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LADDERS AND COMPLETION OF TRIANGULATED CATEGORIES

YONGLIANG SUN AND YAOHUA ZHANG

ABSTRACT. We provide a method to construct recollements and ladders of triangulated
categories. For a ladder of height n(n > 2) of triangulated categories with good metrics,
if all the functors are compression functors, then there is a ladder of height n — 1
of the corresponding completion categories. In particular, for a recollement(a ladder of
height 1) of triangulated categories with good metrics, if all the functors are compression
functors, then there is a half recollement of the corresponding completion categories.

1. Introduction

Recollements of triangulated categories were introduced by Beilinson, Bernstein and
Deligne in their fundamental work on perverse sheaves [1]. Ladder, introduced by Beilin-
son, Ginzburg and Schechtman (see [2]), is an extended concept of recollement. Roughly,
a ladder of triangulated categories is a collection of recollements of triangulated categories.
Nowadays, they both play important roles in studying the representation theory of alge-
bras [5, 7, 8]. However, a question remains: How to construct recollements or ladders?
We observe that triangulated categories are building blocks of recollements and ladders.
So, it seems reasonable to apply the method of constructing triangulated categories to
construct recollements or ladders. In the literature, there are many ways to construct
triangulated categories. The ways of taking the stable category of a Frobenius category
[6, Chapterl] and a Verdier quotient of a triangulated category over a subcategory [15]
are well known. Also, there are construction methods provided by B. Keller [9] and P.
Balmer [3]. In the recent papers of H. Krause [11] and A. Neeman [12, 13], they construct
new triangulated categories by taking Cauchy completion and completion with respect
to a good metric, respectively. In this paper, inspired by Neeman’s method of construct-
ing triangulated categories, we want to know the answer to the question: Can Neeman’s
method be applied to construct recollements or ladders of triangulated categories?

We are going to give a positive answer to the above question. Let’s first note some
observations in additive categories. Suppose that F': A — B is an additive functor of
additive categories, then it can induce an exact additive functor F' : Mod—B — Mod—A
easily by taking B to B o I. The operation shares good properties: suppose that [ :
T = S : G is an adjoint pair. Then (1) F : Mod-B = Mod-A : G is an adjoint pair, (2)
if G is fully-faithful, then so is F (see Corollary 3.2).
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Now, we focus on triangulated categories with good metrics. Let T be a triangulated
category with a good metric ([13, Definition 10]), Neeman considers three full subcategories
L(T),€(T) and &(T) of the category Mod- T (see Section 2 for detailed definitions). Of
these the category &(7) is triangulated and called the completion category of T, in such a
way that the inclusion &(7) — Mod—T commutes with the suspension. Let F': T — S
be a triangular functor. Then there is the following diagram

&(S) &(T)
L,
Mod-S Mod—T

It is natural to ask: (1) whether F' takes &(S) to &(7); (2) if (1) holds, whether F is a
triangular functor. Our first main theorem answer these questions.

1.1. THEOREM. Let F': T = S : G be an adjoint pair of triangulated functors between
triangulated categories. Suppose moreover that S and T both have good metrics, and
that F' and G are both compressions. Then the functor F : Mod-S —» Mod—T has the
properties

(1) F takes £(S) C Mod-S to £(T) C Mod—T.

(2) F takes €(S) C Mod—S to €(T) C Mod—T.

(3) The restriction of F to &(S) = £(S)NE(S) induces a triangulated functor, which
we will (by abuse of notation) also call F : &(S) — &(T).

In the above theorem.if moreover G has a compression right adjoint, then we obtain
an adjoint pair F': §(S) = &(T) : G.

So much for preparations. Now, let us answer the question of constructing recollements
and ladders.

1.2. THEOREM. Let T, S and R be triangulated categories with good metrics. Assume
that the following diagram is a recollement of triangulated categories

i* Jr
/—\ /_\
R B =) T j=j—= 8
\/
it Jx

If all the functors in the diagram are compressions, then there is a right recollement of
the corresponding completion categories

&(R) F— &(T) — ji— 6(S).
\r/ \/\/
T !

