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THE 2-NERVE OF A 2-GROUP AND
DELIGNE’S DETERMINANT FUNCTORS

ELHOIM SUMANO

Abstract. We prove that the bisimplicial set obtained by applying the 2-nerve func-
tor of Lack and Paoli ([Lack, Paoli, 2008]) to a 2-group ([Baez, Lauda, 2004]) seen as
a bicategory with one object, is a fibrant object in the universal simplicial replacement
of Dugger ([Dugger, 2001]) of the model category of reduced homotopy 2-types. As an
application we deduce a well known theorem about (non-symmetric) determinant func-
tors for Waldhausen categories or derivators ([Deligne, 1987], [Knudsen, 2002], [Muro,
Tonks, 2007] and [Muro, Tonks, Witte, 2015]).

1. Introduction

Let us denote by KA the reduced simplicial set associated to an exact category A by
the s•-construction of [Waldhausen, 1983]. Thus an n-simplex of KA is a series of n− 1
admissible monomorphisms of A together with choices of quotients. The homotopy groups
of KA are the Quillen K-theory groups of A, namely Kn(A) = πn+1

(
KA
)

for n ≥ 0. Let
is recall the following (non-stable) universal properties of the lower K-theory groups of
A:

K0 The group K0(A), namely the fundamental group of the reduced simplicial set
KA, represents the Set-valued functor of the additive functions of A defined in the
category of (not necessarily commutative) groups addA : Grp // Set ; where an

additive function of A with values in a group G is a function a : Ob(A) // G such

that a(0) = eG and verifying that a(B) = a(A) ·a(C) for every short exact sequence
A // // B // // C (see Section 4.1 below).

K1 The fundamental 2-group of the reduced simplicial set KA, whose homotopy groups
are the groups K0(A) and K1(A), represents the Set-valued functor of the (homo-
topy classes of the) determinants of A defined in the homotopy category of (not nec-

essarily commutative) 2-groups hd̃etA( · ) : 2-hGrp // Set (see §4.6 of [Deligne,
1987] and Section 4.5 of this paper).

There is an enriched version of the property K1: Denote by KA the reduced bisimplicial
set associated to A by the wS•-construction of [Waldhausen, 1983]. Then a p-simplex of
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the simplicial set KA•,q is a p-chain of natural isomorphisms between elements of KAq . In
particular the reduced simplicial sets diag(KA) and KA are canonically weak homotopy
equivalent. We have:

K1E The fundamental 2-group of the reduced simplicial set diag(KA) represents the
hGrpd-valued functor hdetA( · ) : 2-hGrp // hGrpd of the (functorial) deter-
minants of A defined in the homotopy category of (not necessarily commutative)
2-groups. Here hGrpd denotes the homotopy category of groupoids (see §4.3 of
[Deligne, 1987] and Section 4.10 below).

In [Muro, Tonks, 2007] and [Muro, Tonks, Witte, 2015] there is a proof of the property
K1E using quadratic modules and working for every reduced bisimplicial set, in partic-
ular for the bisimplicial set associated to a derivator as in [Maltsiniotis, 2007] or to a
Waldhausen category by the wS•-construction.

In this work, the universal property K1E that the fundamental 2-group of every
reduced bisimplicial set has, will be deduced from the homotopy properties of the reduced
bisimpicial set N 2(G) associated to a 2-group G by the 2-nerve functor of [Lack, Paoli,
2008], in the “canonical” simplicial model category structure on the category ssSet0

of reduced bisimplicial sets modeling the connected and pointed homotopy 2-type (see
Proposition 2.9, Theorem 3.9 and Section 4.10).

The paper is structured as follows: In Section 2 we recall for every 0 ≤ n ≤ ∞ two
Quillen equivalent simplicial model categories modeling the connected and pointed homo-
topy n-types. To begin with we recall in Proposition 2.1 the simplicial model category
structure on the category of reduced simplicial sets sSet0 where the cofibrations are the
injections, the weak equivalences are the weak homotopy n-equivalences ν?Wn, and the
mapping space is the restriction to sSet0 of the usual mapping space for pointed simplicial
sets (see (2)). Then in Proposition 2.5 we give a generating set of trivial cofibrations for
the family of fibrations between fibrants objects of the model category (sSet0, ν

?Wn).
On the other hand, applying the construction of [Dugger, 2001] to the model category

(sSet0, ν
?Wn), we deduce in §2.8 a simplicial model category structure on the category

of reduced bisimplicial sets ssSet0 where the cofibrations are the injections, the weak
equivalences are the diagonal weak homotopy n-equivalences d?Wn and the mapping
space is induced from the functor p∗1(∆•) : ∆ // ssSet0 defined by p∗1(∆n)p,q = ∆n

p (see
(12)). In Corollary 2.10 we obtain sufficient conditions for a reduced bisimplicial set to
be a fibrant object in the model category (ssSet0, d

?Wn).
Section 3 begins by fixing some notations about the 2-category cat⊗Nlax of monoidal

categories, normal lax monoidal functors and monoidal natural transformations, as well
as the full 2-subcategory 2-Grp of cat⊗Nlax whose objects are the 2-groups. Then in §3.5

we define the geometrical nerve functor N : cat⊗Nlax
// sSet0 as in [Street, 1987], and

we prove in Lemma 3.6 that N is the same as the nerve functor of [Duskin, 2002] when
restricted to bicategories with one object. In Corollary 3.7 we recall that the geometrical
nerve of a 2-group N (G) is a fibrant object of the model category (sSet0, ν

?W2).
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In §3.8 we define a geometrical nerve ssSet0-valued functor N 2 : cat⊗Nlax
// ssSet0

taking a “simplicial resolution” of the functor N . Then we prove in Theorem 3.9 that
N 2(G) is a fibrant object of the model category (ssSet0, d

?W2) for every 2-group G.
Moreover we proof in Lemma 3.11 that the functor N 2 is full and faithful and in §3.12
that N 2 has an extension to a (full and faithful) simplicial functor (see Corollary 3.14).

We finish the paper with Section 4 where we deduce the properties K1 and K1E (resp.
the property K0) from the homotopy properties of the geometrical nerves of a 2-group
N (G) and N 2(G) (resp. the geometrical nerve of a group N(G) ) in the corresponding
simplicial model category (sSet0, ν

?W2) or (ssSet0, d
?W2)

(
resp. (sSet0, ν

?W1)
)
.

2. Reduced homotopy n-types

Let sSet be the category of simplicial sets (see [May, 1967] or [Goerss, Jardine, 1999]). A
reduced simplicial set is a simplicial set X with exactly one 0-simplex. Denote by sSet0 the
full subcategory of sSet whose objects are the reduced simplicial sets. If sSet? denote the
category of pointed simplicial sets, then the inclusion functor ν : sSet0

// sSet canon-

ically decomposes as the composition of a functor µ : sSet0
// sSet? and the forgetful

functor π : sSet? // sSet . Notice that there are adjunctions:

sSet0
⊥� �

ν
//

F
xx

sSet and sSet0 ⊥

⊥� � µ //

G
xx

H

ff
sSet? , (1)

where F , G and H are defined as follows: If X is a simplicial set and x0 ∈ X0, then
the reduced simplicial set G(X, x0) = F(X) is the quotient X

/
X0 whose n-simplices are

obtained from Xn by identifying all the totally degenerated n-simplices in one point; and
H(X, x0)n is the set of those n-simplices of X whose 0-vertex are all equal to x0.

We deduce that sSet0 is a complete and a cocomplete category. In fact given a small
category I and a functor γ : I // sSet0 we have: (i) A limit of γ in the category sSet is
a limit of γ in the category sSet0. (ii) If colim

I
γ is a colimit of γ in sSet, a quotient(

colim
I

γ
)/(

colim
I

γ
)

0
in the category sSet is a colimit of γ in sSet0. In particular if I is

connected, a colimit of γ in sSet is a colimit of γ in sSet0.
For a reduced simplicial set X and a natural number i ≥ 1 we denote by πi(X) the

i-th homotopy group of the geometric realization of the canonically pointed simplicial
set µ(X) = X. As usual this groups can be combinatorially defined for reduced Kan
complexes, i.e. reduced simplicial sets satisfying the Kan condition. Consider 0 ≤ n ≤ ∞,
a map of reduced simplicial sets f : X // Y is called a weak homotopy n-equivalence if

the induced map f∗ : πi(X) // πi(Y ) is a group isomorphism for 1 ≤ i ≤ n.
We shall outline a proof of the next statement:
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2.1. Proposition. For 0 ≤ n ≤ ∞, the category sSet0 of reduced simplicial sets support
a left proper and combinatorial model category structure denoted by

(
sSet0, ν

?Wn

)
where

the weak equivalences are the weak homotopy n-equivalences and the cofibrations are the
injections. A reduced simplicial set X is a fibrant object of

(
sSet0, ν

?Wn

)
if and only if

X is a Kan complex such that πi
(
X
)

= 0 for every i ≥ n+ 1.
Moreover

(
sSet0, ν

?Wn

)
is a simplicial model category with the enrichment:

HomsSet0
(X, Y )k = HomsSet0(X ∧∆k

+, Y ) = HomsSet?(X ∧∆k
+, Y ) = HomsSet?(X, Y )k ,

(2)
where X ∧K+ = (X ×K)

/
(?×K) is a reduced simplicial set for every simplicial set K.

In Proposition 6.2 of [Goerss, Jardine, 1999] there is a proof that
(
sSet0, ν

?W∞
)

is a model category. It is easy to see (Lemma 6.6 of loc.cit.) that a map of reduced
simplicial sets f : X // Y is a Kan fibration, if and only if f is a fibration in the model
category

(
sSet0, ν

?W∞
)

and f satisfies the right lifting property with respect to the

map ? // S1 = ∆1/∂∆1 . In particular a reduced simplicial set X is a fibrant object of(
sSet0, ν

?W∞
)

if and only if X is a Kan complex.
Notice that the adjunction F a ν of (1) proof that sSet0 is equivalent to a full reflective

subcategory of a presheaf category SetA which is closed under small direct colimits (or
equivalently under small filtrants colimits), so sSet0 is a locally presentable category
(Proposition 1.46 of [Adamek, Rosicky, 1994]).

On the other hand the classical proof that every map ϕ : X // Y of sSet is an
injection if and only if ϕ is the transfinite composition of direct images of maps of the
form ∂∆n � � // ∆n where n ≥ 0 (see for example §2.1 of [Hovey, 1999]), can be slightly
modified to show that a map ϕ : X // Y of reduced simplicial sets is an injection if and
only if ϕ is the transfinite composition of direct images (in the category sSet0) of maps

of the form ∂∆n/∂∆n
0
� � // ∆n/∆n

0 where n ≥ 1. Then
(
sSet0, ν

?W∞
)

is a cofibrantly
generated model category.

Moreover from the canonical simplicial model category structure on the category of
pointed simplicial sets in which the weak eqivalences are the weak homotopy equivalences
between pointed simplicial sets and the cofibrations are the injections (see §4.2 of [Hovey,
1999]), we could deduce that

(
sSet0, ν

?W∞
)

is a simplicial model category with the
enrichment (2).

Indeed note that we have the adjunctions:

sSet0 ⊥

HomsSet0
(X, · )
77

X∧( · )+

ww
sSet and sSetop0 ⊥

HomsSet0
( · ,Y )

77

Y ∧ ·

ww
sSet (3)

where
(
Y ∧K

)
k

= H
(
HomsSet∗(K+, Y ), ?

)
k

= HomsSet0

(
(K × ∆k)

/
(K × ∆k

0), Y
)

for
k ≥ 0.

Furthermore given an injection of simplicial sets A
j // B and an injection of reduced
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simplicial sets X
q // Y consider the following pushout diagram in the category ssSet0:

X ∧ A+

X∧ j+
��

q ∧A+ // Y ∧ A+

��

Y ∧ j+

��

X ∧B+
//

q ∧B+
00

X ∧B+

⊔
X∧A+

Y ∧ A+
ϕ
**
Y ∧B+ .

(4)

Because the functor µ of (1) commute with small limits and colimits we deduce that
the dashed arrow ϕ of the diagram (4) is an injection, which is also a weak homotopy
∞-equivalence if j or q are weak homotopy ∞-equivalences.

Hence
(
sSet0, ν

?W∞
)

is a left proper, combinatorial and simplicial model category.
For 0 ≤ n < ∞ we want to exhibit the model category

(
sSet0, ν

?Wn

)
as the Bousfield

localization of
(
sSet0, ν

?W∞
)

with respect to the set of maps of reduced simplicial sets

S(n) =
{

Si : = ∆i/∂∆i // ∆0
}
i≥n+1

.

