Theory and Applications of Categories, Vol. 37, No. 8, 2021, pp. 227-265.

THE 2-NERVE OF A 2-GROUP AND
DELIGNE’S DETERMINANT FUNCTORS

ELHOIM SUMANO

ABSTRACT. We prove that the bisimplicial set obtained by applying the 2-nerve func-
tor of Lack and Paoli ([Lack, Paoli, 2008]) to a 2-group ([Baez, Lauda, 2004]) seen as
a bicategory with one object, is a fibrant object in the universal simplicial replacement
of Dugger ([Dugger, 2001]) of the model category of reduced homotopy 2-types. As an
application we deduce a well known theorem about (non-symmetric) determinant func-
tors for Waldhausen categories or derivators ([Deligne, 1987], [Knudsen, 2002], [Muro,
Tonks, 2007] and [Muro, Tonks, Witte, 2015]).

1. Introduction

Let us denote by K* the reduced simplicial set associated to an exact category A by
the s,-construction of [Waldhausen, 1983]. Thus an n-simplex of K* is a series of n — 1
admissible monomorphisms of A together with choices of quotients. The homotopy groups
of KA are the Quillen K-theory groups of A, namely K,(A) = m,41(K*) for n > 0. Let
is recall the following (non-stable) universal properties of the lower K-theory groups of
A:
KO The group Ky(A), namely the fundamental group of the reduced simplicial set
K+, represents the Set-valued functor of the additive functions of A defined in the
category of (not necessarily commutative) groups add 4: Grp — Set ; where an

additive function of A with values in a group G is a function a: Ob(A) — G such

that a(0) = e and verifying that a(B) = a(A)-a(C) for every short exact sequence
A>— B> (' (see Section 4.1 below).

K1 The fundamental 2-group of the reduced simplicial set K*, whose homotopy groups
are the groups Ky(A) and K;(A), represents the Set-valued functor of the (homo-
topy classes of the) determinants of A defined in the homotopy category of (not nec-
essarily commutative) 2-groups hdet A(-): 2-hGrp — Set (see §4.6 of [Deligne,
1987] and Section 4.5 of this paper).

There is an enriched version of the property K1: Denote by KA the reduced bisimplicial
set associated to A by the wS,-construction of [Waldhausen, 1983|. Then a p-simplex of
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the simplicial set K;‘fq is a p-chain of natural isomorphisms between elements of K;;‘. In

particular the reduced simplicial sets diag(K*) and K are canonically weak homotopy
equivalent. We have:

K1E The fundamental 2-group of the reduced simplicial set diag(K*) represents the
hGrpd-valued functor hdet 4(-): 2-hGrp — hGrpd of the (functorial) deter-
minants of A defined in the homotopy category of (not necessarily commutative)
2-groups. Here hGrpd denotes the homotopy category of groupoids (see §4.3 of
[Deligne, 1987] and Section 4.10 below).

In [Muro, Tonks, 2007] and [Muro, Tonks, Witte, 2015] there is a proof of the property
K1E using quadratic modules and working for every reduced bisimplicial set, in partic-
ular for the bisimplicial set associated to a derivator as in [Maltsiniotis, 2007] or to a
Waldhausen category by the wS,-construction.

In this work, the universal property K1E that the fundamental 2-group of every
reduced bisimplicial set has, will be deduced from the homotopy properties of the reduced
bisimpicial set N?(G) associated to a 2-group G by the 2-nerve functor of [Lack, Paoli,
2008], in the “canonical” simplicial model category structure on the category ssSet
of reduced bisimplicial sets modeling the connected and pointed homotopy 2-type (see
Proposition 2.9, Theorem 3.9 and Section 4.10).

The paper is structured as follows: In Section 2 we recall for every 0 < n < oo two
Quillen equivalent simplicial model categories modeling the connected and pointed homo-
topy n-types. To begin with we recall in Proposition 2.1 the simplicial model category
structure on the category of reduced simplicial sets sSet, where the cofibrations are the
injections, the weak equivalences are the weak homotopy n-equivalences v*W,,, and the
mapping space is the restriction to sSet, of the usual mapping space for pointed simplicial
sets (see (2)). Then in Proposition 2.5 we give a generating set of trivial cofibrations for
the family of fibrations between fibrants objects of the model category (sSetq, v*W,,).

On the other hand, applying the construction of [Dugger, 2001] to the model category
(sSeto, v*W,,), we deduce in §2.8 a simplicial model category structure on the category
of reduced bisimplicial sets ssSet, where the cofibrations are the injections, the weak
equivalences are the diagonal weak homotopy n-equivalences d*W,, and the mapping
space is induced from the functor pj(A®): A —ssSet, defined by pj(A"),, = A} (see
(12)). In Corollary 2.10 we obtain sufficient conditions for a reduced bisimplicial set to
be a fibrant object in the model category (ssSetq, d*W,,).

Section 3 begins by fixing some notations about the 2-category cat$,, . of monoidal
categories, normal lax monoidal functors and monoidal natural transformations, as well
as the full 2-subcategory 2-Grp of cat%, ~whose objects are the 2-groups. Then in §3.5

we define the geometrical nerve functor N': cat%,, , — sSety as in [Street, 1987], and

we prove in Lemma 3.6 that A/ is the same as the nerve functor of [Duskin, 2002] when
restricted to bicategories with one object. In Corollary 3.7 we recall that the geometrical
nerve of a 2-group N (G) is a fibrant object of the model category (sSetg, v*Wy).
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In §3.8 we define a geometrical nerve ssSeto-valued functor N?: cat¥, . — ssSet
taking a “simplicial resolution” of the functor N'. Then we prove in Theorem 3.9 that
N?%(G) is a fibrant object of the model category (ssSetq, d*W) for every 2-group G.
Moreover we proof in Lemma 3.11 that the functor N2 is full and faithful and in §3.12
that A/? has an extension to a (full and faithful) simplicial functor (see Corollary 3.14).

We finish the paper with Section 4 where we deduce the properties K1 and K1E (resp.
the property KO) from the homotopy properties of the geometrical nerves of a 2-group
N(G) and N?(G) (resp. the geometrical nerve of a group N(G) ) in the corresponding
simplicial model category (sSetg, v*W) or (ssSeto, d*W5) (resp. (sSeto, *Wy)).

2. Reduced homotopy n-types

Let sSet be the category of simplicial sets (see [May, 1967] or [Goerss, Jardine, 1999]). A
reduced simplicial set is a simplicial set X with exactly one 0-simplex. Denote by sSetg the
full subcategory of sSet whose objects are the reduced simplicial sets. If sSet, denote the
category of pointed simplicial sets, then the inclusion functor v: sSet;—sSet canon-

ically decomposes as the composition of a functor p: sSety; —sSet, and the forgetful
functor m: sSet, — sSet . Notice that there are adjunctions:

F g
£ £
sSet) ——— sSet and sSety ——— sSet,, (1)
~_t
H

where F, G and H are defined as follows: If X is a simplicial set and zq € Xg, then
the reduced simplicial set G(X, o) = F(X) is the quotient X /X, whose n-simplices are
obtained from X,, by identifying all the totally degenerated n-simplices in one point; and
H(X, o), is the set of those n-simplices of X whose 0-vertex are all equal to z.

We deduce that sSet is a complete and a cocomplete category. In fact given a small
category I and a functor v: I —sSet, we have: (i) A limit of 7 in the category sSet is
a limit of  in the category sSety.  (ii) If colIim’y is a colimit of v in sSet, a quotient

(collim 7)/(Collim 7)0 in the category sSet is a colimit of v in sSety. In particular if I is

connected, a colimit of v in sSet is a colimit of v in sSety.

For a reduced simplicial set X and a natural number ¢ > 1 we denote by m;(X) the
1-th homotopy group of the geometric realization of the canonically pointed simplicial
set u(X) = X. As usual this groups can be combinatorially defined for reduced Kan
complezes, i.e. reduced simplicial sets satisfying the Kan condition. Consider 0 < n < oo,
a map of reduced simplicial sets f: X —Y is called a weak homotopy n-equivalence if
the induced map f,: m(X)—m(Y) is a group isomorphism for 1 <i < n.

We shall outline a proof of the next statement:
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2.1. PROPOSITION. For 0 < n < oo, the category sSetq of reduced simplicial sets support
a left proper and combinatorial model category structure denoted by (sSeto, V*Wn) where
the weak equivalences are the weak homotopy n-equivalences and the cofibrations are the
injections. A reduced simplicial set X is a fibrant object of (sSetg, V*Wn) if and only if
X is a Kan complex such that m; (X) =0 for everyi >n—+ 1.

Moreover (sSeto, I/*Wn) 1s a simplicial model category with the enrichment:

I_Io—msSeto (X’ Y)k = HomsSeto (X/\A’j-v Y) - HomSSet* (X/\A’jf,-? Y) - MsSet* (X7 Y)k‘ 9
(2)

where X NKy = (X x K)/(x x K) is a reduced simplicial set for every simplicial set K.
In Proposition 6.2 of [Goerss, Jardine, 1999] there is a proof that (sSeto,V*Woo)

is a model category. It is easy to see (Lemma 6.6 of loc.cit.) that a map of reduced
simplicial sets f: X —Y is a Kan fibration, if and only if f is a fibration in the model
category (sSeto, I/*Woo) and f satisfies the right lifting property with respect to the

map *—S! = A'/OA! . In particular a reduced simplicial set X is a fibrant object of

(SSeto7 V*WOO) if and only if X is a Kan complex.

Notice that the adjunction F - v of (1) proof that sSet is equivalent to a full reflective
subcategory of a presheaf category Set™ which is closed under small direct colimits (or
equivalently under small filtrants colimits), so sSetq is a locally presentable category
(Proposition 1.46 of [Adamek, Rosicky, 1994]).

On the other hand the classical proof that every map ¢: X —Y of sSet is an
injection if and only if ¢ is the transfinite composition of direct images of maps of the
form OA™ — A" where n > 0 (see for example §2.1 of [Hovey, 1999]), can be slightly
modified to show that a map ¢: X —Y of reduced simplicial sets is an injection if and
only if ¢ is the transfinite composition of direct images (in the category sSetq) of maps
of the form OA"/OA} = A" /Ay where n > 1. Then (sSeto,*Wo,) is a cofibrantly
generated model category.

