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CAUCHY COMPLETENESS FOR DG-CATEGORIES

BRANKO NIKOLIC, ROSS STREET AND GIACOMO TENDAS

ABSTRACT. We go back to the roots of enriched category theory and study categories
enriched in chain complexes; that is, we deal with differential graded categories (DG-
categories for short). In particular, we recall weighted colimits and provide examples.
We solve the 50 year old question of how to characterize Cauchy complete DG-categories
in terms of existence of some specific finite absolute colimits. As well as the interac-
tions between absolute weighted colimits, we also examine the total complex of a chain
complex in a DG-category as a non-absolute weighted colimit.
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1. Introduction

The idea of enriching categories so that their homs lie in some category ¥ other than Set
goes back to the early days of category theory. After all, additive categories amount to
the case where ¥ is the category Ab of abelian groups.

The idea of a more general ¥ appeared in the literature [23, 10, 11, 7, 12] in the
early 1960s. The detailed treatment [5] by Eilenberg-Kelly gave many examples of ¥
including the category of categories and the one that initiated their collaboration, namely,
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the category DGAD of chain complexes. Categories enriched in DGADb are called DG-
categories; their theory (limits and colimits in particular) was developed somewhat in [17]
including seeing the concepts of suspension and mapping cones as colimits.

Since 1969 or earlier, Lawvere was interested in the case where ¥ is the reverse-
ordered set of non-negative extended real numbers. Enriched categories are generalized
metric spaces. He was able (see [9]) to characterize Cauchy completeness for metric
spaces in such a way that the concept applied to categories enriched in very general 7.
For ordinary categories, it means that idempotents split. For additive categories, it means
that idempotents split and finite direct sums exist.

What Cauchy completeness means for DG-categories was therefore an obvious ques-
tion. Various weighted (co)limits which exist in Cauchy complete DG-categories were
distinguished in [22], particularly “mapping cones”. These were key to the construction
for generating the interlocking diagrams which provided complete invariants for finite
diagrams of chain complexes. At the end of Section 1 of [22], a parenthetic statement
(not used elsewhere in the paper) made a false claim, without proof, about the Cauchy
completion of a DG-category.

In the present paper we characterize Cauchy complete DG-categories in terms of exis-
tence of some specific finite absolute colimits. The case of graded categories (G-categories)
is easier and fairly much as expected; we deal with that first. We introduce a slightly new
kind of absolute DG-colimit, namely, cokernels of protosplit chain maps.

We conclude with a construction of a new DG-category DG« for each DG-category
o/ which restricts to the DG-category of chain complexes when 7 is a mere additive (=
Ab-enriched) category. Some properties are discussed.

2. Chain complexes

A good early reference for this section is Chapter IV, Section 6 of Eilenberg-Kelly [5].

Let <7 be any additive category (for us this means an Ab-category). Let DG4 denote
the additive category of chain complexes in /. An object A, called a chain complex in
o/, is a diagram

dn 2 dn d dn_
S A S A, S A, s (2.1)

in o/ satisfying d,, o d,4; = 0. We sometimes write d for d,, and d* for d when there
is chance of ambiguity; these are called the differentials of A. A morphism f: A —» B,
called a chain map, is a morphism of diagrams; that is, a family

f = (fn An - Bn)neZ

of morphisms in o satisfying d® o f,.1 = f, o d? for all n e Z.

Let G« denote the additive category of Z-graded objects in «; we regard it as the full
additive subcategory of DG.e¥ consisting of chain complexes with all differentials equal to
Zero.
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The suspension’ SA of a chain complex A in & is defined by (SA), = A,_; with
d® = —d”. On the chain map f: A — B it is defined by (Sf), = f._ 1. It is sometimes
convenient to regard the differentials as components of a chain map d* : A — SA.
Suspension restricts to G.o7.

A chain complex in the opposite category «7°P, called a cochain complex in o, is
traditionally denoted by a diagram

ant2

AL T pn g (2.2)

in &/ using superscripts rather than subscripts. The virtue of indexing chain complexes
by Z rather than N is that the cochain complex A = A~ is traditionally identified with
the chain complex A = A_ defined by

d7n+1

Ay =A" and (4, 2 A1) = (A L2555 4y (2.3)

In fact this defines an additive isomorphism DG.Z = DG(.a7°P)°P.

When &/ = Ab, we have the additive category DGAb. The monoidal structure on
DGAD of interest has tensor product denoted AQB and is defined in terms of the usual
tensor product of abelian groups as

(A®B)'fl = Zp+q=n AP®B‘1
d(a®b) = da®b + (—1)Pa®db, a € A, . (2.4)

We identify abelian groups with chain complexes A in which A,, = 0 for all n # 0; using
that convention, the unit for chain complex tensor product is Z. Indeed, the monoidal
category DGAD is closed with internal hom [B, C] defined by

[Ba C]n = H’I’—q:n Ab(Bq, Cr)
(df)gb = d(f,b) — (=1)"fy_rdb, f € [B,Cln, be B, . (2.5)

As mentioned in [5], there is a unique symmetry o = 04 5: AQB — B®A defined by
o(a®b) = (—1)"b®a, a€ A,, be B, . (2.6)

We can regard the category GAb of graded abelian groups as the full subcategory of
DGAD consisting of the chain complexes A with all d = 0. The inclusion functor has right
adjoint

Z: DGAb — GAb (2.7)

defined by (ZA), = Z,A = {a € A,: da = 0}, the group of n-cycles of A. Moreover,
the inclusion has left adjoint Z’: DGAb — GAD defined by (Z'A),, = Z/,A = A, /imd".

n some literature, S™A is denoted by A[n].
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The image of the canonical natural transformation Z = 7' is the homology functor
H: DGAb — GAb. So (HA), = H,A = Z, A/imd*.

