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AUTOCOMPACT OBJECTS OF AB5 CATEGORIES

JOSEF DVORAK AND JAN ZEMLICKA

ABSTRACT. The aim of the paper is to describe autocompact objects in Ab5-categories,
i.e. objects in cocomplete abelian categories with exactness preserving filtered colimits,
whose covariant Hom-functor commutes with copowers of the object itself. A charac-
terization of non-autocompact object is given, a general criterion of autocompactness
of an object via the structure of its endomorphism ring is presented and a criterion of
autocompactness of products is proven.

Introduction

An object C of an abelian category A closed under coproducts is said to be autocompact, if
the corresponding covariant hom-functor A(C, -) with target category being the category
of abelian groups commutes with coproducts of the form C'*) for all cardinals &, i.e. the
canonical abelian group homomorphism A(C,C()) - A(C,C)*) is an isomorphism. It
generalizes the profoundly treated notion of compact objects defined by the property that
covariant hom-functors commute with arbitrary coproducts.

A systematic study of compact objects in categories of modules began in late 60’s
with Hyman Bass remarking in [4, p.54] that the class of compact modules extends the
class of finitely generated ones. This observation was elaborated in the work of Rudolf
Rentschler [22], where he presented basic constructions and conditions of existence of
infinitely generated compact modules. The attention to autocompact objects within the
category of abelian groups was then attracted by the work [3]. The later research was
motivated mainly by progress in the structural theory of abelian groups [2, 5, 6] and
modules [1, 7, 20]. Although the notions of compactness and autocompactness were in
fact studied in various algebraic contexts and with heterogeneous motivation (structure
of modules [15, 12], graded rings [14], representable equivalences of module categories [8],
the structure of almost free modules [23]), their overall categorial nature was omitted for a
long time. Nevertheless, there have been several recent papers dedicated to the description
of compactness in both non-abelian [10, 19] and abelian [16] categories published.

The present paper follows the undertaking begun with [16] and its main goal is not only
to survey results concerning self-small abelian groups and modules from the standpoint
of abelian categories, but it tries to deepen and extend some of them in a way that they
could be applied back in the algebraic context. We initiate with an investigation of the
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more general concept of relative compactness. The second section summarizes some basic
tools developed in [16], which allows for the description of structure and closure properties
of relative compactness, in particular, Proposition 3.12 shows that @ M is @ N-compact
for finite families of objects M and N of an Ab5-category if and only if M is N-compact
for all M € M and N € N. The third section presents a general criterion of an object
to be autocompact via the structure of its endomorphism ring (Theorem 4.4) and, as a
consequence, a description of autocompact coproducts (Proposition 4.5). The main result
of the paper presented in Theorem 5.4 which proves that [T M is an autocompact object
if and only if it is @ M-compact.

1. Preliminaries
In compliance with [17], call a category C abelian if the following conditions are satisfied:

1. C is preadditive, i. e. each Hom-set has a structure of an abelian group such that
the composition of morphisms is bilinear,

2. C has a zero object,
3. for any pair of objects of C, their binary biproduct exists in C,
4. with each morphism it contains its kernel and cokernel,

5. monomorphisms are kernels of suitable morphisms, while epimorphisms are coker-
nels of suitable morphisms.

Note that as a consequence of the previous definition, finite products and coproducts
exist and they are canonically isomorphic (see, e. g. [17, Chapter VIII, Section 2, Theorem
2]).

Recall that a category is said to be complete (cocomplete) if it contains limits (colimits)
of all small diagrams; a cocomplete abelian category where all filtered colimits of exact
sequences preserve exactness is then called an Ab5 category.

Any small discrete diagram is said to be a family. Let M be a family of objects
from A; then the corresponding coproduct (product) is denoted (@M, (var | M € M))
((TITM, (mar | M € M))) and vy (mpr) are called structural morphisms of the coproduct
(of the product). In case M = {M; | i e K} with M; = M for all i € K, where M is an
object of A, we shall write M) (M¥X) instead of @ M ([TM) and the corresponding
structural morphisms shall be denoted by v; := vy, (m; := mpy, resp.) for each i € K.

