
Theory and Applications of Categories, Vol. 38, No. 18, 2022, pp. 684–736.

LOCALLY BOUNDED ENRICHED CATEGORIES

RORY B. B. LUCYSHYN-WRIGHT AND JASON PARKER

Abstract. We define and study the notion of a locally bounded enriched category
over a (locally bounded) symmetric monoidal closed category, generalizing the locally
bounded ordinary categories of Freyd and Kelly. In addition to proving several gen-
eral results for constructing examples of locally bounded enriched categories and locally
bounded closed categories, we demonstrate that locally bounded enriched categories ad-
mit fully enriched analogues of many of the convenient results enjoyed by locally bounded
ordinary categories. In particular, we prove full enrichments of Freyd and Kelly’s re-
flectivity and local boundedness results for orthogonal subcategories and categories of
models for sketches and theories. We also provide characterization results for locally
bounded enriched categories in terms of enriched presheaf categories, and we show that
locally bounded enriched categories admit useful adjoint functor theorems and a repre-
sentability theorem. We also define and study the notion of α-bounded-small weighted
limit enriched in a locally α-bounded closed category, which parallels Kelly’s notion of
α-small weighted limit enriched in a locally α-presentable closed category, and we show
that enriched categories of models of α-bounded-small weighted limit theories are locally
α-bounded.

1. Introduction

Based on ideas of Freyd and Kelly in [13], the notion of locally bounded category has its
foundation in the theory of factorization systems and was explicitly introduced by Kelly
in [24, Chapter 6], where a given locally bounded symmetric monoidal closed category V
was used as the basis for a general treatment of enriched limit theories. Locally bounded
categories subsume locally presentable categories and a significant number of other ex-
amples, including many topological categories and various elementary quasitoposes that
are not locally presentable, as well as numerous categories of structures internal to these
categories. As such, the notion of locally bounded category is much weaker than the
notion of locally presentable category: for example, a locally bounded category (such as
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the category Top of topological spaces and continuous functions) need not have a small
dense subcategory or even a strong generator. Nevertheless, locally bounded categories
still retain some of the convenient features of locally presentable categories, such as reflec-
tivity results for orthogonal subcategories (see [13, 20]) and results on the existence of free
monads, colimits of monads, and colimits in categories of algebras (see [20] and further
references therein). The enriched limit theories over locally bounded closed categories
treated by Kelly in [24, Chapter 6] generalize the enriched finite limit theories that Kelly
introduced in [21] along with the notions of locally presentable symmetric monoidal closed
category and locally presentable V -category. However, notably absent from the litera-
ture has been a notion of locally bounded V -category that would complete the parallel
between the locally bounded and locally presentable settings.

Our aims in writing this paper are therefore twofold: firstly, we wish to define and
study the notion of a locally bounded enriched category as an object of study in its own
right. Secondly, the authors have discovered (and will further demonstrate in forthcoming
work [33, 34, 35]) that locally bounded enriched categories provide a fruitful and more
expansive environment for studying certain phenomena in enriched categorical algebra
and, more generally, in the study of structures internal to enriched categories via enriched
limit theories and related methods. Indeed, some results of this type that already appear
in the present paper may be found in Section 11. Hence, we wished to develop a full
treatment of locally bounded enriched categories that would aid in our investigation of
these enriched algebraic phenomena and results.

We now provide an outline of the paper. After briefly reviewing some notation and
terminology in Section 2, we begin by reviewing and studying the notion of a locally
bounded ordinary category in Section 3. In Section 4 we proceed to introduce the no-
tion of a locally bounded V -category over a (not necessarily locally bounded) symmetric
monoidal closed category V satisfying certain mild assumptions. To define this class
of V -categories, we first introduce the notion of a V -factegory, which is a V -category
equipped with an enriched factorization system that is suitably compatible with a given
enriched factorization system on V . After first proving some basic results about locally
bounded V -categories, we then develop the notion of a bounding right adjoint, and we
show that any bounding right adjoint whose codomain is locally bounded induces a locally
bounded structure on its domain. We then use this result to prove a characterization the-
orem for locally bounded V -categories, to the effect that a V -category (satisfying certain
mild assumptions) is locally bounded iff it has a bounding right adjoint into a presheaf
V -category.

To prove stronger results about locally bounded V -categories, we begin Section 5
by reviewing and proving some new results about Kelly’s notion of a locally bounded
symmetric monoidal closed category V . We then show that a large number of (elementary)
quasitoposes (which may fail to be locally presentable) are locally bounded cartesian closed
categories. We also develop classes of examples of locally bounded closed categories that
are topological over the category of sets.

In the remainder of the paper, we study locally bounded V -categories enriched over a



686 RORY B. B. LUCYSHYN-WRIGHT AND JASON PARKER

locally bounded closed category V . In Section 6 we examine the relationship between the
local boundedness of a V -category versus that of its underlying ordinary category. In Sec-
tion 7 we compare locally bounded V -categories with locally presentable V -categories and
the enriched locally generated categories of [9]. In Section 8 we show that locally bounded
V -categories satisfy particularly useful adjoint functor and representability theorems.

In Section 9, we establish analogues in locally bounded V -categories of results on
the commutation of α-small limits and α-filtered colimits in locally α-presentable cate-
gories. In more detail, we adapt Kelly’s notion of α-small weight enriched in a locally
α-presentable closed category [21] by replacing the notion of α-presentable object with
the notion of α-bounded object, thus defining the notion of α-bounded-small weight en-
riched in a locally α-bounded closed category, and we show that α-bounded-small limits
commute with α-filtered unions in any locally α-bounded V -category.

In Section 10, we prove a fully enriched analogue of Freyd and Kelly’s result that cer-
tain orthogonal subcategories of suitable locally bounded ordinary categories are reflective
and locally bounded (see [13, 4.1.3, 4.2.2]).

In Section 11, we use results from Sections 9 and 10 to obtain enriched reflectivity
and local boundedness results for V -categories of models of enriched limit sketches and
enriched limit theories in arbitrary locally bounded V -categories. In this way, we obtain
a full enrichment of another main result of Freyd and Kelly (see [13, 5.2.1]), namely that
certain categories of models of sketches valued in locally bounded ordinary categories are
reflective in the associated functor categories and are themselves locally bounded. Thus we
obtain theorems on the reflectivity and local boundedness of V -categories of models in a
locally bounded V -category C , recalling that in the V -enriched context, Kelly had proved
only the reflectivity in just the C = V case [24, §6.3]. We prove that the V -category of
models of any α-bounded-small limit theory in a suitable locally α-bounded V -category
is itself locally α-bounded, thus obtaining an analogue of the well-known result that the
V -category of models of an enriched finite limit theory in a locally finitely presentable
closed category is itself locally finitely presentable. Taken together, our results on V -
categories of models of sketches and theories in locally bounded V -categories establish
locally bounded V -categories as an expansive and yet convenient ambient environment
for the study of structures internal to enriched categories. We conclude Section 11 with a
result that illustrates the applicability of locally bounded enriched categories to the study
of enriched algebraic theories. In Section 12, we show that certain V -categories of models
of symmetric monoidal weighted limit theories are locally bounded symmetric monoidal
closed V -categories, thus providing a further source of locally bounded closed categories.

One topic that we have chosen not to include in the present paper concerns V -
categories of algebras for V -monads on locally bounded V -categories, but we plan to
present results on this topic in forthcoming work.
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2. Notation and terminology

In this section we fix some notation and terminology from enriched category theory; for
the most part, we use the notation of [24]. Throughout the paper we make use of the
standard methods of enriched category theory that are treated in [10, 24] and [6, Chapter
6].

We generally work with categories enriched over a symmetric monoidal closed category
V = (V0,⊗, I) with V0 locally small, about which we do not make any further blanket
assumptions (specific assumptions about V will be made as needed). We distinguish in
the usual way between small and large classes; we also refer to small classes as (small)
sets. We let Set be the cartesian closed category of (small) sets; an (ordinary) category
C is then a Set-enriched (i.e. locally small) category.

A weight is a V -functor W : B → V with B a (not necessarily small) V -category; we
then have the usual notions of (weighted) (co)limit in a V -category, and preservation of
such by a V -functor. Following [24], we usually just say “colimit” rather than “weighted
colimit”. If W : B → V is a weight, then we say that a V -category C is W -(co)complete
if C admits all W -weighted (co)limits, and that a V -functor is W -(co)continuous if it
preserves all W -weighted (co)limits. If Φ is a class of weights, then we define the notions
of Φ-(co)completeness and Φ-(co)continuity analogously. In particular, a V -category C
is (co)complete if it is Φ-(co)complete for Φ the class of all small weights. Given objects
V ∈ obV and C ∈ obC , we denote the cotensor of C by V in C (if it exists) by [V,C],
and the tensor of C by V in C (if it exists) by V ⊗ C.

Finally, we need the notion of a regular cardinal, which is an infinite cardinal α that
is not the sum of a smaller number of smaller cardinals, so that ℵ0 is the smallest regular
cardinal. It is well known that there is always a regular cardinal larger than every element
of a given set of regular cardinals; cf. e.g. the (stronger) result [2, 2.13(6)].

3. Locally bounded ordinary categories

We begin by recalling the definition of a locally bounded ordinary category from [24,
Section 6.1]. Recall that an (orthogonal) factorization system on an ordinary category
C is a pair (E ,M ) of classes of morphisms of C with the following properties: E and
M both contain the isomorphisms and are closed under composition; every morphism
of C can be factorized as an E -morphism followed by an M -morphism; and every E -
morphism is orthogonal to every M -morphism. It follows that a morphism belongs to E
iff it is orthogonal to every M -morphism, and dually a morphism belongs to M iff every
E -morphism is orthogonal to it. It is also a simple consequence of this definition that any
morphism in E ∩ M must be an isomorphism. A factorization system (E ,M ) on C is
proper if E is contained in the epimorphisms and M in the monomorphisms; in this case,
every regular epimorphism (and in particular, every retraction) lies in E (and dually for
M ), while g ◦ f ∈ E implies g ∈ E and g ◦ f ∈ M implies f ∈ M (see [13, 2.1.4]). We
often refer to E as the left class and to M as the right class.
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Since we mostly consider categories equipped with proper factorization systems in this
paper, we introduce the following abbreviated terminology:

3.1. Definition. A (proper) factegory is a category C equipped with a proper fac-
torization system (E ,M ). A factegory C is cocomplete if the category C is cocomplete
and every (even large) class of E -morphisms with common domain has a cointersection
(i.e. wide pushout) in C .

It is shown in [20, 1.3] that the cocompleteness of a factegory actually implies that E
must be contained in the epimorphisms. Of course, if C is cocomplete and E -cowellpowered,
in the sense that every object of C has just a set of isomorphism classes of E -quotients
(i.e. E -morphisms with domain C), then the factegory C is automatically cocomplete.
Throughout, we implicitly equip Set with its usual proper factorization system (Epi,Mono),
making Set a cocomplete factegory.

Given an object C of a factegory C (assumed proper), an M -subobject of C is, in this
paper, simply an M -morphism with codomain C (rather than equivalence class of such
morphisms). The M -subobjects of C are the objects of a full subcategory SubM (C) of
the slice category C /C, and this category SubM (C) is a preordered class since M consists
of monomorphisms. From one point of view, an M -subobject of C is an object A of C
equipped with a specified M -morphism m : A → C, so we sometimes write simply the
domain A to denote such an M -subobject m. In particular, if m : A → C and n : B → C
are M -subobjects, then we write that A ∼= B as M -subobjects of C to mean that m ∼= n
in SubM (C).

3.2. We now recall the notion of a union of M -subobjects in a factegory C (see [13, 2.4]).
Recall that, in general, a sink in a category C is a family of morphisms (fi : Ci → C)i∈I
with common codomain, but in this paper we use the term sink to refer only to small
sinks, i.e. those whose indexing class I is a (small) set. If C is a factegory, then we say
that a sink (fi : Ci → C)i∈I is E -tight1, or is jointly in E , if a morphism h : C → B factors
through an M -subobject m : A → B iff each composite h ◦ fi (i ∈ I) factors through m.
If the coproduct

∐
i Ci exists in C , then it is easy to see that (fi : Ci → C)i∈I is E -tight iff

the induced morphism
∐

iCi
[fi]i−−→ C is in E (see [13, 2.4]). If the category C is cocomplete

and D : A → C is a small diagram, then every colimit cocone (sA : DA → colim D)A∈A

is E -tight, because (by the construction of colimits from coproducts and coequalizers) the
induced morphism

∐
ADA → colim D is a regular epimorphism and thus lies in E . We

also say that a sink (mi : Ci → C)i∈I is an M -sink if mi ∈ M for each i ∈ I. A sink
(fi : Ci → C)i∈I factors through a morphism g : D → C with the same codomain if
there is a sink (hi : Ci → D)i∈I with g ◦ hi = fi for each i ∈ I, which is unique if g is a
monomorphism. Given an M -sink (mi : Ci → C)i∈I in a factegory C , we now say that an
M -subobject m : D → C is a union (or M -union) of the given M -sink if the M -sink

1Here we have adopted a variation on Kelly’s term E -tight (co)cone [20, 2.2]. Since M consists of
monomorphisms, E -tight sinks are precisely those (small) sinks that are orthogonal to M -morphisms in
the standard sense [16, II.5.3].
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factors (uniquely) through m via an E -tight sink. It is straightforward to show that if
m is a union of an M -sink (mi : Ci → C)i∈I , then m is a join

∨
imi in the preordered

class SubM (C). In particular, the union of an M -sink (mi : Ci → C)i∈I is unique up to
isomorphism in SubM (C) if it exists, in which case we write it as

⋃
iCi → C, and we also

write simply
⋃

i Ci to denote the latter M -subobject.
Now supposing that C is a factegory with small coproducts, we have the following

straightforward way of constructing unions in C . For each object C ∈ obC , let us
write JC : SubM (C) → C /C for the inclusion functor. It is well known (see e.g. [5,
5.5.5]) that JC has a left adjoint KC : C /C → SubM (C), which sends each morphism
f : D → C to the M -component of its (E ,M )-factorization. But the slice C /C has small
coproducts, formed as in C , so if (mi : Ci → C)i∈I is an M -sink then the join

∨
i mi in

the preordered class SubM (C) may be formed by first taking the coproduct in C /C of
the same family (JC(mi) : Ci → C)i∈I , and then taking its reflection into SubM (C); that
is,
∨

i∈I mi = KC

(∐
i∈I JC(mi)

)
. But the coproduct

∐
i∈I JC(mi) in C /C is simply the

induced morphism
∐

i Ci → C, so by taking the (E ,M )-factorization
∐

iCi
e−→ D

m−→ C
of the latter morphism we find that m =

∨
i mi in SubM (C). But the given M -sink (mi)

clearly factors throughm by way of an E -tight sink, so in fact this joinm =
∨

i mi : D → C
is, moreover, a union of the sink mi, that is, D ∼=

⋃
i Ci as M -subobjects of C. In

summary, every M -sink (mi : Ci → C)i∈I in C has a union, obtained by taking the
(E ,M )-factorization

∐
i Ci

e−→
⋃

i Ci
m−→ C of the canonical morphism.

Thus, any factegory with small coproducts (in particular, Set) has unions of all M -
sinks. If α is a regular cardinal, then an M -sink (mi : Ci → C)i∈I is α-filtered if the
M -subobjects mi constitute an α-filtered full subcategory of SubM (C), equivalently, if
{mi | i ∈ I} is a α-directed subset of the preordered class SubM (C), i.e., for every subset
J ⊆ I of cardinality less than α, there is some i ∈ I with mj factoring through mi for all
j ∈ J . An α-filtered union2 of M -subobjects or an α-filtered M -union is the union
of an α-filtered M -sink. A factegory C has (α-filtered) M -unions if every (α-filtered)
M -sink in C has a union.

We now wish to formulate the notion of a functor preserving unions. First, we require
the following definition:

3.3. Definition. A right-class functor is a functor U : C → D between factegories C
and D such that U preserves the right class, meaning that m ∈ M implies Um ∈ M .
Similarly, a left-class functor is a functor F : D → C between factegories D and C
such that F preserves the left class, meaning that e ∈ E implies Fe ∈ E .

We immediately note the following useful fact:

3.4. Lemma. Let U : C → D be a functor between factegories, and suppose that U has a
left adjoint F . Then U preserves the right class iff F preserves the left class.

2We follow Kelly [24, §6.1] in calling these α-filtered unions rather than α-directed unions.
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Proof. From the first sentence of the proof of [13, 4.2.1] we know for any morphisms f
of D and g of C that Ff is orthogonal to g iff f is orthogonal to Ug. If U preserves the
right class, then to show that F preserves the left class, it suffices to show that e ∈ E
implies that Fe is orthogonal to every m ∈ M , i.e. (by the fact just mentioned) that e
is orthogonal to Um for every m ∈ M , which is true because e ∈ E and Um ∈ M by
assumption. The converse implication is proved analogously.

3.5. Proposition. Let C and D be factegories with small coproducts. If F : D → C
is a left-class functor that preserves small coproducts, then F preserves E -tight sinks.
In particular, if U : C → D is a right adjoint right-class functor, then its left adjoint
preserves E -tight sinks.

Proof. Firstly, if F : D → C has a right adjoint that preserves the right class, then
F certainly preserves small coproducts and also preserves the left class by 3.4. Now
supposing just these latter properties, let (fi : Di → D)i∈I be an E -tight sink, so that
the induced morphism

∐
i Di → D lies in E . Then the assumptions imply that the

canonical morphism
∐

i FDi
∼= F (

∐
i Di) → FD lies in E , so that the induced sink

(Ffi : FDi → FD)i∈I is E -tight, as desired.

3.6. If U : C → D is a right-class functor, then each object C of C determines a functor

UC : SubM (C) −→ SubM (UC)

that sends each M -subobject m : A → C to the M -subobject Um : UA → UC. In
particular, UC is a monotone map between preordered classes.

