

where fo < fiv, and define f(zg,z1) = fo(xo) A fi(z1). Then f is a finite meet preserv-
ing map making the diagram commute, since fy < fiv implies f(ig,(z0)) = f(20,vx0) =

fo([L‘o)/\fl(’UlL'Q) = f()(l’()) and f(zl*(xl)) = f(T,ZEl) = fo(T)/\fl(CL’l) = fl(ZL'l). Functorial-
ity (and uniqueness) of f holds since (zg, z1) = (z, vzo) A (T, 21), for all (zg,z1) € Gl(v).
For VL oc®, consider the diagram

fo - XO
PR
Y- *>Glv) < lv

r - X1

where f; < wvfy, and define f(y) = (fo(y), fi(y)). Then f(y) € Gl(v), since f; < vfy, and
f is the unique finite meet preserving map making the diagram commute, since i and ¢}
are the projections onto Xy and X7, respectively.

3.7. ExaMPLE. Cotabulators in Topos restrict to VTopos and VTopos®, as follows.

Consider the diagram
X, — fo
l e T

n Gl(v) —= =Y (3.7)
7
X]. 1x fl
and ¢: fo=> fiv. Define f(Xy, X1, a) by the pullback

f(X07 X1, 04) — fiX1

T

JoXo Toxg JivXo
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Then f preserves finite limits since fy and f; do, a straightforward argument shows that
the diagram (3.7) commutes up to isomorphism, and functoriality of f follows since

(1,id)
(X(),Xl,a) (1;X1;!)

(id,a)l J{(!,id)

(Xo, 'UX(), ld) W (]., 'UX(), ')

is a pullback for all (X, X1, a) in Gl(v).
The proof for VTopos® is similar to that of VL oc®.

3.8. ExAMPLE. Cotabulators in Pos restrict to VPos and VPos®, as follows.
For VPos, consider the diagram

XO o fo
\‘\ >
v < X() L X1 - =Y
X, e

f1

where fiv < fp, and let f denote the disjoint union of f; and f,. Then f is an ideal
making the diagram commute, since f, and f; are ideals, and fiv < fy. Functoriality
(and uniqueness) easily follow.

For VIPos®, consider the diagram
J
. = Xo

vyZl-xux > l

(2 Z\T\X
h !
where vfy < f1, and let f denote the disjoint union of f; and f;. Then f is an ideal
making the diagram commute, since f, and f; are ideals, and fiv < fy. Functoriality

(and uniqueness) easily follow.

3.9. ExAMPLE. Cotabulators in Cat restrict to VCat and VCat, as follows.
For VCat, consider the diagram

fo
Xo o,
\\0_\ >
ot Ny XoUXy—-+ =Y
Xl/{ h

with ¢: fiv=fy. Define f by

] folz,y) ifxeX
f(x’y)_{f(l)(a:,y) ifa:EX?
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Since there is a cell p: fiv=>fy, we know f is a profunctor making the diagram commute
up to an invertible cell, and functoriality (and uniqueness) easily follow.
For VCat, consider the diagram

J
- 7w Xo

yZi-x,ux; n L

i
fi X1

with p:vfy=>fi. Define f by

~ foly,x) ifreX
f(y’x)_{f?(y,x) ifoX(l]

Then f is a profunctor making the diagram commute up to an invertible cell, since there
is a cell p:vfy=>f1, and functoriality (and uniqueness) easily follow.

3.10. PrROPOSITION. If
Xo &
vl Mo X
x, "
18 a cotabulator in D which restricts to VD and VD, and Wiz, 0x,x0 =101, 1S tnvertible,
then
X, 4 X -8 X
1s an extension of Xo by Xy in VD.

PRrROOF. To see that i is a cokernel of 7;,, given f: X —=Y and an invertible cell
Ox,y = fi1., consider

il* 7‘6
X, 4 x X,

where f = fig,. Both fi§ and f complete the diagram

1%

M X--w-2Y

e

11
X1 -

IR

Oxyy

since (fif)io, = f and (fi})i1, = Ox,y, and so there is an invertible cell fif = f,
compatible with the given cells.
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Given ¢: fi = f, and invertible cells 0;: fii5=> f1 and 0y: foil;=> fo, define @: f; = f, by
» = @ig,. Then
s 0
J11p — f1

| le

f2i6T>f2

commutes by uniqueness of the cell a such that aig, = ¢ and aiq, = id(‘)xly. Therefore,
13, is the cokernel of 7y,.
The proof that i;, is the kernel of ¢j is dual. n