Let N be a subfamily of M. Following the terminology set in [16] the coproduct
(BN,(Ty | N eN))in Ais called a subcoproduct and dually the product (ITN, (7Ty |
N e N)) is said to be a subproduct. Recall there exists a unique canonical morphism
vy € AN, ®M) (mp € A(TTM,TIN)) given by the universal property of @ N ([TN)
satisfying vy = vy oy (my = Ty o myr) for each N € N, to which we shall refer as to
the structural morphism of the subcoproduct (the subproduct) over a subfamily N of
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M. UM={M;|ie K} and N = {M; |ie L} where M; = M for an object M and
for ¢ from index sets L ¢ K, the corresponding structural morphisms are denoted by vy,
and 7y, respectively. The symbol 1,; denotes the identity morphism of an object M and
the phrase the universal property of a limit (colimit) refers to the existence of unique
morphism into the limit (from the colimit).

For basic properties of introduced notions and unspecified terminology we refer to
[13, 17, 21].

Throughout the whole paper we assume that A is an Ab5 category.

2. Relative compact objects

In order to capture in detail the idea of relative compactness, which is the central notion
of this paper, let us suppose that M is an object of the category A, N is a family of
objects of A and denote by A(M,N) the family (A(M,N)|N e N).

Since for each N € N we have the morphism A(M,vy): A(M,N) > A(M,®N), the
universal property of the coproduct induces a unique morphism

Un: PAMN) > AM,PN)

in the category Ab of abelian groups, which makes the following diagram commutative
for all N e N:

S A(M,N) 25 AM,®N)

I/A(]M,N)T AMow)
A(M,N),

where 7 4(y,n) and vy denote the corresponding structural morphisms.

Let ¢ = (pn | N € N) be an arbitrary element of the abelian group @ .A(M,N') and
let F be the finite family {N € N | px # 0}. Then we can express an explicit description
of the morphism Wxr(¢) by the rule

\IIN(@) = y}-oy_l OMFoOT,

where v € A(@® F,[1F) denotes the canonical isomorphism and 7 € A(M,[]JN) is the
unique morphism given by the universal property of the product ([TN,(7ny | N € N))
applied on the cone (M, (pn | N € N)), i.e. myoT =y for each N e N:

-1

M~TSIN [ FL—pF LN

Ny

N

Recall a key observation regarding the algebraic concept of compactness:
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2.1. LEMMA. [16, Lemma 1.3] For each family of objects N € A, the mapping ¥V is a
monomorphism in the category of abelian groups.

Let M be an object and C a class of objects of the category A. In accordance with
[16], M is called C-compact if W, is an isomorphism for each family N ¢ C. For objects
M, N € A we say that M is N-compact (or relatively compact over N) if it is an {N}-
compact object and M is said to be autocompact whenever it is M-compact.

2.2. EXAMPLE. (1) If M and N are objects such that A(N, M) =0, then N is M -compact
object, in particular Q is a Z-compact abelian group.

(2) Self-small right modules over a unital associative ring, in particular finitely gen-
erated ones, are autocompact objects in the category of all right modules.

Let us formulate an elementary but useful observation:

2.3. LEMMA. Let M be an object and let B € C be families of objects of the category A.
If M is C-compact, then it is B-compact.

We shall need basic observation concerning the category A formulated in [16], which
express relationship between coproducts and products using their structural morphisms.
For the convenience of the reader we quote shortened version of the results.

2.4. LEMMA. [16, Lemmas 2.1 and 2.2] Let N ¢ M be families of objects of A and let
there exist products ([IN,(Ty | N e N)) and ([TM, (7n | N e M)) in A.

1. There exist unique morphisms py € A M, AN) and pupn € A(TIN,[IM) such
that pyrovn = lgn, T oty = 1ga and paova =0, a0 pn =0 for each M ¢ N

2. There exists a unique morphism, so-called compatible coproduct-to-product mor-
phism, t € A(@ M, [IM) such that Ty ot = py and tovy = uyn for each N € M.
Furthermore, denoting by t the compatible coproduct-to-product morphism for the
family N, the diagram

(N .

N BN M TN N

commutes.

Morphism ppr (ppr) from Lemma 2.4(1) is called the associated morphism to the struc-
tural morphisms vy (my) over the subcoproduct (the subproduct) of M. Note that in an
Abb-category the compatible coproduct-to-product morphism ¢ is a monomorphism by
[21, Chapter 2, Corollary 8.10] and if K is finite, it is an isomorphism.

We translate now a general criteria [16, Lemma 2.4, Theorem 2.5] of categorial C-
compactness to the description of N-compactness for an arbitrary object N:
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2.5. THEOREM. The following conditions are equivalent for objects M and N of the cat-
egory A:

1. M is N-compact,

2. for each cardinal k and f € A(M, N®)) there exists a finite set F' ¢ x and a morphism
fre A(M, NI such that f =vpo f'.