Moreover from the canonical simplicial model category structure on the category of
pointed simplicial sets in which the weak eqivalences are the weak homotopy equivalences
between pointed simplicial sets and the cofibrations are the injections (see §4.2 of [Hovey,
1999]), we could deduce that (sSeto,l/*Woo) is a simplicial model category with the
enrichment (2).

Indeed note that we have the adjunctions:

XA )+ YA
“= op =
sSetgp L _ sSet and sSety” L _ sSet (3)
I—IoirnsSetO (X7 . ) I_IoirnsSeto( ! 7Y)

where (YY) = H(Homyge, (K4, Y), %), = Homgser, (K x AF)/(K x A}),Y) for
k> 0.

Furthermore given an injection of simplicial sets A —’> B and an injection of reduced
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simplicial sets X —=Y consider the following pushout diagram in the category ssSety:

qAAL

X NAL YNAL (4)
X/\j+l l YT+

X/\B+ﬁX/\B+ |_| Y/\A+

X/\A+ \go
\\\\\\\\\ﬁ___aYAB+

qABy

Because the functor p of (1) commute with small limits and colimits we deduce that
the dashed arrow ¢ of the diagram (4) is an injection, which is also a weak homotopy
oo-equivalence if j or ¢ are weak homotopy oco-equivalences.

Hence (sSetO, V*WOO) is a left proper, combinatorial and simplicial model category.
For 0 < n < co we want to exhibit the model category (sSeto, U*Wn) as the Bousfield
localization of (sSetO, V*Woo) with respect to the set of maps of reduced simplicial sets

S(n) = {8 =A"/JoA"— A°

}i2n+1'

2.2. LEMMA. A reduced simplicial set Z is an S(n)-local object of (sSeto, I/*Woo) if and
only if m(Z) =0 for alli >n+ 1.

PROOF. Let Z be a reduced simplicial set and Z'— Z a fibrant replacement of Z in
(sSeto, v*W ). Notice that in this case Z’ and Homgg (S%, Z') = Homg,, (S', Z') are
Kan complexes in particular we have the isomorphisms:

Tk (—HomsSet* (SZ7 Z/)) = (—HOmsSet* (Sk7 —HomsSet* (Slv Z/))
= (Hotyser, (S, 2)) Zmipi(Z) = mii(Z) .

where the simplicial set Homg,, (S’, Z’) is pointed by the constant map.
By definition Z is an S(n)-local object of (sSetg, v*Wy) if and only if the induced
map of simplicial sets:

I_Io—msSet* (SZ7 Z/) = Ho—msSeto (SZ7 Zl) I_I()—msSet()(AOJ Zl) = AO
is a weak homotopy equivalence for all ¢ > n + 1. Equivalently if for all ¢ > n + 1 and
k > 0 we have that m4;(Z) = m, (Homgg, (S, Z')) = 0. n

If n > —1 is a natural number denote by A<, the full subcategory of the simplex
category A whose objects are the totally ordered sets [k] = {0 < -+ < k} for 0 < k < n+1.
The inclusion functor 7,41: A<,+1“—= A induce an adjunction:

*
Tn+1

sSet<,.1 ~ 1 sSet (5)
~~— 7
Tn+14
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where sSet<,,; is the category of presheaves of sets over A<, ;. The functor 7, ; is just
the truncation functor and the composition 7,11, o 75, = csk,41 is the called (n + 1)-
coskeleton functor.

Let n: idsset = csk,y1 be a fixed unit of the adjunction (5). It can be shown that
if Z is a reduced Kan complex then csk,1(Z) is also a reduced Kan complex such that
7i(csky41(Z)) = 0 for i > n+ 1 and the map nz: Z — csk,41(Z) is a weak homotopy
n-equivalence (see [May, 1967], [Duskin, 2002] or [Cisinski, 2006]). In particular a map f
of reduced Kan complexes is a weak homotopy n-equivalence if and only if csk,1(f) is a
weak homotopy oco-equivalence.

It follows from Lemma 2.2 that if Z is a reduced Kan complex, then Z is an S(n)-local
object of (sSeto, V*Woo) if and only if the map nz: Z —csk,;1(Z) is a weak homotopy
oo-equivalence.

Notice finally that for Z and W arbitrary reduced simplicial sets the map:

—HomsSetO (W7 CSkn+1 (Z>)

Houn s, (c5kn (1), sk (2) (6)

induced from ny : W — csk,,11(WW) is an isomorphism of simplicial sets.
Indeed the truncation functor 7., commutes with small colimis and limits, so for
k > 0 we have the natural isomorphisms:

Hom, g, (Wcskn+1(Z)) L= Homsget (W/\A’i,cskTH_l(Z)) = Homgget (WAAﬁ,cskn+1(Z))

= HomsSetSn+1 (T;J,-l (W)/\T;;+1 (Ak)+ ’7';4,.1 (Z))

and

Hom, gy, (cskn_H (W),cskp+1 (Z)) e = Homsset,, (cskn_H (W)/\Ai,cskn_ﬂ (Z)) = Homgget (cskn_H (W)/\Af“F ,esknt1 (Z))

> Homaser_,,,; (721 (cskn 11 (W)ATE 1 (AF) 77,1 (2))
In the same way it is possible to proof that the map:

NHom (W,cskZ)

Hom,g, (W, cskyi1(2))

cskp 41 (HomssetO (W, csan(Z))) (7)

is also an isomorphism of simplicial sets.

2.3. LEMMA. A map f: X —Y of reduced simplicial sets is an S(n)-local equivalence
of the model category (sSetO, V*WOO) if and only if f is a weak homotopy n-equivalence.

PRrOOF. Let f: X —Y be a map of reduced simplicial sets. We can suppose that X and
Y are Kan complexes. According to the isomorphism (6) it follows that f is an S(n)-local
equivalence of the model category (sSeto, V*Woo) if and only if, for every reduced Kan
complex Z the map of simplicial sets:

eskn1(f)*

Hom, gy, (cskni1(Y), cskni1(Z)) Hom gy, (cskni1(X), cskni1(Z)) (8)
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is a weak homotopy oo-equivalence.

If the map f is a weak homotopy n-equivalence we have that csk,1(f) is a weak
homotopy oo-equivalence between reduced Kan complexes, then (8) is a weak homotopy
oo-equivalence for every reduced Kan complex Z i.e. f is an S(n)-local equivalence.

Reciprocally suppose f is an S(n)-local equivalenced of (sSeto,V*Woo). We de-
duce from the weak homotopy oo-equivalence (8) for Z = X that there exist a map
g: csky1(Y) —csk,11(X) of reduced simplicial sets such that the composition g o
csk,1(f) is equal to the identity map of the object csk,1(X) in the homotopy cate-
gory sSetg [(V*Woo)*l}. In particular the functions:

cskn41(f)* red

[esk 1 (Y), ek (X))

o0

[eskpi1(X), cskni1 (X))

Y
* o

g

where [ , sz denote the set of morphisms in the homotopy category sSetg [(V*Woo)_l],
verify that the function csk,1(f)* is a bijection and the function g¢* is the right in-
verse of csk,,1(f)*. Then ¢g* is a also the left inverse of csk,.1(f)* so the composition
cskn,11(f)og is equal to the identity map of the object csk,,41(Y) in the homotopy category
sSeto [("Wo) 1.

Therefore csk,,1(f) is a weak homotopy oo-equivalence i.e. f is a weak homotopy
n-equivalence. [

Notice that for 0 < n < oo the adjunction 4 < H in (1) is a Quillen adjunction
between the model category (sSeto, V*Wn) of the Proposition 2.1 and the model category
(sSet,, 7W,,) whose underlying category is the category of pointed simplicial sets, the
weak equivalences are the weak homotopy m-equivalences and the cofibrations are the
injections (see [Cisinski, 2006] or [Biedermann, 2008] for the unpointed model category).

Furthermore it is not difficult to see that the induced adjunction:

Ly
sSeto[(*W,)™'] 7 1 sSet,[(m"W,)"!] (9)
~N~—
RH
induce in turn an equivalence between the category sSet, [(V*Wn)_l] and the full sub-
category of the category sSet, [(V*Wn)_l] whose objects are the connected and pointed
simplicial sets.

2.4. In this paragraph we shall prove the next characterization of the fibrations between
fibrant objects of the model category of the Proposition 2.1:

2.5. PROPOSITION. Let 0 < n < oo. In the model category (sSeto,V*Wn) a map

f: X —Y between fibrant objects is a fibration, if and only if it satisfies the right lifting
property with respect to the maps of the set:

Jo = { AR AR AMJAR | o >2, 0<k<m } (10)
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Since (sSetO, V*Wn) is a left Bousfield localisation of (sSeto, V*Woo), it follows from

Proposition 3.4.16 of [Hirschhorn, 2002] that a map f: X —Y between two fibrant
objects of (SSeto, V*Wn) is a fibration of (SSetm V*Wn) if and only if it is a fibration of
(sSeto, Z/*WOO).

So to prove the Proposition 2.5 it suffices to show that a map f: X —Y between
reduced Kan complexes is a fibration of (sSeto, V*Woo) if and only if it verifies the right
lifting property with respect to the maps in the set (10).

Let A be the set of maps of reduced simplicial sets f: X —Y such that X and Y
are Kan complexes and f verifies the right lifting property with respect to the maps in the
set Jp of (10). It follows by a standard method (see the Lemma 2.1 of [Stanculescu, 2014])
that to get our aim we just need to show that the elements of Jy are trivial cofibrations
of (sSetO, V*Woo) and that the maps in AN v*W, are fibrations of (sSeto, V*Woo).

2.6. LEMMA. The maps in (10) are injections and homotopy weak oo-equivalences.

PROOF. Clearly the induced map A/Aq— B/By is an injection of reduced simplicial

sets for every injection of simplicial sets A — B . On the other hand consider for m > 2
and 0 < k < m the cube:

A" /Amvk
x /—>” Ak f ATk

AT ‘ —an
2 A™ /AT

and notice that the top and bottom pushout squares are actually homotopy pushout
squares in the usual model category of simplicial sets (sSet, W), where the weak equiv-
alences are the weak homotopy oo-equivalences and the cofibrations are the injections.
Indeed the canonical map Ay — A is always a injection of simplicial sets (see for example
the Proposition A.2.4.4 of [Lurie, 2009]).

