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COSHEAVES

ANDREI V. PRASOLOV

ABSTRACT. The categories pCS (X, Pro (k)) of precosheaves and CS (X, Pro (k)) of
cosheaves on a small Grothendieck site X, with values in the category Pro (k) of pro-
k-modules, are constructed. It is proved that pCS (X, Pro (k)) satisfies the AB4 and
AB5* axioms, while CS (X, Pro (k)) satisfies AB3 and AB5*. Homology theories for
cosheaves and precosheaves, based on quasi-projective resolutions, are constructed and

investigated.
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1. Introduction

A presheaf (precosheaf) on a topological space X with values in a category K is just
a contravariant (covariant) functor from the category of open subsets of X to K, while
a sheaf (cosheaf) is such a functor satisfying some extra conditions. The category of
(pre)cosheaves with values in K is dual to the category of (pre)sheaves with values in the
dual category K.

While the theory of sheaves is well developed, and is covered by plenty of publications,
the theory of cosheaves is more poorly represented. The main reason for this is that
cofiltered limits are not exact in the “usual” categories like sets, abelian groups, rings, or
modules. On the contrary, filtered colimits are exact in the above categories, which allows
to construct rather rich theories of sheaves with values in “usual” categories. To sum up,
the “usual” categories K are badly suited for cosheaf theory. Dually, the categories K
are badly suited for sheaf theory.

The first step in building a suitable theory of cosheaves would be constructing a cosheaf
Ay associated with a precosheaf A (simply: cosheafification of A), as a right adjoint

()# : Precosheaves — Closheaves

to the inclusion
v : Cosheaves — Precosheaves.

As is shown in [Prasolov, 2016, Theorem 3.1], it is possible in many situations, namely for
precosheaves with values in an arbitrary locally presentable [Addmek and Rosicky, 1994,
Chapter 1] category (or a dual to such a category). See also Theorem 2.2.6 in this paper.

However, our purpose is to prepare a foundation for homology theory of cosheaves (see
Theorems 3.2.1, 3.4.1, and Conjecture 1.0.3). In future papers, we plan to develop also
the nonabelian homology theory (in other words, the homotopy theory) of (pre)cosheaves
(see Conjectures 1.0.4, 1.0.5, and 1.0.7 below).

Therefore, we need a more or less explicit construction. Moreover, we need a con-
struction satisfying good exactness properties. As is shown in [Prasolov, 2016], the most
suitable categories for these purposes are the categories of (pre)cosheaves with values
in the pro-category Pro (K) (Definition 2.1.4), where K is a cocomplete (Remark 2.0.2
(1)) category. In [Prasolov, 2016, Theorem 3.11], connections with shape theory have
been established: it was shown that the cosheafification G'x of the constant precosheaf
Gt G € K, is isomorphic to G ®get pro-mg, where pro-m, is the pro-homotopy from
Definition B.3.4 (for the pairing ®get see Definition A.1.1(4)). If K = Mod (k) is the
category of pro-modules over a commutative ring k, the cosheafification G becomes the
pro-homology (Definition B.3.5):

Gy~ (U v+— pro-Hy (U,G)) .
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1.0.1. REMARK. An interesting attempt is made in [Schneiders, 1987] where the author
sketches a cosheaf theory on topological spaces with values in a category L, dual to an
“elementary” category L. He proposes a candidate for such a category. Let a < [
be two inaccessible cardinals. Then L is the category Prog (Ab,) of abelian pro-groups
(Gy) ey such that card(G;) < a and card (Mor (J)) < B. However, our pro-category
Pro (K) cannot be used in the cosheaf theory from [Schneiders, 1987] because the category
(Pro (K))” is not elementary.

The main results of this paper are establishing the most important properties of pre-
cosheaves (Theorem 3.1.1) and cosheaves (Theorem 3.3.1), as well as constructing homol-
ogy theory for precosheaves (Theorem 3.2.1) and cosheaves (Theorem 3.4.1). We construct
the abelian homology theory of (pre)cosheaves with values in the category

Pro (k) = Pro (Mod (k))

(Notation 2.0.4), where k is a quasi-noetherian (Definition A.2.4) commutative ring. Due
to Proposition A.2.5, the class of such rings is sufficiently large, and our construction
includes, e.g., (pre)cosheaves with values in

Pro (Ab) ~ Pro(Mod (Z)) = Pro(Z) .

1.0.2. REMARK. A cosheaf theory with values in the category Pro (k) on topological
spaces was sketched in [Sugiki, 2001]. Definition 2.2.7 of a cosheaf on a topological
space X in [Sugiki, 2001] is dual to our definition of a cosheaf on the corresponding
site OPEN (X)), see Example B.1.9 and Remark B.1.10. Theorem 2.2.8 in [Sugiki, 2001]
states that the cosheafification exists. However, no proof of that theorem is given, and no
explicit construction of such cosheafification is provided.

Moreover, in [Sugiki, 2001, Definition 4.1.3] the author introduces the notion of c-
injective cosheaves which seem to be dual to our quasi-projective cosheaves, and claims
in [Sugiki, 2001, Theorem 4.1.7] that c-injective cosheaves form a cogenerating subcategory
in the category of all cosheaves. That statement seems to be dual to our Theorem 3.4.1(1).
However, the proof is only sketched, and is based on several statements given without
proofs.  Moreover, [Sugiki, 2001] sketches a construction of cosheaf homology only for
topological spaces (for the site OPEN (X), see Example B.1.9 and Remark B.1.10). In
this paper, on the contrary, we construct the cosheaf homology theory for arbitrary small
sites.

1.0.3. CONJECTURE.

1. On the standard site OPEN (X) (Example B.1.9), the left satellites of Hy are nat-
urally isomorphic to the pro-homology (Definition B.3.5):

Hn (varO'HO ('7 A)) = Hn (X> A#) ::LnHO (Xv A#) = prO'Hn (Xv A) )

provided X is Hausdorff paracompact.
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2. The above isomorphisms exist for all topological spaces if we use the site NORM (X)
(Example B.1.12) instead of OPEN (X).

Example 4.0.1 illustrates the conjecture.

1.0.4. CONJECTURE.

1. On the standard site OPEN (X), the nonabelian left satellites of Hy are naturally
isomorphic to the pro-homotopy (Definition B.3.4):

H,(X,S;) = H,(X,S xpro-ng):=L,Hy(X,Sy) ~ S x pro-m, (X),
H, (X, (pt) #) — H, (X, pro-mo) :=L,H, (X, (pt) #> ~ pro-m, (X)),

provided X is Hausdorff paracompact.

2. The above isomorphisms exist for all topological spaces if we use the site NORM (X)
instead of OPEN (X).

For general topological spaces, however, one could not expect that cosheaf homology
H, (X,Gy) coincides with shape pro-homology pro-H, (X, G) (unless n = 0, see Theorem
2.2.6 and [Prasolov, 2016, Theorem 3.11]). The thing is that general spaces may lack
“good” polyhedral expansions (Definition B.3.1). See Remark 1.0.6 and Conjecture 1.0.5.

1.0.5. CONJECTURE. Let X be a (pointed) finite (or even locally finite) topological space.
Then:

1. The left satellites of Hy are naturally isomorphic to the singular homology:
H, (X,Gy):=L,Hy(X,Gy) ~ H (X, Q).
2. The monabelian left satellites of Hy are naturally isomorphic to the homotopy
groups:
H,(X,S;:) = H,(X,Sxm):=L,Hy(X,Sx) ~S xm,(X),
i, (X, (pt) #> — H,(X,m):=L,H, (X, (pt) #> ~ 1, (X).

Example 4.0.2 illustrates the conjecture.
On the contrary, the pro-homology and pro-homotopy of such spaces are rather trivial:



1084 ANDREI V. PRASOLOV

1.0.6. REMARK. If X is a locally finite (pointed) topological space, then:
pro-H, (X,G) ~ H, ((7r0 (X))(S : G) ,
pro-my (X) = my ((mo (X)),

where (o (X))‘S 15 the set of connected components of X, supplied with the discrete topol-
oqy. Indeed, it is easy to check that the natural continuous projection

X — (m (X))’
is a polyhedral expansion (Definition B.3.1).

Other possible applications could be in étale homotopy theory [Artin and Mazur, 1986]
as is summarized in the following

1.0.7. CONJECTURE. Let X% be the site from Example B.1.13.

1. The left satellites of Hy are naturally isomorphic to the étale pro-homology:
H, (Xet,A#) =L,H, (Xet, A#) ~ H (X, A).

2. The nonabelian left satellites of Hy are naturally isomorphic to the étale pro-homotopy:

Hn (XEt, (pt)#> ~ Hn (XEt, ﬂ_(e)t) ::LnHO <X8t7 (pt)#> ~ ﬂ—th (X) .

2. Preliminaries

We fix a commutative ring k. From now on, k is assumed to be quasi-noetherian
(Definition A.2.4), e.g. noetherian (see Proposition A.2.5).

2.0.1. NOTATION.

1. We shall denote limits (inverse/projective limits) by @, and colimits (direct/ind-
uctive limits) by ling.

2. If U 1is an object of a category K, we shall usually write U € K instead of U €
0b (K).

2.0.2. REMARK.

1. Remund that a category C is complete if it admits small limats @, and cocomplete
if it admits small colimits lin.

2. A complete category has a terminal object (a limit of an empty diagram). A co-
complete category has an initial object (a colimit of an empty diagram,).

3. A functor f : C — D s called left (right) exact if it preserves finite limits
(colimits). f is called exact if it is both left and right exact.
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2.0.3. DEFINITION. A subcategory C C D is called reflective (respectively coreflective)
iff the inclusion C < D is a right (respectively left) adjoint. The left (respectively right)
adjoint D — C is called a reflection (respectively coreflection).

2.0.4. NoTATION. Pro (k) = Pro(Mod (k)) is the category of pro-objects (Definition
2.1.4) in the category Mod (k) of k-modules.

2.0.5. REMARK. Since any noetherian ring (e.g. 7) is quasi-noetherian, our considera-
tions cover a large family of pro-categories like

Pro (Ab) ~ Pro (Z),

Pro (k) where k is a field, Pro (R) where R is a finitely generated commutative algebra
over a noetherian ring, etc.

2.0.6. DEFINITION. Given two categories I and K with I small, let K be the category of
I-diagrams in K.

2.0.7. REMARK. We will also consider functors C — D where C is not small. However,
such functors do mot form a category D€, because the morphisms D€ (F, G) form a class,
but not in general a set. Such object cannot be even called a large category. Probably,
“a huge category” would be an appropriate name.

2.0.8. DEFINITION. Given U € K, let
hy - K2 — Set, hY : K — Set,
be the following functors:

hy (V) :=Homeg (V,U), hY (V):=Homc (U, V),
hy () :=[(y € hy (V) = Homg (V,U)) — (yoa € Home (V',U) = hy (V'))],
KW (B):=[(y € hY (V) = Homc (U,V)) — (Bo~y € Home (U, V') = bV (V'))],

where

(a:V'— V) € Homc (V', V)= Homce (V,V'),
(B:V—V") € Homec(V,V').

2.0.9. REMARK.

1. The functors
he : K —» Set®”, h*: K?” — SetX,

are full embeddings, called the first and the second Yoneda embeddings.

2. We will consider also the third Yoneda embedding, which is dual to the second one:

(h*)? : K = (K?)” — (Set®)™.
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2.0.10. DEFINITION. Let
p:C—D

be a functor, and let d € D.

1. The comma category ¢ | d is defined as follows:

Ob(p | d):={(¢(c) = d) € Homp (¢ (c),d)},
Homypa ((cq :@(c1) = d), (ae:p(c2) > d):={f:c1 = ca| awop(f)=a1}.

2. Another comma category
o= (g7 d)”
is defined as follows:

Ob(d | ¢):={(d = ¢(c)) € Homp (d, ¢ (¢))},
Homgi((0n:d = ¢(c1)),(aa:d = ¢(e)):={0:a=calp@)oa =a}.

2.0.11. DEFINITION. Let U € C. The comma category Cy is defined as follows:
CU = 1C \L U’
1.€.

Ob (Cy):={(V = U) € Home (V,U)} ,
Homeg, ((an : Vi = U) (ag: Vo = U)):={: Vi = Vo | awof=a4}.

2.0.12. DEFINITION. Let F' € Set®”. The comma category Cy is defined as follows:

Ob(Cp):={(V,a) | VeC,ae F(V)},
Homey, (Vi,an), (Va,a0)) :={B: Vi = Vo | F'(B) (2) = a1}

2.0.13. REMARK. The categories Cy and Cy,, are equivalent.

2.1. PRO-MODULES. The main reference is [Kashiwara and Schapira, 2006, Chapter 6]
where the Ind-objects are considered. The Pro-objects used in this paper are dual to the
Ind-objects:

Pro (C) ~ (Ind (C))”.
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2.1.1. DEFINITION. A small category I is called filtered iff:
1. It s not empty.
2. For every two objects 1,5 € 1 there exists an object k and two morphisms
1 — k,
j — k.
3. For every two parallel morphisms
u oL —> 7,
v —> ],
there exists an object k and a morphism
w:j —k,

such that wou = wow. A category I is called cofiltered if I°P is filtered. A diagram
D :1— K is called (co)filtered if 1 is a (co)filtered category.

See, e.g., [Mac Lane, 1998, Chapter IX.1] for filtered, and [Mardesi¢ and Segal, 1982,
Chapter 1.1.4] for cofiltered categories.