Applying Proposition 3.10 to the examples, we get:

3.11. COROLLARY. If v: Xg—= X is a profunctor (respectively, order ideal), then
X1 45 Xo U X, % X,

is an extension in VCat (respectively,VPos). =

3.12. COROLLARY. (Faul and Manuell [FM20]) If v: Xo —= X is a finite meet preserving
map of frames (i.e., locales), then

sk

X1 H“i> Gl(’l)) JO—> X()

is an extension in Frm, (i.e., VLoc). =

3.13. COROLLARY. If v: Xy —= X} is a finite limit preserving map of toposes, then

sk

)

Xl iji) GI(U) —s XO

18 an extension tn VTopos. [

4. Extensions and Open Cokernels

In this section, we show that if cokernels exist in VD and satisfy a property shared by Loc,
Topos, Pos, and Cat, then every extension is equivalent to one arising from a cotabulator
as in Proposition 3.10.

To obtain such an equivalence in [FM20], the authors show that every morphism
f: X —Y in Frm, has a cokernel which they construct as i}: X — | u, where u = f(L)
and i, is the inclusion of the open sublocale L u of X, in the sense of [J82]. Since X can
be reconstructed, up to isomorphism, from |« and its closed complement i.: Tu— X via
Artin-Wraith glueing along i’i,,, they show that every extension is isomorphic to one of
the form

P55 Gl(i%i0) —> Lu
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The notion of open/closed sublocales and this reconstruction is generalized to dou-
ble categories called “glueing categories” in [N12a], [N12b] where examples include the
double categories of interest here. Moreover, the open/closed subobjects agree with the
definitions for Locqy [J82], Topos, [J77], Catq [BNOO], and Posy [NO1]. The assumption
that D is a glueing category is unnecessary here since we only use the following definition
of open morphism in VD.

4.1. DEFINITION. Suppose VD has initial morphisms. A wvertical morphism e: X —= @ is
called open in D if e =i, for some cotabulator

Q io
\

vt Ny X (4.1)
x, "

in D which restricts to VD and VD and satisfies Wisiy,: 0x,Q =151+ and 1,: v=>1119, are
invertible. We say D has open cokernels if every vertical morphism has a cokernel which
18 open in D.

From [FM20], we know Loc has open cokernels, and their construction generalizes to
Topos as follows.

4.2. PROPOSITION. Topos has open cokernels.

PROOF. Given f: W —= X let U = f(0), and consider i,: X /U — X, where i} = U* and
iox = Iy. Then 7} f = 0yxu, the constant functor at the terminal object of X' /U, since
W) x U= f(W)x f(0)= f(W x0)= f(0)=U, and so ¢ f(W) = idy.

Suppose g: X — Y satisfies gf = Oy, i.e., (¢f)(W) =1, for all W in W,

w-L-x 2o x/U
g »

Y

QI

and define g = gi,,. To see that gi} = g, it suffices to show that both morphisms make
the diagram

commute up to compatible isomorphisms, where v = #3%,, and i.: X, — X is the inclusion
of the closed complement of X' /U in X. Since i}io, = idy/y, We know gilio. = g = gio..
Also, gitic, = §0x.xv = Oxy. To see that gic, = Ox,y, recall [J77] that X € A,
i.e., is a jesheaf, if and only if X x U = U. But, g(f(W)) = 1, for all W, and so
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9(X) = g(X) x 1= g(X) x g(f(0)) = g(X x f(0)) = g(X xU) = g(U) = g(f(0))
and it follows that gi., = 0x,y.

Given ¢: g1 = ¢» and invertible cells 6;: g1} = ¢1 and 0: g2i; = g, define @: g3 = g2 by
@ = Qioy. Then

I

L,

_ . 01
glz; — g1

_
92to =5 92

commutes by uniqueness of the cell a such that ai,, = ¢ and ai., = idg,, .

Therefore, ¢} is the cokernel of i.,. n

By the description in [N12a] of cotabulators as collages in Cat (and Pos), we know
e: X —= X is open if and only if e = 4, for some open inclusion io: Xo—X, i.e., 2y € Xj
and a: x —xo in X implies x € X.

