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ON THE TERNARY COMMUTATOR, I:
EXACT MAL'TSEV CATEGORIES

CYRILLE SANDRY SIMEU AND TIM VAN DER LINDEN

ABSTRACT. In this first article on the Bulatov commutator, we introduce a ternary
commutator of equivalence relations in the context of an exact Mal’tsev category with
binary coproducts. We prove that, for Mal’tsev varieties, our notion is a particular
case (where n = 3) of the n-fold commutator introduced (originally in the context of
Mal’tsev algebras) by A. Bulatov. We study its basic stability properties as well as the
relationship with the (binary) Smith-Pedicchio commutator.

In a forthcoming second article, we restrict the context to algebraically coherent semi-
abelian categories, where we prove that the commutator introduced here corresponds to
the ternary Higgins commutator of M. Hartl and the second author.

1. Introduction

In his study of polynomially inequivalent algebras, A. Bulatov introduced in [11]| a higher-
order (n-ary) commutator operator of congruences in Mal’tsev algebras, which extends
the binary Smith commutator [30] and is based on a generalisation of the so-called term
condition. In the article [1], this higher-order commutator theory has been further de-
veloped by E. Aichinger and N. Mudrinski in the context of Mal’tsev varieties. In their
approach, they found analogues for the higher-order commutator of certain properties
known to be valid for the (binary) Smith commutator such as monotonicity, stability
with respect to joins, stability with respect to restriction, etc. In [26], J. Oprsal intro-
duced a relational description of the higher-order commutator in Mal’tsev varieties. He
studied the connection between the term condition and a certain n-fold relation, called
the algebra of 2"-matrices, which can be seen as a higher-order version of the double re-
lation Ag g (from [30], written in M. C. Pedicchio’s notation [27]; in the present article,
we write A(R,S)). From it, he derived properties of the higher-order commutator.

The theory of higher commutators has recently been extended to varieties that are no
longer Mal'tsev. In [23], A. Moorhead used the term condition as a basis for higher-order
commutator theory in congruence modular varieties. In [24] he introduced a concept
of higher centrality based on matrix constructions, which led to a connection with the
term condition in congruence modular varieties and a characterisation of the ternary
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A(R,S, T) —/——= A(S,T)

/

A
H

T2
Figure 1: The 3-fold A-equivalence relation A(R,S,T)

commutator in terms of a three-fold relation denoted Ap g which extends the double
relation Ag g. Further development of higher commutator properties outside congruence
modular varieties was made in [31] by A. Wires. Note that several ways of extending
centrality of two equivalence relations to more than two equivalence relations exist in the
literature that happen to be equivalent in the Mal'tsev context—see for instance [25].

In this article we make a categorical analysis of what we would call the Bulatov com-
mutator, extending the work of M. C. Pedicchio [27] and results of F. Borceux, D. Bourn
and M. Gran [7, 3| in the binary case. In parallel with A. Moorhead’s work, we introduce
a construction, valid in the context of exact Mal’tsev categories with binary coproducts,
of a three-fold equivalence relation A(R, S,T') based on Pedicchio’s A(R,S). In turn, we
introduce 3-fold A-equivalence relations, the concept of a 3-dimensional connector, and a
ternary Bulatov commutator.

Given three equivalence relations R, S and T on an object X, the 3-fold A-equivalence
relation A(R, S,T') in Figure 1 is the initial 3-fold equivalence relation on R, S and T.
It may be obtained as the kernel pair of the coequaliser of (AROO'ROtl, AROO'ROtQ) where
or: X — R and Ar: R — A(R,S) are the canonical morphisms that come with the
reflexivity of the relations R and A(R,S). Here, “A-equivalence relation” means that the
front, right and bottom double equivalence relations in the cube are all instances of the
double equivalence relation introduced by Pedicchio.

The relations R, S and T are centralising when the cube of first projections in Figure 1
is a limit. This happens when a so-called 3-dimensional connector exists for R, S and T
(Definition 5.18). The ternary Bulatov commutator [R, S, T]® measures how far a triple
(R,S,T) is from being centralising (Definition 6.1). It has some convenient stability
properties, in parallel with what happens in the binary case, namely:

L [R,S,TIP<RASAT;
2. if T < T, then [R,S,T]® < [R,S,T']®
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o

. |R, S, T)® < [R, S]%, the Smith-Pedicchio commutator;

W

. [R, S, T]® is independent of the order of R, S and T}

- f(R, S, TT°) = [f(R), £(S), F(T)]";
6. [R,S, T vT]®=[RST]®v[R,S T,

Ot

for any regular epimorphism f: X — Y and any equivalence relations R, S, T" and T’
on X.

The text is structured as follows. In Section 2 we recall the basic definitions and
properties of internal equivalence relations and their higher-order variations. Section 3
is devoted to a detailed analysis of Pedicchio’s double equivalence A(R,.S), so that we
have a solid foundation for its extension to three equivalence relations A(R,S,T) in
Section 4. Section 5 introduces centrality for triples of equivalence relations, and compares
the categorical approach with universal-algebraic versions of the concept. For instance,
Theorem 5.21 treats the case of Mal’tsev varieties. The second half of the section focuses
on stability properties of A(R, S, T'), which are useful in Section 6 where the commutator is
introduced and the above-mentioned properties are proved (Theorem 6.4 and the ensuing
propositions). Section 7 concludes this article with an overview of work-in-progress and
some open questions.

2. Equivalence relations, and their double and three-fold versions

In what follows, we let X be a regular category. We recall certain concepts and notations
having to do with equivalence relations, as well as double and three-fold equivalence
relations in this context.

2.1. EQUIVALENCE RELATIONS. An equivalence relation R on an object X of X is a
reflexive, symmetric and transitive relation and will be denoted as in the left part of the
diagram

R—on—=X—" 5 Qp,

where 1 and ry are respectively the first and the second projection and op: X — R is
such that rieop = 1x = rqoop. When X is a Barr exact category, R is an effective
equivalence relation, which means that the coequaliser qr: X — Qg of r; and ry exists
and R is its kernel relation X xg, X.

We denote by ERel(X) the category where objects are pairs (X, R) where X is an
object of X and R is an equivalence relation on X. An arrow (f, fg) between (X, R) and
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(Y, R') in ERel(X) is a commutative diagram of the form

Here “commutative” means that fory = rjofr, fors = riofr and ogof = froog.

A finitely complete category X is a Mal’tsev category when every reflexive relation
in X is an equivalence relation. If X is a regular Mal’tsev category, then so is ERel(X):
see |7]. The category ERel(X) has those limits and colimits X has. Regular epimorphisms
in ERel(X) are level-wise. Also limits in ERel(X) are computed level-wise, so that a morph-
ism (f, fr) is a monomorphism in ERel(X) if and only if f and fr are monomorphisms.

2.2. DOUBLE EQUIVALENCE RELATIONS. A double equivalence relation in a regular
category X is an object of ERel(ERel(X)). Such a double equivalence relation may be
pictured as in the commutative diagram

S

‘ (A)

X

D

R<———
where D 3 R, D 3 S, R 3 X and S 3 X are objects of ERel(X). D is also called a
double equivalence relation on R and S, which are relations on a common object X.
“Commutative” here means that the following diagrams are arrows in ERel(X):

F{

r

ﬁ ﬁ ﬁ%
T%JS ,I D%US ,‘S: l‘)%as T
R%E X R%E X R%E X

We write ERel*(X) instead of ERel(ERel(X)) for the category whose objects are double
equivalence relation in X. As above, limits in ERel*(X) are level-wise, so that mono-
morphisms there are level-wise monomorphisms. ERel*(X) is a regular Mal’tsev category
as soon as X is.
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Figure 2: The double equivalence relation R[S

The largest double equivalence relation on two given equivalence relations R and S
on a common object X always exists; it is denoted as on the left in Figure 2 and may be
constructed via the pullback on the right. An “element” of RIS is a quadruple

:C .......... g - b
s 5
SR

of elements of X where aRd, bRc, aSb and dSc,

Given I € 2 = {0, 1}, we write (1 (R, S) = R[S for the pullback of 75,0y and ss, 1),
where 6;(i) is 1ifi ¢ [ and 2if i € I. So the subset I of 2 chooses which pair of projections
to take a pullback of. Actually, up to isomorphism, that pullback is independent of the
chosen set I: the symmetry of the relations R and S allows us to easily prove that
(R, S) = (R, S) for any choice of I, J < 2. For this reason we shall suppress the
index I from the notation, writing LI(R,S) = R[S = R xx S. We take I = ¢J when a
choice needs to be made, as in the pullback of split epimorphisms

R

S:>S

B
l (B)
R

ZX

2.3. THREE-FOLD EQUIVALENCE RELATIONS. Inductively, n-fold equivalence rela-
tions are defined in any regular category, and ERel"(X) denotes the category of n-fold
equivalence relations in X—see Section 3 in [29] for more details. Here we are interested
in the case n = 3. So, a three-fold equivalence relation on an object X of a regular
category may be viewed as a diagram as in Figure 3 where all of the cube’s faces are double
equivalence relations in X and Dy = X. When R = Dy, S = Dy and T' = Dyyy, we say
that D is a three-fold equivalence relation on R, S and 7. ERel’(X) denotes the
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Dy———————=<Djy

4

D{O,l} —— D{l}

vV

Dyo2 < Dy

Dy —/——————=< Dy
Figure 3: A three-fold equivalence relation

category of three-fold equivalence relations in X. When X is a regular Mal’tsev category,
ERel’(X) is again a regular Mal’tsev category.