2.1.2. REMARK. In [Kashiwara and Schapira, 2006/, such categories and diagrams are
called (co)filtrant.

2.1.3. EXAMPLE. For any poset (X, <) one can define the category Cat (X) with
Ob(Cat (X)) = X,

where each set Homcag(x) (7,y) consists of one object (v,y) if v < y, and is empty
otherwise.
The poset X 1is called directed iff X # @, and

Ve,y € X [Fz(x < z&y < 2)].
The poset X 1is called codirected iff X # &, and
Ve,y € X [Tz (2 < z&z <vy)].
It is easy to see that Cat (X) is (co)filtered iff X is (co)directed.

2.1.4. DEFINITION. Let K be a category. The pro-category Pro (K) (see [Kashiwara and
Schapira, 2006, Definition 6.1.1], [Mardesi¢ and Segal, 1982, Remark I1.1.4], or [Artin
and Mazur, 1986, Appendiz]) is the full subcategory of (SetK)Op consisting of functors
that are cofiltered limits of representable functors, i.e. limits of diagrams of the form

X

15 K (Set®)”

where 1 is a cofiltered category, X : I — K is a diagram, and (h*)™ is the third Yoneda

embedding. We will simply denote such diagrams by X = (X;),;-
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2.1.5. REMARK. See [Kashiwara and Schapira, 2006, Lemma 6.1.2 and formula (2.6.4)]:

1. Let two pro-objects be defined by the diagrams X = (X;),; and Y = (Y]

i)jes- Then

Hompyok) (X,Y) = @ m Homk (X;,Y;) .

jeJ el

2. Pro (K) is indeed a category even though (SetK)Op is a “huge” category: Homprok)
(X,Y) is a set for any X and Y.

2.1.6. REMARK. The category K is a full subcategory of Pro (K): any object X € K
gives rise to the singleton
(X) € Pro (K)

with a trivial index category I = ({i},1;). A pro-object X is called rudimentary [Mardesi¢
and Segal, 1982, §1.1.1] iff it is isomorphic to an object of K:

X~7ZeKCPro(K).

The proposition below allows us to recognize rudimentary pro-objects:

2.1.7. PROPOSITION. Let
X = (Xj);e1 € Pro (K),

and Z € K. Then X ~ Z iff there exist an iy € I and a morphism 1y : X;, — Z satisfying
the property: for any morphism s : i — ig, there exist a morphism o : Z — X; and a
morphism t : j — i satisfying

ToX (s)oo = 1y,
cgompoX (s)o X (t) = X(t).
PROOF. The statement is dual to [Kashiwara and Schapira, 2006, Proposition 6.2.1]. =

2.1.8. COROLLARY. Let
X = (Xi)l.€I € Pro (k).

Then X is a zero object in Pro (k) iff for any i € 1 there exists at: j — i with X (t) = 0.

2.1.9. REMARK. Remark 2.1.5 allows the following description of morphisms in the pro-
category: any

1 € Hompro) ((Xi)ier (Vi),eg) = lim ling Homxc (X, ;)

jeJ el

can be represented (not uniquely!) by a triple

(907 A, (fj>jeJ> ’
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where

A1(a) Ao(a)

o : Ob(J) — Ob(I),
A = [ar—>[g0(j1)<—A(a)—><p(jo)” . Mor (J) —s Ob(I) x Mor (I) x Mor (),

are functions, and
(fi: Xot) — Y3) ;e

1s a family of morphisms, such that the following diagram

K@) o X(()

Aa) X

e(i1) ¢(j0)

S Y (o)

J1

Y;

commutes for any « : jo — j1 in J (see [Mardesi¢ and Segal, 1982, §1.1.1] and [Artin
and Mazur, 1986, §A.3]). It is known that such a morphism is equivalent to a level
morphism (Definition 2.1.10). Moreover, any finite diagram of pro-objects without
loops is equivalent to a level diagram (see Definition 2.1.10 and Proposition 2.1.11).
However, it is not in general possible to “levelize” the whole set Hompyok) (X,Y) (or
an infinite diagram, or a diagram with loops) in Pro (K).

2.1.10. DEFINITION.

1. A morphism
fe Homprox) (X = (Xi)iEI Y = <Y})j€J>

is called a level morphism (compare to [Mardesi¢ and Segal, 1982, §1.1.3]) iff
I1=1J, and there is a morphism

v (Xi)z‘el — (Yi)z‘el I — K

of functors, generating f, i.e. such that the following diagram

X Y

~ ~

Jim;e (R*)” — Jm;ep (R¥)”

where

et (1) mier (1) € (S0t
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1s commutative. In the notations of Remark 2.1.9 it means that:

QY = ]-Ob(I) - Ob (I) — 0Ob (I),

. . . . «@ . 1j . .
Mazijo—h) = {90(]1) = Ji ¢ Jo — Jo Zw(Jo)] :
fi = y,t€el
2. A family
<fs 1 X = (Xsi)z‘els — Y, = (Y;j)jer>
of morphisms in Pro (K) is called a level family iff for some H and for all s,
Is = Js = H7
and there is a family of functors
As - (Xsi)ieH — (Ysi)z‘eH’

such that ag generates fq for all s.

3. A diagram
D:G — Pro(K)

in Pro (K) is called a level diagram iff for some H and for all g € Ob(QG),

D (g) = (Xgi)ieHa

and there is a diagram
a:GxH-—K,

such that for each
(B:g1 — g2) € Homa (91, 92)

the morphism
a(B):a(gxe) — a(g xe) : KF — KH
generates the morphism
fa:D(g1) — D (g2).

2.1.11. PROPOSITION. Let
D: G — Pro(K)

be a diagram in Pro (K), where G is finite, and does not have loops. Then the diagram
is isomorphic to a level diagram, i.e. D ~ D', where

D'": G — Pro(K)
15 a level diagram.

PROOF. See [Artin and Mazur, 1986, Proposition A.3.3] or [Kashiwara and Schapira,
2006, dual to Proposition 6.4.1]. "
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2.1.12. REMARK. See examples of such “levelization” for one morphism [Kashiwara and
Schapira, 2006, dual to Corollary 6.1.14], and for a pair of parallel morphisms [Kashiwara
and Schapira, 20006, dual to Corollary 6.1.15].

Below are other useful properties of pro-objects.

2.1.13. PROPOSITION. Let K be a cocomplete category. In (3-4) below assume that K
admits finite limits.

1. For any Y € Pro(K) the functor Homproxk) (8,Y) converts cofiltered limits into
filtered colimits: for a diagram (X;),.; in Pro (K), where I is cofiltered,

Hompyox) (@Xi,Y> ~ @ (Hompm(K) (XZ-,Y)).

i€l i€1o
2. Pro (K) is cocomplete.
3. Pro(K) is complete.

4. Cofiltered limits are exact in Pro (K): for a double diagram (X, ;),.y ;o in Pro (K),
where 1 is cofiltered, and J is finite,
fm lim X j & lim lim X, ;,
il jel jeJ el
fm lim X; ; & lim lim X, ;,
il jeJ jeJ i€l
PROOF. (1) The statement is dual to [Kashiwara and Schapira, 2006, Theorem 6.1.8].
(2) See [Kashiwara and Schapira, 2006, dual to Corollary 6.1.17].

(3) See [Kashiwara and Schapira, 2006, dual to Proposition 6.1.18].
(4) The statement is dual to [Kashiwara and Schapira, 2006, Proposition 6.1.19]. =
(

2.2. (PRE)COSHEAVES. Throughout this paper, we will consider (pre)cosheaves with val-
ues in Pro (K) (K is a cocomplete category), or Pro (k), and (pre)sheaves with values in
L (L is a complete category) or Mod (k). Pre(co)sheaves can be defined on small sites (in
particular) or on small categories (in general). Most of our constructions and statements
are also valid for those generalized pre(co)sheaves.

Moreover, we will constantly use the pairings

(e,0) : Pro(k)” x Mod (k) — Mod (k),
(e,8) : PCS (X, Pro(k))” x Mod (k) —s pS (X, Mod (k))

from Definition A.1.1(1, 2) where pCS denotes the category of precosheaves, while pS
denotes the category of presheaves.

Let X = (Cx,Cov (X)) be a small site (Definition B.1.3), and let K be a category.
Assume that K is cocomplete. Remind Definition 2.0.11 for Cy and Definition 2.0.12 for
Crk.
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2.2.1. DEFINITION.

1. A precosheaf A on X with values in K is a functor A: Cx — K.

2. For any U € Cx and a covering sieve (Definition B.1.3) R over U there is a natural
morphism
P(U.R): lim A(V)— AU)

(V=U)eCgr
where Cg is the comma-category (Definition 2.0.11).

(a) A precosheaf A on X is coseparated provided ¢ (U, R) is an epimorphism
for any U € Cx and for any covering sieve .

(b) A precosheaf A on X is a cosheaf provided ¢ (U, R) is an isomorphism for
any U € Cx and for any covering sieve R over U.

2.2.2. REMARK. The morphism in the above definition is isomorphic to the following:
1/) (U, R) . A ®Seth R — A ®Seth hU
The pairing Qgeicx 15 introduced in Definition A.1.1(5). The isomorphisms

A ®Seth R ~ ]ﬂ A (V)
(V=U)eCr

and
A ®Seth hU ~ A (U)

follow from Proposition B.1.8, because the comma-category Cy =~ Cy,, (Remark 2.0.13)
has a terminal object (U, 1y ).

2.2.3. NOTATION. Denote by CS (X, K) the category of cosheaves, and by pCS (X, K)

the category of precosheaves on X with values in K.
2.2.4. REMARK. Compare to Definition B.1.14 and Notation B.1.16 for (pre)sheaves.

2.2.5. DEFINITION.
1. Assume that K is cocomplete. Given a precosheaf A € pCS (X, Pro (K)), let
Ay (U):=[U — Hy (U, A)]

(see Definition B.2.1 (2)). A, is clearly a precosheaf, and we have natural mor-
phisms
)\+ (A) : A+ — A,
A (A) = A (A)ody (Ap) t Ay — A
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2. Assume that K is complete. Given a presheaf B € pS (X, K), let
Bt (U):=[U+— H° (U, A)]
(see Definition B.2.1 (2). BT is clearly a presheaf, and we have natural morphisms
AT (B) : B— BT,
ANH(B) = AN (BY) oM (B): B— B,

It is well-known that BT is a sheaf. Apply, e.g., [Prasolov, 2016, Theorem 3.1(3)]
to K.

The following theorem has been partially proved in [Prasolov, 2016]:

2.2.6. THEOREM. Assume that K is cocomplete. In (3-4) below assume in addition that
K admits finite limits. Let

A € pCS(X,Pro(K)),
B € pCS(X,K)CpCS(X,Pro(K)),
C € pCS(X,Pro(k)).

Then:

1. B is coseparated (a cosheaf) iff it is coseparated (a cosheaf) when considered as a
precosheaf with values in Pro (K).

2. The full subcategory of cosheaves
CS (X,Pro(K)) C pCS (X, Pro (K))
is coreflective (Definition 2.0.3), and the coreflection
pCS (X, Pro(K)) — CS (X, Pro (K))

15 given by

A — A#Z:A++.

3. The functor
(). : PCS (X, Pro(K)) — pCS (X, Pro (K))
is right exact (Remark 2.0.2 (3)).

4. The functor
Oy = 044 : PCS (X, Pro(K)) — CS (X, Pro (K))

is exact (Remark 2.0.2 (3).
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5. C is coseparated iff the presheaf (C,T) (see Definition A.1.1(2) is separated (Def-
inition B.1.14) for any injective T € Mod (k).

6. C is a cosheaf iff the presheaf (C,T) is a sheaf (Definition B.1.14) for any injective
T € Mod (k).

<C+>T> = <C’ T>+>
<C#7T> = <Cv T>#7

naturally in C and T, for any (not necessarily injective) T € Mod (k).

PROOF. (1, 2) See [Prasolov, 2016, Theorem 3.1(4)].
(3) Let U € Cx, and let R C hy be a sieve. Then the functor

Ar— Hy(R,A)= lm A(V)| :pCS(Cx,Pro(K)) — Pro(K)
(V%U)ECR

preserves arbitrary colimits (not necessarily finite!) because colimits commute with col-
imits. Therefore, the above functor is right exact. Since cofiltered limits are exact in the
category Pro (K) (Proposition 2.1.13(4)), the functor

Ar— A, (U)= lim lim  A(V)]| : pCS(Cx,Pro(K)) — Pro(K)
ReCov(U) (V=U)eCRr

is right exact as the composition of two right exact functors. Let U € Cx vary. It follows
that the corresponding functor

()Jr : pCS (X, Pro (K)) — pCS (X, Pro (K))

is right exact.
4) Consider the composition
( p

)4y =to()y: PCS(X,Pro(K)) — CS (X, Pro(K)) — pCS (X, Pro (K)),
which is right exact, due to (3). Since ¢ is fully faithful, the functor
()4 : PCS (X, Pro(K)) — CS (X, Pro (K))

is right exact as well. However, (), being a right adjoint, preserves arbitrary (e.g.,
finite) limits, therefore it is left exact.

(5) If C is coseparated, then it follows from [Prasolov, 2016, Proposition 2.10(1)] that
(C,T) is separated for any (not necessarily injective) T' € Mod (k).
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Assume now that (C, T') is separated for any injective T € Mod (k). Let R € Cov (U)
be a sieve. It follows that

(€ ®gerex B T) — (C ®gerex hy, T) = (C,T) (U) = (C(U),T)] ~
~ [Homggcx (R, (C,T)) «— Homggcx (hu, (C,T))]

is a monomorphism, and, due to Proposition A.2.8(8)
C ®Seth R — C ®SetCX hU ~ A (U)
is an epimorphism.
(6) Proved analogously, using [Prasolov, 2016, Proposition 2.10(2)] and Proposition

A.2.8(8).
(7) See [Prasolov, 2016, Proposition 2.11]. =

2.3. QUASI-PROJECTIVE (PRE)COSHEAVES.

2.3.1. DEFINITION. Let X be a small site.
1. Assume that A is a precosheaf:
A € pCS (X,Pro(k)).
A is called quasi-projective iff for any injective T' € Mod (k), the presheaf
(A, T) € pS (X,Mod (k))
1s tnjective.