3. for each cardinal k and f € A(M,N®)) there exists a finite set F' c k such that
J= X vaopaof,

ael

4. for each morphism o € A(M,NW) there exists a < w such that p, o @ = 0.

5. there exists a family of N-compact objects G and an epimorphism e € A(BG, M)
such that for each countable family G, € G there exists a non-N-compact object F
and morphism f € A(F, M) such that f¢oeovg, =0 for the cokernel f¢ of f.

PROOF. Equivalences (1) < (2) < (3) follow immediately from [16, Lemma 2.4], while
(1) < (4) < (5) are consequences of [16, Theorem 2.5 m

3. Correspondences of compact objects

As the base step of our research we describe C-compact objects for a single object C' of
an Abb category A. Let us begin with the observation that we can study C-compactness
of a suitable object instead of the compactness over a set of objects.

Let us denote by Add4(C) the class of all direct summands of arbitrary direct sums
for every family C of objects of A, i.e. Adds(C) ={A|3IB,3k,Va<k,3C,eC: Ad B =
@Bacr Ca}t, and put Add4(C) := Add4({C}).

3.1. LEMMA. The following conditions are equivalent for an object M and a set of objects
C of the category A:

1. M s @C-compact,
2. M is C-compact,
3. M is Add4( C)-compact,

4. M is Add 4(C)-compact.

PROOF. Since Add4(éDC) = Add4(C), the equivalence (3)<>(4) is obvious. Implications
(3)=(1) and (4)=(2) are clear from Lemma 2.3.

(2)=(4) Let ¢ € A(M,@® D) for a family D of objects of Add4(C). For each D € D
there exists a family Cp of objects of C and a monomorphism vp : D — @ Cp, hence there
exists a monomorphism v : @D - Pp.p B Cp. Since M is C-compact, the morphism vy
factorizes through a finite subcoproduct by [16, Lemma 2.4], hence ¢ factorizes through
a finite subcoproduct, so M is Add 4(C)-compact by [16, Lemma 2.4] again.

(1)=(3) Follows from the implication (2)=(4) where we take {@C} instead of C. =
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3.2. PROPOSITION. If N € M are families of objects such that N contains infinitely many
nonzero objects, then @ M is not N -compact, so it is not @ N -compact.

PROOF. Consider the family N7 = (N e N | N #0) € N. For M € N’ take the morphism
vnroly s M - @N' and for M € N N\ N take the zero morphism from M to @N’. The
morphism ¢ : @ M - @N’ induced by the universal property of the coproduct satisfies
[16, Theorem 2.5(2)], hence @ M is not N'-compact, therefore it is not N-compact by
2.3, nor @ N-compact by 3.1. "

Since Add4(M) = Add 4(M ™)) for any integer n, we have the following consequence:

3.3. COROLLARY. Let k be a cardinal and M an autocompact object. Then M) is
autocompact if and only if k is finite.

The next result establishes correspondences between classes of compact objects relative
to different families of objects.

3.4. LEMMA. Let A, B, M be objects of A such that A is (isomorphic to) a subobject of a
product of copies of B. If M is B-compact, then it is A-compact.

PROOF. Assume w.l.o.g. that A is a subobject of B* for some cardinal A and let x the
corresponding monomorphism from A to B*. Denote by v, and 7, the corresponding
structural morphisms of coproducts A and B®), and by p, and p, their associated
morphisms, respectively.

Suppose that M is not A-compact. Then there exists ¢ € A(M, A)) such that pae # 0
for all @ < w by Theorem 2.5. Since p is a monomorphism by assumption, we get that
ipae # 0, which implies that there exists 8, < A such that mg_ ppap # 0 for each o < w
by the universal property of the product B*. Put p, = 75,1 € A(A, B) and note we have
proved that p,p.p is a nonzero morphism M — B for each a < w.

