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PIVOTAL OBJECTS IN MONOIDAL CATEGORIES
AND THEIR HOPF MONADS

ARYAN GHOBADI

ABSTRACT. A pair of objects (P, Q) in a monoidal category C, is called a pivotal pair
if there exist a family of duality morphisms, making ) both a left dual and a right dual
of P. We introduce the correct notion of morphisms between such pairs, and thereby
define the pivotal cover of a monoidal category. Given such a pair (P, Q), we construct
the category C(P, @), of objects which intertwine with P and @ in a compatible manner
and show that C(P, Q) lifts the monoidal structure of C as well as the closed structure
of C, when C is closed. If C has suitable colimits, we construct a family of Hopf monads
which correspond to such pairs in C and present the resulting families of braided Hopf
algebras and Hopf algebroids, when C is a braided category or the category of bimodules
over a base algebra, respectively.

1. Introduction

Hopf monads were originally introduced as generalisations of Hopf algebras in braided
monoidal categories, from the setting of braided categories to arbitrary monoidal cate-
gories. In [Moerdijk, 2002}, Hopf monads were defined as monads which lift the monoidal
structure of a monoidal category to their category of modules. These monads are now
referred to as bimonads or opmonoidal monads, whereas monads which lift the closed
structure of a closed monoidal category as well as its tensor, are called Hopf monads, ac-
cording to [Bruguieres u. a., 2011]. Initially, Hopf monads were defined for rigid monoidal
categories [Bruguieres und Virelizier, 2007] and many of the usual results about Hopf
algebras were extended to this setting. Additionally, Hopf monads have proved of par-
ticular importance in the study of tensor categories [Bruguieres und Natale, 2011] and
topological field theories [Turaev und Virelizier, 2017]. However, in both settings the
categories in consideration are rigid. Although in [Bruguieres u.a., 2011}, the theory of
Hopf monads was extended to arbitrary monoidal categories, many of the essential theo-
rems discussed in [Bruguieres und Virelizier, 2007] have not been extended to this general
setting. We believe this is partly due to the lack of examples which have been studied,
when the category is not rigid. Inspired from our work on bimodule connections and Hopf
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algebroids in [Ghobadi, 2020], under the setting of noncommutative differential geometry
[Beggs und Majid, 2020], in the present work, we study objects in arbitrary monoidal
categories, which have isomorphic left and right duals. We call these objects pivotal and
when provided with such a pivotal pair, P and ), in a monoidal category C, we construct
the category of P and @ intertwined objects C(P, Q). The constructed category lifts the
monoidal structure of C and the closed structure of C, when C is closed. Consequently,
if C is closed and has suitable colimits, we construct a Hopf monad corresponding to
such a pivotal pair so that its Eilenberg-Moore category recovers C(P, Q). The merit of
this construction is that it does not require the category to be braided or even to have a
non-trivial center. We later show that C(P, @) can be constructed as the dual of a cer-
tain monoidal functor and how our monad can also be recovered from the Tannaka-Krein
reconstruction of bimonads developed in the recent work [Shimizu, 2019].

In [Ghobadi, 2020], we construct a family of Hopf algebroids corresponding to first
order differential caluli. The modules of the Hopf algebroid recover a closed monoidal
subcategory of bimodule connections, however, the differential calculus must be pivotal
for the construction to work. We explain this ingredient in a much more general setting,
here. If C is a monoidal category and P an object in C, one can construct a category
of P-intertwined objects, whose objects are pairs (A, o), where A is an object of C and
0:A® P — P ® A an invertible morphism. This category naturally lifts the monoidal
structure of C, in a similair fashion to the monoidal structure of the center of C. The
key feature in our construction is the following: if P is pivotal and we choose a dual,
@, of P, then any invertible morphism ¢ induces two @Q-intertwinings on the object A,
namely (5) and (6). In order to obtain a closed monoidal category, we must restrict to
the subcategory of pairs where these induced @Q-intertwinings are inverse. We denote this
category, corresponding to the pivotal pair P and @, by C(P, Q) and describe its monoidal
structure in Theorem 4.1. Our main results are Theorem 4.2 and Corollary 4.3, which
show that C(P, Q) lifts left and right closed structures on C, when they exist. We also
discuss the construction in the cases where C is rigid, Corollary 4.4, and when C has a
pivotal structure which is compatible with P and @), Theorem 4.5.

Pivotal categories were introduced in [Yetter, 1992], under the name of sovereign cate-
gories, and their study is vital for topological field theories, [Turaev und Virelizier, 2017].
However, a study of individual objects in a monoidal category which have isomorphic
left and right duals has not been produced. In [Shimizu, 2015], the pivotal cover of a
rigid monoidal category was introduced, in connection with Frobenius-Schur indicators
discussed in [Ng und Schauenburg, 2007]. We introduce the pivotal cover CP* of an arbi-
trary monoidal category C, in Definition 3.5, from a different point of view which arose
in [Ghobadi, 2020], namely pivotal morphisms. The pivotal cover of a monoidal category
has pivotal pairs as objects, and suitable pivotal morphisms between them, so that any
strong monoidal functor from a pivotal category to the original category, factors through
the pivotal cover, Theorem 3.7. The construction in [Shimizu, 2015] requires all objects to
have left duals and a choice of distinguished left dual for each object i.e. for the category
to be left rigid, while our construction avoids these issue by taking pivotal pairs as objects
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of CP*.

The applications of our work are spread as examples throughout the article. In Sec-
tion 3, we observe that dualizable objects in braided categories, Frobenius bimodules, as
defined by Kadison [Kadison, 1999] and ambidextrous adjunctions are examples of pivotal
objects in monoidal categories. In Section 4.2 of [Ghobadi, 2020}, we have presented sev-
eral other examples, in the format of differential calculi, where the space of 1-forms is a
pivotal object in the monoidal category of bimodules over the algebra of noncommutative
functions. We explain this setting briefly in Example 3.3. The Hopf monad constructed
in this case, becomes a Hopf algebroid, Example 5.9, which is a subalgebra of the Hopf
algebroid of differential operators defined in [Ghobadi, 2020]. Additionally, to construct
the sheaf of differential operators in the setting of [Ghobadi, 2020], we require the wedge
product between the space of 1-forms and 2-forms to be a pivotal morphism. A direct
consequence of Example 3.6 is that any bicovariant calculus over a Hopf algebra, satisfies
this condition.

In Remark 5.7, we note that for a finite dimensional vector space, the resulting Hopf
algebra becomes precisely a quotient of the free matrix Hopf algebra, NGL(n), discussed
in [Skoda, 2003]. In fact, any invertible n x n-matrix provides us with a pivotal pairing of
an n-dimensional vectorspace and thereby a Hopf algebra, Example 5.8. More generally,
in Theorem 5.4, we show that the Hopf monad constructed is augmented if and only if
the pair P and () is a pivotal pair in the center of the monoidal category. Consequently,
using the theory of augmented Hopf monads from [Bruguieres u. a., 2011], we a construct
the braided Hopf algebra corresponding to every pivotal pair in the center of the monoidal
category.

We must also point out how our work can be interpreted in terms of [Shimizu, 2019].
Duals of monoidal functors were defined in [Majid, 1992], by Majid, as a generalisation
of the center of a monoidal category. Tannaka-Krein reconstruction for Hopf monads, as
described in [Shimizu, 2019], takes the data of a strong monoidal functor and produces
a Hopf monad whose module category, recovers the dual of the monoidal functor. In
Section 6.3, we briefly review these topics and show that pivotal pairs in a monoidal
category correspond to strict monoidal functors from the smallest pivotal category, which
we call Piv(1), into the category. From this point of view, one can recover the same Hopf
monad structure from the approach of Tannaka-Krein reconstruction. We also provide an
additional result concerning the pivotal structure of the dual monoidal category.

Lastly, we would like to remark that the Hopf monads constructed here should be
the simplest examples which generalise the theory of Hopf algebroids with bijective an-
tipodes, described in [B6hm und Szlachanyi, 2004], to the monadic setting. As mentioned
earlier, many results on Hopf algebras have not yet been generalised to the setting of
Hopf monads. Similairly, there are several results, which have not been proved for gen-
eral Hopf algebroids, but are known to hold when the Hopf algebroid admits such an
antipode. Hence, a categorical characterisation of the antipode for Hopf monads, is es-
sential. Although antipodes for Hopf monads have been discussed in both the rigid setting
[Bruguieres und Virelizier, 2007] and the general setting [Bohm und Lack, 2016], neither
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cover the case of Hopf algebroids over noncommutative bases, which admit bijective an-
tipodes. When restricted to the category of bimodules over an arbitrary algebra, our
Hopf monads correspond to Hopf algebroids which in fact admit involutory antipodes,
Example 5.9.

Organisation: In Section 2, we review the theory of Hopf monads and braided Hopf
algebras and the necessary background on duals and closed structures in monoidal cat-
egories. In Section 3, we introduce the notion of pivotal objects and morphisms in an
arbitrary monoidal categories and introduce the pivotal cover. In Section 4, we construct
C(P, Q) and review some of its properties and in Section 5 we construct its corresponding
Hopf monad. In Section 6.1, we briefly discuss the generalisation of our work to arbitrary
pivotal diagrams and in Section 6.3 we provide an alternative description of C(P, Q)) as the
dual of a monoidal functor. The proof of Theorem 4.2 requires several large commutative
diagrams which are presented in Section 7, at the end of our work.

2. Preliminaries

We assume basic categorical knowledge and briefly recall the theory of monads and
monoidal categories from [Mac Lane, 2013; Turaev und Virelizier, 2017] and the the-
ory of Hopf monad and bimonads from [Bruguieres u. a., 2011; Bruguieres und Virelizier,
2007].

2.1. MONADS. A monad T on a category C, consists of a triple (T, u,n), where T': C — C
is an endofunctor with natural transformations p : TT — T and 7 : ide — T satisfying
satisfying u(Tp) = ppr and pT'n = idy = pnp. Any monad gives rise to an adjunction
Fr 4 Ur : Cr = C, where Cr is the FEilenberg-Moore category associated to 1. The
category Cr consists of pairs (X, r), where X is an object of C with a T-action r: TX —
X, satisfying rux = r(Tr) and rp = idx and morphims which commute with such 7-
actions. The free functor is defined by Fr(X) = (TX, ux) and the forgetful functor by
Ur(X,r) = X. Conversely, any adjunction F' 4 G : D < C gives rise to a monad via its
unit 7 : id¢ — GF and counit € : FG — idp. The triple produced is (GF, Ger,n). Hence,
there is a natural functor K = F;pG : D — Cp called the comparison functor. We say
functor G is monadic if K is an equivalence of categories. For more detail on monads,
we refer the reader to Chapter VI of [Mac Lane, 2013], since we will only present Beck’s
Theorem and later utilise it.

2.2. THEOREM. [Beck’s Theorem| Given an adjunction F 4 G : D = C, G is monadic
if and only if the functor G creates coequalizers for parallel pairs f,g: X =Y for which
Gf,Gg has a split coequalizer.

2.3. MoNOIDAL CATEGORIES. We call (C, ®, 1g, a, [, ) a monoidal category, where C is
a category, lg an object of C, ® : C x C — C a bifunctor and « : (id¢ ® id¢) ® ide —
ide ® (ide ®ide), [ : 1g ®ide — ide and r : ide ® 1g — ide natural isomorphisms satisfying
coherence axioms, as presented in Section 1.2 of [Turaev und Virelizier, 2017]. We call 14
the monoidal unit.
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In what follows, we assume that all monoidal categories in question are strict i.e.
a,l and r are all identity morphisms. Additionally, there exists a corresponding monoidal
structure on C, the opposite monoidal category, which we denote by (C, ®°) and is defined
by composing ® with the flip functor i.e. X ®PY =Y ® X for pairs of objects X,Y of
C. This notion should not be confused with the notion of the opposite category, where
morphisms are reversed and C°P will only refer to the opposite monoidal category in this
work.

