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ON THE CLASSIFICATION OF SYMPLECTIC DQ-ALGEBROIDS

PAUL BRESSLER AND JUAN DIEGO ROJAS

ABSTRACT. DQ-algebroids locally defined on a symplectic manifold form a 2-gerbe.
By adapting the method of P. Deligne to the setting of DQ-algebroids we show that
this 2-gerbe admits a canonical global section, namely that every symplectic manifold
admits a canonical DQ-algebroid quantizing the structure sheaf. The construction relies
on methods of non-abelian cohomology and local computations in the Weyl algebra. As
a corollary we obtain a classification of symplectic DQ-algebroids.

1. Introduction

While deformation quantization was originally developed in the context of (sheaves of)
algebras, it became apparent from the work of M. Kashiwara [Kashiwara, 1996] and
M. Kontsevich [Kontsevich, 2001] that the broader context of algebroid stacks provides
a natural setting for the theory. These developments lead to the introduction of DQ-
algebroids by M. Kashiwara and P. Schapira [Kashiwara & Schapira, 2012].

The classical limit of a DQ-algebroid on a manifold X is not the structure sheaf Ox
but a linear version of a O%-gerbe. The study of deformation quantization of gerbes was
initiated in [Bressler, Gorokhovsky, Nest & Tsygan, 2007] where various earlier results on
deformations of (sheaves of) associative algebras were generalized. In particular, deforma-
tion quantizations of a gerbe on a symplectic manifold were classified using an extension
of B.V. Fedosov’s approach.

The question of existence and classification of symplectic deformation quantizations in
the C'™ setting was resolved by M. De Wilde and P.B.A. Lecomte [De Wilde & Lecomte,
1983, De Wilde & Lecomte, 1985, and by B.V. Fedosov [Fedosov, 1985]. An account
of their work which uses some tools of nonabelian cohomology was given by P. Deligne
in [Deligne, 1995]. In the present note we adapt the method of [Deligne, 1995] to the
problem of classification of symplectic DQ-algebroids.

Suppose that X is a symplectic manifold with the symplectic form denoted by w. Since
all locally defined DQ-algebroids which give rise to w are locally equivalent, it follows
that the 2-stack ®Q% of such is in fact a 2-gerbe. Moreover, for any locally defined DQ-
algebroid € € ®0% the stack of autoequivalences is equivalent to the gerbe C[[¢]]*[1] of
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C|[[t]]*-torsors and, therefore, ®Q% is a twisted form of (i.e. is locally equivalent to) the 2-
gerbe C[[t]]*[2] of C[[t]]*-gerbes. The problem of existence of deformation quantization of
(X, w) may therefore be restated as the problem of showing that the 2-category Q% (X)
is non-empty.

The main result of the present work, Theorem 7.2 says that this is indeed the case
and that, in fact, there is a canonical choice of a quantization .., € D% (X), while
Theorem 7.4 gives an answer to the the classification problem in the form of the canonical
equivalence between D% and C[[¢]]*[2] which induces a bijection between the set of
equivalence classes or quantizations my ®Q%(X) and H*(X; C[[t]]*).

Previously, existence of canonical quantization as well classification results had been
established in the complex-analytic context by M. Kashiwara, A. d’Agnolo and P. Pole-
sello in terms of sheaves of algebras of microdifferential and WKB operators in [Kashiwara,
1996], [D’Agnolo & Polesello, 2005], [Polesello, 2008], [D’Agnolo & Kashiwara, 2011].

The treatment presented here relies on elementary properties of the Moyal-Weyl star-
product and makes heavy use of the theory of abelian (higher) torsors and gerbes. To
give a uniform treatment of a range of cases which includes plain C'°* manifolds as well
as complex-analytic manifolds, we work in the natural generality of a C* manifold X
equipped with an integrable complex distribution & which satisfies the technical condition
(36) (see Appendix A for definitions and notation).

The paper is organized as follows. In Section 2 we review the basics of symplectic DQ-
algebras and introduce dilation equivariance structures (DES) on DQ-algebras following
[Deligne, 1995]. In Section 3 we recall the basic definitions and facts about DQ-algebroids
and describe the stack of symplectic DQ-algebroids equipped with DES. Section 4 is
devoted to the study of the behavior of the DES under the classical limit map. In Section
5 we introduce the self-duality structures on symplectic DQ-algebroids and describe the
stack of symplectic DQ-algebroids equipped with self-duality structures. In Section 6 we
define what it means for a DES and a self-duality structure to be compatible and describe
the stack of symplectic DQ-algebroids equipped with compatible DES and self-duality
structures. In Section 7 we identify the canonical quantization and state the classification
result for symplectic DQ-algebroids.

For the reader’s convenience we include two appendices whose content, to a large de-
gree, is borrowed from [Bressler, Gorokhovsky, Nest & Tsygan, 2017]. The relevant basic
facts on calculus in the presence of an integrable complex distribution are summarized in
Appendix A. In Appendix B we give a condensed account of the basic theory of abelian
(higher) torsors and gerbes and introduce the notation used throughout the main body
of the article. A more detailed presentation of the subject may be found in [Breen, 1994]
and [Milne, 2003].

2. DQ-algebras

Throughout the paper X is a C'*° manifold equipped with an integrable complex distri-
bution & which satisfies (36) (see Appendix A for definitions and notations). We denote



66 PAUL BRESSLER AND JUAN DIEGO ROJAS

by Ox (respectively, Ox/») the sheaf of complex valued C*° functions (respectively, the
subsheaf of P-invariant functions).

In the context of complex manifolds the notion of a DQ-algebra was introduced in
[Kashiwara & Schapira, 2012].

2.1. STAR-PRODUCTS. A star-product on Ox /s is a map

Ox/9 ®c Ox/9 — Ox/9[[t]]-
of the form .
f@gw frg=fg+> Plf. 9, (1)
=1

where P; are bi-differential operators. Such a map admits a unique C[[t]]-bilinear extension

Ox/a[[t]] ®ciig) Ox/2[[t]] — Ox/a([t]]
and the latter is required to define a structure of an associative unital C[[t|]-algebra on
Ox/e|[t]]
2.2. PROPOSITION. [Kashiwara & Schapira, 2012, Proposition 2.2.3] Let x and «" be star-

products and let ¢: (Ox/a[[t], *x) = (Ox/2[[t]], ") be a morphism of C|[[t]]-algebras. Then,
there exists a unique sequence of differential operators {R;}i>o on X such that Ry = 1

and o(f) = > Ri(f)t" for any f € Oxq. In particular, ¢ is an isomorphism.
i=0

2.3. REMARK. The paper [Kashiwara & Schapira, 2012] and, in particular, Proposition
2.2.3 of loc. cit. pertain to the holomorphic context, i.e. the case when P is a complex
structure. However, it is easy to see that the proof as well as the results it is based upon
carry over to the case of a general integrable distribution.

2.4. DQ-ALGEBRAS. A DQ-algebra is a sheaf of C[[t]]-algebras locally isomorphic to a
star-product on Ox/p. For a DQ-algebra A there is a canonical isomorphism A/t - A =

Ox/e». Therefore, there is a canonical map (reduction modulo t) A = Oxg of C[[t]]-
algebras.
A morphism of DQ-algebras is a morphism of sheaves of C|[t]]-algebras.

2.5. THE ASSOCIATED POISSON STRUCTURE. Suppose that A is a DQ-algebra. The
composition
AR AL A% 6y
is trivial. Therefore, the commutator A ® A u) A takes values in tA. The composition
AoA LA T A% 6y
factors uniquely as
A®A 2% Oy/9 @ Oxjg ~2 Oy /g
The latter map, {-,-}: Ox/» ® Ox/» — Ox/g is a Poisson bracket on Ox /g, hence corre-
sponds to a bi-vector m € T'(X; A* Tx/9).
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2.6. LEMMA. [Bressler, Gorokhovsky, Nest & Tsygan, 2017, Lemma 2.6] Locally isomor-
phic DQ-algebras give rise to the same associated Poisson bracket.

2.7. SYMPLECTIC DQ-ALGEBRAS. A DQ-algebra is called symplectic if the associated
Poisson structure is non-degenerate.

2.8. EXAMPLE. Suppose that {-,-} is a symplectic Poisson bracket on Ox/p. Thus,
ko, Ix/o 1s even, Le. equal to 2n for suitable n. Let U C X be an open subset and

0 0
Pi, i € Ox/9(U), i =1,...,n, satisfy the canonical relations. We denote by o B
P1 Pn
0 0

90 Ban the basis dual to dpy, ..., dp,,dq, ..., dq,. The Moyal-Weyl product is given
q1 dn

by
tzn 0 0 0 0
frg= e <§ <8pi®aQi_aQi®8pi)>f®g

i=1

A
where restriction to the diagonal A signifies the multiplication map O x5 ®c0x/5 — Ox/g.