2.2. Lemma. A reduced simplicial set Z is an S(n)-local object of
(
sSet0, ν

?W∞
)

if and
only if πi(Z) = 0 for all i ≥ n+ 1.

Proof. Let Z be a reduced simplicial set and Z ′ // Z a fibrant replacement of Z in(
sSet0, ν

?W∞
)
. Notice that in this case Z ′ and HomsSet0

(Si, Z ′) = HomsSet?(S
i, Z ′) are

Kan complexes in particular we have the isomorphisms:

πk
(
HomsSet?(S

i, Z ′)
) ∼= π0

(
HomsSet?

(
Sk,HomsSet?(S

i, Z ′)
))

∼= π0

(
HomsSet?(S

k+i, Z ′)
) ∼= πk+i(Z

′)∼= πk+i(Z) .

where the simplicial set HomsSet?(S
i, Z ′) is pointed by the constant map.

By definition Z is an S(n)-local object of
(
sSet0, ν

?W∞
)

if and only if the induced
map of simplicial sets:

HomsSet?(S
i, Z ′) = HomsSet0

(Si, Z ′) // HomsSet0
(∆0, Z ′) ∼= ∆0

is a weak homotopy equivalence for all i ≥ n + 1. Equivalently if for all i ≥ n + 1 and
k ≥ 0 we have that πk+i(Z) ∼= πk

(
HomsSet?(S

i, Z ′)
)

= 0.

If n ≥ −1 is a natural number denote by ∆≤n+1 the full subcategory of the simplex
category ∆ whose objects are the totally ordered sets [k] = {0 < · · · < k} for 0 ≤ k ≤ n+1.
The inclusion functor τn+1 : ∆≤n+1

� � // ∆ induce an adjunction:

sSet≤n+1 ⊥

τn+1∗

77

τ∗n+1

ww
sSet (5)
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where sSet≤n+1 is the category of presheaves of sets over ∆≤n+1. The functor τ ∗n+1 is just
the truncation functor and the composition τn+1∗ ◦ τ ∗n+1 = cskn+1 is the called (n + 1)-
coskeleton functor.

Let η : idsSet
+3 cskn+1 be a fixed unit of the adjunction (5). It can be shown that

if Z is a reduced Kan complex then cskn+1(Z) is also a reduced Kan complex such that

πi
(
cskn+1(Z)

)
= 0 for i ≥ n + 1 and the map ηZ : Z // cskn+1(Z) is a weak homotopy

n-equivalence (see [May, 1967], [Duskin, 2002] or [Cisinski, 2006]). In particular a map f
of reduced Kan complexes is a weak homotopy n-equivalence if and only if cskn+1(f) is a
weak homotopy ∞-equivalence.

It follows from Lemma 2.2 that if Z is a reduced Kan complex, then Z is an S(n)-local

object of
(
sSet0, ν

?W∞
)

if and only if the map ηZ : Z // cskn+1(Z) is a weak homotopy
∞-equivalence.

Notice finally that for Z and W arbitrary reduced simplicial sets the map:

HomsSet0

(
W, cskn+1(Z)

)
// HomsSet0

(
cskn+1(W ), cskn+1(Z)

)
(6)

induced from ηW : W // cskn+1(W ) is an isomorphism of simplicial sets.
Indeed the truncation functor τ ∗n+1 commutes with small colimis and limits, so for

k ≥ 0 we have the natural isomorphisms:

HomsSet0

(
W,cskn+1(Z)

)
k

= HomsSet0

(
W∧∆k

+,cskn+1(Z)
)

= HomsSet

(
W∧∆k

+,cskn+1(Z)
)

∼= HomsSet≤n+1

(
τ∗n+1(W )∧τ∗n+1(∆k)+,τ∗n+1(Z)

)
and

HomsSet0

(
cskn+1(W ),cskn+1(Z)

)
k

= HomsSet0

(
cskn+1(W )∧∆k

+,cskn+1(Z)
)

= HomsSet

(
cskn+1(W )∧∆k

+,cskn+1(Z)
)

∼= HomsSet≤n+1

(
τ∗n+1(cskn+1(W ))∧τ∗n+1(∆k)+,τ∗n+1(Z)

)
.

In the same way it is possible to proof that the map:

HomsSet0

(
W, cskn+1(Z)

) ηHom(W,cskZ) // cskn+1

(
HomsSet0

(
W, cskn+1(Z)

))
(7)

is also an isomorphism of simplicial sets.

2.3. Lemma. A map f : X // Y of reduced simplicial sets is an S(n)-local equivalence
of the model category

(
sSet0, ν

?W∞
)

if and only if f is a weak homotopy n-equivalence.

Proof. Let f : X // Y be a map of reduced simplicial sets. We can suppose that X and
Y are Kan complexes. According to the isomorphism (6) it follows that f is an S(n)-local
equivalence of the model category

(
sSet0, ν

?W∞
)

if and only if, for every reduced Kan
complex Z the map of simplicial sets:

HomsSet0

(
cskn+1(Y ), cskn+1(Z)

) cskn+1(f)∗ // HomsSet0

(
cskn+1(X), cskn+1(Z)

)
(8)
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is a weak homotopy ∞-equivalence.
If the map f is a weak homotopy n-equivalence we have that cskn+1(f) is a weak

homotopy ∞-equivalence between reduced Kan complexes, then (8) is a weak homotopy
∞-equivalence for every reduced Kan complex Z i.e. f is an S(n)-local equivalence.

Reciprocally suppose f is an S(n)-local equivalenced of
(
sSet0, ν

?W∞
)
. We de-

duce from the weak homotopy ∞-equivalence (8) for Z = X that there exist a map

g : cskn+1(Y ) // cskn+1(X) of reduced simplicial sets such that the composition g ◦
cskn+1(f) is equal to the identity map of the object cskn+1(X) in the homotopy cate-
gory sSet0

[
(ν?W∞)−1

]
. In particular the functions:

[
cskn+1(Y ), cskn+1(X)

]red
∞

cskn+1(f)∗ // [
cskn+1(X), cskn+1(X)

]red
∞ ,

g∗
oo

where
[
,
]red
∞ denote the set of morphisms in the homotopy category sSet0

[
(ν?W∞)−1

]
,

verify that the function cskn+1(f)∗ is a bijection and the function g∗ is the right in-
verse of cskn+1(f)∗. Then g∗ is a also the left inverse of cskn+1(f)∗ so the composition
cskn+1(f)◦g is equal to the identity map of the object cskn+1(Y ) in the homotopy category
sSet0

[
(ν?W∞)−1

]
.

Therefore cskn+1(f) is a weak homotopy ∞-equivalence i.e. f is a weak homotopy
n-equivalence.

Notice that for 0 ≤ n ≤ ∞ the adjunction µ a H in (1) is a Quillen adjunction
between the model category

(
sSet0, ν

?Wn

)
of the Proposition 2.1 and the model category

(sSet?, π
?Wn) whose underlying category is the category of pointed simplicial sets, the

weak equivalences are the weak homotopy n-equivalences and the cofibrations are the
injections (see [Cisinski, 2006] or [Biedermann, 2008] for the unpointed model category).

Furthermore it is not difficult to see that the induced adjunction:

sSet0

[
(ν?Wn)−1

]
⊥

Lµ
((

RH
hh sSet?

[
(π?Wn)−1

]
(9)

induce in turn an equivalence between the category sSet0

[
(ν?Wn)−1

]
and the full sub-

category of the category sSet?
[
(ν?Wn)−1

]
whose objects are the connected and pointed

simplicial sets.

2.4. In this paragraph we shall prove the next characterization of the fibrations between
fibrant objects of the model category of the Proposition 2.1:

2.5. Proposition. Let 0 ≤ n ≤ ∞. In the model category
(
sSet0, ν

?Wn

)
a map

f : X // Y between fibrant objects is a fibration, if and only if it satisfies the right lifting
property with respect to the maps of the set:

J0 =

{
Λm,k/Λm,k

0
� � // ∆m/∆m

0

∣∣∣∣ m ≥ 2 , 0 ≤ k ≤ m

}
. (10)
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Since
(
sSet0, ν

?Wn

)
is a left Bousfield localisation of

(
sSet0, ν

?W∞
)
, it follows from

Proposition 3.4.16 of [Hirschhorn, 2002] that a map f : X // Y between two fibrant
objects of

(
sSet0, ν

?Wn

)
is a fibration of

(
sSet0, ν

?Wn

)
if and only if it is a fibration of(

sSet0, ν
?W∞

)
.

So to prove the Proposition 2.5 it suffices to show that a map f : X // Y between
reduced Kan complexes is a fibration of

(
sSet0, ν

?W∞
)

if and only if it verifies the right
lifting property with respect to the maps in the set (10).

Let A be the set of maps of reduced simplicial sets f : X // Y such that X and Y
are Kan complexes and f verifies the right lifting property with respect to the maps in the
set J0 of (10). It follows by a standard method (see the Lemma 2.1 of [Stanculescu, 2014])
that to get our aim we just need to show that the elements of J0 are trivial cofibrations
of
(
sSet0, ν

?W∞
)

and that the maps in A ∩ ν?W∞ are fibrations of
(
sSet0, ν

?W∞
)
.

2.6. Lemma. The maps in (10) are injections and homotopy weak ∞-equivalences.

Proof. Clearly the induced map A/A0
// B/B0 is an injection of reduced simplicial

sets for every injection of simplicial sets A // B . On the other hand consider for m ≥ 2
and 0 ≤ k ≤ m the cube:

Λm,k
0

{{

// Λm,k

vv

��
? // Λm,k/Λm,k

0

��
∆m

0

zz

// ∆m

vv
? // ∆m/∆m

0

and notice that the top and bottom pushout squares are actually homotopy pushout
squares in the usual model category of simplicial sets (sSet,W∞), where the weak equiv-
alences are the weak homotopy ∞-equivalences and the cofibrations are the injections.
Indeed the canonical map A0

// A is always a injection of simplicial sets (see for example
the Proposition A.2.4.4 of [Lurie, 2009]).

We conclude that for m ≥ 2 and 0 ≤ k ≤ m the map Λm,k/Λm,k
0
� � // ∆m/∆m

0 is a

weak homotopy∞-equivalence because Λm,k � � // ∆m is a weak homotopy∞-equivalence
for m ≥ 1 and 0 ≤ k ≤ m .

Notice that the trivial fibrations of
(
sSet0, ν

?W∞
)

between Kan complexes are ac-
tually Kan fibrations (see the Corollary 6.9 of [Goerss, Jardine, 1999]). We shall then
prove:

2.7. Lemma. Let f : X // Y be a map in A. If the induced function of fundamental

groups f? : π1(X) // π1(Y ) is surjective, then f is a Kan fibration.
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Proof. We just need to prove that f verifies the right lifting property with respect to

the map ? �
� // ∆1/∆1

0 ; that is to say that the function f1 : X1
// Y1 is surjective.

Let y ∈ Y1. We deduce from the combinatorial definition of the fundamental group of
a Kan complex and the surjectivity of the function f? : π1(X) // π1(Y ) that there exist

x ∈ X1 and η ∈ Y2 such that d2(η) = f1(x), d1(η) = y and d0(η) = ?.

Consider the only map of simplicial sets η′ : Λ2,1/Λ2,1
0

// X verifying the conditions:

∆1

x

**
δ2
// Λ2,1

quotient
// Λ2,1/Λ2,1

0 η′
// X and ∆1

?

**
δ0
// Λ2,1

quotient
// Λ2,1/Λ2,1

0 η′
// X ;

so we have a commutative square:

Λ2,1/Λ2,1
0

η′ //

��

X

f
��

∆2/∆2
0 η

// Y .

(11)

Let ξ : ∆2/∆2
0

// X be a lifting of the square (11). We deduce that f1(d1ξ) =

d1(f2ξ) = d1(η) = y.

2.8. Let ssSet be the category of bisimplicial sets (see for exemple [Goerss, Jardine,
1999]). A reduced bisimplicial set is a bisimplicial set X such that Xp,• is a reduced
simplicial set for every p ≥ 0. Denote by ssSet0 the full subcategory of ssSet whose
objects are the reduced bisimplicial sets.

If 0 ≤ n ≤ ∞ we call a map f : X // Y in ssSet0 a diagonal weak homotopy n-
equivalences if the induced map of reduced simplicial sets d(f) = diag(f) defined by
d(f)k = fk,k for every k ≥ 0, is a weak homotopy n-equivalences.