2. A cosheaf
B € CS (X,Pro(k))

is called quasi-projective iff for any injective T'€ Mod (k), the sheaf
(B, T) € S(X,Mod (k))
s itnjective.
2.3.2. NOTATION. Denote by
Q (pCS (X, Pro (k) C pCS (X, Pro (k)
the full subcategory of quasi-projective precosheaves, and by
Q (CS (X, Pro(k))) € CS (X, Pro(k))

the full subcategory of quasi-projective cosheaves.
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2.3.3. DEFINITION.

1. A small category C is called discrete iff its only morphisms are identities (1y)cc-

2. A site X = (Cx,Cov (X)) is called discrete iff Cx is a discrete category and all
Sieves are covering Sieves.

2.3.4. EXAMPLE. Let D be a discrete category, and assume that A (U) is a quasi-projective
pro-module (Definition A.2.1) for any U € D. Then the precosheaf A is quasi-projective.
Indeed, for any injective T € Mod (k), the k-modules (A (U),T) are injective (remember
that k is quasi-noetherian!). Since the functor

Homps(p Mod(k)) (0, (A, T)) ~ H Homyoak) (¢ (U), (A(U),T))
UeD
is exact, the presheaf (A, T) is injective, and the precosheaf A is quasi-projective.

Below are necessary definitions, notations and properties of left and right Kan ex-
tensions used in Proposition 2.3.7.

2.3.5. DEFINITION. Let I and J be small categories and let C be an arbitrary category.
For
p:J—1

denote by @, the following functor:
p.: Ct—C7 (o (f):=foyp),
where f : 1 — C is an arbitrary diagram. Then the following left adjoint (o™ - v, )
ol ¢t —

to . (if exists!) s called the left Kan extension of ¢. The following right adjoint

(s 7 ot)
goi Y — !

to . (if exists!) is called the right Kan extension of ¢. See [Kashiwara and Schapira,
2006, Definition 2.3.1].

2.3.6. PROPOSITION. Let ¢ : J — I be a functor and 3 € C7.

1. Assume that
lim G (j)
(p(5)—i)epli
exists in C for any i € I. Then o' exists, and we have
P8 = lim  B()
(p(i)—i)epli

forie L



COSHEAVES

2. Assume that
Im  3(j)
(i—p(j))Eile
exists in C for any i € I. Then ©*f exists, and we have
B = lm  B()

(i—=p(g))€ile

fori el
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3. Assume that C is abelian, and that o' exists. Then o' converts projective objects of

C? into projective objects of Ct.

4. Assume that C is abelian, and that o exists. Then @' converts injective objects of

C? into injective objects of CL.

PRrROOF. For (1) and (2) see [Kashiwara and Schapira, 2006, Theorem 2.3.3].

(3) @, is clearly exact. If A € C? is projective, then the functor
Home (T A, o) ~ Homes (A, ¢. (o)) : C' — Ab

is exact, therefore ¢f A is projective.
(4) If A € C? is injective, then the functor

Homer (o, 9" A) ~ Homea (ps (8) , A) : C' — Ab

is exact, therefore f*A is injective.

2.3.7. PROPOSITION. Let D and E be small categories, and let
f:E—D
be a functor. Then

f': pCS (E,Pro (k)) — pCS (D, Pro (k)),

where fT is the left Kan extension of f (Definition 2.5.5) converts quasi-projectives into

quasi-projectives.

PRrOOF. Let A € pCS (E, Pro (k)) be quasi-projective, and T' € Mod (k) be injective. It

follows from Proposition A.2.8(5) that

(1, T ~ (f, 7).

Since (f, T)* converts injectives into injectives (Proposition 2.3.6(4)), the presheaf (fTA,T)

is injective for any injective T', and the precosheaf fA is quasi-projective.
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2.3.8. DEFINITION.
1. A cosheaf A € CS(X,Pro(k)) on a topological space X is called flabby iff
AV = U) is a monomorphism for any (V — U) € Cx.
2. A cosheaf A € CS (X,Pro(k)) on a small site X is called flasque iff
H, (R, A)=0
(see Definition B.2.5 (4, 5)) for any s > 0, and any covering sieve R C hy.
2.3.9. REMARK.

1. A cosheaf A on a topological space is flabby iff (A, T) is a flabby sheaf [Bredon,
1997, Definition 11.5.1] for all injective T € Mod (k). Indeed, (A,T) is flabby iff
(AT)(V=>U)~(A(V —=U),T)
is an epimorphism for any (V' — U) € Cx. The latter is equivalent, since T varies

through all injective modules, to the fact that A(V — U) is a monomorphism for
any (V — U) € Cx.

2. A cosheaf A on a general site is flasque iff (A, T) is a flasque sheaf ([Tamme, 199/,
Definition 3.5.1] or [Artin, 1962, Definition 2.4.1]) for all injective T € Mod (k).
Indeed, (A, T) is flasque iff

0=H"(R,(AT))~ (Hs(R,A),T)
for all s > 0 and all covering sieves R. The latter is equivalent, since T wvaries

through all injective modules, to the fact that Hs (R, A) is zero for all s > 0 and all
covering sieves R.

3. On a topological space, any flabby cosheaf is flasque, because it follows from [Bredon,
1997, Theorem 11.5.5], that (A, T) is a flasque sheaf whenever it is flabby.
2.3.10. DEFINITION. Let E be a small category and V € E.

1. Let A € Pro (k), considered as a precosheaf on the one-object category {V'}. Denote
by AV and Ay the following precosheaves on E:

AV:=({V} — E)' (4),
Avi=({V} — E)'(4),
If A is a quasi-projective pro-module, then, due to Example 2.3.4 and Proposition

2.3.7, Ay is a quasi-projective cosheaf on E.

2. Let A € Mod (k), considered as a presheaf on the one-object category {V'}. Denote
by AV and Ay the following presheaves on E:
AV:=({V} — E)f (4),
Avi=({V} — E)f (1),
If A is an injective module, then, AV is an injective presheaf on E (compare to
Ezample 2.5.4 and Proposition 2.3.7).
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2.3.11. REMARK.

1. The presheaves {ky | V € E} form a set of generators for the category of presheaves
pS (E,Mod (k)). Indeed,

Homps® moa(k)) (kv, A) ~ ({V} — E), A~ Homprow) (k, A(V)) =2 A(V)

for any A € pS (E,Mod (k)). Therefore, for any proper subpresheaf B C A, there
existaV € E, andana € A(V), a & B(V). The morphism ky — A, corresponding
to a, does not factor through B.

2. The sheaves {(k:v)# |V e E} form a set of generators for the category of sheaves
S (X,Mod (k)). Indeed,

Homs(x,Mod(k)) <(kV)# 7~A> ~ Homps(xMod(k)) (kv, A) = A(V)

for any A € S(X,Mod (k)). Therefore, for any proper subsheaf B C A, there exist
aV eE, andanaec AV), a &€ B(V). The morphism (kv)* — A, corresponding
to a, does not factor through B.

3. We cannot build a set of cogenerators for pCS (X, Pro(k)) or CS (X,Pro (k)).
However, it is possible to build a class & of cogenerators, see Theorem 3.1.1 (12)
and Theorem 3.5.1 (10).

3. Main results
3.1. CATEGORY OF PRECOSHEAVES.

3.1.1. THEOREM. Let E be a small category.

1. The category pCS (E, Pro (k)) of precosheaves is abelian, complete and cocomplete,
and satisfies both the AB3 and AB3* axioms ([Grothendieck, 1957, 1.5], [Bucur and
Deleanu, 1968, Ch. 5.8]).

2. For any diagram
X :1I— pCS (E,Pro (k))

and any T' € Mod (k) (not necessarily injective!)

(linier;, T) = limier (X, T)
in pS (E,Mod (k)).
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For any diagram
X :I— pCS (E,Pro (k))

and any T € Mod (k)
(limier;, T) = linier (X, T)
in pS (E,Mod (k)) if either X is cofiltered or T is injective.
For any family (X;),.; in pCS (E,Pro (k)) and any T € Mod (k) (not necessarily

injective!)
<H Xi,T> ~ P (x.7)

i€l i€l

in pS (E,Mod (k)).
Let D and E be small categories, let
f:E—D
be a functor, and let T € Mod (k). Then
(F1(9).T) = (f)! (#,T) : pS (E, Mod (k) — pS (D, Mod (k) .
where f1 and g* are the left and the right Kan extensions (Definition 2.5.5).

Let M € pCS (E,Pro (k)). Then M =~ 0 iff (M, T) ~ 0 for any injective T €
Mod (k).
Let

&= (M= N k)

be a sequence of morphisms in pCS (E, Pro (k)) with foa = 0, and let T € Mod (k)
be injective. Then

__ker (a)
O =51m)
satisfies « )
N _ker ((8,T
(H(E),T)~H((E,T)) Y (@ T)
Let

=M N k)

be a sequence of morphisms in pCS (E, Pro (k)) with oa = 0. Then & is exact iff
the sequence

(M. 1) S 1) B8 e, T)
is exact in pS (E,Mod (k)) for all injective T € Mod (k).
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9. The category pCS (E, Pro (k)) satisfies the AB4 axiom ([Grothendieck, 1957, 1.5],
[Bucur and Deleanu, 1968, Ch. 5.8]).

10. The category pCS (E, Pro (k)) satisfies the AB4* axiom ([Grothendieck, 1957, 1.5],
[Bucur and Deleanu, 1968, Ch. 5.8]).

11. The category pCS (E, Pro (k)) satisfies the AB5* axiom ([Grothendieck, 1957, 1.5],
[Bucur and Deleanu, 1968, Ch. 5.8]): cofiltered limits are exact in pCS (E, Pro (k)).

12. The class (not a set) {AY | V € E, A€ ® C Pro(k)} where & is the class from
Proposition A.2.8(13) forms a class of cogenerators ([Grothendieck, 1957, 1.9], [Bu-
cur and Deleanu, 1968, Ch. 5.9]) of the category pCS (E, Pro (k)).

PROOF. The category pCS (E, Pro (k)) inherits most properties from the category Pro (k),
therefore we can apply Proposition A.2.8.

(1-4) Follow from Proposition A.2.8(1-4).

(5) Let A € pCS (E,Pro (k)), and U € E. It follows from Proposition 2.3.6 that

FA )~ lim AV,

(fF(V)=U)eflU

(fP)B|(U)=  lm  B(V).
[

(f(V)=U)eflUu
Therefore

A O =D ={ iy Aw).T)=
(f(v)

SU)efIU

= gim (A(Y),T) = [(FHAT)] ).

(f(V)=U)eflU

(6-8) Follow from Proposition A.2.8(6-8).
(9-11) Follow from Proposition A.2.8(10-12).
(12) Let
(p:C— D) e pCS(E,Pro(k))

be a non-trivial epimorphism. It follows that
p(U):C(U) —D(U)

is an epimorphism in Pro (k) for any U € E, and that there exists a V' € E, such that
p(V):C(V) —D(V)

is non-trivial epimorphism. Due to Proposition A.2.8(13), there exist an A € & C
Pro (k), and a morphism

(:C(V)— A) € Pro(k),
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which does not factor through D (V). The morphism
£:C— AV,
which corresponds to v under the adjunction
Hompose pro) (C;A") = Homprow (C (V) , A)

does not factor through D. [
3.2. PRECOSHEAF HOMOLOGY.
3.2.1. THEOREM. Let X = (Cx,Cov (X)) be a small site. Let also

A € pCS (X,Pro (k).

Remind that H and "°°*H are (isomorphic when the topology is generated by a pre-
topology!) Cech homologies from Definition B.2.5.

1. There exists a functorial epimorphism
m:P(A) —» A,

where P (A) is quasi-projective (Definition 2.53.1(1)).

(a) The full subcategory
Q (pCS (X, Pro(k))) C pCS (X, Pro (k))
(Notation 2.5.2) is F-projective (Definition A.3.1) with respect to the functors
I (e) = Hy (R, ),

where R C hy runs through the sieves (Definition B.1.1) on X;
(b) The full subcategory

Q (pCS (X, Pro(k))) € pCS (X, Pro (k))
1s F'-projective with respect to the functors

F (o) = TH, (U, 8) ~ Hy(U,e), U € Cx.
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(a) If the sieve R is generated by a base-changeable (Definition B.2.2) family
{U; = U}, then the left satellites (Definition A.53.4) L,Hy (R, .A) satisfy

L,Hy(R,A) ~ H, ({U; = U}, A,

naturally in A and R.
(b) The left satellites L, Hy (U, A) are naturally, in U and A, isomorphic to

H, (U A) ~ Boosg (U A).
4. There are isomorphisms, natural in A, R, and T,

(a)
(H, (R, A),T) ~ H" (R, (A,T))

for any injective T € Mod (k).

(b)
(o H, (U, A), T) ~ (Hy (U, A), T) ~ H" (U (A,T)) = "*H" (U (A,T))
for any injective T € Mod (k) (see Notation 3.2.2).