2.9. PROPOSITION. [Quantum Darboux Lemma] Suppose that A is a symplectic DQ-
algebra. Then, every point x € X has a neighborhood x € U C X such that for a collection

of functions p;,q; € Ox/(U), i =1,..., %rk Ix /9 which satisfy canonical relations there
exist sections p;, q; € A(U) such that o(p;) = pi, 0(¢;) = ¢; and and [pi, D] = [, ;) = 0,
[Di, 4] = b5

2.10. COROLLARY.

1. Symplectic DQ-algebras with the same associated Poisson bracket are locally isomor-
phic.

2. The unit map C[[t]] — A is an isomorphism onto the center.
3. The sequence
0~ ZCl[f] > A = Dercyg(A) = 0 2)
15 ezxact.
4. The sequence of groups
1 — exp(C[[t]]) — exp(A) — Aut(A) — 1 (3)
15 exact.

In (3), exp(A) is the pro-unipotent group associated to the pro-nilpotent Lie algebra
A equipped with the commutator bracket, and the map exp(A) — Aut(A) is given by
“exp”(a) — exp(ad(a)).

PROOF. Follows from Proposition 2.9 and well-known properties of the Moyal-Weyl star-
product. [
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2.11. DILATION EQUIVARIANCE STRUCTURES. Suppose that A is a symplectic DQ-
algebra. The inclusion C[[t]] — A is injective onto the center, so that there is a canonical
isomorphism C[[t]] =2 Z(A). The "restriction to the center” gives rise to the map

(-)lz(a): Dere(A) — Derc(C[[t]]).

In what follows, we denote by 0; the derivation o

2.12. LEMMA. Locally on X there exists D € Derc(A) such that D|za) = t0;.
PROOF. Since the question is local, it is sufficient to consider the case of the Moyal-Weyl

12, 0
product described in Example 2.8. The natural action of the vector field 3 Y (pig—+
i=1

Opi
0
qla—) on Ox/5(U) is easily seen to be a derivation of the Moyal-Weyl product. Hence,
4;
1z, 0 0
D =t0, + 5 g(pla_jjz + qla—ql) has the required properties. n

Let [ denote the C-submodule of Derc(C[[t]]) locally generated by the derivation t0;.
We define a subsheaf £(A) of Derc(A) by the pull-back square

£4A) —— (
Dere(A) 22, Dere (C[H]])

2.13. COROLLARY. The sequence

0 — Dercyy(A) — £(A) 22 1 ¢ (4)

18 exact.

The extension (4) spliced with the extension (2) gives rise to the exact sequence

1 ad

1 )z
0 - SCi)] — 74 2 RLUN

£(A) [—0 (5)

Since the extension (4) is split locally on X, the exact sequence (5) gives rise to a
Hom(1, %(C[[t]])[l] ~ %C[[t]][l]—torsor (see B.7) which we denote by DES(A).

A dilation equivariance structure (DES) on (the symplectic DQ-algebra) A is a an
object £ € DES(A). Explicitly, a DES on A is an extension £ of [ by %A which lifts £,
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i.e. there is a commutative diagram of sheaves of vector spaces

0 0
| |
0 — O] —— SCll] — 0
| |
0 — %A i s s 0 (6)

o

Iy
0 —— Der@[[t”(A) — S(A)
0

|

0
with exact rows and columns.
2.14. THE CANONICAL BRACKET ON DES. A DES £ on A admits a canonical structure
of a sheaf of Lie algebras. Let D € £ denote a locally defined section which projects to

~ 1 ~
t0;. Then, every section of £ is of the form a+ A - D, a € ZA’ A € C. The bracket on £
is defined by

[a1 -+ )\1 . D, (05} + )\2 . D] = [al, GQ] + )\1 . D(ag) — )\2 . D(CLQ), (7)
where D is the image of D in £(A).
2.15. LEMMA. The bracket (7) is independent of the choice of D.

1
PROOF. Indeed, any other choice is of the form D + b with b € ;A. Then, a; + \; - D =
(ai — )\zb> + /\z : (D + b), 1= 1,2, and

[a1 — >\1b, a9 — )\Qb] + )\1 . (D + b)(CLQ — )\1b) — )\2 . (D + b)(ag — )\Qb)

= [ay,as] + A1 - D(az) — Ay - D(as).

Since the map £ — [ admits a section locally on X, it follows that the Lie algebra
structure described above is well-defined. We shall refer to the above Lie algebra structure
as canonical.
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2.16. PROPOSITION.
1. The canonical bracket endows a DES with a structure of a Lie algebra.
2. All maps in the diagram (6) are morphisms of Lie algebras.

3. A morphism of DES is a morphism of Lie algebras with respect to the canonical
brackets.

PRrOOF. Direct calculation left to the reader. m

2.17. THE CANONICAL ACTION OF UNITS. Suppose that A is a symplectic DQ-algebra
and £ is a DES on A. An automorphism ¢: A — A induces a Lie algebra automorphism
c(¢): Derc(A) — Derc(A) defined by D +— ¢oDog~1. The automorphism c(¢) preserves
the subalgebras Dercy(A) and £(A) and induces the trivial automorphism on [.

The group A* of units (invertible elements of A) acts on the latter by conjugation; for
u € A* we denote by c(u) the corresponding automorphism of A.

2.18. LEMMA. Suppose that £ is a DES on A and u € A*.
1. The automorphism of Derc(A) induced by c(u) is given by D — D —ad(D(u)-u™t).

2. The formula o
D+ D—[D,u]-u'=D~-D(u) -u’, (8)

where u € A* and D is the image of D in £(A), defines an action of A* on e.
1 ~
3. The maps ZA — £ — £(A) are A*-equivariant.

PRroOOF. Direct calculation left to the reader. m

We shall refer to the action defined by (8) as canonical.

2.19. PUSH-FORWARD OF DES. Suppose that ¢: A; — Aj is a morphism of symplectic
DQ-algebras. The morphism ¢ restricts to the identity map between the respective cen-
ters identified with C[[t]] and induces the morphism of Lie algebras c(¢): Derc(A;) —
Derc(Ag) defined by D + ¢ o D o ¢~'. Therefore, c(¢) gives rise to the commutative
diagram

0 — %C[[t]] — %Al o 8A) — [ —— 0
| of o] H
0 — %ccm] — %AO L B(Ay) — [ — 0

1 1
and, hence, a morphism of Hom(I, #C[[t]])[l] = #C[[t]][l]—torsors

¢.: DES(A;) — DES(A,) (9)
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3. Symplectic DQ-algebroids

3.1. DEFINITION. [Kashiwara & Schapira, 2012, Definition 2.3.1] A DQ-algebroid 6 is
a C[[t]]-algebroid such that for each open set U C X with G(U) # & and any L € B(U)
the C|[t]]-algebra End¢ (L) is a DQ-algebra on U.

In other words, a DQ-algebroid is a C[[t]]-algebroid locally equivalent to a star-product.
3.2. PROPOSITION. [Bressler, Gorokhovsky, Nest & Tsygan, 2017, Proposition 7.3] There

exists a unique Poisson bracket

{,}¢: Ox/9 ® Ox/9 — Ox/9

such that for any U C X with 6(U) # @ and any L € B(U) the restriction of {-,-}¢ to
U coincides with the Poisson bracket associated to the DQ-algebra Endeg(L).

3.3. NOTATION. We denote by 7€ € T'(X; A’ TJx/s) the Poisson bi-vector which corre-
sponds to {-,-}¢.

The assignment € — 7 give rise to the canonical morphism
@D)(/ga — A2gx/gb (10)

For 7 € T'(X; A*Jx/g) we denote by DQ% g the fiber of (10) over 7.

3.4. SYMPLECTIC DQ-ALGEBROIDS. If w € T'(X;Q%,) is a symplectic form and = =

w~" we shall denote by DQ%/g the 2-stack DQ% /g.

3.5. EXAMPLE. Let (X, w) be a symplectic manifold. Suppose U C X is an open subset
which admits coordinates satisfying canonical relations as in Example 2.8. We denote by
Anw = (Oyyg[[t]], ) the corresponding Moyal-Weyl algebra. Then A}, (see Appendix
B.9) is an object of DQ% 5 (V).