Notice that GAb is closed under the tensor product, unit object and internal hom of
DGAD, and so is a symmetric closed monoidal category in such a way that the inclusion
is symmetric, strong monoidal, and strong closed. It follows that Z is monoidal and Z’ is
opmonoidal. From the diagram

imd4 ®imd? ——7ZA®R7ZB —— HARQHB —— 0

‘| |+

Z(A®B) —— H(A®B) ——0

with exact rows, we see that H has monoidal structure induced by that of Z.

The conservative functor U: DGAb — GAb which forgets all the differentials d (re-
places them by 0 if you prefer) is also symmetric, strong monoidal (“tensor preserving”),
and strong closed (“internal hom preserving”). It also has both adjoints. The left adjoint
L - U is defined by (LX), = X,11® X,, with

a=[0 5] (2.8)

The right adjoint R U is defined by (RX), = X,,® X,,_1 with d given by the same 2 x 2
matrix. These facts have a number of pleasant consequences, the most obvious is that U
preserves and reflects all limits and colimits.

As an easy application of Beck’s monadicity theorem [13], the functor U is both
monadic and comonadic. The monad T = UL is opmonoidal. The comonad G = UR
is monoidal. To see a chain complex A as an Eilenberg-Moore T-algebra, we take the
action a: TUA — UA to have components |d,1]: A, 1 @ A, — A,. There is a U-split
coequalizer

eLU

LULU  [u- LU ——1pgap (2.9)

which evaluates at A to give chain maps with components
—>/8 «
An+2 @An—i-l @An+l @An Y An+1 @An—>An (210)
_

where o = [d 1]75:[8 é (1) 2]’7:[3 é 2 (1)]

2.1. REMARK. Indeed, there is a commutative and cocommutative Hopf graded ring TZ,
which recaptures the monad T by tensoring with that ring and determines the monoidal
structure on DGAD (as the category of TZ-modules) via the graded coring structure. As
this is an aspect of a fairly general setting and since it is not required for our present
purpose, we redirect the reader to [16, 14, 15].
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3. Constructions on chain complexes

As a category of additive functors into Ab, finite direct sums in DGAb exist and are
performed pointwise.

As mentioned, the suspension SA of a chain complex A is defined by (SA), = A, 1
with @54 = —d4. Suspension restricts to GAb and we have the obvious equality R = LS;
indeed, we have an infinite string of adjunctions

LS" 4 S™"U + LS. (3.11)
3.1. PROPOSITION. For chain complexes A and B, the equality
S(AQ B) =SA® B
is a natural isomorphism in DGAb. Taking A = 7Z yields
SB=SZ®B .

Similarly, for chain complexes B and C, the equalities

S[B,C] =[S7'B,C] = [B,SC]
are natural isomorphisms in DGAbD.

PRrOOF. Indeed we do have a graded equality

SA®B)p = (A®B)pei = Y, A4 ®B,= > A_1®B,=(SA®B), .

p+q=n—1 r+q=n

The verification that the differentials agree needs a little care: for a € A,_; and b € B,,
we have

B9 (@ b) = —d®B(a®@b) = —(da @b+ (—1) " a@db) ,
and
AP (a@b) = —~da®@b + (=1)"a®@db .

We leave the hom assertions to the reader. =

Let f: A —» B be a chain map. The mapping cone Mcf of f is the chain complex
defined by (Mcf),, = B, ® A, and

d:[g jd]_ (3.12)

There is a short exact sequence

1
O—)B@MCfﬂSA—)O (3.13)

of chain maps. A little calculation with 2 x 2-matrices proves:
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3.2. PROPOSITION. If f: A — B is a chain map and u: USA — UB is a graded map
then

[5 3] Mef —— Me(f + d(w)
18 an 1nvertible chain map.

3.3. PROPOSITION. Given chain mapsi: B — C, p: C' — SA and graded maps j: USA —
UcC, q: UC — UB satisfying

pot=0,qoi=1,poj=1,10qg+jop=1,
it follows that q o d(j) : A — B is a chain map and
[i, j]: Mc(g 0 d(j)) — C
18 an 1nvertible chain map.

PrROOF. The equations imply that we have a short exact sequence
0-B5C5HSA—0

of chain maps since it is split exact in each dimension. It follows that exactness is preserved
by any additive functor. Consequently,

0 [s4,B] 25 (¢, B1 B B,B] >0

is also a short exact sequence of chain maps. The corresponding long exact homology
sequence [2] includes the connecting graded morphism

0:H[B, B] — HJ[A, B]

which takes the homology class of the cycle 15 to the homology class of the cycle g od(j).
So god(j) : A — B is a chain map. The remaining matrix calculations are left to the
reader. [

3.4. REMARK. From the long exact homology sequence of (3.13), we see that the mapping
cone of an identity chain map has zero homology. For any chain map f: A — B, there
18 a short exact sequence

0- A5 B@eMcly % Mcf -0

—f 1 0
ofchammapswherei’z[léa ],p’z[l(f g (1)] If we take j' = [8 (1)] and ¢ =

[0 1 0], we see that the equations of Proposition 3.3 hold. The middle term in the
short-exact sequence has the same homology as B and i’ induces the same morphism on
homology as f. So the construction can be used to replace the homology of an arbitrary
chain map f by the homology of an inclusioni'. (It is standard to use the mapping cylinder
for that purpose.)
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3.5. PROPOSITION. For any chain complex A, there is a natural isomorphism
[ ! d]'Mcl ~ LUA
-d 1 |- S—1A = .
Moreover, LZ ® A = Mclg-14 and [LZ,A] = Mcla. There are corresponding results for
R = LS.