The largest three-fold equivalence relation on R, S and T, denoted [J(R,S,T), was
studied in detail in Section 3.1 of [29]. Its top object, also denoted [J(R,S,T'), consists
of 2 x 2 x 2 matrices

g R a1} ReQo,1,2)
I T T
o= T . = T
¢ aena 1 ewn o a
 E S agy— Ry

where the elements are related by R, S and T as indicated. We can either number those
elements using subsets I < 3 where 0, 1 or 2 in [ or not in [ indicates whether the element
is in the second or in the first factor of R, .S or T, respectively. We can also number them
as on the left, and the two points of view correspond via [ — Zie:,)\l 20,

Any choice of a subset I < 3 corresponds to one of the commutative three-cubes
in the three-fold equivalence relation D, namely the cube whose diagonal is the [-th
projection, which sends a three-dimensional matrix a to the element a;. We shall denote
this cube D!. There are three “initial ribs” in this cube, each of which is a morphism
with domain the initial object D3 of the cube. The one in the direction ¢ is given by the

. . D3
projection T Doy 61 i)

2.4. THE OBJECT [1D. Given any three-fold equivalence relation D on R, S and T, and
any subset I € 3, the object [J' D is the limit L(D') of the diagram D’ from which the
initial object D3 is removed. Its elements are 2 x 2 x 2 matrices as in [I(R, S, T) with one
element (indexed by I) missing. That limit comes with projections 71'%3\{2_} : LD — Dy,

split by monomorphisms 0%3\{1}: D3\ iy — D for all i < 3. We write 7/: Dy — YD
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/X | /Y
X LN px(8)
B
Dx Oé)
« B —>Y +x B

/ P*(f)
,_

A—BY +x A
Figure 4: The cobase change functor

for the canonical projection (induced by the universal property of the limit) which forgets
the I-face. In what follows, when the I is suppressed from the notation, we mean that
I = &. In particular, this gives us the object [-1D with its projection 7: D3 — [-1D.

3. The double equivalence relation A(R,5)

3.1. COBASE CHANGE FOR ARROWS. Let X be a category. For an object X in X, the
coslice category (X | X) is the category whose objects are pairs (A, ), where A is an ob-
ject of X and av: X — A a morphism whose domain is X; a morphism f: (A, a) — (B, )
is an arrow f: A — B such that § = foa.

We assume that X is finitely cocomplete. Then any morphism p: X — Y induces a
cobase change functor

pet (X 1X) = (V 1 X): (4,0) = (¥ +x A, pala)

defined on morphisms as in Figure 4. From the first statement in the following well-known
result we immediately deduce Lemma 3.3.

3.2. LEMMA. Consider a commutative diagram

X2y 1.7

| b
1. If both squares are pushouts, then the outer rectangle is a pushout as well.

2. If the outer rectangle is a pushout and either B or f is an epimorphism, then the
right hand side square is a pushout.
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3.3. LEMMA. Gwen morphisms p: X =Y, q: Y — Z in a finitely cocomplete category,
we have (gop)« = qsops: (X | X) — (Z | X).

3.4. ARROWS VERSUS EQUIVALENCE RELATIONS. Let X be a category in which every
arrow has a kernel pair and every reflexive graph has a coequaliser. We consider the basic
coequaliser /kernel pair adjunction

Coeq
RGrph(X) T~ Arr(X)
Eq

between the category RGrph(X) of reflexive graphs and the category Arr(X) of arrows in X.
The left adjoint sends a reflexive graph (G, d, ¢, e)

d
—
G<—<=X doe = 1x = coe
C

to the coequaliser Coeq(d, ¢) of d and ¢, while the right adjoint sends an arrow f: X — Y
to its kernel relation Eq(f) = (X xy X, 7,72, 0).

We shall be concerned with restricting this adjunction to an adjoint equivalence. By
definition, an arrow is a regular epimorphism if and only if it is the coequaliser of some
parallel pair of maps. Equivalently, it is the coequaliser of its kernel pair. So the image of
the left adjoint Coeq is the full subcategory Reg(X) of Arr(X) determined by the regular
epimorphisms. On the other hand, a reflexive graph is in the image of the functor Eq
precisely when it is an effective equivalence relation. Writing EERel(X) for the category
of effective equivalence relations in X, the above adjunction restricts to an equivalence of

categories
Coeq

EERel(X) Ezq Reg(X). (C)
When X is Barr exact, we may take the category ERel(X) of equivalence relations in X
on the left; and when X is, moreover, a Mal’tsev category, we may take the category
RRel(X) of reflexive relations instead. When X is a regular category, the existence of
the respective equivalence characterises when X is Barr exact (equivalence relations are
effective) or Barr exact Mal'tsev (reflexive relations are effective equivalence relations).
Note that in a Barr exact Mal’tsev category, any reflexive graph has a coequaliser, since
this coequaliser may be computed as the coequaliser of the support of the graph. Given
a reflexive graph (G, d, ¢, e), its support (R, 11,72, 0r), which is a reflexive relation, hence
an effective equivalence relation, is obtained via the factorisation

/lRX
! \ (D)
N\

- > >QR
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R—2L5p.(R)
el ||

p

X——Y

qR px(4qr)

\/ i/
Qr—>Y +x Q.

Figure 5: Cobase change

of {d,cy: G — X x X into a regular epi p and a mono {ry,re): R — X xX. The coequaliser
qr of r1 and 7 is also the coequaliser of d and ¢ since p is an epimorphism. (An alternative
viewpoint, which follows from this analysis, is that the universal comparison p from G to
the kernel pair R of the coequaliser qr of d and ¢ is always a regular epimorphism.) We
may conclude that existence of binary coproducts suffices for the category to be finitely
cocomplete. For this reason, we shall be working mainly in the context of a Barr exact
Mal’tsev category with binary coproducts.

3.5. COBASE CHANGE FOR EQUIVALENCE RELATIONS. Given an object X in X, we write
ERelx (X) for the category of equivalence relations on X. Combining the construction
in 3.1 with the equivalence in 3.4, we see that if X is a finitely cocomplete Barr exact
category, then each morphism p: X — Y induces a cobase change functor

pe: ERelx(X) — ERely (X): R — p.(R) == Eq(p.(Coeq(R)))

which takes an equivalence relation R on X and sends it to the kernel pair of p.(qr),
where qg is the coequaliser of the two projections of R as in Figure 5.

3.6. LEMMA. Given morphisms p: X — Y and q: Y — Z in a finitely cocomplete Barr
exact category, we have (qop)s = quop.: ERelx (X) — ERelz(X).

PROOF. This follows immediately from Lemma 3.3 and the fact that (C) is an equivalence
of categories. [

3.7. THE DOUBLE EQUIVALENCE RELATION A(R,S). Let X be a Barr exact category
with finite coproducts and X an object of X. Given any two equivalence relations R and S
on X, in the articles [27, 28|, Pedicchio defines a double equivalence relation A(R, S) on R
and S as in Figure 6. It is constructed by first taking the coequaliser qrs: R — QQrs of
the pair (oros1, o0goss) and then the kernel pair A(R, S) = Eq(qgrs) of the result. S being
a kernel pair, by the universal property of S, this construction induces a reflexive graph
(A(R,S),d},d5) on S, which is clearly a reflexive relation. Hence it is an (effective)
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d3
"""""""""""""""""" > dsRr
A(R,S) < Ag 0§ i »> sk
dy A
df AR dF 52 |> 51
L&) V \2
R<—or X s >
qr R
r1 :
dRS qs q
\ 2 N v v
QRrs <o Qg g Q

Figure 6: Constructing the double equivalence relation A(R, S)

equivalence relation, so that the top left part of the diagram forms a double equivalence
relation on R and S.

As we shall see, A(R,S) is the smallest double equivalence relation on R and S. We
first analyse its construction in terms of a cobase change.

3.8. PROPOSITION. Let R and S be equivalence relations on an object X of an exact
category with finite colimits. Complete the diagram in Figure 6 with the coequaliser qg
and the induced bottom left reflexive graph induced by the universal property. The thus
obtained square

R&

X
wl e
v 4

Qrs <5 Qs
15 a pushout.

PROOF. In order to check the universal property, we assume that u: R — Z, v: Qg —> Z
are morphisms such that weor = wveqs. Since ggrs is the coequaliser of (ogosi, oRoss),
the equalities woogoS] = VoggoS] = Voggosy = UcTprosy tell us that there exists a unique
morphism ¢: Qrs — Z for which ¢oqrs = u. We also have ¢oooqs = poqrsoor = ucog =
vogg. Since g is a (regular) epimorphism, it follows that ¢oo = v. n

3.9. COROLLARY. Let R and S be equivalence relations on an object X of an exact cat-
egory with finite colimits. Then A(R,S) = (or).(S) as a relation on R.

3.10. PROPOSITION. [27, 28] In an exact Maltsev category with binary coproducts, if R
and S are equivalence relations on an object X, then A(R,S) = A(S, R).
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PROOF. Let us complete the diagram in Figure 6 with the coequaliser gz and ¢sgp =
(05)«(qr). In order to show that A(R,S) = (0g).(R), which yields the claimed iso-
morphism, we only need to prove that gsr is the coequaliser of the effective equival-
ence relation (A(R,S),dy,d5, Ag). Suppose t: S — T is such that tody = tod5. Then
toogor; = todjoAR = todyoARr = toogors. Hence toog factors through gr via a unique
morphism u: Qr — T such that uoqr = toocs. The pushout property of Qsr now yields
the needed v: Qsr — T such that veqsr = t. N

The rest of the diagram in Figure 6 is obtained by taking the coequaliser ¢, and then
completing with the top right reflexive graph. Since qrg is an epimorphism, the induced
bottom right square is a pushout.

3.11. UNIVERSAL-ALGEBRAIC INTERPRETATION. Let us recall from [16] that in a con-
gruence modular variety V, given congruences R and S on an algebra X in V, the double
relation M (R, S) is the subalgebra of X* generated by matrices of the form

bo """""""""" @0 bl """""""""" bl
5 and 5
bo """"" R do CL1 """"" R dl

where agRby and a;Sb;. More precisely, M (R, S) consists of all matrices

HEP.BY) ot )

(10, al) rt(a®, a)

where a°, b° are m-tuples and a', b' are n-tuples of elements of X such that a°Rb° and

a'Sh', whereas t is a term of arity m + n. On the other hand, A(R, S) is the congruence
on R generated by matrices of the form

B b
———

where aSb. Since M (R, S) is always a double reflexive and symmetric relation, in general,
A(R, S) is the transitive closure of M (R, S); hence in the Mal’tsev setting, they coincide.
Proposition 3.29 gives a categorical expression of this fact.