A functor F': C — D between monoidal categories is said to be (strong) monoidal if
the exists a natural (isomorphism) transformation Fy(—, —) : F(—)®pF (=) = F(—®c—)
and a (isomorphism) morphism Fj : 1g — F(1g) satisfying

FA(X &Y, 2)(F(X,Y) @ idr(z) = Fy(X,Y & Z)(idpcr, © Fo(Y, 2))
Fo(X, 1) (idrx) @ Fo) = idpx) = Fa(le, X)(Fo @ idpx))

where we have omitted the subscripts denoting the ambient categories, since they are
clear from context. A functor is said to be opmonoidal or comonoidal if all morphisms in
the above definition are reversed. A strong monoidal fucntor F' is called strict monoidal
if the natural isomorphisms F, and Fjy are identity morphisms. A monoidal category is
said to be braided if there exists a natural isomorphism Uxy : X ®Y — Y ® X satisfying
braiding axioms described in Section 3.1 of [Turaev und Virelizier, 2017].

Notation. We will abuse notation and write X instead of the morphism id x whenever
it is feasible. We will also omit ® when writing long compositions of morphisms i.e. AfB
will denote the morphisms idy ® f ® idg for arbitrary objects A and B and morphism f
in C.

The (laz) center of a monoidal category (C,®, 1) has pairs (X, 7) as objects, where
X is an object in C and 7 : X ® — — — ® X is a natural (transformation) isomorphism
satisfying 7, = idx and (idy ® 7a) (7 ® idy) = Tmen, and morphisms f : X — Y of
C, satisfying (ide ® f)7 = v(f ® id¢), as morphism f : (X,7) — (Y,rv). We denote the
lax center and center by Z!4(C) and Z(C), respectively. The center is often referred to as
the Drinfeld-Majid center and the lax center is sometimes referred to as the prebraided
or weak center. The (lax) center has a monoidal structure via

(X, 1)@ (Y,v) = (X @Y, (1 ®idy)(idx @ 1))

and (lg,idc) acting as the monoidal unit, so that the forgetful functor to C is strict
monoidal. The center Z(C) is also braided by ¥ x 1) (v,) = Tv-

2.4. RiciD AND CLOSED MONOIDAL CATEGORIES. For any object, X, in a monoidal
category C, we say an object YX is a left dual of X, if there exist morphisms evy :
VX ® X — 1g and coevy : 1g — X ® VX such that

(evy ®idvx)(idvx ® coevy) =idvy, (idx ® evy)(coevy ®idx) = idx

In such a case, we call X a right dual for ¥ X. Furthermore, a right dual of an object X is
denoted by XV, with evalutation and coevaluation maps denoted by evy : X @ XV — 14



292 ARYAN GHOBADI

and coevy : 1g = XY ® X, respectively. We will refer to evaluation and coevaluation
maps as such, as duality morphisms. We say an object X is dualizable if has both a left
dual and a right dual. The category C is said to be left (right) rigid or autonomous if
all objects have left (right) duals. If a category is both left and right rigid, we simply
call it rigid. Usually, when a category is said to be left (or right rigid), it is assumed
that we have chosen a left dual for all objects and X denotes this specific choice of
left dual for any object X. Given these choices, we have a contravariant functor v(—) :
C — C which sends objects X to their left duals YX and morphisms f : X — Y to
morphisms (evy ®idvy)(idvy ® f ®idvx)(idvy ® coevy). Similarly, (—)" : C — C defines
a contravariant functor on a right rigid category.

We call a category C left (right) closed if for any object X there exists an endofunctor
(X, —]! (resp. [X, —]") on C which is right adjoint to — ® X (resp. X ® —). By definition
[—, =], [=, =]" : C°? xC — C are bifunctors, which we refer to as inner homs. If a category
is left and right closed, we call it closed. Observe that if X has a left (right) dual ¥ X
(resp. XV), the functor — ® VX (resp. XV ® —) is right adjoint to — ® X (resp. X ® —)
and VX (resp. XV) is unique up to isomorphism. Furthermore, if X has a left (right)
dual, VX = [X,15]" (resp. XY 2 [X,14]"). We have adopted the notation of [Bruguieres
u. a., 2011] here, and what we refer to as a left closed structure is sometimes referred to
as a right closed structure in other sources.

It is well known that strong monoidal functors preserve dual objects i.e. F(VX) =
YE(X) with FyF(ev)Fy(YX, X) and Fy (X, Y X)F(coev)F, ! acting as the evaluation and
coevaluation morphisms for F'(YX). For left (right) closed monoidal categories C and D,
we say a monoidal functor F' : C — D is left (right) closed if the canonically induced
morphism F[X, Y]lc(r) — [F(X), F(Y)]%T) is an isomorphism for any pair of objects X, Y in
C. In what follows, we will describe the inner homs so that these isomorphisms become the
identity morphisms, thereby making the functor in question closed, in a clearer manner.

2.5. BimoNADs AND HorrF MONADS. A monad (T, 1, n) on C is said to be a bimonad or
an opmonoidal monad if it also has a compatible comonoidal structure (75, Tp) satisfying

Ty(X, Y )ixey = (ux @ i) To(TX, TY)T (Ty(X,Y))

Tops = ToT(To), To(X,Y)nxey =nx @0y, Ton = idy

where X, Y are objects of C. A bimonad is said to be left (right) Hopf if the left (right)
fusion operators, denoted by H' (resp. H"), and defined as

Hiy = (idrx) © oy )To(X, T(Y)) T(X @ T(Y)) — T(X) @ T(Y)

Hyy = (jix @ idpy)) T(T(X),Y) T(T(X) ® Y) — T(X) @ T(Y)

for objects X,Y of C, is invertible. A bimonad is called Hopf if it is both left and right
Hopf. The above conditions can be reformulated purely in terms of Fr and Ur: given an
adjunction F' 4 G : D = C, the induced monad (GF,Geg,n) is a bimonad if and only if
U is strong monoidal. In this case, the adjunction is called comonoidal. The adjunction
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is called left (right) Hopf if U is a left (right) closed functor. We briefly recall the main
property of these structures and refer the reader to [Bruguieres u. a., 2011} for more detail
on bimonads and Hopf monads.

2.6. THEOREM. If T is a monad on a monoidal category C, then

(1) [Moerdijk, 2002] Bimonad structures on T are in correspondence with liftings of
the monoidal structure of C onto Cr i.e. monoidal structures on Cr such that Urp
18 strong monoidal.

(II) [Bruguieres w. a., 2011],[Bruguieres und Virelizier, 2007] If C' is left (right) rigid
and T a bimonad, then T is left (right) Hopf if and only if Cr is left (right) rigid.

(III) [Bruguieres u. a., 2011] If C is left (right) closed, then T being left (right) Hopf is
equivalent to Cr being left (right) closed and Ur a left (right) closed functor.

2.7. BRAIDED HOPF ALGEBRAS AND AUGMENTED HOPF MONADS. An algebra or
monoid in a monoidal category C consists of a triple (M, u,n), where M is an object of
Cand p: M ®M — M and n: 1g — M are morphisms in C satisfying p(idy ® n) =
idy = p(n ®idyy) and p(idy @ p) = p(p @ idy). A coalgebra or comonoid in C can be
defined by simply reversing the morphisms in the definition of a monoid. Observe that
monoid structures on an object A in a monoidal category C, correspond directly to monad
structures on the endofunctor A ® —. The Eilenberg-Moore category Cr in this case is
the category of left modules over A i.e. objects X with an actionr: A® X — X.

A central bialgebra in C consists of an object (B, 7) in Z(C), and morphisms m,n, A, €
such that ((B,7),m,n) is a monoid in Z(C), ((B,7),A,€) is a comonoid in Z(C) and
(mem)(BR1® B)(A®A) = Am and em = (e®¢) hold. Hence, the monad T'= B® —
has a bimonad structure, with 75 = (B ® 7 ® id¢)(A ® ide ® id¢) and Ty = €. A central
bialgebra is called a central Hopf algebra if there exists a morphism S : (B,7) — (B, 1)
such that m(B ® S)A = ne = m(S ® B)A and the mentioned bimonad B ® — is left Hopf
in this case and Hopf if S is also invertible. A braided Hopf algebra in a braided monoidal
category (C, V) is just a central Hopf algebra (H,7) where 7_ = Uy _. We recover the
usual notion of Hopf algebras as braided Hopf algebras in the braided monoidal category
of vectorspaces.

A Hopf monad (T, pu,n,Te,Ty) on a monoidal category C is said to be augmented
if there exists a bimonad morphism & : T — ide, where the identity functor ide has
trivial Hopf monad structure. For £ to be a bimonad morphism, {n = ide, Eu = £T(€),
(E®&Ty =& g and & = Ty must hold.

2.8. THEOREM. [Theorem 5.7 [Bruguieres u.a., 2011]] There is an equivalence of cat-
egories between the category of Hopf algebras in the center of C and augmented Hopf
monads on C.

An augmentation on a Hopf monad, provides 7'(1) with a central Hopf algebra struc-
ture and the Hopf monad T in this case is shown to be isomorphic to the induced
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Hopf monad of 7'(1). In particular, (7(1),72(1,1),7) forms a comonoid in C, while
T(1, paip(r), 1) forms a monoid in C, where uy = T(¢x)(Hi x) (T(1) ® nx), and
T =(E®T(1)T2(T(X),1)ux defines a braiding, which makes (7(1),7) a central Hopf
algebra with its invertible antipode defined by S = &rqy(Hy,) ' (T(1) ® n1) and S~' =
Ery(Hi ;)" (n ®T(1)). We refer the reader to [Majid, 1994] for more details on braided
Hopf algebras and [Bruguieres u. a., 2011] for the more details on augmented Hopf monads
and the proof of Theorem 2.8.

3. Pivotal Objects and Pivotal Cover

In this section, we define the notion of pivotal objects, pairs and pivotal cover for arbitrary
monoidal categories. Let (C,®, 1) be a monoidal category.

3.1. LEMMA. If P is an object of C, then the following statements are equivalent:
(I) The object P is dualizable and there exists an isomorphism ¥ P = PV.

(II) There exists an object Q@ and morphisms coev : 1 — PR Q, ev : Q ® P — 1
and coev : 1 = QR P, ev: P®Q — 1, making Q a left and right dual of P,
respectively.

(III) Left duals ¥ P and ¥V P exist and there exists an isomorphism P =YV P,

We say P is a pivotal object if it satisfies any of the above statements and refer to an
ordered pair (P,Q), as in part (II), as a pivotal pair.

PROOF. (I)=(II) Assume P is dualizable with ¥ P and PV, its left and right dual objects
and coev,ev and coev,ev as the respective coevaluation and evaluation morphisms and
let f:YP — PV be an isomorphism. Hence, (f~! ® P)coev and ev(P ® f) make VP right
dual to P and Q = P and coev,ev, (f~! ® P)coev, ev(P ® f) satisfy the conditions in
(IT).

(I1)=-(III) By assumption Q@ = VP and P = V@, thereby P ="V P.

(ID)=(I) Let f : P — VP be an isomorphism and coevvp : 1 — VP ® VP, evvp :
WP ®YP — 1 be the relevant coevaluation and evaluation morphisms. Hence, (VP ®
f)coevvp and (f~! ® Y P)evvp make VP right dual to P, and VP = PV. o

Note that the coevaluation and evaluation morphisms making () a left and right dual
of P are part of the data for a pivotal pair (P, Q). Additionally, @ is also pivotal object
by definition and (@, P) a pivotal pair with the duality morphisms swapped. Moreover,
note that strong monoidal functors preserve pivotal objects, since they preserve duals and
isomorphisms. In particular, a strong monoidal functor F' : C — D sends a pivotal pair
(P,Q) in C to a pivotal pair (F(P), F(Q)) with the natural duality morphisms presented
in Section 2.4.

We now review some examples of pivotal objects in monoidal categories.
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3.2. EXAMPLE. Any dualizable object P in a braided monoidal category (B, V) is pivotal.
Let VP and PV be the left and right duals of P with the coevaluation and evaluation maps,
coev, ev and coev, ev, respectively. In this case

lep = (P @ evWpvp)(coev ® "P) : YP — PV (1)
tlp = (YP®ev) (V) pcoev @ PY) : PV — VP (2)
are inverses and provide an isomorphism between ¥ P and PV.