3.6. PROPOSITION.

1. For any symplectic DQ-algebroid € the canonical morphism C[[t]] — Z(®) is an
isomorphism.

2. For any symplectic DQ-algebroid € the canonical morphism (see Appendiz B.9)
Cllt] " [1] — MQQ%@(C@) and the morphism M@Q;’q@(%) — C[[H]*[1]): F —

Hom ) (Id, F) are mutually quasi-inverse monoidal equivalences.

3. The 2-stack D% 5 is a C[[t]]*[1]-gerbe (see Appendiz B.5).
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PROOF. Recall that a symplectic DQ-algebroid 6 is locally equivalent to A™, where A is
a symplectic DQ-algebra.

1. The problem is local on X. Therefore, Z(6) = Z(A) and the claim follows from (2)
of Corollary 2.10.

2. The claim follows from the fact that all automorphisms of A are inner by (4) of
Corollary 2.10.

3. In view of the equivalence Aut(®) — C[[t] ™ [1] it remains to show that DQ% g is
locally non-empty and locally-connected. Example 3.5 shows that ©Q% so 18 locally
non-empty. Local connectedness follows from (1) of Corollary 2.10.

3.7. DES ENHANCEMENT. Suppose that € is a symplectic DQ-algebroid. _

For L; € 6, £, € DES(Endg(L;)), i = 0,1, a morphism (L1, £1) — (Lo, £o) is a
pair (f,s), where f: L; — Lg is an isomorphism in 6 and s: £, — £, is a morphism of
sheaves of k-vector spaces such that the diagrams

¥MC€(L1) E— 51 —

o

S Endg(Ly) — [ p—(

and

%C[[t]] > £ > £(Endg(L1))
1 H sl C(f)l
=C[[e] > £ » £(Endg(Lo))

are commutative. Composition of morphisms is defined in the obvious way. B
We denote by € the stack with (locally defined) objects pairs (L,£), L € €, £ €
DES(Endg (L)) and morphisms defined as above. The assignment (L, £) — L extends to
morphism B
Pg: 6 — 16

~ 1
which makes € a category cofibered in €at'(l, EC[[t]])—torsors over 6.

3.8. FUNCTORIALITY OF THE DES ENHANCEMENT. Suppose that F': €; — 6, is a
1-morphism of symplectic DQ-algebroids. For L € €, the morphism of DQ-algebras

F: Endg, (L) — Endg, (F(L))
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gives rise to the morphism of stacks
F,: DES(Endg (L)) — DES(Ende, (F(L))) -

as in 2.19.
The assignment (L, £) — F(L,£) := (F(L), F.£) extends to a morphism of stacks
F: 6, — 6, such that the diagram

€ —— G
Peq l lp(ﬁo
: P
16, —— 16
is commutative and represents a morphism of €' (I, C[[t]])-torsors.

3.9. ACTION OF 2-MORPHISMS. Suppose that F;: 6 — 6y, 7 = 0, 1, are 1-morphisms of
symplectic DQ-algebroids and f: F} — Fy is a 2-morphism. For L € 6; the composition

Endg (L) 2 Bndg (F1(L) <5 Bndy (Fo(L))

coincides with the map Endg (L) fo, Ende (Fo(L)). Therefore, for (L, £) € G, there is a
canonical isomorphism c(f),F1.£ = Fo. L. Let for: F1.£ — Fy.£ denote the composition

Fi.& = c(f)F1.£ = Fy,£. The 2-morphism f,: Fy, — Fp, is defined by L — f.r.
The 2-morphism F; — Fy induced by f: Fy — Fj is defined by

f=01):F— K.

3.10. DEFINITION. A dilation equivariance structure (DES) on a symplectic DQ-algebroid
6 is a section V: i6 — 6 of the projection pg: 6 — i€ such that for L € € the induced

map Aute (L) = Endy (L)* — Autz(V(L))

coincides with the canonical action 2.17.

A morphism f: V; — V, of DES on 6 is a morphism of sections of the projection

Pe, i.e. f & Idp% = Idld%.
We denote the category of DES on € by DES(€). The assignment U +— DES(6|y)

extends to a stack in groupoids which we denote DES(6).

3.11. SyMPLECTIC DQ-ALGEBROIDS WITH DES. Symplectic DQ-algebroids equipped
with DES form a 2-category in the following manner.

Objects The objects are pairs (6,V), where 6 is a symplectic DQ-algebroid and V €
DES(6).
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1-morphisms:

Composition:

Identity:

2-morphisms:

Composition:

PAUL BRESSLER AND JUAN DIEGO ROJAS

Suppose that 6; are symplectic DQ-algebroids and V; € DES(%;), i = 0,1, a 1-
morphism (61, V1) — (Bp, Vo) is a pair (F, ), where F': €, — 6 is a 1-morphism
and B

f: FoVy —> VyoF

is a 2-morphism between 1-morphisms €; — Cgo which is compatible with the
respective projections, that is, the composition

~ Idpvgooe
F=pg,0FoVy ———pg,0oVgoF

coincides with Idg.
g (G.p) (F,0) .

uppose that (6,, Vo) —= (61, V1) —— (Go, Vo) are 1-morphisms. The compo-
sition o .

VQOGOF:VQOGOFp—F>GOV1OFM>GOFOVO (11)

gives rise to the l-morphism (s, Vy) — (Gp, Vo) defined to be the composition
(G, p) o (F.0).
The identity morphism Idg v) is given by the pair (Ide, Idy).

Suppose that (F;,0;), 7 = 0,1, are 1-morphisms (61, V1) — (B, Vo). A 2-morphism
f:(F1,01) — (Fy,6) is a 2-morphism f: F; — Fy such that the diagram

EOV1 L Voo F

foldy, l lIdVOOf

~ 0
FyoVy — Voo Fy
1s commutative.

Horizontal and vertical composition of 2-morphism are defined as those in the 2-
category of categories.

For a symplectic form w we denote by D% g the 2-stack with (locally defined) objects
pairs (6,V) with € € D9% 5, V € DES(€), and 1- and 2-morphism as above. The

assignment (6, V) — 6 extends to a morphism DY 5 — DN% /g

3.12.

EXAMPLE. Suppose that A is a symplectic DQ-algebra. Let ge DES(A). For an

open subset U C X, the assignment * — (x, £|;) extends to a functor Vi AU —

@(U ). Since At is a stack, as U varies the functors Vs give rise to the morphism

of stacks Vz: AT — A* which is a DES. The assignment L V3 defines a morphism
of stacks DES(A) — DES(A™) which is an equivalence. A quasi-inverse is given by
V = V().
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3.13. Suppose that V is a DES on a symplectic DQ-algebroid € and (F,0) € Aut(6,V).
Horizontal composition with Idy gives rise to the map C[[t]]-modules

Hom, ) (Id, F) = Homyi6.6)(V, Vo F): ¢ = Tdy 0 9.
Another map is given by the composition

O ~. ()old
Hom () (Ids, F) = Hom, 2 (Tdg, F) ———

Homy .0 (Vs FoV) =0, Homyop 56,6/ (V, V o I)

Since, for ¢ € Hom ) (Ide, F),

Id,, ¢ (00 (1o Idy)) = (Id,, ©6) o (Id,, o Idy o 1)) =
Idp o (1o Id,, o Idy) = th = Id,, o (Idy o )
it follows that 90(&<>Idv) and Idyot are in the same orbit of the action of Autppg) (V) =

1
;(C[[t]] on Homy, e & (V,V o F). Therefore, the difference map

1
c(F,0): Homy ) (Idg, F) — ;C[[t“ (12)
given by the formula

c(F,0)(¢) =00 (¢ 0 Idy) — Idy o 1)
is defined.

3.14. LEMMA. The map (12) satisfies

c(E,0)(f - ¢) = c(F,0)(¢) + 0, log(f) ,
where 1 € Homy ) (Ids, I) and f € C[[t]]*.