We conclude that for m > 2 and 0 < k < m the map Am”“/Ag"’]’C — A™/AT is a

weak homotopy co-equivalence because A™* &= A™ is a weak homotopy co-equivalence
form>1land 0<k<m. n

Notice that the trivial fibrations of (SSetg, V*WOO) between Kan complexes are ac-
tually Kan fibrations (see the Corollary 6.9 of [Goerss, Jardine, 1999]). We shall then
prove:

2.7. LEMMA. Let f: X —Y be a map in A. If the induced function of fundamental
groups fo: m(X)—m(Y) is surjective, then f is a Kan fibration.
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ProoF. We just need to prove that f verifies the right lifting property with respect to
the map *<— A'/A}; that is to say that the function f;: X; —Y) is surjective.

Let y € Y;. We deduce from the combinatorial definition of the fundamental group of
a Kan complex and the surjectivity of the function f,: m(X)—m(Y) that there exist

x € Xy and 1 € Y such that do(n) = fi(z), di(n) = y and dy(n) = .

Consider the only map of simplicial sets 77': A>!'/AY' —— X verifying the conditions:

x *
O U e ARl AZL AT sy
A 52 A quotientA /AO 7 X and A 8o A quotientA /AO n' X !
so we have a commutative square:
AN T X (11)
| |
Y7y S—

Let £: A?/AZ— X be a lifting of the square (11). We deduce that fi(d;€) =
di(f26) = di(n) = y. .

2.8. Let ssSet be the category of bisimplicial sets (see for exemple [Goerss, Jardine,
1999]). A reduced bisimplicial set is a bisimplicial set X such that X, is a reduced
simplicial set for every p > 0. Denote by ssSetq the full subcategory of ssSet whose
objects are the reduced bisimplicial sets.

If0<n< oo wecall amap f: X—Y in ssSety a diagonal weak homotopy n-
equivalences if the induced map of reduced simplicial sets d(f) = diag(f) defined by
d(f)r = fex for every k > 0, is a weak homotopy n-equivalences.

2.9. PROPOSITION. For 0 < n < oo, the category ssSety of reduced bisimplicial sets
supports a letf proper, combinatorial and simplicial model category structure denoted by
(ssSeto, d*Wn,Ho_m(l)) where the weak equivalences are the diagonal weak homotopy n-
equivalences, the cofibrations are the injections and the simplicial enrichment is given by:

HO_IIl(l) (X, Y)m = HomssSeto ((X X p’{<Am))/( * Xp? (Am)) ) Y>

ssSetg (12)
= HomssSet (X X pT<Am)7 Y)

where pi(K),, = K, for every simplicial set K.

PROOF. Since the category ssSet is isomorphic to the category of functors (sSeto)Aop

we deduce from [Dugger, 2001] and the Proposition 2.1 that there is a left proper, combi-
natorial and simplicial model category structure on ssSet called the universal simplicial
replacement of the model category (sSeto, V*Wn). We shall prove that this universal

simplicial replacement is (ssSeto, d*W,, Hom(l)).
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By definition it is a Bousfield localization of the Reedy model category (ssSetO, Wfdy)
whose weak equivalences are the maps f: X —Y verifying that f, is a weak homotopy
n-equivalences for every p > 0, and the cofibrations are the maps f: X —Y such that
for every p > 0 the dashed arrow in the following pushout diagram of sSety:

colim X, Xpo (13)

colim fm,e l l

colim Y,, . colimY,. [] X,

\WL
N
-Y-p7.

is an injection of reduced simplicial sets, where the colimits colim X,,, and colim Y, ,
are calculated in the category sSet and defined over the full subcategory of [p] ‘ A whose
objects are the non-identity surjections [p] — [m].

It follows in particular that the cofibrations are the injections of reduced bisimplicial
sets. Indeed all the colimits in the diagram (13) (including the pushout) can be calculated
in the category sSet because they are all defined over small connected categories.

On the other hand consider the functors:

ssSety —%—~sSet, , sSet, —— ssSet, and sSet) ——>ssSet, (14)

where d is the diagonal functor for reduced bisimplicial sets d(X); = Xy, the functor r
is a right adjoint of d defined for example by:

r(A)pg = Homgger, (A7 x A?) /(AP x Af), A) = (AAAp)q (see (3))

and k is the constant diagram functor defined by k(A),, = A,

We find that k(v*W,) C W the functor d preserves the injections and that
d(Wfdy) C v*W,, (see the Corollary 2.3.17 and the Theorem 1.4.3 from [Cisinski,
2006]). In particular d 4 r is a Quillen adjuntion with respect to the model categories
(ssSeto, W) and (sSeto, v*W,,) and there exist functors k and d making commutative
the following diagrams:

k d
sSetg ssSetg ssSetg sSetg
| | and | |
sSetg [(V*Wn) 71} — % > ssSetg [(Wf‘dy) 71] ssSetg [(Wfdy) 71} — 5 > sSetg [(u*Wn) 71} .

Furthermore we have a natural transformation n: r=-k : sSety, — ssSet, defined
for a reduced simplicial set A and p > 0 as the map:

(nA)p,O: r(A)pe = ANBY A—M>AAAO = k(A)pe where 0 =4Jpo0---0dy: A — AP

p



THE 2-NERVE OF A 2-GROUP AND DELIGNE’S DETERMINANT FUNCTORS 237

It follows in particular that 7, is an element of W% if the reduced simplicial set A
is a Kan complex. Hence we have an adjunction:

ssSet [(Wfdy)_l} sSet [(V*Wn)_l] ,

d
— X\
1
k

that is to say d is a homotopy colimit functor in the model category (sSetO, I/*Wn> of
diagrams over AP,

Finally notice that the canonical simplicial enrichment of the category ssSet, =
(sSeto) A7 of simplicial objects of sSet is defined by Hom(X,Y),, = Homgsget, (X ®
Am,Y) where:

(Xoam) <|_| )/(|A_| )g (Xp,qu;n)/@xAg@).

P

So (SSSeto7 d*W,, Hom(l)) is the universal simplicial replacement of the model cate-
gory (sSetg,y*Wn). [

For the next statement recalls that for every K and L simplicial sets we denote K X L
the bisimplicial set pj K x p5L where pj(K),, = K, and p3(L),, = L.

2.10. COROLLARY. Let 0 < n < oco. A reduced bisimplicial set X is a fibrant object of
the model category (ssSeto,d*Wn) of the Proposition 2.9 if and only if for every map

w: [p|—=1[p] of the simplex category A the induced map ¢*: Xy o—X,e is a weak
homotopy n-equivalence of reduced simplicial sets and for every p > 0 the map:

HomgsSet( ITAY X) —>HomssSet (plaAp X) (15)
s a fibration of the model category (sSeto, V*Wn>, where:
HomSsset (Z, X) : = Homgsset (Z x p3 (A7), X).

In particular X 1is a fibrant object of the model category (SSSeto, d*Wn) if it satisfies
the following properties:

1. For every map ¢: [p| — [p'] of the simplex category A the induced map of reduced

simplicial sets ©*: Xy o — X, o is a weak homotopy n-equivalence.
2. Forp>0,q>2 and 0 < k < g the function:
Homgsget (AP B A?, X ) — Homggger (AP K ATF, X) (16)

is surjective if 2 < g < n and bijective if ¢ > n + 1.
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3. Forp>n+1 and q > 1 the function:
Homgsset (Ap X A9, X) —— Homggset (8Ap X A9, X) (17)
18 bijective.
4. For2<p<n,2<qg<nand0 <k <q the function:
Homgeget (8A7’ X A, X) —— Homggset (8Ap X ATF X) (18)

18 surjective.

5 For1<p<n,2<qg<nand0 <k < q the function:

Homgsset (AP&M,X) ——> Homgsset (am&m,x) x Homgsset (AP&AM,X) (19)
Hom (aAPquJf,X

18 surjective.

PROOF. For the first part recall from [Dugger, 2001] that a reduced bisimplicial set X
is a fibrant object of the model category (ssSetO,d*Wn) if and only if for every map
@: [p] —[p/] of the simplex category A the induced map ¢*: X, o— X,. is a weak
homotopy n-equivalence of reduced simplicial sets and X is a fibrant object of the model
category (ssSeto, WE®).

On the other hand a reduced bisimplicial set X is a fibrant object in (ssSetO, Wfdy)
if and only if for every p > 0 the following map is a fibration (sSeto, V*Wn):

X . lim  X,,.. 20
P = (20)
inj non id

From the isomorphisms:
(i X,.0), 2 lim X, HomSSSet<(lim A™) K Aq,X> > Hom, g, (0A? K A7, X)

we deduce that X is a fibrant object of (ssSetO, Wffdy) if and only if for every p > 0 the
map (15) is a fibration of (sSetg, *W,,).

For the second part note that conditions 2-5 imply that (15) is a map between fibrant
objects of the model category (sSetO, V*Wn) of the Proposition 2.1 verifying the right
lifting property with respect to the maps of the set Jy of (10) for every p > 0. Then (15)
is a fibration of (sSeto, I/*Wn) according to Proposition 2.5. [
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It is not difficult to show that for 0 < n < oo the adjunctions:

k d
ssSet, @ sSet, and ssSet, \/I_j sSet, (21)
(')0,- r

where d, r and k are the functors (14) are Quillen equivalences between the model category
of the Propositions 2.9 and 2.1 (see also the adjuntion (9)).

3. The geometric nerve for 2-groups

Recall that a monoidal category (see for exemple [Borceux, 1994] or [Joyal, Street, 1993])
is a category M equipped with a functor ®: M x M — M | a distinguished object 1
and natural isomorphisms:

( ) ( ) Y, Y 9

such that the following diagrams are commutative:

(wex)ey)ez —= Wex)e(yez) —> we(xe(ye2)) ooy — Y yenery

®Z wWe and
‘ ¢ T ‘ TXQ\YX@Y%Y

(wexey))ez we((xey)sz)

(22)
for every objects X, Y, Z and W of M.
If A and B are objects of a monoidal category it follows that the triangles:

(AsB)el — 21 As(Be) LeB A8
RB)RL — > AR(B® A A®B
\ / and / \
TAQB ARB A®rp (1®A)®B An 1R(A®B)

are commutative. Even more we can show that I3 = ry (see [Joyal, Street, 1993] or [Kelly,
1964)).

A normal laxz monoidal functor of monoidal categories is a functor F': M —= N
satisfying F(l M) = 1y equipped with a natural transformation:

mF
{ FX)@ F(Y)—2~ F(X®Y) }XY (23)
such that the following diagrams are commutative:
F((X®Y)®Z) ~mt F(XQY)QFZ mierz (FX®FY)®FZ 1®FX Ipx rpx_ FX®1
F / F
Fa¢ la and my x L FX Mx1
F(X®(Y®Z)) ~ FXQF(Y®Z) " FXQ(FYQFZ) Flex) T Frx pxer)

(24)



240 ELHOIM SUMANO

for all objects X, Y and Z of M.