3.6. PROPOSITION. In the monoidal category DGAD, there is a duality
LZ 4 RZ .

3.7. PROPOSITION. For each n € 7Z, the Ab-functor U, : DGAb — Ab, obtained by
following U : DGAb — GAD by evaluation at n, is represented by the chain complex
S"LZ.

ProoF. We have isomorphisms

DGAb(S"LZ,A) = DGAb(LZ,S ™A)
GAb(Z,US™™A)
~ (US™"4), = U,A

e

which are natural in chain complexes A. [

Let £ denote the Ab-category obtained as the full image of the functor Z — DGAD
taking n to S"LZ. So the objects of .Z are the integers and, using Proposition 3.7, the
homs are

Z forn=m,m+1

#(m,n) = DGAb(S™LZ,S"LZ) = (LZ)p_n = { 0 thermice

The compositions .Z (m,n)Q@Z (¢, m) — £ ({,n) are zero unless m = n or m = ¢ in which
cases they are the canonical isomorphisms.

3.8. PROPOSITION. The singular Ab-functor DGAb — [£°P, Ab] for the inclusion £ —
DGAD is an equivalence. In particular, £ — DGAD is a dense Ab-functor.

PROOF. The second sentence follows from the first since denseness of the inclusion pre-
cisely means that the singular Ab-functor is fully faithful [8].

Consider the ordered set Z of integers as a category in the usual way and take the free
pointed-set-enriched (“pointed”) category on it. Let D be the pointed category obtained
by imposing the relation that the morphisms m — n for all m < n — 2 are equal to
the point 0 in D(m,n). Straight from its definition, DGAbD is equivalent as a pointed
category to the pointed functor category [D°P, Ab],. From the definition of .Z, we see
that it is (isomorphic to) the free Ab-category on the pointed category D so that we have
an equivalence DGAb — [.Z°P, Ab] as pointed categories and also that the equivalence
underlies the singular Ab-functor of the Proposition. An Ab-functor is an equivalence if
and only if it is an equivalence as a (pointed) functor. ]
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3.9. REMARK.

(i) Under the equivalence of Proposition 3.8, the chain complexes S"LZ correspond to
the representables in [£°P, Ab]. Compare Example 6.6 of [14]. Indeed, for any ad-
ditive category <7, we have an equivalence DG.of ~ | .£°P, o/ | of additive categories.
Also, the isomorphism DG/ = DG(/°P)°P of (2.3) is induced by an isomorphism
LP = L.

(ii) The closed monoidal structure on DGADb transports across the equivalence to one
on [£°P,Ab|. Using the theory of Day convolution [3], we obtain a promonoidal
structure on £ by looking at tensor products of representables. The equation

LZQLZ =~ LZ®S™'LZ
implies
S"LZ®S"LZ =~ S"TLZ @ S"T L7 |

showing that tensor products of representables are finite coproducts of representables.
Therefore the induced promonoidal structure on the finite coproduct completion of
the Ab-category £ is nearly monoidal; all it lacks is the monoidal unit.

3.10. PROPOSITION. For every chain complexr A, there exists a reflexive coequalizer of
chain maps of the form

D IS™LZ = Y S™LZ - A

0e©® ped

PROOF. Recall that every Ab-weighted colimit colim(.J, K'), for Ab-functors J : 2°° — Ab
and K : 9 - 2 with 2 cocomplete, can be constructed as a reflexive coequalizer of
the form

Y. KD\ 3 ) KE, — colim(J, K) .

AEA vyel'

in 2. One way to see this is to take the usual (see [8]) construction of the weighted
colimit as a coequalizer of reflexive pair of morphisms

> (2(D,E)® JEY@ KD =3 > JD®KD |

D,Fey De9

then present the abelian groups Z(D, F) ® JE and JD as reflexive coequalizers of mor-
phisms between free abelian groups. The tensor Z=® X of a free abelian group Z= with
X e Z is a coproduct of = copies of X. So we have a 3 x 3-diagram of reflexive coequal-
izers of morphisms between coproducts of objects in the image of K. The main diagonal
is therefore a reflexive coequalizer of a pair of morphisms; see the lemma on page 1 of [6].

By Proposition 3.8, our object A € DGAD is an Ab-weighted colimit of the dense
inclusion . < DGADb whose values are the complexes S"LZ. n
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A double chain complex in an additive category o7 is a chain complex in DG.e/. We will
use ¢ in place of d for the differentials in DG.o/. So, a double complex A consists of chain
complexes A,,, for m € Z, with chain maps d,, : A,, — A,,_1 satisfying 9,,, 0 d,,51 = 0; we
also have the differentials d4= Apn = Apn-1.

Suppose A is a double chain complex in an additive category &/ with countable co-
products. The total compler TotA of A is the chain complex with underlying object in
G« defined by

TotA = (P S™ A, (3.14)

meZ

and with differential defined by the commutative diagram

[
SmA,, —————S™A,, 1 ®S™TA,,

anmJ/ Jinjml,m

@meZSmAm T} @meZSm+1Am .

In the case & = Ab, the formula for the differential becomes, for a € A, ;,—m,

dTOtA(a) = 5771,71(@) + (_1)md‘:3:nm(a) € Am—l,n—m @ Am,n—m—l .

4. DG-Categories

A DG-category is a category &/ with homs enriched in the monoidal category DGAb of
chain complexes. This was a motivating example for [5] and was developed somewhat in
17, 22].