PROOF. (1) Let D? be the discrete category with the same set of objects as D:
Ob(D°) = Ob(D),

and let f : D — D be the evident functor, identical on objects. Define the precosheaf
P (A) by the following:
P (A):=f1G (f. (A)),

where F is the functor from Proposition A.2.8(5), and
G (U):=F ([f. (A)]U)) =F(AU))

for U € Cx. It follows from Proposition 2.3.6 that

The morphism

G (fe(A) — fu (A)

induces, by adjunction, the desired homomorphism

m:P(A) = f1G (f. (A) — A
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Indeed, G (f. (A)) is quasi-projective due to Example 2.3.4, and P (A) is quasi-projective
due to Proposition 2.3.7. For any U € Cx, the composition

F(A(U)) = P (A)(U) = P FAV) "2 AW)

is the epimorphism from Proposition A.2.8(5), therefore 7 is an epimorphism as well.
(2) We have just proved the condition (1) of Definition A.3.1. It remains to check the
other two conditions.
Given a short exact sequence

0—B —B—B"—0
of precosheaves, assume that
B,B" € Q (pCS (X, Pro (k))) .
Therefore, for any injective T' € Mod (k), the sequence
0— (B",T) — (B, T) — (B, T) — 0

is exact. Since (B”,T) and (B,T) are injective presheaves, it follows that the sequence
above is split exact, and

(B,T) ~ (B, T) x (B",T).

The presheaf (B',T), being a direct summand of the injective presheaf (B, T), is injective
(for any injective T'), therefore B’ is quasi-projective. The condition (2) of Definition
A.3.1 is proved!

Let now R C hy be a sieve. Since both H (R, e) and H are additive functors

pS (X, Pro (k)) — Mod (k)
the sequences of k-modules

0 — HY"(R,(B".T)) — H°(R,(B,T)) — H"(R,(B',T)) — 0,
0 — H°(U(B",T)) — H°(U,(B,T)) — H° (U, (B,T)) — 0,

are exact (in fact, split exact). It follows from Proposition A.2.8(8) that the corresponding
sequences of pro-modules

0 — Hy(R,B)— Ho(R,B) — Hy(R,B") — 0,

0 — Hy(U,B)— Hy(U,B) — Hy(U,B") — 0,
are exact, because

(Hy (R,&),T) ~ H°(R,(E,T))
(Hy(U,E),T) ~ H°(U,(E,T))

—~
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for any precosheaf £ (see the statement (4) of our theorem).
(3) Choose a quasi-projective resolution

0+— A<+—Py+— P +—Py— ... — P, +— ...

and construct a bicomplex )
Xs,t = Cs ({Ul — U} ,Pt) .

Due to Theorem A.4.3, one gets two spectral sequences

B, "MEL, = Hey (Tote (X))

st
Apply (e, T) where T € Mod (k) is an arbitrary injective module. It follows that
(P, T) € pS(X,Mod (k))

are injective presheaves for all t. Due to [Artin, 1962, Corollary 1.4.2] or [Tamme, 1994,
Theorem 2.2.3], and the fact that

(Cs({U; = UY, P, T) ~ C*({U; = U}, (P, T))
the sequence

(" EQ,, Ty — (" E},,T) — (" E,, T) — ... — ( ""E

st

T) — ...
is exact for all s > 0 (and all T"), therefore the sequence
MRS, — MTEY — MTEY — — MR +— L
is exact for all s > 0, and
hor Esl,t —0
if s > 0. The spectral sequence " E" degenerates from E? on, implying
H, (Tote (X)) ~ h"’“Ean ~ L,Hy({U; = U}, A).

On the other hand, since products are exact in Mod (k), one gets exact (for ¢ > 0)
sequences

("B, T) — (YE,T) — ( "Ey,T) — ... — (""E]

st

T) — ...
in Mod (k), and exact (for ¢ > 0) sequences
0 0 0 0
YTEGg¢— "TEg «— "TEy+— o — "TE —

It follows that ””E;t = 0 for t > 0, and the sequence *“"E" degenerates from E? on,
therefore

LoHo ({U; = U}, A) ~ H, (Tot. (X)) ~ ""E2, ~ H, ({U; —» U}, A).

Apply ILH to the bicomplexes X,, to get the bicomplex )v(.,.. The two spectral
ReCou(U)
sequences for X., degenerate from E? on, giving the desired isomorphisms.
(4) See the proof of (3). It remains only to remind (Proposition 2.1.13 (1)) that (e, T
converts cofiltered limits 1&1 into filtered colimits hg [
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3.2.2. NOTATION. For a sieve R C hy, the left satellites L,Hy (R, ) are denoted by
H, (R,e).

3.3. CATEGORY OF COSHEAVES.

3.3.1. THEOREM. Let X = (Cx,Cov (X)) be a site.

1. The category CS (X, Pro (k)) is abelian, complete and cocomplete, and satisfies both
the AB3 and AB3* azioms ([Grothendieck, 1957, 1.5], [Bucur and Deleanu, 1968,
Ch. 5.8]).

2. For any diagram
X :1— CS(X,Pro(k))

and any T € Mod (k) (not necessarily injective!)
(linyer;, T) == e (A, T)
in S (X, Mod (k)).

3. For any diagram
X :1I— CS(X,Pro(k))

and any T' € Mod (k)
(limiex X, T') = linier (X, T)
in S (X,Mod (k)) if either X is cofiltered or T is injective.
4. For any family (X;),.; in CS (X,Pro (k) and any T € Mod (k) (not necessarily

injective!)
<H Xi,T> ~ P (X, 7)

i€l i€l

in S (X,Mod (k)).

5. Let M € CS(X,Pro(k)). Then M =~ 0 iff (M, T) = 0 for any injective T €
Mod (k).

6. Let
5:(M<LN<i/c)

be a sequence of morphisms in CS (X, Pro (k)) with foa =0, and let T' € Mod (k)

be injective. Then
ker ()

im ()

H(&):=

satisfies

ker ((5,T7))

(H(E),T)~H((E,T)) ::im(<a,T))'
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7. Let
£ = (J\/l Py VL lc)

be a sequence of morphisms in CS (X, Pro (k)) with foa =0. Then & is exact iff
the sequence

(M.7) “5 ) B Ty
is exact in S (X, Mod (k)) for all injective T € Mod (k).

8. The category CS (X, Pro (k)) satisfies the AB4* axiom ([Grothendieck, 1957, 1.5],
[Bucur and Deleanu, 1968, Ch. 5.8]).

9. The category CS (X, Pro (k)) satisfies the AB5* aziom ([Grothendieck, 1957, 1.5],
[Bucur and Deleanu, 1968, Ch. 5.8]): cofiltered limits are exact in CS (X, Pro (k)).

10. The class (not a set) {(AV)# |VeE, A€ 8 CPro (k)} where & s the class

from Proposition A.2.8(13) forms a class of cogenerators ([Grothendieck, 1957, 1.9],
[Bucur and Deleanu, 1968, Ch. 5.9]) of the category CS (X, Pro (k)).

PROOF. (1)

e Kernels. Given a morphism f of cosheaves
f:A— B,

let
K =ker (vf : tA — 1B)

in pCS (X, Pro (k)). Then, for any C € CS (X, Pro (k)),

Homgs(x,Pro(k)) (C, Ky) ~ Hompcs(x,Pro(i)) (C, K) ~
~ ker (HOmCS(X,Pro(k)) (C,A) — Homcs(x,Pro(k)) (C, B)) )

therefore ICy is the kernel of f in CS (X, Pro (k)).
e Cokernels. The cokernel of +f is clearly a cosheaf, therefore
coker f:=coker ¢ f
is the desired cokernel.

e Products. Let
(Ai)iel
be a family of cosheaves, and let

B:= H L (.AZ)

el
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in pCS (X, Pro (k)). Then, for any C € CS (X, Pro (k)),

Homes(x.pro(k)) (C; By) = Hompcs(x pro(k) (C, B) =
~ H HomCS(X,Pro(k)) <C7 AZ) )

iel

therefore B is the product of A; in CS (X, Pro (k)).

B (A)

el

Coproducts. The coproduct

is clearly a cosheaf, and can therefore serve as a coproduct in CS (X, Pro (k)).

Limits gn are built as combinations of products and kernels. The category CS(X,
Pro(k)) is complete.

Colimits hﬂ are built as combinations of coproducts and cokernels. The category
CS(X,Pro(k)) is cocomplete.

Images and coimages. Let
(f: A— B) € CS(X,Pro (k)).

Consider the diagram of (pre)cosheaves

ker (¢ f) h A f B 9 coker (ef)
‘ / —
[(ker (¢f)) 4 =ker f] [coker (h) = coim (¢f)] —i» [ker (tg) = im (¢ f)] coker f

[(coker (k) ~coker (hy) = coim (f)] i: [(ker (19)) 4 = kerg = im (£)]
The cosheafification functor (), is exact, due to Theorem 2.2.6 (4), therefore
(coker (h)),, =~ coker (hy) .
Since the category of precosheaves pCS (X, Pro (k)) is abelian,
v :coom (vf) — im (vf)
is an isomorphism. It follows that
py : coim (f) = (coim (uf))y — (im (¢f))y = im (f)

is an isomorphism as well, and the category of cosheaves CS (X, Pro (k)) is abelian.
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(2) Follows from Theorem 3.1.1(2), because the inclusion functor
t: CS(X,Pro(k)) — pCS (X,Pro(k)),
being a left adjoint to (), preserves colimits, while
t:S(X,Mod (k)) — pS (X,Mod (k)),

being a right adjoint to ()#, preserves limits.
(3) If X is cofiltered, then

(e, T) =~ (o (e, 7)) ~ <(L o limer;) ,T> ~

~ <(1g11 (o)), ,T> ~ (limer (10 &), T) =
= linier (10 &, T) 2= liner (10 &), , T ) = limiex (X, T),
since &; are cosheaves. If T' is injective, then it is enough to prove:

1. (e,T) converts products into coproducts: done in (4);

2. (o, T) converts kernels into cokernels: done in (6).

(4) If A C I is finite, then the isomorphism

<H Xi,T> ~ P (x.7)

€A €A

follows from the additivity of (e, 7). Let now J be the poset of finite subsets of I. J is
clearly filtered, and J° is cofiltered. Due to (3),

()i (1) 7))
~ lim (@ <Xi,T>> ~ P (X, T).

AeJ \iceA i€l

(5) Follows from Theorem 3.1.1(6).

(6)
ker ()

HE) =520

= coker (IC — ker (a) = (ker (La))#> :
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It follows from Theorem 3.1.1 (7) that

(H(&),T) ~ <c0ker (LIC — (ker (La))#) ,T> ~ ker (<(ker (L)) — LIC,T>) ~
~ ker <<(ker (L)) y ,T> — (L, T}) ~ ker ((ker (), T)# — <L]C,T>> ~

ker ({8, T))

~ ker <(Coker (a, T))* — <L/C,T>> ~ ker (coker (o, T) — (K, T)) =~ im (@ T)’

) Follows from (6) and (5).

) Follows, since S (X, Mod (k)) satisfies AB4, from (4).
) Follows, since S (X, Mod (k)) satisfies AB5, from (3).
0

7
8
9
10) Let

(
(
(
(

(p:C—»D)eCS(X,Pro(k))
be a non-trivial epimorphism. It means that

ker (¢) # 0.

Since
coker () =~ coker (1p),

L is an epimorphism in pCS (X, Pro (k)) as well. It is non-trivial (ker () # 0), because
if it were trivial, then

0 # ker (¢) = (ker (1)), = 04 = 0.
It follows from Theorem 3.1.1 (12) that there exists an A € &, V € Cy, and a morphism

v :C —AY,
that cannot be factored through D. In other words,
Hompes(x,Pro(k)) (737 (AV)#) ~ Hompes(x pro) (D AY)
—  Hompcs(xpro(k)) (C: A") =~ Hompes(x,pro() (C : (AV)#>
is not an epimorphism. It follows that the corresponding morphism
Yy C— (AY) "

cannot be factored through D. ]
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3.4. COSHEAF HOMOLOGY.

3.4.1. THEOREM. Let X be a small site. Let also H and F°*H be (isomorphic when the
topology is generated by a pre-topology!) Cech homologies from Definition B.2.5.

1. For an arbitrary cosheaf A € CS (X, Pro (k)), there exists a functorial epimorphism
og(A):R(A) — A,
where R (A) is quasi-projective.
2. The full subcategory
Q(CS (X,Pro(k))) C CS(X,Pro(k))

is F'-projective (Definition A.3.1) with respect to the functors:

(a)

(b)
F=.:CS(X,Pro(k)) — pCS (X,Pro(k)).

3. The left satellites L,I" (U, ®) satisfy
(LoD (U, ), T) ~ H" (U, (e, T))
for any injective T € Mod (k).
4. The left satellites L, satisfy
(a)
((Lnt) o, T) ~H" ({0, T)),
for any injective T' € Mod (k) (see Notation 3.4.2 for H"),

(b)
[(Lnt) Al (U) ~ H, (U, A).

(HeA), =0
for all t > 0.

(a) For any U € Cx and any covering sieve R on U there exists a natural spectral
sequence

B = H, (R H,(A) = Howt (U A),
converging to the homology of A (see Notation 3.4.2 for Hy).
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(b) For any U € Cx there exists a natural spectral sequence
Es2,t = Roosﬁs (U, He (A) = Hot (U A),

converging to the homology of A.

(¢) There are natural (in U and A) isomorphisms

Ho (U,A) ~ HO (U, A),
H1 (U,A) >~ Hl (U, A),

and a natural (in U and A) epimorphism
H2 (U, A) — HQ (U, A) .