PROOF. Since c(f - ¢) = c(f), it follows that that for any L € € the maps V(L) —
V(F(L)) induced by 8 o (1) ¢ Idy) and 6 o (f - 1 ¢ Idy) coincide. Therefore,

c(FL0)(f - ) = c(F,0)(¢) =
(00 (F ¥ oldg) ~ Ty o (f 1)) = (o ([ 0 Tdy) — Idy 0 ) =
—(Idv o (f-¢) —Idvov) = —Idv o (f - ¥ =)
The latter expression is calculated using the embedding C[[t]]* C Aut(L), and the canon-

ical action of units (8). Namely, for f € C[[t]]* and D € V(L) such that D|zgnac(r)) =

d
t% = t0;, the canonical action is given by

D D—D(f)- f'=D—tdlog(f)

which implies the desired result. [
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tOy log

3.15. COROLLARY. The pair (Homy ) (Ids, F), c(F,0)) is a (C[t]]* —— —C[[ 0)-
torsor.
The assignment (F,6) — (Hom ) (Ids, F), c(F,0)) extends to a morphism
o O log 1
Aut oz (6,V) = (C[] SClEDR] - (13)
The canonical morphism C[[¢]]*[1] — Autgge p (B) lifts to the morphism
x O lo, 1
(Cl[t]] o os, ;C[[t]])[ | — AU%Q;/@(%, V): (T,c) » (T'®(-),c). (14)

3.16. PROPOSITION.

1. The morphism (14) and the morphism (13) are mutually quasi-inverse monoidal
equivalences.

to¢ log 1
=T

2. The 2-stack D% 5 is a (C[t]]* ;

[[E1))[1]-gerbe.

PROOF. It is clear that (14) and the morphism (13) are mutually quasi-inverse.

In view of the equivalence Aut - (C@ V) = (C[t]]* — 101 Los, —(C[[ ])[1] it remains to

show that 0% X/o s locally non—empty and locally connected. These properties follow
from the fact that any symplectic DQ-algebroid is locally equivalent to one of the form
A where A is a symplectic DQ-algebra, and Example 3.12. ]

4. Classical limits of DES

4.1. CLASSICAL LIMIT OF DES oN DQ-ALGEBRAS. Suppose that A is a symplectic
DQ-algebra. Let 7 denote the associated Poisson bi-vector and let w = 7! denote the
corresponding symplectic form.

Let F;A = t7'A. The t-adic filtration F,A induces the filtration denoted F, Derc(A),
hence filtrations F, Dercyy(A), Fo£(A).

4.2. LEMMA.

1. Grl A = Oy gt] with the Poisson structure given by tr.

2.
0 ifi>2
Derf(0x/g[t]) = < Ox - 0; ifi=1
t (OJX/@ ® Ox/9 ® [) ifi <0

PROOF. Left to the reader. m
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Let Der:(6x/g[t],tm) denote the subsheaf of Derd(6x/a[t]) of derivations which pre-
serve tm, i.e. those D € Derd(Ox/g[t]) which satisfy [D,tr]sy = 0. Here and below we
denote by [, |sny the Schouten-Nijenhuis bracket. For A € C,

[tﬂ', E+A- tat]SN = t([ﬂ—7 g]SN + )‘ﬂ—) )

ie. £+ \-t0, € Derd(Ox g t], tm) & [, &]sn + A = 0.
The sheaf 97)’;/_9?"“ of (m-)conformal vector fields is defined by the pull-back square

TL e —— Derl(Ox/t], t7)

l |

( 1®1d Ox/g @ (

The map J¢ ’g‘,’mf — Jx/ is a monomorphism so that we can and will regard the former

as a subsheaf of the latter.

4.3. LEMMA.
1. The map Grg Derc(A) — Derl(Ox/a(t]) is injective with image Derd(Ox g t], t).
2. The map Gr{ Dercyy(A) — Grf Derc(A) is injective and the image of the compo-

sition Gr{ Dercjy (A) — Gr{ Derc(A) — Derg(Ox/g(t]) is equal to TF /-

3. The map Gr{ £(A) — Derl(Ox/at]) is injective with image 97;/_9?“.

PROOF. Left to the reader. (]
Since 7 is nondegenerate, the Lichnerowicz-Poisson complex

1 T, - T, - T, -
0 —s ¥®X/9° [tm,-1sn gX/Q* [tr,-lsn t'/\zcjx/g\ [tm, - Isv, (15)

satisfies the Poincaré Lemma.
In what follows we shall identify [ with C using the global section t0;. Hence, there is
a canonical map ‘37;/_9?"“ — C.

4.4. PROPOSITION. The diagram

1 1 -

0 — 5C SOx I, grent 5 € —— 0
| | | [ (16)
1 1 [tm,-Jsn o [tm;-Isn 26 [tm,-Jsn

0 EC Z@x/ga E— J)(/ga — t- /\ Jx/ga _—

where the bottom row is the complex (15), is a pull-back diagram with exact rows. Thus,

1 1
the top row represents the class of W in H*(X; Z(C)

PROOF. Follows from Lemma 4.2, Lemma 4.3 and the Poincaré Lemma. [
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The principal symbol map o, : A — Ox gives rise to the map of exact sequences

ad (‘)|Z(A)

0 — %(C[[t]] — %A 2(A) [ — 0

| 7 | 7 | [0

1 1 -
0— € — -0y I lsw, g, 0

hence to the morphism of torsors (Appendix B.7)
1
gr: DES(A) — /Zw, (17)

1
where [ tw denotes the ;C[l]—torsor corresponding to the top row of (16), relative to the

1 o 1
morphism of Picard stacks ;(C[[t]][l] — ;C[l].
The morphism (17) is natural in A in the sense that it commutes with the direct image
functors (9).

4.5. DES OBSTRUCTIONS PARASITES. Since the map of complexes

(© % 2Co ) - (Cl* 225 el

is quasi-isomorphism, it follows that there is a canonical equivalence

(I 2% el (3] = (3] x 1C12] x Cf2) (18)

Thus, DO%/g determines a class in mo(C*[3](X) x %(C[2](X) x C[2](X)) = H3(X;C*) x

1
H*(X; ;(C) x H*(X;C). In [Deligne, 1995], 4.7, P. Deligne refers to the last two compo-

nents as obstructions parasites.

4.6. CLASSICAL LIMIT OF DES ON DQ-ALGEBROIDS. For € € DQ%/g the assignment
€3 (L, &) gr& (cf. 3.7 and (17)) extends to a functor

~ 5 1
gr%:%%/gw

which is equivariant with respect to the morphism of Picard stacks

I

%ot (1, Cl[f]) = SCl[1] - ;T

induced by reduction modulo ¢.
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For a l-morphism F: 8, — @, and (L, £) € %, the map Endg (L) — Endg, (F(L))
induces the identity map after reduction modulo ¢. Therefore, the isomorphism £ —
F.£ of C[[t]]-modules induces the identity map gr £ — gr F.£. Moreover, the functor

F: 6, — 6, satisfies grg, o I’ = grg, .

For (€,V) € D0%/g the composition i€ AR [ 3w is locally constant. For a
l-morphism (F,0): (61,V1) — (€, Vo), the 2-morphism 6 gives rise to the morphism
gr(f): grg, Vi(i6,) — gre, Vo(i6o). In particular, under the identifications (13) and (14),

1
the assignment Aut(6,V) > (F,0) — gr(d) € ;C defines a functor (with discrete target)

t0o log 1
=

1
which corresponds to the morphism of Picard stacks (C[[t]]* [[tIH[] — ;C[l].

We summarize the foregoing discussion in the following proposition.

4.7. PROPOSITION. The assignment Q%5 > (8,V) = grgV(i8) € [ 1w extends to a
morphism of torsors

~ 1
gr: D05 /g — /;w (19)

't 10, 1 1
relative to the morphism of Picard stacks (C[[t]]* 101 los, n [[LIH[2] — ;(C[l].

Thus, under the morphism (C{1]* ™% SCDI3) — €12} the (€l 5

1 1
;(C[[t]])[l]—gerbe D0/ is mapped to the ZC—gerbe [ tw. In particular, the component

1
of the class of Q% /g in H*(X; ;(C) is equal to the cohomology class of w.

5. Self-duality structures

5.1. SELF-DUALITY. We denote by a: C[[t]] — C[[t]] the automorphism determined by
t — —t. Note that a is an involution: a o a = Id. For a C[[t]]-module M we denote
by aM the C-vector space M with the C[[t]]-module structure given by the composition
C[it] = CI[[t] — Endec(M).

The automorphism C[[t]] = C[[t]] induces an automorphism a: DQx/5 — DQy/g.
For € € DQx/5 the DQ-algebroid a6 admits the following description:

Objects: The algebroid a6 has the same objects as 6; for an object L € 6 we denote by alL
the corresponding object of a6

Morphisms: For Lo, L; € €, Homug(aLq,alg) = aHomg(Ly, Ly).