The small monoidal categories and the normal lax monoidal functors form in a canon-
ical way a pointed category cats, . There is a (strict) 2-category catS, . whose under-
lying category is cat%,, . and the 2-arrows are the monoidal natural transformations of
normal lax monoidal functors, defined as the natural transformations n: F =G between
the underlying functors F,G: M —N such that 7;,, = idy,, and that the following

diagram is commutative:
nx Ny

FXQFY — GXQGY
F(X®Y) > G(X®Y)

for all objects X and Y of M.
It is not difficult to show that the forgetful 2-functor cat%, . — cat to the 2-category

of small categories, functors and natural transformations reflects the internal equivalences
and the isomorphisms.

3.1. We call an object X in a monoidal category M invertible if it verifies one of the
following equivalent conditions:

1. The functors X®@e: M — M and e®X: M — M are equivalences of categories.

2. There exist objects X’ and X” and isomorphisms X' ® X a—gX> 1 % X ® X" of M.

3. There exist an object X’ and isomorphisms X' ® X a—;> 1 % X ® X' of M.

A 2-group is a monoidal category whose underlying category is a groupoid and in
which all objects are invertible.

3.2. LEMMA. Let M be a monoidal category whose underlying category is a groupoid,
then M is a 2-group if and only if there exist a functor .: M —= M and natural iso-
morphisms:

{0 X212 XouX) }X

o

PRrROOF. If M is a monoidal category whose underlying category is a groupoid, then it is
not difficult to prove (see for exemple [Baez, Lauda, 2004]) that M is a 2-group if and
only if there exist functors t!: M —= M and /": M —= M and natural isomorphisms:

{LI(X) ®X&>1<%X®J(X) }X

1R
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In this case note that there is a natural isomorphism 7 between the functors ! and ¢".
Indeed for any object X of M we have:

MX)- - - T =" (X)
rl Tl
HX)®1 1®0(X)
esterel faxes (x)

X))@ (X @ (X)) —— (V(X)® X) @ (X)

Then take ¢ = ¢!, ax = ax and Bx = By o (X ® 7). =
Denote by 2-Grp the category of small 2-groups (resp. 2-Grp the 2-category of small

2—groups), namely the full subcategory of cat%,, . (resp. the full 2-subcategory of @%m)
whose objects are the small 2-groups. The homotopy category of 2-groups denoted by 2-
hGrp is the category where the objects are the small 2-groups and the morphisms are the
isomorphism classes of objects of the groupoid of morphisms in the 2-category 2-Grp.

If G is a small 2-group then we denote by my(G) the set of path components of G
namely the set of isomorphism classes of objects of G. The functor ® induces on the
set mo(G) a group structure were the unit is the class of the object 1. We call 7y(G) the
group of path components of G. We also denote by m1(G) the group of automorphisms of
the object 1 in the category G, which is always a commutative group, and we call it the
fundamental group of G. We have functors my, m: 2-Grp — Grp .

A morphism of 2-groups F': G— G’ is called a weak equivalence if it satisfies one of
the following equivalent conditions:

1. moF and m F' are isomorphisms of groups.
2. The underlying functor of F' is an equivalence of small categories.

3. F is an internal equivalence in the 2-category 2-Grp.

4. The image of F' by the canonical functor 2-Grp — 2-hGrp is an isomorphism.

3.3. REMARK. The 2-categories caty,, . and 2-Grp are both cotensored 2-categories.
Namely there are 2-functors:

C;atop x C—at%lax _>C_at%laz d @op X 2—GI‘p - 2'Grp 2%
ArM - oma g - g @

inducing 2-adjuntions:

M- g
©  \P /J__\ R
0]
(C—atNlax) ~_ 7 cat and 2—Grp P \J__/ cat
Homcat%laz ( . 7M) HOJQ,G,T,( : ,g)
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for every monoidal category M and every 2-group G.

Indeed let A be a small category and M be a monoidal category. The underlying
category of the monoidal category M+ is by definition the category of functors and natural
transformations from A to the underlying category of the monoidal category M. On the
other hand using the 2-functor (-)*: cat —cat we can pass the monoidal structure of
M into MA.

Explicitly if X,Y: A—= M are objects of M# the product ¥ @ Y: A—= M is the
functor defined in an object A of A as X4 ® Y4 and in a morphism f of A as Xy ® Y. The
distinguished object 1 of M+ is equal to the constant functor with value the distinguished
object 1 of M. The natural isomorphisms:

ax.y.z

! r
X®(y®2)}XyZ> {X—X>1®X}X and {X—X>X®1}

{ (XeY)®Z Py

are defined for any objects X', Y and Z of M* and any object A of A as the morphisms
of M:

AX V4,24 lxy TXy
(aova)ozs —" 240 (Va®za) ,  xa—>10xs and X —> .01 .

Notice that if M = G is a 2-group then the monoidal category just defined G* is also
a 2-group because the category of functors GA is a groupoid and by the Lemma, 3.2.

Let is consider ¢: B—A and (F,m%): M —N a functor and a normal lax
monoidal functor respectively. The normal lax monoidal functor (F?, mf*): MA— NB
is given by the functor F'¥ = F' o — o ¢ and the natural transformation:

FP
Mx.y

{ Py @ o) FAX®Y)

)

defined in the objects X and ) of M* and the object B of B as the morphism:

F
m
X«pB *yapB

F(XL,OB) ® F(ysoB) F(XsoB ® y<pB) :

Finally let a: F=G : B—~A and n: (p,m¢)= (¥,m¥) : M—=N be a natural
transformation of functors and a monoidal natural transformation of normal lax monoidal
functors respectively. We define p®: (F?, m"*) = (G¥,m") as the the monoidal natural
transformation N'@ x g = 0B x M*.

It is routine demonstrate that for any small category A4 and any small monoidal
categories M and N there is a natural isomorphism of categories:

Hom,,, (A, Homnat%l (N, M)) = Ho_mcat%l (N, MA) .
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3.3.1. Denote by A the full 2-subcategory of cat whose objects are the totally ordered

sets [n] = {0 < --- < n} for n > 0. In other words A is the 2-category whose underlying

%)
category is the simplex category A and where there exist a 2-arrow [n] :@: [m] if and

P
only if p(z) < (i) for all 0 < i < n.
If G is a 2-group, consider the 2-functor G*: A%’ — 2-Grp induced by the exponen-

tiation (26).
3.4. LEMMA. Let G be a 2-group and ¢: [n| —[m| be a morphism of the simplex category

A. Then the induced morphism o*: G —=G" is o weak equivalence of 2-groups.

PROOF. Every morphism ¢: [n] — [m] is the simplex category A is equal to a compo-
sition of the form ¢ =4; ., o---0d; o0y o---00; where ¢; and o; are the faces and
degeneracy maps. So we just need to verify the statement for the maps J, and o; for all
0<i<kand 0<j<k+1.

Notice that for 0 < ¢ < k we have the equality o;00; = id). On the other hand, there
is a 2-arrow idp4q) = 6; 0 0; of the 2-category A for 0 < i < k, because a < §; o 0;(a) if
0 <a <n+1. Then the induced morphisms 7 and o7 are internal equivalences in 2-Grp
for 0 <i,5 <k.

Finally to show that o3 : G+l — GI¥ s an internal category in 2-Grp, notice
that oy, 0 dp41 = idy) and that there exists a 2-arrow 041 0 03, = idp41) of the 2-category
A. m

3.5. Let M be a monoidal category and ¢ > 0 be a natural number. A g-simplez of M
is a pair (X, a) where:

X = {Xz-j

0§i<j§q} and a:{aijk: Xij @ X — Xip, 0§i<j<k§q}

are families of objects and morphisms of M respectively, such that:

[e271

X Xij @ Xy
TXij®ajkl
o Xi; ® (Xjr ® Xp)
all
X ® Xuy m (Xij & Xjk) ® Xk

is a commutative diagram for every 0 <: < j <k <l <gq.
Let M, denote the set of g-simplices of M, there is a functor:

® op
caty,,. X A

Set (27)
(M7 [Q]) — M,



244 ELHOIM SUMANO

defined as follows: If ¢: [¢] — [¢/] is a morphism of A then the function ¢p*: M, — M,
is defined as ¢*(X,a) = (Y, 8) where:

v, =1 W= 0cici<yg
Xoip; 1 @i <@y

l)_(iwk: 1® Xéoilpk‘ e X(pz'(pk if QOZ = gpj < (p]g
and Bijk = T}iwk: KXoiok @ 1 — Xoion if i < gj = ok

Qpipjok: Xepipj @ Xopjor —= Xpipr 1 1 < pj < @k
for0<i<j<k<qg.
If (F,m"): M —= M’ is a normal lax monoidal functor of monoidal categories and
q > 0, then the function (F,m"),: Mg— M. is defined by (F,m"),(X,a) = (Y, p)
where Y;; = F(X;;) if 0 <i < j < g and:

F

X5 X ik F(agjr)

F(Xy ® Xjp,)

on = (Y@ Y= F(X) © F(X0) F(Xi) = Vi )
if0<i<j<k<q.

By adjunction we deduce from the functor (27) the geometric nerve functor for mo-
noidal categories:

cat®,  — > sSet, where N(./\/l)q = M,. (28)

Explicitly for a monoidal category M the reduced simplicial set N (./\/l) has one 1-
simplex for each object of M. The set N/ (/\/1)2 is identified with the set of morphisms

of M of the form api2: Xo1 @ Xi2 — X2 and N(M)g with the set of commutative
diagrams of M of the form:

Xos = Xo1 ® X3 (29)
TX01®01123
o Xo1 ® (Xm ® X23)
all
Xo2 ® Xog P (Xm ® X12) ® Xo3.