3.3. ExamPpLE. For a K-algebra A, the category of A-bimodules, denoted by ,M 4 has a
monoidal structure by tensoring bimodules over A. We say an A-bimodule is pivotal if it is
a pivotal object in 4 M 4. Such objects in fact appeared in the work of Kadison [Kadison,
1999], under the name of Frobenius bimodules. In Section 4.2 of [Ghobadi, 2020], we
provided a range of examples of first order differential calculi (A,Q', d: A — Q'), where
Q! was a pivotal bimodule over A, the simplest examples being finitely generated free
bimodules. Our examples also included Hopf bimodules over Hopf algebras. If A is a
Hopf algebra with an invertible antipode, the category of Hopf bimodules has braided
monoidal structure and thereby any dualizable object in this category is pivotal. The
forgetful functor from the category of Hopf bimodules to the category of bimodules over
the Hopf algebra is strong monoidal. Hence as a bimodule, any dualizable Hopf bimodule
is pivotal.

3.4. EXAMPLE. For any category C, the category of endofunctors on C, denoted by
End(C), has a monoidal structure via composition of functors i.e. F'® G = FG for
F,G € End(C) and the identity functor id¢ acting as the monoidal unit. In this case, a
functor F' being left (right) dual to G, is exactly equivalent to F being left (right) adjoint
to G. An endofunctor is thereby called pivotal if it has left and right adjoint functors
which are isomorphic. Such adjunctions are referred to as ambidertrous and the monad
GF on C is called a Frobenius monad [Theorem 17 [Lauda, 2006]].

A rigid monoidal category C is called pivotal (sometimes called sovereign) if there exists
a natural isomorphism p : ide — W(—). Equivalently, the condition is sometimes stated
as the existence of a monoidal natural isomorphism ¢¥ : (=) — Y(—). In [Shimizu,
2015], the pivotal cover of a rigid monoidal category was introduced by K. Shimizu.
Independently, we discovered this notion for general monoidal categories, by encountering
the notion of pivotal morphisms between pivotal objects in [Ghobadi, 2020].

3.5. DEFINITION. Let C be a monoidal category, and (Pi,Q1) and (P, Q2) pivotal pairs
in C with coev,, ev;, coev,, ev, being the relevant coevaluation and evaluation morphisms.
We say a morphism f : P, — P5 is pivotal if

(eve ® Q1)(Q2 ® f ® Q1)(Q2 ® coevy) = (Q1 ®evy)(Q1 ® f ® Q2)(coev; ® Q2)  (3)

as morphisms from Qs to Q. The pivotal cover of C, denoted by CP™, has ordered pivotal
pairs (P,Q), in C, as objects and pivotal morphisms of C as morphisms.
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There is a subtlety which we must point out. Namely, that a morphisms f : P, —
P, being pivotal does really depend on the choice of (); and (). Even for a single
pivotal object P and two @)1 and Qs left and right duals of P with coev;, ev;, coev’, ev’
denoting the relevant coevaluation and evaluation morphisms, the identity morphism idp
is not necessarily a morphism between pivotal pairs (P,Q;) and (P,Qs). There exist
isomorphisms A’ : Q; — Qo and A" : Q1 — @y defined by h! = (ev,® Q1)(Q2 ® coev,) and
h" = (Q1 ®ev,y)(coev; ® Qz). The identity morphism being pivotal in terms ()7 and Qs is
exactly equivalent to h' = A", which is not necessarily true (Example 5.8). However, the
identity morphism is clearly a pivotal morphism from (P, Q1) to itself. It should also be
clear that CP™ is well-defined and pivotal morphisms are closed under composition.

In the terminology of rigid monoidal categories, if Q = Y P = PV is the chosen left and
right dual of P, the left hand morphism in (3) is exactly ¥ f and the right hand morphism,
fV, and we call a morphism f between objects pivotal, if ¥ f = fV.

In Section 5.2 of [Ghobadi, 2020], we presented two families of examples of piv-
otal morphisms. In [Ghobadi, 2020], we were interested in differential graded algebras
(Bi>0Q',d, N), with A denoting the graded multiplication, where Q' and Q% were pivotal
bimodules over the algebra (Qg, A), and A : Q' ®@Q! — Q2 was a pivotal morphism. One of
the examples presented in [Ghobadi, 2020] was that of Woronowicz’s bicovariant algebras
[Woronowicz, 1989] over the group algebra, for any arbitrary group. The Woronowicz
construction extends any Hopf module calculus over a Hopf algebra to a DGA of Hopf
bimodules and has been generalised to the language of braided abelian categories by Ma-
jid, Section 2.6 [Beggs und Majid, 2020], in the name of braided exterior algebras. In the
following examples we show the mentioned morphism is always pivotal for any braided
exterior algebra.

3.6. EXAMPLE. [Braided Exterior Algebra] Let (C,®, 1) be a braided monoidal category
and ¥ denote its braiding. Recall from Example 3.2 that any dualizable object in C is
pivotal. Let P and P, be dualizable objects in C such that A : P, ® P, — P, is the
coequalizer of the parallel pair idp,gp,, ¥p, p, 1 P ® PL = P, ® P;. We claim that A is
a pivotal morphism. As in Example 3.2, VP, and VP, denote left duals of P, and P,
respectively, which become right duals by the isomorphism provided, so that Y P, ® ¥ P,
also becomes a left and right dual of P; ® P;. Hence, writing the pivotal condition, (3),
for A in terms of VP, ® Y P, and Y P,, reduces to checking if the morphisms

(ev2(YP) (Y P)) (Y Py A (Y P) (Y P1)) (Y Py(Prcoevy Y Py)(coevy)),
(VP Y Prev,y)((vlp, @ tlp, @ A)PY) (P coev Py )(coev) @ lvp,)

are equal. By the definition of vl and It and the properties of the braiding, the second



PIVOTAL OBJECTS IN MONOIDAL CATEGORIES AND THEIR HOPF MONADS 297
morphism simplifies as follows
(VP Y PrevaUp, vp, ) ((YP)(YPr) A (VPQ))(Vpl\IJ ' coelel( Pg))(\IJ_
(eva("P1) (Y Pl))(vpz‘PVP@VPl,PJ(( Py) (" Pl)(vpl)A)

v p,COEV] Y Py)

(VR(Y PV, 1coelel)(\If];ll’vplcoevl))
I(eV2(VP1)( Pl))(VP2‘I’VP1 p("P)) (" Pa (P AU p (V1))
(Y P(Tp!  p coevy @ coevy))

(eVg VP1>( ))(VPQ N \I]Pl P \IIISE’Pl (VP1)<VP1))<VP2(P1COGV1 VP1)CO€V1)

(
:(eVg(vpl)( ))(VP2 A\ (VP1)<VP1>>(VP2(P1COGV1 VP1)(CO€V1))

The calculations above are much more clear from a pictorial point of view and readers
who are familiar with the graphical calculus of braided monoidal categories, should draw
the said morphisms for a quicker proof. We refer the reader to Chapter 2 of [Turaev und
Virelizier, 2017] and Section 2.6 of [Beggs und Majid, 2020], for more details on graphical

calculus.

We can define a natural monoidal structure on C? by (P, Q1) @ (P, Q1) = (P ®
Py, Q2®0)1), since the tensor of pivotal morphisms is again a pivotal morphism in this way.
Thereby, CP¥ lifts the monoidal structure of C, so that the natural forgetful functor H :
CP" — C, which sends a pivotal pair (P, Q) to P, is strict monoidal. Furthermore, notice
that CP™ is also rigid and admits left and right duality functors ¥ (—) = (=) : CP — CP™,
which are defined by (P, Q)Y = (Q, P) and fY = (evy ® Q1)(Q2 @ f @ Q1)(Q2 ® coevy)
for f: (P,Q1) = (P, Q2), as in Definition 3.5. By our definition of pivotal morphisms,
it should be clear that the trivial identity morphism forms an isomorphism between v(—)
and (—)Y and the category CP" is trivially pivotal.

In order to discuss the universal property of the pivotal cover, we recall the definition
of a pivotal functor from [Shimizu, 2015]. If C and D are rigid monoidal categories
and F' : C — D is a strong monoidal functor, then we have a natural family of unique

isomorphisms ¢ : F(¥—) — YF(=) defined by

Cx = (FoF(ev) (X, X) @ "F(X))(F("X) ® coevpx))

(= (evren @ FYX)(YF(X) @ Fy Y(X, Y X)F(coevy)Fy )
where X is an object of C. If C and D are pivotal categories with pivotal structures
o€ 1ide — V(=) and 0P :ide — "V (—), we say F preserves the pivotal structure if

Vo,
= "(C)(Cvx)F () (4)

holds for all objects X of C.

3.7. THEOREM. The pivotal cover CP™ of C is pivotal and satisfies the following universal
property: if D is a pivotal monoidal category and G : D — C a strong monoidal functor,
then there exists a unique functor G' : D — CP™ so that G = HG' and G’ preserves the
pivotal structures.
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PROOF. Let the pivotal structure of D be denoted by the natural isomorphism p : id¢ —
YY(=). Since strong monoidal functors preserve duals, G(X) for any object X in D will be
a pivotal object in C. In particular, we define G'(X) to be the pivotal pair (G(X), G(¥ X))
with coevaluation and evaluation morphisms

coev§ = G7H(X, Y X)G(coevx )Gy, G'(YX, X)G((YX ® ox)coevyx)Gy?
ev)G( = GoG(eVX)GQ(VX, X), G()G(eVVX(Q;(l X vX))GQ(X, VX)
If f:X; — X, is amorphism in D, then G(f) is a pivotal morphism between (G(X3),
G(YX1)) and (G(X>), G(¥X,)), since o7y fVovx = “f. Hence, by letting G'(f) = G(f)
we have defined a functor G’ : D — CP® such that HG' = G.
Additionally, G’ is a pivotal functor: if ¢ : G'(V—) — YG(—) is the unique natu-
ral isomorphism as defined before the Theorem, then G'(VX) = (G(VX),G(YVX)) and

YG(X) = (G(YX),G(X)) with the appropriate duality morphisms as defined above.
Hence,

TG (ox) = (G (vl @ VG (X)) (G (0x) @ coevrx))
= (evarvx) © VE X)) (X) @t (X)) (TG(X) ® coevvgxy)
(evfy @ 'G'(X))(G'(0x) ® Coeve(vx))
= (evarrrx) @ G(X)N(G(X) @evaxy @ G'(YX) ® TG (X))
("G&'(X) ® "G (X) @ coev§ @ G (X)) (G'(X) ® coevx)
(evly ® YG'N(X)) (G ox) ® COeVer(vx))

and by construction id(p ) = P for any pair (P, Q) in CP™ and

(GGG (ox) = (evFy ® G(X))(G(VX) ® coevex)) (evfy ® G(V X))
(Gox) ® Coeng)
= (ev¥y ® G(X))(G(VX) © G(X) © Gox"))(G'(YX) © coeviy )G (ox)

= idaey) = iderx)

holds and thereby G’ is pivotal. n

In [Shimizu, 2015], the pivotal cover of a left rigid monoidal category CP* is constructed
as the category of fized objects by the endofunctor “/(—) : C — C. Constructing the
pivotal cover as such has two main drawback, namely that we need to assume all objects
in C have left duals and C is left rigid so that there is a distinguished choice of left dual for
ever object. While we will not directly compare the constructions, the universal property
above, is also proved in Theorem 4.3 of [Shimizu, 2015] and thereby the two constructions
of CP" are equivalent when C is left rigid.
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4. The Category C(P, Q)

Given a pivotal pair P and @, as in Lemma 3.1 (II), we define the category of P and @
intertwined objects, denoted by C(P, @), as the category whose objects are pairs (X, o),
where X is an object of C and 0 : X ® P — P ® X an invertible morphism in C such that

(evRXRQ)NQReRQ) QX ®coev): QX - X ®Q (5)
QeX@ev) Qo '®@Q)(coev®X®Q): X®Q > QX (6)

are inverses. Morphisms between objects (X, o), (Y, 7) of C(P, Q) are morphisms f : X —
Y in C, which satisfy 7(f ® P) = (P ® f)o. For an object (X,0) in C(P,Q), we call o a
P-intertwining and denote the induced morphisms (5) and (6), by @ and !, respectively,
and call them induced Q-intertwinings.