2.9. Proposition. For 0 ≤ n ≤ ∞, the category ssSet0 of reduced bisimplicial sets
supports a letf proper, combinatorial and simplicial model category structure denoted by(
ssSet0, d

?Wn,Hom(1)
)

where the weak equivalences are the diagonal weak homotopy n-
equivalences, the cofibrations are the injections and the simplicial enrichment is given by:

Hom
(1)
ssSet0

(
X, Y

)
m

= HomssSet0

((
X × p∗1(∆m)

)/(
?×p∗1(∆m)

)
, Y
)

∼= HomssSet

(
X × p∗1(∆m), Y

) (12)

where p∗1(K)p,q = Kp for every simplicial set K.

Proof. Since the category ssSet0 is isomorphic to the category of functors
(
sSet0

)∆op

we deduce from [Dugger, 2001] and the Proposition 2.1 that there is a left proper, combi-
natorial and simplicial model category structure on ssSet0 called the universal simplicial
replacement of the model category

(
sSet0, ν

?Wn

)
. We shall prove that this universal

simplicial replacement is
(
ssSet0, d

?Wn,Hom(1)
)
.
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By definition it is a Bousfield localization of the Reedy model category
(
ssSet0,W

Rdy
n

)
whose weak equivalences are the maps f : X // Y verifying that fp,• is a weak homotopy

n-equivalences for every p ≥ 0, and the cofibrations are the maps f : X // Y such that
for every p ≥ 0 the dashed arrow in the following pushout diagram of sSet0:

colim Xm,•

colim fm,•
��

// Xp,•

��
fp,•

��

colim Ym,• //

11

colim Ym,•
⊔

colim Xm,•

Xp,•

**
Yp,•

(13)

is an injection of reduced simplicial sets, where the colimits colim Xm,• and colim Ym,•
are calculated in the category sSet0 and defined over the full subcategory of [p]

∣∣∆ whose
objects are the non-identity surjections [p]→ [m].

It follows in particular that the cofibrations are the injections of reduced bisimplicial
sets. Indeed all the colimits in the diagram (13) (including the pushout) can be calculated
in the category sSet because they are all defined over small connected categories.

On the other hand consider the functors:

ssSet0
d // sSet0 , sSet0

r // ssSet0 and sSet0
k // ssSet0 (14)

where d is the diagonal functor for reduced bisimplicial sets d(X)k = Xk,k, the functor r
is a right adjoint of d defined for example by:

r(A)p,q = HomsSet0

(
(∆p ×∆q)/(∆p ×∆q

0), A
)

=
(
A∧∆p)

q
(see (3))

and k is the constant diagram functor defined by k(A)p,q = Aq.
We find that k

(
ν?Wn

)
⊆ WRed

n , the functor d preserves the injections and that
d
(
WRdy

n

)
⊆ ν?Wn (see the Corollary 2.3.17 and the Theorem 1.4.3 from [Cisinski,

2006]). In particular d a r is a Quillen adjuntion with respect to the model categories(
ssSet0,W

Rdy
n

)
and

(
sSet0, ν

?Wn

)
and there exist functors k̃ and d̃ making commutative

the following diagrams:

sSet0

��

k // ssSet0

��

sSet0

[(
ν?Wn

)−1]
k̃

// ssSet0

[(
WRdy

n

)−1] and

ssSet0

��

d // sSet0

��

ssSet0

[(
WRdy

n

)−1]
d̃

// sSet0

[(
ν?Wn

)−1]
.

Furthermore we have a natural transformation η : r +3 k : sSet0
// ssSet0 defined

for a reduced simplicial set A and p ≥ 0 as the map:(
ηA
)
p,• : r(A)p,• = A∧∆p A∧δ // A∧∆0 ∼= k(A)p,• where δ = δ0 ◦ · · · ◦ δ0︸ ︷︷ ︸

p

: ∆0 // ∆p .
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It follows in particular that ηA is an element of WRdy
n if the reduced simplicial set A

is a Kan complex. Hence we have an adjunction:

ssSet0

[(
WRdy

n

)−1]
⊥

d̃
((

k̃

hh sSet0

[(
ν?Wn

)−1]
,

that is to say d̃ is a homotopy colimit functor in the model category
(
sSet0, ν

?Wn

)
of

diagrams over ∆op.
Finally notice that the canonical simplicial enrichment of the category ssSet0

∼=(
sSet0

)∆op

of simplicial objects of sSet0 is defined by Hom(X, Y )m = HomssSet0

(
X ⊗

∆m, Y
)

where:(
X ⊗∆m

)
p,q

=
(⊔

∆m
p

Xp,q

)/(⊔
∆m
p

?
)
∼=
(
Xp,q ×∆m

p

)/(
?×∆m

p

)
.

So
(
ssSet0, d

?Wn,Hom(1)
)

is the universal simplicial replacement of the model cate-
gory

(
sSet0, ν

?Wn

)
.

For the next statement recalls that for every K and L simplicial sets we denote K�L
the bisimplicial set p∗1K × p∗2L where p∗1(K)p,q = Kp and p∗2(L)p,q = Lq.

2.10. Corollary. Let 0 ≤ n ≤ ∞. A reduced bisimplicial set X is a fibrant object of
the model category

(
ssSet0, d

?Wn

)
of the Proposition 2.9 if and only if for every map

ϕ : [p] // [p′] of the simplex category ∆ the induced map ϕ∗ : Xp′,• // Xp,• is a weak

homotopy n-equivalence of reduced simplicial sets and for every p ≥ 0 the map:

Hom
(2)
ssSet

(
p∗1∆p, X

)
// Hom

(2)
ssSet

(
p∗1∂∆p, X

)
(15)

is a fibration of the model category
(
sSet0, ν

?Wn

)
, where:

Hom
(2)
ssSet

(
Z,X

)
q

: = HomssSet

(
Z × p∗2(∆q), X

)
.

In particular X is a fibrant object of the model category
(
ssSet0, d

?Wn

)
if it satisfies

the following properties:

1. For every map ϕ : [p] // [p′] of the simplex category ∆ the induced map of reduced

simplicial sets ϕ∗ : Xp′,• // Xp,• is a weak homotopy n-equivalence.

2. For p ≥ 0, q ≥ 2 and 0 ≤ k ≤ q the function:

HomssSet

(
∆p � ∆q, X

)
// HomssSet

(
∆p � Λq,k, X

)
(16)

is surjective if 2 ≤ q ≤ n and bijective if q ≥ n+ 1.
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3. For p ≥ n+ 1 and q ≥ 1 the function:

HomssSet

(
∆p � ∆q, X

)
// HomssSet

(
∂∆p � ∆q, X

)
(17)

is bijective.

4. For 2 ≤ p ≤ n, 2 ≤ q ≤ n and 0 ≤ k ≤ q the function:

HomssSet

(
∂∆p � ∆q, X

)
// HomssSet

(
∂∆p � Λq,k, X

)
(18)

is surjective.

5. For 1 ≤ p ≤ n, 2 ≤ q ≤ n and 0 ≤ k ≤ q the function:

HomssSet

(
∆p�∆q ,X

)
// HomssSet

(
∂∆p�∆q ,X

)
×

Hom

(
∂∆p�Λq,k,X

)HomssSet

(
∆p�Λq,k,X

)
(19)

is surjective.

Proof. For the first part recall from [Dugger, 2001] that a reduced bisimplicial set X
is a fibrant object of the model category

(
ssSet0, d

?Wn

)
if and only if for every map

ϕ : [p] // [p′] of the simplex category ∆ the induced map ϕ∗ : Xp′,• // Xp,• is a weak

homotopy n-equivalence of reduced simplicial sets and X is a fibrant object of the model
category

(
ssSet0,W

Rdy
n

)
.

On the other hand a reduced bisimplicial set X is a fibrant object in
(
ssSet0,W

Rdy
n

)
if and only if for every p ≥ 0 the following map is a fibration

(
sSet0, ν

?Wn

)
:

Xp,• // lim
[m]→[p]

inj non id

Xm,• . (20)

From the isomorphisms:(
lim Xm,•

)
q
∼= lim Xm,q

∼= HomssSet

((
lim ∆m

)
� ∆q, X

)
∼= HomssSet

(
∂∆p � ∆q, X

)
,

we deduce that X is a fibrant object of
(
ssSet0,W

Rdy
n

)
if and only if for every p ≥ 0 the

map (15) is a fibration of
(
sSet0, ν

?Wn

)
.

For the second part note that conditions 2-5 imply that (15) is a map between fibrant
objects of the model category

(
sSet0, ν

?Wn

)
of the Proposition 2.1 verifying the right

lifting property with respect to the maps of the set J0 of (10) for every p ≥ 0. Then (15)
is a fibration of

(
sSet0, ν

?Wn

)
according to Proposition 2.5.
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It is not difficult to show that for 0 ≤ n ≤ ∞ the adjunctions:

ssSet0 ⊥

( · )0,•

66

k
vv

sSet0 and ssSet0 ⊥

d
((

r

hh sSet0 (21)

where d, r and k are the functors (14) are Quillen equivalences between the model category
of the Propositions 2.9 and 2.1 (see also the adjuntion (9)).

3. The geometric nerve for 2-groups

Recall that a monoidal category (see for exemple [Borceux, 1994] or [Joyal, Street, 1993])
is a category M equipped with a functor ⊗ : M×M //M , a distinguished object 1
and natural isomorphisms:{

(X⊗Y )⊗Z
aX,Y,Z // X⊗(Y⊗Z)

}
X,Y,Z

,
{
X

lX // 1⊗X

}
X

and
{
X

rX // X⊗1

}
X

;

such that the following diagrams are commutative:(
(W⊗X)⊗Y

)
⊗Z

a //

a⊗Z ��

(W⊗X)⊗(Y⊗Z)
a // W⊗

(
X⊗(Y⊗Z)

)
(
W⊗(X⊗Y )

)
⊗Z a

// W⊗
(

(X⊗Y )⊗Z
)W⊗a

OO
and

(X⊗1)⊗Y
aX,1,Y // X⊗(1⊗Y )

X⊗Y
X⊗lY

66

rX⊗Y

hh

(22)
for every objects X, Y , Z and W of M.

If A and B are objects of a monoidal category it follows that the triangles:

(A⊗B)⊗1
aA,B,1 // A⊗(B⊗1)

A⊗B
rA⊗B

gg

A⊗rB

77 and

A⊗B
lA⊗B

''
lA⊗B
ww

(1⊗A)⊗B a1,A,B
// 1⊗(A⊗B)

are commutative. Even more we can show that l1 = r1 (see [Joyal, Street, 1993] or [Kelly,
1964]).

A normal lax monoidal functor of monoidal categories is a functor F : M // N
satisfying F

(
1M
)

= 1N equipped with a natural transformation:{
F (X)⊗ F (Y )

mFX,Y // F (X ⊗ Y )
}
X,Y

(23)

such that the following diagrams are commutative:

F
(

(X⊗Y )⊗Z
)

Fa ��

F (X⊗Y )⊗FZ
mFoo (FX⊗FY )⊗FZ

a
��

mF⊗FZoo

F
(
X⊗(Y⊗Z)

)
FX⊗F (Y⊗Z)

mF
oo FX⊗(FY⊗FZ)

FX⊗mF
oo

and

1⊗FX

mF1,X
��

FX⊗1

mFX,1
��

FX

lFXii rFX 55

FrX
))

FlX
uu

F (1⊗X) F (X⊗1)

(24)
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for all objects X, Y and Z of M.
The small monoidal categories and the normal lax monoidal functors form in a canon-

ical way a pointed category cat⊗Nlax. There is a (strict) 2-category cat⊗Nlax whose under-
lying category is cat⊗Nlax and the 2-arrows are the monoidal natural transformations of

normal lax monoidal functors, defined as the natural transformations η : F +3 G between
the underlying functors F,G : M // N such that η1M = id1N and that the following
diagram is commutative:

FX⊗FY

mFX,Y ��

ηX⊗ηY // GX⊗GY

mGX,Y��
F (X⊗Y ) η(X⊗Y )

// G(X⊗Y )

(25)

for all objects X and Y of M.

It is not difficult to show that the forgetful 2-functor cat⊗Nlax
// cat to the 2-category

of small categories, functors and natural transformations reflects the internal equivalences
and the isomorphisms.

3.1. We call an object X in a monoidal category M invertible if it verifies one of the
following equivalent conditions:

1. The functorsX⊗• : M //M and •⊗X : M //M are equivalences of categories.

2. There exist objects X ′ and X ′′ and isomorphisms X ′ ⊗X αX
∼=
// 1 X ⊗X ′′βX

∼=
oo ofM.