The DQ-algebroids (€)™ and a (6°P) coincide. We will denote the common value of
(a€)*® and a (€°?) by €. The assignment € — BT extends to a morphism (e)' : DQx /5 —
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D0F/5-" The functor (o)' is an involution: @' = €. Morcover, if € € D%/ then
€' € DA%/, i.e. the involution ()" restricts to an involution () : DA% /5 — DAY/
The algebroid €' admits the following description:

Objects: The algebroid €T has the same objects as €; for an object L € € we denote by Lf
the corresponding object of a6

Morphisms: For Ly, L1 € €, Home: (L1, L)) = a Home (Lo, Ly ).
A 1-morphism F: 8, — €, induces the l-morphism F': 8] — @ with FI(L) =
F(L)" and the effect on morphisms given by
Home (L}, L}) = a Home, (Lo, L1) = a Home, (F(Lo), F(L1))
— Homygy (F(L1)!, F(Lo)") = Homyy (F1(L}), FI(L}))

For F,G: 6, — 6, and L € 6,
Homs, (F'(L'), G'(L")) = Hom, (F(L)', G(L)") = a Homg, (G(L), F(L)).
Hence,
Hom(F' G') = aHom(G, F), and HOIH@QX/@(%I,C@S-) = aHompaq, ,, (61, 60).

For a functor F': @ — @, the functor F': €7 — @' = € is given on objects by
FY(LY) = F(L). For Ly, Ly € € the map F': Homg: (Ll L}) — Homg(F(L,), F(Lo)) is
the map aF': a Homg(Lg, Ly) — Homeg(F (L), F/(Lo))

5.2. DEFINITION. A self-duality structure on a DQ-algebroid 6 is a 1-morphism T: 6 —
@,

5.3. DQ-ALGEBROIDS WITH SELF-DUALITY STRUCTURES. DQ-algebroids equipped with
self-duality structures form a 2-category.

Objects: The objects are pairs (6,7T), where € is a DQ-algebroid and T is a self-duality
structure on 6.

1-morphisms: Suppose that (6€;,T;), i = 0, 1, are DQ-algebroids equipped with transposition struc-
tures. A 1-morphism (F,€): (61,71) — (6o, Tp) is a pair (F, &), where F': €; — 6
is a 1-morphism and &: Ty o F — F'o Ty is a 2-morphism between 1-morphisms
G, — 6.

For a 2-category &, the 2-category G°° has same objects and 1-morphisms, with Homge (-, ) =
Homg (-, -)°P.
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(G 7) £)

Composition: Suppose that (€, Ty) —= (61,11) —> AGLIN

tion

(Bo, Tp) are 1-morphisms. The composi-

TooFoG ¥ ploTioq 2 ploGloTy = (FoG) 0Ty (20)
gives rise to the l1-morphism (F' o G, (20)): (62,T2) — (6o, Tp) defined to be the
composition (F,&) o (G, 7).

Identity: The identity 1-morphism Id( 1 is given by the pair (Idg, Idia, ).

2-morphisms: Suppose that (F}, &), i = 0,1, are 1-morphisms (€1,T1) — (6o, Tp)). A 2-morphism
f:(F1,&) — (Fo, &) is a 2-morphism f: F} — Fj such that

(fTOIdTl)O&)O(IdTOOf):gl

Composition: Horizontal and vertical compositions of 2-morphisms are defined as those in the
2-category of categories.

We denote by @Q;"(’;@ the 2-stack with locally defined objects the pairs (6,7 with
6 € DY /5 and 1- and 2-morphisms as above.

5.4. EXAMPLE. For a symplectic DQ-algebra A, the DQ-algebroids (AT)* and (A™)?
coincide. Thus a morphism of DQ-algebras A 2, At induces a self-duality structure on
A* via At 25 (AT) = (AN

Let Ay = (Ox/9[[t]], *) be the Moyal Weyl star-product of Example 2.8. It is easy
to verify that the identity map of Oy [[t]] is an isomorphism Ay — Al and we shall
identify A vw With Ay from now on.

Hence, (A},y,)" = A}, and the identity morphism is a self-duality structure on A}y,
which we denote by T,,,.

In particular, any morphism ¢: Ay — AJ][WW is an automorphism of A,;y. By
Corollary 2.10 any automorphism of A,y is inner. Therefore, any self-duality structure
on A}, is isomorphic t0 Ty

5.5. Suppose that T is a self-duality structure on a symplectic DQ-algebroid 6 and
(F,¢) € Autggg%) (B,T).

For o, 8 € Hom ) (Ide, F') let (o, B)¢: T — T denote the composition

Idroa 5 oldr

T=Toldg % ToF % FloT 2 1dq 0T =T
The assignment («, 3) — («, B)¢ defines a “hermitian” pairing
() re: Ho_m@(cg)(ldce’ F) x aHO_m@(C@)(Id%a F) — M@(%,%T)(T) =CI[[t]]™ . (21)

Let
qre): Homy ) (Ide, F') — Cl[t]]” (22)

denote the associated quadratic form given by q(pe (o) = (@, @) (re).
Let qo: C[[t]]* — C][[t]]* denote the map f(¢ ) f@) - f(—t).
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5.6. LEMMA. The map (22) satisfies qure)(f - ) = qo(f) - qre) ().

PROOF. Since the pairing (21) satisfies (f(t) - a, g(t) - B)(re) = f(t) - g(—=1) - (o, B)(re)
the associated quadratic form satisfies q(pe)(f(t) - ) = f(t) - f(=1) - qure (@) = qo(f(2)) -
e (@)- "

5.7. COROLLARY. The pair (Hom ) (Ids, F'), qre)) s a (C[[t]]* = L C[[t]]*)-torsor.
The assignment (F,§) — (Homy ) (Ide, F), qre)i) extends to a morphism

Autgaee (6,T) = (C[[t]* = C[[t])[1]. (23)

X/P

The canonical morphism C[[¢]]*[1] = Autgge p (B) lifts to the morphism

(Cle™ = Cre=)n] — Autgges (8,7): (5,9) = (5@ (),)- (24)
5.8. PROPOSITION.

1. The morphism (23) and the morphism (24) are mutually quasi-inverse monoidal
equivalences.

2. The 2-stack @Q;J(;g, is a (C[[t]]* 2% C[[t]]*)[1]-gerbe.

PROOF. It is clear that the morphisms (23) and (24) are mutually quasi-inverse monoidal
equivalences. In View of the equivalence Aut(®,T)) = (C[[t]]* 2 C[[t]]*)[1] it remains
to show that ©Q%* X/ is locally non-empty and locally connected.

Since, locally, every DQ algebroid is equivalent to one of the form A}, of Example
5.4, it follows that Q%" X/ is locally non-empty and locally connected. [

5.9. CLASSICAL LIMITS OF SELF-DUALITY STRUCTURES. We denote by gr* € the stack
associated to the prestack i(6/t6).

Recall that, according to [Bressler, Gorokhovsky, Nest & Tsygan, 2017], the classical
limit functor

gr: DO%/p — 05 /5[2]: 6 — gr™ 6,

admits a canonical lifting
/\;. @Qw ®>< dlog Ql QQ cl
gr=. X/® ( X/ ? X/ - X/gs)[ ]

Since the map C* — (0% 9 — Q% o = 93(793) is a quasiisomorphism, we will regard the

morphism gr* as taking values in C* 2].
Suppose that T is a self-duality structure on a symplectic DQ-algebroid € € ©Q% Jop-
The quasi-classical limit of T" is an equivalence

gr(T): gr* 6 — gr* (@) = (2r*6)*® = (gr6)*""
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. —~ @ X(T) ,—— ) _
The equivalence gr<® LisCON (gr*6)®~! determines a structure of a ps-gerbe on gr<®,

2
where p5 := ker(C* i C*) is the group of square roots of one. Denoting this structure
by gr*(6,T") we obtain the commutative diagram

& L)U(;Qs s f12[2]

! l

DY)y S C*[2]

6. Compatibility of DES with self-duality structures

6.1. DUALITY AND DERIVATIONS. Suppose that A is an associative C-algebra. We denote
by A% the Lie algebra structure on A given by the commutator bracket.

e Since the algebras A and A°" share the underlying vector space, it follows that
End¢(A) = Endc(A°P). Under this identification the subspaces Derc(A) and Derc(A°P)
coincide. Thus, Derc(A) = Derc(A°P) as Lie algebras.

e The identity map is an isomorphism of Lie algebras (AL¥€)°P = (A°P)Lic,

e Under these identifications the map of Lie algebras ad®®: (A°)L — Derc(A°P) is
given by —ad: AL — Derc(A).