4.3. PROPOSITION. Cat and Pos have open cokernels.

ProOOF. Given f:W —= X let ig: X — X denote the inclusion of the full subcategory
consisting of objects x, such that f(w,xo) = (), for all w € W. Then Xj is open, for if
f(w,x0) =0 and «: 2 — xg, then so is f(w,x), since f(w,a): f(w,x) — f(w, xq).

Now, #{f = Owx,, since if(x,z9) X f(w,z) — f(w,zo), for all z € X, implies
isfw,z0) = 0, for all w € W and zyp € Xo. Thus, to see that if is a cokernel of f,
suppose g: X — Y satisfies gf = Oyy in

wL.x_2.x,

and define g = gip,. For gij = g, it suffices to show that both morphisms make the
diagram

Oxyv

commute up to compatible isomorphisms, where 2;: X; — X is the inclusion of the closed
complement of Xy in X. Note that X; = {x € X|f(w,z) # 0, for some w € W}. Thus,
as in the proof of Proposition 4.2, we know that gijio, = gio., so it remains to show that
(975)i1+ = gi1., or equivalently, gii, = Oy,y, since (gip)ir. = g(igir.) = g0x,x, = Ox,y-

Consider g(x,y) X i1.(x1, 2)—=g(x1,y). Now, gf = Oy implies g(z1,y) X f(w, z1) = 0,
for all w € W. Since f(w,z1) # 0, for some w € W, by definition of X;, it follows that
g(x1,y) = 0. Thus, g(z,y) X i1.(x1,2) =0, and so gir, = 0x,y, as desired.
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Given ¢: g1 = ¢» and invertible cells 6;: g1i5=>¢1 and 05: g2i=> g2, define p: g3 = g2 by
® = @ig,. Then
_ .. 0
Gl ==

i ﬂ

_
92l =5~ 92

commutes by uniqueness of the cell o such that aip, = ¢ and ai;, = id] ey Therefore,
13 is the cokernel of i.,.
The proof for Pos is analogous with ideals in place of profunctors. [

4.4. DEFINITION. A morphism of extensions in a bicategory B is a diagram

k e
Kl 1; Xl - Ql

fl ~ lgg |

KQ? Xo—> Qs
2

It is an equivalence of extensions if f, g, and h are equivalences in B. The set of equiva-
lence classes of extensions of @ by K is denoted by Ext(Q, K).

4.5. THEOREM. Suppose D has open cokernels. Then every extension K —>= X —£=(Q
18 equivalent to:

(1) one of the form X, I x o Q , for some cotabulator

oty X (4.5)

(2) one of the form [ e ['(k*e.) 5, Q , where k* and e, are right and left adjoint
to k and e.
PROOF. Since D has open cokernels, there is a cotabulator of the form (4.5) in D which

restricts to VD and VD and satisfies u;sj, .1 Ox,9=>7J5Jj1. and 7),: v=>J7 jo, are invertible.
Consider the diagram
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where (fo, ¢o) exists and is an equivalence since both e and jj are kernels of k, and then
we get (f1, 1), since jik = 0gqg. Now, foeji, = jij1, = Ox,0 and fp is an equivalence,
and so eji, = O0x,o and we get a pseudo inverse of (fi, ¢1), as desired, proving (1).

For (2), let go and ¢; denote pseudo inverses of fy and fi, respectively, and consider

K-—%-x-—¢-Q

fi o~ & fo
dg 4 o Xl I1x X 70 Q ) i)
|
91 o +h N 90
Y
Kﬂ—> F(k*e*) ﬂ*—>Q

11 % 10

where k* = ¢177 and e, = jo,fo, Now, k* is a right pseudo adjoint for k, since kk* =
(Jref1)(9d1) = g1 (frg1)J7 = jrJi = 1dy and idy = g1 fi=g1(j1j1.) f1 = (917) G f1) =
k*k; and e, is a left pseudo adjoint for e via e.e = (jo,f0)(g075) Jox(fog0)js =
JouJo=id% and idg, = gofo=g0(JsJo.)fo = (90js)(Jo.fo) = ee.. One can show that
there is an equivalence h: X —=I'(k*e,) making the bottom two squares commute up to

R 1R

invertible cells, since k*e, = (g157) (o, fo) = 91(47jo.) fo, X ~ T'(4770,), and g1 and fy are
equivalences, and so (2) follows. "
Thus, we get:

4.6. COROLLARY. Every extension K —5=X —£=Q in VTopos is equivalent to one of

the form |C il;(}l(]g*e*) o Q , for some left adjoint k* of k and right adjoint e, of e. m

4.7. COROLLARY. Every extension K —&= X —&~ Q wn VCat is equivalent to one of the
form K- QUK HZO—>Q , for some right adjoint k* of k and left adjoint e, of e. m
k*ex

Note that equivalences in VI oc and V[Pos are isomorphisms in Loc and Pos, since both
double categories are flat and the only invertible cells are identities.