3.12. PAIRS OF CONNECTED EQUIVALENCE RELATIONS. In an exact Mal'tsev category
with binary coproducts, two equivalence relations R and S on an object X are connected
when they admit a centralising double equivalence relation, which is a double equi-
valence relation (A) on R and S such that any of the commutative squares of projections
forms a pullback.
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3.13. PROPOSITION. [27] In an exact Mal’tsev category with binary coproducts, if two

equivalence relations R and S on an object X admit a centralising double equivalence
relation C, then C = A(R, S).

In other words, R and S are connected if and only if any of the top left downward
pointing commutative squares in Figure 6 is a pullback.

Recall the object (R, S) from diagram (B). Its “elements” may be viewed as triples
(x,y,z) where xRy and ySz. It is well known—see, for instance, [8, 7, 27, 28|—that
the existence of a centralising double equivalence relation C' on R and S is equivalent to
the existence of a unique morphism (called a connector) p: [I(R,S) — X, such that
p(z,y,y) = v and p(z,2,y) = y.

There is a universal way of making equivalence relations connected. The colimit
&(R, S) of the outer solid arrows of the left hand diagram below can be obtained as the
pushout in the right hand diagram.

R
<1R,07 \ R " S (7‘1,52] X
V P
CI(R, S) X @(R, S) < X '
A
\ v
nosii N " C)(R. 5) > @(R, 5)

S

The morphism 1 x is an extremal epimorphism. It is universal for making the equivalence
relations ¥ x (R) and ©x(S) connected.

3.14. DEFINITION. Let X be an exact Mal’tsev category with finite colimits. For any two
equivalence relations R, S on an object X of X, their Smith-Pedicchio commutator
[R,S1® is the kernel pair of the morphism .

For Mal’tsev varieties, this is exactly the well-known Smith commutator introduced
in [30]. Moreover, the following properties hold in any finitely cocomplete exact Mal’tsev
category |3, 5|:

1. [R,S]® =[S, R]%;

2. [R,SP<RAS,;

3. if R< R and S < 9, then R, S]® < [R',S']%

4. f([R,SPP) = [f(R), f(S)]® for any regular epimorphism f: X — Y.



ON THE TERNARY COMMUTATOR, I 391

3.15. REGULAR PUSHOUTS, HIGHER EXTENSIONS. Our aim is to obtain similar proper-
ties for the ternary commutator which we shall introduce below. As a first step towards
these results, in Subsection 3.21 we need to recall certain stability properties of the ob-
jects A(R,S). Our approach depends on the concept of a higher extension. We start by
recalling the definition of a regular pushout.

3.16. PROPOSITION. /4, 2] In a reqular Mal’tsev category, a commutative square of reqular
epimorphisms

X’ —>> Y’
is called a regular pushout when any of the following equivalent conditions hold:
(i) the comparison morphism {x, f): X — X' xy' Y is a regular epimorphism;
(ii) the induced morphism T: X xy X — X' xy» X' is a regular epimorphism;
(iii) the induced morphism i X xx0 X > Y xy/ Y is a reqular epimorphism.

Proposition 5.6 in [12] says that a regular category is exact Mal’'tsev precisely when
any two regular epimorphisms with a common domain admit a pushout, and this pushout
is a regular pushout. So in a Barr exact Mal’tsev category, when the morphism p in
Figure 5 is a regular epimorphism, the morphism p is also a regular epimorphism. This
implies that the relation p,(R) may be obtained as the regular image of R along p, via
the image factorisation of the morphism (p x p)o(ry,r3): R > Y x Y.

An n-fold arrow in X is a contravariant functor F': (2")°® — X where 2" is the
power-set of n == {0,...,n — 1} considered as a small category. Morphisms between two
n-fold arrows F' and G are natural transformations f: FF — G. We write Arr"(X) =
Fun((2")°P, X) for the functor category of n-fold arrows in X. Limits and colimits in
Arr"(X) are computed pointwise in X, so it is an exact Mal’tsev category as soon as X is.
See [14] for further details on this category, and on the following use we make of it:

3.17. DEFINITION. Let X be a regular category. A 0-fold extension is an object of X and
a 1-fold extension is a reqular epimorphism in X. An n-fold extension in X with n > 2
is a commutative diagram in Arr"~%(X) as in Figure 7 where all arrows are (n — 1)-fold
extensions. The n-fold extensions in X forms a full subcategory Ext"(X) of Arr™(X).

3.18. EXAMPLE. In any regular Mal’tsev category X, a 2-fold extension is a regular
pushout in X. In any exact Mal'tsev category, a 2-fold extension is a pushout square
of regular epimorphisms.
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B\
AO X By Bl """""" > B1

R
o

Ay——> By
fo

Figure 7: The outer square is an n-fold extension when all arrows in the diagram are
(n — 1)-fold extensions

3.19. EXAMPLE. It easily follows from Proposition 3.16 that in any regular Mal'tsev
category, a split epimorphism of split epimorphisms, viewed as a commutative square, is
always a double extension. More generally, any n-fold split epimorphism gives rise to an
n-fold extension. A concrete situation where this happens is pictured in Figure 3: any of
the commutative three-cubes induced by choosing projections in a three-fold equivalence
relation is a three-fold extension, as a split epimorphism between double extensions.

Recall that a family (f;: A; — B)ie; of morphisms in X with the same codomain is
said to be jointly extremal-epimorphic when any monomorphism m: M — B through
which all the f; factor is an isomorphism.

3.20. THEOREM. Let E be a three-fold split epimorphism in a regular Mal’tsev category.
Then the induced comparison arrows o;: Es\ iy — L(E) form a jointly extremal-epimorphic
family (0;):e3.

PROOF. Recall the definition of the limit L(E) from 2.4. Consider a monomorphism
m: M — L(E) through which each o, factors as an arrow 7;: E3y — M such that
moT; = 0;. Then we obtain a three-fold split epimorphism F' by putting F3 = M and
F; = E; for I < 3, with the obvious arrows which are either the arrows of the diagram FE,
arrows induced by composition with m, or one of the 7;,. Then F'is a three-fold extension,
which implies that m is a regular epimorphism, hence an isomorphism. It follows that
the o; form a jointly extremal-epimorphic family. [

3.21. STABILITY PROPERTIES. We start with preservation of A(R,S) under direct im-
ages, where we can immediately apply the above. Let X be a regular Mal’tsev category.
Recall from [7] the construction of the category 2-Eq(X) whose objects are triples (X, R, S)
where R and S are equivalence relations on X. A morphism

(f7 fR?fS): (Xa R7S) - (Y7RI7S/)

consists of morphisms f: X - Y, fp: R—> R, fs: S — 5" in X making (f, fr) and (f, fs)
morphisms of equivalence relations. As explained in [7], limits and regular epimorphisms
in this category are pointwise.



ON THE TERNARY COMMUTATOR, I 393

/A(R S) fa /A(R’, 5"
S /T fs g’ /
9 R/ ‘A d5'R! o
v f P f*
Qsr J Qs'rr
R In R
/// ! ‘//
/X Y
e e

Figure 8: Preservation of A under direct images

3.22. PROPOSITION. In an exact Maltsev category with binary coproducts X, consider
a regular epimorphism (f, fr, fs): (X, R,S) — (Y, R,S") in 2-Eq(X). Then the in-
duced morphism fa: A(R,S) — A(R',S") in X is a regular epimorphism as well, so
that f(A(R,S)) = A(f(R), f(5)).

PROOF. The commutative diagram in Figure 8 leads us to diagram

X9 T g

qu qSRl l/qsl R’
\ \4

4
Qr—> Qsr = Qsr

in which the outer rectangle is a pushout. This outer rectangle is a pushout square because
in the front commutative cube of Figure 8, the bottom square is a pushout square, since
fr is a regular epimorphism. Moreover, in the definition of A(R', S"), Proposition 3.8
tells us that the right-hand square pointing up is also a pushout square. Hence, the
rectangle is a pushout square. By Lemma 3.2, the right-hand square is a pushout square
of regular epimorphisms, which in our (Barr-exact) context is a regular pushout. Hence
by Proposition 3.16, fa is a regular epimorphism, so that f(A(R,S)) = A(f(R), f(S)).=

3.23. PRESERVATION OF JOINS. The join R v S of two equivalence relations R and S on
an object X is the smallest equivalence relation that contains them both. It is well known
that in the context of a regular Mal’tsev category, it may be obtained as the composite
RoS = SoR of R and S. In the exact Mal'tsev case [12], there is a characterisation in
terms of the induced quotients of R and S: the diagonal in their pushout is precisely the
quotient induced by R v S.
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A(R,}\SVS')< iSXSI
>
A(IE,S)< : >>S:
A(R, S < F

W
> A&
s

Figure 9: Preservation of joins by A(R, —)

3.24. PROPOSITION. In an exact Mal’tsev category with binary coproducts, let R, S and S’
be equivalence relations on an object X. Then as equivalence relations on R, we have

A(R,Sv S = A(R,S) v A(R, ).

PROOF. Let us consider the diagram in Figure 9, where A(R, S), A(R, S") and A(R, SvS’)
are constructed. The solid diagonal square is a pushout, hence so is the bottom square in

the cube of solid arrows. By Lemma 3.2, it follows that the left-hand square in this cube
is a pushout as well, which implies A(R,S v §') = A(R,S) v A(R,S"). "

In what follows, when R and S are connected, we can always consider A(R, S) as the
double centralising equivalence relation on R and S. This apparently simple consideration
will allows us to provide alternative proofs for some useful results which already appeared
in the literature, see for instance [8, 7, 27, 28], and which will help generalising the theory
to ternary commutators.