Next, we generalize the above case to the version of ladders.
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1.3. COROLLARY. Let L be a ladder of height n(n > 2) of triangulated categories with
good metrics. If all the functors in L are compressions, then there is a ladder of height
n — 1 of the corresponding completion categories.

The contents of this paper are organized as follows. In Section 2, we fix notation and
recall some definitions and facts used in the paper.

In Section 3, we discuss the induced functors of additive functors of additive categories.
In Section 4, we discuss the induced functors of compression functors of triangulated
categories with good metrics and then prove our main results.

2. Preliminaries

In this section, we briefly recall some notations, definitions, and basic facts used in the
paper.

Let A be an additive category. By Mod—.A we denote the category of right .A-modules,
i.e. the objects of Mod—A consist of all additive functors from A% to the category
of abelian groups. As we all know, Mod—A is a cocomplete abelian category (i.e. all
small colimits exist), and A can be regarded as a full subcategory of Mod—.A through the
Yoneda functor Y : A — Mod—A, a — Hom(—, a). From this viewpoint, for a triangulated
category 7 with shift functor 3, ¥ can be lifted to Mod—T, that is

3 : Mod—T7 — Mod-T
A (t= AST).

Let X, ) be full subcategories of 7. We define
Xx)Y:={teT |Jatriangle x -t —y — Xx withx € X,y € V}.

Now, we recall some definitions and results on completion of a triangulated category.

2.1. DEFINITION. ([13, Definition 10]) A good metric on T is a sequence of full subcate-
gories {M; C T | i € N} such that

(1) Each M; contains 0 and M; = T;

(2) Z_lMiJrl UM UXM,; 1 C M, for every i;

(3) M; x* M; = M, for every i.

A good metric is a special metric, which is defined by Neeman in [12, Definition 1.2].
One can easily check that each M; is closed under isomorphisms.

Let T be a triangulated category with a good metric { M, };en. A sequence a; LS as EE
az — --- with objects in T is a Cauchy sequence (see [12, Definition 1.6]) if for every

pair of integers i > 0 and j € Z, there exists an integer N > 0 such that, in any triangle
fn—10--0fn

an """ @y — apm —> Ya, with N < n < m, the oject ¥’a,, € M,. Simply,
we denote the sequence by a,. With this definition, we define three full subcategories
£(T),&(T),8(T) of the category Mod—T as follows.



98 Y. L. SUN AND Y. H. ZHANG

e The objects of £(T) are the functors in Mod—T which can be expressed as lim Y (a;),
where a, is a Cauchy sequence in 7 with respect to { M, }ien

e &(T):={AeMod-T |Vj€e€Z,Fi€Zst Hom(Y (X M,;),A) =0}
o &(T):=L(T)NE&T)

where, we call &(T) the completion of T with respect to {M,};en.

A functor from a triangulated category to an abelian category is called a cohomological
functor (see [16, Definition 10.2.7]) if it takes each triangle to a long exact sequence. As
we all know that representable functors are cohomological (see [16, Exercise 10.2.3]). In
fact, functors in &(7) are also cohomological (see [12, Remark 1.11]).

As proved in [12, Theorem 2.11], the completion category &(7T) is also a triangulated

category. A sequence A > B Lo yAisa distinguished triangle if it is isomorphic to

the colimit of the image under Y of some Cauchy sequence of triangles a, ELS b, 5 e, LY

Ya, in the category T.
We begin to introduce recollement and ladder in this subsection.

2.2. DEFINITION. ([1]) Let S and R be triangulated subcategories of T. T is a recolle-
ment of § and R if there are six triangular functors as in the following diagram

i* Vi

/_\ /_\
R iy =i T j=j—=S8
\/
it J

such that
(1) (3%,4,), (i1,4), (j1, ') and (5%, j.) are adjoint pairs.
(2) ix, J« and ji are fully faithful functors,
(3) 5, = 0, and
(4) for each object t € T, there are two triangles in 7

it (t) — t — j,j7(t) — ii'(Zt)

and
G173 (t) =t = 4,0 (t) = jij (St).