4.8. COROLLARY. If K ¥~ X —&£-(Q is an extension in Frm,, then k has a left adjoint
k* and e has a right adjoint e, such that the diagram

K—t-x—¢-Q
id}(L [f* lidb
K —-Gl(k*e.) 5> Q

commutes in Frmu, for some isomorphism f in Frm.
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PROOF. Since cells in Loc are of the form

X, -2y,

viziw

RS

this follows from Theorem 4.5. n

4.9. COROLLARY. If K %~ X £~ Q s an extension in VPos, then k has a right adjoint
k* and e has a left adjoint e, such that the diagram

K—f-x—¢-Q
idkl If* lidé
K-—QUK—=Q

21k k*ex 18

commutes in VPos, for some isomorphism f in Pos.

PROOF. Since cells in Pos are of the form

X, -2y,

v£<iw

X1 ="

this follows from Theorem 4.5. m

For the other two examples, one can ask whether the equivalences in VTopos and VCat
are equivalences in the 2-categories HTopos and HCat. We will see that they are in the
first case but not necessarily in the second.

4.10. PROPOSITION. If f: X —= Y is an equivalence in VTopos, then it is the right ad-
joint of an equivalence in VTopos, and so the equivalence X ~ Gl(k*e,) in Corollary 4.6
18 an equivalence in HTopos.

PRrROOF. It suffices to show that f has a finite limit preserving left adjoint. Suppose
g: Y —= X is a pseudo inverse of f in VTopos, and consider f* = gfg. Then f* is a left
adjoint pseudoinverse of f [M71], and f* preserves finite limits, since f = g and g does.m
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The following example shows that there is not an analogous proposition for Cat.

4.11. EXAMPLE. Suppose Y is a non-Cauchy complete category, in the sense of [W81],
and f: X —Y is its Cauchy completion (for example, a one object category Y with a
single non-identity morphism e such that e?> = e and its two object Cauchy completion
X). Then there is an equivalence of extensions

id,1)

X8 x «o X

f*t o l(fxid)* o lf*

Y +-—-Y x2—-—=Y

(id,1) % (id,0)*

(id,0)*
—_———

but X and Y are not equivalent in HCat.

5. Functoriality

In [FM20], they show that (X, X;) — Ext(Xy, X;) defines a functor Frm$? x Frm, —Set

defined by pullback in X, and pushout in X;. To do so, they show that Wy—>X,—>X,—>Y;
gives rise to pushout and pullback diagrams

X, s Gl(v) Gl(vu) o Wy
Y - Gl(wv) Gl(v) — Xy

%0

in Frm,. We will see that the latter extends to Pos, Cat, and Topos for pseudo pushouts
and pullbacks, and so we get a pseudo functor VD x VD — Set.

5.1. LEMMA. Suppose D has cotabulators that restrict to VD and VD.
(1) Given Xo—> X1 —<>Y; in D, the diagram

Xl —21*—> F(’U)

wi i

Y7 ——T'(wv)

J1x

I

is a pseudo pushout in VD, where w is induced by Nyy: j1,(wv)=>Jo,.

(2) Given Wy > Xo—> X1 in D, the diagram

['(vu) U Wo

of = i
['(v) —— Xo

%0
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is a pseudo pullback in VD, where @ is induced by 1y,: (vu)j; = Ji.

PROOF. For (1), note that the cell 7,,: j1,(wv)=>jo, factors as

o

R

n, v —"—T(wo)
X1 114 )/1 /.ik

w

[

Given f an g such that gw = fiy,,

X, o T(v)

Since fn,: f(i1,0)=> fig, and g(wv) = (gw)v = (fir,)v = f(i1,v), we get a cell
g(wv)=> fig,, and so for the universal property of ['(wv), there exists h:I'(wv) —=Z
with invertible cells hj;, = g and hjo, = fig,. Since fig, = hjo, = h(wig,) = (hw)iy,
and fi1, = gw = (hj,)w = h(j,w) = h(wiy,) = (hw)iy,, the universal property of T'v
implies that f = hw. Moreover, these are all compatible cells since they arise from the
universal property of cotabulators.