7. Assume that the topology on X is generated by a pretopology (Definition B.1.6).
Then:

(a) The spectral sequence from (6a) becomes
EZ,=H,({U; » U} , H,(A) = Hyp (U A).
(b) The spectral sequence from (6b) becomes
B2, = H, (U (A) = Ho (U, A).
PROOF. (1) Define the following functor

Q : CS(X,Pro(k)) — CS(X,Pro(k)):
Q) = [P(Aly,

where P is from Theorem 3.2.1(1) One has the following natural epimorphism
p(A): Q(A) =P (A), — PA — A
For ordinals «, define Q, using transfinite induction:
Qu (A):=Q(Qs (A))
ifa=p0F+1, and

Q.:=ImQ; (A)
B<a
if a is a limit ordinal. The sheaves ((k:v)#> form a set of generators of S(X,
VeOb(Cx)

Mod(k) (Remark 2.3.11). Consider the coproduct

G= P W)= D k

VeOb(Cx) VeOb(Cx)

#
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in the category of sheaves. Let W be the set of representatives of all subsheaves of G. Let
further, for £ € W,

sE = JI €@)] eSet,
UcOb(Cx)

be the coproduct in the category Set, and let 5 be any cardinal of cofinality larger than

sup (card (S (€)))ecw -

We claim that the epimorphism
R(A):=Qs(A) — A

is as desired. Indeed, it is enough to prove that Qg (A) is quasi-projective.
Let T be any injective k-module, and let

Joi=(Qa (A),T) ,a < .

We have to prove that Js is an injective sheaf. Since G is a generator for S (X, Mod (k)),
it is enough [Grothendieck, 1957, Lemme 1.10.1] to prove the existence of the dashed
arrow in any diagram of the form

B——¢G

.
»

Js

where B is a subsheaf of G. Since

card (S (B)) = card H EW) | <p,

U€eOb(Cx)

there exists an a < 3, such that B — Jj3 factors through J,.
Consider the commutative diagram

B < g
|

N ~ o
A

T —— [Tas1:= (P (Qu1) , T)] —— Tutr Js

The second vertical arrow exists, because Z,, is an injective presheaf, and the mor-
phism B — G, being a monomorphism of sheaves, is a monomorphism of presheaves,
as well.
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(2) The first condition in Definition A.3.1 follows from (1). Let now
0—P —P—P" —0

be an exact sequence with P, P” € @ (CS (X, Pro (k))). For any injective T' € Mod (k),
the sequence of sheaves

0— (P".T) — (P, T) — (P, T) — 0

is exact in S (X, Mod (k)), while (P”,T) and (P, T) are injective. Therefore the above
sequence splits, and
(P, T) =~ (P",T)& (P.T).

The sheaf (P, T'), being a direct summand of an injective sheaf, is injective, therefore the
cosheaf P’ is quasi-projective,

P € Q(CS(X,Pro(k))).

The second condition in Definition A.3.1 is proved!
Apply the functor A — A (U) to the split exact sequence above, and get the following
split exact sequences in Mod (k)

0 (P",T)(U) — (P, T) (U) — (P, T) (U)

12
12
12

0

(P"(U),T) — (P(U),T) — (P'(U),T)

It follows that the sequence
0—PU)—PU) —P"(U) —0
is exact in Pro (k), and the third condition for the F-projectivity is proved for the functor
F(e)=T(Ue) =10 (U).
Consider now the following split exact sequences of presheaves

0 L(P" Ty — (P, T)(U) — (P, T)

0

12
12
12

0 0

WP"T) —— (WP, T) —— (WP, T)
It follows that the sequence

0— P — P — P"—0
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is exact in pCS (X, Pro (k)), and the third condition for the F-projectivity is proved for
the inclusion functor

t: CS(X,Pro(k)) — pCS (X, Pro (k)).

(3) Let
O— A—Py— P +—Pys— ... — Py +— ...

be a quasi-projective resolution. Apply the functor I'(U,e) = e (U), and get a chain
complex of pro-modules:

0—Po(U)«—P1(U) «—Po(U) «— ... «— P, (U) +— ...
Let T'€ Mod (k) be injective. Apply (e, T), and get an injective resolution of (A, T):
0— (AT) — (P, T) — (P1,T) — (P, T) — ... — (P, T) —> ...
It follows that
(LT (U, A), T) = (H, (P, (U),T) = H" (P. (U), T) ~ H" (U, (A,T)).

(4) Apply the inclusion functor ¢ to the quasi-projective resolution above, and get a
chain complex of precosheaves:

O0— tPog+— tP1+— 1Py+— ...«— P, +— ...
The precosheaf L, is defined by
(L) A:=H,, (tP,)

The functor
B+—— B(U) : pCS (X,Pro(k)) — Pro (k)

is exact, therefore

[(Lnt) Al (U) ~ H, (1P, (U)) ~ H, (P, (U)) ~ H, (U, A),
proving (b). Moreover,

(L) A, T) ~ (Hy, (6Ps) , T) =~ H" (1P, T) ~H" (A, T),

proving (a).
(5) It follows from [Prasolov, 2016, Theorem 2.12(2, 3)] that

(Ht.A)# — (HtA)+

is an epimorphism. Therefore, it is enough to prove that (H;A) 4 = 0for ¢ > 0. Apply
the exact (due to Theorem 2.2.6 (4)) functor (), to the chain complex

0¢— tPg+— (P +— (Pa+— ...+ 1P, +— ..
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Since () 4 © = lcs(xPro(k)), one gets an acyclic complex

(LP.)# = (P.) .
Therefore,
0= HP, ~ H, [(LP.)#} ~ [Hy (0P)]y == (HieA)

for t > 0.
(6) Let Xq4 be the following bicomplex in Pro (k):

(Xoird,0) = D P (Us),d.6 |,

(Uo—=U1—...—»Us—U)€eCr

where 0 is inherited from the above quasi-projective resolution, and d is as in Definition
B.2.4. Consider the two spectral sequences

verEit . Hs+t (TOt. (X)) 5
horEit = Hs+t (TOto (X)) :

Since P; are quasi-projective cosheaves, thus quasi-projective precosheaves, it follows that

"Bl = "H,(X..)=H(R,P) = { Hy (R, 73%2 P (U) i z ; 8’
hor 2 { H,(U,A) if s=0,
s’t 0 if s#0.
The spectral sequence degenerates from Es on, implying
H, (Tot. (X)) =~ H, (U, A),
Furthermore,
verE;’t — H(X..) = @ M A ).

(Uop—U1—...—»Us—U)ECR

"TE2, = H,(R,HiA) = H.y(Tote (X)) ~ Hyyy (U, A),

proving (a).
Apply @ over all covering sieves, to the above spectral sequence, and get the desired

spectral sequence 5
El, = H, (U HiA) = H,, (U, A),

proving (b).
To prove (c), notice that
H()A >~ .A,
EE,O = HS (U> A) ’
Ej, = 0,t>0.
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It follows that ;
Hy (U, A) ~ Ej ~ Eg5 ~ Hy (U, A).

Moreover, there is a short exact sequence
0— [Eyy =0] — Hi (U, A) — [EYy = Hy (U, A)] — 0,

implying )
Hl (U7 A) = Hl (U, A) :

Finally,
By ~ E§70 ~ ker (Eg,o — [Eal = OD ~ E;O ~ H,y (U, A),

and there is, since Eg5 = 0, a short exact sequence
0 — EYS — Hy (U, A) — [E3, ~ Hy (U, A)] — 0,

implying .
H2 (U7 A) - H2 (U7 A) :

(7) Follows from Proposition B.2.7. =

3.4.2. NOTATION.
1. Denote by H,, the left satellites of the embedding
t: CS(X,Pro(k)) — pCS (X, Pro (k));
2. Denote by H"™ the right satellites of the embedding

t:S(X,Pro(k)) — pS (X, Pro (k));

4. Examples

4.0.1. EXAMPLE. Let X be the convergent sequence from [Prasolov, 2016, Example 4.8]:

11
X = {ﬁo} U {IEl,IQ,[I,'g, } = {O} U {1, 5, g, } Q R,

let G € Ab, G # {0}, and let A = G4 be the constant cosheaf. Then

B if n=0,
0 if n#0,

where B is an abelian pro-group which is not rudimentary (Remark 2.1.6), i.e.

H, (X, A)=H, (X, A) =pro-H, (X,G) = {

B ¢ Ab C Pro (Ab).
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PROOF. Let T' € Ab be injective. It is easy to check that the cosheaf A is flabby, therefore
the sheaf (A, T') is flabby, thus acyclic. Due to Theorem 3.4.1(3), the cosheaf A is acyclic,

too:
0 if n>0;

Hy(X,A) = A(X) =pro-Hy (X,G) if n=0.

It remains to calculate pro-Hy (X, G). Since

H, (X, A) :{

Pro (Ab) — (Set*?)”
is a full embedding by Definition 2.1.4, it is enough to describe the functor
Hompyo(ab) (pro-Hy (X, G) , @) : Ab — Set.

During the proof of [Prasolov, 2016, Proof of Theorem 3.11(3)], it is established a natural
in X isomorphism
pro-Hy (X, G) ~ G ®get pro-mo (X) .

Moreover, in [Prasolov, 2016, Proposition 3.13] another natural (in X and 7' € Ab)
isomorphism is proved:

Hompro(ab) (G ®set pro-mo (X),T) ~ [Homay, (G, T)]X )

where [Homap (G,T)]" is the set of continuous mappings from X to Homap (G, T),
where the latter space is supplied with the discrete topology. In fact,

[HomAb (G, T)]X >~ I:[O (X, HOmAb (G7 T)) )

where HY is the classical Cech cohomology for topological spaces, but we do not need
this fact. Continuous mappings to a discrete space are locally constant, and vice versa.

Consider such a mapping
f: X — Homay (G,T).

Since it is locally constant at x = xg, there exists an n € Z such that for all : > n

f i) = f (o) .

Therefore,
[HomAb<G,T>]X:@<a oz o @ | c, dnontt )
where
C = [Homay (G, )" = [Homay (G, )2,
and

Gnont1 (00, P15 - Pn-1,0n) = (©0, P15 - Pr-1, Pns ¥0) 5
w; € HomAb(G,T).
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One gets a sequence of natural isomorphisms:

[Homap (G, T)]¥ ~ lin (01 N> o B c, Inonil ) ~
lig <HomAb (B1,T) Homap (r2,T) Homap (B1,T) Homap (r2c3,T) | Homap (Bn,T) —» )
~ Homproan) (B,T) ,
where
I = (1+—2+—3«— ..+—n<+—..),
B = (B), = (Bl e g, 2% p, B, ~ et ) ,
B, = Gl = glo12.n}
and
Pnent1 (90: 915 --Gns Gnt1) = (9o + Gns+1, 915 - Gn—1, Gn) »
9 € G.

We have proved that
Hompyo(ab) (B, ®) >~ Hompyoan) (pro-Hy (X, G) ,e)

in Set®P| therefore B ~ pro-H, (X, G) in Pro (Ab).

It remains to show that B is not a rudimentary pro-object. Assume on the con-
trary that B ~ Z where Z € Ab. I follows from Proposition 2.1.7 that there exists a
homomorphism

To : Biy — Z,

satisfying the property: for any morphism s : ¢ — ig, there exist a morphism o : Z — B;
and a morphism ¢ : 7 — ¢ satisfying

o B(s)oo = 1g
cgomgoB(s)oB(t) = B(t).
Take s = (ig < i9 + 1). Choose a nonzero element a € ker B (s), say
a:(gaou“w()?_g)? 9#0

Since B (t) is surjective, choose b € B; with [B(t)] (b) = a. Apply the second equation
from above:

[comoB(s)e B(1)](b) = [B()](b),
[comgoB(s)](a) = a,
0 = a#0.

Contradiction. -
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4.0.2. EXAMPLE. Let X be the pseudocircle, i.e. the 4-point topological space
X ={a,b,c,d}
with the topology

T =A{@,{a,b,c,d}, {a},{c}, {a,c},{a,b,c}, {a,c d}}.

This space can be also described as the non-Hausdorff suspension [McCord, 1966,
Section 8, p. 472] & (Y), where

X2Y ={a,c} ~ 5"
Let again A = Gy be the constant cosheaf ({0} # G € Ab). Then

G if n=0,1,

Hn<x,,4):Hn<X,A):Hng<X’G>:{ 0 if n#0,1.

where H™9 is the ordinary singular homology. Notice that the pro-homology pro-H; (X, G)
is zero (Remark 1.0.6) and

0=pro-H (X,G) 2 H (X, A).

The reason is that we could not apply Conjecture 1.0.3(1) because X is not Hausdorff.

PROOF. Let
U= {U0,172,3 — X} = {{a} ) {C} ) {a> b, C} ) {a> C, d}} .
Define the bicomplex

Cor = Cs (U, P)
where Py — A is a qis (Notation A.3.2) from a quasi-projective complex to A, considered
as a complex concentrated in degree 0 (i.e. P, — A is a quasi-projective resolution of
A). Since Pro (Ab) is an abelian (Proposition A.2.6) category, we can apply Theorem
A.4.3 in order to obtain two spectral sequences converging to the total complex Tot, (C).
Notice that A|U¢1X---in5 is flabby (Definition 2.3.8) for each s, therefore

Hy (U;; X ... xU;,, A) =0
if t > 0. Calculate the entries in the first spectral sequence:

verEl _ Ht(Ui1X...XUZ‘S,A):0 if ¢t>0
ot AU;, x ... xU,) if t=0

ver g2 _ 0 if t>0
st H,(U,A) if t=0

It follows that
H, (Tot, (C)) ~ ""E2,~ H,(U,A).



COSHEAVES 1121

The second spectral sequence gives

0 if s> 0 since P, is quasi-projective as a (pre)cosheaf

horEl —
st P (X) if s=0 since P; is a cosheaf
horg? 0 if s>0
st H (X, A) if s=0
It follows that
H, (Tots (C)) =~ h‘”Egm ~H,(X,A).

Finally
H,(X,A)~H,U,A).