3.7. Definition. Let U : C → D be a right-class functor. Given a union m :
⋃

iCi → C
of an M -sink (mi : Ci → C)i∈I in C , we say that U preserves the union m of (mi)i∈I
if Um : U (

⋃
i Ci) → UC is a union of the M -sink (Umi : UCi → UC)i∈I in D . If α is

a regular cardinal, then we say that U preserves (α-filtered) M -unions if U preserves
every (α-filtered) M -union that exists in C .

Given a right-class functor U : C → D between factegories with M -unions, since the
union m :

⋃
i Ci → C of an M -sink (mi : Ci → C)i∈I in C is a join

∨
i mi in SubM (C),

we find that U preserves the union
⋃

i Ci → C iff the map UC : SubM (C) → SubM (UC)
preserves the join

∨
i mi, iff U (

⋃
i Ci) ∼=

⋃
i UCi in SubM (UC).

3.8. If G is a small set of objects in a factegory C with small coproducts, then G is an
(E ,M )-generator if for each C ∈ obC , the canonical morphism

∐
G∈G C (G,C) ·G → C

is in E , where C (G,C) ·G is the set-indexed copower in C . As noted in [25, §2], G is an
(E ,M )-generator iff the functors C (G,−) : C → Set (G ∈ G ) are jointly M -conservative,
in the sense that m ∈ M is an isomorphism if C (G,m) is a bijection for every G ∈ G ;
in 4.16, we establish an enriched generalization of this equivalence. Note that if E = Epi,
then an (E ,M )-generator is just a generator in the usual sense (see [5, 4.5.2]).

To recall the definition of locally bounded category, we require also the following
concept:
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3.9. Definition. Let C be a factegory with M -unions. Given a regular cardinal α, an
object C ∈ obC is α-bounded if the functor C (C,−) : C → Set preserves α-filtered
M -unions. An object C ∈ obC is bounded if it is α-bounded for some α.

Note that the representable functor C (C,−) : C → Set preserves the right class by
properness, recalling that Set carries its usual proper factorization system. Concretely,
an object C ∈ obC is α-bounded if for every α-filtered M -sink (mi : Di → D)i∈I , every
morphism f : C →

⋃
i Di factors through some Di.

3.10. Definition. Let α be a regular cardinal. A locally α-bounded category is
a cocomplete factegory C equipped with an (E ,M )-generator consisting of α-bounded
objects. A category is locally bounded if it is locally α-bounded for some regular
cardinal α.

Note that a locally α-bounded category is also locally β-bounded for any regular cardinal
β > α (because an α-bounded object is also β-bounded). We provide many examples of
locally bounded (closed) categories in Section 5.3 below.

3.11. By [13, 3.1.2] (or [24, §6.1]), every object of a locally bounded category is bounded.

We conclude this section with the following characterization result for E -cowellpowered
locally α-bounded categories proved by Sousa in [37, 2.8], which is analogous to the cor-
responding characterization of locally α-presentable categories in terms of α-presentable
objects and α-filtered colimits. We shall make use of this important result in proving our
representability and adjoint functor theorems for locally bounded categories in subsec-
tion 8 below. If (mi : Ci → C)i∈I is an M -sink in a factegory C , then we say that the
codomain object C is a union of (mi)i if the identity (M -)morphism 1C : C → C is a
union of (mi)i, which is clearly equivalent to the M -sink (mi)i being E -tight.

3.12. Theorem. (Sousa [37]) Let C be a cocomplete and E -cowellpowered factegory.
Then C is locally α-bounded iff there is a set H of α-bounded objects of C such that
every object C ∈ obC is an α-filtered M -union of objects of H , in the sense that C is a
union of some α-filtered M -sink (mi : Hi → C)i∈I with each Hi ∈ H .

4. Locally bounded V -categories over an arbitrary V

In this section we introduce the notion of a locally bounded V -category over a symmetric
monoidal closed category V satisfying certain modest assumptions, without requiring V
to be locally bounded.

4.1. V -factegories and enriched (E ,M )-generators.

We first recall from [29] the notion of an enriched factorization system on a V -category C
(for an arbitrary symmetric monoidal closed category V ). If e : C → C ′ and m : D → D′
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are morphisms in C , then we say that e is V -orthogonal to m, which we write as e ⊥V m,
if the following commutative square in V is a pullback:

C (C ′, D) C (C ′, D′)

C (C,D) C (C,D′).

C (C′,m)

C (e,D)

C (C,m)

C (e,D′) (4.i)

If (E ,M ) is a pair of classes of morphisms in a V -category C , then (E ,M ) is an enriched
factorization system on C if the following conditions are satisfied (see [29, 5.2]): E and
M are closed under composition and contain the isomorphisms; every E -morphism is
V -orthogonal to every M -morphism; and every morphism of C can be factored as an
E -morphism followed by an M -morphism. Every enriched factorization system (E ,M )
is, in particular, an enriched prefactorization system [29, 3.1, 5.2], meaning that E is
the class of all morphisms V -orthogonal to all M -morphisms and M is the class of all
morphisms to which all E -morphisms are V -orthogonal.

If C is tensored, then it follows from [29, 5.7] that a pair of classes of morphisms (E ,M )
of C is an enriched factorization system on C iff (E ,M ) is an (ordinary) factorization
system on C0 and E is stable under tensoring in C , meaning that e ∈ E implies V ⊗e ∈ E
for every V ∈ obV . And if C is cotensored, then it follows from the same result that
a pair of classes of morphisms (E ,M ) of C is an enriched factorization system on C iff
(E ,M ) is an (ordinary) factorization system on C0 and M is stable under cotensoring
in C , meaning that m ∈ M implies [V,m] ∈ M for every V ∈ obV . If C is tensored,
then it follows by [29, 2.4] that the class of monomorphisms in C0 is equal to the class
of V -monomorphisms in C , i.e. morphisms m in C that are sent to monomorphisms
in V by each representable V -functor C (C,−) : C → V (C ∈ obC ). Dually, if C
is cotensored, then it follows by the same result that the class of epimorphisms in C0

is equal to the class of V -epimorphisms in C , i.e. morphisms e in C that are sent to
monomorphisms by every contravariant representable V -functor C (−, C) : C op → V
(C ∈ obC ). By a proper enriched factorization system on a V -category C we mean
an enriched factorization system on C such that every E -morphism is a V -epimorphism
(and hence an epimorphism) and every M -morphism is a V -monomorphism (and hence
a monomorphism). Thus, an enriched proper factorization system on C is in particular
a proper factorization system on C0. Since V is a tensored and cotensored V -category,
an enriched (proper) factorization system on V is just a (proper) factorization system on
V0 whose left class is stable under tensoring or, equivalently, whose right class is stable
under cotensoring. We now define the following convenient terminology:

4.1. Definition.A (symmetric monoidal) closed factegory is a symmetric monoidal
closed category V equipped with an enriched proper factorization system (E ,M ). A
closed factegory V is cocomplete if V0 is cocomplete and has arbitrary cointersections
of E -morphisms.
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4.2. Assumption. For the remainder of Section 4 we suppose that V is a cocomplete
closed factegory, and that V0 is complete.

4.3. Definition. Let C be a V -category with an enriched factorization system (EC ,MC ).
Then (EC ,MC ) is compatible with (E ,M ) if for every C ∈ obC , the functor C (C,−) :
C → V preserves the right class.

4.4. Definition. A (proper) V -factegory is a V -category C equipped with an en-
riched proper factorization system (EC ,MC ) that is compatible with (E ,M ). The V -
factegory C is cocomplete if the V -category C is cocomplete and has arbitrary (conical)
cointersections of EC -morphisms.3

We often write simply (E ,M ) to denote (EC ,MC ) when there is no cause for confusion.

4.5. Remark. Note that V itself is a cocomplete V -factegory, because (E ,M ) is sta-
ble under cotensoring and compatible with itself by virtue of being enriched, while the
arbitrary cointersections of E -morphisms that V0 possesses are conical because V is coten-
sored.

If C is tensored, then we deduce the following useful lemma from 3.4:

4.6. Lemma. Let C be a tensored V -category with an enriched factorization system. Then
for every C ∈ obC , the tensor V -functor (−) ⊗ C : V → C preserves the left class iff
the representable V -functor C (C,−) : C → V preserves the right class. In particular,
each V -functor (−) ⊗ C : V → C (C ∈ obC ) preserves the left class if C is a tensored
V -factegory.

We provide the following initial result for constructing V -factegories. By an (M -)union
in a V -factegory, we mean an M -union in the underlying ordinary factegory.

4.7. Proposition. Let B be a cotensored V -factegory and A a small V -category. Then
the V -category [A ,B] is a V -factegory when equipped with the pointwise factorization sys-
tem. If the V -factegory B is cocomplete, then the V -factegory [A ,B] is also cocomplete,
and unions are formed pointwise in [A ,B].

Proof. We must define an enriched proper factorization system (E ′,M ′) on [A ,B] that
is compatible with (E ,M ). We define E ′ to consist of the V -natural transformations
that are pointwise in EB and M ′ to consist of the V -natural transformations that are
pointwise in MB. The proof of [24, 6.4] then easily extends to show that this is indeed an
ordinary proper factorization system on [A ,B]0. Since B is cotensored, it follows that
[A ,B] is also cotensored.

To show that (E ′,M ′) is enriched, equivalently, that M ′ is stable under cotensoring,
let V ∈ obV and γ : F → F ′ in M ′, and let us show that [V, γ] : [V, F ] → [V, F ′]
is in M ′, i.e. that [V, γ]A : [V, F ]A → [V, F ′]A is in MB for all A ∈ obA . Since
cotensors in [A ,B] are formed pointwise, we have [V, γ]A = [V, γA] : [V, FA] → [V, FA′].

3Unless otherwise stated, all ordinary (co)limits in a V -category will be assumed to be conical.
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But γA ∈ MB because γ ∈ M ′, and hence [V, γA] ∈ MB because MB is stable under
cotensoring, since (EB,MB) is enriched.

To show that (E ′,M ′) is compatible with (E ,M ), let F : A → B be a V -functor,
and let us show that [A ,B](F,−) : [A ,B] → V sends M ′-morphisms to M -morphisms.

So let γ : S → S ′ be in M ′, and let us show that the morphism [A ,B](F, S)
[A ,B](F,γ)−−−−−−→

[A ,B] (F, S ′), i.e. the morphism∫
A∈A

B(FA, SA)

∫
A∈A B(FA,γA)

−−−−−−−−−→
∫
A∈A

B(FA, S ′A),

is in M . But γA ∈ MB for each A ∈ obA by assumption, and hence B(FA, γA) ∈ M for
each A ∈ obA because (EB,MB) is compatible with (E ,M ), so that

∫
A∈A

B(FA, γA) ∈
M because M is stable under limits (e.g., by [17, 4.3]). This proves that [A ,B] is a
V -factegory when equipped with the pointwise factorization system (E ′,M ′).

If the V -factegory B is cocomplete, then [A ,B] has small colimits, formed pointwise,
and [A ,B] also has arbitrary cointersections of E ′-morphisms, also formed pointwise.

4.8. Definition. A right-class V -functor is a V -functor U : C → D between V -
factegories C and D such that U preserves the right class (cf. 3.3). Analogously, a
left-class V -functor is a V -functor F between V -factegories such that F preserves the
left class.

4.9. Example. If C is an object of a V -factegory C , then C (C,−) : C → V is a
right-class V -functor, by compatibility of the factorization systems.

4.10. Definition. Let U : C → D be a V -functor between V -factegories. We say
that U is M -conservative if for every m ∈ M , if Um is an isomorphism then m is an
isomorphism. We say that U reflects the left class if for every morphism e in C , if
Ue ∈ E then e ∈ E .

4.11. Proposition. Let U : C → D be a a right-class V -functor. Then U is M -
conservative iff U reflects the left class.

Proof. Suppose first that U is M -conservative. To show that U reflects the left class,

suppose Ue ∈ E with e : C → C ′, and let us show that e ∈ E . If C
e′−→ C ′′ m−→ C ′ is

the (E ,M )-factorization of e, then it suffices to show that m ∈ M is an isomorphism,
for which it suffices by hypothesis to show that Um is an isomorphism. But since Ue =
Um ◦Ue′ and Ue ∈ E , it follows by properness that Um ∈ E , so that Um ∈ E ∩M is an
isomorphism, as desired.

Conversely, suppose that U reflects the left class, and let m ∈ M with Um an iso-
morphism. Then Um ∈ E , so that m ∈ E by hypothesis, and hence m ∈ E ∩ M is an
isomorphism.
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If the V -functor of 4.11 has a left adjoint, then we can extend the equivalent conditions
thereof as follows.

4.12. Proposition. Let U : C → D be a right-class V -functor with a left adjoint F .
Then the equivalent properties of 4.11 are also equivalent to the following two properties:

• The counit of the adjunction F ⊣ U is pointwise in E .

• U reflects the order of M -subobjects, i.e. the functor UC : SubM (C) → SubM (UC) of
3.6 is fully faithful for each C ∈ obC .

Proof. We first show that the counit ε : FU → 1C is pointwise in E iff U reflects the
left class. Assuming the former property, let e : C → C ′ in C with Ue ∈ E . Since F ⊣ U
and U preserves the right class, it follows by 3.4 that F preserves the left class, so that
FUe ∈ E . By the naturality of ε we have εC′ ◦FUe = e ◦ εC , and the left composite is in
E because εC′ ∈ E , so e ◦ εC ∈ E , which entails e ∈ E by properness.

Supposing now that U reflects the left class, let C ∈ obC and let us show that εC ∈ E .
By assumption, it suffices to show that UεC ∈ E . By one of the triangle equalities for the
adjunction we have UεC ◦ ηUC = 1UC , so that UεC is a retraction and hence lies in E by
properness.

Now suppose that the counit is pointwise in E , and let us show for any C ∈ obC
that UC : SubM (C) → SubM (UC) is fully faithful. So let m : A → C and n : B → C

be M -subobjects, and suppose that the M -subobject UA
Um−−→ UC factors through the

M -subobject UB
Un−→ UC via a (unique) M -morphism UA

m′
−→ UB. Since the counit

FUA
εA−→ A lies in E , it will follow by orthogonality that m factors through n if the

composite FUA
εA−→ A

m−→ C factors through B
n−→ C, which is true because m ◦ εA =

εC ◦ FUm = εC ◦ F (Un ◦m′) = εC ◦ FUn ◦ Fm′ = n ◦ εB ◦ Fm′.
Conversely, suppose that U reflects the order of M -subobjects, and let us show that

U is M -conservative. Let m : B → C be an M -morphism in C , and suppose that Um is
an isomorphism. Then Um ∼= 1UC = U1C in SubM (UC), so since UC is fully faithful we
deduce that m ∼= 1C in SubM (C), and hence m is an isomorphism in C .

If U : C → D is a right-class V -functor, then we say that U reflects M -unions if for
every M -sink (mi : Ci → C)i∈I in C and every M -morphism n : D → C, if Un is a union
of the M -sink (Umi : UCi → UC)i∈I , then n is a union of the M -sink (mi)i.

4.13. Corollary. Let U : C → D be a right-class V -functor between V -factegories with
M -unions. Suppose that U has a left adjoint and satisfies any of the equivalent properties
of 4.11 and 4.12. Then U reflects M -unions.

Proof. For each object C of C , UC : SubM (C) → SubM (UC) is a fully faithful functor
between preordered classes, so UC reflects joins, and the result follows since M -unions
are small joins of M -subobjects.
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We now discuss the notion of enriched (E ,M )-generator, which originated with en-
riched notions of generator and strong generator in [24, 21, 7]. If C is a tensored V -
factegory (i.e. a V -factegory with tensors) and G ⊆ obC is a set, then for every G ∈ G
and C ∈ obC we have a canonical C -morphism C (G,C)⊗G → C, namely the counit of
the adjunction (−)⊗G ⊣ C (G,−) : C → V .

4.14. Definition. Let C be a cocomplete V -factegory. An enriched (E ,M )-generator
for C is a (small) set of objects G ⊆ obC such that for every C ∈ obC , the canonical
sink

(C (G,C)⊗G → C)G∈G

is E -tight, i.e. the canonical morphism
∐

G∈G C (G,C)⊗G → C lies in E .

We have the following initial example of an enriched (E ,M )-generator:

4.15. Lemma. The unit object I is an enriched (E ,M )-generator of V .

Proof. Noting that V is a cocomplete V -factegory by 4.5, for every V ∈ obV the
canonical V -morphism V (I, V ) ⊗ I → V is an isomorphism and hence certainly lies in
E .

From 4.12 we can deduce the following equivalent formulations of the notion of en-
riched (E ,M )-generator, one of which generalizes a characterization of ordinary (E ,M )-
generators discussed in 3.8. By 4.7, any presheaf V -category becomes a V -factegory when
equipped with the pointwise factorization system. If C is a cocomplete V -category and
G ⊆ obC is a set, or equivalently a small full sub-V -category i : G ↪→ C , then the
restricted Yoneda V -functor yG : C → [G op,V ] defined by yG (C) = C (i−, C) is clearly a
right-class V -functor and has a left adjoint (−) ∗ i : [G op,V ] → C sending W : G op → V
to the colimit G ∗ i.

4.16. Proposition. Let G be a small full sub-V -category of a cocomplete V -factegory
C . The following are equivalent:

1. G is an enriched (E ,M )-generator for C .

2. The restricted Yoneda V -functor yG : C → [G op,V ] is M -conservative.

3. The V -functors C (G,−) : C → V (G ∈ G ) are jointly M -conservative (i.e. m ∈ M
is an isomorphism if each C (G,m) (G ∈ G ) is an isomorphism).