Observe that the definition of C(P, Q) is dependent on the choice of @: let P and
Q' together with coev' : 1 - PR Q', ev' : Q ® P — 1 and coev' : 1 — Q' ® P,
ev' : P® Q" — 1 satisfy the conditions of Lemma 3.1 (II). Hence, we have two induced
isomorphisms between @ and @', f = (ev® Q') (Q®coev’) and f~! = (ev' @ Q)(Q' ®coev),
and g = (Q' ® ev)(coev' ® Q) and ¢g~' = (Q ® ev')(coev ® Q'). Additionally, if for a P-
intertwining (X, o), we denote the induced @-intertwinings and induced ’-intertwinings
by @, 56_21 and o¢, Eé,l, respectively, then oo = (¢ ® X)oo(X ® g !) and 66,1 =
(X®f )Eél( f~'®X). Hence, 7o and 6{21 being inverses is not equivalent to ¢ and 55,1
being inverses unless f = g.

On the other hand, the category C(Q, P) is isomorphic to C(P, Q). The isomorphism
sends an object (X,0) in C(P,Q) to (X,o ') in C(Q,P). The Q-intertwining o is
invertible and the induced P-intertwinings on X in C(Q, P) are precisely o and o~

o' =(ev® X ®P)(P®o ' ®P)(P® X ® coev)
(PRX®ev)(PR0o® P)(coev® X ® P)

g

Note that the isomorphism described between C(Q, P) and C(P, () commutes with the
forgetful functors from each category to C.

The monoidal structure of C lifts to C(P, @) so that the forgetful functor U : C(P, Q) —
C which sends a pair (X, o) to its underlying object X, becomes strict monoidal: for any
pair of objects (X, o) and (Y, 7), the monoidal structure of C(P, @), denoted by ® again,
is defined by

(X, 0)@(Y,7)= (XY, (c@Y)(X®T)) (7)

and (1,idp) acts as the monoidal unit. Furthermore, ® is defined on pairs of morphisms
of C(P,Q), as it is by ® in C.

Our construction is very similar to that of the center of a monoidal category, and is an
example of its generalisation, the dual of a strong monoidal functor [Majid, 1992], which
we will comment on in Section 6.3.

4.1. THEOREM. The monoidal structure on C(P,Q), as described above, is well-defined.
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PROOF. The only non-trivial fact we need to check in our case is whether (X, 7) ® (Y, 1)
is an object of C(P, Q). In particular, if o and 7 are invertible, it should be clear that (o ®
Y)(X ®7) is also invertible, however, we need to prove that the induced @Q-intertwinings,
(5) and (6), for X ® Y are inverses. This follows from the fact that the induced Q-
intertwinings, (5) and (6) for (X, 7) and (Y, 7) are inverses:

(c@7)(c® (evXYQ)(Qo ® TQ)(QXY coev)(QXYev)(Qo ® 7)™'Q)
coevXYQ)

evXYQ)(QoYQ)(QXTQ)(QXYcoev)(QXYev)(QXT™'Q)(Qo 'Y Q)
coevXYQ)

) =
(
=(
(
(evXYQ) (QUYQ) (QXPevYQ)(QXcoevPY Q)(QXTQ)(QXY coev)
(
(
(
=(

—1

QXYev)(QXT'Q)(QXevY Q)(QX PcoevY Q) (Qo 'Y Q)(coevXYQ)

)
XevY Q)(XQTQ)(XQYcoev)(evXQY)(QoQY ) (QXcoevY)
QXevY)(Qo QY )(coevXQY)(XQYev)(XQT 'Q)(XcoevY Q)
XevY Q)(XQTQ)(XQYcoev)(XQYev)(XQ7'Q)(XcoevY Q) = idxyg

In a symmetric manner, it follows that (o @ 7 1)(0 ®7) =idgxy- (]

4.2. THEOREM. If C is a left closed monoidal category, then C(P,Q) has a unique left
closed monoidal structure lifting that of C, such that the forgetful functor U becomes left
closed.

PROOF. Let (A,04) and (B,op) be objects in C(P,Q). If C is left closed, we denote
the right adjoint functor to — ® A, by [4,—]!, and let n : — — [4,— ® A]' and 4

[A,—]' ® A — — denote the unit and counit of this adjunction. To demonstrate that
the left closed structure of C lifts to C(P, (), we provide a functorial P-intertwining on
[A, B]!, and demonstrate that the unit and counit morphisms are morphisms in C(P, Q).
We claim that (o4, 05); as defined below is a P-intertwining with the described inverse:

(o4,08)1 :=(P[A, (evB)(Qop)(QesP)(QIA, B'ay ")) (Pnjia pip)
(coev[A, B]'P)

(04,08); " =([A, (Bev)(05' Q) (PesQ) (PIA, BI'Ta)' P) (4 s P)
(P[A, B]'coev)

Demonstrating that ([A, B)', (o4,08);) is an object of C(P,Q) requires showing that
(ca,08) and (o4, 08); " , - are inverses and that the induced Q-intertwinings given by

(14, (evB)(QaB)(QegP)(Q[A B]l _1)] Q)(US[A,BVPQ)
(Q[A, B]'coev)
(aom) =(QA, (Bev)(05'Q)(PeAQ)(PIA, BI'on)]) Qi pig)
(coev[A, B]'Q)

<UAaUB>l =
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are inverses as well. These fact are not hard to show, but reduce to long diagram chases,
for which we refer the reader to Section 7. If f : (B,o5) — (C,0¢) is a morphism in
C(P,Q), then it follows by definition that [A, f]' is also a morphism in C(P, Q):

(PIA, []){oa,08)1 = (P[A, f])(P[A, (evB)(Qop)(Qe P)(Q[A, Bl'o')]')
(PWQABlP>(CoeV[A B] P)

(P[A, f(evB)(Qog)(QeiP)(Q[A, B'a ")) (Piga pyip) (coev[A, B]'P)
(P[A, (evC)(Que)(Qf P)(Qes P)(QLA, Bl'o 1)) (Pnga pyp)(coev]A, B]'P)
(

(

P[A, (evC)(Qoc)(QecP)(QLA, CToy ) (QIA, FI'PA)) (Pgia pyp)
coev[A, BI'P) = (04,00)([A, f]'P)

Hence the assignment

(A, 04), =] - C(P) — C(P,Q)
(B,og) — ([A, B]', (04,08))

is functorial by acting as [4, —]' on morphisms. In particular, the functor [(A4,c4), —]' is
a lift of [A, —]" via the forgetful functor U so that U[(A4,04), —]' = [A,U(-)]". Hence, it
only remains to show that natural transformations n* and € lift to C(P, Q), with respect
to the defined P-intertwinings on [(A,04), —]'. We must check that

(Png)os = (04,08 @ aa)(nzP) : B& P = P®[A,B® Al
holds. We must also check that the counit commutes with the P-intertwinings i.e.
op(epP) = (Pep)((04,08) ®04) : [A, Bl ® A® P - P®B

holds. Both fact are proved in the form of commutative diagram, which are presented in
Section 7. Hence, we have demonstrated that the left closed structure of C lifts to C(P, Q)
via the forgetful functor U. [

4.3. COROLLARY. If C is a right closed monoidal category, then C(P,Q) has a unique
right closed monoidal structure lifting that of C, such that the forgetful functor U becomes
right closed.

PROOF. One could prove this statement directly as done for the left closed structure in
Theorem 4.2, however, we take a short-cut in this case. Notice that a right closed structure
on (C,®) corresponds to a left closed structure on (C,®°P). Hence, the forgetful functor
U :C(P,Q) — C lifting the right closed structure of C is equivalent to U°? : C(P, Q)" —
CeP lifting the left closed structure of C°, where by C°* we mean (C,®°?). On the other
hand, we observe that (P, Q) is again a pivotal pair in C°? with ev and coev making @ a
left dual of P and ev and coev making @ a right dual of P in (C,®°P). Furthermore, we
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have an isomorphism of categories

L :C™(P,Q) C(P,Q)®
(Ao : AQPP 5 PRPA)r—= (Ao ': AP > PR A)

R :C(P,Q) CoP(P, Q)
(4,0 : AP P& A —= (A, 07 : AQ® P — P ®% A)

which is monoidal i.e. for a pair of objects (A,04) and (B, o) in C(P,Q)°?, we have

R((A,04) ®* (B,op)) = R(B® A,0p®04)) = (B® A, (0 ®04)7")
= (Bo A (Booy') (o' © 4))
= (A,03") @ (B,o7") = R((A,04)) ® R((B, 05))
Moreover, U°P L is precisely the forgetful functor from C°?(P, Q) to C° which sends a pair
(A,0) to A. By Theorem 4.2, we know that U°PL lifts the left closed structure of C°? and

since L is a strict isomorphism of monoidal categories, we conclude that U also lifts the
left closed structure of C°P. [

The proof of Corollary 4.3 allows us to compute the induced P-intertwinings on the
right inner homs of C so that the right closed structure of C lifts to C(P, Q). Explicitly,
if (A,04) and (B,op) are objects in C(P,Q), and T4 : — — [A;A® —|" and 64 :
A®[A,—]" — — denote the unit and counit of — ® A - [A, —]" in C, then

(04, 08) =(P[A, (evB)(Qop)(QO5P) (@4 [A, Bl P)") (PTG 5yrp)
(coev[A, B]"P)
(0a,08), " =([A, (Bev)(05'Q)(PO5Q) (0a[A, Bl Q) P) (T34 5o P)
(P[A, B]"coev)
define a suitable P-intertwining on [A, B]" so that the endofunctor [(A,04),—|" which
sends a pair (B,op) in C(P,Q) to ([A, B]", (c4,05),) is right adjoint to — ® (A, 04).
4.4. COROLLARY. If C is left (right) rigid, then C(P, Q) is left (right) rigid.
PROOF. The statement follows directly from Theorem 4.2 and Corollary 4.3, when re-
stricted to the case of a left or right rigid monoidal category. Explicitly, if (X, o) is an
object in C(P,Q), then the P-intertwinings induce on ¥X = [X, 1) and XV = [X,1]" (if
they exist), are denote by ovy and oxv, respectively, and are given by
O'vX = (evxPVX)(YXo 'V X)(YX Pcoevy)
= (ev VX P)(PevxQ"XP)(PYX5 "X P)(P"XQcoevx P)(P"Xcoev)
oxv = (PX"ev)(PXYQevyP)(PX G ' X" P)(PcoevyQX"P)(coevX"P)
oxv = (XY Pevy)(XYoX")(coevy PXY)

providing the left and right duals of (X, o) in C(P, Q). n
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4.5. THEOREM. If o : ide — V(=) is a pivotal structure on C and P is fived by " (—),
VP =Q and gop = idp, then C(P,Q) is pivotal and the forgetful functor U preserves this
pivotal structure.

PROOF. In this case, the pivotal structure of C directly lifts to C(P, Q). Here, we demon-

strate that ox : (X,0) — 7V(X,0) commutes with the P-intertwinings for any object
(X,0) of C(P,Q). Observe that by Corollary 4.4, V“(X,0) = (Y X, (ovyx)vy) where

(UvX)va = (erXP(VVX)) (VVXUJ;( VVX)(VVXPCOGVVX)
= (P("YX)ev)(P(YV5)P)(coev "V X P)

Observe that in the above statement we are abusing notation and assuming that " (—) is
strict monoidal whereas this is not necessarily the case and V'@ should denote a morphism
from “V(Q ® X) to V(X ® Q). However, this is not an issue since gx is a monoidal
isomorphism and commutes with the natural isomorphisms "'(Q ® X) = YVQ ® VVX.
Since Vox = Qi)l( holds, [Ng und Schauenburg, 2007] Appendix A, we conclude that

(o)) (ex P) = (P(™ X)ev) (P(“Y5) (00 © 0x)(0g X)P) (coev X P)
— (P("X)ev)(P(ox ® 0g)P)(PFP)(Pag X P)(coevX P)
= (Pox)(PXev)(PaP)(coevX P) = (Pox)o
Hence px is morphism in C(P, Q) and lifts the pivotal structure of C trivially. n

4.6. REMARK. Notice that in the proof of Theorem 4.5, we only needed ¢ for an arbitrary
object (X,0) in C(P, Q) to commute with gp. Although this does not hold for arbitrary
P-intertwinings, one could restrict to a subcategory of C(P, Q) where this additional
condition holds. We will briefly discuss generalisations of this type in Section 6.1.