A right recollement is a diagram of form

R 1 T jg S
\_/ \/
i j!

in which all functors satisfy the conditions in the definition of recollement.
We take the definition of a ladder from [7, Section 3] which has a minor modification
of the definition in [2, Section 1.5].
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2.3. DEFINITION. A ladder L is a finite or infinite diagram of triangulated categories and
triangular functors

Jn—2 in—2
C'éiénlkc%%lkm
%w% i —

such that any three consecutive rows form a recollement. The height of a ladder is the
number of recollements contained in it (counted with multiplicities).

A recollement is a ladder of height 1.

3. Induced functors of additive functors

Let FF : A — B be an additive functor of additive categories. Then we can define an
additive functor

F : Mod—B — Mod—A
B+ BoF
F(—

(B3 B (BoF ™S B'oF)

)

Obviously, F is an exact functor. The results below will tell us that the operation
admits good properties.

3.1. LEMMA. The following are true:

(1) If A L5 B -5 C are additive functors of additive categories, then GoF=Fod.

(2) Given two additive functors F,G : A — B and a natural tmnsformatwn O F —
G, then composition with ® induces a natural transformation d:G—F.

(3) Given three additive functors F,G,H : A — B and two natural transformations

FiGLH, then Wod =do .

PROOF. (1)Let C' be an object in Mod—C. By definition, G o F(C) = C o Go F =
G(C)o F = FoG(C). Hence, we have Go F' = F o G.
(2) For a natural transformation ® : F' — G, we define

~

d = (P5: G(B) gL ﬁ(B))BeMod—B-

Next, we show D is really a natural transformation. For a morphism 3 : Y — Z in Mod—B,
it follows from the naturality of § that there is the following commutative diagram for
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any b € B,
Y (G(bh) — 2~y (F (b))
5G<b)l Lﬂmb)
Z2(Gb) —gr— Z(F (D))

This implies the following diagram is commutative,

G(Y)—2 = F(Y)
é(ﬂ)l lﬁ(ﬁ)
G(2)————F(2)

Thus, d is a natural transformation.
(3) Let B be an obJect in Mod—B. Then V¥ o <I>(B) BoVod =¥ (B)od = doV(B).
Hence, we have Uod=doW. We finish the proof. m

3.2. COROLLARY. Gwen a pair of adjoint additive functors of additive categories
F:A=B

with unit and counit of adjunction n:id — GF and ¢ : FG — id.
(1) The pair of functors

F: Mod-B = Mod-A : G
is also an adoint pair, where the unit and counit of adjunction are € : id — GF and
n: FG — id. R
(2) If G is fully-faithful, then so is F.
PROOF. (1) By [4, Theorem 3.1.5], it is equlvalent to prove (G 7)o (% @) = idg and
(N* F)o (F &) =idp, where (G *7)a = G(7a), ExG)a 1= Egay, (M*
(F8)p := F(gp) for A € Mod—A, B € Mod—B.

By Lemma 3.1 , we get @*ﬁ:n/*\G, ?*@:Cj*\s, ﬁ*ﬁ:mand Fxg=cxF.
Hence, there are following two equations

>

o — o~

(GxM)o(E*xG)=nxGoGre=(Gre)o(nxG)=idy = idg
(H* F)o (F%?) :mog/*\F: (5*Fﬁ>\(F*fr;) =idp = ids
which imply that (@ F ) is an adjoint pair.
(2) G being fully faithful is equivalent to n : FG — id being an isomorphism, which

implies that 7 : id — GF is an isomorphism, and this is equivalent to F being fully
faithful. We finish the proof. [
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4. Construction of recollements and ladders

In this section, we will prove our main results of constructing recollements and ladders.
To reach the goal, we firstly consider the induced functors between triangulated categories
with good metrics. From now on, we assume that 7 and S are triangulated categories
with good metrics { M, }ieny and {N;};en, respectively.