3.25. LEMMA. [17] In a regular category, consider the commutative diagram

A ! ~sB—% - C
al (1) bl (2) lc
\ \
A > B’ '
il g

If the outer rectangle (1) + (2) is a pullback and the left hand square (1) is a regular
pushout, then both squares (1) and (2) are pullbacks.
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3.26. LEMMA. [15] Suppose that the following three-cube is an extension.

A’%B’

/

A%

l

C’ — D

/

C%D

If the top square is a pullback, then so is the bottom square.

PROOF. Assume that the top square is a pullback. Taking pullbacks on the top and on
the bottom squares, we obtain the comparison morphism

A/XB/B

]

C——>C"xp D

which is a double extension, hence a pushout square. Therefore, the comparison morphism
of the bottom square is an isomorphism. [

3.27. PROPOSITION. [7, 8, 27, 28] In an exact Mal’tsev category with binary coproducts,
let R, S and S’ be equivalence relations on an object X. Then the following are equivalent:

(i) R and S are connected, and R and S" are connected;
(ii) R and S v S" are connected.

PROOF. (i) = (ii) If we assume that R and S, respectively R and S’ are connected,
then in Figure 9, the double equivalence relations A(R, S) and A(R, S’) are centralising
double equivalence relations. We must prove that also A(R,S v S’) is a centralising
double equivalence relation. By the Barr-Kock Theorem [3, Lemma A.5.8|, the top and
the back square in the cube determined by first projections pointing to the right are
pullbacks. Since any split epimorphism between double extensions determines a three-
fold extension, Lemma 3.26 implies that the bottom square of first projections pointing
to the right is a pullback. It follows that the diagonal square of first projections is a
pullback, so that A(R,S v S’) is a centralising double equivalence relation.

(ii) = (i) Now suppose that A(R, S v §') is a centralising double equivalence relation
on R and S v S’. Then the diagonal square of first projections, pointing to the right in
Figure 9, is a pullback square. Using Lemma 3.25, it is easy to see that A(R,S) and
A(R, S") are centralising double equivalence relations. =



396 CYRILLE SANDRY SIMEU AND TIM VAN DER LINDEN

We end this section with the characterisation of A(R,S) as the initial double equival-
ence relation on R and S.

3.28. LEMMA. In an exact Mal’tsev category with binary coproducts, consider a commut-
ative diagram

T

| .1

Bq(f) == A ———>B'
w

where the rows are exact forks. The right hand square is a pushout if and only if u and
o' are jointly extremal-epimorphic.

PROOF. Assume that v and o’ are jointly extremal-epimorphic. Let a: A’ — M and
b: B — M be morphisms such that acv = bof. We then have

Qo ol = aovomy = bo forr) = bofomry = aovomy = aoTyol

and aomjoo’ = a = aomhoo’. Since u and ¢ are jointly extremal-epimorphic, we have
aomy = aery. Hence there exists a unique morphism ¢: B’ — M such that pof’ = a. It
remains to be shown that pow = b. That follows because f is a regular epimorphism and
bof = aov = pof'ov = powof.

For the converse, assume now that the right hand square is a pushout. Let us compute
the pushout of v and o and write ¢ for the induced morphism Eq(f)+4 A" — Eq(f"). We
have to prove that it is an extremal epimorphism. In the current, Barr-exact Mal’tsev
context, from the reasoning involving Diagram (D) we may deduce that this is equivalent
to saying that f’ is still the coequaliser of 7}o¢ and mho¢. Let us consider this coequaliser
and denote it by ¢: A" — . It is easily seen that a unique morphism \: () — B’ exists
such that f" = Xog. We also have

QqovoT = qo’]'('iou = qOﬂ"logbo@ = qOTréoQSoT) = qOﬂ'éou = (oVoTr9,

so there is a unique a: B — @ for which aof = gov. The right hand square being pushout
implies the existence of a unique X': B’ — @ such that Nof’ = ¢ and Now = «. Hence
since ¢ and f’ are epimorphisms, the morphism A is an isomorphism. The Barr-exactness
of X implies that ¢ is an extremal epimorphism. Now since ¢ and v are jointly extremal-
epimorphic, we conclude that u = ¢ov and ¢’ = ¢od are jointly extremal-epimorphic. =

3.29. PROPOSITION. In an exact Mal’tsev category with binary coproducts, the morphisms
Agr and Ag in Figure 6 are jointly extremal-epimorphic.

PROOF. This follows immediately from the construction of the diagram in Figure 6 com-
bined with Lemma 3.28. ]
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This implies that A(R, S) is minimal amongst double equivalence relations on R and S,
since any double equivalence relation included in A(R, S) is isomorphic to it. It is actually
a minimum, as follows from Proposition 3.31. We may also use this to prove the next
result; however, a more general proof, valid in regular Mal’tsev categories, is already
known—see [3].

3.30. PROPOSITION. In a regular Maltsev category, the splittings o7 and o' in the pull-
back (B) are jointly extremal-epimorphic.

3.31. PROPOSITION. In an exact Mal’tsev category with binary coproducts, consider equi-
valence relations R and S on a common object X. The double equivalence relation A(R, S)
s an initial object in the category of double equivalence relations on R and S.

PROOF. This follows from the construction of A(R, S) as a kernel pair of a coequaliser. Let
(A) be a double equivalence relation on R and S, and write gp: R — @ p for the induced

coequaliser of & and 7. Since qpoores; = qpeopgess, there is a unique comparison
morphism t: Qrs — Qg such that togrs = ¢gp, which induces the needed morphism
A(R,S) — D. ]

3.32. COROLLARY. In an exact Mal’tsev category with binary coproducts, a double equi-
valence relation such as (A) is A(R,S) if and only if the morphisms o8 and of are

jointly extremal-epimorphic.

PROOF. Given a double equivalence relation (A) on R and S such that oF and of are
jointly extremal-epimorphic, since the comparison morphism from A(R,S) to D, induced
by Proposition 3.31 is a monomorphism (as a morphism of equivalence relations on a
common object), it is an isomorphism. Hence the given double equivalence relation is
isomorphic to A(R, S). n

4. The three-fold equivalence relation A(R, S, T)

Our aim is now to extend the definition of A(R,S) to a similar notion for three equival-
ence relations: the object A(R,S,T), which is the initial vertex of the initial three-fold
equivalence relation on R, S and T.

Given equivalence relations R, S and 7" on a common object X, let us consider the
diagram in Figure 10, where A(R,S), A(R,T) and A(S,T) are the equivalence relations
defined as in 3.7 and gaa is the coequaliser of the pair (ARoaRotl, ARoaRotg). By the
commutativity of the sub-diagrams that determine A(R,S), A(R,T) and A(S,T), this
coequaliser can be obtained in several equivalent ways; for instance, it is also the coequal-
iser of the pair (AgedftoAr, AgodioAr).

4.1. DEFINITION. In an exact cateqory with finite colimits X, consider equivalence rela-
tions R, S and T on an object X. We let A(R,S,T) be the kernel pair of the morphism
gan defined above. When X is Maltsev, the construction in Figure 10 (with functori-
ally induced arrows between the kernel pairs) determines a three-fold equivalence relation
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A(R, S, T) < ZA(S,T)
TN T.A
= &
A(]E, SE A 28k
AAA qsT
e &
Qan < s Qsr
A A
Ap (S
Viv >\/ '
dai A(R, T) < Ar T
4 t1 /
dff /”T
Vive t2
R IR X
49RrRT qr qstT
Pz Pz
Qrr < : Qr
qRrs qs
1%
Qrs
.
\% 4
Qrs < : Qs

Figure 10: The construction of A(R,S,T')

A(R,S,T) on R, S and T. When X is exact Maltsev, all reflexive graphs in the diagram
are effective equivalence relations.

4.2. PROPOSITION. In an exact Mal’tsev category with binary coproducts, consider equi-
valence relations R, S and T' on an object X. A(R,S,T) is the initial three-fold equival-
ence relation on R, S and T.

PROOF. Consider a three-fold equivalence relation as in Figure 3, where X = Dy,
R = Dy, S = Dy and T' = Dyyy. By Proposition 3.31, we already find universally
induced arrows A(R,S) — Dy 1y, A(R,T) — Dy and A(S,T) — Dy 9;. The needed
arrow A(R,S,T) — D3 is now obtained either via an argument as in the proof of Pro-
position 3.31, or as a consequence of Proposition 4.8. [

4.3. EXAMPLE. In any congruence modular variety, the object A(R, S, T) happens to be
a congruence on A(R, S), generated by cubes of the form

B b
I —"
. eORsST).
Qi
e
Qe R CL...

Hence the construction in Definition 4.1 is a categorical conceptualisation of the relation
A(R, S, T) introduced in [24, 26].
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In the Mal’tsev context this can be further worked out, because reflexivity is enough
for a relation to be an equivalence relation:

4.4. EXAMPLE. In a congruence modular variety V, the object M(R,S,T) introduced
in |26] is generated as a subalgebra of [J(R,S,T) < X® by elements of the form

b a LG c LG e
bl a T d ........ d T 6 ,,,,,, ,,,,,,,,,, e T
7 a Cres """"" “C f """"""""""" f
S LS S
bl y - a g g S d f ,,,,,,,,,, R f

for some (k + n + [)-ary term ¢ in the theory of V and for all vectors ag, by € X*, ay,
by € X", and asy, by € X! such that agRby, a;5b; and ayTb,.

It is clear that M (R, S,T) < A(R, S, T); Theorem 5.4 shows that the two coincide in
the context of a Mal’tsev variety.