Before concluding this section, we show that all colimits in C lift to C(P, Q).

4.7. LEMMA. If C is closed, the forgetful functor U creates colimits.

PROOF. Consider a diagram D : J — C(P, Q) so that the diagram UD : J — C has a
colimit A in C with a family of universal morphisms 7; : UD(j) — A for objects j in C.
Since D : J — C(P,Q) is a functor, we have a family of morphisms ¢; : D(j) ® P —
P ®D(j) which are natural with respect to J and thereby form a natural transformation
0:D®P = P®D. Furthermore, because the category C is closed, the diagrams UD ® P
and P ® UD admit colimits A ® P and P ® A, respectively. By the universal property
of A® P, there exists a unique morphism o4 such that o4(7 ® P) = (P ® m)o. Since o
is invertible, it follows from the universal property of P ® A that there exists a unique
morphism o' such that o;'(P ® ) = (7 ® P)o~!. It follows that o4 and o' are
inverses and similarly we conclude that the induced Q-intertwinings on A are inverses.
Hence, (A,04) is an object of C(P,Q) and 7w : D = (A, 04) a cocone of the diagram. To
demonstrate that (A,o04) is a colimit, consider another cocone k : D = (B,op). Since
A is a colimit of UD), there exists a unique morphism ¢ : A — B such that Ux = t(Un).
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What remains to be shown is whether £ commutes with the P-intertwinings of A and B
which follows from the universality of A ® P and the calculation below

(P@t)oa(Un@P)=(Pat)(PoUr)=(P®Uk)
=o0p(Uk® P)=0p(t® P)(Ur ® P)

Hence (P ® t)oa = op(t ® P) and thereby, (A,04) is a colimit of the original diagram
D. ]

4.8. COROLLARY. If C is a rigid abelian category, then C(P,Q) is rigid and abelian and
the forgetful functor U is exact.

PROOF. Since in a rigid category X ® — and — ® X preserve limits as well as colimits, for
arbitrary objects X in C, a symmetric proof to that of Lemma 4.7 demonstrates that U
creates limits. Furthermore, the additive structure of C lifts trivially and since U creates
all finite limits and colimits, C(P, )) becomes abelian and U exact. ]

We conclude this section with a small examples of what the category C(P, Q) looks
like, for a well-known monoidal category.

4.9. EXAMPLE. Let G be a finite group and consider the monoidal category of finite
dimensional G-graded vectorspaces vece with the usual monoidal structure, as described
in Example 2.3.6 of [Etingof u.a., 2016] and denote its simple objects by V, where g €
G. Then for any g € G, P = V, is pivotal and Q = V-1 and the evaluation and
coevaluation morphism are trivial identity morphisms of the ground field. Hence, the
category C(V,,V,-1) has pairs (@]-,V},,0) as objects, where n € N, h;, € G and o :
D1 Vhg — D=1 Von, is a G-graded isomorphism. Due to the trivial form of the the
duality morphisms in vecg, for any such o, @ and 7! will automatically be inverses.
Note that for any object (& ,Vj,, o), the set {h; | 1 <i < n} is a disjoint union of orbits
of the conjugation action of g on G.

5. Resulting Hopf Monads

In this section, we assume that the category C is closed and has countable colimits.
Thereby, ® commutes with colimits and the category of endofunctors End(C) also has
countable colimits. Utilising this, we construct the Hopf monad whose Eilenberg-Moore
category recovers C(P,@). In our first steps, we will call a morphism F(X) — X, for
any endofunctor F' : C — C, an action of F on an object X. Although the functors in
question will not carry any monad structures, we will build a monad on the colimit of a
diagram of these functors, so that these actions induce a genuine module structure over
the resulting monad, thereby justifying our terminology.

Observe that for a pair (X, o) in C(P,Q), we can view ¢ and o~ ! as certain actions of
the functors Q ® —® Pand P® — ® (Q on X:

(ev®X)(Q®0o) (X®ev)(c™'®Q)

QRX®P X

X PRX®Q
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Moreover, for any pair (X,o) in C(P,(Q), we can translate the mentioned actions in
terms of the induced @Q-intertwinings, since (X ® ev)(d ® P) = (ev ® X)(Q ® o) and
(ev@ X)(PR7 ') =(X®ev)(07' ®Q).

Conversely, when provided with two morphisms o : Q@ X ® P — X and f: PR X ®
@ — X, we can recover right and left P-intertwinings as below:

(PRa)(coev@ X ®P) (B2Q)(P®X ®coev)

X®P P X P®X X®P

If we want the induced P-interwtinings of o and 3 to be inverses, we need the following
equalities to hold:

v X =BPRa®Q)(PRQ®X @coev): PRQ®X — X (8)
XRev=a(Q®RLRP)(coevRk XRQRIP): XRQRIP — X (9)
Similarly, @ and § induce Q-intertwinings, (5) and (6) which can be written as
X ® Q (Q®B)(coevr X®Q) Q @ X Q ® X (a®Q)(Q®XRcoev) X® Q

In order for the induced Q-intertwinings to be inverses, we require the following equalities

to hold:
v X=aQRBRP)(QRPRX®coev) : QR PRX — X (10)
X@ev=BP2a®@Q)(coev X@PRQ): X®P®Q - X (11)

With this view of P-intertwinings in mind, we construct the left adjoint functor to U.
Define the endofunctors F,, F : C — C by

F(X)=Q®X®P, F(X)=PX®Q
Let the endofunctor F* be defined as the coproduct

neNu{O}a(ilviQ ~~~~~ in)e{ffi'}n

n

where the term F; F;, - -+ F;, at n = 0, is just the identity functor id¢. For arbitrary n € N
and (i1,49,...,4,) € {—,+}", we denote F; F},---F; by Fj i, i and the respective
natural transformations Fj, ;, ;. = F* by t;, 4, .. We denote the additional natural

transformation ide = F™* by . Hence, for any Fj, 4, . ;. we have four parallel pairs:

be tyiqsin..in (POQ®F iy, ... iy, ®COEV)
P®Q®F, .. i F* (12)

77777
Liq yig,... in (VOF ig . in)

b iqsig,..in (COBVRFG o i, ®QRP)
*
E1,i2,...,in X Q X P F (13)

Ligigserorin (Fip ig,... in ®€V)

by iq igynnrin (ROPRFy g ... iy, ®coev)
QRPREF iy in F~ (14)

-----
Lig igserrin (OVOFL g, in)

b i yiq yigyenyin (CORVRFG in . in ®PRQ)
Fivigyin ® PR Q F~ (15)

Liq yig,..vin (Fiq ig,... in ®CV)
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Consider the diagram, in End(C), which the described parallel pairs create. We denote
the colimit of this diagram by 7T, the unique natural transformation F* = T, by v, and
the compositions ¢, 4, . i, and Yy, by ¥, 4,4, and 1y, respectively.

Since ® commutes with colimits, the family of morphisms

w+,i17i27~--,in : Q ® Fihiz ----- in & P—=T

induce a unique morphism o : QT ®P — T such that a(Q®@v4, 4. in @ P) = Vi i1 i in
Similarly, the family of morphisms

V_ivinein PO F, iy i @Q =T

.....

induce a morphism 5 : P® T ® @ — T such that S(P ® i, iy..in @ Q) = V_ i, iy i As
mentioned at the start of the section, such actions o and S provide us with the necessary
P-intertwinings, but we must show that the induced P-intertwining belongs to C(P, Q).

5.1. LEMMA. For any object X in C(P,Q), the pair
(T(X), (P ® ax)(coev @ T(X) @ P))

belongs to C(P, Q).

PrROOF. As we demonstrated at the beginning of this section, we only need to check
that equalities (8), (9), (10) and (11) hold for the defined actions ax and fx. Consider
equation (8). We observe that by construction

(ev@T) (P ®Q ®Viy iy,...in) = Ve iy sig,onin (P @ Q @ Fiy 4,
(P ® Y iy in,. M®QXP®Q®EM ..... i, @ coev)

(

(

PRa@Q)(P Q&Y. i@ POQ)NP QO F, i, ®coev)
PRa®Q)(PRQ®Tcoev)(P®Q QY. i)

77777

=p
=p
=0
and by the universal property of the functor 7', we conclude that

(ev®@T)=BP2a®Q)(P®Q®T ® coev)

It should be clear that (9), (10) and (11) follow in a similar manner from the construction
of the functor 7', and we leave the details to the reader. [

We denote the natural transformation (P ® «a)(coev®@ T @ P): T ®@ P = P® T by
o’ Hence, we define the functor ' : C — C(P,Q) by F(X) = (T(X),0%) for objects X
of C and F(f)=T(f) for morphisms f of C. By construction, F' is functorial.

5.2. THEOREM. The functor F as defined above is left adjoint to U, making F' 4 U a
Hopf adjunction.
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PRroOF. We provide the unit and counit of the adjunction explicitly and show they satisfy
the necessary conditions. The unit of the adjunction was present in our construction as
v =1y :ide = UF = T. For the counit, consider a pair (X, o) in C(P,Q) and denote
its induced actions (ev ® X)(Q ® ¢) and (X @ ev)(c7! ® Q) by a, : F (X)) = X
and (3, : F_(X) — X, respectively. We can define 6, ,, .. : Fi i, i, (X) = X, for
arbitrary n € N and (iy, 9, ...,1,) € {—,+}", by iteratively applying a, and /3, so that
Ot irsi,sin = a(Q®0;, 4y 5 @P)and 0_; 5, i = Bo(P®0;, 45,4, ®Q), where 0 = a,
and 0_ = (,. Together with 6y = idx, we have a family of morphisms from Fj ;, ;. (X)
to X, which must factorise through F*(X). We denote the unique morphism F*(X) — X
by 6* and observe that the family of morphisms described commute with the parallel pairs

(12), (13), (14) and (15) e.g. for the parallel pair (12):

0 L 4 i inyin (P @ Q ® Fiy iy i, @coev) =0 454, 0, (PR Q®F 4, i, ®coev)
=B(PRa®Q)(P®Q®0;,,. ., QR P)(PRQ® Fi .., ®coev)
=B(PRa®Q)(P®Q®X ®coev)(P®Q®0b0; . i)

-----

=(X2ev) (e 'Q)(PRF)(PRQ®0;. i)
=(evR@ X)(PRQ R0,y 4,) =0"(ev® tiyiy...in)

Similar calculations follow for parallel pairs (13), (14) and (15) from the properties of
0. Hence, by the universal property of T(X), we conclude that there exists a unique
morphism 6 x ») : T(X) — X such that Oxv;, i = iy 4s,...in- In fact, 6 is a morphism
between (T'(X),0%) and (X,0) in C(P,Q) ie. (P®0x)ok = o(6x ® P) holds: this is
equivalent to a,(Q ® 0x ® P) = Oxax which holds by definition of fx. By universality
of T, 0 is natural and we have described a natural transformation 6 : F'U = id¢(pg)-
The triangle identities for the unit and counit v and 6 follow trivially by the universal
property of ¢ since 0y (x) ,7)vx = idx by definition. ]

5.3. COROLLARY. The adjunction F' 4 U is monadic and the monad (T,UOp,v) is a
Hopf monad.

ProoF. By Lemma 4.7 and Beck’s Theorem 2.2, the adjunction is monadic. By Theo-
rem 4.2, the induced monad (T, ¢,7) is a Hopf monad. n