3. There exist an object X ′ and isomorphisms X ′ ⊗X αX
∼=
// 1 X ⊗X ′βX

∼=
oo of M.

A 2-group is a monoidal category whose underlying category is a groupoid and in
which all objects are invertible.

3.2. Lemma. Let M be a monoidal category whose underlying category is a groupoid,
then M is a 2-group if and only if there exist a functor ι : M //M and natural iso-
morphisms: {

ι(X)⊗X αX
∼=
// 1 X ⊗ ι(X)

βX
∼=

oo
}
X
.

Proof. If M is a monoidal category whose underlying category is a groupoid, then it is
not difficult to prove (see for exemple [Baez, Lauda, 2004]) that M is a 2-group if and
only if there exist functors ιl : M //M and ιr : M //M and natural isomorphisms:{

ιl(X)⊗X αX
∼=
// 1 X ⊗ ιr(X)

βX
∼=

oo
}
X
.
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In this case note that there is a natural isomorphism η between the functors ιl and ιr.
Indeed for any object X of M we have:

ιl(X)

r
��

ηX // ιr(X)

ιl(X)⊗ 1

ιl(X)⊗β−1
X ��

1⊗ ιr(X)

l

OO

ιl(X)⊗
(
X ⊗ ιr(X)

)
a
//
(
ιl(X)⊗X

)
⊗ ιr(X)

αX⊗ιr(X)

OO

Then take ι = ιl, αX = αX and βX = βX ◦ (X ⊗ η).

Denote by 2-Grp the category of small 2-groups
(
resp. 2-Grp the 2-category of small

2-groups
)
, namely the full subcategory of cat⊗Nlax

(
resp. the full 2-subcategory of cat⊗Nlax

)
whose objects are the small 2-groups. The homotopy category of 2-groups denoted by 2-
hGrp is the category where the objects are the small 2-groups and the morphisms are the
isomorphism classes of objects of the groupoid of morphisms in the 2-category 2-Grp.

If G is a small 2-group then we denote by π0(G) the set of path components of G
namely the set of isomorphism classes of objects of G. The functor ⊗ induces on the
set π0(G) a group structure were the unit is the class of the object 1. We call π0(G) the
group of path components of G. We also denote by π1(G) the group of automorphisms of
the object 1 in the category G, which is always a commutative group, and we call it the
fundamental group of G. We have functors π0, π1 : 2-Grp //Grp .

A morphism of 2-groups F : G // G ′ is called a weak equivalence if it satisfies one of
the following equivalent conditions:

1. π0F and π1F are isomorphisms of groups.

2. The underlying functor of F is an equivalence of small categories.

3. F is an internal equivalence in the 2-category 2-Grp.

4. The image of F by the canonical functor 2-Grp // 2-hGrp is an isomorphism.

3.3. Remark. The 2-categories cat⊗Nlax and 2-Grp are both cotensored 2-categories.
Namely there are 2-functors:

catop × cat⊗Nlax
// cat⊗Nlax

(A,M) 7−→ MA
and

catop × 2-Grp // 2-Grp

(A,G) 7−→ GA
(26)

inducing 2-adjuntions:

(
cat⊗Nlax

)op ⊥

Hom
cat⊗

Nlax
( · ,M)

77

M ·

ww
cat and 2-Grpop ⊥

Hom2-Grp( · ,G)

77

G ·
ww

cat
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for every monoidal category M and every 2-group G.
Indeed let A be a small category and M be a monoidal category. The underlying

category of the monoidal categoryMA is by definition the category of functors and natural
transformations from A to the underlying category of the monoidal categoryM. On the
other hand using the 2-functor ( · )A : cat // cat we can pass the monoidal structure of

M into MA.
Explicitly if X ,Y : A //M are objects ofMA the product X ⊗Y : A //M is the

functor defined in an object A of A as XA⊗YA and in a morphism f of A as Xf⊗Yf . The
distinguished object 1 ofMA is equal to the constant functor with value the distinguished
object 1 of M. The natural isomorphisms:{

(X⊗Y)⊗Z
aX ,Y,Z // X⊗(Y⊗Z)

}
X ,Y,Z

,
{
X

lX // 1⊗X

}
X

and
{
X

rX // X⊗1

}
X

are defined for any objects X , Y and Z of MA and any object A of A as the morphisms
of M: (

XA⊗YA
)
⊗ZA

aXA,YA,ZA // XA⊗
(
YA⊗ZA

)
, XA

lXA // 1⊗XA and XA
rXA // XA⊗1 .

Notice that ifM = G is a 2-group then the monoidal category just defined GA is also
a 2-group because the category of functors GA is a groupoid and by the Lemma 3.2.

Let is consider ϕ : B // A and (F,mF ) : M // N a functor and a normal lax

monoidal functor respectively. The normal lax monoidal functor (Fϕ,mFϕ) : MA // N B
is given by the functor Fϕ = F ◦ − ◦ ϕ and the natural transformation:

{
Fϕ(X )⊗ Fϕ(Y)

mF
ϕ

X ,Y // Fϕ(X ⊗ Y)
}
X ,Y

defined in the objects X and Y of MA and the object B of B as the morphism:

F (XϕB)⊗ F (YϕB)
mFXϕB,YϕB // F (XϕB ⊗ YϕB) .

Finally let α : F +3 G : B // A and η : (ϕ,mϕ) +3 (ψ,mψ) : M // N be a natural
transformation of functors and a monoidal natural transformation of normal lax monoidal
functors respectively. We define ηα : (Fϕ,mFϕ) +3 (Gψ,mGψ) as the the monoidal natural

transformation N α ? ηA = ηB ?Mα.
It is routine demonstrate that for any small category A and any small monoidal

categories M and N there is a natural isomorphism of categories:

Homcat

(
A,Homcat⊗Nlax

(N ,M)
)
∼= Homcat⊗Nlax

(
N ,MA) .
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3.3.1. Denote by ∆ the full 2-subcategory of cat whose objects are the totally ordered
sets [n] = {0 < · · · < n} for n ≥ 0. In other words ∆ is the 2-category whose underlying

category is the simplex category ∆ and where there exist a 2-arrow [n]

ϕ
))

ψ
55�� [m] if and

only if ϕ(i) ≤ ψ(i) for all 0 ≤ i ≤ n.
If G is a 2-group, consider the 2-functor G• : ∆op // 2-Grp induced by the exponen-

tiation (26).

3.4. Lemma. Let G be a 2-group and ϕ : [n] // [m] be a morphism of the simplex category

∆. Then the induced morphism ϕ? : G [m] // G [n] is a weak equivalence of 2-groups.

Proof. Every morphism ϕ : [n] // [m] is the simplex category ∆ is equal to a compo-
sition of the form ϕ = δjm−n+k

◦ · · · ◦ δj1 ◦ σik ◦ · · · ◦ σi1 where δj and σi are the faces and
degeneracy maps. So we just need to verify the statement for the maps δj and σi for all
0 ≤ i ≤ k and 0 ≤ j ≤ k + 1.

Notice that for 0 ≤ i ≤ k we have the equality σi ◦ δi = id[k]. On the other hand, there
is a 2-arrow id[k+1] ⇒ δi ◦ σi of the 2-category ∆ for 0 ≤ i ≤ k, because a ≤ δi ◦ σi(a) if
0 ≤ a ≤ n+1. Then the induced morphisms δ?j and σ?i are internal equivalences in 2-Grp
for 0 ≤ i, j ≤ k.

Finally to show that δ?k+1 : G [k+1] // G [k] is an internal category in 2-Grp, notice
that σk ◦ δk+1 = id[k] and that there exists a 2-arrow δk+1 ◦ σk ⇒ id[k+1] of the 2-category
∆.

3.5. Let M be a monoidal category and q ≥ 0 be a natural number. A q-simplex of M
is a pair (X,α) where:

X =
{
Xij

∣∣∣ 0 ≤ i < j ≤ q
}

and α =
{
αijk : Xij ⊗Xjk

// Xik

∣∣∣ 0 ≤ i < j < k ≤ q
}

are families of objects and morphisms of M respectively, such that:

Xil Xij ⊗Xjl

αijloo

Xij ⊗
(
Xjk ⊗Xkl

)Xij⊗αjkl
OO

a ∼ =

Xik ⊗Xkl

αikl

OO

(
Xij ⊗Xjk

)
⊗Xklαijk⊗Xkl

oo

is a commutative diagram for every 0 ≤ i < j < k < l ≤ q.
Let Mq denote the set of q-simplices of M, there is a functor:

cat⊗Nlax ×∆op // Set(
M, [q]

)
7−→ Mq

(27)
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defined as follows: If ϕ : [q] // [q′] is a morphism of ∆ then the function ϕ∗ : Mq′
//Mq

is defined as ϕ∗(X,α) = (Y, β) where:

Yij =

{
1G if ϕi = ϕj

Xϕiϕj if ϕi < ϕj
for 0 ≤ i < j ≤ q

and βijk =


l−1
Xϕiϕk

: 1⊗Xϕiϕk
// Xϕiϕk if ϕi = ϕj ≤ ϕk

r−1
Xϕiϕk

: Xϕiϕk ⊗ 1 // Xϕiϕk if ϕi ≤ ϕj = ϕk

αϕiϕjϕk : Xϕiϕj ⊗Xϕjϕk
// Xϕiϕk if ϕi < ϕj < ϕk

for 0 ≤ i < j < k ≤ q.
If (F,mF ) : M //M′ is a normal lax monoidal functor of monoidal categories and

q ≥ 0, then the function (F,mF )q : Mq
//M′

q is defined by (F,mF )q(X,α) = (Y, β)

where Yij = F (Xij) if 0 ≤ i < j ≤ q and:

βijk =

(
Yij ⊗ Yjk F (Xij)⊗ F (Xjk)

mFXij,Xjk // F (Xij ⊗Xjk)
F (αijk)

// F (Xik) Yik

)
if 0 ≤ i < j < k ≤ q.

By adjunction we deduce from the functor (27) the geometric nerve functor for mo-
noidal categories :

cat⊗Nlax
N // sSet0 where N

(
M
)
q

= Mq . (28)

Explicitly for a monoidal category M the reduced simplicial set N
(
M) has one 1-

simplex for each object of M. The set N
(
M)2 is identified with the set of morphisms

of M of the form α012 : X01 ⊗X12
// X02 and N

(
M)3 with the set of commutative

diagrams of M of the form:

X03 X01 ⊗X13
α013oo

X01 ⊗
(
X12 ⊗X23

)X01⊗α123

OO

a ∼ =

X02 ⊗X23

α023

OO

(
X01 ⊗X12

)
⊗X23 .α012⊗X23

oo

(29)

Additionally the i-face of the 3-simplex (29) is the 2-simplex αjkl where 0 ≤ j < k <

l ≤ 3 are different to i, and the i-face of the 2-simplex α012 : X01 ⊗X12
// X02 is the

1-simplex Xjk where 0 ≤ j < k ≤ 2 are different to i. On the other hand the degenerated
1-simplex s0(?) is equal to the object 1, the degenerated 2-simplices s0(X) and s1(X) are
the morphisms l−1

X and r−1
X respectively, and the degenerated 3-simplices s0(α012), s1(α012)
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and s2(α012) are the commutative diagrams:

X02 1⊗X02

l−1
X02oo

1⊗
(
X01⊗X12

)1⊗α012

OO

a ∼ =

X01⊗X12

α012

OO

(
1⊗X01

)
⊗X12

l−1
X01
⊗X12

oo

X02 X01⊗X12

α012oo

X01⊗
(

1⊗X12

)X01⊗l−1
X12

OO

a ∼ =

X01⊗X12

α012

OO

(
X01⊗1

)
⊗X12

r−1
X01
⊗X12

oo

and

X02 X01⊗X12

α012oo

X01⊗
(
X12⊗1

)X01⊗r−1
X12

OO

a ∼ =

X02⊗1

r−1
X02

OO

(
X01⊗X12

)
⊗1

α012⊗1
oo

respectively.
From the next statement we deduce that the functor (28) is equal to the nerve functor

for bicategories defined in [Duskin, 2002] when restricted to monoidal categories (i.e.
bicategories with just one object).

3.6. Lemma. The reduced simplicial set N
(
M
)

is weakly 2-coskeletal for every monoidal
category M; in other words the function:

HomsSet

(
∆q,N (M)

)
// HomsSet

(
∂∆q,N (M)

)
(30)

induced by the map ∂∆q � � // ∆q is a bijection for q ≥ 4 and an injection for q = 3.