The latter pro-groups (in fact, rudimentary pro-groups, i.e. just ordinary groups) can be
easily calculated. It remains to apply [McCord, 1966, Theorem 2 and the example in §5]:

G if n=0,1,

H"<u7“4>:{ 0 if n#01:

~ H™ (S, G) ~ H™ (X,G).

A. Categories

A.1. PAIRINGS.
A.1.1. DEFINITION. Let D be a small category. Various bifunctors are defined below:
1.
(o,0) : Pro (k)" x Mod (k) — Mod (k).

Iif
A= (Ai)iel € Pro (k’)

is a pro-module, and G € Mod (k), let

<A> G> ::HomPro(k) (A, G) = ligielHO?”'?/Mocl(/lc) (Ai, G) € Mod (k) :

(e,0) : pCS (D, Pro (k))” x Mod (k) — pS (D, Mod (k)) .

If
A:D — Pro (k)

is a functor, and G € Mod (k), let

(A, G) = Homprow) (A, G):=[U — Hompyow (A(U),G)],
(A,G) : D? — Mod (k).
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o Rset @ - K X Set — K.
If A€ K (say, K= Mod (k) or K =Pro (k)), and B € Set, let

A®se B=Bose A=]]A
B

be the coproduct in K of B copies of A.

e Qger @ - K X Pro(Set) — Pro (K).
LetY = (Y;),; € Pro(Set), and X € K. Define
X Xset Y=Y Xset X € Pro (K)

by
X ®Set Y = (X ®Set Y)zel

e Qg0 @ : pCS (D, Pro (K)) xpS (D, Set) — Pro (K).
If
A : D— Pro(K),
B : D% — Set,
are functors, let
A ®gop B € Pro (K)

be the coend [Mac Lane, 1998, Chapter IX.6] of the bifunctor (U, V) — A (U) ®get
B(V), ie.

A®gp B:= coker ( H AU) @set B(V) = H A(U) ®set B(U ))

U=V

Homgypo (e,e) : pS (D, Set)” x pS (D,K) — Mod (k)

If

A D?” — K,

B : D — Set,
are functors, let

Homggp (B, A) € Mod (k)

be the end [Mac Lane, 1998, Chapter 1X.6] of the bifunctor (U, V') — Homget(B(U),
A(V)), i.e.

U—-V

Homg,wo (B, A) :=ker (H Homse: (B(U), A(U)) = [ Homset (B(U) ,A(V))) .
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A.2. QUASI-PROJECTIVE PRO-MODULES.

A.2.1. DEFINITION. A pro-module P is called quasi-projective iff the functor
Hompyor) (P,e) : Mod (k) — Mod (k)

is exact (see [Kashiwara and Schapira, 2006, dual to Definition 15.2.1]).

A.2.2. PROPOSITION. A pro-module P is quasi-projective iff it is isomorphic to a pro-
module (Q;);c; where all modules QQ; € Mod (k) are projective.

PROOF. The statement is dual to [Kashiwara and Schapira, 2006, Proposition 15.2.3]. =

A.2.3. REMARK. The category Pro (k) does not have enough projectives (compare with
[Kashiwara and Schapira, 2006, Corollary 15.1.3]). However, it has enough quasi-projectives
(see Proposition A.2.8(5) below).

A.2.4. DEFINITION. A commutative Ting k is called quasi-noetherian iff
(P,T) = Homprom) (P, T)
1s an injective k-module for any quasi-projective pro-module P and an injective k-module
T.
A.2.5. PROPOSITION. A noetherian ring is quasi-noetherian.
PROOF. See [Prasolov, 2013, Proposition 2.28]. =

A.2.6. PrOPOSITION. If K is an abelian category, then Pro (K) is an abelian category
as well.

PROOF. See [Kashiwara and Schapira, 2006, dual to Theorem 8.6.5(i)]. "
A.2.7. NOTATION. For a k-module M, denote by M* the following k-module:

M*:=Homyz (M,Q/Z) .
A.2.8. PROPOSITION.

1. The category Pro (k) is abelian, complete and cocomplete, and satisfies both the
AB3 and AB3* azioms ([Grothendieck, 1957, 1.5], [Bucur and Deleanu, 1968, Ch.

5.8]).

2. For any diagram
X:1I— Pro(k)

and any T € Mod (k) (not necessarily injective!)
<ligieIXuT> ~ limer (X5, T)

in Mod (k).
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For any diagram
X :1T— Pro (k)

and any T € Mod (k)
<1£1¢61Xi, T> = hgiel (X, T)
in Mod (k) if either I is cofiltered or T is injective.
For any family (X;),c; in Pro (k) and any T € Mod (k) (not necessarily injective!)
<H X,-,T> ~ P (X, T)
iel iel
in Mod (k).
For an arbitrary pro-module M € Pro (k), there ezists a functorial surjection
F(M) - M,
where F (M) is quasi-projective.
Let M € Pro (k). Then M ~ 0 iff (M, T) =0 for any injective T' € Mod (k).

Let
5:(M<LN<iK)

be a sequence of morphisms in Pro (k) with f oo = 0, and let T € Mod (k) be
injective. Then

_ker ()
HE)=50®)
satisfies (8.1
ker ((5,T
Let

gz(M&NiK)

be a sequence of morphisms in Pro (k) with f oo = 0. Then & is exact iff the
sequence

o7 NNy P K, T)
is exact in Mod (k) for all injective T € Mod (k).

Let T € Mod (k) be an injective module. Then the corresponding rudimentary
(Remark 2.1.6) pro-module T is an injective object of Pro (k).
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10. The category Pro (k) satisfies the AB4 axiom ([Grothendieck, 1957, 1.5], [Bucur
and Deleanu, 1968, Ch. 5.8]).

11. The category Pro (k) satisfies the AB4* axiom (/Grothendieck, 1957, 1.5], [Bucur
and Deleanu, 1968, Ch. 5.8]).

12. The category Pro (k) satisfies the AB5* axiom ([Grothendieck, 1957, 1.5], [Bucur
and Deleanu, 1968, Ch. 5.8]): cofiltered limits are exact in the category Pro (k).

13. The class (not a set)
& ={G(S5) | S €Set} C Pro(k),

where G (S) is the rudimentary pro-module (Remark 2.1.6) corresponding to the
k-module

[1% =[] Homas (k. Q/Z)

s S

forms a class of cogenerators ([Grothendieck, 1957, 1.9], [Bucur and Deleanu, 1968,
Ch. 5.9]) of the category Pro (k).

PROOF. (1) It follows from Proposition A.2.6 that Pro (k) is abelian. Due to Proposition
2.1.13 (2, 3), Pro (k) is complete and cocomplete. AB3 and AB3* follow immediately.

(2) Follows from the definition of a colimit.

(3) If X is cofiltered, then the statement follows from Proposition 2.1.13 (1). If not,
then notice that limits in any category can be constructed as combinations of products
and kernels. Let T" € Mod (k). It follows from (4) that the pairing (e, T} converts
products into coproducts. If T is injective, then (e T’} converts kernels into cokernels.
Finally, (e, T") converts arbitrary limits into colimits.

(4) Let

Fin (I) = Cat (X (I))”

(see Example 2.1.3) where X (I) is the set of finite subsets of I, ordered by inclusion.
Then X (I) is a directed poset, and Fin (/) is a cofiltered category (see Example 2.1.3
again). It is easy to check that

HXz' = I'LHAGFin(I) [H Xj] .
il jeA
It follows from the statement (3) of our theorem that

<HXZ 2,T> ~ LHEAEFin(I)Op <H Xj,T> ~

icl jeA

~ lim aerin(n @ (X5, T) ~ P (Xi, 7).

jeA jeI
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(5) The statement is dual to the rather complicated Theorem 15.2.5 from [Kashiwara
and Schapira, 2006]. However, the proof is much simpler in our case. Given M = (M;)
let

€D

F(M) = (Qi)ier
where ); = F (M;) is the free k-module generated by the set of symbols ([m]),,c.- A
family of epimorphisms

jz :CQi — ]MQ (:j; (:EE:(Ij[Tnji> = :g::(leHj,(lj c k,7nj EEJV@:),

J
defines an epimorphism f : F (M) — M.

F(M) = (F (M)

jel
is quasi-projective (Proposition A.2.2), and the epimorphism F' (M) — M is as desired.
(6) The “only if” part is trivial. Assume now that M is not isomorphic to 0. Since

Pro (k) — (SetMOd(k)> op

is a full embedding (by definition!), there exists a N € Mod (k) with
(M, N) = Hompror) (M, N) # 0.
Choose an embedding N < T into an injective k-module. Then
(M, N) — (M, T)

is a monomorphism. It follows that (M, T) # 0 as well.
(7) Due to Proposition 2.1.11, one can assume that &£ is a level diagram:

)iy 2 (v, P (i

1€l el *

Since T is injective, the sequences

(i, T) (B, T)

<5i,T> = <Mi7T> <Nz‘,T> - <Ki’T>

satisfy
H{&,T)~(H(&),T).

The category I° is filtered, and filtered colimits are exact in the category Mod (k),
therefore

(H (€),T) = liyieron (H (). T) = limyern H (€, T) =~ H (€, T)).
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(8) It follows from the statement (7) of our theorem that
(H(£),T)~H(ET)).
Applying (6) of our theorem, one gets
H(£) =0 < VY(injective T) [H ({(£,T)) = 0],

therefore £ is exact iff (£,T) is exact for all injective 7" € Mod (k).
(9) Follows easily from (8).
(10) Let

be a family of monomorphisms, and 7" € Mod (k) be injective. Then all the homomor-
phisms

i€l

(fi, T) : (B;,T) — (A, T)

are epimorphisms in Mod (k). Therefore, the homomorphism

<@f,, > [ [ ®B.1) = <@BZ,T> <@Ai,T>:H<BZ-,T>

iel iel i€l iel iel i€l
is an epimorphism in Mod (k) for any injective T". It follows that € f; is a monomorphism

in Pro (k). <
(11) Let
(fi+ Ai — By),

el

be a family of epimorphisms, and 7' € Mod (k) be injective. Then all the homomorphisms
(fi, ) - (B, T) — (A, T)

are monomorphisms in Mod (k). Therefore, the homomorphism

<H fi,T> =P 1) P(B.T) = <HB“T> <HA1-,T> = B.7)

el el il iel el iel

is a monomorphism in Mod (k) for any injective T'. It follows that [] f; is an epimorphism

iel
in Pro (k).
(12) Follows from Proposition 2.1.13 (4).
(13) Since
Homuoagk) (8, k™) ~ Homap (8, Q/Z) ,
and Q/Z is a cogenerator in the category Ab, k* is an injective cogenerator in Mod (k).

In fact, k£* is injective in Pro (k) as well. Indeed, it is enough to apply part (9) of our
theorem to T' = k*.
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Let now
f:M—- N

be a non-trivial (not an isomorphism!) epimorphism in Pro (k). Let
K =ker f #0.

We can assume that f and h: K ~ M are level morphisms:

0 (Ki=ker £),. 2= gy, L2V

i€l
Due to Corollary 2.1.8, there exists an ¢ € I, such that K (t) # 0 for any ¢ : j — i. It
follows that K; # 0. Let

el "

S=A{(t:j—1i)el},
and let
G (S) € Pro (k)
be the rudimentary pro-module corresponding to [] &*. Due to (9), G (S) is an injective

tes
pro-module. Since k* is an injective cogenerator for Mod (k), we can for each (¢ : j — i) €

S, choose a homomorphism

Ot : Kl — k'*,
such that the composition
pro K (t)
is nonzero. Let
Y= (Hg@t> K — Hk;*
tes tes
The corresponding morphism
oK — G(9)
is nonzero. Indeed, if it is zero, then there exists a t : j — ¢ with
do K (t)=0.
However,
mo®o K (t) =@, 0K (t)#0,
where
Tt - H k' — Ek*
tesS

is the t-th projection. Denote by the same letter ¢; the corresponding morphism
(pi : K — k) € Pro (k).
The morphism ® can be extended, due to injectivity of G (5), to a morphism
U:M— G(9).

Since the composition ® = Wo h is nonzero, the morphism ¥ cannot be factored through
N. [
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A.3. DERIVED CATEGORIES. We use here the “classical” definition of an F-projective
category. The subcategories, which are called “F-projective” in [Kashiwara and Schapira,
2006, Definition 13.3.4], will be called weak F-projective in this paper.

A.3.1. DEFINITION. Let
F:C—E

be a right exact additive functor of abelian categories, and let P be a full additive subcat-
egory of C. Then:

P s called weak F-projective if P satisfies the definition of an F-projective subcat-
egory in [Kashiwara and Schapira, 2006, Definition 15.3.4].

P is called F'-projective if it satisfies the following conditions:

1. The category P is generating in C (i.e. for any object X € C there exists an
epimorphism P — X with P € P);

2. For any exact sequence
0—X —X—X"—0

in C with X, X" € P, we have X' € P;

3. For any ezxact sequence
0—X —X—>X"—0
in C with X, X" € P, the sequence
0—FX')—F(X)—FX")—0
18 exact.
A.3.2. NOTATION. For an abelian category E, let:
1. C(E) denote the category of bounded below chain complexes in E;
2. a qis denote a quasi-isomorphism in C (E), i.e. a homomorphism
Xe — Y,

inducing an isomorphism of the homologies;
3. a compler X, be qis to Y, iff there is a qis Xq — Y,;
4. K (E) denote the homotopy category of C (E), i.e. morphisms

Xe — Y,

in K (E) are classes of homotopic maps Xe — Ya;

5. D (E) denote the corresponding derived category of K (E), i.e.
D (E) = K (E) /N (E)
where N (E) is the full subcategory of K (E) consisting of complezes qis to 0.
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A.3.3. PROPOSITION. Let F': C — E be an additive functor of abelian categories, and
let P be a full additive subcategory of C. Assume P is F-projective. Then:

1. P is weak F-projective.

2. The left satellite
LF:D(C) — D(E)

exists, and
for any qis

with Y, € K (P).