Recall that the C-algebra automorphism a: C[[t]] — CJ[[¢]] is given by t +— —t. Con-
jugation by a induces the Lie algebra automorphism c(a): Derc(Cl[t]]) — Derc(C[[t]]).
Since c(a)(td;) = t0;, the automorphism c(a) restricts to the identity map on [ = C - t0;.

Let A be an associative C[[t]]-algebra. The C[[t]]-algebras (aA)°® and a(A°P) coincide
and we denote their common value by Af.

e Since the algebras A and A" share the underlying vector space, it follows that
Endc(A) = Endc(AT). Under this identification the subspaces Derc(A) and Derc(AT)
coincide. Thus, Derc(A) = Derc(AT) as Lie algebras.

e The subspaces Dergyy(A) and Dercpy ( A") of Derg(A) = Derg(A') coincide. Thus,
Dercyy (4) = DGYC[[t]](AT) as Lie algebras.

Suppose that A is a symplectic DQ-algebra.

e The subsheaves £(A) and £(A") of End(A) coincide. Thus, £(A) = £(A") as Lie
algebras.

1 1
o ;AT = ¥A°P as Lie algebras.
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e The diagram

1 1 .
ZClH) —— <A —, Deregy(A) —— £(A) —— [

= | I

1 1 a
ZCHtH —_— ;AT —d> Derc[[t”(AT) —_— S(AT) — 1

is commutative.

6.2. DUALITY AND DES. Suppose that A is a symplectic DQ-algebra. For e DES(A),
the sheaf £' is defined by the push-out diagram

gA—>E

‘Idl l (25)

%AT y of

The assignment £ £ extends to a functor
()': DES(A) — DES(A").

Moreover, for a morphism ¢: A; — Ay of symplectic DQ-algebras the diagram

DES(A;) 9%, pEs(ah

¢*l lasi
DES(A;) —21s DES(A})

is commutative. N

Suppose that € is a symplectic DQ-algebroid. For L € 6, £ € DES(End(L)) let
(L, L) := (LT, £).

For V € DES(®), the assignment L+ V(L)T defines a DES on 6" which we denote
by VT. The assignment V ~— VT extends to a morphism of stacks

()7: DES(®) — DES(€").

6.3. DEFINITION. Let 6 be a symplectic DQ-algebroid, let T' be a self-duality structure
on B, and let V € DES(€6).

A compatibility between T and V is a 2-morphism T: ToV — VioT such that the
pair (T,7) is a I-morphism (€,V) — (61, V") of DQ-algebroids with DES (see 5.11).
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6.4. SYMPLECTIC DQ-ALGEBROIDS WITH COMPATIBLE SELF-DUALITY AND DES. Sym-
plectic DQ-algebroids equipped with compatible self-duality and dilation-equivariance
structures form a 2-category in the following manner.

Objects: The objects are quadruples (6,V, T, 7), where 8 is a symplectic DQ-algebroid, V
is a DES on 6, T is a self-duality structure on 6, and 7 is a compatibility between

T and V.

1-morphisms: Suppose that (6;,V;,T;, 7;), 1 = 0, 1, are objects as above. A 1-morphism (6, V1,11, 71)
— (6o, Vo, T, 70) is a triple (F,6,&) such that (F,6) is a 1-morphism (6;,Vy) —
(Bo, Vo) of DQ-algebroids with DES and (F, €) is a 1-morphism (61,71) — (6o, To)
of DQ-algebroids with a self-duality structures (see 5.3) subject to the commutativ-
ity condition

fOOVOOF

IW W‘F

Tyo F oV, VioTyoF
lgmvl fdvgos (26)
ﬁToTvlovl V(T)OFTOTl

\Idﬁ% OTV

ﬁToVJ{oTl

Composition: Suppose that (6z, Vs, Tz, 72) LGN (61,V1,T1,71) GUON (Bo, Vo, Ty, 70) are 1-

morphisms. The composition (F,,¢) o (G, p,n) is given by (F o G, (11), (20)).
Identity: The identity automorphism of (€,V,T, ) is given by the triple (Idg, Idy, Idr).

2-morphisms: Suppose that (F},60;,&;), i = 0,1, are 1-morphisms (6;, V1,11, 71) — (6o, Vo, 1o, To)-
A 2-morphism f: (Fy,01,&) — (Fo,60,&) is a 2-morphism f: F; — Fp such that
f:(F1,601) — (Fp,0) is a 2-morphism between 1-morphisms (61, Vi) — (6o, Vo)
of DQ-algebroids with DES and f: (F1,&1) — (Fp,&) is a 2-morphism between
1-morphisms (61, 71) — (6o, To) of DQ-algebroids with a self-duality structures.

Composition: Horizontal and vertical composition of 2-morphisms are defined as in the 2-category
of all categories.

We denote by @Q;J{’;@ the 2-stack with locally defined objects (6,V,T,7) with 6; €
DA% /g, and 1- and 2-morphisms as above.
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6.5. EXAMPLE. Let £ be a DES on Ay associated to a splitting of (4). Let V denote
the associated DES on A}, as described in Example 3.12. The identification (A},,)T =

P

A7y, induces the identifications (A} )T = Aby, Tean = Id, Town = Id and VI = V.
Then, the 2-morphism Id: V — V is a compatibility between T,,, and V.
In fact any two quadruples Q; := (A}, T3, Vi, 7), i = 0,1, are isomorphic. Without
loss of generality we may assume that 7o = 177 = T,,, and Vy = V; are associated to a
~ 1
split DES £ = gAMWGBI as above. If (Id,6,1d): ()1 — Qo is a 1-morphism, the condition

(26) reduces to commutativity of the diagram of morphisms of DES

¢ e

l l (27)
g o, g

~ 1 ~ 1
In terms of the identifications £ = EAMW @land & = EAMW @ [ given by the induced

splitting, the isomorphism £ — £ in (25) is given by [

0 (1)] Therefore, if 6: £ &

is represented by [(1) ﬂ , then 07: £h — gf s represented by [(1) _1(’25}
If 7; is represented by {(1) Zﬁz

1
which is to say ¢ = §(¢1 — o).

], the condition (27) is equivalent to ¥y + ¢ = 1, = ¢,

6.6. Suppose that (6,V,T,7) € D ;J(;@
Since, for v € Endyyo, 4t (1),
Id, , o7 =1d, ¢ (70 (Vo Idy))

it follows that the map

Endyyom et (1) = Homy, e @)(f oV, VioT): vis 7 —70(VolIdy) (28)
1 ~
factors through the canonical map ;(C[[t]] — Hom,, = o Gty (ToV,VioT). Moreover, the
diagram
tat lo ]_
Clle]™ : » Sl

l (28)

Endyyop g6 (T) — Homy oo (ToV,VioT)
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is commutative.
Suppose that (F,0,¢) is an automorphism of (6,V,T, 7). Then,

c(F,0) 1
Hom p () (Ide, F) ’ ;C[[t“
lQ(F,g) lToavg (29)
(28) =~

where avg(f) = f + a(f), is a commutative diagram of morphisms of torsors relative to
the commutative diagram of morphisms of sheaves of groups

tot log
%

cl) 2% Zef]

qol lavg (30)

1log 1
cllp =% clit)
The commutativity of (29) and (30) implies that the pair
(Homy () (Ids, F), (qre), c(F,0)))

is a torsor under
« (qo,t0¢ log) % 1 O log — av 1
e (P 228, ) & ] 2% )

= (C[[f)]* 12, 1eer (20, log — avg))

6.7. LEMMA. The map of complexes

%C ker(t0; log — avg))
OT — T(QO, toy log)
N (i)

: . 1 (1 $C—=3;Clt]]
with components given by ;(C

) ker(t0; log — avg)) and the inclusion py —
C[[t]]* is a quasiisomorphism.
PROOF. We leave it to the reader to show that ker(qq, t0; log) = puo.