Proof. The equivalence of (2) and (3) is essentially immediate, so it remains to show
that (1) and (2) are equivalent. Since yG preserves the right class and has a left adjoint
(−) ∗ i, it now suffices by 4.12 to show that G is an enriched (E ,M )-generator iff the
counit of the adjunction (−)∗ i ⊣ yG is pointwise in E . For every C ∈ obC , the domain of

the counit at C is
∫ G∈G

C (G,C)⊗G. The canonical morphism
∐

G∈G C (G,C)⊗G → C

factors through the counit
∫ G∈G

C (G,C) ⊗ G → C via an E -morphism (even a regular
epimorphism; see [21, 3.68]). It follows that the counit lies in E iff the canonical morphism∐

G∈G C (G,C)⊗G → C lies in E , which yields the result.
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4.17. Corollary. Let C be a cocomplete V -factegory with an enriched (E ,M )-generator
G . Then the V -functors C (G,−) : C → V (G ∈ G ) jointly reflect M -unions, i.e. if
(mi : Ci → C)i∈I is an M -sink in C and n : D → C is an M -subobject in C such that
C (G,D) ∼=

⋃
i C (G,Ci) as M -subobjects of C (G,C) for each G ∈ G , then D ∼=

⋃
i Ci as

M -subobjects of C, and hence n is a union of (mi : Ci → C)i∈I .

Proof. By 4.16 and 4.13, the restricted Yoneda V -functor yG : C → [G op,V ] (which
is a right adjoint right-class V -functor) reflects M -unions, and the result follows since
M -unions in [G op,V ] are formed pointwise.

4.18. Example. If i : G ↪→ C is a small, dense, full sub-V -category of a cocomplete
V -factegory C , then the restricted Yoneda V -functor yG : C → [G op,V ] is fully faithful,
hence conservative, hence M -conservative, so certainly G is an (E ,M )-generator for C .
In particular, if A is a small V -category, then the Yoneda lemma entails that the set
{A (A,−) | A ∈ obA } is dense in [A ,V ] and so is an (E ,M )-generator for [A ,V ],
noting that the latter V -category is a cocomplete V -factegory by 4.5 and 4.7.

The following useful result generalizes [22, 4.2] to apply to (E ,M )-generators:

4.19. Proposition. Let C be a cocomplete V -factegory. If V0 has an ordinary (E ,M )-
generator G and C has an enriched (E ,M )-generator H , then C0 has an ordinary
(E ,M )-generator G ⊗ H := {G⊗H | G ∈ G , H ∈ H }.
Proof. In order to employ the Set-enriched version of 4.16, let m : C → C ′ be an M -
morphism such that C0(G ⊗ H,m) : C0(G ⊗ H,C) → C0(G ⊗ H,C ′) is a bijection for
all G ∈ G and H ∈ H . Then V0(G,C (H,m)) : V0(G,C (H,C)) → V0(G,C (H,C ′))
is a bijection for all G ∈ G and H ∈ H . Since G is an ordinary (E ,M )-generator
for V0, it follows by the Set-enriched version of 4.16 and the fact that C (H,m) ∈ M
(by compatibility) that C (H,m) : C (H,C) → C (H,C ′) is an isomorphism in V for all
H ∈ H . So because H is an enriched (E ,M )-generator for C , we finally deduce by 4.16
that m is an isomorphism, as desired.

We also have the following:

4.20. Proposition. Let C be a cocomplete V -factegory. If H is an ordinary (E ,M )-
generator for C0, then H is also an enriched (E ,M )-generator for C .

Proof. If m ∈ M and C (H,m) is an isomorphism for every H ∈ H , then C0(H,m)
is an isomorphism in Set for every H ∈ H , so m is an isomorphism by the Set-enriched
version of 4.16. Hence H is an enriched (E ,M )-generator by 4.16.

Proposition 4.20 shows that being an enriched (E ,M )-generator is weaker than being an
ordinary (E ,M )-generator; to see that it is strictly weaker in general, note that by 4.15
the unit object I is always itself an enriched (E ,M )-generator for any closed cocomplete
factegory V , while I need not be an ordinary (E ,M )-generator (e.g. when V = Cat
equipped with (StrongEpi,Mono), the terminal category is not an ordinary strong gener-
ator).

We have the following result for obtaining examples of enriched (E ,M )-generators:
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4.21. Proposition. Let U : C → D be an M -conservative right-class V -functor with a
left adjoint F . If G is an enriched (E ,M )-generator for D , then FG := {FG | G ∈ G }
is an enriched (E ,M )-generator for C .

Proof. Using 4.16, let m : C → C ′ be an M -morphism in C with C (FG,m) : C (FG,C)
→ C (FG,C ′) an isomorphism for every G ∈ G , and let us show thatm is an isomorphism.
Because F ⊣ U , it follows for every G ∈ G that D(G,Um) : D(G,UC) → D(G,UC ′) is
an isomorphism. Since U preserves the right class and G is an enriched (E ,M )-generator
for D , it follows by 4.16 that Um is an isomorphism. But since U is M -conservative, it
then follows that m is an isomorphism, as desired.

4.2. Locally bounded V -categories.

Before we can define our notion of locally bounded V -category, it remains to define the
notion of an enriched α-bounded object (for a regular cardinal α). We say that a V -
factegory has (α-filtered) M -unions if the underlying ordinary factegory has (α-filtered)
M -unions, and that a right-class V -functor between V -factegories with (α-filtered) M -
unions preserves (α-filtered) M -unions if the underlying ordinary functor does so.

4.22. Definition. Let C be an object of a V -factegory C with M -unions. Given a
regular cardinal α, C is an enriched α-bounded object of C if the V -functor C (C,−) :
C → V preserves α-filtered M -unions. C is an enriched bounded object if C is an
enriched α-bounded object for some α.

Note that C (C,−) is a right-class V -functor by 4.9. If C is an α-bounded object of the
ordinary category C0, meaning that the functor C0(C,−) : C0 → Set preserves α-filtered
M -unions, then we say that C is an ordinary α-bounded object (of C0).

We have the following initial examples of enriched (ℵ0-)bounded objects:

4.23. Lemma. The unit object I ∈ obV is an enriched ℵ0-bounded object.

Proof. Noting that V is a cocomplete V -factegory by 4.5, the result follows immediately
from the fact that V (I,−) : V → V is isomorphic to the identity V -functor.

4.24. Lemma. Let A be a small V -category. Then every representable V -functor from
A to V is an enriched ℵ0-bounded object of the presheaf V -category [A ,V ].

Proof. By 4.18, [A ,V ] is a cocomplete V -factegory. Given a representable V -functor
yA = A (A,−) : A → V with A ∈ obA , the V -functor [A ,V ](yA,−) : [A ,V ] → V is
(by the enriched Yoneda lemma) isomorphic to the evaluation V -functor EvA : [A ,V ] →
V , which preserves (filtered) M -unions because they are formed pointwise in [A ,V ], by
4.7.



LOCALLY BOUNDED ENRICHED CATEGORIES 699

We now make the central definition of this paper:

4.25. Definition. Let α be a regular cardinal. A locally α-bounded V -category is a
cocomplete V -factegory C equipped with an enriched (E ,M )-generator G consisting of
enriched α-bounded objects. A V -category is locally bounded if it is locally α-bounded
for some regular cardinal α.

4.26. When V = Set, a locally α-bounded V -category is therefore just a locally α-
bounded ordinary category. Note that a locally α-bounded V -category is also a locally
β-bounded V -category for any regular cardinal β > α (because an enriched α-bounded
object is also an enriched β-bounded object).

We first show that any locally bounded V -category is total and hence complete. Recall
that a V -category C is total (see [22, 5.1]) if it admits the (possibly large) colimit W ∗1C

for every V -functor W : C op → V , which is equivalent to saying (see [22, 5.2]) that the
enriched Yoneda embedding y : C → [C op,V ] admits a left adjoint (where [C op,V ] is
regarded as a V ′-category for some universe extension V ′ of V ).

4.27. Proposition. Every locally bounded V -category C is total and complete.

Proof. Since the V -factegory C is cocomplete and has an enriched (E ,M )-generator,
it follows by (the remark following) [7, Theorem 1] that C is total.4 Since V0 is complete,
it then follows by (the proof of) [22, 5.6] that C is complete.

We have the following easy result (cf. also 5.8 below).

4.28. Proposition. V is a locally ℵ0-bounded V -category with enriched (E ,M )-generator
{I}.

Proof. V is a cocomplete V -factegory by 4.5, and the unit object I ∈ obV is an enriched
(E ,M )-generator by 4.15 and an enriched ℵ0-bounded object by 4.23.

We can also prove that, moreover, every presheaf V -category is locally bounded:

4.29. Proposition. Let A be a small V -category. Then the presheaf V -category [A ,V ]
is locally ℵ0-bounded when equipped with its pointwise factorization system and its enriched
(E ,M )-generator {A (A,−) | A ∈ obA }.

Proof. By 4.18, [A ,V ] is a cocomplete V -factegory with an (E ,M )-generator
{A (A,−) | A ∈ obA }, which consists of enriched ℵ0-bounded objects by 4.24.

4Note that the proof of this result does not actually require V0 to be complete or have arbitrary
intersections of monomorphisms, which are nevertheless blanket assumptions made in the introduction
to [7].
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We henceforth regard presheaf V -categories as being locally bounded with the canonical
such structure defined in 4.29.

4.3. Bounding adjunctions.

We now develop the notion of a bounding adjunction between V -factegories with M -
unions, which we shall use to prove characterization results for locally bounded V -
categories and to obtain various further examples of such V -categories.

4.30. Definition. Let U : C → D be a right-class V -functor between V -factegories
with M -unions. Given a regular cardinal α, we say that U is α-bounded if U : C → D
preserves α-filtered M -unions. U is bounded if it is α-bounded for some regular cardinal
α.

Note that a composite of α-bounded right-class V -functors is again α-bounded.

4.31. Remark. In 4.30 we have defined boundedness of a V -functor U only under the
prior assumption that U preserves the right class. However, boundedness can be defined
without assuming preservation of the right class as follows: If U : C → D is a V -functor
between V -factegories, then (even if U does not preserve the right class) one can say
that U is α-bounded if U sends each E -tight α-filtered M -sink to an E -tight sink; we
also express the latter property by saying that U preserves the E -tightness of α-filtered
M -sinks (cf. [20, 2.3]). It is then straightforward to show that if U happens to preserve
the right class, then U is bounded in this latter sense iff it is bounded in the sense of our
4.30 (cf. [20, 2.3]). In particular, every α-bounded V -functor U : C → D in the sense of
4.30 preserves the E -tightness of α-filtered M -sinks.

4.32. Proposition. Let U : C → D be an α-bounded right-class V -functor between
V -factegories with M -unions, and suppose that U has a left adjoint F : D → C . Then
F preserves enriched α-bounded objects.

Proof. Let G ∈ obD be an enriched α-bounded object of D , and let us show that FG
is an enriched α-bounded object of C . Given an α-filtered M -sink (mi : Ci → C)i∈I in
C , we compute that

C

(
FG,

⋃
i

Ci

)
∼= D

(
G,U

(⋃
i

Ci

))
∼= D

(
G,
⋃
i

UCi

)

∼=
⋃
i

D(G,UCi) ∼=
⋃
i

C (FG,Ci)

as M -subobjects of C (FG,C).
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4.33. Definition. Let C and D be V -factegories with M -unions, and let α be a regular
cardinal. A V -functor U : C → D is an α-bounding right adjoint if U is an α-bounded
right-class V -functor with a left adjoint F whose counit ε : FU → 1C is pointwise in E .
We say that U : C → D is a bounding right adjoint if it is an α-bounding right adjoint
for some regular cardinal α.

4.34. Remark. Every bounding right adjoint U : C → D is automatically V -faithful
(and hence U0 : C0 → D0 is faithful) by [10, Proposition 0.3], because the counit of the
adjunction is pointwise in E and hence is pointwise V -epimorphic by properness.

By 4.12 we obtain the following characterization of bounding right adjoints:

4.35. Proposition. A right adjoint right-class V -functor U : C → D is an α-bounding
right adjoint iff it is α-bounded and M -conservative, iff it is α-bounded and reflects the
left class.

4.36. Theorem. Let C be a cocomplete V -factegory and G ⊆ obC a set. Then C is a
locally α-bounded V -category with enriched (E ,M )-generator G iff the restricted Yoneda
V -functor yG : C → [G op,V ] is α-bounded and M -conservative, iff yG : C → [G op,V ] is
an α-bounding right adjoint.

Proof. As noted earlier, yG preserves the right class. It is essentially immediate from
the definitions and the pointwise nature of M -unions in [G op,V ] that every G ∈ G is an
enriched α-bounded object iff the V -functor yG : C → [G op,V ] is α-bounded. So the first
equivalence follows by 4.16. The second equivalence follows by 4.35 and the fact that yG

is a right adjoint right-class V -functor (by the remarks preceding 4.16).

We now prove a central property of bounding right adjoints: under certain hypotheses,
any bounding right adjoint into a locally bounded V -category induces a locally bounded
structure on its domain. We state the following result, and most (if not all) subsequent
definitions and results, in terms of a single regular cardinal. However, it should be clear
that if the assumptions of a given result are instead satisfied with respect to several
distinct regular cardinals, then these assumptions will still be satisfied with respect to the
largest of these regular cardinals, in view of 4.26.

4.37. Theorem. Let D be a locally α-bounded V -category with enriched (E ,M )-generator
G . If C is a cocomplete V -factegory and U : C → D is an α-bounding right adjoint with
left adjoint F , then C is a locally α-bounded V -category with enriched (E ,M )-generator
{FG | G ∈ G }.

Proof. 4.21 shows that {FG | G ∈ G } is an enriched (E ,M )-generator for C (since U
is M -conservative by 4.35), and 4.32 shows that FG is an enriched α-bounded object of
C for every G ∈ G .
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4.38. Remark. Theorem 4.37 easily entails that certain reflective sub-V -categories of
locally bounded V -categories are locally bounded. Indeed, if i : C → D is a fully faithful,
right adjoint, α-bounded right-class V -functor such that C has arbitrary cointersections of
EC -morphisms and D is a locally α-bounded V -category, then C is a locally α-bounded V -
category. Indeed, C is a cocomplete V -category because C is reflective in the cocomplete
V -category D , and the counit of the reflection is an isomorphism and hence certainly lies
pointwise in EC . Note that i : C → D is therefore an α-bounding right adjoint.

From 4.36 and 4.37 we now obtain the following characterization theorem for locally
bounded V -categories, which is analogous to Kelly’s definition/characterization in [21,
3.1] of the locally finitely presentable V -categories as the cocomplete V -categories that
admit a right adjoint, conservative, finitary V -functor into a presheaf V -category. In the
following result, we essentially replace “conservative” by “M -conservative” and “finitary”
by “α-bounded”, requiring also preservation of the right class.

4.39. Theorem. Let C be a cocomplete V -factegory. Then C is a locally α-bounded
V -category iff there exists a small V -category A with an α-bounding right adjoint U :
C → [A ,V ].

Proof. If C is a locally α-bounded V -category with enriched (E ,M )-generator G , then
yG : C → [G op,V ] is an α-bounding right adjoint by 4.36. Conversely, if A is a small
V -category and U : C → [A ,V ] is an α-bounding right adjoint, then since [A ,V ] is a
locally ℵ0-bounded and hence locally α-bounded V -category by 4.29, it follows from 4.37
that C is a locally α-bounded V -category.

To conclude this section, we show that every V -category of V -functors valued in a locally
bounded V -category is itself locally bounded. First, we require the following result:

4.40. Proposition. Given V -factegories C and D with M -unions, if U : C → D is
an α-bounded right-class V -functor (resp. an α-bounding right adjoint) then [A , U ] :
[A ,C ] → [A ,D ] is an α-bounded right-class V -functor (resp. an α-bounding right ad-
joint).

Proof.By 4.7, [A ,C ] and [A ,D ] are V -factegories, each with the pointwise factorization
system and with M -unions formed pointwise, from which the result follows readily, using
the fact that [A ,−] preserves right adjoints by 2-functoriality.

4.41. Proposition. Let C be a locally α-bounded V -category. If A is a small V -
category, then the functor V -category [A ,C ] is a locally α-bounded V -category.

Proof. We know by 4.7 that [A ,C ] is a cocomplete V -factegory when equipped with
the pointwise factorization system (E ′,M ′). So it suffices by 4.39 to show that there is
a small V -category B with an α-bounding right adjoint U : [A ,C ] → [B,V ]. Since C
is locally α-bounded with enriched (E ,M )-generator G , we know by 4.36 that yG : C →
[G op,V ] is an α-bounding right adjoint. Then by 4.40, it follows that [A , yG ] : [A ,C ] →
[A , [G op,V ]] ∼= [A ⊗ G op,V ] is an α-bounding right adjoint with A ⊗ G op small, as
desired.
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5. Locally bounded symmetric monoidal closed categories

In order to obtain various further results about locally bounded V -categories, we shall
need to assume that the base of enrichment V is a locally bounded symmetric monoidal
closed category, in the following sense, which by 5.2 below is equivalent to Kelly’s sense
of the term [24, §6.1].

5.1. Definition. Given a regular cardinal α, a locally α-bounded (symmetric
monoidal) closed category is a cocomplete closed factegory V equipped with an or-
dinary (E ,M )-generator G consisting of ordinary α-bounded objects, such that the unit
object I is α-bounded and G⊗G′ is α-bounded for all G,G′ ∈ G .

A symmetric monoidal closed category V is locally bounded (as a symmetric
monoidal closed category) if there is some regular cardinal α for which V is a locally
α-bounded closed category.

Note that if V is a locally α-bounded closed category, then V is also a locally β-bounded
closed category for any regular cardinal β > α.

5.2. Remark. Although Kelly’s original definition of locally bounded closed category
(see [24, 6.1] and [25]) omits the requirement of α-boundedness of I and of G⊗G′ for all
G,G′ ∈ G , a closed category V is locally bounded in the sense of our 5.1 iff it is locally
bounded in Kelly’s sense. Indeed, the ‘only if’ implication is immediate, and if V is locally
bounded in Kelly’s sense with the (E ,M )-generator G consisting of α-bounded objects
for some regular cardinal α, then by 3.11 we know for every object V ∈ obV that there is
some regular cardinal αV ≥ α such that V is αV -bounded. Since G is small, we can then
find a regular cardinal β ≥ α such that I is β-bounded and every monoidal product of
elements of G is β-bounded, so that V is locally (β-)bounded as a closed category in the
sense of our 5.1. Our definition 5.1 entails that the α-bounded objects are closed under
the monoidal structure; see 5.4 below. We have augmented Kelly’s definition of locally
bounded closed category in this way because it enables a more convenient theoretical
development, and because it more closely accords with Kelly’s definition of locally α-
presentable closed category in [21, 5.5], where the class of α-presentable objects is required
to be closed under the monoidal structure.