4.5. REMARK. In any Mal’tsev variety, let R, S and T be equivalence relations on a
common algebra X. If

IR ag
Qg a2 T
)
QR U
is in A(R,S,T), then for instance also
IR ag g ao
O 6{2"".” az -------- as
s o e
[ F— ai P — a2 ) F— ag
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are in A(R,S,T).

In order to study this relation’s properties, we first simplify its construction. To do
so, we depend on the following lemma.

4.6. LEMMA. In a category with coequalisers, we consider the diagram
A—T .p # c—2 >D.

If Coeq(u,v) = Coeq(usf,vof), then Coeq(gou, gov) = Coeq(geuef, gove f).
PROOF. Note that Coeq(u,v) = Coeq(uof,vof) precisely when for each h: C' — Z,

hOUOf = hOUOf < hou = hou.

In particular, for any j: D — Z we have

jogousf = jegouof & jegeu = jegeu.

It follows that Coeq(gouof, govef) = Coeq(gou, gov), because these two coequalisers have
the same universal property. [

4.7. LEMMA. In an ezact category with finite colimits, consider equivalence relations R,
S and T on an object X. Then A(R,S,T) = (Agoor).(T) as equivalence relations
on A(R,S).

PROOF. First of all, we notice that (Agoor)e(T) = (Ar)e((0r)«(T)) = (Ar)(A(R,T)).
So, we must prove that gaa = Coeq(Agedf, Agedy). Since

qrr = Coeq(dy’, dff) = Coeq(ogoty, opots) = Coeq (dffoAr, djeAr),

by Lemma 4.6 it follows that Coeq(Aged, Agedl) = Coeq(AgeditoAr, ApodfoAr). Now
gan = Coeq(Agedl, Aged®), and A(R,S,T) = (Ar)«(A(R,T)) = (Apoor).(T) by Co-
rollary 3.9. [

4.8. PROPOSITION. In an exact category with finite colimits, consider equivalence rela-
tions R, S and T on an object X. Then A(R,S,T) = A(A(R, S),A(R,T)) as equivalence
relations on A(R, S).

PROOF. By Lemma 4.7 we have A(R,S,T) = (Agoog).(T), equal to (Ag).((or).(T)) =
(AR)J(A(R,T)) = A(A(R,S),A(R,T)). -
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4.9. PROPOSITION. In an exact Mal’tsev category with binary coproducts, let R, S and T
be equivalence relations on an object X. Then

A(R,S,T)=A(R,T,S)=A(S,R,T) =A(S,T,R) = A(T,R,S) = A(T, S, R).
PRrOOF. Without loss of generality, we may show that A(R, S,T) = A(S, R, T).

A(R, S, T) = (AROO'R).(T = (Asoo'g).(T)
) (

)
= (As).((05)s(T)) = (As).(A(S. T))
= A(A(R, S),A(S.T)) = A(A(S, R), A(S, T))
= A(S,R,T),

using Proposition 4.8, Proposition 3.10 and the fact that all equivalence relations in
Figure 10 are effective. m

4.10. PROPOSITION. In an exact Mal’tsev category with binary coproducts, let R, S, T

and T" be equivalence relations on an object X. As equivalence relations on A(R,S), we
have A(R,S, T v T'y = A(R,S,T) v A(R,S,T").

PROOF. The equalities

A(R,S, T vT)=AA(R,S),A(R,T v T
= A(A(R,S), AR, T) v AR, T"))
= A(A(R, S), A(R,T)) v A(A(R, S), AR, T"))
= A(R,S,T) v A(R,S,T")

follow from Proposition 3.24 and Proposition 4.8. [

Recall the notation 2-Eq(X) introduced in 3.21. Given a regular Mal’tsev category X,
we now write 3-Eq(X) for the category whose objects are quadruples (X, R, S,T) where
R, S and T are equivalence relations on a common object X and arrows in 3-Eq(X) are

quadruples (f, fr, fs, fr) making the diagram
X
b
i

T/
commute. In other words, any arrow f: X — X’ in X such that f(R) < R, f(S) < 5’
and f(T) < T" determines and arrow f: (X, R,S,T) — (X', R',S",T") in 3-Eq(X). The
category 3-Eq(X) is again a regular Mal’tsev category. In particular, limits in 3-Eq(X)
are levelwise limits in X and regular epimorphisms in 3-Eq(X) are determined by regular
epimorphisms f: X — X’ in X such that f(R) = R/, f(S) = 5" and f(T) =
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4.11. PROPOSITION. Let X be an exact Mal’tsev category with binary coproducts. For
any regular epimorphism (f, fr, fs, fr): (X, R, S,T) — (Y, R, S",T") in 3-Eq(X), the in-
duced morphism fa: A(R,S,T) — A(R',S",T") is a reqular epimorphism as well, so that
F(A(R,S,T)) = A(f(R), f(5), f(T)).

PROOF. This combines Proposition 4.8 with Proposition 3.22. m

5. Triples of centralising relations

5.1. TERNARY BULATOV CENTRALITY IN VARIETIES OF UNIVERSAL ALGEBRA. We
recall from [1, 11, 26] the definition of Bulatov centrality for triples of equivalence relations
on a common object in a variety of universal algebras based on the so-called term condition
(Proposition 5.3):

5.2. DEFINITION. In a variety of universal algebras V, let X be an algebra and let R, S
and T be congruences on X. We say that R, S centralise T and we write C(R,S;T)
when for every (k + n + 1)-ary term t in the theory of V and for all vectors ag, by € X*,
ai, by € X", and as, by € X' such that agRby, a1Sb, and asThs, if the condition

t(zo, 1, as) = t(xo, 1, ba)
holds for all (zo,z1) € ({ao,bo} % {a1,bi1})\{(bo,b1)}, then t(by,bi,az) = t(bo, by, bo).
We are going to reinterpret this in terms of A(R,S,T). We first write M (R, S,T) for
the set of all three-dimensional matrices
m = (my)ics € LR, S, T)

such that my = t(zo, x1, x2) where

a; ifeel
xT; =
b, ifig¢l.

Then the following characterisation follows immediately from Definition 5.2:

5.3. PROPOSITION. R, S centralise T when for every m € M(R,S,T), the condition
mroqey = my for all & # I < 2 implies myp = mgy.

The following now clarifies the link with the previous section.

5.4. THEOREM. In a Mal’tsev variety, let R, S and T be congruences on a common object.
Then M(R,S,T) = A(R,S,T).

PROOF. We view both as congruences on M (R, S) = A(R, S): for M(R, S, T) this follows
from Lemma 3.4 (iii) in [26], which also shows that the generators of A(R,S,T) are in
M(R,S,T). Tt is clear that also M(R,S,T) < A(R,S,T), because the generators of
M(R,S,T) are all contained in A(R, S, T)—see Example 4.4.

An alternative proof follows from a result in [25], which shows that in a congruence
modular variety, A(R, S, T) is the transitive closure of M (R, S, T). This closure operation
is not necessary in the Mal’tsev context. [



ON THE TERNARY COMMUTATOR, I 403

5.5. REMARK. Note how the symmetry in the variables R, S, T in the three-fold relation
A(R,S,T) established in Proposition 4.9 implies that in any Mal’tsev variety, also the
condition C(R, S;T) and the one in Proposition 5.3 must be symmetric in those variables.
When this condition holds, we may say that R, S and T centralise each other.

Theorem 5.4 is a first step towards a purely categorical approach to Bulatov centrality.
The categorical interpretation of the relation M(R,S,T) now being clear, we next aim to
express the condition that appears in Proposition 5.3 in categorical terms. In particular,
we wish to characterise Bulatov centrality in two equivalent ways: (1) through the concept
of a centralising three-fold equivalence relation and (2) via the existence of some kind of
three-dimensional connector (cf. 3.12 for the two-dimensional case).

5.6. SEVEN OUT OF EIGHT. In a Mal’tsev variety, triples of equivalence relations that
centralise each other may be characterised as follows.

5.7. LEMMA. In a Mal’tsev variety, let R, S and T be equivalence relations on an al-
gebra X such that R, S centralise T' in the sense of Definition 5.2. If ¢ and r are both in
A(R,S,T) and qr = ry for all & # I < 3, then qp = ry.

PROOF. This follows form Proposition 5.3. Let p be a Mal'tsev operation. In the matrix
m € A(R,S,T) defined by m = p(q,r, s) where s; = rp 9y, we have mg = p(qg, 7g, rg) =
qg while myy = p(qqoy, 742}, 7)) = rg and

miogzy = P(Qrogey, Tiogeys Stofy) = P(Qrogey, Trogeys 1)

=Ty ZP(QI,TJJ’I) ZP(QLTI,S]) =my

forall g #1 < 2. n

This naturally leads to the object A'(R, S, T) == LI A(R, S, T) of “three-dimensional
matrices x € A(R, S,T) where the entry z; is removed”.

Let R,S and T be equivalence relations on an object X of a finitely cocomplete
regular Mal’tsev category X. Any choice of a subset I < 3, for 3 := {0, 1,2} corresponds
to one of the commutative three-cubes which appear in the three-fold equivalence relation
A(R, S, T); namely the three-fold extension denoted by A(R,S,T)! and displayed as in
Figure 11. The projections are determined by the characteristic function d; defined on
page 383. Let us consider the three-fold extension A(R,S,T)!, remove its top object
A(R,S,T)t = A(R,S,T), then take the limit L(A(R,S,T)’) of the remaining diagram
as in 2.4. It consists of an object (' A(R, S, T) with projections as in Figure 12.

5.8. LEMMA. Given any equivalence relations R, S and T on an object X of a finitely
cocomplete exact Mal’tsev category, for each choice of I, J € 3 we have

CFA(R, S, T) = LIA(R, S, T)") = L(A(R, S, T)”) = LVA(R, S, T).