To be explicit, o/ has objects and, for objects A and B, a chain complex <7 (A, B).
The elements u: A — B of o/ (A, B), are called protomorphisms of degree n. The n-cycles
of &/ (A, B) are called chain maps of degree n. The “underlying category” % of &/ has
the same objects as &/ and has chain maps of degree 0 as morphisms. When we say “chain
map” without mention the degree, we mean these morphisms of degree 0; these are the
morphisms of the underlying ordinary category of .«#. Composition provides chain maps

o: o (B,C)® (A, B) — o/ (A,C) (4.15)

yielding, for protomorphisms u: A — B and v: B — C of degree p and ¢ respectively, a
protomorphism v ou: A — C' of degree p + ¢ satisfying the equation

divou) =d(v)ou+ (—1)wod(u) . (4.16)

In particular, a composite of chain maps is a chain map. Composition is associative and
each object A has a chain map 14: A — A of degree 0 which is an identity for composition.



CAUCHY COMPLETENESS FOR DG-CATEGORIES 949

4.1. EXAMPLE. For any additive category <f , the additive category DG.ef becomes a DG-
category by defining its hom chain complezes DG</|B, C] by

DG [B,Cl, =1, ., ¥ (B, C;)
(df)g = d(fy) = (=1)"fq1d for [ = (f4)eez € DGH[B,C],, , (4.17)
abstracting (2.5).

The opposite o7 °P of a DG-category 7 is a DG-category with the same objects as <7,
with hom complexes &7°P(A, B) = o7/ (B, A), and where the composite of protomorphisms
he (A, B)y, ke o/°P°(B,C), in P is (=1)"hoke o (C,A)min-

The tensor product o @ & of DG-categories & and 2 is the DG-category with
objects pairs (A, X) of objects A€ &7, X € 2", with hom complexes

(& @ 2)((A,X),(B,Y)) = (A B) @ Z(X,Y),

and composition defined by (k,v)o (h,u) = (—=1)?"(koh,vou) where m, ¢ are the degrees
of h, v, respectively.

A DG-functor F': of — % between DG-categories assigns an object F'A of £ to each
object A of &/ and a chain map

F=Fup: /(A A) > B(FA FA)

to each pair of objects A, B, such that composition and identities are preserved. These
are precisely the functors enriched in the monoidal category DGAD in the sense of [5, 8].

A protonatural transformation (p.n.t) 0: F = G of degree n between DG-functors
F.G: &/ — A is a family of protomorphisms 0,: FA — GA of degree n such that

Opo Ff =(—1)P"Gfob,

for all protomorphisms f: A — B of degree p in &/. A DG-natural transformation is a
p.n.t. 0 for which each 64 is a chain map of degree 0; these are precisely the natural
transformations enriched in DGAD in the sense of [5, §].

Let DG-Cat denote the 2-category of DG-categories, DG-functors, and DG-natural
transformations. It is a symmetric monoidal 2-category with respect to the tensor product
o QR A.

This gives the ingredients for an explicit description of the DGAb-enriched functor
category &7, ] which we will call a DG-functor DG-category. The objects are the DG-
functors F': o/ — . The chain complex [«7, B|(F,G) has p.n.t’s 6 of degree n as
elements in degree n with differential defined by d(0)4 = d(f4). (The reader can check
that d(#) is a p.n.t of degree n—1.) As usual for categories enriched over a closed monoidal
complete and cocomplete base, we have the isomorphism of DG-categories

(ARB,€) = [,[B,€]] . (4.18)

Categories enriched in GAb are called G-categories (or “graded categories”). By ap-
plying the strong-closed strong-monoidal functor U: DGAb — GAb on hom complexes,
we obtain a strong monoidal 2-functor U, : DG-Cat — G-Cat. Since the protonaturality
condition does not involve the differentials and because U is strong closed, we have:
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4.2. PROPOSITION.

1. For DG-functors F,G: of — A between DG-categories, there is an identification

U.[, B|(F,G) = [U,o?, U, LB|(U,F,U,G)

in GAb.
2. For DG-functors F,G: o/ — DGAb between DG-categories, there is an identifica-
tion
U.[«,DGAD]|(F,G) = [U,«, GAb](UF, UG)
in GAD.

5. Module-weighted colimits

The theory of limits and colimits for categories enriched in a symmetric closed monoidal
category is well developed in the literature; see [8, 1]. We use the term “weighted limit”
(as suggested in [19]) rather than “indexed limit”.

For a DG-category €, a right DG-module is a DG-functor

M:¢°* - DGADb .

For any protomorphism f: U — V in €, we put y - f = (M f)y for y € MV. For f of
degree m and ¢ of degree n, notice then that

z-(gof)=(=1)"(z-9)- ]

The M -weighted colimit of a DG-functor F': € — &7 is an object C' = colim (M, F') of
&/ equipped with chain isomorphisms

tpa: (C, A) = [€°°, DGAD|(M, o/ (F—, A)) |,

DG-natural in A. By Yoneda, the DG-natural transformation 7z is determined by the
DG-natural transformation vp = mpc(le) : M — &/ (F—,C). The M-weighted colimit
C' = colim(M, F) is preserved by the DG-functor T': &/ — 2~ when the morphisms

2 (TC, X) —> [€°°, DGAb|(M, o/ (TF—, X))
of the DG-natural family indexed by X, corresponding to the composite
M2 o (F—,C) 5 2 (TF-,TC) ,

are invertible. An M-weighted colimit in & is absolute when it is preserved by all DG-
functors out of 7.
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An important special case is where ¥ = .# is the DG-category with one object 0
and with .#(0,0) = Z. A right .#-module M amounts to a chain complex C, while a
DG-functor F': .# — &/ amounts to an object A of «7. Then colim(M, F') = C®A, called
the tensor of C' with A, satisfying

o/ (C®A, D) = DGAb(C, o/ (A, D)) .

This and Proposition 3.1 motivate the definition SA = SZ®A for suspension of an
object A in &/. Clearly an object B is isomorphic to SA when there exists an invertible
chain map A — B of degree —1.