We provide many examples of locally bounded closed categories in Section 5.3 (and also
in 12.5 and 12.6). We first analyze the relationship between enriched and ordinary bound-
edness and show that in a locally α-bounded closed category, the monoidal product of
any two ordinary α-bounded objects is α-bounded (see 5.4 below). We thus have the fol-
lowing sequence of results, analogous to Kelly’s results [21, 5.1–5.3] regarding (enriched)
α-presentable objects in cocomplete V -categories over a closed category V with V0 locally
α-presentable.

5.3. Lemma. Let V be a cocomplete closed factegory with an ordinary (E ,M )-generator
G consisting of ordinary α-bounded objects, and let C be a tensored V -factegory with
M -unions. The following are equivalent for every C ∈ obC :
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1. C is an enriched α-bounded object of C .

2. V ⊗C is an ordinary α-bounded object of C0 for every ordinary α-bounded object V of
V0.

3. G⊗ C is an ordinary α-bounded object of C0 for every G ∈ G .

Proof. If (1) holds, then for each α-bounded object V of V0 and each α-filtered M -sink
(mi : Di → D)i∈I in C , we compute that

V0

(
V,C

(
C,
⋃
i

Di

))
∼= V0

(
V,
⋃
i

C (C,Di)

)
∼=
⋃
i

V0 (V,C (C,Di))

as subobjects of V0(V,C (C,D)), so C0 (V ⊗ C,
⋃

iDi) ∼=
⋃

i C0(V ⊗ C,Di) as subobjects
of C0(V ⊗ C,D). This proves that (1) implies (2).

(2) trivially implies (3). Suppose that (3) holds, and let (mi : Di → D)i∈I be an
α-filtered M -sink in C . For each G ∈ G , we compute that

V0

(
G,C

(
C,
⋃
i

Di

))
∼= C0

(
G⊗ C,

⋃
i

Di

)
∼=
⋃
i

C0 (G⊗ C,Di) ∼=
⋃
i

V0(G,C (C,Di))

as subobjects of V0(G,C (C,D)). Hence, by the Set-enriched version of 4.17 we deduce
that C (C,

⋃
i Di) ∼=

⋃
i C (C,Di) as M -subobjects of C (C,D), showing that (1) holds.

5.4. Proposition. Let V be a cocomplete closed factegory with an ordinary (E ,M )-
generator G consisting of ordinary α-bounded objects. The following are equivalent:

1. Every ordinary α-bounded object of V0 is an enriched α-bounded object of V .

2. The class of ordinary α-bounded objects of V0 is closed under ⊗.

3. G⊗G′ is an ordinary α-bounded object of V0 for all G,G′ ∈ G .

Thus, if V is a locally α-bounded closed category, then the class of ordinary α-bounded
objects is closed under ⊗.

Proof. (1) implies (2) because if X, Y are ordinary α-bounded objects of V0, then Y is
also an enriched α-bounded object of V by (1), so that X ⊗ Y is an ordinary α-bounded
object of V0 by 5.3. (2) trivially implies (3), so suppose (3) and let us show (1). By 5.3
we first obtain that every G ∈ G is an enriched α-bounded object of V . Now let V be
an ordinary α-bounded object of V0, and let us show that V is an enriched α-bounded
object of V . By 5.3, it suffices to show that G ⊗ V ∼= V ⊗ G is an ordinary α-bounded
object of V0 for every G ∈ G , which now follows by 5.3 since every G ∈ G is an enriched
α-bounded object.
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5.5. Corollary. Let V be a cocomplete closed factegory with an ordinary (E ,M )-
generator consisting of ordinary α-bounded objects. The following are equivalent:

1. Every enriched α-bounded object of V is an ordinary α-bounded object of V0.

2. The unit object I is an ordinary α-bounded object of V0.

3. If C is any tensored V -factegory with M -unions, then every enriched α-bounded object
of C is an ordinary α-bounded object of C0.

Proof. (1) implies (2) because I is necessarily an enriched α-bounded object of V by
4.23. If (2) holds and C is an enriched α-bounded object of a tensored V -factegory C
with M -unions, then I ⊗ C ∼= C is an ordinary α-bounded object of C0 by 5.3. And (3)
implies (1) by 4.5.

From 5.4 and 5.5 we now obtain:

5.6. Corollary. The ordinary α-bounded objects coincide with the enriched α-bounded
objects in any locally α-bounded closed category V .

5.7. Corollary. Let V be a locally α-bounded closed category and let C be a tensored
V -factegory with M -unions. If V is an enriched α-bounded object of V and C is an
enriched α-bounded object of C , then V ⊗ C is an enriched α-bounded object of C .

Proof. By 5.3, it suffices to show that X ⊗ (V ⊗ C) ∼= (X ⊗ V ) ⊗ C is an ordinary
α-bounded object of C0 for every ordinary α-bounded object X of V0. But V is also an
ordinary α-bounded object of V0 by 5.6, so that X ⊗ V is an ordinary α-bounded object
of V0 by 5.4, whence the result follows by 5.3.

5.8. Remark. If V is a locally α-bounded closed category with ordinary (E ,M )-generator
G , then V is also a locally α-bounded V -category with enriched (E ,M )-generator G by
4.5, 4.20, and 5.6 (note that V0 is complete by the Set-enriched version of 4.27). In other
words, if V is locally α-bounded as a closed category, then V is also a locally α-bounded
V -category with the same data. However, the converse is certainly not true in general.
For example, 4.28 shows that even if V is just a cocomplete closed factegory, then V is
a locally ℵ0-bounded V -category whose enriched (E ,M )-generator is just the unit object
I, while I need not be an ordinary (E ,M )-generator. For example, V = Cat is a cocom-
plete closed factegory with (E ,M ) = (StrongEpi,Mono), and the unit object of Cat is the
terminal category, which is not an ordinary strong generator.

5.1. Cocomplete quasitoposes with generators.

In this subsection and the next, we prove some general results that will supply many
examples of locally bounded closed categories. The reader can safely skip ahead to Section
5.3 if they just wish to see a list of these examples.

We first exhibit a large class of examples of locally bounded cartesian closed cat-
egories: the cocomplete quasitoposes with generators and arbitrary cointersections of
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epimorphisms. Recall (see [18, A2.6.1]) that an (elementary) quasitopos is a finitely com-
plete and finitely cocomplete category that is locally cartesian closed and has a subobject
classifier for strong monomorphisms.

It is shown in [18, C2.2.13] that any cocomplete quasitopos with a strong generator
(a generating set in the terminology of [18, A1.2]) is locally presentable. We shall shortly
prove the following variation of this result, with weaker hypothesis and weaker conclusion:
any cocomplete quasitopos with arbitrary wide cointersections and a generator (a separat-
ing set in the terminology of [18, A1.2]) is locally bounded as a cartesian closed category.
In fact, we shall first show that any cocomplete factegory with an (E ,M )-generator and
suitable pullback stability properties is locally bounded.

We first require the following lemma. If C is a factegory with pullbacks, we say that
E -morphisms are stable under pullback in C if the pullback of an E -morphism along any
morphism is still an E -morphism. Such factorization systems have been called stable in
the literature (see e.g. [23]). Every morphism f : C → D induces a pullback functor
f ∗ : C /D → C /C, and since M is stable under pullback we know that f ∗ restricts to
a functor f−1 : SubM (D) → SubM (C) whose value at each M -subobject m : B → D
we write as f−1(m) : f−1(B) → C. Now supposing also that C has small coproducts,
we say that small coproducts are stable under pullback in C if every pullback functor
f ∗ : C /D → C /C preserves small coproducts, noting that small coproducts are formed
in the slice categories as in C . We also say that M -unions are stable under pullback
in C if for every morphism f : C → D in C and every M -sink (mi : Di → D)i∈I
with union m :

⋃
i Di → D, the pullback f−1(m) : f−1 (

⋃
iDi) → C is a union of the

‘pullback’ M -sink (f−1(mi) : f
−1(Di) → C)i∈I , equivalently, f

−1 (
⋃

i Di) ∼=
⋃

i f
−1(Di)

as M -subobjects of C. By 3.2, M -unions are stable under pullback iff every pullback
functor f−1 : SubM (D) → SubM (C) preserves small joins.

5.9. Lemma. Let C be a factegory with pullbacks and small coproducts. If E -morphisms
and small coproducts are stable under pullback in C , then so are M -unions.

Proof. Given any morphism f : C → D in C , we have the following square, where
JC , JD are the inclusions and KC , KD are the respective left adjoints, as discussed in 3.2:

SubM (D) SubM (C)

C /D C /C

f−1

JD

f∗

JCKD KC

f−1 is a restriction of f ∗, so JC ◦ f−1 = f ∗ ◦ JD. Using the pullback-stability of E ,
the uniqueness (up to isomorphism) of (E ,M )-factorizations, and a well-known pullback
cancellation property, it is then straightforward to show that f−1 ◦KD

∼= KC ◦ f ∗. Also,
small joins in SubM (C) are formed (as noted in 3.2) by first taking the coproduct in C /C
and then applying the reflector KC , and similarly for SubM (D). Using these observations
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and the assumption that f ∗ preserves small coproducts, it follows readily that f−1 :
SubM (D) → SubM (C) preserves small joins.

We can now prove the following result:

5.10. Proposition. Let C be a cocomplete factegory with an (E ,M )-generator, and
suppose that E -morphisms and small coproducts are stable under pullback in C . Then C
is a locally bounded category.

Proof. Note first that C is complete by [25, 2.2] and thus has pullbacks. It remains
to show that there is a regular cardinal α for which each object of the (small) (E ,M )-
generator G is α-bounded, and for this it suffices to show that each object of G is bounded.
By 5.9, we know that M -unions are stable under pullback, which then entails the result
by [13, 3.1.2].

Recall that a locally cartesian closed category can be defined as a category with pullbacks
in which each pullback functor f ∗ has a right adjoint, or equivalently as a category C
whose slice categories C /C are all cartesian closed (so if C has a terminal object, then C
is itself cartesian closed).

5.11. Corollary. If C is a cocomplete and locally cartesian closed category with a gen-
erator and arbitrary cointersections of epimorphisms, then C is a locally bounded cartesian
closed category. In particular, any cocomplete quasitopos with a generator and arbitrary
cointersections of epimorphisms is a locally bounded cartesian closed category.

Proof. The assumptions entail by the dual of [13, 2.3.4] that C admits the (Epi,
StrongMono) proper factorization system, so that C is then a cocomplete factegory with
an (Epi, StrongMono)-generator. To show that C is a locally bounded category, it remains
by 5.10 to show that epimorphisms and small coproducts are stable under pullback, which
easily follows from the pullback functors being left adjoints.

C is cartesian closed because C is locally cartesian closed and has a terminal object by
4.27. To prove that C is locally bounded as a cartesian closed category, it remains by 5.2
to show that the proper factorization system (Epi, StrongMono) on C is C -enriched, which
follows because each product functor C × (−) : C → C is a left adjoint (by cartesian
closedness) and hence preserves epimorphisms.

5.2. Topological categories.

It is known (see e.g. [37, 2.3]) that any topological category over Set is locally ℵ0-bounded.
In this section, we begin by discussing how every topological functor U : C → Set is an
ℵ0-bounding right adjoint, and we discuss the resulting locally ℵ0-bounded structure on
C ; we then establish wide classes of examples of locally bounded closed categories that
are topological over Set.

Recall that a functor U : C → D between categories is topological if every U -structured
source in D has a U -initial lift; see e.g. [1, 21.1] for an explicit definition, which we shall
not employ directly. A category C is topological over a category D if there is a topological
functor U : C → D . Any topological functor is in particular faithful (see [1, 21.3]), and
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has a left adjoint functor F : D → C that sends each set X to the discrete object on X
(see [1, 21.12]).

5.12. Proposition. Every topological functor U : C → Set is an ℵ0-bounding right
adjoint when C is equipped with the factorization system (Epi, StrongMono). Consequently,
every category C topological over Set is locally ℵ0-bounded when equipped with the latter
factorization system and the generator consisting of just the discrete object on a singleton
set.

Proof. Suppose U : C → Set is topological, and identify each morphism in C with its
underlying function. Then it is well known that the epimorphisms in C are the surjective
morphisms, the strong monomorphisms in C are the U -initial injective morphisms (also
called embeddings), and these classes constitute a factorization system (E ,M ) under
which C is a cocomplete factegory (see [1, §21]). Hence U is a right-class functor and
reflects epimorphisms. Also, a sink in C is E -tight iff it is jointly surjective, and it
follows that M -unions in C can be formed by taking the union of the underlying sink of
monomorphisms in Set and equipping it with the U -initial structure, so U preserves all
M -unions and, in particular, is ℵ0-bounded. The result now follows, by 4.35 and 4.37,
since Set is locally ℵ0-bounded with generator 1.

We can now prove the following result, which will yield several examples of locally bounded
closed categories (see Section 5.3):

5.13. Proposition. Let V be a symmetric monoidal closed category with a topological
functor U : V0 → Set, and let F denote the left adjoint to U .

1. V is locally bounded as a closed category with (Epi, StrongMono)-generator F1.

2. If I ∼= F1, or equivalently if U ∼= V0(I,−), then V is locally ℵ0-bounded as a closed
category with (Epi, StrongMono)-generator I.

Proof.We know that V0 is a locally ℵ0-bounded ordinary category with (Epi, StrongMono)-
generator F1 (which is ℵ0-bounded) by 5.12. To show that V is locally bounded as a closed
category (see 5.2), it remains to show that the factorization system (Epi, StrongMono) on
V is enriched, which is true because X ⊗ (−) : V → V (being a left adjoint) preserves
epimorphisms for every X ∈ obV . This proves (1).

The equivalence of the two conditions in the hypothesis of (2) follows from the fact
that U ∼= V0(F1,−). Now supposing I ∼= F1, then since F1 is ℵ0-bounded and I⊗ I ∼= I,
we deduce (2), using (1).

5.3. Examples of locally bounded closed categories.

5.14. Example. All of the symmetric monoidal closed categories of [24, Section 1.1]
are locally bounded closed categories, as shown on [24, Page 115]. This includes any
symmetric monoidal closed category V such that V0 is locally presentable, e.g. the cat-
egories of small categories, small groupoids, partially ordered sets, abelian groups, dif-
ferential graded modules over a commutative ring, the two-element preorder 2, and any
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Grothendieck quasitopos (see [18, C2.2.13]). Further examples discussed in [24, Page
115] include the poset ([0,∞]op,+, 0) of non-negative extended real numbers (with the
reverse ordering), the category Ban of Banach spaces and linear maps of norm ≤ 1, and
the topological examples CGTop,CGTop∗,HCGTop,QTop of, respectively, compactly gen-
erated topological spaces and pointed such, compactly generated Hausdorff spaces, and
quasitopological spaces.

5.15. Example. Generalizing the posetal examples 2 and [0,∞]op above, let V be a
commutative unital quantale (see e.g. [16, II.1.10]), or equivalently a symmetric monoidal
closed category that is posetal and cocomplete. Then V is locally ℵ0-bounded as a closed
category. Indeed, this is straightforwardly verified by equipping V with the trivial (yet
here proper) factorization system (All, Iso) in which All consists of all morphisms and Iso
consists of the isomorphisms (which are the identity morphisms, noting that every object
of V is then ℵ0-bounded). But V need not be locally ℵ0-presentable: For example, the
quantale ([0,∞]op,+, 0) is locally ℵ0-bounded as a closed category, but [0,∞]op is not an
algebraic lattice and so is not locally ℵ0-presentable, by [2, 1.10].

5.16. Example. If V is a locally bounded closed category, then it is shown in [25, 5.6]
that V -Cat is also a locally bounded closed category.

5.17. Example. A concrete quasitopos [11] is a category of quasispaces (also called con-
crete sheaves [4]) on a (possibly large) concrete site. As described on [11, Page 243], some
prominent examples of concrete quasitoposes are the categories of bornological spaces and
quasitopological spaces, and categories of convergence spaces such as filter spaces, limit
spaces, Choquet or pseudotopological spaces, and subsequential spaces. The categories of
Chen spaces, diffeological spaces, and simplicial complexes are also concrete quasitoposes
(shown in [4]), as is the category of quasi-Borel spaces (shown in [15]). As remarked on
[11, Page 245], a concrete quasitopos is in particular an elementary quasitopos that is
topological over Set, and so we actually have two ways of showing that every concrete
quasitopos C is a locally bounded cartesian closed category. Firstly, it is well known that
any topological category over Set is cocomplete and has a generator and wide cointersec-
tions of epimorphisms (as discussed in Section 5.2), so C satisfies the hypotheses of the
second statement of 5.11. Secondly, the associated topological functor U : C → Set is
represented by the terminal object [11, §1], so that C is a locally ℵ0-bounded cartesian
closed category by 5.13.

5.18. Example. Every topological category C over Set carries a canonical symmetric
monoidal closed structure whose unit object is the discrete object on a singleton set [38,
Section 3], [36, Section 2.2]. By 5.13, it thus follows that any topological category over
Set is a locally ℵ0-bounded closed category with respect to this canonical symmetric
monoidal closed structure. This includes (e.g.) the category Top of topological spaces
and continuous maps and the category Meas of measurable spaces and measurable maps
(see [36, Section 2.1]). In the case of Top, the tensor product X ⊗ Y of spaces X and Y
is obtained by equipping the product of the underlying sets with the topology of separate
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continuity, while the internal hom [X, Y ] is obtained by equipping the set of all continuous
maps X → Y with the topology of pointwise convergence; see, e.g., [6, 7.1.6].