Additionally the i-face of the 3-simplex (29) is the 2-simplex a;; where 0 < j < k <
[ < 3 are different to i, and the i-face of the 2-simplex agio: Xo1 ® X129 — X2 is the
1-simplex X, where 0 < j < k£ < 2 are different to . On the other hand the degenerated
1-simplex so(x) is equal to the object 1, the degenerated 2-simplices so(X) and s1(X) are
the morphisms /3! and 7' respectively, and the degenerated 3-simplices so(ap12), s1(Q012)
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and ss(api2) are the commutative diagrams:

l—l

X02 Q12
Xo2 1®Xo2 Xog < X01®X12
Hisan o,

« (0%

o1z 1® (X01®X12) o1z X01®(1®X12)

all all
X1®X12 <———— (1®X01)®X12 X1®Xyo <———— (X01®1) ®X12
Uxy, ®X12 "X, ©X12

ao12
Xoo <— X01®X12

-1
. TX01®TX12
and "Xo2 X01®<X12®1)
alll
X02®1 co1a L (X01®X12)®l

respectively.

From the next statement we deduce that the functor (28) is equal to the nerve functor
for bicategories defined in [Duskin, 2002] when restricted to monoidal categories (i.e.
bicategories with just one object).

3.6. LEMMA. The reduced simplicial set N(/\/l) is weakly 2-coskeletal for every monoidal
category M in other words the function:

Homgget (A7, N(M)) — Homgget (OA, N (M) (30)

induced by the map OAT— A? is a bijection for ¢ > 4 and an injection for q = 3.

PROOF. For ¢ = 3 the function (30) forgets the commutativity of the diagram (29), so it
is an injection. We should show that for ¢ > 4 the function:

[Io:: M, [T My

0<s<gq
is the kernel in the category Set of the arrows:

H/é;‘oprojt/

t<t
T My T M, .
I1 65 ,oproj, Ost<t'=q
t<t!

Explicitly giving a set of objects {ij

0<i<j<q-—1, Ogsgq}of./\/landa
set, of morphisms:

{ag: Xp @ X5 — X5, ‘O§i<j<k§q—1, 0<s<q},

satisfying the following properties:
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1. For0<i<j<k<l<qg—1and0<s <qgwe have a commutative diagram:

X3 X5 ® X5 (31)
TXiSj®O‘§kl
ikl XZSJ ® (ig{sk ® X]il)
Xik @ Xo <o (X5 @ X5) © X,

2‘X§;a6tb:X§ pforevery 0 <a<b<g—2and0<t<t <gq,

t/71a6t/71

3. 0} osbse = a5, as, bo, o forevery0<a<b<c<g—-2and0<t<t <g

we shall prove that there exist a unique set {ny

0<r<y< q} of objects of M and
a unique set of morphisms:

{Bzyz : Y:vy & sz e sz

0<z<y<z< q}
which satisfy the following properties:

(iv) For 0 <i < j <k <1l<q+ 1 we have a commutative diagram:
Biji

Y Yij @ Yy
TYz‘j®6jkl
Biki
Yi; @ (Yik ® Yia)
al
Yir ® Yi v (Yij ® Yii) @ Yig -

(v) X§ = Y55, forevery 0 <i<j<gand 0<s<q+ 1.

(vi) i = Bs.isajok forevery 0 <i < j <k <gand0<s<g+1.

Notice that since ¢ > 4 the properties (i), (v) and (vi) imply the property (iv) as well
as the uniqueness of the objects Y;,, and the morphisms f3,,.. Hence it is enough to prove
that the properties (ii) and (iii) imply the properties:

(vii) X-S:X-S,lj,forevery0§i<jSq—l,0§i’<j’§q—1andOSs,s’quuch

i i
that 0,0 = 047" and d,j = dyj'.
vill) a8, = af,,, forevery 0 < i< j<k<qg—1,0<i¢ <j <k <qg—1 and
ijk i'j'k
0 < s,s" < qsuch that 6,0 = 647", §,7 = 55’ and 0.k = d4k'.

This is a consequence of the cases n = 0,1 and ¢ > 4 of the next easy to prove
statement: Let ¢ > 2 and 0 < n < ¢g—1. Given natural numbers 0 <1y < --- <1, < qg—1,
0<ip<---<i, <g—1land 0 < s < s < q verifying that d5i, = dg i), for every
0 < k < n, there exist numbers 0 < ag < --+ < a, < g — 2 such that dy_1a, = i and
ds a, = 1), for every 0 < k < n. n
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After some tedious calculations it follows from the Lemma 3.6 that the functor (28)
is full and faithful. We need the also well known property:

3.7. COROLLARY. For every 2-group G the reduced simplicial set N'(G) is a Kan 2-group';
in other words the function:

Homgget (A7, N (G)) — Homgget (A7*, N'(G)) (32)

induced by the map AP* <= A9 is a surjection for ¢ =2 and 0 < k < 2 and a bijection
for ¢ > 3 and 0 < k < q. In particular N(G) is a reduced Kan complex such that
mi(N(G)) =0 fori > 3.

Additionally a morphism of 2-groups F': G—G' is a weak equivalence if and only
if the morphism of reduced simplicial sets N'(F): N(G) —=N(G') is a weak homotopy
oo-equivalence, if and only if N (F) is a weak homotopy 2-equivalence.

PROOF. We can deduce form the Lemma 3.6 that the function (32) is bijective for ¢ > 5
and 0 < k < ¢ (see for example the Lemma 1.7.1 of [Glenn, 1982]). It is easy to show
directly that (32) is a surjective function for ¢ = 2 and 0 < k < 2 and that it is a bijective
function for ¢ = 3 and 0 < k < 3. The function (32) is a bijection for ¢ =4 and 0 < k < 4
because it forgets the conmutativity of one face of a cube (see also [Duskin, 2002]).

For the second part note that we can easily construct natural isomorphisms:

2-Grp \%)/7 Grp for 0<i:<1,
using that A (G) is a Kan complex for every 2-group G. m

It follows from the Main Theorem of [Duskin, 2002] that a simplicial set X is a Kan
2-group if and only if it is isomorphic to the geometric nerve of some 2-group.

3.8. The geometrical 2-nerve functor for monoidal categories (or geometrical bi-nerve
functor) is the functor induced from the functors (26) and (27):

cat,, . N | ssSet, where  N? (./\/l)p .= (M [p})q . (33)

)

Explicitly if M is a monoidal category and p,q > 0 are natural numbers, then the
set (/\/l [p})q of (p, q)-simplices of the geometrical 2-nerve of M is equal to the set of pairs

(X*, a®) where:
X':{X;j: ] — M ’0§i<j§q} and

1For 0 < n < oo we call a simplicial set X a Kan n-groupoid or a n-hypergroupoid if the corresponding
function (32) for X is a surjection for 2 < ¢ < n and 0 < k < g and a bijection for ¢ > n+1and 0 < k < ¢
(see [Duskin, 2002]). A Kan n-group is a reduced simplicial set that is a Kan n-groupoid.
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a':{a;jk: X5 @ X5 =X [p]—>/\/l’0§i<j<k§q}

are families of functors and natural transformations respectively such that:

X;l Qi1 Xz] ®X;l
. ﬂXi.j®a;kl
o X5 (X5 © X5)

X5 © Xpy === (X © X3,) @ X},

L] L]
af R ®XE

is a commutative diagram for 0 <i < j <k <[ <gq
If we define M, as the category whose objects are the g-simplices (X, a) of M and

where a morphism f: (X,a)— (Y, ) is a family of morphisms of M:

f= {fm': Xij — Yy

such that the following diagram is commutative:

0<i<j<q}

fii®fik

Xl'j ® Xjk }/;j & Y;k (34)
O‘ijkl l/ﬂijk
Xi fik Yi

for 0 <i < j <k < ¢; then it can be easily proved that there is a bijection of sets:
N} (M) = (MP) = Homea ([p], M,) (35)

which is natural in the object [p] of A°P.
We are ready to prove:

3.9. THEOREM. For every 2-group G the reduced bisimplicial set N2 (Q) is a fibrant object
of the model category (ssSetg, d*Wg) of the Proposition 2.9.

PROOF. We shall prove that the reduced bisimplicial set N2 (g) satisfies the properties
1-5 of the Corollary 2.10 for n = 2. First we note that 1 and 2 follow from Lemma 3.4
and Corollary 3.7.

On the other hand 3 is a consequence of the bijection (35) because we know that for
p > 3 the function of totally ordered sets:

L] 6 U lp—1—=1)

o<i<p  OSISP
is the cokernel in cat of the arrows:
LJ (incg0d5)
0<j<k<p
L -2 L] [p—1].
0<j<k<p Ll (incjodp—1) 0<i<p

0<j<k<p
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To show that the property 4 of the Corollary 2.10 is satisfied we must prove that for
0 < k < 2 the function:

Homgeser (aN X A?,N?(g)) Homgsser (m? X AM,/W(Q)) (36)

induced from the inclusion A**C— A? is surjective.
Notice that the domain of (36) can be identified with the set of triplets (X°, a®, f*)
where:

Xe={X;|0<s<2, 0<i<j<2}, o ={o" X5®X,—=X5, |[0<s<2}
and  fr={f X;—=X |0<s<t<2, 0<i<j<2}
(37)
are families of objects and morphisms in M respectively:

0
0 0 &
01 o +01 XOl ® X12
01 ®f12 01/
e

1 1 1 02
X01 ® X12 al on 02

1
\\ 812®f?22 ~ 0122
2o | \

0 2 2 2
Xo ® Xip 2 Xo 5

[0

X (38)

verifying that o' o (f5i @ fi%) = f55 o a® for every 0 < s < ¢t < 2. In the same way the
codomain of (36) is identified with the set of pairs (X*, f*) where:

X*={X;|0<s<2and (k=i<j<2o0or0<i<j=k)} and

39
= X=X, |0<s<t<2and (k=i<j<2o0r 0<i<j=k)} (39)

are families of objects and morphisms of M respectively. The function (36) forgets the
following objects and morphisms:

{X;]0<s<2, 0<i<j<2and i j#k},

ij
{fff|0§3<t§2 and i,j%k} and {a5‘0§s§2},
as well as the relations o o (f5i ® fi5) = fg5 0 o for every 0 <5 <t < 2.
From this description it is easy to show that the function (36) is surjective for k = 1.

It is surjective for k = 0,2 by the Lemma 3.2.
To prove the property 5 we shall show that for 1 <n <2 and 0 < k < 2 the function:

Homisses (A"BA2N2(G) ) (40)

l

Homsser (9A"BA2N2(G)) x Homgsser (ATRAZH N2(G))
Homggget (OA™ RAZ:E N2(9))
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induced from the commutative square:

A" x A2 < O A" x AZF

OA™ x A2 <— D A" x A2k

is surjective.