We call the DG-category 7 stable when it admits tensoring with both SZ and S™1Z;
then, for all integers n, we have

S"A = S"ZRA .
We call S™'A the desuspension of A.

Similarly, Proposition 3.5 motivates defining Mcly = LZ®SA which we call the map-
ping cone of the identity of A; there is a canonical chain map i;: A — Mcly and a
protomorphism ¢;: Mcly — A with ¢; 011 = 14.

Conical limits are another important case of weighted colimits. Examples are coprod-
ucts, coequalizers and cokernels.

Binary coproducts are of course direct sums: they also provide the binary product.
The direct sum A @ B in & is an object equipped with chain maps i: A - A® B,
j:B—>A®B,p: A®B — B, q: A® B — A satisfying the equations

poi=0,qoi=1,poj=1,i0q+jop=1. (5.19)

It follows that g o j = 0 showing the duality of the conditions.

Suspension, desuspension, finite direct sum, and mapping cone are all absolute colimits
since they can be expressed in terms of equations that are preserved by all DG-functors.
We now introduce another absolute colimit.

A protosplitting of a chain map f : A — B is a protomorphism ¢ : B — A satisfying
fotof = f. Notice in this case e = 1 — f ot is an idempotent protomorphism and
eof=0.

If f is a chain monomorphism then the condition becomes t o f = 14 and we say A
is a protosplit subobject of B. If f is a chain epimorphism then the condition becomes
fot =1 and we say B is a protosplit quotient of A.

5.1. PROPOSITION. Cokernels of protosplit chain maps are absolute.

PROOF. Suppose f : A — B is protosplit by ¢.

Assume that the chain map w : B — (' is a cokernel for f. Since e = 1 — fot
satisfies e o f = 0, there exists a unique protomorphism s : C'— B with sow = e. Then
wosow =woe=w—woxot=w implies wos = 1. So the chain map w with s form
a protosplitting of the idempotent e.

Conversely, assume e has a splitting e = s o w with w a chain map. Then w is a
cokernel for f. To see this, suppose g : B — X is a protomorphism with go f = 0. Then
gosow=goe=¢g—go fot=gand,if how=gthen h=gos. n
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Another class of absolute colimit is coequalizers of protosplit parallel pairs u,v: A — B
of chain maps. Such a pair requires that there should be a protomorphism ¢: B — A such
that

uot=1g, votou=votouv.

5.2. PROPOSITION. Suppose the DG-category o/ admits direct sums. In <7, the existence
of coequalizers of protosplit parallel pairs of chain maps is equivalent to the existence of
cokernels of protosplit chain maps.

PROOF. If (u,v) is a protosplit parallel pair of chain maps then it is easy to see that u—wv
is a protosplit chain map for which a cokernel is a coequalizer of the pair. Conversely,
suppose f: A — B is a chain map and t: B — A a protomorphism with foto f = f.
The chain maps u = [O 1] and v = [f 1] from A@® B to B are protosplit by ¢t = [;t]
A coequalizer for u, v is a cokernel for f. n

5.3. PROPOSITION. If a DG-category of admits coequalizers of protosplit parallel pairs of
chain maps then chain idempotents split.

ProoOF. For an idempotent e: A — A, take u = t = 14, and v = e. This gives a
(proto)split parallel pair whose coequalizer splits e. [

In Section 1 Example 4 of [22], it was shown how to obtain mapping cone as a weighted
limit. Here we shall produce it dually from weighted colimits. Motivated by Remark 3.4,
we define the mapping cone of a chain map f: A — B in &/ to be the cokernel of the
chain map

i:[;f]:A—JB@MclA, (5.20)

which is indeed a protosplit monomorphism. What Remark 3.4 implies is:

5.4. PROPOSITION. If a DG-category o/ admits direct sums, suspension, cokernels of
protosplit chain monomorphisms and mapping cones of identities then it admits mapping
cones.

5.5. EXAMPLE. An example of a non-absolute weighted colimit is the total complex intro-
duced in Section 3. The formula there is for the total complex of a double chain complex
A which we can think of as a DG-functor from the additive category Z°P, regarded as
a DG-category with homs all put in degree zero, to DGAb. Now take any DG-category
/. For any DG-functor A : L°P — o/, we define totA = colim(J, A) where the weight
J : &L — DGAD is described as follows. It amounts to the cochain complexr J in DGAb
defined by

J™ = S™LZ, with codifferentials 0™ = (S™LZ srd, S™HLZ) .
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It is an exercise for the reader to check that, in the case &/ = DGAD, we have colim(J, A) =
TotA as in (3.14). We offer the following diagram and point to Proposition 3.7 as hints.

m o™
St —————1[Am, Blpin

(Sml J{[(sm+1,1]

m+1
_—
Jp gm+1 [Aerla B]p+n

For a DG-category %, a left DG-module is a DG-functor N: € — DGAb. Given a
right DG-module M and a left DG-module N for €, we define their tensor product over
% by

U
M®¢N = colim(M, N) = f MU®NU =Y MU®NU/ ~ (5.21)
U

where the congruence ~ is generated by

(y- N@r ~y&(f ) in (Y, MWONW),

for x e (NU),, fe €U, V)s,ye (MV), withr + s+t =n.

In terminology not exactly used in [9] but inspired by it, and used in [20] and elsewhere,
we define a right DG-module M over € to be Cauchy when there exists a left DG-module
N, a chain map

n: 7 — M®gN

and a DG-natural transformation
cvy: NUQMV — €(V,U)

such that diagram (5.22) commutes.

]\1‘/ iSVa%e ]wf/
ZOMYV (Y MU (V,U) (5.22)
m m&uv
(Y MURNUQMV

Equivalently (see Section 5.5 of [8] for example), M is Cauchy when it is “small projective”
in [¢°?, DGAD]; that is, when the DG-functor

[¢°°, DGADB|(M, —): [¢°", DGAb] —> DGAb
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represented by M preserves weighted colimits.