PROOF. This follows immediately from the symmetry of the equivalence relations of which
the three-fold equivalence relation A(R, S, T) consists. n
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AT
57(0)
A(R,S,T) d A(S,T)
A(R,S) A(R,T)
&5, 2) a5, 1)
T
dﬁ](l)
a5 o)
A(R,S) !
4510)
A(R,T) T
)
Ssp(1) t
d?{w 51(2)
R — X
T57(0)

Figure 11: A choice of projections determined by I < 3 in the three-fold equivalence
relation A(R, S, T)

)
L'A(R, S, T) T A(S,T)
hs /A 2
45, 01)
43 0)
A(R, 5) s
43 (0)
A(R,T) T
40
a5 2) T top(2)
R — X
T57(0)

Figure 12: The three-fold extension A(R, S, T) for I < 3
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This symmetry allows us to fix a choice of I < 3 once and for all, and thus make our
notations somewhat less heavy. We choose I = & and write A(R, S, T) for I?A(R, S, T).

5.9. PROPOSITION. In any Mal’tsev variety, let R, S and T be congruences on an al-
gebra X. For ae A(R,S,T) as on the left,

we write t3(a) = p(p(z,y, 2),t, p(u, v,w)), where p(x,y, z) = m(y,x, z) andm is a Maltsev
term. Then the 2 x 2 x 2 matriz on the right is an element of A(R, S, T).

PROOF. First, let us observe that the term t5 satisfies the equations

ts(x,y,2,t,2,y,2) = p(p(z,y, 2), t, p(x,y, 2)) = t,
tg(I,ZL',Z,Z,U,,U,U}) :p(p(x7aj7z)7z7p(u7u’w)) :p(’z7z7w) = w)

ts(z,y, 2, y,u,v,u) = p(p(z,y,z),y, p(u,v,u)) = p(y,y,v) = v.

In view of Remark 4.5, it is not difficult to prove that the matrices A-G in the dia-
gram of Figure 13 are all in A(R,S,T). Since A(R,S,T) is an algebra, it follows that
ts(A, B,C, D, E, F,G) is an element of A(R,S,T). It is, however, easy to see that this
element is equal to the the 2 x 2 x 2 matrix on the right in the statement of the proposi-
tion. .

So in a Mal'tsev variety, each element of A(R,S,T) may be completed to an element
of A(R,S,T), and when R, S and T centralise each other, this element is uniquely de-
termined. In other words, the cube in Figure 11 given by the choice of projections I =
does actually coincide with the cube in Figure 12. That is to say, it is a limit cube. This
property happens to be characteristic of triples of centralising relations, and naturally
leads to the following definitions.

5.10. DEFINITION. In an exact Mal’tsev category with binary coproducts, consider equi-
valence relations R, S and T on an object X. A three-fold equivalence relation C' on R,
S and T is a three-fold A-equivalence relation, when the sub—two-fold equivalence
relation of C' determined by the relations R and S (respectively R and T, or S and T') is
A(R,S) (respectively A(R,T), or A(S,T))—see Figure 1.

A three-fold A-equivalence relation C on R, S and T is a centralising three-fold
A-equivalence relation when for all I < 3, the three-fold extension consisting of the pro-
jections determined by the set I is a limit cube.

We say that R, S and T centralise each other when they admit a centralising
three-fold A-equivalence relation.
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Y x T T
Y T T r
B = A=
Y x T T
Yy T x T
Y Z, T T /T
t F1 ; z z
D = — C =
Y x x 1
t 2 z z
Y T x x
Y x x x
F= I 2,
v U u U
v U U U
/
0 T
z z
G =

w w

Figure 13: 2 x 2 x 2 matrices

5.11. REMARK. Note that we may reason as in Lemma 5.8 to show that when any of the
cubes, obtained from C' by choosing projections determined by a set I < 3, is a limit,
then all of them are such. In particular, we may always choose I = (7.

5.12. PROPOSITION. In an exact Maltsev category with binary coproducts, whenever three
equivalence relations R, S and T on an object X centralise each other, the three-fold A-
equivalence relation A(R,S,T) on R, S and T is centralising.

PROOF. Let C be a centralising three-fold A-equivalence relation on R, S and T'. Then
the comparison morphism A(R, S,T) — C3 = A(R, S,T) is a regular epimorphism, since
the cube of projections determined by ¢ is a three-fold extension. The result then follows,
because as equivalence relations on A(R, S), we have A(R, S, T) < Cs. n

5.13. LEMMA. In an exact Mal’tsev category with binary coproducts, let R, S and T be
equivalence relations on an object X. Then the following are equivalent:

(i) A(R,S) and A(R,T) admit a centralising double equivalence relation, as relations
on R;

(ii) S and T admit a centralising double equivalence relation, as relations on X.



ON THE TERNARY COMMUTATOR, I 407

PROOF. We must prove that in the diagram below, the left hand side vertical square is a
pullback if and only if so is the middle one.

A(R,S.T) A(S,T) 184 Qan
2, T
S " VZ “ 4dSR B
A(R, S) S Qsr
=
v v qrR Y
A(R,T) T Qrr
df t J/ /
v L/ Ay A2
R X o Qr

One implication is immediate from Lemma 3.26; if the left hand side vertical square is a
pullback, then so is the middle one.

Now assume that the middle vertical square is a pullback. Then, by Lemma 3.26
again, the right hand side vertical square is a pullback. The result now follows, since
kernel pairs commute with pullbacks. [

5.14. PROPOSITION. In an exact Mal’tsev category with binary coproducts, let R, S and T
be equivalence relations on an object X. If S and T centralise each other, then so do R,

S and T.

PROOF. Use Lemma 5.13: in the diagram of the proof, when the left vertical square is a
pullback, the cubes on the left are limit cubes. [

5.15. EXAMPLE. The discrete equivalence relation Ax centralises any pair of equivalence
relations S, T, because S and Ax centralise each other.

5.16. THREE-DIMENSIONAL CONNECTORS. The projections in Figure 12 are split epi-
morphisms, and come with canonical splittings induced by the ones expressing the reflex-
ivity of the relations present in the diagram. They are denoted

ohs: A(R,S) > A(R, S, T), o AR, T) — A(R, S, T)

and 5. A(S,T) — A(R, S,T) as in Figure 14.

5.17. PROPOSITION. Given any equivalence relations R, S and T on an object X of a fi-
nitely cocomplete exact Mal’tsev category, the inclusions 0%5 and U%T are jointly extremal-

epimorphic. In particular, so are the three canonical inclusions defined above.

PROOF. This is a consequence of Proposition 3.30 combined with Proposition 4.8. [
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o
A(R, S,T) o A(S,T)
”%]s 3
”%T dz
2
.az
i
A(R,T) T
af
52
az &
R X

T2

Figure 14: The diagram Cube? (R, S,T): the dotted morphism exists when R, S and T
are Bulatov connected

5.18. DEFINITION. Consider equivalence relations R, S and T on an object X of a fi-
nitely cocomplete exact Mal’tsev category. They are said to be (Bulatov) connected if
a morphism 0: A(R,S,T) — X exists for which the diagram in Figure 14 commutes.
When such a 0 exists, it is necessarily unique (by Proposition 5.17) and called o (three-
dimensional) connector on R, S and T.

Commutativity of the diagram in Figure 14 means that the squares induced by the
construction of A(R,S), A(R,T) and A(S,T) commute and the morphism 6 is such that
QOU%S = T20d§, QOO%T = tQOdg and QOUET = SQOdg.

Note that the projections here are second projections, whereas A(R,S,T) was com-
puted as a limit from the diagram of first projections.

Generalising the construction in Figure 14, in what follows, we write Cube’ (D) for the
diagram AN D in which the initial object and the arrows pointing towards it are replaced
by the ones of the limit A’D.

5.19. THEOREM. In an exact Mal’tsev category with binary coproducts, consider equival-
ence relations R, S and T on an object X. The following conditions are equivalent:

(i) R, S and T are Bulatov connected (Definition 5.18);

(ii) R, S and T centralise each other (Definition 5.10).

PROOF. (i) = (ii) Let 0: A(R,S,T) — X be a connector between R, S and T. Let us
consider A(R,S,T) as the reflexive relation

WET
A(R, S, T) <————=A(R,T)
PA(R,T)
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on A(R,T) where 7. is one of the projections induced by the limit, together with its
canonical splitting, and pa(g,7) is the morphism defined by

ag

Similarly, we view A(R,S,T) as an equivalence relation on A(R,S) and A(S,T). This
makes it into a centralising three-fold A-equivalence relation on R, S and T.

(ii) = (i) If there exists a centralising three-fold A-equivalence relation C' on R, S
and T, then the composite of second projections

roodfods ™% A(R, S, T) = Cy — X
is a connector on R, S and T. [

5.20. EXAMPLE. In the context of a Mal’tsev variety, similarly to the presentation of
A(R,S,T) in Example 4.4, the object A(R,S,T) is generated as a subalgebra of X7 by
elements of the form

bR e R
/S a T i d T 6 ,,,,,, ,,,,,,,,,, 6 T
b o fro ........ f

s 5

d f

Thus, given a morphism of algebras 0: A(R,S,T) — X, the commutativity of the diagram
in Definition 5.18 can be reformulated element-wise by asking that for any

the equalities

0(xo, x1, T2, T3, Tg, T1, L) = X3

0(xo, x1, To, T1, T4, T5, Ty) = T

0(zo, X, T2, Ta, Ty, Ta, Tg) = Tg
hold.

For instance, t3(a) = p(p(x,y, 2),t, p(u, v, w)), for p(x,y, z) = m(y, x, z) where m is a
Mal’tsev term, satisfies these equalities.
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5.21. THEOREM. In any Mal’tsev variety V, Definition 5.2 and Definition 5.18 are equi-
valent.