At this point we would like to take a step back and look at the particular structure
of T as a bimonad. At the beginning of the section, we described how a P-intertwining
o on an object X is equivalent to a pair of suitable actions a, and B, on X. In the
proof of Theorem 5.2, we showed that for any object (X,0) in C(P,Q), there exists a
unique morphism Oy @ T(X) — X so that 0y 4, 0. = 0i1s,..in, Where 0; 5, i
are just the iterative applications of a, and f,. In particular, for any object X of C,
T(X) has naturally suitable actions ay and fx which satisfy ax(Q @ (i is...in)x @
P) = (V4 irsin,in) x a0d ax (P @ (Viyig,..in)x @ Q) = (V— iy g,...in ) x- Hence, for the pair
F(X)=(T(X),0%), Opx) : TT(X) — T(X) is the unique morphism such that
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for arbitrary non-negative integers n,m and iy, i, ..., i, j1, jo, - - -, jm € {+, —}. As pre-
viously mentioned v = vy : id¢ — T". The comonmdal structure of T" arises directly from
the monoidal structure of C(P, Q). Observe that for pairs (X, o) and (Y, 7) , the induced
action a,g, on A ® B is the composition (o, ® f,)(P ®@ X ® coev ® Y ® Q). With this
in mind, we observe that the comonoidal structure of 7', T5 : T(— ® —) = T(—) @ T'(—),
is the unique morphism such that

where coev;,
COCV _ i1 in,esin — F—in ..... LOCV LOCV
the P-intertwining making 1 the unit of the monoidal structure in C(P, Q) is simply the
identity morphism idp and its induced actions are ayq, = ev and ﬁldp = ev. Hence,
morphism Ty : T(1) — 1 is the unique morphism so that Towl1 i
where ev;, ;. F; .. (1) — 1 is defined iteratively by ev, ;
and ev_;, =evF (evy 4y 4, ), With evy = ev and ev_ = ev.
Lastly, we Wlll provide a criterion for when the constructed Hopf monad is augmented,
and thereby corresponds to a Hopf algebra in Z(C). We say a pivotal pair (P, Q) in C
lifts to Z(C), if there exist braidings A : P ® id¢ = ide ® P and x : Q ® ide = ide ® Q,
such that (P, A) and (Q, x) are objects in Z(C) and coev, ev, coev and ev are morphisms
in Z(C), making (P, \) and (@, x) a pivotal pair in Z(C).

----------

= CViyig,.ins

,,,,,

= eVF+<eVi1,i2 ~~~~~ Zn)

,,,,,

5.4. THEOREM. The Hopf monad T is augmented if and only if the pivotal pair (P, Q)
lifts to Z(C).

PROOF. (=) Assume T is augmented and there exists a Hopf monad morphism & : 7' =
ide. Hence € satisfies v = ide, €0 = £T(€), (ERE)Ty = £ g and & = Ty. We consider the
natural transformation \ := ({¢_ ® P)(P ®id¢ ® coev). We now demonstrate that A is a
braiding as required. First observe that A is invertible and A™! := (P®&, )(coev®ide® P)
provides its inverse:

M= (&Y ® P)(P ®ide ® coev)(P ® & )(coev @ ide ® P)
= (&Y_ ®@ P)(F_(£Y4) ® P)(coev ® ide @ P ® coev)

(fT E( w Jr (1) ® P) (coev ® ide ® P ® coev)

= (80(-)rF-(14) ® P)(coev ® ide ® P @ coev)

= (§Y_ 4+ ® P)(COGV ® ide ® P ® coev)

= (&pev ® P)(ide ® P & coev) = ide

The calculation showing A™*\ = id¢ is completely symmetric and left to the reader.
Observe that the braiding conditions follow from the properties of £&. We can directly
deduce that A\; = idp since

(W)@ P)(P®1®coev) = (To(-): ® P)(P ® 1 ® coev)
= (ev® P)(P ®1® coev) = idp
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and Axgy = (X ®@Ay)(Ax ®Y) holds for any arbitrary pair of objects X and Y in C since

Axey = (Exoy(¥-)xey @ P)(P® X ® Y ® coev)

((fx ®§Y )T5(X,Y)(V-)xey ® P)(P® X ®Y ® coev)

( x Q& (Y )y ®P)(P®X®coev®Y®w)
X®£y( WX @PRY ®coev)(Ex(¢¥-)x ®Y)(P®X ®coev®Y)
X®M)(Ax ®Y)

= (
= (
Hence, (P, \) is an object in the center of C. In the same manner, one can deduce that
X = (€Y ®Q)(Q ®ide @ coev) is a braiding with Y™ := (Q® &Y )(coev ®@ide ® Q) as its
inverse. What remains to be checked is whether coev, ev, coev and ev are morphisms in
Z(C) and commute with the braidings of 1, P®Q and Q® P. For ev we must demonstrate

that ev ® ide = (ide ® ev)(x ® P)(Q ® A) which follows by considering the parallel pair
(14):

(ide®@ev)(x ® P)(Q® ) = (ide ® ev)(x ® P)(Q ® {Y— ® P)
(Q® P ®ide @ coev)
=(ide ® ev) (€14 ® Q ® P)(Q ® {Y— @ coev @ P)(Q ® P ® ide ® coev)
={T (&) (V4)rFL (¥-)(Q ® P @ ide @ coev)
=£0(4 ) Fy(1-)(Q ® P @ ide ® coev)
=4 (Q ® P®ide ® coev) = EYp(ev @ ide) = ev ®@ ide

For coev we must show that (A ® Q)(P ® x)(coev ® id¢) = ide ® coev which follows by
considering the parallel pair (15):

(& Q)P ® x)(coev @ ide) = (€0 ® P ® Q)(P ®ide ® coev @ Q)

P® &Yy @ Q)(coev ® ide ® coev)

ET(E) (W) F_ (Y1) @ PR Q)(P® F, ® coev® Q)(coev ® ide & coev)
EO(Y_)rF_ (Y1) @ PR Q)(P® F, ® coev ® @Q)(coev ® ide ® coev)
EY_ 4 @ P®Q)(coev ®@ide ® P ® coev ® Q)(ide ® coev)

£ @ P ® Q)(ide ® coev) = ide ® coev

(
(
(
(
(
(

In a symmetric fashion, by looking at (12) and (13) one can show that coev and ev are
also morphisms in Z(C).

(<) Assume there exist braidings A : P ® id¢ = id¢ ® P and x : Q ® ide = ide ® Q
making (P, \) and (Q, x) objects in Z(C), such that coev, ev, coev and ev are morphisms
in Z(C). We can iteratively define the natural transformations &;, ;. : F;, . 4, = ide by

Erir,in = (e ®ev)(x @ P)Fy (&)
Eirin = (e ®@ev)(A @ Q) F_ (&0,
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where &, = (ide ® ev)(x ® P) and - = (ide ® ev)(A ® Q) and & = id¢. Since ev and ev
commute with the braidings, then £, = (ev®ide)(Q®@ A1) and - = (ev®ide)(P@x1).
It is straightforward to check that &, ; commute with the parallel pairs (12), (13), (14)
and (15), and therefore induce a unique morphism ¢ : T' — id¢ e.g. for parallel pair (12):

bevinin(PRQRE;, ;i ®@coev) = (ide ®ev)(A® Q)(P®ide ® ev® Q)

(

(POXx®@PRQ)F_ (&5, (PRQ® L, 4, ®coev)
(de®@ev) AR Q)(PRX)(PR®Q®E;, i)
=(ev®@ide)(P ® Q ® &, i,) = &iy,..in (ev @ ide)

Similar arguments follow for &, ; commuting with parallel pairs (13), (14) and (15).
Observe that by definition v = id¢ and & = Tj since (&, 4, )1 = (ev4,. 4, ). Furthermore,

59(¢21 ,,,,, in)TFil ..... in (¢j1 ..... jm) = 5%1 ..... Ty Jlyeeesdm 61'1 ,,,,, InsJ1seesJm

and from the universal properties of 7T and T'(— ® —), we conclude that €0 = £T'(§) and
(E®E&)Ty = € g and thereby, ¢ is a bimonad morphism. n

Recall that an augmentation on a Hopf monad is equivalent to a central Hopf algebra
structure on T'(1). To be more precise, T'(1) together with T5(1,1) : T(1) — T(1) @ T'(1)
and Ty : T(1) — 1 form a comonoid in C. Additionally, as we recalled in Theorem 2.8,
if (P,\) and (@, x) is a pivotal pair in the center of C, then we have a monoid structure
on T(1), m: T(1) ®T(1) — T(1), ¢¥o(1) : 1 — T(1) where m is the unique morphism
satisfying

.....

-----

S(Wiy,in (1) @ide) = (ide @ Viy,.in (1) Ami i insenia

It follows that (7°(1),<) is an object in the center of C and together with m, 1(1), T»(1, 1),
Ty forms as central bialgebra. Moreover, we have an induced isomorphism of bimonads
T:7T(—)=T(1) ® — defined as the unique morphism satisfying

-----



PIVOTAL OBJECTS IN MONOIDAL CATEGORIES AND THEIR HOPF MONADS 311

Additionally, T'(1) becomes a central Hopf algebra and its antipode S : T'(1) — T'(1) can
be recovered as the unique morphism satisfying

Swily---7in :(evi17---yin ® ,[7Z)_'Ln77_7/1(1))(Q11 ® tt ® an ® >\Z_nl,,’Ll (F_iny--w—il))
(Fir,oin (1) @ cOCV iy i)

17---7in

with its inverse S™!: T'(1) — T'(1) defined as the unique morphism satisfying

ST Wi, i = (Vi i @ Wiy (1))
Qi ®...00Q; ® >\Z‘_n17__,7;1(F—in,‘..,—il))(Coev—in,...,—il ® Fy, . i (1)

We now review the structure of the constructed Hopf monad on some familiar categories.

5.5. EXAMPLE. If C is braided with braiding ¥, then (P, Up_) and (Q), ¥ ) naturally
form a pivotal pair in Z(C) and by Theorem 2.8, T' is augmented. In particular, 7" =
T(1) ® — where T'(1) is in fact a braided Hopf algebra in C since the induce braiding on
T'(1) will naturally coincide with the braiding Wp(y),—.

5.6. EXAMPLE. Let K be an arbitrary field and consider its symmetric monoidal category
of vector spaces (Vec, ®,K), where ® denotes the tensor product over the field. Any
finite dimensional vectorspace is dualizable and pivotal with its dual vectorspace having
the same dimension and the trivial evaluation and coevaluation providing the duality
morphism for both sides. Since the category is symmetric, by Theorem 2.8, any Hopf
monad constructed as above is augmented. Hence, the monad should arise from a Hopf
algebra. Explicitly, for an n-dimensional vectorspace, the monad F™* is isomorphic to
B ® —, where B is the free algebra K(;f;,,e; | 1 < ¢,7 < n) and generators ;f; and ,e;
correspond to the bases of P® () and Q ® P, respectively. Consequently, the monad T is
isomorphic to the induced monad, H ® —, where H is the quotient of the algebra B by

relations
n n

n n
iji-jek = Zz’fj‘kej = Zjei‘jfk = Ziej-kfj = 5z‘,k
i=1 j=1

j=1 j=1

for all 1 < i,k < n. The coproduct, counit and antipode, A, ¢, S of the Hopf algebra H
are defined as

AGI) =D ifi® i fre €Gfr) =0in SGIR) = e
7j=1

A(er) = Ziej ® jex, €(er) =ik,  S(ex) = 1 fi
j=1

forall 1 <,k <n.
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5.7. REMARK. The Hopf algebra constructed in the above example can be viewed as
a suitable quotient of the free Matriz Hopf algebra N'GL(n) discussed in [Skoda, 2003].
The free matrix bialgebra of rank n? is exactly the free algebra K(;f; | 1 < i,j < n)
with the coproduct and counit defined as in Example 5.6. The Hopf envelope of this
bialgebra as defined by Manin [Manin, 1988], would be the quotient of [[,. B; where
B =K{,f';| 1 <4,j <n) by the relations Z?:l ST =" jlez‘-jflk = 0; for
all [ € N and the antipode is defined as the shift S(;f';) = ;f"*';. The Hopf algebra of
Example 5.6 is just the quotient of this Hopf algebra by requiring the B; components to
be equal for odd [ and similairly for even [, so that S? = id.