The universal property of the coproduct A®) implies that there exists a uniquely
determined morphism 1) € A(A®), B()) for which the diagram

At . p

1k

Aw) Y Bw P, p

commutes, i.e. we have the equality v, = Uqpiq for all a, v <w. Therefore p,v, = pyUafia
for each o,y <w. Hence for every o < w we get pav, = pio and pyv, = 0 whenever v # o
by Lemma 2.4. Note that it means that p, v, = p v, p v, for all a, v <w

By applying Theorem 2.5 again we need to show that p,i¢ # 0 for all v < w. The
universal property of the coproduct A®) implies that for every v < w there exists a unique
morphism 7., € A(A“), B) such that the diagram

A—25 AW)

e

AW T B
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commutes for each o < w. Since pyYv, = pyhv,p v, for all o,y < w, we get the equality
P = Ty = pytbryp, by the universal property of the coproduct A«). Now, it remains to
compute for every v < w

Py = Top = Pyhry pyp = pypyp # 0,
so M is not B-compact by Theorem 2.5. [

3.5. COROLLARY. Let M, N be objects in A such that M is (isomorphic to) a subobject
of a product of copies of N and let M be N-compact. Then M is autocompact.

As another consequence of Lemma 3.4 we can observe that general compactness can
be tested by a single object. Recall that the object E the category A is called cogenerator
if the functor A(-, E) is an embedding [13, Section 3.3]. It is well known that there is a
monomorphism of A - EAMAE) for any object A and a cogenerator E.

3.6. PROPOSITION. Let M be an object and E be a cogenerator of A such that A contains
the product EAME)  Then M is E-compact if and only if it is compact.

Proor. Clearly, it is enough to prove the direct implication. Let M be E-compact and
M be a family of objects. Since E is a cogenerator , there exists a cardinal A and a
monomorphism p € A(@ M, E*). Then M is @ M-compact by Lemma 3.4 and so M-
compact by Lemma 3.1. [

The rest of this section is dedicated to description of relative compactness over finite
coproducts of finite coproducts of objects.

3.7. LEMMA. Let A be an object and M a finite family of objects.
1. If N is A-compact for each N € M, then & M is A-compact.
2. If A is N-compact for each N € M, then A is @ M-compact.

PROOF. (1) Assume that @ M is not A-compact. Then by Theorem 2.5 there exists a
morphism ¢ € A(@ M, A«)) with p,p # 0 for all associated morphisms p,, of A,
Note that for each n < w there exists some N € M such that p,pvy # 0 by the universal

property of the coproduct @ M , where vy are the corresponding structural morphisms
of @ M. Therefore there exists N € N for which the set

I={n<w|pypvy+0}

is infinite and the morphism ¢ = prpry ensured by Lemma 2.4 satisfies p, @ = p.prevy # 0
for each n € I. Now, Theorem 2.5 implies that N is not A-compact.

(2) Put M = @ M and denote by p;, p; and py the corresponding associate morphisms
of coproducts M) and N for each N € M and i < w. Denote furthermore by py ) €
A(M©@) N®)) the morphism given by Lemma 2.4 which satisfies p;pyw) = pnps for each
N e M and i < w. Assume that A is not @ M-compact: there exists a morphism ¢ ¢
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A(A, M) such that p,p # 0 for infinitely many n by Theorem 2.5 and now using the
same argument as in the proof of (1) we can find N € M such that the set

J={i<w|pnpip * 0}

is infinite. Since p;pyw @ = papip # 0 for every 7 € J, the object A is not N-compact. m

3.8. LEMMA. Let M, N and A be objects of A such that M is A-compact and N is a
quotient of a coproduct of finitely many copies of M. Then N is A-compact.

PROOF. Assume that N is not A-compact. Then there exists a morphism ¢ € A(N, A“))
such that p,p # 0 for all associated morphisms p, of A“) by Theorem 2.5. If n is a natural
number and p € A(M ) N) is an epimorphism then p;pu # 0 for each i < w, hence M ™)
is not A-compact. Then M is not A-compact by Lemma 3.7(1). ]

We can summarize the obtained necessary condition of autocompactness.

3.9. PROPOSITION. Let M and N be objects of A such that N is (isomorphic to) a
quotient of a coproduct of finitely many copies of M and simultaneously (isomorphic to)
a subobject of a product of (possibly infinitely) copies of M. Then if M is autocompact,
N s autocompact, too.

PrROOF. N is M-compact, as follows from Lemma 3.8. Hence it is N-compact, so auto-
compact by Corollary 3.5. n

The next consequence presents a categorial version of the classical fact that an endo-
morphic image of a self-small module is self-small.

3.10. COROLLARY. If M is an autocompact object, such that there exist an epimorphism
ee A(M,N) and a monomorphism e A(N,M), then N is autocompact.

3.11. EXAMPLE. Let A be a self-small right modules over a ring, i.e. autocompact object
in the category of right modules. Denote K = {ker f | f € End(A)} and let L c K.