A right DG-module M over % is called representable or convergent when there is an
object K of ¥ and a DG-natural isomorphism % (—, K) = M. Convergent modules are
Cauchy. In agreement with terminology of [9], we call a DG-category € Cauchy complete
when every Cauchy right DG-module over it is convergent. The Cauchy completion Q€
of a DG-category % is the full sub-DG-category of [¢°?, DGAD] consisting of the Cauchy
right ¥-modules; compare [20].

The Morita Theorem in the enriched context here gives:

5.6. THEOREM. For any DG-categories € and 9, there is an equivalence

[€°P, DGAD| ~ [2°P, DGAD]
of and only if there is an equivalence

Q¢ =Q7 ,

and this, if and only if there is an equivalence

[¢,DGAD] ~ [2,DGAD] .
Moreover, QQ% ~ Q¥ , so

[Q¥€, DGADb] ~ [¢,DGADb] .

A weighted colimit in a DG-category o7 is called absolute when it is preserved by all
DG-functors out of <.

5.7. THEOREM. [21] A right € -module M is Cauchy if and only if all M -weighted colimits
are absolute.

From [21], we obtain:

5.8. PROPOSITION. Fvery Cauchy complete DG-category admits cokernels of protosplit
chain maps.

5.9. COROLLARY. The right DG-modules providing the weights for direct sums, suspen-
sion, desuspension, mapping cones of identities, and cokernels of protosplit chain maps
are all Cauchy.

PRrROOF. All these colimits are determined by equations preserved by DG-functors; so they
are absolute. ]
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6. Cauchy G-modules

The inclusion GAb — DGAD of graded abelian groups in chain complexes (by taking
d = 0) is symmetric strong monoidal and strong closed. So every G-category £~ (that is,
category enriched in GAb) can be regarded as a DG-category. The distinction between
chain maps and protomorphism disappears since every protomorphism of a given degree is
automatically a chain map of that degree; we simply call them morphisms of that degree.
The underlying category 2y of 2 has morphisms those of degree 0.

Cocompleteness for a G-category (in the GAb-enriched sense) differs from cocom-
pleteness as a DG-category (in the DGAb-enriched sense). Even the base GAD is not
DG-complete. It does not admit mapping cones of identities, for example. That is to be
expected since the weight LZ is not in GAb.

A right G-module over a G-category 2 is a G-functor M: Z°° — GAb. Tensoring
with graded abelian groups, suspension, desuspension, direct sum, coequalizers and cok-
ernels are all examples of colimits weighted by right G-modules. In particular, we may
speak of stable G-categories.

A right G-module is Cauchy when the N in the definition of Cauchy DG-module lands
in GAb. However, this is the same as being Cauchy as a DG-module. For, forgetting the
differentials in the values of any N will provide an N satisfying (5.22) for the G-module.

6.1. PROPOSITION. A right G-module M over a G-category 2 is Cauchy if and only if
there exist objects Ey, ..., E, € Z and integers myq, ..., m, such that M 1is a retract of

D, S™ X (—, Ei) in [Z27°P, GAD].

ProOOF. To prove “if” simply observe that all the colimits used to obtain M from the
representables 2" (—, E;) are absolute.

Conversely, let M be a Cauchy right G-module over Z". There is a left G-module
N over Z°, a graded morphism 7: Z — M®gy N and a G-natural transformation
evy: NUQMV — Z'(V,U) such that diagram (5.22) commutes. Now n(1) is repre-
sented by an element of degree 0 in the coproduct ) y.,- M X®NX of graded abelian
groups; that is, there are objects Ei,...,E, of 2 and elements z; € (ME;),.,, yi €

(NE;)_m,, 1 =1,...,n, with
n(1) = [Z xi®yi] :
=1

Condition (5.22) becomes

Z z; - eg, x (Yi®u) = u (6.23)

i=1

forall X e &', we (MX),, r € Z. Define 7,: M = S™ %2 (—, E;) to be the G-natural
transformation with components

€E;, X

(MX), 225 (NE) e (M X)), 225 27(X, ),

%
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Let z;: S™ % (—, E;) = M denote the G-natural transformation corresponding under
Yoneda to z; € (M E),,,; explicitly,

Condition (6.23) amounts to commutativity of the triangle

M - Din, 5™ 2 (= Ei)
m /
M
T1
where 7 = [ ; ] andZ=[# ... & |. So M is a retract as required. "

6.2. PROPOSITION. If a G-category Z is stable and admits finite direct sums then every
Cauchy right G-module over 2" is a retract of a convergent right G-module. A G-category
Z is Cauchy complete if and only if it is stable, and admits idempotent splittings and
finite direct sums.

PRrROOF. To see “only if” in the second sentence, we note that splitting of idempotents,
finite direct sums, suspension and desuspension are absolute colimits, so any Cauchy
complete G-category must admit them.

Conversely, and for the first sentence, suppose the stable G-category 2  admits finite
direct sums. Let M be a Cauchy right G-module over 2°; apply Proposition 6.1 and use
that notation. Now there is a G-natural isomorphism

D™ (— E) = X (-, PS™E,) .
=1 1=1

Using Yoneda, we see that the idempotent of Proposition 6.1 on the left hand side trans-
ports to an idempotent 2" (—,e) on the right hand side of the last isomorphism. This
proves the first sentence of the Proposition. When it exists, let K be a splitting of the
idempotent e on @, S™ E;. By Yoneda again, M = 2'(—, K). So M converges, proving
“if” in the second sentence. [

6.3. COROLLARY. The Cauchy completion Q2 of a G-category X is the closure of
the representables in [ 2 °P, GAb] under suspension and desuspension, direct sums, and
splitting of idempotents.