Proof. For q = 3 the function (30) forgets the commutativity of the diagram (29), so it
is an injection. We should show that for q ≥ 4 the function:∏

s

δ∗s : Mq
//
∏

0≤s≤q
Mq−1

is the kernel in the category Set of the arrows:

∏
0≤s≤q

Mq−1

∏
t<t′

δ∗t ◦projt′

//

∏
t<t′

δ∗
t′−1
◦ projt

//
∏

0≤t<t′≤q
Mq−2 .

Explicitly giving a set of objects
{
Xs
ij

∣∣∣ 0 ≤ i < j ≤ q − 1 , 0 ≤ s ≤ q
}

of M and a

set of morphisms:{
αsijk : Xs

ij ⊗Xs
jk

// Xs
ik

∣∣∣ 0 ≤ i < j < k ≤ q − 1 , 0 ≤ s ≤ q
}
,

satisfying the following properties:
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1. For 0 ≤ i < j < k < l ≤ q − 1 and 0 ≤ s ≤ q we have a commutative diagram:

Xs
il Xs

ij ⊗Xs
jl

αsijloo

Xs
ij ⊗

(
Xs
jk ⊗Xs

kl

)Xs
ij⊗αsjkl
OO

a ∼ =

Xs
ik ⊗Xs

kl

αsikl

OO

(
Xs
ij ⊗Xs

jk

)
⊗Xs

kl ,αsijk⊗X
s
kl

oo

(31)

2. X t′

δta δtb
= X t

δt′−1a δt′−1b
for every 0 ≤ a < b ≤ q − 2 and 0 ≤ t < t′ ≤ q,

3. αt
′

δta δtb δtc
= αtδt′−1a δt′−1b δt′−1c

for every 0 ≤ a < b < c ≤ q − 2 and 0 ≤ t < t′ ≤ q;

we shall prove that there exist a unique set
{
Yxy

∣∣∣ 0 ≤ x < y ≤ q
}

of objects of M and

a unique set of morphisms:{
βxyz : Yxy ⊗ Yyz // Yxz

∣∣∣ 0 ≤ x < y < z ≤ q
}

which satisfy the following properties:

(iv) For 0 ≤ i < j < k < l ≤ q + 1 we have a commutative diagram:

Yil Yij ⊗ Yjl
βijloo

Yij ⊗
(
Yjk ⊗ Ykl

)Yij⊗βjkl
OO

a ∼ =

Yik ⊗ Ykl

βikl

OO

(
Yij ⊗ Yjk

)
⊗ Ykl .βijk⊗Ykl

oo

(v) Xs
ij = Yδsi δsj for every 0 ≤ i < j ≤ q and 0 ≤ s ≤ q + 1.

(vi) αsijk = βδsi δsj δsk for every 0 ≤ i < j < k ≤ q and 0 ≤ s ≤ q + 1.

Notice that since q ≥ 4 the properties (i), (v) and (vi) imply the property (iv) as well
as the uniqueness of the objects Yxy and the morphisms βxyz. Hence it is enough to prove
that the properties (ii) and (iii) imply the properties:

(vii) Xs
ij = Xs′

i′j′ for every 0 ≤ i < j ≤ q − 1, 0 ≤ i′ < j′ ≤ q − 1 and 0 ≤ s, s′ ≤ q such
that δsi = δs′i

′ and δsj = δs′j
′.

(viii) αsijk = αs
′

i′j′k′ for every 0 ≤ i < j < k ≤ q − 1, 0 ≤ i′ < j′ < k′ ≤ q − 1 and
0 ≤ s, s′ ≤ q such that δsi = δs′i

′, δsj = δs′j
′ and δsk = δs′k

′.

This is a consequence of the cases n = 0, 1 and q ≥ 4 of the next easy to prove
statement: Let q ≥ 2 and 0 ≤ n < q−1. Given natural numbers 0 ≤ i0 < · · · < in ≤ q−1,
0 ≤ i′0 < · · · < i′n ≤ q − 1 and 0 ≤ s < s′ ≤ q verifying that δs ik = δs′ i

′
k for every

0 ≤ k ≤ n, there exist numbers 0 ≤ a0 < · · · < an ≤ q − 2 such that δs′−1 ak = ik and
δs ak = i′k for every 0 ≤ k ≤ n.
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After some tedious calculations it follows from the Lemma 3.6 that the functor (28)
is full and faithful. We need the also well known property:

3.7. Corollary. For every 2-group G the reduced simplicial set N (G) is a Kan 2-group1;
in other words the function:

HomsSet

(
∆q,N (G)

)
// HomsSet

(
Λq,k,N (G)

)
(32)

induced by the map Λq,k � � // ∆q is a surjection for q = 2 and 0 ≤ k ≤ 2 and a bijection
for q ≥ 3 and 0 ≤ k ≤ q. In particular N (G) is a reduced Kan complex such that
πi
(
N (G)

)
= 0 for i ≥ 3.

Additionally a morphism of 2-groups F : G // G ′ is a weak equivalence if and only

if the morphism of reduced simplicial sets N (F ) : N
(
G
)

// N
(
G ′
)

is a weak homotopy

∞-equivalence, if and only if N (F ) is a weak homotopy 2-equivalence.

Proof. We can deduce form the Lemma 3.6 that the function (32) is bijective for q ≥ 5
and 0 ≤ k ≤ q (see for example the Lemma 1.7.1 of [Glenn, 1982]). It is easy to show
directly that (32) is a surjective function for q = 2 and 0 ≤ k ≤ 2 and that it is a bijective
function for q = 3 and 0 ≤ k ≤ 3. The function (32) is a bijection for q = 4 and 0 ≤ k ≤ 4
because it forgets the conmutativity of one face of a cube (see also [Duskin, 2002]).

For the second part note that we can easily construct natural isomorphisms:

2-Grp
πi+1(N ( · ))

++

πi( · )
33�� Grp for 0 ≤ i ≤ 1 ,

using that N (G) is a Kan complex for every 2-group G.

It follows from the Main Theorem of [Duskin, 2002] that a simplicial set X is a Kan
2-group if and only if it is isomorphic to the geometric nerve of some 2-group.

3.8. The geometrical 2-nerve functor for monoidal categories (or geometrical bi-nerve
functor) is the functor induced from the functors (26) and (27):

cat⊗Nlax
N 2

// ssSet0 where N 2
(
M
)
p,q

=
(
M[p]

)
q
. (33)

Explicitly if M is a monoidal category and p, q ≥ 0 are natural numbers, then the
set
(
M[p]

)
q

of (p, q)-simplices of the geometrical 2-nerve ofM is equal to the set of pairs

(X•, α•) where:

X• =
{
X•ij : [p] //M

∣∣∣ 0 ≤ i < j ≤ q
}

and

1For 0 ≤ n ≤ ∞ we call a simplicial set X a Kan n-groupoid or a n-hypergroupoid if the corresponding
function (32) for X is a surjection for 2 ≤ q ≤ n and 0 ≤ k ≤ q and a bijection for q ≥ n+1 and 0 ≤ k ≤ q
(see [Duskin, 2002]). A Kan n-group is a reduced simplicial set that is a Kan n-groupoid.
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α• =
{
α•ijk : X•ij ⊗X•jk +3 X•ik : [p] //M

∣∣∣ 0 ≤ i < j < k ≤ q
}

are families of functors and natural transformations respectively such that:

X•il X•ij ⊗X•jl
α•ijlks

X•ij ⊗
(
X•jk ⊗X•kl

)X•ij⊗α•jkl
KS

a ∼ =

X•ik ⊗X•kl

α•ikl

KS

(
X•ij ⊗X•jk

)
⊗X•klα•ijk⊗X

•
kl

ks

is a commutative diagram for 0 ≤ i < j < k < l ≤ q
If we define Mq as the category whose objects are the q-simplices (X,α) of M and

where a morphism f : (X,α) // (Y, β) is a family of morphisms of M:

f =
{
fij : Xij

// Yij

∣∣∣ 0 ≤ i < j ≤ q
}

such that the following diagram is commutative:

Xij ⊗Xjk

fij⊗fjk //

αijk
��

Yij ⊗ Yjk
βijk
��

Xik fik
// Yik

(34)

for 0 ≤ i < j < k ≤ q; then it can be easily proved that there is a bijection of sets:

N 2
(
M
)
p,q

=
(
M[p]

)
q
∼= Homcat

(
[p],Mq

)
(35)

which is natural in the object [p] of ∆op.
We are ready to prove:

3.9. Theorem. For every 2-group G the reduced bisimplicial set N 2
(
G
)

is a fibrant object
of the model category

(
ssSet0, d

?W2

)
of the Proposition 2.9.

Proof. We shall prove that the reduced bisimplicial set N 2
(
G
)

satisfies the properties
1-5 of the Corollary 2.10 for n = 2. First we note that 1 and 2 follow from Lemma 3.4
and Corollary 3.7.

On the other hand 3 is a consequence of the bijection (35) because we know that for
p ≥ 3 the function of totally ordered sets:⊔

0≤i≤p

δi :
⊔

0≤i≤p
[p− 1] // [p]

is the cokernel in cat of the arrows:

⊔
0≤j<k≤p

[p− 2]

⊔
0≤j<k≤p

(inck◦δj)
//⊔

0≤j<k≤p
(incj◦δk−1)

//
⊔

0≤i≤p
[p− 1] .
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To show that the property 4 of the Corollary 2.10 is satisfied we must prove that for
0 ≤ k ≤ 2 the function:

HomssSet

(
∂∆2 � ∆2,N 2(G)

)
// HomssSet

(
∂∆2 � Λ2,k,N 2(G)

)
(36)

induced from the inclusion Λ2,k � � // ∆2 is surjective.
Notice that the domain of (36) can be identified with the set of triplets (X•, α•, f •)

where:

X• =
{
Xs
ij

∣∣ 0 ≤ s ≤ 2 , 0 ≤ i < j ≤ 2
}
, α• =

{
αs : Xs

01 ⊗Xs
12

// Xs
02

∣∣ 0 ≤ s ≤ 2
}

and f • =
{
f stij : Xs

ij
// X t

ij

∣∣ 0 ≤ s < t ≤ 2 , 0 ≤ i < j ≤ 2
}

(37)

are families of objects and morphisms in M respectively:

X0
01 ⊗X0

12

f02
01⊗f02

12

��

α0
//

f01
01⊗f01

12

vv

X0
02

f01
02{{

f02
02

��

X1
01 ⊗X1

12 α1 //

f12
01⊗f12

12 ((

X1
02

f12
02 ##

X2
01 ⊗X2

12 α2
// X2

02 ,

(38)

verifying that αt ◦
(
f st01 ⊗ f st12

)
= f st02 ◦ αs for every 0 ≤ s < t ≤ 2. In the same way the

codomain of (36) is identified with the set of pairs (X•, f •) where:

X• =
{
Xs
ij

∣∣ 0 ≤ s ≤ 2 and ( k = i < j ≤ 2 or 0 ≤ i < j = k )
}

and

f • =
{
f stij : Xs

ij
// X t

ij

∣∣ 0 ≤ s < t ≤ 2 and ( k = i < j ≤ 2 or 0 ≤ i < j = k )
} (39)

are families of objects and morphisms of M respectively. The function (36) forgets the
following objects and morphisms:{

Xs
ij

∣∣ 0 ≤ s ≤ 2 , 0 ≤ i < j ≤ 2 and i, j 6= k
}
,{

f stij
∣∣ 0 ≤ s < t ≤ 2 and i, j 6= k

}
and

{
αs
∣∣ 0 ≤ s ≤ 2

}
,

as well as the relations αt ◦
(
f st01 ⊗ f st12

)
= f st02 ◦ αs for every 0 ≤ s < t ≤ 2.

From this description it is easy to show that the function (36) is surjective for k = 1.
It is surjective for k = 0, 2 by the Lemma 3.2.

To prove the property 5 we shall show that for 1 ≤ n ≤ 2 and 0 ≤ k ≤ 2 the function:

HomssSet

(
∆n�∆2,N 2(G)

)
��

HomssSet

(
∂∆n�∆2,N 2(G)

)
×

HomssSet(∂∆n�Λ2,k,N2(G))

HomssSet

(
∆n�Λ2,k,N 2(G)

)
(40)
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induced from the commutative square:

∆n ×∆2 ∆n × Λ2,k? _oo

∂∆n ×∆2
?�

OO

∂∆n × Λ2,k? _oo
?�

OO

is surjective.
Case n = 2: The domain of the function (40) is identified with the set of triplets

(X•, α•, f •) as in (37) such that αt ◦
(
f st01 ⊗ f st12

)
= f st02 ◦ αs for every 0 ≤ s < t ≤ 2 and

f 12
ij ◦f 01

ij = f 02
ij for every 0 ≤ i < j ≤ 2. In the same way the codomain of (40) is identified

with the set of triplets (X•, α•, f •) as in (37) satisfying that αt ◦
(
f st01⊗ f st12

)
= f st02 ◦αs for

every 0 ≤ s < t ≤ 2 and f 12
ij ◦ f 01

ij = f 02
ij for every 0 ≤ i < j ≤ 2 where i = k or j = k.