PROOF. Assume that R and S centralise T' as in Proposition 5.3. We must then prove
that the map 0 = t3: A(R,S,T) — X is a homomorphism of algebras. Let ¢ be an [-ary
term in the theory of V and let o’ for i = 1,...,1 be elements of A(R,S,T). Without loss
of generality, we may assume that [ = 2 and that z' and 22 are respectively given by the
cubes

- R
Ly g Ty Ly i Iy
; z and :

S i ]

1 2

Lg Lg

tata?) - Hahad) tata?)  Hahad)
e e Hadad) - tlahad)

taba?) - Hahad) b))
(b ) Rt

Proposition 5.9 tells us that the matrix on the right, which we shall call ¢, is in A(R, S, T).
When we apply again Proposition 5.9 to o' and 2, it follows that the elements ! and
7?2 given respectively by the cubes

1 1

Ly Lo Ly Lo

1 1 2" 2

CER Ty LR b

: and :
1 1 2

L i Ty Ly Ty

O(xt) o T§ O(2%) T2

are in A(R,S,T). So, the element r == ¢(z', z%) is then also an element of A(R,S,T),
because A(R,S,T) is an algebra.

Now, ¢ and r are elements of A(R,S,T) such that q; = r; for all & # I < 3 and
gz = 0(t(z',2?)) and ry = €(6(x'),0(2?)). Since R and S centralise T, it follows by
Lemma 5.7 that qp = 7. Therefore 0(¢(z!, 2?)) = t(0(z'), 6(x?)).

For the converse, we assume that R, S and T are Bulatov connected, so that we have
a morphism of algebras 6: A(R,S,T) — X. Let m be an element of A(R,S,T) such
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that m gy = my for all J # I < 2. We must then show that mgy equals my,. Since
A(R,S,T) = M(R,S,T), it follows that m can be written in the form

for some (k + n + [)-ary term ¢ in the theory of V and for all vectors ag, by € X*, ay,
by € X", and ay, by € X! such that agRby, a1Sb, and a;Tby. Hence

t(b07 b17 b2) =t

t(ao, b17 bs)

which is equal to t(bo, b1, az) by the identities of a three-dimensional connector and the
fact that m g = my for all & # 1 < 2. n

5.22. STABILITY PROPERTIES. We extend the stability properties of A(R,.S) to the three-
fold equivalence relation A(R,S,T). We first need to recall a well-known technical result:
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5.23. LEMMA. [18] In a regqular Mal’tsev category, consider the diagram

W xp C i L >Y xg A

ot )
l |

W @ >Y
D/ _ >B/

>

J

t| |9

where ¢, d and w are reqular epimorphisms and the downward pointing arrows are split
epimorphisms, with upward-pointing splittings. Then the comparison morphism v s a
reqular epimorphism and both front and back faces are regular pushouts.

5.24. PROPOSITION. In an an exact Mal’tsev category with binary coproducts, consider
a regular epimorphism f: X — Y. Then for equivalence relations R,S and T on X,
the comparison morphism farsry: A(R,S,T) — A(f(R), f(S), f(T)) is a regular epi-

morphism.

PROOF. By Proposition 3.22, the regular epimorphism f induces regular epimorphisms
far,S): A(R,S) = A(f(R), f(5)), JINGYAR A(R,T) — A(f(R), f(T)) and

fA(s,T)i A(S7 T) - A(f(s)a f(T))'
By Lemma 5.23, the morphism
CIA(R, S), AR, T)) — LIA(f(R), £(5)), A(f(R), /(T)))
is a regular epimorphism. We may now use Lemma 5.23 on the diagram

TAR,s,1)

A(R,S,T) A(f(R), f(9), f

4/ ‘ facs /
L > A(f(S), f(T))
(). A

4

&(37 S),A(R,T)) CIA(f(R
/ //

fa

&H

\'4
E(S, T

to see that fa(r,sr) is a regular epimorphism as well. n
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5.25. LEMMA. In an exact Mal’tsev category with binary coproducts, let C' be a three-fold
A-equivalence relation on equivalence relations R, S and T on an object X, let f: X - Y
be a regular epimorphism, and let D be a three-fold A-equivalence relation on f(R), f(S)
and f(T') such that f: C' — D is a (levelwise) reqular epimorphism.

If C9 is a limit cube, then so is D<. Moreover, if C is a centralising three-fold
A-equivalence relation, then so is D.

PROOF. The four-fold arrow f9: 09 — D9 is a four-fold extension, as a regular epi-
morphism of three-fold split epimorphisms. Hence the comparison morphism

Cs A(S,T)
Dy % ] A(f(9), £(T))
[ FI(A(R, S\)/.A(R,T)) [ El(g, T)
\ 44f/5 M 44{
B(AS(R), £(5): AF(R), F(T))) ——> EXf(5), /(1))

is a three-fold extension. By Lemma 3.26, if the left-hand square is a pullback, then the
right-hand square is also a pullback. [

5.26. PROPOSITION. In an exact Mal’tsev category with binary coproducts, consider equi-
valence relations R, S and T on an object X and f: X — Y a regular epimorphism. If
R, S and T are Bulatov connected, then f(R), f(S) and f(T) are Bulatov connected.

Proor. Use Theorem 5.19 and Lemma 5.25. =

5.27. PROPOSITION. In an exact Mal’tsev category with binary coproducts, let R, S, T
and T" be equivalence relations on an object X. The following are equivalent:

(i) R, S and T are Bulatov connected, and R, S and T" are Bulatov connected;

(i) R,S and T v T" are Bulatov connected.

PrOOF. We consider two copies of Figure 10, one induced by 7', and another induced
by T”. In each case, we view the three-fold equivalence relation as a down-left pointing
equivalence relation of double equivalence relations, which a coequaliser we shall denote ¢
and ¢/, respectively. Choosing first projections in ¢ and ¢’, we now see them as three-fold
extensions with a common domain. We first take their pushout, then the pullback of the
induced square. Since the pushout of ¢ and ¢’ is a four-fold extension as a double split
epimorphism of double extensions (pushouts of regular epimorphisms in an exact Mal’tsev
category), the comparison

A(R,S) Qa(r.5)A(S.17)
4/ 4/
QA(RS)AS,T) l Qa(r.s)as,T) TARS) QA(RS)AST)
v v
(R, S) E(Qra, Qs)

E(Qrr, Qst) E(Qrr +r Qra, Qs +s Qstv)
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o
A(RST ikl A(S,T)
A(R, S) — T : ——=5
s A £ ‘
.>%<R’S7T><--
/ ’ /
' Y

Figure 15: Definition of the Bulatov commutator

to the pullback is a three-fold extension.

If we assume that the assertion (i) holds, then the left-hand square and the back square
are pullbacks. According to Lemma 3.26, the vertical faces of the cube are pullbacks, so
that the right hand square of the diagram

A(R,S, T vT) A(R,S) — Qar.s)as,r) +ar,s) Qar,s)as,1)

CAR, T v T'),A(S, T vT)) —= R, S) — [U(Qrr +r Qr1, Qs +s Qs17)

is also a pullback. Conversely, if we assume (ii), then both squares in the left-hand
side of the above diagram are pullbacks, hence the right-hand side will also be a pullback.
According to Lemma 3.25, the left and the back square of the above cube will be pullbacks,
so that (i) holds. =

6. The ternary Bulatov commutator

In a finitely cocomplete exact Mal’tsev category, consider equivalence relations R, S
and T on a common object X. In Figure 15, we construct the colimit @(R, S, T') of the
outer part of the diagram of Definition 5.18. By Proposition 5.17, the inclusions into
A(R,S,T) are jointly extremal-epimorphic. This implies that the comparison morph-
ism ¢: X - &(R,S,T) is always an extremal (= regular) epimorphism, since it can be
computed as in the pushout

A(R, )+ A(R,T) + A(S, T) ——> X

’Ul/ () P
\% \%
A(R7 S? T) """""""""" [ > ®(R7 S7 T)
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in the category in X, where the morphisms
¢ = (rgod¥, s90d5  toodt): A(R,S) + A(R,T) + A(S,T) - X

and
v = (0Rs, 0Fp, 05): A(R,S) + AR, T) + A(S,T) — A(R, S, T)

are induced by the universal property of coproducts. Moreover, the morphism v is a
strong epimorphism (= regular epimorphism) since the family (03¢, 0%y, 0'5;) is a jointly
strongly epimorphic family—see Proposition 5.17.

In fact, if we compute the object @(R,S,T) as in the colimit of Figure 15 and we
assume that a: A(R,S,T) —» Z and b: X — Z are morphisms such that acv = bo(, then
borgodl = ao0Rg, bosgeds = acogy and botgodt = aco'y, so that we obtain a cocone

o)
A(R, S,T) o A(S,T)

-5

’ﬂ
S

J/A( ==

X

By the universal property of the colimit, a unique morphism ¢: @ (R,S,T) — Z exists
such that ¢gop = a and ¢otp = b. This proves that (x) is a pushout square.

Conversely, if we assume that the object &(R, S, T) is computed as in the pushout (x),
then the equality @ov = 1o gives a cocone as in Figure 15. If we further assume that
there is another cocone over an object Z as above, then the universal property of pushout
will induce a unique morphism ¢: @ (R, S,T) — Z making everything commutative.

6.1. DEFINITION. In an exact Mal’tsev category with binary coproducts, let R, S and T
be equivalence relations on an object X. The ternary Bulatov commutator |R, S, T|?

of R, S and T is the kernel pair Eq(v)) of the morphism 1.

6.2. PROPOSITION. In an exact Mal’tsev category with binary coproducts, let R, S and
T be equivalence relations on an object X. The following conditions are equivalent:

(i) (R,S,T) are Bulatov connected (Definition 5.18);
(ii) [R,S,T]® = Ax.