Then AJNL is a self-small module by Proposition 3.9 since there exist monomorphisms
A/mﬁ > HLELA/L > HLGEA

We conclude the section mentioning closure properties of relatively compact objects.

3.12. PROPOSITION. Let M and N be finite families of objects. Then @M is @N -
compact if and only if M is N-compact for all M € M and N € N

PROOF. (=) Since the associate morphism py € A(@ M, M) is an epimorphism for each
M € M and @ M is @ N-compact, each object M is @ N-compact by Lemma 3.8. As
vy € A(N,®N) is a monomorphism for each N € N/, any object M € M is N-compact
by Lemma 3.4.

(<) Lemma 3.7(1) implies that @ M is N-compact for each N € N and then it follows
from Lemma 3.7(2) that @ M is @ N-compact. =
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4. Description of autocompact objects

This section is dedicated mainly to the generalization of a classical autocompactness
criteria [3] to an Ab5 category A.

Assume M is an object such that the category A is closed under products M* for all
A <|End4(M)| and take I € End (M) = A(M, M). Then there exists a unique morphism
71 € A(M, M?") satisfying 7,77 = ¢ for each ¢ € I by the universal property of the product
M!. Let us denote by (1) = (Ky,vr) the kernel of the morphism 7; and note that (1)
is defined uniquely up to isomorphism.

For an object K of A consider a morphism v € A(K, M). We will then set

I(K,v) ={te End4(M) | ww = 0}.

It is easy to see that Z(K,v) forms a left ideal of the endomorphism ring End4(M). We
say that a left ideal I of End 4(M) is an annihilator ideal if Z(KC(I)) = I.

4.1. LEMMA. Let A be closed under products M* for all A <|End4(M)|. Then Z(K,v)
is an annihilator ideal of End(M) for all ve A(K, M).

PRrROOF. Put I = Z(K,v), (K;,v;) = K(I) and I = ZK(I) = Z(K;,v;). Furthermore,
denote by 77 € A(K, MT) the morphism satisfying 7,77 = ¢ for each ¢t € I, i.e. (Kp,vy) is
the kernel of 7;. Since 777 = 0, we can easily compute that tv; = 7,777 = 0 for every ¢ € [,
which implies T ¢ I.

To prove the reverse inclusion I € I, let us note that by the universal property of
the kernel v; there exists a unique morphism « € A(K, K) such that all squares in the
diagram

K2 M- M!

4,1k

K—M-—-M
commute for each ¢ € I. Consider a morphism v € End(M) such that v ¢ I. Then
yvra =y # 0 by the definition of the ideal I. Hence yv; # 0 and so v ¢ I. n

Recall the concept of exactness in Abb categories:

The diagram Ay —> A; —> A, is said to be a ezact at A; provided the equality
asaq = 0 holds and there exist an object K; together with morphisms & € A(A;, K1)
and 0y € A(K;, Ay) such that (K1,0;) is a kernel of aw, (K7,&1) is a cokernel of oy and
&101 = 1k,. The diagram A SN PN i A, 1 = A, is then said to be an ezact
sequence provided it is exact at each A; fori=1,...,n—1.

In particular, the diagram 0 - A - B LR C — 0 is a short exact sequence provided
a is a kernel of § and S is a cokernel of «, hence « is a monomorphism and S is an
epimorphism. Recall that any monomorphism (epimorphism) can be expressed as the
first (second) morphism of some short exact sequence in an Ab5-category.

A diagram D = ({M, }icw, {Vi ) }icj<w) is called an w-spectrum of M, if v; ; € A(M;, M),
VjkVij = Vi for each i < j < k < w, and there exist morphisms v; € A(M;, M) for all



988 JOSEF DVORAK AND JAN ZEMLICKA

i < w such that (M, {v;}i«.) is a colimit of the diagram D (i.e. it is a direct limit of the
spectrum D).

4.2. LEMMA. Let M be an object and M) be a coproduct with structural morphisms v;
and associated morphisms p;, i <w. Put

[n,w)=w~xn={i<w|i>n},

let M™ and M) be subcoproducts of M. Denote by vinmy € AM®™ M),
Ven € A(M ™) M) the structural morphisms and by p(nmy € A(M ) Mm@y p,,
A(M©@) M) the associated morphisms given by Lemma 2.4 for allm <m <w. Then

1. for each n <m < w all squares in the diagram with exact rows

m,, : 0 —— M) =y pp(w) 220 pp(new)) —
V(n,m)l H J/p(n,m)

commaute,

2. the short exact sequence

1 w
0 M@ 22 prw) & g0

with morphisms (Vep, 137, 0) forms a colimit of the w-spectrum
({9 3, {(Vnm) s Lag) s Pnm) ) nem ) in the category of short exact sequences and
their morphisms,

3. piVen = p;i if i <n and piv<, =0 otherwise.