7. Cauchy DG-modules

The goal of this section is to prove our main result which is the converse of Corollary 5.9.
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7.1. PROPOSITION. Suppose € is a stable DG-category which admits tensoring by LZ.
FEvery right DG-module M over € is a cokernel

SN E(—,A) S Y C(—,B;) > M -0 (7.24)

el jed
of a chain map between coproducts of representables in [€°P, DGAD].

PROOF. From [8] for example, we know that M € [¢°P,DGAD]| is a coequalizer of a
reflexive pair of chain maps

Y ME®¥(D,E)®%(-.D) 3 Y, MD®%(~,D) » M

D,Ee¥¢ De¥

We now use Proposition 3.10 to present the chain complexes ME ® ¢ (D, E) and M D
as reflexive coequalizers of coproducts of objects of the form S"LZ. So we have a 3 x 3-
diagram of reflexive coequalizers of morphisms between coproducts of objects of the form
S"LZ ® €(—, D) and such objects are isomorphic to representables €' (—,S"LZ ® D)
because % is stable and admits tensoring by LZ. Making these replacements in the 3 x 3-
diagram, we take the main diagonal to obtain a reflexive pair whose coequalizer is M [6].
Then the required ¢ is the difference of the chain maps in that reflexive pair. ]

7.2. THEOREM. If a stable DG-category € admits finite direct sums and tensoring by
LZ then every Cauchy right DG-module over € is a protosplit quotient of a representable
DG-module. The DG-category € is Cauchy complete if and only if, furthermore, it admits
cokernels of protosplit chain maps.

PRrROOF. Let € be a stable DG-category with finite direct sums and tensoring by LZ.
Assume M € [¢°P, DGADb| =: &% is Cauchy. By Proposition 7.1, there is a cokernel
diagram (7.24) in the additive category of chain maps in 2% .
For each i € I, there exists a finite subset J; of J such that

Oa,(14,) = Bjeszij - (7.25)

Since ¢4, is a chain map and 1y, is a O-cycle in €' (4;, 4;), it follows that > ., z;; €
@D,cs, € (Ai, Bj) is a O-cycle. So each z;; : A; — Bj is a chain map in ¢". For convenience,
put z;; = 0 for j ¢ J;. By Yoneda,

¢X(X i> Az) = Zjejxiju . (726)
We also have a 0-cycle m; = vp,(1p,) € M B; for each j € J. By Yoneda,
vx (X 5 Bj) = (Mv)m; . (7.27)

Since M is Cauchy, % (M, —) preserves coproducts and cokernels, so we have a
regular epimorphism

Y PEC(M,€(—, B))) » PE (M, M) (7.28)

jeJ
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in DGAby induced by 2% (M, ). In particular, the identity endomorphism of M is in the
image of (7.28). So there exists a finite subset J’ of J and protonatural transformations

oM —€(—,B;), jelJ, (7.29)
such that each m € M X can be written as
m = YiepM(ojx(m))m; . (7.30)
Put B = > .. Bj € € and define o and ' by the commutative diagram

/

Y

M——" L %(—,B)

[7] ”l

YjerC (=, Bj) ————XjesC

incl.

M
% (7.31)
(_7 BJ)

Equation (7.30) is equivalent to
Yoo =1, (7.32)

which yields the first sentence of the theorem.
Put e = opyy(1p) € €(B, B). By Yoneda,

ocov =%(—,e):¢(—,B) — ¢(—,B) . (7.33)
By (7.32), e is idempotent and
v8(e) = V5o5Yp(1s) = Vp(1s) - (7.34)
It follows that
Yjerpri(1p —€) € keryp = im¢p .
So there exists a finite subset I’ of I and protomorphisms ¢; : B — A, for ¢ € I’ such that
¢ (Bierti) = SierXjesvijts = Sjespr; (1 —e) . (7.35)

Put A = %, A; in € so that the t; define a protomorphism ¢ : B — A. Then the z;;
determine a chain map = : A — B. The equation y¢ = 0 restricts to 7' 0 €(—,x) = 0;
from (7.33) and Yoneda we deduce ex = 0. Also (7.35) becomes xt = 1 — e. This tells us
that x is protosplit by ¢. [
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7.3. REMARK. Cokernels of protosplit chain maps do not follow from stability, finite
direct sums, tensoring by LZ, and splitting of (chain) idempotents. To see this, let € be
the smallest full sub-DG-category of DGAb containing LZ, and closed under finite direct
sums, suspensions, desuspensions and retracts. Using the Remark 3.9 (ii) and the fact
that the only retracts of LZ are 0 and itself, we see that the objects of € are those of the

form
@ S™LZ .
i=1

Yet the chain map S 'LZ I L7 with f—1 = 1z is protosplit by LZ L SILZ witht_q = 1z,
whereas the cokernel of f is Z ¢ €.

Here is the DG-analogue of Proposition 6.1.

7.4. PROPOSITION. A right DG-module M over a DG-category € is Cauchy if and only
if there exist objects C;, C; € € and integers my, ny for 1 <i<r, 1 <j < s such that M
1s a protosplit quotient of the DG-module

6—) S™E (—,C;) D @ S"LUE (-, C)) .

i=1 j=1
PROOF. A protosplit quotient M of the displayed right ¥-module is an absolute colimit
of Cauchy modules and so Cauchy.