Let f € C[[f])*, g € %C[[t]]. Then, (£, g) € ker(td, log — avg)) i and only if 3 log f —

avg(g).
Suppose that (f,g) € ker(td;log —avg)). Since Im(t0; log) = tC[[t]], we may assume

1
that g = % +be ;(C @ C so that t0;log(f) = avg(g) = 2b is constant which must be
equal to zero since td; log(f) € tC][t]]. This implies that f is constant, i.e. f € C* and,

hence, (f,g) is cohomologous to a pair of the form (1, ;)\), A e C. n
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The assignment (F,0,&) — (Homp ) (Ids, F), (qo, t9;1og)) extends to a morphism

w,t
X/P

Aut_— (€,V,T,7) > (ClH]* 222 ker (0 log — ave)) 1] (31)

The canonical morphism C[[t]]* — MDQ§/9 () lifts to the morphism

(CH)* 22, ke (10, log — ave)[1] — Aut_— (€, V,T,7) (32)
X/P

given by
(Sv <q7 C)) = (S ® ()7 ¢, q)

6.8. PROPOSITION.

1. The morphism (31) and the morphism (32) are mutually quasi-inverse monoidal
equivalences.

2. The 2-stack @Q‘;(/tgé is a (C[[t]]* {50, 10ulog), ker(t0; log — avg))[1]-gerbe.

PROOF. It is clear that (31) and the morphism (32) are mutually quasi-inverse monoidal
equivalences.

Example 6.5 shows that @D‘;(;g, is locally non-empty and locally connected and there-

fore & Aut, o< (6,V,T,7) = (C[[f)* %

w,t
X/

ker(t0, log — avg))[1]-gerbe. n

7. Classification of symplectic DQ-algebroids

In what follows we work with a fixed non-degenerate Poisson bi-vector 7 € T'(X; A\* Tx/a)

and set w = 7L

7.1. CANONICAL QUANTIZATION. From Proposition 4.7 and Proposition 6.8 we know
that the morphism of quasi-classical limit (see 5.9) and the morphism (19) give rise to
the equivalence

o (erx, (19 1
903, E ) / ~ (33)

which makes the diagram

> arX, (19
005, Eh L) [ L

I

DY)y Cx[2]

commutative.
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7.2. THEOREM. Fvery ps-gerbe on X admits a canonical quantization.

PROOF. Let @Dx/g/ C[1] denote the push-out of @DX/Q along the morphism of com-
plexes

ker(t9; log — avg)) ker(t9; log — avg))/ %C
T (qo,toclog) [ —> T(qo, t8; log)
C[[t]]™ C[[t)]*

It follows from Lemma 6.7 that DQ%) /g, /3C[1] is a py[2]-torsor. The equivalence (33)

induces the equivalence DQ%) o / C[1] Ll p2[2] which makes the diagram

DOY,/ACN] T 2]

I

D90%y s CF[2]

commutative. Hence, there are morphisms

DAY (X) «— DAY,/ 7CIIX) = pa[2](X)

where gr* is an equivalence. [

We denote by Gean € Dy /5 (X) the image under the morphism @QX/Q/ Cl1)(X) —

DOY/5(X) of the object of @QX/Q,/ C[1](X) which corresponds to us[1] € us[2](X).
In what follows we refer to 6., as the canonical quantization.

7.3. CLASSIFICATION OF SYMPLECTIC DQ-ALGEBROIDS. For 6y, 61 € DY /g let [€; :
Go) = Ho_mm)&m (By, 61) € Cl[t]]*[2] by analogy with the difference class of [Deligne,
1995).

Let D% 5, denote the fiber of gr< D0%/e — C*[2] over C*[1]. The objects
of DN% /5 are quantizations of the trivial gerbe O /9 equipped with the trivial flat
structure.

7.4. THEOREM. The morphisms
[0 1 Bean): DAY/ — C[[H]*[2]: € — [8 : Bean] (34)

and
C*[2] x @D;"(/@’O — C‘DQ“;(/@: (8,6)—S®%E (35)
are equivalences.

PROOF. A quasi-inverse to (34) is given by § — 8§ ® %c,m
A quasi-inverse to (35) is given by 6 — (gr“@ 6%l g B). "
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7.5. THE FEDOSOV cLASS. Under the isomorphism C[[t]]* = C* x exp(tC[[t]]) the mor-
phism gr* coincides with the composition

[®:Bcan]

DQ%e — ClIt]"[2] = C*[2]

Since G..n € DAY /g0 the morphism [®: By restricts to the equivalence
[®: Bean]: DQY/5 0 — exp(tC[[{]])[2]
Let ®: DY /5, — C[[t]][2] denote the composition

C@can l 10g

DD g0 ot exp(tCIH]])[2] - C[it]][2]

The construction of the Fedosov class of a quantization of the structure sheaf was
extended to the setting of algebroids in [Bressler, Gorokhovsky, Nest & Tsygan, 2007]. The

1
construction associates to € € DY 5 o(X) the Fedosov class ©(8) € zw—i—HQ (X; Cl[t]]).

1
It is shown in [Nest & Tsygan, 2004] that ©(6.un) = LW An argument similar to that
in [Dehgne 1995] for the case of DQ-algebras shows that for 6y, 61 € D% g ((X), the

class of i log([cﬁl, o)) in H*(X; C[[t]]) coincides with ©(B;) — O(By).
1
Since ®(B.n) = 0 and, clearly, glog([%1,%o]) = O(6;) — ¢(Gy), it follows that
1
0(8) = Tw O(B).

A. Calculus in the presence of an integrable distribution

In this section we briefly review basic facts regarding differential calculus in the presence
of an integrable complex distribution. We refer the reader to [Kostant, 1970], [Rawnsley,
1977] and [Fischer & Williams, 1979] for details and proofs.

For a C™ manifold X we denote by Ox (respectively, Q%) the sheaf of complex valued
C* functions (respectively, differential forms of degree 7) on X. Throughout this section
we denote by T« the sheaf of real valued vector fields on X. Let Ty := Tx ®g C.

A.1. COMPLEX DISTRIBUTIONS. A (complex) distribution on X is a sub-bundle? of Jy.

A distribution P is called involutive if it is closed under the Lie bracket, i.e. [P, P]| C
P.

For a distribution % on X we denote by P+ C QL the annihilator of 9 (with respect
to the canonical duality pairing).

A distribution & of rank r on X is called integrable if, locally on X, there exist
functions fi,..., f. € Ox such that df,,...,df. form a local frame for %P+.

2A sub-bundle is an O x-submodule which is a direct summand locally on X.
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It is easy to see that an integrable distribution is involutive. The converse is true when
P is real, i.e. P = P (Frobenius) and when P is a complex structure, ie. P NP = 0
and P @ P = Jx (Newlander-Nirenberg). More generally, according to Theorem 1 of
[Rawnsley, 1977], a sufficient condition for integrability of a complex distribution P is

P NP is a sub-bundle and both P and P + P are involutive. (36)

A.2. THE HODGE FILTRATION. Suppose that P is an involutive distribution on X.

Let F,(2% denote the filtration by the powers of the differential ideal generated by Pt
ie. F Y = NPLAQL C . Let 9 denote the differential in Grf'Q%. The wedge
product of differential forms induces a structure of a commutative differential-graded
algebra (DGA) on (GrfQ%,d).

In particular, Grl'6x = 6x, Grl'QL = QL /P and 9: 6x — GriQk is equal to
the composition Oy % QL — QL /PL. Let Ox/g = ker(Ox % GrEQL). Equivalently,
Ox/9 = (@X)g C Oy, the subsheaf of functions locally constant along 9. Note that 0 is
Ox/o-linear.

Theorem 2 of [Rawnsley, 1977] says that, if P satisfies the condition (36), the higher
O-cohomology of Ox vanishes, i.e.

Oxje ifi=0

i Foe 9y _
H'(Gry X, 0) = { 0 otherwise.

(37)

In what follows we will assume that the complex distribution & under consideration is
integrable and satisfies (37). The latter is implied by the condition (36).

A.3. O-OPERATORS. Suppose that € is a vector bundle on X, i.e. alocally free ©x-module
of finite rank. A connection along %P on € is, by definition, a map V¥ : € — QL /P ®e, 6
which satisfies the Leibniz rule V7 (fe) = fV7(e) + df - e for e € € and f € Oy.
Equivalently, a connection along % is an Ox-linear map V‘Z P = End(€) which
satisfies the Leibniz rule V{ (fe) = fV?(e)—i—gf-e fore € € and f € Ox. In particular, V{
is Ox/g-lincar. The two avatars of a connection along P are related by V¢ (e) = 1cV7 (e).

A connection along & on € is called flat if the corresponding map V‘?:) : P — End.(€)
is a morphism of Lie algebras. We will refer to a flat connection along P on € as a 0-
operator on é.

A connection on € along & extends uniquely to a derivation g of the graded Grf'Q%-
module Gri'Q% ®¢, € which is a d-operator if and only if 5% = 0. The complex
(Grt Q% ®oy 6, 0%) is referred to as the (corresponding) d-complex. Since Oy is Ox /-
linear, the sheaves H Z'(Grg 0% Qoy %‘,5%) are Oy gp-modules. The vanishing of higher
0-cohomology of Gx (37) generalizes easily to vector bundles.