PROOF. An easy exercise of application of Lemma 2.4 in an Ab5-category. [

Before we formulate the categorial version of [3, Proposition 1.1] we prove a more
general result:

4.3. LEMMA. Let for M € A the category contain the products M<. The following condi-
tions are equivalent for an object N € A:

1. N is not M-compact,

2. there exists an w-spectrum ({N; }icw, {iti; Yicj<w) of N with colimit (N, {; }icw) such
that all p; and p; ; for all i < j < w are monomorphisms and for each i < w there
exists a nonzero morphism p; € A(N, M) satisfying p;u; =0,

3. there exists an w-spectrum with colimit (N, {;}icw) Such that for each i < w there
exists a nonzero morphism p; € A(N, M) satisfying p;p; = 0.
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Proor. We will use the notation of Lemma 4.2 throughout the whole proof.

(1)=(2) Let p € A(N, M®)) satisfying p; # 0 for all 4 < w, which is ensured by (1)
and Theorem 2.5. Furthermore, let us denote ¢s, = psnp. Then p;p = p;ps, for all i > n.
Now, for each n < w denote by (N, 1) the kernel of the morphism .,, and note that by
the universal property of the kernel there exists a morphism pi, n11 € A(N,, Npy1) such
that all squares in the diagram with exact rows

0 Nn Hn N P>n M([n#)))

/—Ln,n+1J/ H lp(nﬂ“‘l)

0—— N,y 22y N 253 ([n+1,0))
commute. Now let us define inductively for each n < m < w morphisms
Hnm = Um-1,mHMm-2,m-1 - - - Bbn+1,n+2Hn,n+1 € A(Nna Nm)

If we denote by (X, {&}i<w) the colimit of the w-spectrum N = ({N; }icw, {ftij }icj<w) then
from Lemma 4.2 we obtain the following commutative diagram with exact rows

0 P20 V()
Hn, m H lp(n,m)
0 [m.w))
H "
0 0

because A is an Abb5-category. Thus ¢ is an isomorphism, which implies that (N, {1 }i<w)
is a colimit of the w-spectrum A. Since all y1,,’s are kernel morphisms, they are monomor-
phisms. Furthermore, 1, ,, are monomorphisms, because fi, = fimfinm for all n <m < w.
Finally, put ¢; := p;o, which is nonzero by the hypothesis, and compute @;u; = p;pp; =
pipsifti = 0.

(2)=>(3) This is clear.

(3)=(1) Let us denote by 7 € A(N, M%) the morphism satisfying m;7 = ¢;, which is
(uniquely) given by the universal property of the product M. Recall that for each n < w
we have denoted by m, € A(M«, M™) the corresponding structural morphism and we may
identify objects M™ and M (™ so we shall consider 7, as a morphism in A(M«, M),

Put 7, = m, 7. Since p;7, = piTaT by = T; T, T, We Obtain that p;7, = @ju, # 0 for
each i <n and p;7, = 0 for each ¢ > n. Then the diagram

N, — M ™)

Mn,ml ll’(n;m)

N, —25 M (m)
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commutes for every n < m < w. Hence there exists ¢ € A(N, M) such that the diagram

N, — M®)
Hn Ven

N —25 M)

commutes for each n < w by Lemma 4.2, because (NN, {;}i«,) is the colimit of the w-
spectrum ({N; }ico, {14ij bicjew) and ({M )}, { ) ticw) 18 the colimit of the w-spectrum
({M D}, {V(i.j) bicj<w) In the Abb-category A.

Applying Theorem 2.5, it is enough to prove that p;p # 0 for each ¢ < w. We have
shown that p;7, # 0 for each ¢ < n, hence

PiPln = PiVenTn = PiTn # 0

for each ¢ < n, which implies p;p # 0. n

We are now ready to formulate a basic characterization of autocompact objects which
generalizes the classical result [3, Proposition 1.1].