5.19. Example. The full subcategory TopC of Top consisting of the C-generated spaces
for a productive class C of topological spaces [12] is a locally ℵ0-bounded cartesian closed
category. Indeed, TopC is concretely coreflective by the remarks following [12, 3.1] and
hence topological over Set by [1, 21.33], and TopC is cartesian closed by [12, 3.6]; the
terminal object of TopC is the usual one-point space (which is discrete and hence C-
generated), so 5.13(2) applies. Examples of TopC include the categories of compactly
generated spaces, core compactly generated spaces, locally compactly generated spaces,
and sequentially generated spaces (see [12, 3.3]).

5.20. Example. In Theorem 12.4 below, we show that categories of models of small
symmetric monoidal limit theories in locally bounded closed categories V are themselves
locally bounded closed categories. This provides a further source of locally bounded closed
categories whose objects are structures internal to any of the above locally bounded closed
categories; see 12.5 and 12.6, for example.

6. Enriched versus ordinary local boundedness

Given a locally bounded closed category V , we now study the relation between ordinary
and enriched local boundedness of V -categories. Firstly, enriched implies ordinary local
boundedness, but the generator changes:

6.1. Theorem. Let V be a locally α-bounded closed category with ordinary (E ,M )-
generator G , and let C be a locally α-bounded V -category with enriched (E ,M )-generator
H . Then C0 is a locally α-bounded ordinary category with ordinary (E ,M )-generator

G ⊗ H := {G⊗H | G ∈ G , H ∈ H } .

Proof. That C0 is cocomplete and has arbitrary cointersections of E -morphisms follows
because C has these properties. It follows from 5.3 that G⊗H is an ordinary α-bounded
object of C0 for all G ∈ G and H ∈ H , and from 4.19 that G ⊗ H is an ordinary
(E ,M )-generator for C0.

Toward a result in the opposite direction, we first prove the following lemma:

6.2. Lemma. Let V be a locally bounded closed category. If C is a tensored V -factegory
such that C0 is locally bounded, then every C ∈ obC is an enriched bounded object.

Proof. Let C ∈ obC , and let G be the ordinary (E ,M )-generator of V0. Since C0 is
locally bounded and G is small, it follows by 3.11 that there is a regular cardinal α such
that G ⊗ C is an ordinary α-bounded object of C0 for every G ∈ G , so that C is an
enriched α-bounded object of C by 5.3.
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Local boundedness of the ordinary category underlying a cocomplete V -factegory entails
its local boundedness as a V -category, but the regular cardinal α changes:

6.3. Theorem. Let V be a locally bounded closed category. If C is a cocomplete V -
factegory for which C0 is locally bounded with ordinary (E ,M )-generator H , then C is
a locally bounded V -category with enriched (E ,M )-generator H .

Proof.We deduce from 4.20, 6.2, and the smallness of H that H is an enriched (E ,M )-
generator consisting of enriched α-bounded objects for some α.

We can now prove an enrichment of Freyd and Kelly’s result [13, 3.1.2] that every object
of a locally bounded ordinary category is an ordinary bounded object:

6.4. Theorem. Let V be a locally bounded closed category, and let C be a locally bounded
V -category. Then every C ∈ obC is an enriched bounded object.

Proof. We deduce from 6.1 that C0 is locally bounded, and then 6.2 yields the result.

The following corollary provides a characterization of locally bounded V -categories in
terms of an enriched generalization of the notion of bounded category with a generator in
the sense of [13]:

6.5. Corollary. Let V be a locally bounded closed category. Then a cocomplete V -
factegory C is locally bounded if and only if C has an enriched (E ,M )-generator and
every C ∈ obC is an enriched bounded object.

7. Local boundedness versus local presentability of enriched categories

We know by e.g. [13, 3.2.3] that every locally presentable ordinary category is locally
bounded. We now extend this result to the enriched context in the case where V is locally
presentable. Recall from [21, 5.5] that V is locally α-presentable as a closed category if
V0 is locally α-presentable and the class of α-presentable objects in V0 is closed under the
monoidal product and contains the unit object. A V -category C is locally α-presentable
if it is cocomplete and has an enriched strong generator of enriched α-presentable objects
(see [21, 3.1, 7.4]). In referring to results in [21] that are stated only for the case where
α = ℵ0, we tacitly employ the generalizations of these results to an arbitrary α, which
are valid by [21, 7.4].

We recall that if C is a tensored and cotensored V -category, then the V -monomorph-
isms in C coincide with the monomorphisms in C0, and the enriched strong epimorphisms
in C coincide with the ordinary strong epimorphisms in C0 (see [29, 6.8]).

7.1. Proposition. Let V be a locally α-presentable closed category. If C is a lo-
cally α-presentable V -category, then C is a locally α-bounded V -category with respect
to (StrongEpi,Mono).
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Proof. Since V0 is locally presentable, it admits the proper (and enriched) factorization
system (StrongEpi,Mono) by [2, 1.61], so that V is a cocomplete closed factegory (since
V0 is cocomplete and cowellpowered by [2, 1.58]). By 4.39, it suffices to show that C is
a cocomplete V -factegory for which there is a small V -category A and an α-bounding
right adjoint U : C → [A ,V ]. By [21, 7.5], C0 is locally α-presentable and hence also
admits the proper factorization system (StrongEpi,Mono). This factorization system is
enriched because cotensoring preserves monomorphisms by [29, 2.11] (note that C is
complete by [21, 7.2]), and it is compatible with (StrongEpi,Mono) on V because each
C (C,−) : C → V preserves monomorphisms. Since C is a cocomplete V -category and
C0 is cowellpowered by [2, 1.58], it follows that C is a cocomplete V -factegory.

Since C is locally α-presentable, we know by [21, 3.1] that there is a small V -category
A with a conservative left adjoint V -functor U : C → [A ,V ] that preserves conical α-
filtered colimits. Since the right adjoint U preserves monomorphisms, it remains by 4.35
to show that U is α-bounded, i.e. preserves α-filtered unions of monomorphisms. But this
is true because U preserves α-filtered colimits, and α-filtered unions of monomorphisms
are examples of α-filtered colimits in the locally α-presentable categories C0 and [A ,V ]0
by [2, 1.63], noting that [A ,V ]0 is locally α-presentable by [24, 3.1, 7.5].

Note that we could have also invoked 6.3 to (more easily) deduce that C is a locally
bounded V -category, but then we would not have been able to maintain the same cardinal
bound.

We now want to characterize when a locally bounded (V -)category is locally pre-
sentable. We first show the following result; recall that an object C of a cocomplete
category C is said to be α-generated if C (C,−) : C → Set preserves the colimit of every
α-directed diagram of monomorphisms [2, 1.67].

7.2. Proposition. Let C be a cocomplete category with (StrongEpi,Mono)-factorizations.
If the colimit cocone of every α-directed diagram of monomorphisms in C consists of
monomorphisms, then every α-bounded object of C is also α-generated.

Proof. Let C ∈ obC be α-bounded. It is shown in [13, 3.2] that C then has Barr rank
≤ α, meaning that if D : J → C is an α-directed diagram on which there exists a cocone
of monomorphisms, then C (C,−) : C → Set preserves the colimit of D (cf. also [39,
2.6]). But if D : J → C is an α-directed diagram of monomorphisms, then its colimit
cocone consists of monomorphisms by assumption, so that C (C,−) : C → Set preserves
the colimit of D and thus C is α-generated.

We now have the following theorem characterizing locally presentable categories among
locally bounded categories with respect to (StrongEpi,Mono):

7.3. Theorem. A category C is locally presentable iff C is StrongEpi-cowellpowered and
there is a regular cardinal α such that C is locally α-bounded with respect to (StrongEpi,
Mono) and the colimit cocone of every α-directed diagram of monomorphisms in C consists
of monomorphisms.
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Proof. If C is locally α-presentable, then C is locally α-bounded with respect to
(StrongEpi,Mono) by 7.1 (with V = Set), and C satisfies the colimit cocone property
by [2, 1.62] and is cowellpowered by [2, 1.58]. Conversely, if C satisfies the stated prop-
erties, then C is in particular cocomplete and has a strong generator whose objects are
α-bounded and hence α-generated by 7.2. It now follows by Gabriel-Ulmer’s definition
of locally generated categories (see [2, 1.72]) that C is locally α-generated, so that C is
locally presentable by [2, 1.70].

7.4. Remark. For C to be locally presentable, it is not in general sufficient for C to
just be (StrongEpi-cowellpowered and) locally bounded with respect to (StrongEpi,Mono),
since Freyd and Kelly give in [13, 5.2.3] an example (which they attribute to John Isbell)
of a category that is locally bounded with respect to (StrongEpi,Mono) but is not locally
presentable (at least assuming the non-existence of measurable cardinals). Hence, the
colimit cocone property must be imposed.

We can now prove an enrichment of 7.3 if the base V is locally presentable:

7.5. Theorem. Let V be a locally presentable closed category, and let C be a V -category.
The following are equivalent: (1) C is locally presentable; (2) C is StrongEpi-cowellpowered,
and there is some regular cardinal α such that C is locally α-bounded with respect to
(StrongEpi,Mono) and the colimit cocone of every α-directed diagram of monomorphisms
in C0 consists of monomorphisms.

Proof. Each of the properties in (2) is stable under passing to a higher cardinal β > α,
and we now tacitly use this throughout. Suppose (1). Then C0 is locally presentable by
[21, 7.5], so that C is StrongEpi-cowellpowered and satisfies the colimit cocone property
by 7.3. Moreover, it follows by 7.1 that C is a locally bounded V -category with respect
to (StrongEpi,Mono).

Conversely, suppose (2). Since V is a locally bounded closed category by 5.14, it
follows by 6.1 that C0 is locally bounded with respect to (StrongEpi,Mono), which then
entails by 7.3 that C0 is locally presentable, and hence has an ordinary strong generator
H . Since C is a cocomplete V -factegory, it follows by 4.20 that H is also an enriched
strong generator for C . Now let H ∈ H . V0 has a strong generator G of ordinary
α-presentable objects for some α, and for each G ∈ G the tensor G ⊗ H is an ordinary
presentable object of C0 by [2, p. 22]. Since G is small, there is a regular cardinal βH ≥ α
such that G⊗H is an ordinary βH-presentable object of C0 for every G ∈ G . So then H
is an enriched βH-presentable object of C by [21, 5.1]. Since H is small, there is then
a regular cardinal β such that every H ∈ H is an enriched β-presentable object, which
(since C is cocomplete) entails that C is locally (β-)presentable.

We conclude this subsection by considering the relationship between locally α-bounded
V -categories and the M -locally α-generated V -categories of [9]. If (E ,M ) is an enriched
factorization system on a cocomplete V -category C and α is a regular cardinal, then
(E ,M ) is said to be α-convenient [9, 4.3] if C is E -cowellpowered and for every α-
directed diagram D : I → C0 of M -morphisms, every colimit cocone for D consists of
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M -morphisms, and the factorizing morphism from colim D to the vertex of any cocone
consisting of M -morphisms itself lies in M . An object C ∈ obC is an enriched α-
generated object w.r.t. M [9, 4.1] if C (C,−) : C → V preserves conical α-directed
colimits of M -morphisms. Finally, a cocomplete V -category C with an α-convenient
enriched factorization system (E ,M ) is M -locally α-generated [9, 4.4] if C has a set G of
enriched α-generated objects w.r.t. M such that every object of C is a conical α-directed
colimit of objects from G and morphisms from M . If V is locally α-presentable as a closed
category, then every M -locally α-generated V -category is in fact locally presentable by
[9, 4.14], and hence is complete. We now show the following result, which requires (E ,M )
to be proper :

7.6. Proposition. Let V be locally α-presentable as a closed category, and let C be a
cocomplete V -category with an α-convenient enriched proper factorization system (E ,M ).
If C is M -locally α-generated, then C is locally α-bounded with respect to (E ,M ).

Proof.We first deduce as in the proof of 7.1 that V is a closed cocomplete factegory with
respect to (StrongEpi,Mono). The properness of (E ,M ) entails that (E ,M ) is compatible
with (StrongEpi,Mono), so that C is a cocomplete V -factegory because C is cocomplete
and E -cowellpowered. By [9, 4.17], we deduce that C0 has an ordinary strong generator
G consisting of enriched α-generated objects w.r.t. M . So then G is an enriched strong
generator for C by 4.20, and hence is an enriched (E ,M )-generator because E contains all
strong epimorphisms (by properness). So it remains to show that G consists of enriched
α-bounded objects, for which it suffices to show that every enriched α-generated object
w.r.t. M is an enriched α-bounded object. To show this, we first prove that α-filtered
M -unions in C can be defined in terms of α-directed colimits of M -morphisms, in the
following sense. Let (mi : Ci → C)i∈I be an α-filtered M -sink in C . Then (mi)i induces
an α-directed diagram of M -morphisms D : I → C0 by setting i ≤ j (i, j ∈ I) iff mi

factors (uniquely) through mj. Let (si : Ci → colim D)i∈I be a colimit cocone for this
diagram. By α-convenience of (E ,M ), we know that each si (i ∈ I) lies in M , and
that the factorizing morphism colim D

m−→ C induced by the M -cocone (mi)i lies in M .
Then because the original M -sink (mi)i factors through m via the E -tight colimit sink
(si : Ci → colim D)i∈I , it follows that colim D

m−→ C is a union of the M -sink (mi)i.
Now if X ∈ obC is an enriched α-generated object and (mi : Ci → C)i∈I is an

α-filtered M -sink with union colimi Ci
m−→ C (as just shown), then

colimi C (X,Ci) ∼= C (X, colimi Ci)
C (X,m)−−−−→ C (X,C)

is a union of the sink of monomorphisms (C (X,mi) : C (X,Ci) → C (X,C))i, because
this sink factors through the displayed monomorphism via the E -tight colimit sink

(C (X,Ci) → colimi C (X,Ci))i .
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7.7. Remark. If we do not assume properness of (E ,M ) in 7.6, then we cannot a priori
maintain the same cardinal bound or factorization system in the conclusion. What we do
have is that if V is locally α-presentable as a closed category and C is a cocomplete V -
category with an α-convenient (but not necessarily proper) enriched factorization system
(E ,M ), then C is locally bounded with respect to (StrongEpi,Mono) if C is M -locally
α-generated. Indeed, we deduce from [9, 4.14] that C is locally β-presentable for some
β ≥ α, so that C is then locally β-bounded with respect to (StrongEpi,Mono) by 7.1.

8. Adjoint functor and representability theorems

It is well known that locally presentable categories satisfy useful adjoint functor theorems:
namely, a functor between locally presentable categories has a left adjoint iff it preserves
small limits and also preserves α-filtered colimits (i.e. has rank α) for some regular
cardinal α; see e.g. [2, 1.66]. It is also well known that such categories satisfy a useful
representability theorem: a Set-valued functor on a locally presentable (even accessible)
category is representable iff it preserves small limits and has rank (by [24, 4.88] and [6,
5.3.7, 5.5.5]). We now wish to show that locally bounded categories also satisfy useful
adjoint functor and representability theorems. Recall from [24, Page 79] that a functor
P : C → Set from an ordinary category C is weakly accessible if there is a small set
H ⊆ obC such that for any C ∈ obC and x ∈ PC, there exist H ∈ H , y ∈ PH, and
f : H → C with (Pf)(y) = x.

8.1. Proposition. Let C be a locally bounded and E -cowellpowered category, and let
P : C → Set be a bounded right-class functor. Then P is weakly accessible.

Proof. Let α be a regular cardinal for which C is locally α-bounded and P is α-bounded.
Since C is E -cowellpowered, it follows by 3.12 that there is a small set H ⊆ obC of
α-bounded objects with the property that every object of C is an α-filtered union of
M -subobjects with domains in H . Now let C ∈ obC and x ∈ PC. We know that there
is an α-filtered M -sink (mi : Hi → C)i∈I with each Hi ∈ H (i ∈ I) such that C is
a union of (mi)i, so that (mi)i is E -tight (see the remarks preceding 3.12). Since P is
α-bounded and hence preserves the E -tightness of α-filtered M -sinks by 4.31, it follows
that the functions Pmi : PHi → PC (i ∈ I) are jointly surjective. So because x ∈ PC,
there are i ∈ I and y ∈ PHi with (Pmi)(y) = x, as desired.

We now have the following useful (ordinary) representability theorem:

8.2. Theorem. Let C be a locally bounded and E -cowellpowered category, and let P :
C → Set be a right-class functor. Then P is representable iff P is bounded and preserves
small limits.

Proof. Note that C is complete by 4.27. If P ∼= C (C,−) for some C ∈ obC , then P
certainly preserves small limits and P is bounded because C is bounded by 6.4. Conversely,
if P is bounded and preserves small limits, then P is weakly accessible by 8.1, so that P
is representable by [24, 4.88].
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We can enrich 8.2 as follows:

8.3. Theorem. Let V be a locally bounded closed category, let C be a locally bounded
and E -cowellpowered V -category, and let P : C → V be a right-class V -functor. Then P
is representable iff P is bounded and preserves small limits.

Proof. If P ∼= C (C,−) for some C ∈ obC , then P certainly preserves small limits and
is bounded because C is an enriched bounded object by 6.4. Conversely, if P is bounded
and preserves small limits, then P0 : C0 → V0 is also bounded and preserves small limits,
and V = V0(I,−) : V0 → Set has these properties as well (since I is an ordinary bounded

object of V0). So the composite functor C0
P0−→ V0

V−→ Set is bounded and preserves small
limits, and hence is representable by 8.2 (since C0 is locally bounded by 6.1). Since C is
cotensored by 4.27 and P preserves cotensors by assumption, it then follows by [24, 4.85]
that P is representable, as desired.

We now wish to use the representability theorem 8.3 to deduce adjoint functor theorems
for locally bounded enriched categories. We first require the following:

8.4. Proposition. Let C and D be locally bounded V -categories over a locally bounded
closed category V , and let U : C → D be a right adjoint right-class V -functor. Then U
is bounded.