5.8. EXAMPLE. Notice that any n-dimensional K-vectorspace, P, in fact belongs to
a GL(n,K) moduli of pivotal pairs. Let (P,Q) denote a pivotal pair in Vec, with
coev, ev, coev, ev representing the relevant duality morphisms. We can always pick a basis
{v;}i, for P and change the basis of @, to {w;}?_,, so that ev(w;,v;) = ¢; ; and coev(l) =
> iz Vi @ w;. Consequently, coev must be of the form coev(1) = 37", ¢ijw; ® v;, where
9 = (¢ij)1<i j<n forms an invertible matrix and ev(v; @w;) = p;;, where Q! = (pij)1<i j<n-
Hence, we can associate a Hopf algebra to each invertible matrix £, as a quotient of the
free algebra K(;f;,,e; | 1 <1i,j <n) by relations

n n

n n
E jfk'jei:§ if i k€j = Dik, E jei-lfkqj‘l:g €1 f195 = ik
j=1 j=1

ji=1 jl=1

for all 1 <4,k < n. The coproduct and counit, A, e, of the Hopf algebra are defined as in
Example 5.6, for e, and extended by

A(ifr) = Z i @i, €Gfr) = par
§l=1

S(ier) = ZkuQIi> S(ifr) = Zkelpu
=1

=1
forall 1 <,k <n.

5.9. EXAMPLE. [Theorem 4.11 [Ghobadi, 2020]] If A is a K-algebra and P a pivotal
object in the category of A-bimodules, 4 M 4, the arising Hopf monad was constructed in
[Ghobadi, 2020]. As proven in [Szlachanyi, 2003], additive bimonads and Hopf monads
on 4 M, which admit a right adjoint correspond to left bialgebroids and Hopf algebroids
over A, in the sense of Schauenburg [Schauenburg, 2000]. We adapt the notation of
[Bohm, 2018] to describe the Hopf algebroid in question and refer the reader to [Ghobadi,
2020] where the construction is described in full detail. Consider the A ®x A°’-bimodule
structure induced on @ ®k P (resp. P ®k () where we regard @ (resp. P) as an A-
bimodule and P (resp. @) as an A°’-bimodule, where A°? denotes the opposite algebra to
A. We denote arbitrary elements of Q ®x P and P ®x @ by (¢, p) and (p, q), respectively,
and we denote elements of A°? in H by a line over head i.e. a € A C H and a €
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A°? C H.. We define the Hopf algebroid H as the quotient of the free A @k A°P-algebra
Tagy a0 (Q ®x P & P ®k @) by relations

n

Z(WiaQ)(»’Ump) =ev(p®q)
i (¢, p5) (P, y;) = ev(qg @ p)

: 7

(Y5, p)(pj,q) = ev(qg @ p)

M

1

<
Il

INgE

(p, 7:)(q,wi) = ev(p® q)

1

for all p € P and ¢ € Q, where coev(l) = 3 7 w; ® x; and coev(l) = > 7%, y; ® p; for
positive integers n, m. The coproduct and counit of H, A and ¢, are defined by

Aab) =a®b, e(ab) =ba €((p,q)) =evip®@q) €((g,p)) =ev(g®p)

n

A(g,p) =D _(q,w:) @ (i, p) =2_(.9:) ® (P

i=1

n [Ghobadi, 2020], we show that H is not only a left Hopf algebroid in the sense of
Schauenburg, but furthermore a Hopf algebroid in the sense of Bohm, and Szlachanyi

[Bohm und Szlachéanyi, 2004] and admits an invertible antipode S acting as S((p,q)) =
(q,p) with § = S~1.

6. Generalizations

6.1. ON GENERALISATION TO PIVOTAL DIAGRAMS. By a pivotal diagram, we mean a
functor D : J — CE from a small category J to the category C5 which has pivotal
pairs (P, () as objects and morphism all f: P, — P, as morphism between (P, Q)1) and
(P, P»). Hence the datum for a pivotal diagram consists of sets of pivotal pairs (P}, Q;)
and pivotal morphisms f; : P;, — P;, between them, where ¢,7j5,j; € I and j € J for
index sets I, J. We define the category of D-intertwined objects in C, denoted by C(ID), as
follows: the objects of C(DD) are pairs (X, {0;}ier), where X is an object of C and {0 }ier
a family of morphisms o; : X ® P, - P, ® X for ¢ € I, so that for all i € I, the pair
(X, 0;) belongs to C(P;, Q;), and for any j € J,

(fi®oX)oj, =0;(X®f;): XQP, - P,®X

holds. Morphisms between objects (X, {0;}icr) and (Y, {7; }icr) are morphisms f : X — Y
in C, which satisfy 7;(f ® P;) = (P, ® f)o; for all i € I.

Observe that C(D) lifts the monoidal structure of C: we can define the tensor of two
objects (X, {0;}icr) and (Y, {7 }ier) of C(D) as

(X, {oi}ier) © (Vi {mitier) = (X @Y, {(0: @ Y)(X ® 73) }iex)

By this definition, for any ¢ € I, the forgetful functor U; : C(D) — C(P;, Q;) which sends
a pair (X,{o;}ier) to (X,0;), is strict monoidal. Consequently, the forgetful functor
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Up : C(D) — C sending pairs (X, {o;}ier) to their underlying objects, X, also becomes
strict monoidal. We must emphasize that the monoidal structure well-defined because for
any j € J, f; commutes with the relevant P-intertwinings, and thereby

(fioX®Y)(0,Y)(X®T1,)=(0,0Y)(X®feY)(X®T,)
= (05, @Y)(X @7, )(X @ fj)

holds.

6.2. THEOREM. If C is a left (right) closed monoidal category and D a pivotal diagram
as described above, then C(D) has a left (right) closed monoidal structure which lifts that
of C and the forgetful functor Uy is left (right) closed.

PROOF. In Theorem 4.2, we have provided suitable P;-intertwinings for inner homs of two
objects in C(FP;, @;) and demonstrated that the unit and counits of the adjunctions com-
mute with these intertwinings. Hence, if (X, {0;}icr) and (Y, {7 }icr) are objects of C(D) ,
we only need to check whether the induced D-intertwinings {(o;, 7;): }ier and {{o;, 7i)r ier
commute with morphisms f; so that ([X,Y]',{(0s, )i} ier) and ([X,Y]", {{o:, Ti)» }ier)
provide inner homs in C(ID), and lift the closed structure of C. Let j € J, then

<th;7'jt>([X Y] f]) = [ (eVJt )( JtTJt)<QJt ')(th[A7B]lo-j;1)]l>
1 s, )(coev A, B P (X, Y1)
=(P;,[A, (ev;, B)(Q; Tjt)(Q]tyfj)(sz€A]3js)(th[AaB]laj_sl)]l>
)

Jth“[ B]'P;, (coevy,[A, B]'P;,)

(A, (evi, B) (Y f; ® 73.)(Qse5 ) (Q4[A, Bl'o; D)]')
(coevj,[A, B]'P;.)

[A, (evy, B)(Q,7:.)(Q1.¢5P5,)(Qy,[A, Bl'a; M)
JtT/QJ [A,B]!P;, ((Py ¥ fy)coev;, [A, B]'P;,)

XY (P [A, (ev,, B)(Q5,73.)(Qy.e5 P ) (Qy, [A, Bl'ay M)
Mo, 1.8y, ) (coevi [A, BI'Py) = (f1X, Y1) {05, 75,0

("
thQJt A,B lPJS)
(
)

(P;
(P
(P,
(P
(P;
(P
(P,
(P
=(/f
(P
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holds, where " f; := (ev;Q;.)(Q;,fiQ;.)(Qj.coev;,). A similar computation follows for
{{0i,7i)r bier and

(0073 )e (X, YT ) = (Bl A, (ev,, B)(Q57)(Q5, 0P, 5 [A, BY P,)]")
(PLT4 aspp, )(coev, [A, BI B, (X, Y] /)

(P;,[A, (ev;, B)(Q;,7,)(Q;, Bfi)(Q;,03F;,) (@, [A, BI"P,)I")
(P;, Fén[A Bp;,)(coev,[A, B]"P;,)

(Pi[A, (ev;, B)(" f; ® 7,,)(Q;,05P;,) (5, [A, BI'P,,)]")

(P, Fg]t[A B]"P;, )(Coevjt[A7 B]"P;,)
(P
(P,
=(f
(P

A, (ev;, B )(st®Tjs)(st@§Pjs)(Ujg
U5, 1amrp, ) (P, Y fi)coev,, [A, B'P;)

HIXYT)(PLIA, (evy, B)(Qj, © 73,)(Q;,03F;,) (5. '[A, BI"P)]")
5, 1a.mpp, ) (coevi [A, BI"P) = (fi[X, Y1) {05, 7j.)r

holds. We are using the fact that a;, 7! (" f;A) = (A" f;)7;. ' which follows from (¥ f;A)7;, =
T (AVf)). .

As in Section 5, one can construct the relevant Hopf monad for a pivotal diagram,
when suitable colimits exist. The monad will be a quotient of the coproduct of T}, where
T; are the respective Hopf monads of each pair (P;, Q;). We would also like to point out
that as mentioned in Remark 4.6, if one considers the pivotal diagram D, consisting of
the object (P, Q) and the morphism gp : (P,Q) — (P,Q) in a pivotal category C, the
obtained category C(ID) will lift the pivotal structure of C. We will make this statement
more precise in the next section.

1A, BI"P;,)]")

6.3. C(P,Q) AS A DUAL OF A MONOIDAL FUNCTOR. In this section we comment on
the connection between our work and the recent work on Tannaka-Krein Duality for
bimonads, as presented in [Shimizu, 2019].

In [Majid, 1992], Majid introduced the dual of a strong monoidal functor U : D — C
as the category whose objects are pairs (X,0: X @ U = U ® X), where X is an object
of C and ¢ a natural monoidal isomorphism. One can recover the center of a monoidal
category, C, as the dual of the identity functor id¢ : C — C. The dual, denoted by U°, has
a natural monoidal structure, as in Relation (7), so that the relevant forgetful functor to C
becomes strict monoidal. If we weaken this definition to allow the braidings, o, to not be
isomorphisms, we arrive at the concept of the lax dual or weak center, and must distinguish
between the right and left dual, each having objects of the form (X,0: X ®@U = U ® X)
and (X,0: URX = X®U), respectively. However, if D is rigid, then all lax braidings will
be invertible and the lax left dual, the lax right dual and U°, will all agree [Schauenburg,
2017).

In [Shimizu, 2019], given a reconstruction data i.e. a strong monoidal functor U : D —
C, from an essentially small monoidal category D, Shimizu constructs the bimonad whose
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modules would recover the left lax dual of U, and describes this monad as a coend. This
generalizes the work of [Bruguieres und Virelizier, 2012] on the centralizability of Hopf
monads. The tools in [Shimizu, 2019] are then used to provide a monadic setting for the
FRT reconstruction for a braided object in C, where D is the category of braids. In the
same vein, our work can be viewed as a reconstruction for a pivotal pair, where D is the
simplest pivotal category

A choice of a pivotal pair in a monoidal category C, exactly corresponds to a strict
monoidal functor from the monoidal category generated by a single pivotal object, which
we denote by Piv(1). In the language of monoidal signatures, as described in Section
6.1 of [Shimizu, 2019], the category Piv(1) is the monoidal category generated by two
objects 1 and 2 and two pairs of duality morphisms making 2 both the left and right
dual of 1. From this point of view, it should be clear that given any pivotal pair in
C, we have a strict monoidal functor (P,Q) : Piv(l) — C which sends 1 to P and 2
to Q. Additionally, any pivotal morphism f : (P;,Q1) — (P, @2) provides a natural
transformation between the corresponding functors f : (P, Q1) = (P>, Q1) with f; = f
and fy = (ev2Q1)(Q2fQ1)(Qacoevy).