4.4. THEOREM. Let M be an object such that A is closed under products M* for all
A <max(|End4(M)|,w). Then the following conditions are equivalent:

1. M 1is not autocompact,

2. there exists an w-spectrum with colimit (M, {;}i<w) such that for each i < w there
exists a nonzero morphism p; € End (M) satisfying o;u; =0,

3. there exists an w-spectrum ({M; }icw, { i }icj<w) with colimit (M, {p;}icw) such that
{Z(M;, 11;) }icw forms a strictly decreasing chain of nonzero ideals of the endomor-
phism ring End 4 (M) with N Z(M;, ;) = 0.

PROOF. (1)<(2) follows form Lemma 4.3 for N = M.

(2)=(3) If (M,{;}i<) is the colimit which exists by (2), then {Z(M;, 11;)}icw is a
decreasing chain of nonzero ideals of End4(M). Suppose that yu; = 0 for all ¢ < w.
Then « = 0, since there exists unique such morphism by the universal property of the
colimit (M,{V;}icw). Thus N, Z(M;, ;) = 0 and Z(M;, p;) # 0 for each i. If we put
J=A{j <w | Z(Mj,p;) # Z(Mjs1,tj+1)}, then it is easy to see that (M, {j;}jes) is the
colimit of the w-spectrum ({M;}jes, {4, }icjes) With a strictly decreasing chain of nonzero
ideals {I(Mj, Mj)}jeJ-

(3)=(2) It is enough to choose ¢; € Z(M;, jt;) N Z(M;y1, fir1)- n
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The following criterion of autocompactness of finite coproducts generalizes results [9,
Proposition 5, Corollary 6] formulated in categories of modules.

4.5. PROPOSITION. The following conditions are equivalent for a finite family of objects
M and M =@ M:

1. M is autocompact,

2. N is M-compact for each N € M,

3. M is N-compact for each N € M,

4. Ny is Ny-compact for each Ny, Ny € M,

5. for each N1, Ny € M and any w-spectrum ({K;}icw, {1tij}icjcw) of N1 with colimit
(N1, {iti }icw) there exists i < w such that for every nonzero ¢ € A(Ny, Ny), the
morphism pp; is nonzero.

PROOF. (1)<>(4) This is proved in Proposition 3.12

(2)<>(3)<>(4) These equivalences follow from Proposition 3.12 again, when applied on
pairs of families {M }, M and M, {M}.

(4)<>(5) This is an immediate consequence of Lemma 4.3. n

As a consequence, we can formulate the assertion of Corollary 3.3 more precisely.

4.6. COROLLARY. Let M be a family of nonzero objects. Then @ M is autocompact if
and only if M is finite and Ny is No-compact for each Ny, Ny € M.

The last direct consequence of Proposition 4.5 presents a categorial variant of [9,
Corollary 7].

4.7. COROLLARY. Let M be a finite family of autocompact objects satisfying the condition
A(N1, No) =0 whenever Ny # Ny. Then @ M is autocompact.

If M is a finite family of objects, then @ M and [[ M are canonically isomorphic
(cf. Lemma 2.4), so the Proposition 4.5 holds true in case we replace any @ by []
there. Although there is no autocompact coproduct of infinitely many nonzero objects by
Proposition 3.2, the natural question that arises is, under which conditions the products
of infinite families of objects are autocompact. The following example shows that it is
not true in general that an infinite product of autocompact objects is autocompact.

4.8. EXAMPLE. Denote by P the set of all prime numbers and consider the full subcat-
egory T of the category of abelian groups Ab consisting of all torsion abelian groups. If
A is a torsion abelian group and A, denotes its p-component for each p € P, then the de-
composition @pep A, forms both the coproduct and product of the family A= {A, |p e P}.
Indeed, if B is a torsion abelian group and 7, € Ab(B,A,) for p € P, then for every be B
there exist only finitely many p € P for which 7,(b) # 0, hence the image of the homomor-
phism f € Ab(B,I1, Ap) given by the universal property of the product [, A, is contained
in @pep Ap, hence @,ep A, is the product of A in the category T.
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Thus, e.qg. @pepZ, is the product of the family {Z, | p € P} in T, which is not
autocompact in T by Corollary 4.6, however Z, is Z,-compact for every p,q € P.

5. Which products are autocompact?

Although the final section tries to answer the question formulated in its title, we start
with one more closure property.

5.1. LEMMA. If0 - A —> B - C — 0 is a short exact sequence such that an object M is
A-compact and C-compact, then it is B-compact.