Proof. Let F : D → C be the left adjoint of U . We must find a regular cardinal γ for
which U preserves γ-filtered M -unions. For every H in the enriched (E ,M )-generator H
of D , we know by 6.4 that FH ∈ obC is an enriched βH-bounded object for some regular
cardinal βH . Now let γ be a regular cardinal greater than each βH (which is possible
because H is small), and let us prove that U is γ-bounded. So let (mi : Ci → C)i∈I be
a γ-filtered M -sink in C , and let us show that U (

⋃
i Ci) ∼=

⋃
i UCi as M -subobjects of

UC. By 4.17, it suffices to show for every H ∈ H that D (H,U (
⋃

iCi)) ∼=
⋃

i D(H,UCi)
as M -subobjects of D(H,UC). But because FH is γ-bounded, we have isomorphisms of
M -subobjects

D

(
H,U

(⋃
i

Ci

))
∼= C

(
FH,

⋃
i

Ci

)
∼=
⋃
i

C (FH,Ci) ∼=
⋃
i

D(H,UCi).

We now have the following useful adjoint functor theorem for locally bounded enriched
categories:

8.5. Theorem. Let V be a locally bounded closed category, let C and D be locally bounded
V -categories with C being E -cowellpowered, and let U : C → D be a right-class V -functor.
Then U has a left adjoint iff U is bounded and preserves small limits.
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Proof. If U has a left adjoint, then U certainly preserves small limits and is also bounded
by 8.4. Conversely, suppose U is bounded and preserves small limits. To show that
U has a left adjoint, it is equivalent to show for every D ∈ obD that the V -functor
D(D,U−) : C → V is representable. But D(D,−) : D → V is a bounded right-class
V -functor by 6.4, so the composite functor D(D,U−) is a bounded right-class V -functor
since U is so. Hence, since D(D,U−) also preserves small limits (since U and D(D,−)
both do), we deduce from 8.3 that D(D,U−) is representable.

In special case where V = Set, note that the proof of the preceding theorem shows that,
under the hypotheses of the theorem, if U is bounded then the functor D(D,U−) : C →
Set is bounded for each D ∈ obD , so by 8.1 each D(D,U−) is weakly accessible, which
means precisely that U satisfies Freyd’s solution set condition [14, Chapter 3, Exercise J].

We also have the following useful result for obtaining right adjoints:

8.6. Proposition. Let V be a closed cocomplete factegory such that V0 is complete
and has an (E ,M )-generator, let C be a cocomplete V -factegory with enriched (E ,M )-
generator and D an arbitrary V -category, and let F : C → D be a V -functor. Then F
has a right adjoint iff F preserves small colimits.

Proof. For the less obvious direction, given that C0 is a cocomplete factegory with
ordinary (E ,M )-generator by 4.19, it follows by [25, 2.1] that F0 : C0 → D0 has a right
adjoint. Since C is tensored and F preserves tensors, we then deduce from the dual of
[24, 4.85] that F has a right adjoint.

9. Commutation of α-bounded-small limits and α-filtered unions

In this section, we establish results about commutation of suitably small limits and suit-
ably filtered unions in locally bounded (enriched) categories, in analogy with results about
commutation of suitably small limits and suitably filtered colimits in locally presentable
(enriched) categories (see e.g. [2, 1.59] and [21, 4.9]).

9.1. Assumption. For the remainder of the paper, we suppose that V is a locally α-
bounded closed category (which is therefore complete by 4.27).

We first define the notion of an α-bounded-small weight enriched in V , which is analogous
to Kelly’s definition [21, 4.1] of a finite weight (or finite indexing type) enriched in a
locally finitely presentable closed category.

9.2. Definition. A small V -category B is α-bounded-small if the cardinality of obB
is less than5 α and, for all B,B′ ∈ obB, the hom-object B(B,B′) is an enriched α-
bounded object of V . A weight W : B → V is α-bounded-small if B is an α-bounded-
small V -category and, for all B ∈ obB, the object WB is an enriched α-bounded object
of V .

5[21, 4.1] just requires less than α isomorphism classes of objects, so that the category B need not be
small in the strict sense but rather essentially small ; here we instead employ strict notions of smallness
and α-smallness.
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9.3. Remark. By invoking 6.4 and the fact that every small set of regular cardinals is
bounded above by some regular cardinal, it follows that every small weight W : B → V
is β-bounded-small for some β ≥ α.

9.4. Remark. One might wonder why we have chosen to use the term “α-bounded-
small weight” rather than “α-bounded weight”. While every α-bounded-small weight
W : B → V will be an enriched α-bounded object of the presheaf V -category [B,V ] (see
9.16 below), the converse need not be true. For example, if B is a small V -category with
≥ α objects and W : B → V is representable, then W will be an enriched α-bounded
object of [B,V ] by 4.24 without being an α-bounded-small weight. So we have chosen
the term α-bounded-small to avoid the false implication that the weights considered in
9.2 are exactly the enriched α-bounded objects of presheaf V -categories.

Our main objective of this section is to show that α-bounded-small limits commute with
α-filtered M -unions in every locally α-bounded V -category over the locally α-bounded
closed category V (see 9.18). We first give a precise definition of this notion of commu-
tation:

9.5. Definition. Let C be a V -factegory with M -unions, and let W : B → V be a
small weight for which C has W -limits. The W -limit V -functor {W,−} : [B,C ] → C
preserves the right class by [29, 4.5]. We say that W -limits commute with α-filtered
M -unions in C if {W,−} : [B,C ] → C preserves α-filtered M -unions (or equivalently,
is α-bounded).

We have the following initial class of examples of α-bounded-small weights:

9.6. Proposition. The weights for α-bounded cotensors (i.e. cotensors by enriched α-
bounded objects of V ) are α-bounded-small.

Proof. If V ∈ obV is an enriched α-bounded object, then the corresponding weight
[V ] : I → V is α-bounded-small (where I is the unit V -category) because ob I = {∗} is
finite, the unique hom-object I(∗, ∗) = I is an enriched α-bounded object of V by 4.23,
and the object [V ](∗) = V is an enriched α-bounded object of V by assumption.

In Theorem 9.18 we show that α-bounded-small limits commute with α-filtered unions
in any locally α-bounded V -category over the locally α-bounded V . We begin with the
following special case:

9.7. Proposition. Let C be a locally α-bounded V -category. Then α-bounded cotensors
commute with α-filtered M -unions in C . Equivalently, for every enriched α-bounded
object V ∈ obV , the cotensor V -functor [V,−] : C → C is α-bounded.

Proof. Note that C is indeed cotensored by 4.27, and that [V,−] : C → C preserves
the right class since M -morphisms are stable under cotensors (Section 4.1). Let (mi :
Ci → C)i∈I be an α-filtered M -sink in C . By 4.17, it suffices to show for every H ∈ H
(the enriched (E ,M )-generator of C ) that C (H, [G,

⋃
i Ci]) ∼=

⋃
i C (H, [G,Ci]) as M -

subobjects of C (H, [G,C]). Since V is an enriched α-bounded object of V and H is an
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enriched α-bounded object of C , we have isomorphisms of M -subobjects

V

(
G,C

(
H,
⋃
i

Ci

))
∼= V

(
G,
⋃
i

C (H,Ci)

)
∼=
⋃
i

V (G,C (H,Ci)),

so that the desired result holds by the cotensor adjunction.

Next we establish another class of examples of α-bounded-small limits, namely α-small
conical limits, but even before doing so we show that α-small conical limits commute with
α-filtered M -unions in every locally α-bounded V -category over the locally α-bounded
closed category V (see 9.11). For this we require the following two lemmas.

9.8. Lemma. α-small conical limits commute with α-filtered unions of monomorphisms
in Set.

Proof. Since Set is locally α-presentable, it follows that α-small limits commute with
α-filtered colimits in Set. But it also follows by [2, 1.63] that α-filtered unions of monomor-
phisms in Set are certain α-filtered colimits, which yields the result.

9.9. Lemma. If α-small conical limits commute with α-filtered M -unions in V , then they
do so in every locally α-bounded V -category.

Proof. Let C be a locally α-bounded V -category (which is complete by 4.27) and let A
be an α-small ordinary category and (mi : Fi → F )i∈I an α-filtered M -sink in [AV ,C ]
(where AV is the free V -category on A ), and let us show that lim (

⋃
i Fi) ∼=

⋃
i limFi

as M -subobjects of lim F . By 4.17, it suffices to show for every H ∈ H (the enriched
(E ,M )-generator of C ) that C (H, lim (

⋃
i Fi)) ∼=

⋃
i C (H, limFi) as M -subobjects of

C (H, limF ). We have the following isomorphisms of M -subobjects, as required:

C

(
H, lim

(⋃
i

Fi

))
∼= lim C

(
H,
⋃
i

Fi−

)
∼= lim

⋃
i

C (H,Fi−)

∼=
⋃
i

lim C (H,Fi−) ∼=
⋃
i

C (H, limFi).

The first isomorphism exists because C (H,−) : C → V preserves conical limits and
unions in [AV ,C ] are formed pointwise, the second because H is an enriched α-bounded
object of C , the third by assumption on V , and the last again because C (H,−) preserves
conical limits.

9.10. Corollary. α-small conical limits commute with α-filtered M -unions in every
locally α-bounded ordinary category.

Proof. This follows from 9.8 and 9.9 (in the Set-enriched case).
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9.11. Theorem. If C is a locally α-bounded V -category, then α-small conical limits and
α-bounded cotensors commute with α-filtered M -unions in C .

Proof. By 9.10, α-small conical limits commute with α-filtered M -unions in V , and the
result follows by 9.9 and 9.7.

Before we can show that the weights for α-small conical limits are α-bounded-small, we
also require the following important lemma:

9.12. Lemma. Let C be a cocomplete V -factegory. The full sub-V -category of C consist-
ing of the enriched α-bounded objects is closed under α-small conical colimits. Explicitly, if
F : A → C0 is a functor with A an α-small ordinary category and each FA (A ∈ obA )
is an enriched α-bounded object of C , then the conical colimit colim F is an enriched
α-bounded object of C .

Proof. For each α-filtered M -sink (mi : Ci → C)i∈I in C , we compute that

C

(
colimA FA,

⋃
i

Ci

)

∼= limA C

(
FA,

⋃
i

Ci

)
∼= limA

⋃
i

C (FA,Ci) (since FA is an enriched α-bounded object)

∼=
⋃
i

limA C (FA,Ci) (by 9.11)

∼=
⋃
i

C (colimA FA,Ci)

as M -subobjects of C (colimA FA,C).

We now have the following additional example of α-bounded-small weights:

9.13. Proposition. The weights for α-small conical limits are α-bounded-small.

Proof. Let A be an α-small ordinary category, and write ∆I : AV → V for the as-
sociated conical weight. Then obAV = obA is α-small, and ∆IA = I is an enriched
α-bounded object for every A ∈ obA by 4.23. For all A,B ∈ obA , the hom-object
AV (A,B) is an α-small copower A (A,B) · I of the enriched α-bounded object I of V
and so is an enriched α-bounded object by 9.12.

9.14. Lemma. Let A be a full sub-V -category of a cocomplete V -factegory C . Then the
closure of A in C under α-bounded-small colimits coincides with the closure of A in C
under α-small conical colimits and α-bounded tensors.



LOCALLY BOUNDED ENRICHED CATEGORIES 721

Proof. Let W : Bop → V be an α-bounded-small weight, and let D : B → C a V -
functor taking its values in A . Then W ∗D =

∫ B∈B
WB ⊗DB, and by [24, 3.68] this

coend is a conical coequalizer of the form∐
B,B′∈B B(B,B′)⊗ (WB′ ⊗DB)

∐
B∈B WB ⊗DB

∫ B∈B
WB ⊗DB.

Since W is α-bounded-small, it follows by 5.7 that W ∗ D lies in the closure of A in
C under α-small conical colimits and α-bounded tensors. On the other hand, α-small
conical colimits and α-bounded tensors are examples of α-bounded-small colimits by 9.6
and 9.13, and the result follows.

It now follows that enriched α-bounded objects are closed under α-bounded-small colimits
(analogously to [21, 4.14]):

9.15. Proposition. Let C be a cocomplete V -factegory. The full sub-V -category Cα of
C consisting of the enriched α-bounded objects is closed under α-bounded-small colimits.

Proof. By 5.7 and 9.12, Cα is closed under α-small conical colimits and α-bounded
tensors, so by 9.14 it is closed under α-bounded-small colimits.

9.16. Corollary. Every α-bounded-small weight W : B → V is an enriched α-bounded
object of [B,V ].

Proof. If y : Bop → [B,V ] is the enriched Yoneda embedding, then we have W ∼= W ∗ y
by [24, 3.17], whence the result follows by 9.15, since [B,V ] is a cocomplete V -factegory
by 4.7 and every representable yB = B(B,−) (B ∈ obB) is an enriched α-bounded
object of [B,V ] by 4.24.

We now wish to provide an equivalent characterization of the existence and preservation
of α-bounded-small limits, similar to Kelly’s analogous result [21, 4.3] for finite weighted
limits. Recall from e.g. [26, 2.8] that the saturation Φ∗ of a class of small weights Φ
is defined as follows: a small weight W belongs to Φ∗ iff every Φ-complete V -category
is W -complete and every Φ-continuous V -functor between Φ-complete V -categories is
W -continuous.

9.17. Theorem. The saturation of the class of α-bounded-small weights is equal to the
saturation of the class of weights for α-small conical limits and α-bounded cotensors.

Therefore, a V -category C has α-bounded-small limits iff C has α-small conical limits
and α-bounded cotensors, and a V -functor F : C → D between V -categories with α-
bounded-small limits preserves such limits iff F preserves α-small conical limits and α-
bounded cotensors.

Proof. The second assertion follows from the first by the definition of saturation. Let Φα

be the class of α-bounded-small weights, and let Ψα be the class of α-small conical weights
and weights for α-bounded cotensors. Given a small V -category A , if Φ is any class of
small weights, then by [3, Theorem 5.1] (also see [26, 3.8]) a weight W : A op → V lies in
the saturation Φ∗ iff W lies in the closure Φ(A ) of the representables under Φ-colimits in
[A op,V ]. But by 9.14, Φα(A ) = Ψα(A ) for every small V -category A , so Φ∗

α = Ψ∗
α.



722 RORY B. B. LUCYSHYN-WRIGHT AND JASON PARKER

We now show our main (and final) result of this section:

9.18. Theorem. Let C be a locally α-bounded V -category. Then α-bounded-small limits
commute with α-filtered M -unions in C , in the sense that if W : B → V is an α-bounded-
small weight, then the W -limit V -functor {W,−} : [B,C ] → C preserves α-filtered M -
unions.

Proof. Note that C does indeed have W -limits by 4.27. Let (mi : Di → D)i∈I be an
α-filtered M -sink in [B,C ]. Then for each object H of the enriched (E ,M )-generator
H of C ,

C

(
H,

{
W,
⋃
i

Di

})

∼= [B,V ]

(
W,C

(
H,
⋃
i

Di−

))

∼= [B,V ]

(
W,
⋃
i

C (H,Di−)

)
(H is an enriched α-bounded object of C )

∼=
⋃
i

[B,V ] (W,C (H,Di−)) (W is an enriched α-bounded object of [B,V ] by 9.16)

∼=
⋃
i

C (H, {W,Di})

as M -subobjects of C (H, {W,D}), and hence {W,
⋃

iDi} ∼=
⋃

i {W,Di} as M -subobjects
of {W,D}, by 4.17.

10. Reflectivity and local boundedness of enriched orthogonal subcate-
gories

In this section, we extend to the enriched context the classic results of Freyd and Kelly [13,
4.1.3, 4.2.2] on the reflectivity and local boundedness of orthogonal subcategories of locally
bounded categories. Indeed, we show in Theorem 10.4 that certain enriched orthogonal
subcategories of arbitrary locally bounded V -categories are reflective, and are locally
bounded under an additional cowellpoweredness assumption. The reflectivity theorem
of Freyd and Kelly [13, 4.1.3] had been proved under a cowellpoweredness assumption,
while as discussed just before Theorem 6.5 in [24], Kelly later showed that the latter
assumption can be omitted from the reflectivity result, and our Theorem 10.4 also enriches
this refined result of Kelly. Kelly also showed in [24, Theorem 6.5] that if V is a locally
bounded closed category, then certain enriched orthogonal subcategories of presheaf V -
categories are reflective, and our Theorem 10.4 also generalizes this by replacing presheaf
V -categories with arbitrary locally bounded V -categories.

If θ : M → N is a morphism in a V -category B, then θ is V -orthogonal to an object
B ∈ obB, which we also write as θ ⊥V B, if the V -morphism B(θ, B) : B(N,B) →
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B(M,B) is an isomorphism. If B is tensored, then it is remarked on [24, Page 117] that θ
is V -orthogonal to B iff for every V ∈ obV the morphism V ⊗θ is orthogonal to B in the
ordinary sense, i.e. Set-orthogonal to B. If Θ is a class of morphisms in B, then we say
that Θ is V -orthogonal to an object B ∈ obB, which we also write as Θ ⊥V B, if θ ⊥V B
for every θ ∈ Θ. We write Θ⊥V for the full sub-V -category of B consisting of the objects
to which Θ is V -orthogonal, and we write Θ⊥ for the full sub-V -category of objects of
B to which Θ is orthogonal in the ordinary sense. So if B is tensored, then we have
Θ⊥V = {V ⊗ θ : V ∈ obV , θ ∈ Θ}⊥. We call Θ⊥V the V -orthogonal sub-V -category
of B described by Θ.

We now recall the seminal results of Freyd and Kelly for orthogonal subcategories of
locally bounded ordinary categories, which we both use and generalize in (the proof of)
our enriched result 10.4; 10.1 comes from (the proofs of) [13, 4.1.3, 4.2.2], while 10.2 is the
result quoted before [24, 6.5]. Note that while 10.2 dispenses with the cowellpoweredness
assumption of 10.1, it stops short of proving the local boundedness of the given orthogonal
subcategory as in 10.1.

10.1. Theorem. (Freyd, Kelly [13]) Let B be an E -cowellpowered locally bounded cate-
gory, let Θ be a class of morphisms in B with Θ = Φ ∪ Ψ where Φ is small and Ψ ⊆ E ,
and let C = Θ⊥ be the orthogonal subcategory of B described by Θ. Then C is a reflective
subcategory of B and has a proper factorization system (EC ,MC ) with MC = M ∩morC ,
which makes C into an EC -cowellpowered locally bounded category. Also, if β is a regular
cardinal for which the domain of every morphism in Φ is β-bounded, then the inclusion
C ↪→ B is β-bounded.