Provided with a pivotal pair (P, @), the category C(P, Q) is exactly the dual of the
corresponding monoidal functor (P, Q). Any object (A, o) of C(P, Q) has a natural braid-
ing o defined by op = 0 and oo = 7! and it follows easily that the duality morphisms
commute with these braidings. Conversely, for any object (A4, 0) in (P, Q)°, (A, op) natu-
rally becomes an object in C(P, @), since the duality morphisms commute with o, which
implies that oy and @ must be inverses. We should also note that in [Schauenburg, 2017],
it is shown that the dual of a monoidal functor from a rigid category, lifts the left inner
homs of the target category, when they exist. This result provides an indirect proof for
Theorem 4.2. Additionally, given the reconstruction data (P, Q) : Piv(1) — C, the monad
constructed in [Shimizu, 2019] is given by the coend

a€Piv(1l)
T(X) = / (P.Q)(@) ® X ® (P.Q)(a)"

which would exactly reduce to our definition in Section 5. From this point of view, the
parallel pairs described in Section 5 are the only pairs we consider since Piv(1) is only
generated by the four duality morphisms. Similarly, a pivotal diagram as in Section 6.1 can
be viewed as a strict monoidal functor from the category generated by several pivotal pairs
and morphisms between them, with the relevant composition relations. Consequently,
C(D) can be viewed as the dual of this functor, which by Theorem 6.2 will again be
closed.
We conclude this section by the following extension of Theorem 4.5:

6.4. THEOREM. Assume U : D — C is a pivotal functor between pivotal categories and
strictly preserves duality morphisms i.e. the induced isomorphisms ¢ : F(Y—) — VF(=)
are the identity morphisms. Then the dual of U is a pivotal category such that the forgetful
functor from U° to C preserves its pivotal structure.
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PRrROOF. Since C is rigid, U° is a rigid category and the braidings on the duals are given
exactly as described in Corollary 4.4. Hence the proof follows exactly as the proof of
Theorem 4.5, where ¢ is now a natural transformation. In the calculations of Theorem 4.5,
we required o to commute with gg i.e. in this general setting we need the pivotal structure
o in C to commute with the braidings. However, this follows directly by our assumptions
in the statement and that the braidings commute with U(o?), where oP denotes the
pivotal structure of D. n

7. Diagrams and Proof of Theorem 4.2

In this section, we provide the necessary diagrams for the proof of Theorem 4.2. The
large commutative rectangles marked with #, commute by the naturality of the unit and
the triangle identities.

BP 75 s PB
naP coevBP P(Bev)(gP) Po
[A, BA]ZP PQBP P[A, BA]Z
N /r A~
coev[A,BA]'P PP P??égp P|A,(Bev) (G P)A]! P[A,evBA]!
~ ~N /
PQIA, BA]IP P[A, QBPA]Z P[A, QPBA]’
/ N
PWS[A,BA]lP P[A,QnaPAY P[A,QBo ;')
NA / NA
P[A, Q[A, BA]'PAJ P[A,QBAP]! PIAQ(opG0 )]
|
lo.*l l
P[A’Q[A’fA} Al PIA,QnAAP) \

P[A, Q[A, BAJ'AP] » P[A,QBAP]

P[A,Qel , P)!

Figure 1: Proof of unit commuting with P-intertwinings



A,Blloa coev[A,B]'PA
R

[A, Bl AP (A, BI'PA . PQ[A, BI'PA
/
[A,B]'oy! PnS[A,B]lPA
/ PES[A BllpPA M
[A, B AP PQIA, BI'PA + 2P prag Q[A, Bl PAJ'A
\
AP coev[A,B]! AP PQIA,Bllo*
BP PQI[A, B'AP P[A,Q[AB]'0']'A
\ \
oB coevBP PQE%P PES[A,B]ZAP
~ \ ~ \ ~
l !
_P).\B (m PQBP P[A,Q[A, B] AP] A
EA €
Pefd Pedny P[A,QeP)'A
P[A, Bl'A < P[A,QBP]'A

P[A,(evB)(Qop)]'A

Figure 2: Proof of counit commuting with P-intertwinings



(A, BI'PQP

\

[A,B]! Pcoev

/

nA
Mamirel
_ wslre

coev[A,B]' PQP

[4, B]'P PQ[A, BI'PQP

coev[A,B]'P PQ[A,B]! Pcoev PnQ[A B]IPQP

PQ[A, B]'P P[A,Q[A, B'PAI'QP
Pugyappp P[A.QIA,B]'PAl'coev PIAQIABIo QP

P[A,Q[A. BJ'PA] P[A,Q|A, BI'API'QP
P[AQ[A,B]'o ;]! yA,BJlAP]’mv PAQAPIOP

P[A,Q[A, Bl'AP]!

P[A,QBP)!coev.

PA,Qe P!

PIlA, QBP —)PA QPB}
P[A,Qog]

[A,[A,B'evA]'P

[A,[A, B'PQA)'P

[A,coev[A,B|PQA]'P
[A, PQ[A, B]'PQA]'P

[A,PQ[A,B)! P~ ']'P

[A, PQ[A, B PAQ|'P

[A,PQ[A,B]lo*Q]'P

)

(A

J[A,Bl'Pez 1P

[A,[A.B]

[4,[A, BI'PAQ)'P

[A,coev[A, B! PAQ]' P

[A,coev[A,BI' APQ]' P

[4, PQ[A, Bl'APQ]'P

[A,PQepAPQ]'P

P[A,QBPIQP — s PIA.QPBI'QP

P[A,Qo

P[A,QPB]!coev

Bl'Q

P[A,evB]

Figure 3: Proof of (04,08); (04, 08) = idja pip

[A,P(evB)(Qop)Q]'P
[A,coevBPQ]'P

[A, PQBPQ]'P

Lcoev

(A, [A, BIlAILP — 25104 ppp
o, QP [A,[A,B]! Aev]' P [A,Bev]'P
(A, [A, B]’APQ]IP (A, BPQ]IP
[A.e3PQI'P [Aog QP
[A, BPQI'P [A, PBQ)'P
/ [A,PAQIP

[A, P[A, B'AQ)'P

[A, P[A, BIlQAJ'P

N/

PIA, B) —— i P[4, BIQP

[AP[A.B]'T4~

l]lP



Pev[A,B]!

A
P, m

PQP[A, B)! P[A, B)!

\

P[A,ev[A,B] A}t

coevP[A,B]! PQP[A,B]'coev
/ P pa,
P[A, B! PQP[A, BlQP ————— P[A,QP[A, BI'QPA]!
A, B] /Q A BIQP — o PIAQPIA BJQPA TR
P[A,B]!coev coevP[A,B]'QP PQn,’}[AVBJ,QP P[A,QP[A,B)'Qo ;")
/ t COEVZ
P[A, BJQP PQIA, P[A, BIQAJ'P P[A,QP[A, BIQAP]! PLA.QPia Bl Ace]
oiamiol }V[A’P[A’BWAVP PQIA.P[A,B)'73] P PAQPIABZP]
4, P[A, BIlQAJ P PQIA, P[A, B AQ]'P . P[A,QP[A, B AQPY'
e /COCV[A’PBQ]IP [A,PAQI P PlAQPefQP)
[A, P[A, B'AQ]'P PQ[A, PBQ)'P ———————— PQ[A, BPQ]'P

[Ao5'QIP
coev[A,PBQ]'P coev[A,BPQ]'P

[A,PepAQI'P

PQ[A,Bev]' P

. !
A PBQIP [Aop'QI'P A, BPQEP [4,Bev]'P

P[A,QP[A, Bl'A)!

P[A,QPeg)!

P[A,QPB)

P[A,QP Bcoev]!

P[A,QPBQP)

(A, B'P

Figure 4: Proof of (o4,05)i1(ca,08); " = idpia, gy

coev[A,B]'P

PQI[A, B'P

P[Aep]!

P[A,Qop']!

P[A,Q(Bev)(05' Q)P

PpA

P[A,[A, B'A)} ———— P[A, B)!

P[A,evB]
P[A,QPB]
P[A,Qop]!
P[A,QBP)!
P[A,Qeg P!
P[A,Q[A, BI'AP)!

P[AQIA,Bl'o ]!

P[A,Q[A, B)'PA]

Q[A,B)l P



A
Qn[AyB]z

A, B]! QA [A, B)'A) ———————— Q[A, B)!
QlAeg)
coev @A B B Q[Aev[A,B] A)! QlAevB]! QlA,Bex!
Q[A, B QPQIA,BI'PQ Q[A, PQ[A, BI'A]! QArOaT Q[A, PQBY QA, BPQ]'
/’ ‘ \ ‘ TR

Q[A,B] coev coevQ[A,B]' PQ QPUZ;[A‘B]lPQ QnPQ[A BliPQ QIA,PQIA,Bllcoev Al Q[A,PQ[A,B]' Acoev]! Q[A,P7R]) Q[A_’”BIQ]Z

Q[A, B'PQ QP[A. Q[A, BI'PAJ'Q Q[A, PQ[A, B'PQA]' Q[A, PQ[A, BI'APQ)' Q[A,PQBcoey]! QA PBQJ
A Q g1 =1yl ‘ 1 1 QIA.PQePQY! 1 AQr
1A, Bl P coev[A,Q[A,B]'o']'Q QP[AQ[A.B]'e, ]'Q Q[&PQ[]B] Poa] QIAPQIABoT 1) Q[A,P(evB)(Qop)Q] Q[A,PeQ]

/ , B
[4,Q[A, BI'PAI'Q QP[A. Q[A, BI'AP]'Q Q[A, PQ[A, BI'PAQ)' Q[A, PQBPQ) Q[A, P[A, BI'AQ)
[4.Q[A,B)'e 3 'Q coev[A,Q[A,BI'AP]'Q QPGP ' QlA,P[A,B)o3]"
sEp
[4,Ql4, BI'API'Q PA.QBPIQ — e QPIA.QPBI'Q QIA, PIA, BIQAY
QP[AevB]lQ
[A, QeAP] Q coev[A,QBPI'Q coev[A,QPB]'Q in/\“[AyB]LQ
1 1
4. QBPIQ (4.Qo5]'Q 4.QPBIQ [AevBl'Q A BlQ coev[4,B]'Q QPIA.BIQ
1

Figure 5: Proof of (04,08)1 (04,08)1 = idga gy



(A, BI'Q

[A,B]lev@Q

[A,[A,BllevAl'Q

[Aef]'Q

(4, Bl'QPQ —Q> [4,[4, BJQPA)}Q [4,[4, B'A)'Q (4, B]'Q

]
[AA,B]'Qo,''Q
[4,B]'Qeoev coev[4,B]'QPQ [A,coev[4,BI'\QPAI'Q [A,evBl'Q
A, B]! P[A,B P—>A P[A, BI'QPA A, [A, BJ)QAPY) A,QPB]
A, BI'Q QPIABIQPQ — > [A.QPIA.BIQPAIQ AABIQAPIQ g A QPBIQ
[A.coev[A,B]'QAP]'Q
coev[A,B)'Q QP[A,B]'Qcoev Qn;‘[A_B]lQPQ [A,QP[A,B]'Qo,'1'Q [A[A,Bl'TAPI'Q [4,Qo4]'Q
— [A7E ' PIQ
QP[A, BI'Q Q[A, P[A, BI'QAI'PQ [A,QP[A, BI'QAPI'Q (A, [A, B]'AQPY' Q@ —agma A BQPI'Q . [4,QBP'Q
Qo4 pyio }[A,P[A,B]ZQA]’COW QIA,P[A,B]'54)' PQ [A.QP[A,B)'TEP|'Q Chcoes A.B QPO [A.coevBQP)'Q ?ﬂ)(aglmﬂ’(e [AQeEPI'Q
Q[A, P[A, BI'QA]! Q[A, P[A, BI'AQI'PQ [4,QP[A, BI'AQPI'Q oraono [4,QPBQPI'Q (A, Q[A, BI'AP]'Q
/ o
Q[A,P[A,B)'7 4] }[AB]MQ]:MV QUAPACIF [4,Q[A,B]'03'1'Q
QIA, P[A, BILAQ) QA PBQ'PQ — AT L o4 BPQ)P A4, Q[A, BIPAIQ

Q[A, PBQ coev QA BPQ coev
QUA.PAQ) QlA,Bev]! PQ T a1

QlA, PBQ) QIA, BPQ' ——— e QIA. Bl ——e— QIA, B PQ

QA3 Q)

Figure 6: Proof of (04,05)(04, 03)1_1 = idpa gg
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