PROOF. First note that [R, S, T]® = Ay if and only if the arrow 1 constructed above is
an isomorphism.
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To see that (i) implies (ii), assume that R, S and T are Bulatov connected. Then
there is 0: A(R,S,T) — X which makes the diagram

of solid arrows commute. Since the square is a pushout, we have the dotted arrow A in
the diagram. Hence 1) is an isomorphism and [R, S, T|® = Ax.
(ii) implies (i) because if ¢ is an isomorphism, then the composite

A(R,S,T) — &(R,S,T) =~ X

is a (three-dimensional) connector on R, S and 7. "

6.3. LEMMA. In an exact Maltsev category with binary coproducts, let R, S and T be
equivalence relations on an object X. The reqular images ¥(R),¥(S) and (T) under the
morphism 1 are Bulatov connected.

PROOF. By Lemma 5.24 the factorisation ¥a: A(R,S,T) — A(¢Y(R),¥(S),¥(T)) is a
regular epimorphism. It easily follows that ¢ factors through A(y(R),¥(S),¥(T)) to
produce a connector 6: A(Y(R), ¥ (S),¥(T)) - &(R, S, T). n

6.4. THEOREM. In an exact Mal’tsev category with binary coproducts, let R, S and T be
equivalence relations on an object X. The induced map 1 is an extremal epimorphism,
universal for making the equivalence relations ¥(R), ¥(S) and ¥(T) connected.

PROOF. This follows immediately from the universal property of colimits and the above
Lemma 6.3. u

By 3-Conn(X) we denote the category whose objects are quadruples (X, R,S,T),
where X is an object of X and R, S and T are equivalence relations on X such that
(R,S,T) are Bulatov connected. 3-Conn(X) is a full and replete subcategory of the cat-
egory 3-Eq(X) defined on page 401.

6.5. THEOREM. Let X be an exact Mal’tsev category with binary coproducts. The category
3-Conn(X) is a reflective subcategory of 3-Eq(X).

PROOF. By Theorem 6.4, the functor F': 3-Eq(X) — 3-Conn(X) defined by
F(X,R,5.T) = (&(R,5,T),¥(R),v(5), v(T))

is the needed reflector. m
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The following property can be shown directly from the definition of the ternary Bulatov
commutator.

6.6. PROPOSITION. In an exact Mal’tsev category with binary coproducts, let R, S and
T be equivalence relations on an object X.

1. For oll (R,S,T) and (R',S",T") such that R < R' on X, we have
[R,S,T1° < [R', S, T

2. [R,S, TP = [R,T,S® = --- = |T, S, R]".

6.7. PROPOSITION. In an exact Mal’tsev category with binary coproducts, let R, S and T
be equivalence relations on an object X. Then [R, S, T|P < RASAT.

PROOF. Let us show that [R,S,T|® < R. First take the quotient qp: X — X/R
of X by R. Then ggr(R) is the discrete relation on the quotient X/R. As in Ex-
ample 5.15, the triple (gr(R),S’,T") is connected for all equivalence relations S’, T".
In particular, (qr(R),qr(S),qr(T)) is connected. By Theorem 6.4, there is a factorisa-
tion gp: F(X,R,S,T) — X/R, so that [R, S, T]® < R. n

Recall the construction of the binary Smith-Pedicchio commutator (Definition 3.14).

6.8. PROPOSITION. In an exact Mal’tsev category with binary coproducts, let R, S, T
and T" be equivalence relations on an object X. Then

1. [R,S,T]® < [R,S]®;
2. [R,S, T v T =[R,ST® VIR, S T

PROOF. 1. According to Proposition 5.14, if [R,S] = Ay, then there exists a central-
ising three-fold equivalence relation on R, S and 7. By Proposition 6.2, it follows that

R, S, T|® = Ax.
2. According to Proposition 6.2 and Proposition 5.27, [R,S,T v T']® = Ax if and
only if [R, S, T]® v [R, S, T']® = Ax. =

6.9. PROPOSITION. In an exact Mal’tsev category with binary coproducts, consider equi-
valence relations R, S and T on an object X. For every reqular epimorphism f: X — Y,

we have that f([R,S,T1®) = [f(R), f(S), f(T)]5.

PROOF. By Proposition 4.11 and Proposition 5.24, we have a three-cube in Arr(X) given
by the diagram in Figure 16, where fg: @ (R, S,T) — &(f(R), f(S), f(T)) is its colimit.
The morphism fiy.): f — fo in Arr(X) is the commutative square

f

X >Y
wxl J/wy
O(R, 5.T) L e(f(R). £(5). F(T))

fo
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fa< faesm)
famrs) ——— ‘ . — > fs
» ﬁf £
e F IO e
Ja@wT) - = - s fr

Figure 16: Functoriality of the commutator construction

faq
- 5 f
F(Ea(fr), Ba(fs), Ea(fr)) &Ta——7 A(R, 5, T) = A(f(R), £(S), F(T))
ot L , Tas O | | £E o Mo
Ea(fg)Ba(fs) | | "Ba(/r)Ea(fs) . Rs | |TRs FRFs) | | TrmfS)
far,s)1
OBal ). Balf5) T s A(R.S) - A(f(R). £(5))
A(R,S),2 ’
OEq(fR) d};q(fR) Ar d§ Ag(ry dg(R)
fra
Ea(fr) 2 R - I(R)
fr2 R
ABa() | |72 o | |2 B ||
fi
Eq(f) < oy X Y
f2 !

Figure 17: uopx coequalises (fa1, faz2)

in X. By Proposition 5.17, the morphisms ©¥x and 1y are regular epimorphisms, so that
fo is also a regular epimorphism. Hence the above square is a commutative square of
regular epimorphisms. In our context, its remains to prove that it is a pushout square,

so that f([R,S,T]%) = [f(R), f(S), f(T)]° by Proposition 3.16. To do so, let us assume
that u: @ (R,S,T) — Z and v: Y — Z are morphisms in X such that uesthx = vof.

First we are going to prove that uepx coequalises (fa 1, faz2). Here (Eq(fa), fa1, faz)

denotes the kernel pair of the morphism fa. Let us consider the diagram in Figure 17.
Then

R
UePXOf A 1Oy fyma(fs) = UePXTRsefARS)1 = uethxoraedyofa(rs).
E _ E
= UOfOTQOfRJOqu(fR) = ’UofofloT’Qon a(fr)
_ E 1
= vofofaoraody T = wotporao f gody

_ R _ o)
= wotpxorgedy o fa(r,s)2 = UoPxoTRgo fA(R,S),2

[
= UPx°fA 20y 1o yEq(fs):
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By a similar argument

L] — L]
UPxf AT g (i) T UOPX D200k sy
L] _ [
U F AR foBa(fr) — UPXOS2 290 Be(fo)Ba(fr)-
Since by Theorem 3.20, the splittings O-Eq(fR)Eq(fs)’ O-Eq(fR)Eq(fT) and O-Eq(fS)Eq(fT) are jointly
extremal-epimorphic, we have the equality uepxofa 1 = uopxofa a.
It follows that there is a unique morphism ¢ from A(f(R), f(S), f(T)) to Z such that

Pofa = uopx.
Now, we are going to use the universal property of the colimit cube in order to get
our result. The morphisms u, v and ¢ are such that

UOTQOd fA(R S) = UOTQ fR0d2 = UOf0T20d2 = UO¢X0T20d

= UOSDXOURS = (o fAOO'Rs = ¢°Uf(R)f(S) fA(R,S)~

Since fa(r,s) is a regular epimorphism it follows that Uorgodg(R) = qﬂoa?( RIF(S)" Similarly,
A(f(R), £(5), F(T)) A(f(S), £(T))
| 7
A(f(R), f(5)) — f(S)
R
?R),f@)) e l /f(T)
f(R) Y

is a cocone. The universal property of the colimit &(f(R), f(S), f(T')) tells us that there
is a unique morphism v: & (f(R), f(S), f(T)) — Z such that yopy = ¢ and yorhy = v.
In order to prove that yofe = u, let us consider the cocone

A(R,S,T) A(S,T)
ARG - T | YS/
S s .4
e 1/
R’ g

The universal property of the colimit &(R, S, T) gives a unique A: & (R, S,T) — Z such
that Xopx = ¢ofa and Aotpx = vof. By the above results, ucpx = ¢ofa and uothx =

vof, while (vofg)opx = Yopyofa = ¢ofa and (yofg)othx = yothyof = vof. Hence the
uniqueness of A\ implies that u = A = o fg,. [
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7. Conclusion

The aim of this article is to give a categorical description of the Bulatov commutator in
the context of exact Mal'tsev categories, and to show that it has many of the conveni-
ent properties of its universal-algebraic counterparts. In a forthcoming second article,
we restrict the context to algebraically coherent [13] semi-abelian [21]| categories, where
we prove that the commutator introduced here corresponds to the ternary Higgins com-
mutator of M. Hartl and the second author [19], which extends the original definition
of |20, 22|. This answers the question, what kind of universal property characterises that
commutator.

It is quite clear that what we do in this article can in principle be done for higher
orders—involving n-fold equivalence relations where n > 4.

Another line of investigation which we are currently pursuing is to generalise the
binary Smith-Pedicchio commutator to a higher-order version, necessarily different from
the Bulatov commutator, which may be used to characterise higher central extensions in
the sense of [14]. This answers a question in [29], namely how to appropriately define
higher-order pregroupoids, in such a way that they can be used in the description of
cohomology groups.

Some open questions remain. First of all, the availability of the commutator in con-
gruence modular varieties [23| suggests that its categorical counterpart might be extended
beyond the exact Mal’tsev context. Doing so would involve replacing certain arguments
which are typical for exact Mal’tsev categories, such as those based on the use of three-fold
extensions, by more general ones which stay valid in, say, exact Gumm categories—a con-
text introduced in [9, 10, 6] which seems suitable for this kind of considerations.

Another open question concerns the relationship between 2-nilpotency defined in terms
of the commutator considered here (the condition that [Vx, Vx, Vx| vanishes) and the
2-folded objects of Berger-Bourn [2|. This is related to the main question of [25] on the
relation between so-called supernilpotency (defined in terms of a higher-order commutator)
and nilpotency (defined in terms of binary commutators).
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