The function (40) forgets the relation f 12
ij ◦ f 01

ij = f 02
ij where i 6= k 6= j.

It follows that (40) is bijection for k = 1 because G is a groupoid. We deduce that it
is bijective for k = 0, 2 from the following easy to prove property: If f : X // Y and

ξ : X ⊗X ′ // Y ⊗ Y ′ are morphisms of a 2-group G, there exists a unique morphism

f ′ : X ′ // Y ′ such that f ⊗ f ′ = ξ.
Case n = 1: The domain of (40) is identified with the set of commutative squares of

the type:

X2 ⊗X0

ϕ2⊗ϕ0
��

f // X1

ϕ1
��

Y2 ⊗ Y0 g
// Y1 ;

(41)

and the codomain with the set whose elements are the given by six morphism of G as
follows:

X2 ⊗X0
f // X1 , Y2 ⊗ Y0

g // Y1 , Xi
ϕi // Yi and Xj

ϕj // Yj

where 0 ≤ i < j ≤ 2 and i, j 6= k. The function (40) forgets the morphism ϕk; then (40)
is actually a bijection for 0 ≤ k ≤ 2.

We want to show that the geometrical 2-nerve functor (33) is full and faithful. For that
propose let is begin by proving that for every monoidal category M the bisimplicial set
N 2(M) has an analogous property to that established in the Lemma 3.6 for the simplicial
set N (M):

3.10. Let ∆×
3

∆ be the full subcategory of the product category ∆×∆ whose objects

are the pairs of totally ordered sets
(
[k], [l]

)
such that 0 ≤ k + l ≤ 3. If we denote by

ssSet≤3 the category of presheaves of sets over ∆×
3

∆, then we obtain from the inclusion

functor τ3 : ∆×
3

∆ �
� // ∆×∆ an adjunction:

ssSet≤3 ⊥

τ3∗

77

τ∗3
ww

ssSet (42)
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where the functor τ ∗3 is just the truncation functor and τ3∗ is a Kan extension which in
this case is full and faithful.

Given a unit η of the adjunction (42) and a bisimplicial set X, it can be proved that

the map of bisimplicial sets ηX : X // τ3∗ ◦ τ ∗3 (X) is an isomorphism if and only if the
square:

HomssSet

(
∆p�∆q , X

)
//

��

HomssSet

(
∂∆p�∆q , X

)
��

HomssSet

(
∆p� ∂∆q , X

)
// HomssSet

(
∂∆p� ∂∆q , X

)
(43)

induced from the diagram of bisimplicial sets:

∆p � ∆q ∂∆p � ∆q? _oo

∆p � ∂∆q
?�

OO

∂∆p � ∂∆q? _oo
?�

OO (44)

is a cartesian square for every p, q ≥ 0 such that p+ q > 3.
Let is prove that the bisimplicial set N 2(M) has this property for every monoidal

categoryM. Indeed it follows from Lemma 3.6 and the bijections (35) that if X = N 2(M)
then the square (43) is cartesian for the pairs (p, q) such that p ≥ 3 or q ≥ 4. We should
show that (43) is a cartesian square for the pairs (2, 2), (1, 3) and (2, 3).

Case (p, q) = (2, 2): We have that HomssSet

(
∂∆2 � ∂∆2, N 2(M)

)
can be identified

with the set of pairs
(
X•, f •

)
where:

X• =
{
Xs
ij

∣∣ 0 ≤ s ≤ 2 , 0 ≤ i < j ≤ 2
}

and (45)

f • =
{
f stij : Xs

ij
// X t

ij

∣∣ 0 ≤ s < t ≤ 2 , 0 ≤ i < j ≤ 2
}
.

are families of objects and morphisms of M respectively. HomssSet

(
∆2 � ∂∆2, N 2(M)

)
with the subset of HomssSet

(
∂∆2� ∂∆2, N 2(M)

)
whose elements satisfy that f 12

ij ◦f 01
ij =

f 02
ij for every 0 ≤ i < j ≤ 2. As in the poof of the Theorem 3.9 HomssSet

(
∂∆2 �

∆2, N 2(M)
)

can be identified with the set of triplets
(
X•, α•, f •

)
as in (37) such that

αt ◦
(
f st01 ⊗ f st12

)
= f st02 ◦ αs for every 0 ≤ s < t ≤ 2, and HomssSet

(
∆2 � ∆2, N 2(M)

)
with the subset of HomssSet

(
∂∆2� ∆2, N 2(M)

)
whose elements satisfy additionally that

f 12
ij ◦ f 01

ij = f 02
ij for every 0 ≤ i < j ≤ 2.

In this case the horizontal functions of the square (43) are just inclusions and the
verticals ones forget the family α• and the relations αt ◦

(
f st01 ⊗ f st12

)
= f st02 ◦ αs for every

0 ≤ s < t ≤ 2. Then (43) is a cartesian square for (p, q) = (2, 2).
Case (p, q) = (1, 3): The set of morphisms HomssSet

(
∂∆1 � ∂∆3, N 2(M)

)
can be

identify with the set of pairs
(
X•, α•

)
where:

X• =
{
Xs
ij

∣∣ 0 ≤ s ≤ 1 , 0 ≤ i < j ≤ 3
}

and (46)

α• =
{
αsijk : Xs

ij ⊗Xs
jk

// Xs
ik

∣∣ 0 ≤ s ≤ 1 , 0 ≤ i < j < k ≤ 3
}
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are families of objects and morphisms of M respectively. HomssSet

(
∂∆1 � ∆3, N 2(M)

)
with the subset of HomssSet

(
∂∆1 � ∂∆3, N 2(M)

)
of such pairs

(
X•, α•

)
satisfying that

for every 0 ≤ s ≤ 1 the diagram (31) is commutative where i = 0, j = 1, k = 2 and
l = 3. HomssSet

(
∆1 � ∂∆3, N 2(M)

)
can be identify with the set of triplets

(
X•, α•, f•

)
where

(
X•, α•

)
is a pair like in (46) and f• =

{
fij : X0

ij
// X1

ij

∣∣ 0 ≤ i < j ≤ 3
}

is

a family of morphisms of M such that α1
ijk ◦

(
fij ⊗ fjk

)
= fik ◦ α0

ijk for every 0 ≤ i <

j < k ≤ 3. And finally HomssSet

(
∆1 � ∆3, N 2(M)

)
can be identify with the subset of

HomssSet

(
∆1� ∂∆3, N 2(M)

)
whose elements verify additionally that for every 0 ≤ s ≤ 1

the diagram (31) is commutative where i = 0, j = 1, k = 2 and l = 3.
In the diagram (43) the verticals functions are just inclusions and the horizontals ones

forgets the family of morphisms f• together with the relations α1
ijk ◦

(
fij⊗fjk

)
= fik ◦α0

ijk

for every 0 ≤ i < j < k ≤ 3. We conclude that (43) is a cartesian square for (p, q) = (1, 3).
Case (p, q) = (2, 3): In this case we see that HomssSet

(
∂∆2 � ∂∆3, N 2(M)

)
can be

identified with the set of triplets
(
X•, α•, f •

)
where:

X• =
{
Xs
ij

∣∣ 0 ≤ s ≤ 2 , 0 ≤ i < j ≤ 3
}
, (47)

α• =
{
αsijk : Xs

ij ⊗Xs
jk

// Xs
ik

∣∣ 0 ≤ s ≤ 2 , 0 ≤ i < j < k ≤ 3
}

and f • =
{
f stij : Xs

ij
// X t

ij

∣∣ 0 ≤ s < t ≤ 2 , 0 ≤ i < j ≤ 3
}

are families of objects and morphisms of M respectively, such that αtijk ◦
(
f stij ⊗ f stjk

)
=

f stik ◦ αsijk for every 0 ≤ s < t ≤ 2 and 0 ≤ i < j < k ≤ 3. HomssSet

(
∂∆2 � ∆3, N 2(M)

)
with the subset of HomssSet

(
∂∆2� ∂∆3, N 2(M)

)
whose elements make the diagram (31)

commute for every 0 ≤ s ≤ 2 where i = 0, j = 1, k = 2 and l = 3, and HomssSet

(
∆2 �

∂∆3, N 2(M)
)

with the subset of HomssSet

(
∂∆2 � ∂∆3, N 2(M)

)
whose elements verify

that f 12
ij ◦ f 01

ij = f 02
ij for every 0 ≤ i < j ≤ 3.

Such HomssSet

(
∆2� ∆3, N 2(M)

)
can be identified with the subset of HomssSet

(
∂∆2�

∂∆3, N 2(M)
)

whose elements verify the identity f 12
ij ◦ f 01

ij = f 02
ij for every 0 ≤ i < j ≤ 3

and that the diagram (31) is commutative for every 0 ≤ s ≤ 2 where i = 0, j = 1, k = 2
and l = 3, it follows that (43) is a cartesian square for (p, q) = (2, 3).

Let is note finally that for the pairs (0, 3), (1, 2), (2, 1) and (3, 0) the function:

HomssSet

(
∆n�∆n,N 2(G)

)
��

HomssSet

(
∂∆n�∆n,N 2(G)

)
×

HomssSet(∂∆n�∂∆n,N2(G))

HomssSet

(
∆n�∂∆n,N 2(G)

)
(48)

induced from (44) is an injection. Indeed for the pairs (3, 0) it is trivially a bijection and
for the pairs (0, 3), (1, 2) and (2, 1) the function (48) just forgets the commutativity of
some diagrams, then is an injection.

We then have:
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3.11. Lemma. The geometrical 2-nerve functor N 2 : cat⊗Nlax
// ssSet0 from (33) is full

and faithful.

Proof. Recall that N : cat⊗Nlax
// sSet0 the geometric nerve functor (28) is full and

faithful. It follows that the functor N 2 is faithful because N 2(M)0,q = N (M)q for every
monoidal category M and every q ≥ 0.

Moreover given a morphism of bisimplicial sets ϕ : N 2(M) // N 2(M′) there existe a

normal lax monoidal functor F : M //M′ such that N 2(F )0,q = ϕ0,q for every q ≥ 0. It
follows from the property proved before this Lemma that to show the equality N 2(F ) = ϕ
we just need to verify that N 2(F )1,1(α) = ϕ1,1(α) for every morphism α : X // Y ofM.

Firs notice that N 2(F )1,1(sh0X) = sh0 ◦ N 2(F )0,1(X) = sh0 ◦ ϕ0,1(X) = ϕ1,1(sh0X) for

every object X ofM. Let α : X // Y be an arbitrary morphism ofM and consider the
following commutative square:

X ⊗ 1
X⊗1 ��

r−1
X // X

α
��

X ⊗ 1
α◦r−1

X

// Y

seen as an element of N 2(M)1,2 and apply to it the function ϕ1,2. It follows that:

F (X)⊗ 1
F (X)⊗1

��

r−1
F (X)

++
mFX,1

// F (X ⊗ 1) F (r−1
X ) // F (X)

ϕ1,1(α)
��

F (X)⊗ 1 mFX,1
//

F (α)◦r−1
F (X)

33F (X ⊗ 1) F (α◦r−1
X ) // F (Y )

is a commutative diagram of M′. Then ϕ1,1(α) = F (α) = N 2(F )1,1(α).

3.12. Let is denote by scat0 the full subcategory of the category of functors cat∆op

where the objects are the functors X• : ∆op // cat such that X0 = ? is the category
with one object and one morphism. From the geometrical 2-nerve functor (33) and the
bijection (35) we obtain a unique functor:

cat⊗Nlax
N cat // scat0 defined in objects as N cat

(
M
)
q

=Mq , (49)

and a natural isomorphism N 2 ⇒ N∆op ◦ N cat defined by (35), where N: cat // sSet
is the usual geometric nerve functor for small categories N(A)p = Homcat([p],A).