Case n = 2: The domain of the function (40) is identified with the set of triplets

(X*,a°, f*) as in (37) such that o' o (f5i ® fi5) = fg5 0 a® for every 0 <'s < ¢ < 2 and

2o fol = fi} for every 0 < i < j < 2. In the same way the codomain of (40) is identified
with the set of triplets (X*®, a®, f*) as in (37) satisfying that o' o (f§i @ f) = fiioa® for
every 0 < s <t < 2and fi?o fil = f? for every 0 < i < j < 2 where i = k or j = k.
The function (40) forgets the relation f? o fol = f? where i # k # j.

It follows that (40) is bijection for k = 1 because G is a groupoid. We deduce that it
is bijective for k = 0,2 from the following easy to prove property: If f: X —Y and
£ XX —=Y ®Y’ are morphisms of a 2-group G, there exists a unique morphism
f'r X'—=Y’ such that f® f' = ¢&.

Case n = 1: The domain of (40) is identified with the set of commutative squares of
the type:

X ® Xo—L— X, (41)
wz@@ol lSOI
Yo ® Yy Yi;

g

and the codomain with the set whose elements are the given by six morphism of G as
follows:

f

X ® Xo X, YheY,—l-v, X,—2=Y, and X;—2>Y]

where 0 < i < j <2 and i,j # k. The function (40) forgets the morphism ¢y; then (40)
is actually a bijection for 0 < k < 2. n

We want to show that the geometrical 2-nerve functor (33) is full and faithful. For that
propose let is begin by proving that for every monoidal category M the bisimplicial set

N?(M) has an analogous property to that established in the Lemma 3.6 for the simplicial
set N (M):

3.10. Let A x A be the full subcategory of the product category A x A whose objects
3

are the pairs of totally ordered sets ([k],[l]) such that 0 < k+ [ < 3. If we denote by
ssSet <3 the category of presheaves of sets over A x A, then we obtain from the inclusion
3

functor 73: A x A~ A x A an adjunction:
3

™
ssSet<y | ssSet (42)

~— 7
T3 %
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where the functor 73 is just the truncation functor and 73, is a Kan extension which in
this case is full and faithful.

Given a unit 7 of the adjunction (42) and a bisimplicial set X, it can be proved that
the map of bisimplicial sets nx: X — 73, o 75(X) is an isomorphism if and only if the
square:

Homigser (AP A%, X ) —— Homgser (947 A7, X)) (43)

J |

Homisser (APRIOA?, X ) — > Homgsser (9APROAT, X )

induced from the diagram of bisimplicial sets:
AP K AT <— 9AP K A4 (44)

AP K OA? <— AP X OAY

is a cartesian square for every p,q > 0 such that p + ¢ > 3.

Let is prove that the bisimplicial set N?(M) has this property for every monoidal
category M. Indeed it follows from Lemma 3.6 and the bijections (35) that if X = N?(M)
then the square (43) is cartesian for the pairs (p, ¢) such that p > 3 or ¢ > 4. We should
show that (43) is a cartesian square for the pairs (2,2), (1,3) and (2, 3).

Case (p,q) = (2,2): We have that Homgget (A% K A2, N?(M)) can be identified
with the set of pairs (X', f') where:

X ={X;|0<s<2, 0<i<j<2} and (45)

fo={f X=X, |0<s<t<2, 0<i<j<2}.

v

are families of objects and morphisms of M respectively. Homgsget (A% K OA2, NZ (M)

with the subset of Homgsget ((‘3A2 X 0A%, N 2(/\/l)) whose elements satisfy that ile o iojl =

fZ%? for every 0 < ¢ < j < 2. As in the poof of the Theorem 3.9 Homgsget (8A2 X

A%, N?(M)) can be identified with the set of triplets (X*, a®, f*) as in (37) such that

of o (f§ @ fi3) = fih o for every 0 < s < t < 2, and Homggget (A? B A%, N2(M))

with the subset of Homgsget (OA?K A%, N2(M)) whose elements satisfy additionally that
o fil = fi7 for every 0 <1 < j < 2.

In this case the horizontal functions of the square (43) are just inclusions and the
verticals ones forget the family o® and the relations af o ( e f 155) = f5 o o for every
0 <s<t<2. Then (43) is a cartesian square for (p,q) = (2, 2).

Case (p,q) = (1,3): The set of morphisms Homggget (OA! B A3, N2(M)) can be
identify with the set of pairs (X °, a') where:

X ={X;|0<s<1,0<i<j<3} and (46)

v

o' ={af,: X;®X5 X5, |[0<s<1,0<i<j<k<3}
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are families of objects and morphisms of M respectively. Homggset (8A1 X A3 N 2(/\/l))
with the subset of Homggget (OA! B 9A3, N2(M)) of such pairs (X*, a®) satisfying that
for every 0 < s < 1 the diagram (31) is commutative where ¢ = 0, j = 1, k = 2 and
[ = 3. Homgget (A X OA%, N2(M)) can be identify with the set of triplets (X*,a®, f,)

where (X',a') is a pair like in (46) and f, = {fij: X%—>Xilj ‘ 0<i<j<3 } is
a family of morphisms of M such that ol o (fi; ® fix) = fix 0 oy, for every 0 < i <
j <k < 3. And finally Homgsget (A' B A%, N2(M)) can be identify with the subset of
Homgsget (AR A3, N?(M)) whose elements verify additionally that for every 0 < s < 1
the diagram (31) is commutative where i =0, j =1, k =2 and | = 3.

In the diagram (43) the verticals functions are just inclusions and the horizontals ones
forgets the family of morphisms f, together with the relations a}jk o ( fii ® fjk) = fio a?jk
for every 0 < i < j < k < 3. We conclude that (43) is a cartesian square for (p, q) = (1, 3).

Case (p,q) = (2,3): In this case we see that Homgges (OA* K A3, N?(M)) can be
identified with the set of triplets (X', al, f’) where:

X ={X;|0<s<2, 0<i<j<3}, (47)

o' ={aj: X;0X5;—X;, |0<s<2, 0<i<j<k<3}

and  fC={f7 X;—X. |0<s<t<2, 0<i<j<3}

)

are families of objects and morphisms of M respectively, such that ol o (ff @ f3) =

o iy, forevery 0 <s <t <2and 0 <i<j <k <3 Homgsset (8A2 X A3, ./\/2(/\/1))
with the subset of Homgsget (A% R OA?, N2(M)) whose elements make the diagram (31)
commute for every 0 < s < 2 where i =0, j =1, k = 2 and [ = 3, and Homggget (A2 X
ON3, /\/2(/\/1)) with the subset of Homggget (8A2 X OA3, Nz(/\/l)) whose elements verify
that f? o fol = fi7? for every 0 <i < j < 3.

Such Homgsget (A?X A3, N?(M)) can be identified with the subset of Homggget (OA?X
OA3, N2(M)) whose elements verify the identity f1? o fol = f2 for every 0 <i < j <3
and that the diagram (31) is commutative for every 0 < s < 2 where i =0, j =1, k = 2
and | = 3, it follows that (43) is a cartesian square for (p,q) = (2, 3).

Let is note finally that for the pairs (0,3), (1,2), (2,1) and (3,0) the function:

Homgsser (A"RA" A2(G)) (48)
Homisses (ATRA™ N2(G)) x Homggses (A"HOA" N2(G) )

Homggget (OATMKIA™ N2(G))

induced from (44) is an injection. Indeed for the pairs (3,0) it is trivially a bijection and
for the pairs (0,3), (1,2) and (2,1) the function (48) just forgets the commutativity of
some diagrams, then is an injection.

We then have:
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3.11. LEMMA. The geometrical 2-nerve functor N?: cat',,, — ssSety from (33) is full
and faithful.

PROOF. Recall that N': cat%,, —sSet, the geometric nerve functor (28) is full and
faithful. It follows that the functor N is faithful because N?(M)q, = N (M), for every
monoidal category M and every ¢ > 0.

Moreover given a morphism of bisimplicial sets p: N?(M) — N?(M’) there existe a

normal lax monoidal functor F': M — M’ such that N?(F)g, = o, for every ¢ > 0. It
follows from the property proved before this Lemma that to show the equality N?(F) = ¢
we just need to verify that N?(F);1(a) = ¢11(a) for every morphism a: X —Y of M.

Firs notice that N2(F);, 1(30X) = st o N2 (F)p1(X) = st 0 0p1(X) = p11(shX) for
every object X of M. Let a: X —Y be an arbitrary morphism of M and consider the
following commutative square:

Xo1 X

et J

X®l——>Y
aorX

seen as an element of N2(M); 2 and apply to it the function ;5. It follows that:

—1
TR(X)
/\
FX)®1—mk,— F(X @ 1) —Fay = F(X)
Px)®1) e
F(X)®1—mf,— F(X @ 1) -Faorz s F(Y)
¥/
F(a)orF(X>
is a commutative diagram of M’. Then ¢ 1(a) = F(a) = N?(F)11(a). n

3.12. Let is denote by scat, the full subcategory of the category of functors cat®”
where the objects are the functors X,: A% —cat such that X, = x is the category
with one object and one morphism. From the geometrical 2-nerve functor (33) and the
bijection (35) we obtain a unique functor:

cat

cat?,  —"+ scat, defined in objects as N (/\/l)q =M (49)

q )
and a natural isomorphism N2 = N2% o A/ defined by (35), where N: cat — sSet
is the usual geometric nerve functor for small categories N(.A), = Homeat([p],.A).

We call (49) the geometrical cat-nerve functor for monoidal categories. Note that if
F: M— M’ is a normal lax monoidal functor between monoidal categories and ¢ > 0,
the functor N (F), is defined in a morphism of g-simplices f = { f;;} by N (F),(f)i; =
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Recall that the structure of 2-category cat of cat induces a structure of 2-category
scat, in scat, defined as follows: If X,,Y,: A% — cat are functors such that X, = x =
Yy and a,, B.: Xe—Y, are natural transformations, then a 2-arrow ¢: a, = [, is a

family of natural transformations { g1 ag=>f3, }q>0 such that e,x¢* = ¢* xe, for every

morphism ¢: [¢'] —[¢] of A.
The geometrical cat-nerve 2-functor for monoidal categories is the 2-functor:

cat

@%lax - —ScatO (5())

whose underlying functor is (49) and where the image of a monoidal natural transfor-
mation of normal lax monoidal functors n: F=G : M — M’ is the 2-arrow N (n)
defined for every ¢ > 0 and every g-simplex (X, a) of M as the morphism of g-simplices

(NCat(n)q)(Xa) . F(X,a) — G(X,«) given by the family of morphisms of M’
{nx,: F(Xy) —G(Xy) [0<i<j<q}.
3.13. LEMMA. The 2-functor (50) is full and faithful in the sense that the functor:

HO_mcat%m (M, M/) — > Hom (./\/’cat(./\/l)7 Ncat(M/)> (51)

=—=~=2=scatg

is an isomorphism of categories for every monoidal categories M and M'.