As in Proposition 3.10, given cells from a pair of f’s to ¢’s, there exists a cell from the
induced h’s which is compatible with the invertible cells.

The proof of (2) is dual. n

Recall that Ext(Q, K) denotes the set of equivalence classes of extensions of @) by K,
introduced in Definition 4.4.

5.2. THEOREM. Suppose D has open cokernels and cotabulators which restrict to VD and
VDe. If u:Yy—= Xy and w: X1 —= Y] are vertical morphisms in D, then pseudo pushout
along w and pseudo pullback along v induce a function Ext(Xo, X;) — Ext(Yy, Y1), and
hence, a functor Ext: VD x VD — Set.

PRrROOF. By Theorem 4.5, every extension of Xy by X; in VD is equivalent to one of the
form X, JLI‘(v) —> X, , for some v: Xy —= Xj.
Given w: X; —= Y7, consider the diagram

X, —>T(v) ——= X,

wt lw ~ lids(o

Y, - F(wv) —— X,
914 i

I
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where the left square is a pseudo pushout by Lemma 5.1, and there is an invertible cell in

the right square, since e is a cokernel of k and (ifw)k = Ox,x,. Thus, we get a function

Ext(Xo, w): Ext(Xo, X1)—Ext(Xo, Y1), and hence, a functor Ext(Xy, —): VD—Set, since
this Ext(Xo,w) is defined by universal properties.

Dually, pseudo pullback in the first variable induces a functor Ext(—, X;): VD —Set.

]

5.3. EXAMPLES. There is a functor Ext: VD x VD — Set defined by pullback in the
first variable and pushout in the second, for D = Loc, Topos, Pos, Cat.

6. Adjoint Extensions

We conclude with a characterization of a category of adjoint extension analogous to that

of Adj in [FM20].

6.1. DEFINITION. An adjoint extension of Q@ by K is one of the form Kﬂk;Xﬂe;Q

for some cotabulator of the form

in D. Let Adj(Q, K) denote the category whose objects are adjoint extensions of Q by K
and morphisms are diagrams of the form

K-—%-Xx-5-Q
id;{i o lf* o \tidé (6.1)
Koen X Q

for some f: X — X in Dy such that fe = e

Every morphism f,: (k,, e*) — (k., &*) induces a cell ¢: k*e, = k*é, via
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where ¢ is the transpose of the invertible cell ¢;: k.= f.k.. Conversely, every special
cell p: k*e,=k"e, induces f: X — X

Q/;é\

k.

k

such that fe = e, fk = k, and fnue, = ¢, and hence, a morphism (k,,e*) — (k,,€*) in
Adj(Q, K). Moreover, this correspondence is a bijection by the universal property of the
cotabulator. Thus, we get:

6.2. PROPOSITION. Adj(Q, K) is equivalent to a full subcategory of VD(Q, K), for all
objects @, K in D. [

6.3. COROLLARY. IfD has cotabulators whose cells 1j,: v=>13ig, (as in 4.1) are invertible,
then Adj(Q, K) is equivalent to VD(Q, K), for all Q, K in D. n

6.4. EXAMPLES. For D equal Loc, Topos, Pos and Cat, the requisite cells are invertible,
and so Adj(Q, K) is equivalent to VD(Q, K), for all @, K in D.

References

[BNOO] M. Bunge and S. Niefield, Exponentiability and single universes, J. Pure Appl. Algebra 148
(2000), 217-250.

[CISV94] Aurelio Carboni, Scott Johnson, Ross Street, and Dominic Verity, Modulated bicategories, J.
Pure Appl. Algebra 94 (1994), 229-282.

[E63] C. Ehresmann, Catégories structurées, Ann. Sci. Ecole Norm. Sup. 80 (1963), 349-426.

[FM20] Peter F. Faul and Graham R.Manuell, Artin glueings of frames as semidirect products, J. Pure
Appl. Algebra 224 (2020).

[GP99] M. Grandis and R. Paré, Limits in double categories, Cahiers de Top. et Géom. Diff. Catég. 40
(1999), 162-220.

[GP04] M. Grandis and R. Paré, Adjoints for double categories, Cahiers de Top. et Géom. Diff. Catég.
45 (2004), 193-240.