10.2. Theorem. (Kelly [24]) Let Θ = {θ : Mθ → Nθ} be a class of morphisms in a
locally bounded category B such that the class {Nθ | θ ∈ Θ, θ /∈ E } is essentially small,
and let C = Θ⊥ be the orthogonal subcategory of B described by Θ. Then C is a reflective
subcategory of B.

To generalize these results to the setting of locally bounded enriched categories, we employ
the following technical lemma that we shall also apply later in Section 11. This lemma is
a generalization of an argument employed by Kelly in the proof of [24, 6.5], as well as a
generalization and enrichment of Freyd and Kelly’s [13, 5.1.1].

10.3. Lemma. Let X ,Y ,Z be V -factegories with X and Z cocomplete, and suppose
that X has an enriched (E ,M )-generator G and that Z has a terminal object. Let Θ
be a class of morphisms in Y , and let ∗ : X ⊗ Y → Z be a V -functor such that each
(−) ∗ Y : X → Z (Y ∈ obY ) preserves colimits and preserves the left class. Let ∆ be
the class of Z -morphisms X ∗ θ for X ∈ obX and θ ∈ Θ, and let ∆1 be the class of
all Z -morphisms G ∗ θ with G ∈ G and θ ∈ Θ. Then there is a class of Z -morphisms
Ω ⊆ E such that ∆⊥V = (∆1 ∪ Ω)⊥V .

Proof. Let us write θ : Mθ → Nθ for each θ ∈ Θ, and for each X ∈ obX , let RX :=∐
G∈G X (G,X) ⊗ G and κX : RX → X be the canonical morphism, which lies in E
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(because G is an enriched (E ,M )-generator). Consider the following diagram in Z ,
where the inner square is a pushout:

RX ∗Mθ RX ∗Nθ

X ∗Mθ YX,θ

X ∗Nθ

RX∗θ

κX∗Mθ
sX,θ

rX,θ

pX,θ

κX∗Nθ

X∗θ

Now pX,θ ◦ sX,θ = κX ∗Nθ ∈ E since κX ∈ E , so pX,θ ∈ E by properness. Hence, letting
Ω := {pX,θ | X ∈ obX , θ ∈ Θ}, we have Ω ⊆ E . We shall require the following:

Claim. If Z ∈ obZ and Z ∈ ∆⊥V
1 , then rX,θ ⊥V Z for all X ∈ obX and θ ∈ Θ.

Proof of Claim. We have RX ∗Mθ =
(∐

G∈G X (G,X)⊗G
)
∗Mθ

∼=
∐

G∈G X (G,X) ⊗
(G ∗ Mθ) because (−) ∗ Mθ : X → Z preserves colimits, and similarly RX ∗ Nθ

∼=∐
G∈G X (G,X)⊗ (G ∗Nθ), so that RX ∗ θ is (isomorphic to) the morphism∐

G∈G

X (G,X)⊗ (G ∗Mθ)
∐

G∈G X (G,X)⊗(G∗θ)
−−−−−−−−−−−−−→

∐
G∈G

X (G,X)⊗ (G ∗Nθ).

Now, the class Z↑V of morphisms of Z that are V -orthogonal to Z is the left class of an
enriched prefactorization system (§4.1) by [29, 3.5], since Z↑V is the class of morphisms
that are V -orthogonal to the unique morphism from Z to the (conical) terminal object
of Z . Since Z ∈ ∆⊥V

1 , we know for each G ∈ G that G ∗ θ ⊥V Z, i.e. that G ∗ θ ∈ Z↑V ,
which then entails by [29, 4.6] that X (G,X) ⊗ (G ∗ θ) ∈ Z↑V for each G ∈ G . By the
dual of [29, 4.4], it then follows that RX ∗ θ ⊥V Z, in view of the above representation of
RX ∗ θ. Since rX,θ is the pushout of RX ∗ θ along κX ∗Mθ, the same result then entails
that rX,θ ⊥V Z, and the Claim is thus proved.

We now prove that ∆⊥V = (∆1 ∪ Ω)⊥V . Let Z ∈ obZ . Firstly, if Z ∈ ∆⊥V , then
certainly Z ∈ ∆⊥V

1 , since ∆1 ⊆ ∆, so for every X ∈ obX and θ ∈ Θ we know that
rX,θ ⊥V Z by the Claim, but pX,θ ◦ rX,θ = X ∗ θ, and X ∗ θ ⊥V Z since Z ∈ ∆⊥V ,

so pX,θ ⊥V Z by the dual of [29, 4.4], showing that Z ∈ (∆1 ∪ Ω)⊥V . Conversely, if

Z ∈ (∆1 ∪ Ω)⊥V then Z ∈ ∆⊥V
1 , so rX,θ ⊥V Z by the Claim, but Z ∈ Ω⊥V and hence

pX,θ ⊥V Z, so X ∗ θ = pX,θ ◦ rX,θ is V -orthogonal to Z since Z↑V is closed under
composition.

We now prove our main result of this section, which is an enrichment of Freyd and Kelly’s
results 10.1 and 10.2, as well as a generalization and extension of Kelly’s result [24, 6.5]
from presheaf V -categories to arbitrary locally bounded V -categories.
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10.4. Theorem. Let B be a locally α-bounded V -category, and let Θ = {θ : Mθ → Nθ}
be a class of morphisms in B such that the class {Nθ : θ ∈ Θ, θ /∈ E } is essentially small.
Let C = Θ⊥V be the V -orthogonal sub-V -category of B described by Θ.

1. C is a reflective sub-V -category of B.

2. If B is E -cowellpowered, then C is itself a locally bounded V -category that is EC -
cowellpowered, and the inclusion C ↪→ B is a bounding right adjoint. If furthermore
Mθ is an enriched α-bounded object of B for each θ ∈ Θ with θ /∈ E , then C is a
locally α-bounded V -category, and C ↪→ B is an α-bounding right adjoint.

Proof. By [28, 3.5], C is closed under cotensors in B, and B is cotensored by 4.27, so
to show that the inclusion V -functor i : C ↪→ B has a left adjoint, it suffices by [24, 4.85]
to show that C0 is reflective in B0.

Let G be the ordinary (E ,M )-generator of V0. By the Set-enriched version of 10.3
with X = V0,Y = B0,Z = B0 and ∗ = ⊗ (where each (−)⊗B : V0 → B0 (B ∈ obB)
preserves the left class by 4.6 and certainly preserves colimits), there is a class of B-
morphisms Ω ⊆ E such that

C = Θ⊥V = {X ⊗ θ | X ∈ obV , θ ∈ Θ}⊥ = (∆ ∪ Ω)⊥

(note the difference in superscripts), where ∆ := {G⊗ θ | G ∈ G , θ ∈ Θ}. Now let
Λ := {G⊗ θ | G ∈ G , θ ∈ Θ, θ /∈ E }, and let Ω1 := Ω ∪ {G⊗ θ : G ∈ G , θ ∈ Θ ∩ E }. We
still have Ω1 ⊆ E because E is stable under tensoring (since (E ,M ) is enriched). Then
we clearly have C = (∆ ∪ Ω)⊥ = (Λ ∪ Ω1)

⊥ = Λ⊥ ∩ Ω⊥
1 . Now let Λ′ be the class of

M -morphisms obtained from the (E ,M )-factorizations of the morphisms in Λ, let Λ′′ be
the class of E -morphisms so obtained, and let Ω2 := Ω1∪Λ′′, so that we still have Ω2 ⊆ E .
By [13, 4.1.2] we have Λ⊥ = (Λ′ ∪ Λ′′)⊥, and hence we obtain

C = Λ⊥ ∩ Ω⊥
1 = (Λ′ ∪ Λ′′)⊥ ∩ Ω⊥

1 = (Λ′)⊥ ∩ (Λ′′)⊥ ∩ Ω⊥
1

= (Λ′)⊥ ∩ (Λ′′ ∪ Ω1)
⊥ = (Λ′)⊥ ∩ Ω⊥

2 = (Λ′ ∪ Ω2)
⊥ .

Since G is small and by hypothesis we may assume that {Nθ : θ ∈ Θ, θ /∈ E } is small,
but B0 is M -wellpowered by [13, 2.5.2], so it follows that Λ′ is small.

By 6.1, B0 is a locally α-bounded ordinary category, so it now follows by 10.2 that
C0 = (Λ′ ∪ Ω2)

⊥ ↪→ B0 is a reflective subcategory, which entails that C is reflective in B,
proving (1).

Now assume in addition that B is E -cowellpowered, and let us prove that C is a
locally bounded and E -cowellpowered V -category. Since B is cocomplete (and complete,
by 4.27), it follows by reflectivity that the V -category C is cocomplete (and complete). By
10.1 and the fact that C0 = (Λ′ ∪ Ω2)

⊥ with Λ′ small and Ω2 ⊆ E , we have an ordinary
proper factorization system (EC ,MC ) on C0 with MC = MB ∩ morC0 such that C is
EC -cowellpowered. It follows readily that C is a V -factegory since B is so.

Therefore C is a cocomplete V -factegory and i : C ↪→ B is a fully faithful, right
adjoint right-class V -functor. Let β be the smallest regular cardinal β ≥ α such that the
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domain of every morphism in Λ′ is an ordinary β-bounded object of B0, which is possible
because B0 is locally bounded (see 6.4) and Λ′ is small. It then follows by 10.1 that
i : C = (Λ′ ∪ Ω2)

⊥ ↪→ B is β-bounded. Hence by 4.38, i : C ↪→ B is a β-bounding right
adjoint and C is a locally β-bounded V -category.

If we also know that Mθ is an enriched α-bounded object of B for each θ ∈ Θ with
θ /∈ E , then we can take β = α. To prove this, it suffices to show that the domain of every
morphism in Λ′ is an ordinary α-bounded object of B0. But each morphism m ∈ Λ′ is
the M -component of an (E ,M )-factorization

G⊗ θ =
(
G⊗Mθ

e−→ B
m−→ G⊗Nθ

)
for some G ∈ G and θ ∈ Θ, θ /∈ E . Now G is an ordinary α-bounded object of V0 and
Mθ is an enriched α-bounded object of B, so G⊗Mθ is an ordinary α-bounded object of
B0 by 5.3. It now follows by [37, 2.5] that B is an ordinary α-bounded object of B0 as
desired.

11. Reflectivity and local boundedness of V -categories of models for the-
ories

We begin this section by using Theorem 10.4 to show that the V -category of models
of an enriched limit sketch in an arbitrary locally bounded V -category C is reflective
in the corresponding C -valued functor V -category and is itself locally bounded and E -
cowellpowered if C is E -cowellpowered.

With the terminology of [24, 6.3], an enriched limit sketch is a pair (A ,Ψ) consisting
of a small V -category A and a class Ψ of cylinders (i.e. V -natural transformations)
φγ : Fγ → A (Aγ, Dγ−) for γ ∈ Γ, where Γ is a (not necessarily small) class, Fγ : Kγ → V
and Dγ : Kγ → A are V -functors with Kγ small, and Aγ ∈ obA . If C is a V -category,
then a V -functor M : A → C is a model of the sketch (A ,Ψ) in C , or a Ψ-model in C ,
if for every γ ∈ Γ the composite cylinder

Fγ
φγ−→ A (Aγ, Dγ−)

M−→ C (MAγ,MDγ−)

presents MAγ as a limit {Fγ,MDγ}. We let Ψ-Mod(A ,C ) be the full sub-V -category
of the functor V -category [A ,C ] on the models of (A ,Ψ) in C . We now show that
Ψ-Mod(A ,C ) can be represented as an enriched orthogonal subcategory of [A ,C ]; this
was previously shown for C = V by Kelly in [24, 6.11], and in the unenriched general
case by Freyd and Kelly in [13, 1.3.1].

11.1. Given a small V -category A and a tensored V -category C , we write

⊗̄ : [A ,V ]⊗ C −→ [A ,C ]

for the V -functor defined by (F ⊗̄C)A = FA ⊗ C, V -naturally in F ∈ [A ,V ], C ∈
C , A ∈ A . For each object C of C , the V -functor (−) ⊗̄C may be obtained also by
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applying the 2-functor [A ,−] : V -CAT → V -CAT to the V -functor (−)⊗C : V → C , so
that (−) ⊗̄C = [A , (−)⊗ C] : [A ,V ] → [A ,C ] and hence

(−) ⊗̄C ⊣ [A ,C (C,−)] : [A ,C ] −→ [A ,V ] (11.i)

because (−)⊗ C ⊣ C (C,−) and the 2-functor [A ,−] preserves adjunctions. Therefore

[A ,C ](F ⊗̄C,D) ∼= [A ,V ](F,C (C,D−)) ∼= C (C, {F,D})

V -naturally in F ∈ [A ,V ], C ∈ C , D ∈ [A ,C ]. In particular,

F ⊗̄(−) ⊣ {F,−} : [A ,C ] −→ C (11.ii)

for each F : A → V .

11.2. Lemma. Let C be a tensored V -factegory with M -unions and A a small V -
category. If F : A → V is an enriched α-bounded object of [A ,V ] and C ∈ obC is
an enriched α-bounded object of C , then F ⊗̄C : A → C is an enriched α-bounded object
of [A ,C ].

Proof. Since C (C,−) : C → V is an α-bounded right-class V -functor, we find that
[A ,C (C,−)] : [A ,C ] → [A ,V ] is an α-bounded right-class V -functor by 4.40, so the
result follows by (11.i) and 4.32.

11.3. Remark. Given an enriched limit sketch (A ,Ψ) as above, Kelly showed in [24,
6.11] that Ψ-Mod(A ,V ) is the V -orthogonal sub-V -category Θ⊥V

Ψ of [A ,V ] described
by a class of morphisms ΘΨ in [A ,V ] defined as follows. For each γ ∈ Γ, we obtain a

V -functor Kop
γ

Dop
γ−−→ A op y−→ [A ,V ] with a colimit Fγ ∗ yDop

γ ∈ [A ,V ]. Writing

θγ : Fγ ∗ yDop
γ −→ yAγ

to denote the canonical comparison morphism obtained by applying y to the cylinder φγ,
we take

ΘΨ := {θγ | γ ∈ Γ} .

11.4. Proposition. Let (A ,Ψ) be an enriched limit sketch and C a tensored V -category.
If ΘΨ is the class of morphisms in [A ,V ] defined in 11.3, then Ψ-Mod(A ,C ) is the V -
orthogonal sub-V -category ∆⊥V described by the class ∆ = {θ ⊗̄C | θ ∈ ΘΨ, C ∈ obC }.

Proof. Let the sketch (A ,Ψ) be as described above. We must show for every V -functor
M : A → C that M is a Ψ-model iff θγ ⊗̄C ⊥V M for all γ ∈ Γ and C ∈ obC . Since the
representable V -functors C (C,−) : C → V (C ∈ obC ) preserve and jointly reflect limits,
we have that M is a Ψ-model iff C (C,M−) : A → V is a Ψ-model for each C ∈ obC .
For every C ∈ obC , we deduce by 11.3 that C (C,M−) : A → V is a Ψ-model iff
θγ ⊥V C (C,M−) for all γ ∈ Γ, which is equivalent to θγ ⊗̄C ⊥V M by [28, 3.9] since
(−) ⊗̄C ⊣ [A ,C (C,−)] by 11.1.
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We can now prove the following enrichment of Freyd and Kelly’s central results [13, 5.2.1,
5.2.2] about “categories of continuous functors”:

11.5. Theorem. Let C be a locally α-bounded V -category, let (A ,Ψ) be an enriched
limit sketch, and write Ψ-Mod(A ,C ) for the V -category of models of (A ,Ψ) in C . Then
Ψ-Mod(A ,C ) is a reflective sub-V -category of [A ,C ]. If C is E -cowellpowered, then
Ψ-Mod(A ,C ) is locally bounded and E -cowellpowered, and the inclusion Ψ-Mod(A ,C ) ↪→
[A ,C ] is a bounding right adjoint.

Proof. Let Ψ be as described before 11.1. By 11.4 we have Ψ-Mod(A ,C ) = ∆⊥V where
∆ = {θ ⊗̄C | θ ∈ ΘΨ, C ∈ obC } and ΘΨ is the class of morphisms in [A ,V ] defined in
11.3. In 10.3, let X = C ,Y = [A ,V ],Z = [A ,C ] (invoking 4.7 and 4.27), and let

∗ : C ⊗ [A ,V ] −→ [A ,C ]

be the V -functor defined by C∗F = F ⊗̄C with the notation of 11.1. Then for each object
F of [A ,V ], the V -functor (−) ∗ F = F ⊗̄(−) : C → [A ,C ] is left adjoint to {F,−}
by (11.ii), so (−) ∗ F preserves colimits and also preserves the left class by 3.4, because
{F,−} preserves the right class by [29, 4.5]. So by 10.3, there is a class of (pointwise)
E -morphisms Ω in [A ,C ] such that

Ψ-Mod(A ,C ) = ∆⊥V = (∆1 ∪ Ω)⊥V

where ∆1 = {θ ⊗̄H | θ ∈ ΘΨ, H ∈ H } and H is the enriched (E ,M )-generator of C .
We know by 4.41 that [A ,C ] is a locally α-bounded V -category. Since A and H are
small, it follows by the definition of ΘΨ in 11.3 that the class of codomains of morphisms
in ∆1 is small. Hence, the needed conclusions now follow from Theorem 10.4, using the
fact that if C is E -cowellpowered then [A ,C ] is also E -cowellpowered since A is small.

Before we can prove a certain refinement of 11.5, we require the following:

11.6. Proposition. Let (A ,Ψ) be an enriched limit sketch. If Ψ is small, then there is
a regular cardinal β such that every cylinder in Ψ has a β-bounded-small weight.

Proof. Let Ψ be described as before 11.3. For each γ ∈ Γ, since Kγ is small and V is
locally bounded, we can (by 9.3) find a regular cardinal βγ such that Fγ : Kγ → V is a
βγ-bounded-small weight. Since Ψ is small, we can then find a regular cardinal β such
that every Fγ (γ ∈ Γ) is β-bounded-small.