4.1. DEFINITION. Let F' be a triangular functor from 7 to S. F' is a compression functor
if for any k > 0, there exists n > 0 such that F(M,,) C N;.

4.2. LEMMA. Let F be a triangular functor from T to S. If F is a compression functor,
then F' preserve Cauchy sequences.

PROOF. Let a, be a Cauchy sequence in 7. For any pair of integers i > 0 and j € Z, there
is an integer n; > 0 satisfies F'(M,,,) C N; by the assumption of F.. Moreover, for the pair
(n;, ), there is an integer N > 0 such that, for any triangle a,, = @, — apm — Xa, with
m > n = N, the object Xa,,, € M,,. So X F(a,.m) ~ F(X (anm)) € F(M,,) C N,.
Hence F'(a,) is a Cauchy sequence. We finish the proof. n

4.3. THEOREM. Let F': T &2 S : G be an adjoint pair of triangulated functors. Suppose
that F' and G are both compressions. Then the functor F : Mod-S — Mod—T has the
properties

(1) F takes £(S) C Mod—S to £(T) C Mod—T.

(2) F takes €(S) C Mod—S to €(T) C Mod—T.

(3) The restriction of F to &(S) = £(S)NE(S) induces a triangulated functor, which
we will (by abuse of notation) also call F : &(S) — &(T).

PROOF. Assume that G is the right adjoint of F.
(1) Let A € £(S). Write A ~ ligY(ai). Then

F(A) ~ F(lim Y (a;)) = lim Homs (F(—), a;) ~ lim Y (G(a;))

Since G is a compression functor, then G(a,) is a Cauchy sequence in 7 by Lemma 4.2,
hence we have F(A) € £(7).
(2) Let A € €(S). That is, for any A € Z, there is an index k such that

HomMod_S(Y(ZANk), A) =0.

By Yoneda Lemma, A(X*A}) = 0. Since F' is a compression functor, then there is an
integer ny such that F(M,, ) C Ni. Hence, for any t € M,,,,

Hom(Y (St), FA) ~ FA(ZM) ~ A(S F(t)) = 0.

This implies that F(A4) € €(T).
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(3) It follows from (1) and (2) that F : &(S) —s &(T) is well-defined. For any
A€ B(S)and t €T, we have

SE(A)(t) = SAF (1) = AST'F() = A(F(S7')) = FS(A)(1).
So F commutes with Y.

Let AS B5C 25 YAbea triangle in &(S). By definition, it is isomorphic to the

colimit of the image under Y of a triangle of Cauchy sequences a, L> b, 5 ¢, L Ya, in
the category S. Since G is a compression functor, then

Gla) Y ao,) Y ae) Y azay) (#)

is a triangle of Cauchy sequences by Lemma 4.2. Take colimit of the image under Y of
(#), we obtain the following sequence

liny ¥ (G(a,)) — lim Y (G(b:) — limy V(G(c:)) — limy ¥ (G(Sa,))

Notice that @Y(G(ai)) ~ lim F(Y(a;)) ~ F\(hgl Y (a;)) ~ F(A). So there is the following

commutative diagram

lim ¥ (G (a;)) —lim Y (G(b:)) — lim V(G () — lim YV (G (Sa;))

|- |

~ F(a)

F(A)

12
-
12

FB)— 7 oy yE)

which implies that F/(A) Fley F(B) e F(C) e/ S F(A) is a triangle in &(T). Hence,
F is a triangular functor. We finish the proof. n
Suppose we are given a triple of triangulated functors

F

T@g
~__

i
with (F, G) and (G, H) adjoint pairs. According to Corollary 3.2, the following are adjoints
F

/_/\\
Mod—S§ <— G —— Mod-T
~

H

If F,G, H are all compressions, then Theorem 4.3 tells us that the top two restrict to
adjoints
F
— __ T
S(S)~—G——6(T)
where the unit and counit of adjunction are the restrictions of g and 7. Moreover, by
Corollary 3.2, G being fully faithful implies that F' is fully faithful.
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4.4. THEOREM. Let T, S and R be triangulated categories with good metrics. Assume
that the following diagram is a recollement of triangulated categories

i* Jr
/—\ /\
R B =iy T j=j—= S
\/
it Jx

If all the functors in the diagram are compression functors, then there is a right recollement
of the corresponding completion categories

= 8(T) — j —6(S) .
\_/ \/

B(R)

ProoF. B Corollary 3.2 and Theorem 3.1, (ZA : ZA*) and (f, ?) are adjoint pairs of triangular
functors. i* and ; are fully-faithful.