[J82] P. T. Johnstone, Stone Spaces, Cambridge University Press, 1982.

[J77] P. T. Johnstone, Topos Theory, Academic Press, 1977.

[M71] S. Mac Lane, Categories for the Working Mathematician, Springer-Verlag, New York, 1971.
[N81] S. B. Niefield, Cartesian inclusions: locales and toposes, Comm. in Alg. 9 16 (1981), 1639-1671.
[

NO1] S. B. Niefield, Exponentiable morphisms: posets, spaces, locales, and Grothendieck toposes,
Theory Appl. Categ. 8 (2001), 16-32.



EXTENSIONS AND GLUEING IN DOUBLE CATEGORIES 367
[N12a] S. B. Niefield, The glueing construction and double categories, J. Pure Appl. Algebra 216 (2012),
1827-1836.
[N12b] S. B. Niefield, Exponentiability via double categories, Theory Appl. Categ. 27, (2012), 10-26.
[P11] R. Paré, Yoneda Theory for Double Categories, Theory Appl. Categ. 25, (2011), 436-489.

[Sh08] M. Shulman, Framed bicategories and monoidal fibrations, Theory Appl. Categ. 20 (2008),
650-738.

[St01] R. Street, Powerful functors, unpublished note, September 2001.

[W81] R. F. C. Walters, Sheaves and Cauchy complete categories, Cahiers de Top. et Géom. Diff.
Catég. 22 (1981), 283-286.

Union College
Department of Mathematics

Schenectady, NY 12308
Email: niefiels@union.edu

This article may be accessed at http://www.tac.mta.ca/tac/



THEORY AND APPLICATIONS OF CATEGORIES will disseminate articles that significantly advance
the study of categorical algebra or methods, or that make significant new contributions to mathematical
science using categorical methods. The scope of the journal includes: all areas of pure category theory,
including higher dimensional categories; applications of category theory to algebra, geometry and topology
and other areas of mathematics; applications of category theory to computer science, physics and other
mathematical sciences; contributions to scientific knowledge that make use of categorical methods.
Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. Full
text of the journal is freely available at http://www.tac.mta.ca/tac/.

INFORMATION FOR AUTHORS I¥TEX2e is required. Articles may be submitted in PDF by email
directly to a Transmitting Editor following the author instructions at
http://www.tac.mta.ca/tac/authinfo.html.

MANAGING EDITOR. Geoff Cruttwell, Mount Allison University: gcruttwell@mta.ca
TEXNICAL EDITOR. Michael Barr, McGill University: michael.barr@mcgill.ca

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TRANSMITTING EDITORS.

Clemens Berger, Université de Nice-Sophia Antipolis: cberger@math.unice.fr

Julie Bergner, University of Virginia: jeb2md (at) virginia.edu

Richard Blute, Université d’ Ottawa: rblute@uottawa.ca

Gabriella Bohm, Wigner Research Centre for Physics: bohm.gabriella (at) wigner.mta.hu
Valeria de Paiva: Nuance Communications Inc: valeria.depaiva@gmail.com

Richard Garner, Macquarie University: richard.garner@mq.edu.au

Ezra Getzler, Northwestern University: getzler (at) northwestern(dot)edu

Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne: kathryn.hess@epfl.ch

Dirk Hofmann, Universidade de Aveiro: dirk@ua.pt

Pieter Hofstra, Université d’ Ottawa: phofstra (at) uottawa.ca

Anders Kock, University of Aarhus: kock@math.au.dk

Joachim Kock, Universitat Autonoma de Barcelona: kock (at) mat.uab.cat

Stephen Lack, Macquarie University: steve.lack@mq.edu.au

Tom Leinster, University of Edinburgh: Tom.Leinster®@ed.ac.uk

Matias Menni, Conicet and Universidad Nacional de La Plata, Argentina: matias.menni@gmail.com
Teke Moerdijk, Utrecht University: i.moerdijkQuu.nl

Susan Niefield, Union College: niefiels@union.edu

Kate Ponto, University of Kentucky: kate.ponto (at) uky.edu

Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini@disi.unige.it

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Ross Street, Macquarie University: ross.street@nq.edu.au

Tim Van der Linden, Université catholique de Louvain: tim.vanderlinden@uclouvain.be



	Introduction
	Double Categories and Cotabulators
	Extensions as Cotabulators
	Extensions and Open Cokernels
	Functoriality
	Adjoint Extensions