PRroOF. Follows from [Kashiwara and Schapira, 2006, dual to Proposition 13.3.5 and
Corollary 13.3.8]. =

Using F'-projective subcategories, one can define left satellites of the functor F'.

A.3.4. DEFINITION. In the conditions of Proposition A.3.3 let X € C. Considering X
as a complex concentrated in degree 0, take a qis P, —> X, i.e. a resolution

O0+— X+— F+—P+—B+— ... «— P, +— ..

with P, € K (P). Define
LoF (X):=H, (P.).

It is easy to check that L,F, n > 0, are additive functors
L,F:C—E,

that L, F =0 if n <0, and that LoF ~ F if F is right ezact.
The functors L, F are called the left satellites of F'.

A.4. BicoOMPLEXES. In this section, K is assumed to be an abelian category. We consider
only first quadrant chain bicomplexes.

A.4.1. DEFINITION. A bicomplex in K is a collection

Xo,o = (Xs,tv ds,t7 5S,t)

S,tEZL
of objects and morphisms
Xt € K,

ds,t S HOmK (Xs+1,t7 Xs,t) 9
6s,t € HomK (Xs,tJrla Xs,t) )
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such that for all s,t € Z

Xst = 04fs<0ort<O,
ds—l,t o ds,t - 07
6s,t71 o 53,7& = 07

ds—l,t—l o 5s,t—1 = 55—1,t—1 o ds—l,t~

A.4.2. DEFINITION. If (X,.,d,6) be a bicomplex, let Tot, (X) be the following chain

complex:
Tot, (X) = @ KXy = @ Xop ™ H Xst

s+t=n s+t=n s+t=n

with the differential
Op : Totpy1 (X) — Tot, (X),

given by
an Olst = ls—1,t© d+ (_1>S lst—1© 67

where
Lst: Xsp— Tot, (X)

18 the natural embedding into the coproduct.
A.4.3. THEOREM. Let (X,.,d,0) be a first quadrant bicomplex in K. All objects below

depend functorially on X,., and all morphisms are natural in X, ,.

1. There exist two families (r > 1) of (vertical and horizontal) bigraded derived
exact couples, and two corresponding spectral sequences (i", j*, and k" have bidegrees
indicated on the corresponding diagrams):

(a)

ver Oyr
<
VR
\Q'\
where

"D, # 0onlyifs,s+t>0,

“Ee, # 0onlyifs,t>0,

verE;t — (verEgt’ verdr _ jr o k,r . verE;t — verE;ﬂ_mH_r_l) 7

ver pr+1 ver T
Ef'~H("“E

st

ver d’/‘) )
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(b)
hor D"

hor Er

where

"rDL, # 0 onlyifts+t >0,

h‘"“E;t # 0 only if s,t > 0,

horE;t — (horEL:’t’ hordr — jr o k" - horE;t N hOTE§+r71,t7r> ’
horE;'Il ~H (horEr hordr) )

s,t)

2. We introduce an extra entry E°:

(a)
P Eg = (Xeo,d” =10).

()
PrEY yi=(Xee, d* =d) .

3.
(a) ) X
UeTEo,t ~ (verHt (X.7.) ’ dt =d '””H(X.,.)) .
(b) h 1 h 1
TEl o~ ("THy (Xa),d' = 0lnorpr(x...)) -
4.
(a)
verE;t ~ ho7"]_1S (fueTHt (X.7.)) )
(b) h 2 h
OTEs,t ~ verHt ( orHs (X.7.)> )
5.

(a) For each pair (s,t) the sequence "" D" stabilizes:
ver Mr ver myr+1__. ver moo
Ds,t Ds,t _' Ds,t

18 an isomorphism whenever r > 0.
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(b) For each pair (s,t) the sequence " D" stabilizes:
h h 1_.h
OTD;t — Ongj; = OTD;(;

18 an isomorphism whenever r > 0.

(a) For each pair (s,t) the sequence "*"E" stabilizes:
verE;“’t N verE;’:l-lz: ver‘l;;(:f
18 an isomorphism whenever r > 0.
(b) For each pair (s,t) the sequence " E" stabilizes:
hOTE;t N horE;“;—l:: hOTE;(;f
18 an isomorphism whenever r > 0.
7. The two spectral sequences converge to Hy (Tote (X)) in the following sense:

(a) For each n >0, the sequence below consists of monomorphisms

n,0 —

0= D%, ] DR DT e e D o H, (Tofy (X)),
and for each s, t
coker (Uengil,t—H — UerD(sx}) = UGTE;E‘
(b) For each n > 0, the sequence below consists of monomorphisms
[0=""Dp 4] = "D = MDY o "D = Hyy (Tote (X))

and for each s, t

hor Mmoo hor oo hor oo
coker ( DSy — Ds,t) ~ "B

8. Let foo: Xeo = Yoo be a morphism of bicomplezes, and let r > 1.

(a) If for some r
B (f) s B (X) — MTEG (Y)

1 an isomorphism for all s, t, then

H, (Tot. (f)) : Hy, (Tote (X)) — H, (Tot. (Y))

s an isomorphism for all n.
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(b) If for some r

(a)

(b)

B () s MR (X) — MTEL(Y)

18 an isomorphism for all s, t, then
H, (Tote (f)) : H, (Tote (X)) — H, (Tote (Y))

s an isomorphism for all n.

Forallr, 1 <r < oo, and all n,
verpy s VTED
The composition
I (Xpe) = verEoljn — VB ~ YD s H, (Toty (X))

is induced (up to sign) by the embedding of complezes Xoo < Tote (X).
Let ¢, be the composition

H, (Tot, (X)) = "Dy — " EXy s “TE2

Then the following diagram commutes (up to sign):

0
Tot,1 (X) Tot, (X) coker 0 «—— H,, (T'ote (X))
Xn-{—l,() Xn,() Pn
| i |

_ wer 1 n+1,0 _ wer 1l ver 2
[cokerd, 10 = " Ep o] ——— [coker 6,0 = ""E, ] —= cokerd]| B, Eng

Forallr, 1 <r < oo, and all n,

horDr ~ horEr 0
n,0°

n,0 —

The composition

hoan (X.70) — horE$70 s horEoo ~ hOTDZ?D NN Hn (TOt. (X))

n,0 —

is induced (up to sign) by the inclusion of complexes Xoo < Tote (X).
Let 1, be the composition

H, (Tot, (X)) ~ "D, — ""Eg, — "Eg .
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Then the following diagram commutes (up to sign):

TOtn+1 (X) 8 TOtn (X)

| l

X07n+1 XO,n 1/}”

| i |

_ hor 1 0,n+1 _ hor 1 hor 12
[coker do i1 = "7 Ej,, ] [cokerdy,, = " Ej, | — cokerd| Bl T En,

coker 0 «—— H,, (Tots (X))

PROOF. The proof of various forms of this theorem is scattered around several papers
and books. See [Eckmann and Hilton, 1966], [Weibel, 1994, Chapter 5], [Gelfand and
Manin, 2003, §I11.7], and [Kashiwara and Schapira, 2006, Theorem 12.5.4 and Corollary
12.5.5(3)]. "

B. Topologies
B.1. GROTHENDIECK TOPOLOGIES.

B.1.1. DEFINITION. Let C be a category. A steve R over U € C is a subfunctor R C hy
of
hy = Homg (o,U) : C? — Set.

B.1.2. REMARK. Compare with [Kashiwara and Schapira, 2006, Definition 16.1.1].

B.1.3. DEFINITION. A Grothendieck site (or simply a site) X is a pair (Cx,Cov (X))
where Cx s a category, and

where Cov (U) are the sets of covering sieves over U, satisfying the axioms GT1-GT/
from [Kashiwara and Schapira, 2006, Definition 16.1.2], or, equivalently, the axioms T1-
T3 from [Artin et al., 1972a, Definition I1.1.1]:

1. hy € Cov (U).
2. If Ry C Ry C hy and Ry € Cov (U), then Ry € Cov (U).
3. If a:U —V is a morphism in Cx and R € Cov (V), then

(ho) " (R) € Cov (U).

4. Let R and R' € Cov (U) be sieves over U. Assume that

(ha) " (R) € Cov (V)
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for any
(a:V—U)e R (V).

Then R € Cov (U).

The site is called small iff Cx is a small category.

B.1.4. REMARK. The class (or a set, if X is small) Cov (X) is called the topology on
X.

B.1.5. NOTATION. Given U € Cx, and R € Cov (X), denote simply
CUZ: (CX)U > CRiz (CX)R y

where (Cx), and (Cx)p are the comma-categories defined earlier in Definition 2.0.11
and Definition 2.0.12.

B.1.6. DEFINITION. We say that the topology on a small site X s induced by a pretopol-
ogy if each object U € Cx is supplied with base-changeable (Definition B.2.2) covers
{U; = U}, satisfying [Artin et al., 1972a, Definition II.1.3] (compare to [Kashiwara
and Schapira, 2006, Definition 16.1.5]), and the covering sieves R € Cov (X) are gen-
erated by covers:

R = R,y € hu,

where Ry, vy (V) consists of morphisms (V — U) € hy (V) admitting a decomposition
(V-sU)=(V-=>U-—-U).

B.1.7. REMARK. We use the word covers for general sites, and reserve the word cov-
erings for open coverings of topological spaces.

B.1.8. PROPOSITION. Let G € Mod (k), let A € pCS (X,Pro(k)), and let R C hy be
a sieve. Then:

1.
Hompror) (A ®gerox R, G) =~ Homg_ (cyyr (R, Homk (A, G)) ~
~ lim  Homk (A(V),G)~ Homx lim  A(V),G
(V—U)eCr (V=U)eCr

naturally in G, A and R. The presheaf of k-modules Hompyou) (A, G) is intro-
duced in Definition A.1.1(2).

A@gex R lim  A(V).

(V=U)eCr

PROOF. See [Prasolov, 2016, Proposition 2.3] n
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B.1.9. EXAMPLE. Let X be a topological space. We will call the site OPEN (X) below
the standard site for X :

OPEN (X) = (Copen(x), Cov (OPEN (X))) .

Copen(x) has open subsets of X as objects and inclusions U C V' as morphisms. The
pretopology on OPEN (X)) consists of open coverings

{U;i S U}icr € Corenx)-
The corresponding topology consists of sieves Ryy,cuy € hy where
(VCU)eRuycy(U) <= Jiel (VCU,).
B.1.10. REMARK. We will always denote the standard site OPEN (X)) simply by X.

B.1.11. DEFINITION. An open covering is called normal [Mardesi¢ and Segal, 1982,
§1.6.2], iff there is a partition of unity subordinated to it.

B.1.12. EXAMPLE. Let again X be a topological space. Consider the site
NORM (X) = (CNORM(X)a Cov (NORM (X)))
where Cnorm(x) = Cx, while the pretopology on NORM (X)) consists of normal (Def-
inition B.1.11) coverings {U; C U}.
See Conjecture 1.0.3.

B.1.13. EXAMPLE. Let X be a noetherian scheme, and define the site X by: Cxet is
the category of schemes Y/X étale, finite type, while the pretopology on X consists of
finite surjective families of maps. See [Artin, 1962, Example 1.1.6], or [Tamme, 199/,
11.1.2].

Let X = (Cx,Cov (X)) be a small site (Definition B.1.3), and let K be a complete
(Remark 2.0.2 (1)) category.

B.1.14. DEFINITION.
1. A presheaf A on X with values in K is a functor A: (Cx)” — K.

2. A presheaf A on X is separated provided
A(U) = Homgeox (hy, A) — Homgepox (R, A) = lim  A(V)
(V%U)ECR

is a monomorphism for any U € Cx and for any covering sieve (Definition B.1.1
and B.1.3) R over U. The pairing Homgycy (®,8) is introduced in Definition
A.1.1(6).

3. A presheaf A on X is a sheaf provided

AU) = Homgeex (hy, A) — Homgepox (R, A) >~ Jim  A(V)
(V=U)eCgr

is an isomorphism for any U € Cx and for any covering sieve R over U.
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B.1.15. REMARK. The isomorphisms

Homgeex (R, A)~  lim  A(V)

(V=U)eCr

and

.A(U) ~ HOTrLSeth (hU,.A>

follow from [Prasolov, 2016, Proposition B.6], because the comma-category Cy =~ Cp,,
(Definition 2.0.11 and Remark 2.0.13) has a terminal object (U, 1y).

B.1.16. NOTATION. Denote by S (X,K) the category of sheaves, and by pS (X, K) the
category of presheaves on X with values in K.

B.1.17. REMARK. Compare to Definition 2.2.1 and Notation 2.2.5.