PROOF. Proving indirectly, assume that M is not B-compact. Then by Lemma 4.3 there
exists a colimit (M, {p; }icw) of some w-spectrum ({M; }icw, {ftij }icj<w) and nonzero mor-
phisms ¢; € A(M, B) such that p;u; =0, i <w. If we suppose that M is C-compact and
consider the short exact sequence

0 A, 0,

then By;u; = 0 for each 7 € w, hence there exists n such that Syp; = 0 for all i > n by
Lemma 4.3. By the universal property of the kernel « of (the cokernel) 8 there exist 1;
satisfying a); = ¢; # 0 for each ¢ > n. As « is a monomorphism, ¥; # 0 for each 7 > n,
hence M is not A-compact by Lemma 4.3 again, a contradiction. [

5.2. COROLLARY. If0 - A —> B - C — 0 is a short exact sequence such that the object
B is A-compact and C-compact, then B is autocompact.

The previous corollary is a partial answer to the concluding question raised in [9]. As
the next example shows, its assertion cannot be reversed.

5.3. EXAMPLE. If we consider the short exact sequence 0 - Z - Q — Q/Z — 0 in the
category of abelian groups, then Q is self-small, i.e. autocompact abelian group and 7Z-
compact, but it is not Q/Z-compact.

Now, we can formulate a criterion for autocompact objects which generalizes [11,
Theorem 3.1].

5.4. THEOREM. Let M be a family of objects such that the product M =[] M ezxists in
A and put S =@ M. Then the following conditions are equivalent:

1. M is autocompact,
2. M is S-compact,

3. M is @ C-compact for each countable family C ¢ M.
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PROOF. (1)=(2) Since M is Add 4(M )-compact by Lemma 3.1 and S = @ M € Add (M),
it is S-compact by Lemma 2.3.

(2)=(3) This is an easy consequence of Proposition 3.12.

(3)=(1) Assume on contrary that M is not autocompact. Then by Lemma 4.3 there
exist an w-spectrum ({M; }icw, {ftij ticj<w) of M with the colimit (M, {f;}icy) such that
1; is a monomorphism for all ¢ < w and for each ¢ < w there exists a nonzero morphism
;i € A(M, M) with ¢;u; =0. Then for each i < w there exists N; € M such that my,p; # 0.
Put C = {N; | i < w} and denote by Dy, the structural morphisms of the coproduct
@C. Since vy, € A(M,BC) such that vy, pip; = 0, there exists n for which
UN, TN, ¥n = 0 by Lemma 4.3, which contradicts the hypothesis 7y, p; # 0 for each 1 <w. m

5.5. COROLLARY. Let M be an object and I be a set. Then M is autocompact if and
only if M is M-compact.

Recall that G is a projective generator of A, if for any nonzero object B in A, A(G, B) #
0 holds and for each pair of objects A, B, any epimorphism 7 € A(A, B) and any morphism
¢ € A(G, B) there exists 7 € A(G, A) such that ¢ = 77.

The last observation using equivalence of categories presents a categorial version of
[24, Proposition 1.6] (cf. also [3, Corollary 1.3]).

5.6. PROPOSITION. Let M be a family of objects, A contain an A-compact projective
generator and the product M = [ M. Denote My = [[(M~{N}) and let A(My,N) =0
for each N. Then M is autocompact if and only if N is autocompact for each N € M.

PROOF. (=) Since M ¥ N & My for every N € M, the assertion follows from Proposi-
tion 4.5.

(<) From [18, Corollary 3.2] we get that A is equivalent to a category of modules and
now we can use [24, Proposition 1.6]. =

The following example shows that the existence of the compact projective generator
cannot be removed from the assumptions of the last assertion.

5.7. EXAMPLE. Consider the category of all torsion abelian groups T from Example 4.8.
Then M = @ ,ep Zq is the product of the family {Zq | q € P} and M, = @ ., Zy, is the product
of the family {Z, | q e P~{p}} for all p € P in the category T. Although Homy(M,,7Z,) =0
and Z, 1s autocompact in T for each p € P, M is not autocompact. Let us remark that the
category T contains no compact generator. [24, Corollary 1.8]).

We conclude with a well-known example of an autocompact product.

5.8. EXAMPLE. Any finitely generated free abelian group is a compact projective generator
in the category of abelian groups and the family {Z, | q € P} satisfies the hypothesis of
Proposition 5.6 by [24, Lemma 1.7], hence [],ep Zq is autocompact (cf.[24, Corollary 1.8]).
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