Conversely, assume M is Cauchy and let J : 4 — %’ be the inclusion of % into its free
cocompletion ¢’ under finite sums, suspensions, desuspensions, and tensoring by LZ. The
extension M’ : €' — DGADb of M : €°° — DGAD is the left Kan extension of M along J;
see [8]. It follows that [¢"°P, DGAb]|(M', —) = [¢°P, DGADb|(M, —J)] preserves colimits.
So M’ is Cauchy with %" satisfying the assumptions of the first sentence of Theorem 7.2;
so M' is a protosplit quotient of a representable ¢”(—, D). Therefore M = M'o J° is a
protosplit quotient of €'(J—, D). Using Remark 3.9, objects of € are of the form

D= @Smici@)@LZ@S”fC; :
1= J]=

Since J is fully faithful and LZ ® — = LU, the result follows. ]

8. Complexes in DG-categories

Let o7 be a DG-category. The underlying additive category Zg.o/ of &7 is obtained by
keeping the same objects as ./ and applying the 0-cycle functor Zy (see (2.7)) on the hom
chain complexes. A complex in &/ is a chain complex in Zg,o/ as per (2.1); that is, it
consists of a family A = (A,,)mez of objects of &7 together with chain maps

Om: Ay —> Ay forall meZ (8.36)

of degree of 0 subject to the equation 9,, o d,,,1 = 0.



960 BRANKO NIKOLIC, ROSS STREET AND GIACOMO TENDAS
8.1. EXAMPLE.
(i) If < is a mere additive category then a complex in </ is a chain complex in < .

(i) For an additive category 7, a complex in DG4 is a double chain complez in </ as
defined in Section 3.

(iii) If B € DGAD, we can define a complex B in DGAb to be the family of chain
complexes S"™B, m € Z, equipped with the graded morphisms 6,,: S"™B — S ™' B
having n-th component d? : By, — Bpim-1-

For each DG-category <7, we define a DG-category DG.«Z whose objects are the com-
plexes in 7. The hom chain complex DG.e/ (A, B) as a graded abelian group is defined
to be equal to

[ [Ds (A, B,)
q p

so its elements of degree n consist of those families f = (f,,: A, — B,) of protomorphisms
of degree n — p + ¢ such that, for each ¢ € Z, f,, = 0 for all but a finite number of p; the
differential is defined by

A(f)pg = (=1)"d(fpq) + (0p 0 fpi14— (=1)"fpg-1004) - (8.37)
Composition
o: DG (B,(),®DGH (A, B), — DG (A, B)yiv
is defined by the formula
(90 Fpg = D3 9pr© fra - (8.38)

reZ

The identity 14 € DG (A, A)g is given by the Kronecker delta

(14)y0 = 1y, ifp=gq
AJpa = 0 otherwise .

8.2. EXAMPLE. If o/ is a mere additive category then DG is the DG-category DGo/
of chain complexes in < .

8.3. PROPOSITION. For each DG-category </ with a zero object 0, the inclusion i: of —
DG, where 1A is O for all degrees except degree 0 for which it is A, is dense. That is,

the singular DG-functor N
i: DGy — [«/°P,DGAD] ,

taking B € DG4 to Tote/ (—, B): &/°? — DGAD, is fully faithful.
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ProoOF. We only provide an outline. Before anything else, we should see that the singular
DG-functor is as claimed. For A € 7, the definition of DG« gives DG/ (iA, B),, =
D, 7 (A, By)n—q- So

DG« (1A, B) = (P S/ (A, B,) = Tot/ (A, B) .
q

Now we address the full faithfulness. Take a protonatural family 6, : Tote/ (A, B) —
ToteZ (A, C') of degree n which composes with the g-injection to give graded morphisms

0% S747 (A, By) — PP (A, C,)

p

of degree n. Using the Yoneda Lemma for DG-categories, we have that these amount to

~

elements t, € P, & (By, Cp)g—p+n, determining a unique t € DG/ (B, C),, withi(t) = 0. m

8.4. PROPOSITION. For any DG-category </ with zero object, the value at a compler A
in o of a left adjoint to the DG-functori: of — DG/ is given by totA = colim(J, A) as
defined in Example 5.5. In case &f = DGE for an additive category € with zero object,
the DG-functor i has a left adjoint if and only if € has countable coproducts.

PrOOF. We have the graded isomorphisms

0

DG#(A,iX) = [[PS""e(An,iX,)

m

[[s e (An, X)

lim(J, #7 (A, X))
~ o/ (colim(J, A), X)

IIe

lle

under which the differentials correspond. This proves the first sentence. The second
sentence uses the construction (3.14) of tot A to prove “if”. For “only if”, take a countable
family (X, )nen of objects of € and look at the complex A in DG% defined by A,,,, = X,
when 0 < n = —m and A,,, = 0 otherwise, with all differentials zero morphisms; then

(totA)g = @, Xn- -

There are some obvious questions worthy of later consideration.

8.5. (QUESTION.
(a) If o is a Cauchy complete DG-category, is DG/ also Cauchy complete?

(b) Is there a simple description of the completion of a DG-category </ with respect to
J-weighted colimits?

Here is an easy case of (a):
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8.6. PROPOSITION. If o/ is a Cauchy complete additive category then DG/ is a Cauchy
complete DG-category.

PROOF. The construction of suspension and desuspension require nothing. Also finite
direct sums and mapping cones of chain maps in DG/ are straightforward as in DGADb;
they just use finite direct sums in /. Suppose we have a chain map x : A — B protosplit
by t : B — A. We have the idempotent protomorphism e =1 — xt : B — B with ex = 0.
Since idempotents split in ./ and thus in G.o7, the chain map x has a cokernel w: B — C'
in Go/. Then wdPe = wed? = 0, so there exists a unique protomorphism d¢: C — C' of
degree —1 such that wd? = d“w. Also d°d“w = d°wd? = wdPd® = 0. So d“d® = 0.
Therefore C' becomes an object of DG/ and w a chain map of degree 0. So w is the
cokernel of z in DG.e/. By Theorem 7.2, DG.%7 is Cauchy complete. n
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