B.2. CECH (CO)HOMOLOGY. In this section, we give different definitions of Cech (co)homology
in two cases:

1. General Grothendieck topology.

2. A topology generated by a pretopology.

However, those definitions are equivalent, due to Proposition B.2.7.
Let us summarize this in the following

B.2.1. DEFINITION. Let X be a small site, let V € Cx and let R be a covering sieve on
U. Let also
A € pCS (Cx,K) (respectively B € pS (Cx,K) )

1. In general,

H, (R, A):=H, ("C, (R, A)),
H" (R, A):=H" (*o°C™ (R, A))

as in Definition B.2.5 (2). If R is generated by a cover {V; — V'}, then

H, (R, A):=H, {V; = V},A):=H,C. ({Vi = V} A,
H"(R,B):=H"({V; = V},B):=H"C* ({V; = V} ,B)

as in Definition B.2.5 (3).
2. In general,

H, (V. A) = H, (V,A):= lim H, (R, A),
ReCou(V)
H™(V, A):= "o H" (V,B):= lim H"(R,B)

ReCov(V)
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as in Definition B.2.5 (/). If the topology on X is generated by a pretopology, then

H,(V,A):= lim  H,({Vi—=V},A),
{Vi=V}eCov(V)

H"(V,B):=  lim  H"({V; = V},B).
{Vi=V}eCov(V)

as in Definition B.2.5 (5)

B.2.2. DEFINITION. A morphism V. — U in a category D is called base-changeable

( “quarrable” in ([Artin et al., 1972a, Def. 11.1.3]), iff for every other morphism U" — U
the fiber product V- x U’ exists.
U

B.2.3. DEFINITION. Let D and K be categories. Assume that D is small and K is abelian.
Let {U; — U} be a family of base-changeable morphisms in D. For a pre(co)sheaf
A € pCS (D,K) (respectively B € pS (D,K) )

on D with values in K, define the following Cech chain complex C, and the Cech
cochain complex C*. Assume that K is complete in the case of a presheaf, and cocom-
plete in the case of a precosheaf:

C*({U; = U}, B):=(C"({U; = U}, B),d")
Coel{Ui = U}, A):=(C, ({U; = U}, A),dy)

n>0"

n>0"
where

cC"({u; - U}, B) = H B<Ui°>(jUil>z;'">(jUi")’

C.({ui»U}, A = P A(UioéUhE...éUin)

v o= 3 1)y,

k=0

d’(“k) - C" — C™ are defined by the compositions

[71'1'0’@'17“.’in’in+1} o d?k): [ H B (Uio 5 Ui1 >[§ 5 Uln)

. ~ —~
105--es Thseensln
et B Uy X oo X Uy X oo X Ui, X Ui
U U U

B(O‘k,io,il,...,iminﬂ) B( .
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and
TCi0,i1,eesinsin : H B Uz X Uz X ... X Uln — B Uz X Ul X ... X Uzn
0,41 +1 o ‘ o YD U +1 U R U +1
10,815 esin+1€1
Tioinin - H B Uy x Uy x...xU, || —B|Ujyx..xUy x..xU,., |,
. . U U U U U
Li0,21,..,in €1
Okyioit,sinsing1 - Uio é Ui1 5 é Uin 5 Uin+1 — Uio é é Ulk 5 . é U2n+17

are the natural projections.
d® . Chi1 — C, are defined dually to d?k), by the compositions

d1(1k) O [pi07i17"'7in+1:| = |:A <U20 é U’il é [>§ U’Ln é Uin+1>

Pigseisensin
Puivniney N 4 (0 U, % %,
U U U

10,815 esin €1

where

Piosit, . inying1 - A (Uio 5 Ui1 >U< 5 UinJrl) — [ @ .A (Uio l>§ Ui1 >U< [>§ Uin+1> s

10,81,y in+1€1
o, =~ o AUy X o x Uy X .o x U, — @ AU, xU;, x ...x U
204+ yeesln 0 U U k U U +1 . - 0 U 1 U U n
05%15--5tn

are the natural embeddings.

B.2.4. DEFINITION. Let D and K be categories. Assume that D is small and K is
abelian. Let R C hy be a sieve on D. For a pre(co)sheaf

A € pCS (D,K) (respectively B € pS (D,K) )

on D with values in K, define the following Roos chain complex %°*C, and the Roos
cochain complex %°°5C* (see [Roos, 1961] and [Noebeling, 1962]). Assume that K is
complete in the case of a presheaf, and cocomplete in the case of a precosheaf:

Roos e (R, B) = (Rooscm (R7 B) 7dn)
RoosC. (R, A) — (ROOSCn (R’ A) 7dn>

n>0"

n>0"
where ,

. . . g ] tn— in

<Z(),’Ll, ...,Zn> = [Uo i} Uy L} —1) U, Z—> U:| S CR,
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een(r, B = J1 0 B,
(i0,81,--in)ECR
Rooan (R7 A) = @ A(Uo),
<i07i1 ----- in)GCR
n+1
k=0
n+1
b= 3 (1D,
k=0

d’(“k) . Roosgn _y Roosom+l e defined by the compositions
[ﬂ—(io,h ..... 7:n+1)i| © d?k):

T30 ey i Ol — 1 yeeeyin i1
H (U()) <Oyzkk1yv+>B(U0) ’

(20,81 ,++-y0n)

if k #0,
[Tliginsminga)] © di)=
T {i1,4i2,4m e sint1 B (i
II By ‘i——”'B(Ul)—(OlB(UO) |
(10,81 5ee-yin)
if k=20, and

T(ig,i1yesing1) - H B (U()) — B (UO) )

(20,81 y+-sbnt1)

Miosityeosin) [I BW)| — B,

(20,81 y0--y0n)

are the natural projections.
dP Roosy 1 — T09sC are defined dually to d’(“k), by the compositions

A(UO) Plio, ..., $ht 100 ,enyin41) @ A(UO) ,

(10,81 yeeeyin )
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if k£ 0,

dq(ka) © |:p<i07i1 7777 i"+1>:| =

A (i 01,02, sing1
A 2L g ) Lorimeiv, [y g ||

if k =0, where

(20,31 ,++s0n+1)

Pliirin) = Al — | € A,

(20,31 ,+++50n)

are the natural embeddings.
B.2.5. DEFINITION. Let X = (Cx,Cov (X)) be a small site, A a precosheaf, and B a
presheaf on X :

A € pCS(X,Pro(k)),

B € pS(X,Mod(k)).

Let also R be a sieve on X, and {V; — V'} be a family of base-changeable morphisms in
Cx.

1.

H[) (R, A) =A ®Seth R~ héﬂ A (V) 5
(V*)U)GCR

H° (R, B):=Homggex (R,B)~  lm  B(V),

(V—)U)ECR

see Definition A.1.1(5,6), Notation B.1.5, Proposition B.1.8(2) and Remark B.1.15;

H, (R, A):=H, ("*C, (R,A)),
H"(R,B):=H" ("*C* (R,B));

H, {Vi =V}, A :=H,C, ({V; = V},A),
H"({V; = V},B):=H"C* {V; = V} ,B);
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4.
Rooan (U‘7 A) e 1&1 H, (R7 -A) >
ReCov(U)
Roosl_:]n (U’ B) = hgl H" (R7 B) ;
ReCov(U)

see Notation 3.2.2.

5. Assume that the topology on X is generated by a pretopology (Definition B.1.06).

Then define:
H, (U A= lm  H,({Ui = U}, A),
{U;i—=U}eCov(U)
H"(U,B):= lmy  H"({U; = U},B).

{U;—U}eCou(U)

6. Let Ay and Ay be the following precosheaves:

Api= (U — Hy (U, A)) ,
Ap=Asy,

and let BT and B be the following presheaves:
Bt:=(U+—— H"(U,B)),
B#. =B,
There are natural morphisms of functors:
Ar o (@) — lposxProk) P A+ (A) 1t Ay — A,
AT 1pS(X,M0d(k)) — (0)+ AT (B) B — BJr,
Ay o (0), =(9),, — lpes(xProw) : Ay (A) = A (A) oAy (A) AT — A,
A s Modrry) — (0)TT = (0)7  ATH(B) =AY (BY) oA, (B): B— BT,

B.2.6. REMARK. Compare to Definition 2.2.5.
B.2.7. PROPOSITION. Assume that the topology on X s generated by a pretopology.
1. If a sieve R is generated by a cover {U; — U}, then the groups H, (R, A), H" (R, B)

from Definition B.2.5(2) are naturally isomorphic to the groups H, ({U; — U}, A),
H"({U; = U}, B) from Definition B.2.5(3).

2. The groups M, (U, A) and Roos frn (U,VB) from Definition B.2.5(4) are naturally
isomorphic to the groups H, (U, A) and H" (U, B) from Definition B.2.5(5).
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PROOF. The reasoning below is similar to [Artin et al., 1972b, Proposition V.2.3.4 and
Exercise V.2.3.6]. Let us prove the statement for the precosheaf A. The proof for the
presheaf B is similar. Assume that the sieve R is generated by a family {U; — U}. We
construct first natural isomorphisms

H,(R,A)~H,{U, —-U},A).

Applying @n will give us the desired natural isomorphisms

oo, (U, A) = lim H,(R,A) =~ lim  H,({Ui = U}, A) = H, (U, A).

ReCou(U) {U;—=U}eCov(U)

Let X, o be the following bicomplex:

(Xo4,d,08):= b A(Uy),d, 6

Uo—=Ui—..=Us— Uiy XUy X...XUs,
U U U

where the horizontal differentials d, o are like in Definition B.2.4, while the vertical dif-
ferentials d, o are like in Definition B.2.3. Consider the two spectral sequences converging
to the total homology:

TR, = horH, T Hy (Xeo) = Hoyy (Tote (X)),
h‘”“Eit = "H,""H,(Xes) = Hei(Tote (X)).

Since the comma category

has a terminal object

it follows that

hOTEsl,t — horHs (Xo,t) — @HS .A _ A (Uz’o 5

Therefore

H,{U; = U}, A if s=0,

horEit — veTHt horHs (X.’.) — { 0 £ s =0
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the spectral sequence degenerates from E? on, and
H,(Toty (X))~ H,{U;— U}, A).
The vertical spectral sequence is as follows:
verEsl’t = UTH, (X)),

where X, allows the following description:

Xs,t = @ -’4 (UO) s
Up—Ui—...—Us—U
«pET(US%U,UZ'OXUil><‘..><Uit>

U U U

where

T(U = U, Uiy X Uy, X ) 1T HomU(US—>U,UZ-O><UZ-1><...><Uit>,
v 10,587 5-- e, v v v

and the coproduct (disjoint union) is taken in the category of sets. Denote temporarily

T <Us — U, Uy x Uy X ... X Uit) by S. It follows that
U U U

Y"Hy (Xse) = Hy EBZN—@ZN— %@D%

XxX

=<¢ 0 if t#0& S#2 |

] D it t=0& S#9
0 if S=0

where

D= b A(Up) .

Up—U1—...—Us—U

The set S is non-empty iff (Us — U) € Cg. Finally,

% A(Uy) if t=0
UeTEslt = UeTHt(XS.): (Uo—Uy1—...»Us—U)ECR ,
’ 0 if t+#0
H,(R,A) if t=0
ver 12 _ hor ver o s )
B = THTH, (X“)_{ 0 it t#£0 "

the spectral sequence degenerates from E? on, and

H, {U; > U}, A)~ “Ej, ~Tot, (X)~ ""E> ~ H, (R, A).
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B.3. PRO-HOMOTOPY AND PRO-HOMOLOGY. Let Top be the category of topological
spaces and continuous mappings. The following categories are closely related to Top: the
category H (Top) of homotopy types, the category Pro (H (Top)) of pro-homotopy types,
and the category H (Pro (Top)) of homotopy types of pro-spaces. The latter category is
used in strong shape theory. It is finer than the former which is used in shape theory. The
pointed versions Pro (H (Top,)) and H (Pro (Top,)) are defined similarly.

One of the most important tools in strong shape theory is a strong expansion (see
[Mardesi¢, 2000], conditions (S1) and (S2) on p. 129). In this paper, it is sufficient to use
a weaker notion: an H (Top)-ezpansion ([Mardesi¢ and Segal, 1982, §1.4.1], conditions
(E1) and (E2)). Those two conditions are equivalent to the following

B.3.1. DEFINITION. Let X be a topological space. A morphism X — (Yj),; in Pro (H (Top))
is called an H (Top)-expansion (or simply expansion) if for any polyhedron P the fol-
lowing mapping

hg,lj [Y}’P] = hgleomH(TOP) (Y},P) — HomH(TOP) (XvP) = [X>P]

is bijective where [Z, P] is the set of homotopy classes of continuous mappings from Z to
P.
An expansion is called polyhedral (or an H (Pol)-expansion) if all Y; are polyhedra.

B.3.2. REMARK.
1. The pointed version of this notion (an H (Pol,)-expansion) is defined similarly.

2. For any (pointed) topological space X there exists an H (Pol)-expansion (an H (Pol,)-
expansion), see [Mardesi¢ and Segal, 1982, Theorem 1.4.7 and I1.4.10].

3. Any two H (Pol)-expansions (H (Pol,)-expansions) of a (pointed) topological space
X are isomorphic in the category Pro (H (Pol)) (Pro(H (Pol.))), see [Mardesié
and Segal, 1982, Theorem I1.2.6].

B.3.3. REMARK. Theorem 8 from [Mardesi¢ and Segal, 1982, App.1, §3.2], shows that
an H (Pol)- or an H (Pol,)-expansion for X can be constructed using nerves of normal
(see Definition B.1.11) open coverings of X.

Pro-homotopy is defined in [Mardesi¢ and Segal, 1982, p. 121]:
B.3.4. DEFINITION. For a (pointed) topological space X, define its pro-homotopy pro-sets

pro-m (X) = (10 (Y;)) ;5

where X — (Yj);c5 is an H (Pol)-ezpansion if n = 0, and an H (Pol.)-expansion if
n > 1.

Similar to the “usual” algebraic topology, pro-my is a pro-set (an object of Pro (Set)),
pro-m is a pro-group (an object of Pro (Gr)), and pro-m, are abelian pro-groups (objects
of Pro (Ab)) forn > 2.

Pro-homology groups are defined in [Mardesi¢ and Segal, 1982, §11.3.2], as follows:
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B.3.5. DEFINITION. For a topological space X, and an abelian group G, define its pro-

homology groups as
pro-H, (X,G):=(H, (Y;,G))

where X — (Yj) 5 is a polyhedral expansion.

jed
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