PROOF. By Lemma 3.11 the functor (51) is a bijection in objects, because (35) is a natural
isomorphism N? = N2% o N° where N is a full and faithful functor
To prove that (51) is a full and faithful functor let is consider two fixed objects

Nt (F), N (G): NY (M) —=N“(M') of the target category of (51). Recall that
for every monoidal category M, a unit of the adjunction (42) induces an isomorphism
of bisimplicial sets N*(M) = 73,75 (M), and (35) induces an isomorphism N?(M) =
NA" o Nt (M). Tt follows that a 2-arrow € : N (F)= N*(G) is given by a natural

transformation n7: = ¢€;: F =G and a function e;: Obj (MQ) — Mor (Mé) such that:

1. My = idlM/-

2. If agra: Xo1 ® X192 — X2 is a 2-simplex of M the morphism es(«) of 2-simplices
of M’ is just the commutative diagram of M’

mX 1,X12 F(ao12)
F(X()l) ® F(Xlg) L F(X01 ® X12) oLz F(XOQ) (52)
NX01 ®T]X12\L lnXOQ

G(Xo1) ® G(X12) G(Xn ® X12) G (Xo2)

G

Xo1,X12 Glaoz)
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In other words a morphism N (F)=> N (G) in the target category of (51) is given

by a natural transformation n: F'=-G such that n;,, = id; , and for every morphism
apra: Xo1 ® X2 > X2 of M the diagram (52) is commutative.

Taking the morphism ago in the property 2 as the identity of the product X ® Y
for every objects X and Y of M, it follows that n is a monoidal natural transformation
between the normal lax monoidal functors F,G: M — M'. Conversely if n: FF=G
is a monoidal natural transformation and «gi2: Xo1 ® X192 — Xpo is a morphism of M,
then the diagram (52) is commutative because we have the commutative squares of M’

mi 1,X12 F(ao12)
F(Xo1) ® F(X12) —22 F(Xg ® X12) F(Xo1 ® X12) — > F(Xo2)
77X01®77X12l l”X01®X12 and nXo1®X12l lnxog
G(Xo1) ® G(X12) —5 G(Xo1 ® X12)) G(Xo1 ® X12) Cloor) G (Xo2) -
MX01,X12 @
Therefore (51) is a full and faithful functor. =

Recall that the geometric nerve functor for small categories N: cat —sSet has an
extension to a simplicial functor:

N(B*) —— Hom,g (N(A),N(B)) (53)

where Hom g (N(A),N(B)), = Homgset (N(A) x A N(B)) for every k > 0 and B4 is
the category of functors and naturals transformations. Moreover (53) is an isomorphism
of simplicial sets for every categories A and B.

From this fact and Lemma 3.13 we have:

3.14. COROLLARY. The full and faithful geometrical 2-nerve functor for monoidal cate-
gories N%: catS,, —=ssSety from (33) has an extension to a simplicial funtor:

N(Homgpe (M, M')) —— Hom{le,, (N (M), N? (M) (54)

ssSetg

where Hom'") (X,Y), = Homgsget(X X pi(A"),Y) and (54) is an isomorphism of

ssSet(
simplicial sets.

To conclude notice that the geometrical cat-nerve 2-functor for monoidal categories
(50) is not the restriction to cat%,,. of the nerve 2-functor for bicategories defined in
[Lack, Paoli, 2008]. Nevertheless the 2-functor (50) and the nerve 2-functor of [Lack,
Paoli, 2008] are equal when restricted to the 2-category 2-Grp of 2-groups.

4. Deligne’s determinant functors

4.1. Denote by Grp the full subcategory of cat whose objects are the small groups and
by B: Grp —sSet, the usual geometric nerve functor for small categories restricted to
groups: B(G),, = G™.
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4.2. LEMMA. If G is a group and X 1is a reduced simplicial set, Hom g (X,B(G)) the
simplicial set defined in (2), is a constant simplicial set:

7o (Homgget, (X, B(G))) = Homgset, (X, B(G)) .

PROOF. Consider a morphism F': X x A" — B(G) such that F,,(x,p) = (e,...,e) € G™
for every m > 1 and ¢ € A”". We will prove that F,,(§,¢) = F.(&,v) for every m > 1,
¢ € X, and p,9 € A . In fact as the reduced simplicial set B(G) is weakly 1-coskeletal
(in the sense of the Lemma 3.6, see [Duskin, 2002]) we just need to prove the equality
Fi(a, ) = Fi(a,¢) for every a € X7 and ¢, € AT,

Notice that for every n € X, and ¢ € Al the 2-simplex Fy(n, ¢) says that the element
Fi(din, pody) of G is equal to the product Fi(dan, pods) - Fi(don, podp). Then for every
a € X; and every ¢ € A} it follows from the 2-simplices Fy(soc, pooq) and Fy(s1a, pooy)
that:

Fi(a,po0d000) = Fi(a,p) = Fi(a,podgoay).
It is straightforward to show that Fi(«, @) = Fi(«, ) for every ¢, € AY. n

Let X be a reduced simplicial set and G be a group. An additive function of X with
values in G is a function a: X; — G with the properties:

1. (Unit) a(sgx) is the identity element of G.

2. (Additivity) For every a € X the product a(da(a)) - a(do(ev)) is equal to a(di(a)).

If we denote by addx(G) the set of all the additive functions of X with values in G,

we have a functor:

(sSeto)Op x Grp add (1)

Set (55)

which is defined in a morphism of reduced simplicial sets f: ¥ — X and a homomor-
phism of groups ¢: G— H by the function add(yp): detx(G)—dety(H) where
addy(p)(a) =poao fi.

4.3. LEMMA. The functor (55) is naturally isomorphic to the functor Homgget, (-, B(+)).

PROOF. Since the reduced simplicial set B(G) is weakly 1-coskeletal, it follows easily that
the natural function Homgget, (X, B(G)) —addx(G) defined by f, — fi is a bijection. m

From the Proposition 2.1 we known that (SSetO, v*W 1, Hom g 0) is a simplicial model
category. Moreover B(G) is a fibrant object of the model category (sSety, v*W;) as a
reduced Kan complex whose homotopy groups 7; are zero for ¢ > 2. It follows from the
Lemmas 4.2 and 4.3 that the set addx (&) is naturally isomorphic to the set of maps from
X to B(G) in the homotopy category sSet [(V*Wl)*l} of reduced homotopy 1-types (or
even in the homotopy category sSet, [(W*Wl)’l] of pointed homotopy 1-types using the
left adjoint of the adjunction (9)).

Note that the induced functor B: Grp — sSet, [(»*W1)7!] from the geometric nerve

functor for groups is an equivalence of categories whose inverse is induced from the fun-
damental group functor m; for reduced simplicial sets. Therefore we have:
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4.4. COROLLARY. For every reduced simplicial set X the functor addx: Grp— Set

is representable by the fundamental group m(X) of X. In particular f: Y —X is a
weak homotopy 1-equivalence of reduced simplicial sets if and only if for every group G
the function add¢(G): addx(G)— addy(G) is a bijection.

4.5. Let G be a 2-group and X a reduced simplicial set. A determinant of X with values
in G is a pair of functions D = (D, T):

X, —2 - {Objets of Q} and X, —L» {Morphisms of g}
with the following properties:
1. (Compatibility) For every & € X5 the morphism T'(§) of G is of the type:

D(ds) ® D(do€) — - D(ds€) .

2. (Unit) D(so*) =1 and T(sgoso*) =I;" =r;".
3. (Associativity) For every n € X3 we have the commutative diagram:

T(d2m)

D(A03) D(AOI) X D(Al?))
TD(Am)@T(do n)

Tdim) D(Aq) @ (D(A12) ® D(As))  (%6)

D(Ap2) ® D(Ags) (D(Ap1) ® D([ﬂm)) ® D(Aa3),

T(dsn)®D(A23)

where Agz =didin = didan Agi = dadyn = dadsn
Az =didon = dodan Agy = dadin = dydsn
Agy =dodon = dodin Avg = dadon = dodsn.

We denote by detx(G) the set of the determinants of X with values in G. Notice that

there is a functor:

(sSeto)Op x 2-Grp det ()

Set (57)
which is defined in the morphisms f: Y — X and F = (F,m!): G—H by the function
det;(F)(D,T) = (D,T) where D(B) = F(D(f; B)) and T(7) = F(T(far)) o m?.

Denote by B: 2-Grp —sSet, the geometric nerve functor for monoidal categories
(28) when it is restricted to the category of 2-groups.

4.6. LEMMA. The functor (57) is naturally isomorphic to the functor Homgget, (-, B(+)).
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PRrROOF. For every reduced simplicial set X and every 2-group G we have a well defined
function:
(ax,6)o
Homgget, (X, B(G)) —— detx (7). (58)
Je — (f1, f2)

It’s straightforward to deduce from the Lemma 3.6 that the function (58) is an injec-
tion. To prove that (58) is surjective we use the same Lemma and we note that for every
determinant (D, T) of X with values in G we have that T'(s;(A)) = s;(D(A)) for every
A€ X;and 0 < i < 1. In fact take n = s; 0 5;(A) € X3 in the commutative diagram
(56). [

Let (Dy,T1) and (Dy,Tp) be two determinants of X with values in G. An homotopy
from (D1, Ty) to (Dy,Tp) is by definition a triplet of functions:

X, T {Objets of Q} and X5 ol {Morphisms of g}
with the following properties:
(a) For every £ € X5 the morphisms Ry(§) and R;(§) of G are of the type:

Ro(&) R1(§)

D1 (d2€) ® H(do§)

H{(d:§)

H(d2€) ® Do(dof) .
(b) H(SQ*) =1.
(c) For every n € X3 we have the commutative diagrams of G:

R1(d3n)®Do(A23) Ro(d3n)®Do(Az23
(H (Ao @Do(A12)) ©Do(Azs) S 20 Do) SO Yo () ) Do (Ans)
alll dla

H(A01)® (Do(A12)®Do(A23) ) . - ) D1(A01)® (H(A12)®Do(A23) )

H(A01)®To(d071)l/ l lDl(Am)@Rl(do??)
H(Ao1)®Do(A1s) H(Aos) Ro(da2n) D1(Ao1)®H (A13)
Bi(dam) TD (Ao1)®Ro(don)
1 01 olaon
Ro(din) (1)
Dl(A01)®(D1(A12)®H(A23))
dla
Di(Ao2) 2H (Azs) <o (A23)(D1(A02)®D1(A12) ©H(As3)

where
Apz =dydin = didan Ap1 = dadan = dadsn Az = didon = dodan
Age =dadin = dydsn Agy = dodyn = dodin Ajp = dadyn = dodsn.