We now have the following refinement of 11.5. We say that an enriched limit sketch
(A ,Ψ) is an α-bounded-small limit sketch if the weight of every cylinder in Ψ is α-
bounded-small. Thus, 11.6 says that every small enriched limit sketch is β-bounded-small
for some β.

11.7. Theorem. Let C be a locally α-bounded and E -cowellpowered V -category, let
(A ,Ψ) be an α-bounded-small limit sketch, and write Ψ-Mod(A ,C ) for the V -category of
models of (A ,Ψ) in C . Then Ψ-Mod(A ,C ) is a locally α-bounded and E -cowellpowered
V -category, and the inclusion Ψ-Mod(A ,C ) ↪→ [A ,C ] is an α-bounding right adjoint.
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Proof. As in the proof of 11.5, Ψ-Mod(A ,C ) = (∆1 ∪ Ω)⊥V for a class of pointwise
E -morphisms Ω in [A ,C ], where ∆1 = {θγ ⊗̄H | γ ∈ Γ, H ∈ H } and we write H for
the enriched (E ,M )-generator of C and employ the notation of 11.1 and 11.3. To obtain
the desired result by the final statement of 10.4, it suffices to show that the domain of
every morphism in ∆1 is an enriched α-bounded object of [A ,C ]. In view of 11.3, each
morphism in ∆1 is of the form

θγ : (Fγ ∗ yDop
γ ) ⊗̄H −→ yAγ ⊗̄H

with γ ∈ Γ and H ∈ H . Since the weight Fγ is α-bounded-small and
(
yDop

γ

)
K =

A (DγK,−) (K ∈ obKγ) is an enriched α-bounded object of [A ,V ] by 4.24, it follows
that Fγ ∗ yDop

γ is an enriched α-bounded object of [A ,V ] by 9.15, so (Fγ ∗ yDop
γ ) ⊗̄H is

an enriched α-bounded object of [A ,C ] by 11.2.

If Φ is a class of small weights, then by a Φ-theory we mean a small Φ-complete V -category
T . Given a Φ-theory T , we write Φ-Cts(T ,C ) to denote the full sub-V -category of
[T ,C ] consisting of Φ-continuous V -functors from T to C , which we call models of T
in C .

11.8. Theorem. Let C be a locally α-bounded V -category, let Φ be a class of small
weights, and let T be a Φ-theory. Then the V -category Φ-Cts(T ,C ) of models of T in C
is a reflective sub-V -category of [T ,C ]. If C is E -cowellpowered, then Φ-Cts(T ,C ) is also
locally bounded and E -cowellpowered, and the inclusion i : Φ-Cts(T ,C ) ↪→ [T ,C ] is a
bounding right adjoint. If every weight in Φ is α-bounded-small and C is E -cowellpowered,
then Φ-Cts(T ,C ) is locally α-bounded and E -cowellpowered, and the inclusion i is an α-
bounding right adjoint.

Proof. The Φ-theory T carries the structure of an enriched limit sketch (T ,Ψ), where
Ψ consists of all the Φ-limit cylinders in T . Then Φ-Cts(T ,C ) = Ψ-Mod(T ,C ), so the
result follows by Theorems 11.5 and 11.7.

11.9. Remark. Given a locally small class of small weights Φ satisfying Axiom A from
[27], a V -category C is said to be locally Φ-presentable in the sense of [27] if C ≃
Φ-Cts(T ,V ) for a Φ-theory T . Hence if C is locally Φ-presentable and the locally
α-bounded closed category V is E -cowellpowered, then our result 11.8 entails that C is
a locally bounded and E -cowellpowered V -category (and is locally α-bounded if every
weight in Φ is α-bounded-small).

11.10. Definition. An α-bounded-small limit theory is a Φα-theory T for the class
Φα of all α-bounded-small weights, i.e. a small V -category with all α-bounded-small
limits.

Theorem 11.8 now entails the following:
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11.11. Theorem. Let C be an E -cowellpowered locally α-bounded V -category, and let
T be an α-bounded-small limit theory. Then Φα-Cts(T ,C ) is a locally α-bounded and
E -cowellpowered V -category, and the inclusion Φα-Cts(T ,C ) ↪→ [T ,C ] is an α-bounding
right adjoint.

We now use Theorem 11.8 to prove the following result on the local boundedness, reflec-
tivity, and monadicity of V -categories of algebras of enriched algebraic theories in locally
bounded V -categories. Recall from [30, 3.8] that a system of arities J in V can be
defined as a full sub-V -category J ↪→ V that contains the unit object I and is closed
under ⊗. A J -theory is then a V -category T equipped with an identity-on-objects V -
functor τ : J op → T that preserves J -cotensors, and a T -algebra in a V -category C
is a V -functor M : T → C that preserves J -cotensors. The following result generalizes
(part of) [30, 8.6]:

11.12. Corollary. Let C be a locally α-bounded and E -cowellpowered V -category. Let
J be a small system of arities in V , and let T be a J -theory. Then the T -algebras
form a full sub-V -category T -Alg(C ) ↪→ [T ,C ] that is reflective and locally bounded, and
the forgetful V -functor UT : T -Alg(C ) → C given by M 7→ M(I) is monadic and is a
bounding right adjoint. If every J ∈ obJ is an enriched α-bounded object of V , then
T -Alg(C ) is, moreover, locally α-bounded, and UT is an α-bounding right adjoint.

Proof. By [30, 4.3], T has J -cotensors and so is, in particular, a Φ-theory where Φ
is the class of weights for J -cotensors, so that T -Alg(C ) = Φ-Cts(T ,C ). Hence, by
Theorem 11.8 there is some regular cardinal β such that T -Alg(C ) is an E -cowellpowered
locally β-bounded V -category and the inclusion i : T -Alg(C ) ↪→ [T ,C ] is a β-bounding
right adjoint, while if every J ∈ obJ is an enriched α-bounded object of V then we may
take β = α (again by 11.8, since each of the weights in Φ is α-bounded-small by 9.6).
Since both i and the evaluation V -functor EvI : [T ,C ] → C are continuous β-bounded
right-class V -functors, the composite UT = EvI ◦ i is also a continuous β-bounded right-
class V -functor. Hence UT has a left adjoint by 8.5, so UT is monadic by [30, 8.1]. Being
monadic, UT is also conservative and hence M -conservative, so UT is a β-bounding right
adjoint by 4.35.

11.13. Example. As a special case of 11.12, with V = Set and J the finite cardinals
(see [30, 3.3, 4.2.1, 5.3.1]), if C is a locally α-bounded and E -cowellpowered category and
T is a Lawvere theory, then the category T -Alg(C ) of T -algebras in C is reflective in the
functor category [T ,C ] and locally α-bounded, and the forgetful functor T -Alg(C ) → C
is monadic. Indeed, this follows from 11.12 since finite cardinals are clearly α-bounded
objects of Set.
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12. Locally bounded closed V -categories of models for monoidal limit the-
ories

We conclude the paper with a result (12.4 below) that uses 11.8, along with Day con-
volution [8] and Day’s reflection theorem for closed categories [8], to produce further
examples of locally bounded closed categories, namely categories of models of enriched
symmetric monoidal limit theories, in a sense to be defined shortly (see 12.3). In fact, we
prove a slightly stronger result, for which we require the following definition, 12.1. Recall
first that a symmetric monoidal V -category is a symmetric pseudomonoid in V -CAT,
i.e. a V -category W equipped with a V -functor ⊗W : W ⊗ W → W and an object
IW ∈ obW , together with V -natural isomorphisms making W0 symmetric monoidal. A
symmetric monoidal closed V -category is a symmetric monoidal V -category W such that
each V -functor W ⊗W (−) : W → W (W ∈ obW ) has a right adjoint [W,−]W : W → W .

12.1. Definition. Let α be a regular cardinal. A locally α-bounded (symmetric
monoidal) closed V -category is a locally α-bounded V -category W that carries the
structure of a symmetric monoidal closed V -category such that the unit object IW is a
V -enriched α-bounded object, the monoidal product H⊗W H ′ is a V -enriched α-bounded
object for all H,H ′ in the V -enriched (E ,M )-generator H of W , and [W,−]W : W → W
preserves the right class for all W ∈ obW (equivalently, by 3.4, each W ⊗W (−) preserves
the left class). A symmetric monoidal closed V -category W is locally bounded (as a
symmetric monoidal closed V -category) if there is some regular cardinal α for which
W is a locally α-bounded closed V -category.

12.2. Proposition. Let W be a locally α-bounded closed V -category. Then W0 is a
locally α-bounded closed category.

Proof. The hypothesis clearly entails that W0 is a closed factegory. Also, since W is a
locally α-bounded V -category, we deduce by 6.1 that W0 is a locally α-bounded category
with ordinary (E ,M )-generator G ⊗ H = {G⊗H | G ∈ G , H ∈ H }, where G is the
ordinary (E ,M )-generator of V0 and H is the V -enriched (E ,M )-generator of W . Since
IW is a V -enriched α-bounded object of W by assumption, it follows by 5.5 that IW is
an ordinary α-bounded object of W0. Because ⊗W : W ⊗ W → W preserves V -enriched
weighted colimits (and hence V -enriched tensors) in each variable separately,

(G1 ⊗H1)⊗W (G2 ⊗H2) ∼= (G1 ⊗G2)⊗ (H1 ⊗W H2)

for all G1, G2 ∈ G and H1, H2 ∈ H . Since G1 ⊗ G2 is an ordinary α-bounded object of
V0 and H1 ⊗W H2 is a V -enriched α-bounded object of W , it follows that (G1 ⊗G2) ⊗
(H1 ⊗W H2) is an ordinary α-bounded object of W0, by 5.3.

12.3. Definition. Let Φ be a class of small weights. A symmetric monoidal Φ-theory
is a small symmetric monoidal V -category T with Φ-limits such that ⊗T : T ⊗T → T
preserves Φ-limits in each variable separately.

We now prove our final result of the paper:
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12.4. Theorem. Suppose V is E -cowellpowered, let Φ be a class of small weights, and
let T be a symmetric monoidal Φ-theory. Then Φ-Cts(T ,V ) is an E -cowellpowered
locally bounded symmetric monoidal closed V -category, and hence Φ-Cts(T ,V )0 is an E -
cowellpowered locally bounded closed category by 12.2. If every weight in Φ is α-bounded-
small, then Φ-Cts(T ,V ) is a locally α-bounded closed V -category, and Φ-Cts(T ,V )0 is
a locally α-bounded closed category.

Proof. Letting W = Φ-Cts(T ,V ), we first show that W is a symmetric monoidal closed
V -category, for which we use Day’s reflection theorem for closed categories [8]. Since T
is a small symmetric monoidal V -category, we may equip the presheaf V -category [T ,V ]
with the structure of a symmetric monoidal closed V -category by [8, 3.3, 3.6], whose
symmetric monoidal product ⊗Day is given by Day convolution, and whose unit object is
the representable T (IT ,−). By 11.8 (and 5.8) with C = V , we know that W is reflective
in [T ,V ]. To apply Day’s reflection theorem, we now show that if F,M : T → V are
V -functors and M is a T -model, then the internal hom JF,MK : T → V in [T ,V ] is
still a T -model. By definition

JF,MKT =

∫
X∈T

V (FX,M (T ⊗T X)) =

{
F,M

(
T ⊗T (−)

)}
(12.i)

V -naturally in T ∈ T , so JF,MK is the composite

T
⊗̃−→ [T ,T ]

[T ,M ]−−−→ [T ,V ]
{F,−}−−−→ V (12.ii)

where ⊗̃ is defined by ⊗̃ T = T ⊗T (−). But all three V -functors in (12.ii) preserve
Φ-limits, since T is a symmetric monoidal Φ-theory and M is a T -model, so JF,MK
preserves Φ-limits.

We now conclude by [8, 1.2] that W is a symmetric monoidal closed V -category whose
monoidal product is the reflection of the Day convolution monoidal product in [T ,V ],
whose internal homs are as in [T ,V ], and whose unit object is the reflection of the
representable T (IT ,−), which is just T (IT ,−) itself (because T (IT ,−) is already a
T -model).

Since V is E -cowellpowered, we know by 11.8 that there is some β ≥ α such that
W is a locally β-bounded and E -cowellpowered V -category, and if every weight in Φ is
α-bounded-small then we may take β = α. In view of 12.2, it suffices to show that W is
a locally β-bounded closed V -category.

The factorization system (EW ,MW ) on W is induced from the pointwise factoriza-
tion system on [T ,V ] via the reflection [T ,V ] → W , so that MW consists of the
V -natural transformations that are pointwise in M (see the proof of 10.4). Hence, in
view of the formula (12.i), MW is stable under JM,−K since M is stable under weighted
limits. The V -enriched (EW ,MW )-generator H associated to W is the reflection of
the V -enriched (E ,M )-generator of [T ,V ], the latter being the set of representables
R = {yT | T ∈ obT } by 4.29, where y : T op → [T ,V ] is the Yoneda embedding, but
since the representables are already T -models, H = R. Hence, every representable yT
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(T ∈ obT ) is a V -enriched β-bounded object of W . In particular, the unit object yIT

of W is a V -enriched β-bounded object. Also, since y is strong monoidal with respect to
Day convolution, we find that for all objects T and T ′ of T , yT ⊗Day yT

′ ∼= y(T ⊗T T ′) is
a V -enriched β-bounded object of W and is isomorphic to yT ⊗W yT ′.

We now develop some classes of examples of enriched symmetric monoidal limit theories
and their locally bounded closed V -categories of models. Throughout, we suppose that
the given locally α-bounded closed category V is also E -cowellpowered.

12.5. Example. Let Vα be the full sub-V -category of V consisting of the ordinary/enriched
(see 5.6) α-bounded objects of V . By 4.23 and 5.4, Vα contains the unit object of V and
is closed under the monoidal product in V , so Vα is a symmetric monoidal V -category.
Letting Φα be the class of α-bounded-small weights, we know that Vα ↪→ V is closed in
V under Φα-colimits by 9.15, so Vα has Φα-colimits that are preserved by its monoidal
product in each variable separately (since this is so for V ). Letting Tα be a skeleton of
V op
α , we find that Tα is small by [37, 2.9], so Tα is a symmetric monoidal α-bounded-

small limit theory, i.e. a symmetric monoidal Φα-theory. By 12.4, it then follows that
Φα-Cts (Tα,V )0 is a locally α-bounded and E -cowellpowered closed category.

12.6. Example. Let j : J ↪→ V be a small and eleutheric system of arities [30, 7.1],
and let T be a commutative J -theory [32, 5.9]. Then the full sub-V -category W =
T -Alg!(V ) ↪→ T -Alg(V ) of normal T -algebras in V [30, 5.10] is equivalent to T -Alg(V )
[30, 5.14] and so is a locally bounded V -category by 11.12. By [31, 3.4.1], W is a symmetric
monoidal closed V -category equipped with a (lax) symmetric monoidal V -adjunction
F ⊣ U : W → V , where U is the restriction of the V -functor UT : T -Alg(V ) → V of
11.12. The left adjoint F : V → W is therefore strong monoidal by [19, 1.5]. The Yoneda
embedding y : T op → T -Alg(V ) sends each J ∈ obT = obJ to a T -algebra T (J,−)
that is free on J (by the Yoneda lemma) and so is isomorphic to FJ . Hence there is a
fully faithful V -functor T op → W that is given on objects by J 7→ FJ and therefore
restricts to an equivalence E : T op ∼−→ F where F ↪→ W is the full sub-V -category
consisting of all free normal T -algebras on objects of J . Since F is strong monoidal,
F is closed under the monoidal product of W and contains its unit object, so T and
F are symmetric monoidal V -categories in such a way that E is a symmetric monoidal
equivalence. The left adjoint F preserves tensors, so F is closed under J -tensors in W ,
and hence F has J -tensors that are preserved by its monoidal product in each variable
separately (because the same is true in W ). Hence T is a small symmetric monoidal
J -cotensor theory. We therefore deduce by 12.4 that Φ-Cts(T ,V ) = T -Alg(V ) is an E -
cowellpowered locally bounded symmetric monoidal closed V -category, whose underlying
ordinary category is a locally bounded closed category, while if every J ∈ obJ is an
enriched α-bounded object of V , then by 9.6 and 12.4 we may refine these conclusions by
replacing the phrase locally bounded with locally α-bounded.
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[27] Stephen Lack and Jǐŕı Rosický, Notions of Lawvere theory, Appl. Categ. Structures
19 (2011), no. 1, 363–391.

[28] Rory B. B. Lucyshyn-Wright, Completion, closure, and density relative to a monad,
with examples in functional analysis and sheaf theory, Theory Appl. Categ. 29 (2014),
896–928.



736 RORY B. B. LUCYSHYN-WRIGHT AND JASON PARKER

[29] , Enriched factorization systems, Theory Appl. Categ. 29 (2014), No. 18,
475–495.

[30] , Enriched algebraic theories and monads for a system of arities, Theory Appl.
Categ. 31 (2016), No. 5, 101–137.

[31] , Functional distribution monads in functional-analytic contexts, Adv. Math.
322 (2017), 806–860.

[32] , Commutants for enriched algebraic theories and monads, Appl. Categ. Struc-
tures 26 (2018), no. 3, 559–596.

[33] Rory B. B. Lucyshyn-Wright and Jason Parker, Presentations and algebraic colimits
of enriched monads for a subcategory of arities, Preprint, arXiv:2201.03466, 2022.

[34] , Diagrammatic presentations of enriched monads and varieties for a subcat-
egory of arities, In preparation, 2022.

[35] , Enriched structure-semantics adjunctions and monad-theory equivalences for
subcategories of arities, In preparation, 2022.

[36] Tetsuya Sato, The Giry monad is not strong for the canonical symmetric monoidal
closed structure on Meas, J. Pure Appl. Algebra 222 (2018), no. 10, 2888–2896.

[37] Lurdes Sousa, On boundedness and small-orthogonality classes, Cahiers Topologie
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