To complete the proof, we need show ker(i,) = |m(;) Note that 2:; = j/"&\* =0=0.
Hence |m(;') C ker(i,). Let B be an object in ker(i,) and ¢ an object in 7. Consider the
following decomposition of ¢

Gii (1) — t — i35 (t) — 5ijt (Zt).
Since B is a cohomological functor, then there is a long exact sequence
.o — B(i,i*(t)) — B(t) — B(jij'(t)) — B(i,d*(27't)) — -

By the choice of B, B(i,i*(t)) = i*i,(B)(t) = 0 and B(i,i*(S7')) = i*i,(B)(X 1) = 0.
Then B(t) ~ B(jij(t)) ~ j'(i(B))(t). Hence B € im(j'). We finish the proof. =
4.5. EXAMPLE. Let A, B and C' be finite dimensional algebras over a field k. Assume that

there is a recollement among their homotopy categories of finitely generated projective
modules

i* J
— T — T
K*(B— proj) in = iy — K"(A— proj) ——j' = j* — K*(C'— proj)
'\_/ \_/
it T

Consider good metrics (see [13, Example 12(i)]), where x = B, A, C,

MK pro)) K (%~ proj) ’ i=1
’ {X* e K(x—proj) | H(X®*)=0,—i <j} i>2.

With respect to these good metrics, &(K°(x— proj)) = D’(x—smod) (see [13, Example
23]). In fact, all functors in the recollement are compression functors. As a representation,
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we prove for ¢*. Without loss of generality, we may assume the degrees of non-zero
homological groups of i*(A) are in [-N, N] for some N € N.
Then for any k € N,

2*<2N+k(A)) _ ZN+k(l*(A)) c Mi(b(A—PVOJ)'

This implies that i*(/\/l[,\(,:(,f*proj)) C Mka(Bmej). So ¢* is a compression functor, and then
there is a right recollement by Theorem 4.4

D*(B— mod) i* —= D'(A— mod) —— j, —= D’(C'— mod) .
'\/ \_/

T 5!

4.6. COROLLARY. Let L be a ladder of height n(n > 2) of triangulated categories with
good metrics. If all the functors in L are compression functors, then there is a ladder of
height n — 1 of the corresponding completion categories.

PROOF. At first, we assume n is finite and the ladder £ has the following form

/,x %ﬁx
&Zn-&-l% %Jnﬂj

in42 In+2

It follows from Theorem 4.4 that there is a diagram

¢ L Ceo__ e
n in
\ Jnt1 / \ i1 /

It follows from the proof of Theorem 4.4 that the above diagram is a ladder of triangulated
categories of height n — 1.
The case of n being infinite is proved similarly. ]

4.7. EXAMPLE. ([7, Example 3.4]) Let k be a field, B and C be finite-dimensional k-

algebras and M be a finitely generated C-B-bimodule with finite projective dimension
. . B 0 10

over B and C. Consider the matrix algebra A = ( My C ) Put e; = ( 00 ) and

01
Hence they produce a ladder of height 2

?®L e2 A
‘Z@;@h ALN\

K*(B— proj) K*(A— proj) K*(C'— proj).

ey = ( 00 ) One can check that both Ae;A and Ae; A are stratifying ideals of A.
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Consider good metrics on K°(B — proj) as in the Example 4.5. Then, it follows from
Corollary 4.6 that there is a ladder of height 1, i.e. a recollement among their derived
categories

— T — T
Db(C'— mod) Db(A— mod) Db(B— mod) .
\_/ \_/
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