Notice that given a 1-simplex of the simplicial set Hom g, (X, B(G)), namely a map

of simplicial sets F': X x A’ — B(G) whose restriction to » x Al is the constant map,
then the induced pairs of functions:

(Dl,ﬂ) = (Fl( : ,(51‘0'0),F2( . ,(51'0'00'(])) for 0 < 1 < 1 (59)
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are determinants of X with values in G, and the triplet:
(Fl( T 1d[1]>7 FQ( : 700)7 F2( : 70-1>)

is an homotopy from (D1, T7) to (Do, Tp).
Denote this assignment by:

a Homotopies
Hom gy, (X, B(g)) ) % {of determinants} (60)
from X to G

and notice that the determinants (59) are the images by the function (58) of the following
maps of simplicial sets:

X2 X x A%y AL g for 0<i<1

4.7. LEMMA. (60) is a bijective function.

ProOF. To begin with, we note that:
A(1) = {(507 51 }7 A% = {60007 (51007 1d[1] }7

1 1
AQ = {500000, 010000, 09, 01 } and Ag = {50000000, 01000000, 0000, 0100, 0101 } .

On the other hand, for every homotopy (H, Rg, R;) of determinants we have that
Ro(s0A) = lya and Ry(s1A) = ryy for every A € Xj. In fact Ry(s1A) = rya follows
from the diagram (I) of property (c) when n = s 051(A) and Ry(spA) = lga follows from
(III) when n = s¢ 0 so(A).

It is easy to deduce from this and Lemma 3.6 that (60) is a bijection. ]

Since the simplicial set Homgg.,, (X, B(G)) is a Kan complex it follows from Lem-
mas 4.6 and 4.7 that the relation induced by homotopy in the set detx(G) is an equiva-

lence relation. Hence if we denote by detx(G) the induced quotient set we obtain from
(57) a functor:
det . (-)

(sSety)” x 2-Grp Set (61)

such that:
4.8. LEMMA. (61) is naturally isomorphic to the functor m (Homsseto(-, B(- ))>

Let is consider the simplicial model category (sSetO, "Wy, Ho_mSSetO) of the Proposi-
tion 2.1 and recall from Corollary 3.7 that B(G) is a fibrant object of the model category
(sSety, v*Wy). It follows from the Lemma 4.8 that the set a&x(g) is naturally iso-
morphic to the set of maps from X to B(G) in the homotopy category sSet [(V*Wg)_l}
of reduced homotopy 2-types or in the homotopy category sSet, [(W*Wz)_l} of pointed
homotopy 2-types (by the left adjoint of the adjunction (9)).
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It is known that the geometric nerve functor for 2-groups induced an equivalence of
categories B: 2-hGrp — sSet, [(V*Wg)_l} . Let is choose a quasi-inverse functor Il of

this equivalence B and for every reduced simplicial set X call the 2-group II5(X) the
fundamental 2-group of X.
Notice finally that for every reduced simplicial set X the functor (61) induce a functor:

hdet x

2-hGrp Set (62)

from the homotopy category of 2-groups. In fact, it is a consequence of Lemma 4.8
because a monoidal natural transformation between normal lax monoidal functors ' =
F': G— G’ induce an homotopy H: B(G) x A — B(G’) between the morphisms B(F')
and B(F") such that H restricted to x x A! is the constant map (see for example [Noohi,
2007]).

We deduce:

4.9. COROLLARY. For every reduced simplicial set X the functor (62) is representable by
the fundamental 2-group of X . In particular f: Y — X is a weak homotopy 2-equivalence

of reduced simplicial sets if and only if the function (/l\ejcf(g): (/l\ejcx(g) —>(/1\ejcy(g) is a
bijection for every 2-group G.

4.10. Let X be a reduced bisimplicial set and G be a 2-group. A (functorial) determi-
nant of X with values in G is a pair D = (D,T) composed of a map of simplicial sets
D: X.1 —N(G), to the geometric nerve of the underlying category of G, and a function:

Xo.2 T, {Morphisms of g} ,
verifying the properties:
1. (Compatibility) For every £ € X the morphism 7'(§) of G is of the type:

Do(ds€) ® Do(dse) — = Do (d2€).

2. (Functoriality) For every o € X o we have the commutative square of G:

T(d? o)

Dy(dsd} ) @ Do(dgd} o) Do(dydl o)
Dl(dga)@)Dl(dga)L lDl(di’a)

Dy(dsdgy o)) @ Do(dgdiy o) Dy(dids @) .

T(d} @)

3. (Unit) Do(si+) = 1 and T(s o st) = I;' = ry".
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4. (Associativity) For every n € X3 we have the commutative diagram:

T(d3m)
Dy(Ap3) ! Dy(Ap1) ® Do(A13)
TDO(A01)®T(d8 )
Ttdin) Do(Ap1) @ (Do(A12) @ Do(Ass))
@l
Dy(Apz2) @ Do(Ags) (&5 )@ Dol Azs) (Do(Am) ® Do(Alz)) ® Dy(Asz3),

where
Aoz =didin = didyn  Ap = dydyn = dydzn Az = didgn = dydyn
Age =dydin = didsn  As = dodyn = dodin A = dydgn = dgydsn.

Let is denote by det(G)o the set of the determinants of X with values in G. There

is a functor:

(ssSety)” x 2-Grp det- 0D et (63)

defined in the morphisms f: ¥ —X and F = (F,m"): G—7M as det (F)(D,T) =
(D, T) where D =N(F)o Do fo; and T =N (F)y0T o fyo.

Denote by B?: 2-Grp — ssSet, the geometrical 2-nerve functor for monoidal cate-
gories (33) when it is restricted to the category of 2-groups.

4.11. LEMMA. (63) is naturally isomorphic to the functor Homgsset, (-, B*(+)).

ProoFr. It follows from 3.10 that the following function is a bijection:

HomssSeto (X7 BQ(Q)) M) @X(g>0 (64>
fo,o — (f',la f0,2)

"

Given (D(1),7(1)) and (D(0),T7(0)) two determinants of X with values in G, an
homotopy from (D(1),T(1)) to (D(0),T(0)) is a function:
Xo1 L {Morphisms of g}

with the following properties:

1. For every a € X(; the morphism h(a) of G is of the type: D(1)¢(a) ey D(0)o(a) .

2. For every o € X ; we have a commutative diagram of G:

D(1)1(e)

D(1)o(dha) D(l)o(dga)
h(d’fa)l lh(d{;a)
D(0)o(d}e) D(0)o(dfcr)

D(0)1(e)
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3. h(88 *) = 1d1
4. For every £ € X2 we have a commutative diagram of G:

D(1)o(d3¢) @ D(1)o(dge) — e D(1)o(d2€)
h(d3e)eh(dge) | |reaze

D(0)o(d5€) @ D(0)o(d€) D(0)o(dy€)

T(0)(€)

It is easy to see that there is a well defined function:

(@ o) Homotopies
HO_mssSeto (X, B? (g))l Al of determinants
from X to G

H — H171 (Sg( — ), ldm)

(65)

where Hj (58( -), id[l]) is an homotopy from (H.,l( —,0100--00), Hoa( —, 51)) to

(Hea(—, 8000+ --0q), Hoa(—, &)).
It is not difﬁ.cult to show:
4.12. LEMMA. (65) is a bijective function.
Let is notice:
4.13. LEMMA. If G is a 2-group and X is a reduced bisimplicial set, the simplicial set

Hom!") (X , B2 (g)) is the nerve of a groupoid. In particular, there exist a functor:

ssSetg

et () Grpd, (66)

(ssSetO)Op x 2-Grp

where Grpd is the category of groupoids and functors, with the properties:

1. The composition of (66) with the “set of objects” functor Grpd — Set is equal to
(63).

2. The set of morphism of the groupoid det(G) is equal to the set of homotopies of
determinants.

3. The simplicial sets N(dety(G)) and Hom(?SetO (X, N? (g)) are naturally isomor-

S

phic.
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PROOF. It’s not difficult to prove that the simplicial set Hom (A N(g)) is the nerve of

===222sSet

a groupoid for every Slmg)llclal set A and every groupoid G. On the other hand, notice that
the simplicial set Hom! X B(G ) is the kernel in the category sSet of the arrows:

ssSeto

I1 Bz(g)w o proj;
©

H I—IO_mSSet (X'#I? Bz(g)%q) H HO—mSSet (Xt,b Bz(g)%s) .
q=0 [1 proj, o X, p: s—t
where B%(G)., is the nerve of a groupoid. "

Let is consider the simplicial model category (SsSetO, d*W,, Hom" ) of the Proposi-
tion 2.9. By the Theorem 3.9 the reduced bisimplicial set B?*(G) is a fibrant object of
the model category (ssSeto, d*W,), then from the Lemma 4.13 the nerve of the groupoid
det(G) is of the same homotopy type as the mapping space from X to B*(G) in the
model category (ssSetq, d*W,). It follows (see the adjunctions (21)) that the nerve of the
groupoid det y (G) is also of the same homotopy type as the mapping space from diag(X)
to B(G) in the model category (sSetg, v*Wy).

Denote hGrpd the homotopy category of groupoids, that is to say the category that
we obtain from Grpd by identifying two functors if they are naturally isomorphic. It
follows from the Corollary 3.14 and Lemma 4.13 that the functor (66) induce a functor:

Q—hGI'p hdet y

hGrpd (67)
for every reduced bisimplicial set X.

4.14. COROLLARY. For every reduced bisimplicial set X the functor (67) is representable
by the fundamental 2-group of the reduced simplicial set diag(X). In particular a map
of reduced bistmplicial sets f: Y — X s a diagonal weak homotopy 2-equivalence if and
only if the functor det (G): dety(G) —dety(G) is a weak homotopy equivalence of
groupoids for every 2-group G.
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