We call (49) the geometrical cat-nerve functor for monoidal categories. Note that if

F : M //M′ is a normal lax monoidal functor between monoidal categories and q ≥ 0,
the functorN cat(F )q is defined in a morphism of q-simplices f =

{
fij
}

byN cat(F )q(f)ij =
F (fij) for 0 ≤ i < j ≤ q.
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Recall that the structure of 2-category cat of cat induces a structure of 2-category
scat0 in scat0 defined as follows: If X•, Y• : ∆op // cat are functors such that X0 = ? =
Y0 and α•, β• : X• // Y• are natural transformations, then a 2-arrow ε : α• +3 β• is a

family of natural transformations
{
ε : αq +3 βq

}
q≥0

such that εq ?ϕ
∗ = ϕ∗ ? εq′ for every

morphism ϕ : [q′] // [q] of ∆.
The geometrical cat-nerve 2-functor for monoidal categories is the 2-functor:

cat⊗Nlax
N cat // scat0 (50)

whose underlying functor is (49) and where the image of a monoidal natural transfor-

mation of normal lax monoidal functors η : F +3 G : M //M′ is the 2-arrow N cat(η)
defined for every q ≥ 0 and every q-simplex (X,α) of M as the morphism of q-simplices(
N cat(η)q

)
(X,α)

: F (X,α) // G(X,α) given by the family of morphisms of M′:{
ηXij : F (Xij) // G(Xij)

∣∣ 0 ≤ i < j ≤ q
}
.

3.13. Lemma. The 2-functor (50) is full and faithful in the sense that the functor:

Homcat⊗Nlax

(
M,M′) // Homscat0

(
N cat(M), N cat(M′)

)
(51)

is an isomorphism of categories for every monoidal categories M and M′.

Proof. By Lemma 3.11 the functor (51) is a bijection in objects, because (35) is a natural
isomorphism N 2 ⇒ N∆op ◦ N cat where N is a full and faithful functor

To prove that (51) is a full and faithful functor let is consider two fixed objects

N cat(F ),N cat(G) : N cat(M) // N cat(M′) of the target category of (51). Recall that

for every monoidal category M, a unit of the adjunction (42) induces an isomorphism
of bisimplicial sets N 2(M) ∼= τ3∗τ

∗
3

(
M
)
, and (35) induces an isomorphism N 2(M) ∼=

N∆op ◦ N cat(M). It follows that a 2-arrow ε : N cat(F ) +3 N cat(G) is given by a natural

transformation η : = ε1 : F +3 G and a function ε2 : Obj
(
M2

)
//Mor

(
M′

2

)
such that:

1. η1M = id1M′ .

2. If α012 : X01 ⊗X12
// X02 is a 2-simplex of M the morphism ε2(α) of 2-simplices

of M′ is just the commutative diagram of M′:

F (X01)⊗ F (X12)
ηX01

⊗ηX12 ��

mFX01,X12 // F (X01 ⊗X12)
F (α012) // F (X02)

ηX02��
G(X01)⊗G(X12)

mGX01,X12

// G(X01 ⊗X12)
G(α012)

// G(X02)

(52)
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In other words a morphism N cat(F ) +3 N cat(G) in the target category of (51) is given

by a natural transformation η : F +3 G such that η1M = id1M′ and for every morphism

α012 : X01 ⊗X12
// X02 of M the diagram (52) is commutative.

Taking the morphism α012 in the property 2 as the identity of the product X ⊗ Y
for every objects X and Y of M, it follows that η is a monoidal natural transformation
between the normal lax monoidal functors F,G : M //M′ . Conversely if η : F +3 G
is a monoidal natural transformation and α012 : X01 ⊗X12

// X02 is a morphism of M,
then the diagram (52) is commutative because we have the commutative squares of M′:

F (X01)⊗ F (X12)
ηX01

⊗ηX12 ��

mFX01,X12 // F (X01 ⊗X12)
ηX01⊗X12��

G(X01)⊗G(X12)
mGX01,X12

// G(X01 ⊗X12))

and

F (X01 ⊗X12)
ηX01⊗X12 ��

F (α012) // F (X02)
ηX02��

G(X01 ⊗X12)
G(α012)

// G(X02) .

Therefore (51) is a full and faithful functor.

Recall that the geometric nerve functor for small categories N: cat // sSet has an
extension to a simplicial functor:

N
(
BA
)

// HomsSet

(
N(A),N(B)

)
(53)

where HomsSet

(
N(A),N(B)

)
k

= HomsSet

(
N(A) × ∆k,N(B)

)
for every k ≥ 0 and BA is

the category of functors and naturals transformations. Moreover (53) is an isomorphism
of simplicial sets for every categories A and B.

From this fact and Lemma 3.13 we have:

3.14. Corollary. The full and faithful geometrical 2-nerve functor for monoidal cate-

gories N 2 : cat⊗Nlax
// ssSet0 from (33) has an extension to a simplicial funtor:

N
(
Homcat⊗Nlax

(M,M′)
)

// Hom
(1)
ssSet0

(
N 2(M),N 2(M′)

)
(54)

where Hom
(1)
ssSet0

(X, Y )n = HomssSet

(
X × p∗1(∆n), Y

)
and (54) is an isomorphism of

simplicial sets.

To conclude notice that the geometrical cat-nerve 2-functor for monoidal categories
(50) is not the restriction to cat⊗Nlax of the nerve 2-functor for bicategories defined in
[Lack, Paoli, 2008]. Nevertheless the 2-functor (50) and the nerve 2-functor of [Lack,
Paoli, 2008] are equal when restricted to the 2-category 2-Grp of 2-groups.

4. Deligne’s determinant functors

4.1. Denote by Grp the full subcategory of cat whose objects are the small groups and
by B: Grp // sSet0 the usual geometric nerve functor for small categories restricted to
groups: B(G)m = Gm.
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4.2. Lemma. If G is a group and X is a reduced simplicial set, HomsSet0

(
X,B(G)

)
the

simplicial set defined in (2), is a constant simplicial set:

π0

(
HomsSet0

(
X,B(G)

))
= HomsSet0

(
X,B(G)

)
.

Proof. Consider a morphism F : X ×∆n // B(G) such that Fm(?, ϕ) = (e, . . . , e) ∈ Gm

for every m ≥ 1 and ϕ ∈ ∆n
m. We will prove that Fm(ξ, ϕ) = Fm(ξ, ψ) for every m ≥ 1,

ξ ∈ Xm and ϕ, ψ ∈ ∆n
m. In fact as the reduced simplicial set B(G) is weakly 1-coskeletal

(in the sense of the Lemma 3.6, see [Duskin, 2002]) we just need to prove the equality
F1(α, ϕ) = F1(α, ψ) for every α ∈ X1 and ϕ, ψ ∈ ∆n

1 .
Notice that for every η ∈ X2 and ϕ ∈ ∆n

2 the 2-simplex F2(η, ϕ) says that the element
F1(d1η, ϕ◦ δ1) of G is equal to the product F1(d2η, ϕ◦ δ2) · F1(d0η, ϕ◦ δ0). Then for every
α ∈ X1 and every ϕ ∈ ∆n

1 it follows from the 2-simplices F2(s0α, ϕ◦σ1) and F2(s1α, ϕ◦σ0)
that:

F1(α, ϕ ◦ δ1 ◦ σ0) = F1(α, ϕ) = F1(α, ϕ ◦ δ0 ◦ σ0) .

It is straightforward to show that F1(α, ϕ) = F1(α, ψ) for every ϕ, ψ ∈ ∆n
1 .

Let X be a reduced simplicial set and G be a group. An additive function of X with
values in G is a function a : X1

// G with the properties:

1. (Unit) a(s0?) is the identity element of G.

2. (Additivity) For every α ∈ X2 the product a
(
d2(α)

)
· a
(
d0(α)

)
is equal to a

(
d1(α)

)
.

If we denote by addX(G) the set of all the additive functions of X with values in G,
we have a functor: (

sSet0

)op ×Grp
add · ( · ) // Set (55)

which is defined in a morphism of reduced simplicial sets f : Y // X and a homomor-

phism of groups ϕ : G // H by the function addf (ϕ) : detX(G) // detY (H) where

addf (ϕ)(a) = ϕ ◦ a ◦ f1.

4.3. Lemma. The functor (55) is naturally isomorphic to the functor HomsSet0( · , B( · )).

Proof. Since the reduced simplicial set B(G) is weakly 1-coskeletal, it follows easily that

the natural function HomsSet0

(
X,B(G)

)
// addX(G) defined by f• 7→ f1 is a bijection.

From the Proposition 2.1 we known that
(
sSet0, ν

?W1,HomsSet0

)
is a simplicial model

category. Moreover B(G) is a fibrant object of the model category (sSet0, ν
?W1) as a

reduced Kan complex whose homotopy groups πi are zero for i ≥ 2. It follows from the
Lemmas 4.2 and 4.3 that the set addX(G) is naturally isomorphic to the set of maps from
X to B(G) in the homotopy category sSet0

[
(ν?W1)−1

]
of reduced homotopy 1-types (or

even in the homotopy category sSet?
[
(π?W1)−1

]
of pointed homotopy 1-types using the

left adjoint of the adjunction (9)).

Note that the induced functor B̃ : Grp // sSet0

[
(ν?W1)−1

]
from the geometric nerve

functor for groups is an equivalence of categories whose inverse is induced from the fun-
damental group functor π1 for reduced simplicial sets. Therefore we have:
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4.4. Corollary. For every reduced simplicial set X the functor addX : Grp // Set

is representable by the fundamental group π1(X) of X. In particular f : Y // X is a
weak homotopy 1-equivalence of reduced simplicial sets if and only if for every group G
the function addf (G) : addX(G) // addY (G) is a bijection.

4.5. Let G be a 2-group and X a reduced simplicial set. A determinant of X with values
in G is a pair of functions D = (D,T ):

X1
D //

{
Objets of G

}
and X2

T //
{

Morphisms of G
}

with the following properties:

1. (Compatibility) For every ξ ∈ X2 the morphism T (ξ) of G is of the type:

D(d2ξ)⊗D(d0ξ)
T (ξ) // D(d1ξ) .

2. (Unit) D(s0 ?) = 1 and T (s0 ◦ s0 ?) = l−1
1 = r−1

1 .

3. (Associativity) For every η ∈ X3 we have the commutative diagram:

D(A03) D(A01)⊗D(A13)
T (d2 η)oo

D(A01)⊗ (D(A12)⊗D(A23))
a ∼ =

D(A01)⊗T (d0 η)
OO

D(A02)⊗D(A23)

T (d1 η)

OO

(D(A01)⊗D(A12))⊗D(A23) ,
T (d3 η)⊗D(A23)
oo

(56)

where A03 = d1d1η = d1d2η A01 = d2d2η = d2d3η

A13 = d1d0η = d0d2η A02 = d2d1η = d1d3η

A23 = d0d0η = d0d1η A12 = d2d0η = d0d3η .

We denote by detX(G) the set of the determinants of X with values in G. Notice that
there is a functor: (

sSet0

)op × 2-Grp
det · ( · ) // Set (57)

which is defined in the morphisms f : Y // X and F = (F,mF ) : G //H by the function

detf (F )(D,T ) = (D,T ) where D(B) = F
(
D(f1B)

)
and T (τ) = F

(
T (f2τ)

)
◦mF .

Denote by B : 2-Grp // sSet0 the geometric nerve functor for monoidal categories
(28) when it is restricted to the category of 2-groups.

4.6. Lemma. The functor (57) is naturally isomorphic to the functor HomsSet0

(
· , B( · )

)
.
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Proof. For every reduced simplicial set X and every 2-group G we have a well defined
function:

HomsSet0

(
X,B(G)

) (αX,G)0 // detX(G) .

f• 7−→ (f1, f2)

(58)

It’s straightforward to deduce from the Lemma 3.6 that the function (58) is an injec-
tion. To prove that (58) is surjective we use the same Lemma and we note that for every
determinant (D,T ) of X with values in G we have that T

(
si(A)

)
= si

(
D(A)

)
for every

A ∈ X1 and 0 ≤ i ≤ 1. In fact take η = si ◦ si(A) ∈ X3 in the commutative diagram
(56).

Let (D1, T1) and (D0, T0) be two determinants of X with values in G. An homotopy
from (D1, T1) to (D0, T0) is by definition a triplet of functions:

X1
H //

{
Objets of G

}
and X2

R0,R1 //
{

Morphisms of G
}

with the following properties:

(a) For every ξ ∈ X2 the morphisms R0(ξ) and R1(ξ) of G are of the type:

D1(d2ξ)⊗H(d0ξ)
R0(ξ) // H(d1ξ) H(d2ξ)⊗D0(d0ξ) .

R1(ξ)oo

(b) H(s0?) = 1.

(c) For every η ∈ X3 we have the commutative diagrams of G:(
H(A01)⊗D0(A12)

)
⊗D0(A23)

(I)

R1(d3η)⊗D0(A23)// H(A02)⊗D0(A23)

R1(d1η)

��

(II)

(
D1(A01)⊗H(A12)

)
⊗D0(A23)

R0(d3η)⊗D0(A23)oo

H(A01)⊗
(
D0(A12)⊗D0(A23)

)
H(A01)⊗T0(d0η)

��

a ∼ =

D1(A01)⊗
(
H(A12)⊗D0(A23)

)
D1(A01)⊗R1(d0η)
��

a∼ =

H(A01)⊗D0(A13)
R1(d2η)

// H(A03)

(III)

D1(A01)⊗H(A13)R0(d2η)oo

D1(A01)⊗
(
D1(A12)⊗H(A23)

)D1(A01)⊗R0(d0η)
OO

a∼ =

D1(A02)⊗H(A23)

R0(d1η)

OO

(
D1(A02)⊗D1(A12)

)
⊗H(A23)

T1(d3η)⊗H(A23)
oo

where

A03 = d1d1η = d1d2η A01 = d2d2η = d2d3η A13 = d1d0η = d0d2η

A02 = d2d1η = d1d3η A23 = d0d0η = d0d1η A12 = d2d0η = d0d3η .

Notice that given a 1-simplex of the simplicial set HomsSet0

(
X,B(G)

)
, namely a map

of simplicial sets F : X ×∆1 // B(G) whose restriction to ? ×∆1 is the constant map,
then the induced pairs of functions:

(Di, Ti) =
(
F1( · , δiσ0), F2( · , δiσ0σ0)

)
for 0 ≤ i ≤ 1 (59)
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are determinants of X with values in G, and the triplet:(
F1( · , id[1]), F2( · , σ0), F2( · , σ1)

)
is an homotopy from (D1, T1) to (D0, T0).

Denote this assignment by:

HomsSet0

(
X,B(G)

)
1

(αX,G)1 //

{
Homotopies

of determinants
from X to G

}
(60)

and notice that the determinants (59) are the images by the function (58) of the following
maps of simplicial sets:

X ∼= X ×∆0 X×δi // X ×∆1 F // B(G) for 0 ≤ i ≤ 1.

4.7. Lemma. (60) is a bijective function.

Proof. To begin with, we note that:

∆1
0 =

{
δ0, δ1

}
, ∆1

1 =
{
δ0σ0, δ1σ0, id[1]

}
,

∆1
2 =

{
δ0σ0σ0, δ1σ0σ0, σ0, σ1

}
and ∆1

3 =
{
δ0σ0σ0σ0, δ1σ0σ0σ0, σ0σ0, σ1σ0, σ1σ1

}
.

On the other hand, for every homotopy (H,R0, R1) of determinants we have that
R0(s0A) = lHA and R1(s1A) = rHA for every A ∈ X1. In fact R1(s1A) = rHA follows
from the diagram (I) of property (c) when η = s1 ◦ s1(A) and R0(s0A) = lHA follows from
(III) when η = s0 ◦ s0(A).

It is easy to deduce from this and Lemma 3.6 that (60) is a bijection.

Since the simplicial set HomsSet0

(
X,B(G)

)
is a Kan complex it follows from Lem-

mas 4.6 and 4.7 that the relation induced by homotopy in the set detX(G) is an equiva-

lence relation. Hence if we denote by d̃etX(G) the induced quotient set we obtain from
(57) a functor: (

sSet0

)op × 2-Grp
d̃et · ( · ) // Set (61)

such that:

4.8. Lemma. (61) is naturally isomorphic to the functor π0

(
HomsSet0

(
· , B( · )

))
.

Let is consider the simplicial model category
(
sSet0, ν

?W2,HomsSet0

)
of the Proposi-

tion 2.1 and recall from Corollary 3.7 that B(G) is a fibrant object of the model category

(sSet0, ν
?W2). It follows from the Lemma 4.8 that the set d̃etX(G) is naturally iso-

morphic to the set of maps from X to B(G) in the homotopy category sSet0

[
(ν?W2)−1

]
of reduced homotopy 2-types or in the homotopy category sSet?

[
(π?W2)−1

]
of pointed

homotopy 2-types (by the left adjoint of the adjunction (9)).
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It is known that the geometric nerve functor for 2-groups induced an equivalence of

categories B̃ : 2-hGrp // sSet0

[
(ν?W2)−1

]
. Let is choose a quasi-inverse functor Π2 of

this equivalence B̃ and for every reduced simplicial set X call the 2-group Π2(X) the
fundamental 2-group of X.

Notice finally that for every reduced simplicial set X the functor (61) induce a functor:

2-hGrp
hd̃etX // Set (62)

from the homotopy category of 2-groups. In fact, it is a consequence of Lemma 4.8
because a monoidal natural transformation between normal lax monoidal functors F ⇒
F ′ : G // G ′ induce an homotopy H : B(G)×∆1 // B(G ′) between the morphisms B(F )

and B(F ′) such that H restricted to ?×∆1 is the constant map (see for example [Noohi,
2007]).

We deduce:

4.9. Corollary. For every reduced simplicial set X the functor (62) is representable by
the fundamental 2-group of X. In particular f : Y // X is a weak homotopy 2-equivalence

of reduced simplicial sets if and only if the function d̃etf (G) : d̃etX(G) // d̃etY (G) is a
bijection for every 2-group G.

4.10. Let X be a reduced bisimplicial set and G be a 2-group. A (functorial) determi-
nant of X with values in G is a pair D = (D,T ) composed of a map of simplicial sets

D : X•,1 // N(G) , to the geometric nerve of the underlying category of G, and a function:

X0,2
T //
{

Morphisms of G
}
,

verifying the properties:

1. (Compatibility) For every ξ ∈ X0,2 the morphism T (ξ) of G is of the type:

D0(dv2ξ)⊗D0(dv0ξ)
T (ξ) // D0(dv1ξ) .

2. (Functoriality) For every α ∈ X1,2 we have the commutative square of G:

D0(dv2d
h
1 α)⊗D0(dv0d

h
1 α)

T (dh1 α)
//

D1(dv2α)⊗D1(dv0α)

��

D0(dv1d
h
1 α)

D1(dv1α)

��
D0(dv2d

h
0 α)⊗D0(dv0d

h
0 α)

T (dh0 α)
// D0(dv1d

h
0 α) .

3. (Unit) D0(sv0 ?) = 1 and T (sv0 ◦ sv0 ?) = l−1
1 = r−1

1 .
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4. (Associativity) For every η ∈ X0,3 we have the commutative diagram:

D0(A03) D0(A01)⊗D0(A13)
T (dv2 η)

oo

D0(A01)⊗
(
D0(A12)⊗D0(A23)

)
a ∼ =

D0(A01)⊗T (dv0 η)
OO

D0(A02)⊗D0(A23)

T (dv1 η)

OO

(
D0(A01)⊗D0(A12)

)
⊗D0(A23) ,

T (dv3 η)⊗D0(A23)
oo

where

A03 = dv1d
v
1η = dv1d

v
2η A01 = dv2d

v
2η = dv2d

v
3η A13 = dv1d

v
0η = dv0d

v
2η

A02 = dv2d
v
1η = dv1d

v
3η A23 = dv0d

v
0η = dv0d

v
1η A12 = dv2d

v
0η = dv0d

v
3η .

Let is denote by detX(G)0 the set of the determinants of X with values in G. There
is a functor: (

ssSet0

)op × 2-Grp
det · ( · )0 // Set (63)

defined in the morphisms f : Y // X and F = (F,mF ) : G //H as detf (F )(D,T ) =

(D,T ) where D = N(F ) ◦D ◦ f•,1 and T = N (F )2 ◦ T ◦ f0,2.

Denote by B2 : 2-Grp // ssSet0 the geometrical 2-nerve functor for monoidal cate-
gories (33) when it is restricted to the category of 2-groups.

4.11. Lemma. (63) is naturally isomorphic to the functor HomssSet0

(
· , B2( · )

)
.

Proof. It follows from 3.10 that the following function is a bijection:

HomssSet0

(
X,B2(G)

) (α2
X,G)0

// detX(G)0

f•,• 7−→ (f•,1, f0,2)

(64)

Given
(
D(1), T (1)

)
and

(
D(0), T (0)

)
two determinants of X with values in G, an

homotopy from
(
D(1), T (1)

)
to
(
D(0), T (0)

)
is a function:

X0,1
h //
{

Morphisms of G
}

with the following properties:

1. For every a ∈ X0,1 the morphism h(a) of G is of the type: D(1)0(a)
h(a) // D(0)0(a) .

2. For every α ∈ X1,1 we have a commutative diagram of G:

D(1)0(dh1α)
D(1)1(α) //

h(dh1α)
��

D(1)0(dh0α)

h(dh0α)
��

D(0)0(dh1α)
D(0)1(α)

// D(0)0(dh0α)
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3. h(sv0 ?) = id1.

4. For every ξ ∈ X0,2 we have a commutative diagram of G:

D(1)0(dv2ξ)⊗D(1)0(dv0ξ)

h(dv2ξ)⊗h(dv0ξ) ��

T (1)(ξ) // D(1)0(dv1ξ)

h(dv1ξ)��
D(0)0(dv2ξ)⊗D(0)0(dv0ξ) T (0)(ξ)

// D(0)0(dv1ξ)

It is easy to see that there is a well defined function:

HomssSet0

(
X,B2(G)

)
1

(α2
X,G)1

//

{
Homotopies

of determinants
from X to G

}
H 7−→ H1,1

(
sh0(− ), id[1]

) (65)

where H1,1

(
sh0(− ), id[1]

)
is an homotopy from

(
H•,1(− , δ1 σ0 · · ·σ0︸ ︷︷ ︸

•

), H0,2(− , δ1)
)

to(
H•,1(− , δ0 σ0 · · · σ0︸ ︷︷ ︸

•

), H0,2(− , δ0)
)
.

It is not difficult to show:

4.12. Lemma. (65) is a bijective function.

Let is notice:

4.13. Lemma. If G is a 2-group and X is a reduced bisimplicial set, the simplicial set

Hom
(1)
ssSet0

(
X,B2

(
G
))

is the nerve of a groupoid. In particular, there exist a functor:

(
ssSet0

)op × 2-Grp
det · ( · ) //Grpd , (66)

where Grpd is the category of groupoids and functors, with the properties:

1. The composition of (66) with the ”set of objects” functor Grpd // Set is equal to
(63).

2. The set of morphism of the groupoid detX(G) is equal to the set of homotopies of
determinants.

3. The simplicial sets N
(
detX(G)

)
and Hom

(1)
ssSet0

(
X,N 2

(
G
))

are naturally isomor-

phic.
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Proof. It’s not difficult to prove that the simplicial set HomsSet

(
A,N(G)

)
is the nerve of

a groupoid for every simplicial set A and every groupoid G. On the other hand, notice that
the simplicial set Hom

(1)
ssSet0

(
X,B2(G)

)
is the kernel in the category sSet of the arrows:

∏
q≥0

HomsSet

(
X•,q,B2(G)•,q

) ∏
ϕ
B2(G)ϕ ◦ projt

//

∏
ϕ

projs ◦Xϕ
//
∏

ϕ : s→t
HomsSet

(
X•,t,B2(G)•,s

)
.

where B2(G)•,q is the nerve of a groupoid.

Let is consider the simplicial model category
(
ssSet0, d

?W2,Hom(1)
)

of the Proposi-
tion 2.9. By the Theorem 3.9 the reduced bisimplicial set B2(G) is a fibrant object of
the model category (ssSet0, d

?W2), then from the Lemma 4.13 the nerve of the groupoid
detX(G) is of the same homotopy type as the mapping space from X to B2(G) in the
model category (ssSet0, d

?W2). It follows (see the adjunctions (21)) that the nerve of the
groupoid detX(G) is also of the same homotopy type as the mapping space from diag(X)
to B(G) in the model category (sSet0, v

?W2).
Denote hGrpd the homotopy category of groupoids, that is to say the category that

we obtain from Grpd by identifying two functors if they are naturally isomorphic. It
follows from the Corollary 3.14 and Lemma 4.13 that the functor (66) induce a functor:

2-hGrp
hdetX( · ) // hGrpd (67)

for every reduced bisimplicial set X.

4.14. Corollary. For every reduced bisimplicial set X the functor (67) is representable
by the fundamental 2-group of the reduced simplicial set diag(X). In particular a map
of reduced bisimplicial sets f : Y // X is a diagonal weak homotopy 2-equivalence if and

only if the functor detf (G) : detX(G) // detY (G) is a weak homotopy equivalence of
groupoids for every 2-group G.
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