A.4. LEMMA. Suppose that € is a vector bundle and Og is a 0-operator on €. Then,
H{(GrEQ% ®oy 6,0¢) = 0 for i # 0, i.e. the O-complex is a resolution of ker(Jg).
Moreover, ker(0s) is locally free over Ox/g of rank ke, € and the map Ox e, ker(Og) —
€ (the Ox-linear extension of the inclusion ker(Og) — €) is an isomorphism.
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A.5. REMARK. Suppose that F is a locally free Ox/p-module of finite rank. Then,
Ox ®e, /o F is a locally free Ox-module of rank rke, P F and is endowed in a canoni-
cal way with a 0-operator, namely, 0 ® Id. The assignments F — (Ox Qo) F,0 @ I1d)
and (€, dg) — ker(dg) are mutually inverse equivalences of suitably defined categories.

A.6. CarcurLus. The adjoint action of P on Ty preserves P, hence descends to an action
on Jx/P. The latter action defines a connection along %, i.e. a canonical 0-operator
on Jx /P which is easily seen to coincide with the one induced via the duality pairing
between the latter and P+.? Let Ty /g := (Tx/P)? (the subsheaf of P invariant section,
equivalently, the kernel of the d-operator on Ty /%P). The Lie bracket on Jx (respectively,
the action of Ix on Ox) induces a Lie bracket on Jx,s (respectively, an action of Jx,g on
Ox/s). The bracket and the action on Ox,5 endow Ty g with a structure of an Oy /g-Lie
algebroid.

The action of 2 on QY by Lie derivative restricts to a flat connection along 2, i.e. a
canonical d-operator on P+ and, therefore, on A\' P+ for all i. It is easy to see that the
multiplication map Grf'Q® @ A\' P+ — GrF.Q°[i] is an isomorphism which identifies the
0-complex of \' P+ with Gr¥,Q°[i]. Let Qé{/@ = H'(GrE,Q%, 0) (so that Ox/p = Qg(/@).
Then, Q% s C N P+ C Qi The wedge product of differential forms induces a structure

of a graded-commutative algebra on Q2% g := B0 gl—tl=H *(GrfQ%,d). The multipli-
cation induces an isomorphism /\gx/g Q% o QL /- The de Rham differential d restricts

to the map d : Qfx/g, — Ql;/lg, and the complex Q% g, := (Qg(/g,, d) is a commutative DGA.
The Hodge filtration F,£25% Jop 18 defined by

F%/g = ©j>— i g

so that the inclusion 2% g — QY% is filtered with respect to the Hodge filtration. It follows
from Lemma A.4 that it is, in fact, a filtered quasi-isomorphism.

The duality pairing Tx /PP — O restricts to a non-degenerate pairing Tx/2 R0y g
Qﬁ( o Ox/o. The action of Tx /P on Ox/9 the pairing and the de Rham differential are
related by the usual formula £(f) = tedf, for £ € Tx/p and f € Ox/g.

A.7. SYMPLECTIC GEOMETRY. A Poisson bracket on Ox/g is a bi-derivation
{-,-}: O0x/9 ® Ox/9 — Ox/9

which satisfies the Jacobi identity, i.e. defines a C-Lie algebra structure on Oxe. A
Poisson bracket corresponds to a Poisson bi-vector 7 € D(X; A Ix/o) by the formula
{f,g} = m(df,dg). If the Poisson bi-vector 7 is non-degenerate, then w = 7! is a closed
non-degenerate 2-form usually referred to as the symplectic form, and the Poisson bracket
is said to be symplectic. Clearly, existence of a symplectic Poisson bracket implies that
rke /9 Tx/o is even.

3In the case of a real polarization this connection is known as the Bott connection.



ON THE CLASSIFICATION OF SYMPLECTIC DQ-ALGEBROIDS 93

Suppose that {-,-} is a symplectic Poisson bracket. Let rke, s Ix/o = 2n. Darboux
Lemma says that every point x € X has a neighborhood x € U C X such that there exist
functions p;, ¢; € Ox/»(U), i = 1,...,n, which satisfy the canonical relations {p;,p;} =
{gi,0;} = 0, {pi, 45} = 3.

B. Torsors and gerbes

In what follows we will be considering gerbes with abelian lien. Below we briefly recall
some relevant notions and constructions with the purpose of establishing notations. We
refer the reader to [Deligne, 1973], [Breen, 1994] and [Milne, 2003] for detailed treatment
of Picard stacks and gerbes respectively.

Suppose that X is a topological space.

B.1. PicArRD STACKS. We recall the definitions from 1.4.Champs de Picard strictement
commutatifs of [Deligne, 1973].

A (strictly commutative) Picard groupoid P is a non-empty groupoid equipped with
a functor +: P x P — P and functorial isomorphisms

® 0y (2 +Y)+z—=>2+ (y+ 2)
® T,y X+Y —>Yy+tx

rendering + associative and strictly commutative, and such that for each object x € P
the functor y — x + y is an equivalence.

A Picard stack on X is a stack in groupoids P equipped with a functor +: P x P — P
and functorial isomorphisms o and 7 as above, which, for each open subset U C X, endow
the category P(U) a structure of a Picard groupoid.

B.2. TORSORS. Suppose that A is a sheaf of abelian groups on X. The stack of A-torsors
will be denoted by A[1]; it is a gerbe since all A-torsors are locally trivial.

Suppose that ¢: A — B is a morphism of sheaves of abelian groups. The assignment
All] 5T — ¢T =T x4 B € BJ[l] extends to a morphism ¢: A[l] — B[1] of stacks.
There is a canonical map of sheaves of torsors ¢ = ¢r: T — ¢T compatible with the map
¢ of abelian groups and respective actions.

Suppose that A and B are sheaves of abelian groups. The assignment A[1] x B[1] 3
(S,T) — SXT € (Ax B)[1] extends to a morphism of stacks x: A[1] x B[1] — (Ax B)[1].

Suppose that A is a sheaf of abelian groups with the group structure +: A x A —
A. The latter is a morphism of sheaves of groups since A is abelian. The assignment
All] x A[1] 5 (S,T) — S+ T := +(S x T) defines a structure of a Picard stack on A[l].
If p: A — B is a morphism of sheaves of abelian groups the corresponding morphism
¢: A[1] — BJ1] is a morphism of Picard stacks.

As a consequence, the set moA[1](X) of isomorphism classes of A-torsors is endowed

with a canonical structure of an abelian group. There is a canonical isomorphism of
groups meA[1](X) = H'(X; A).



94 PAUL BRESSLER AND JUAN DIEGO ROJAS

B.3. GERBES. A gerbe on X is a stack in groupoids which is locally non-empty and locally
connected. For a sheaf A of abelian groups a A-gerbe § is a gerbe together with functorial
isomorphisms A(U) = Aut(s), where U C X is an open subset such that S(U) # @ and
s € 8(U). Morphisms of A-gerbes are required to respect the above identifications.

Thus, a A-gerbe is a twisted form of (i.e. locally equivalent to) A[l]. The 2-stack of
A-gerbes will be denoted A[2]. Since all A-gerbes are locally equivalent the 2-stack A[2]
is a 2-gerbe.

Via the equivalence Eq,(A[l],8) = § every A-gerbe § (is equivalent to one which)
admits a canonical action of the Picard stack A[1] by autoequivalences denoted +: A[1] x
§ =8, (T,L) — T + L endowing § with a structure of a 2-torsor under A[1]. We shall
not make distinction between A-gerbes and 2-torsors under A[1] and use the notation A[2]
for both.

Suppose that ¢: A — B is a morphism of sheaves of abelian groups and § is an A-
gerbe. In particular, for any two (locally defined) objects s1, s2 € 8 the sheaf Homg(s1, $2)
is an A-torsor. The stack ¢S§ is defined as the stack associated to the prestack with the
same objects as § and Hom(s1,s2) := ¢ Homg(s1,s2). Then, ¢S is a B-gerbe and
the assignment § — ¢8 extends to a morphism ¢: A[2] — B[2]. There is a canonical
morphism of stacks ¢ = ¢g: § — ¢S which induces the map ¢: A — B on groups of
automorphisms.

The Picard structure on A[1] gives rise to one on A[2] defined in analogous fashion.
As a consequence, the set moA[2](X) of equivalence classes of A[1]-torsors is endowed with

a canonical structure of an abelian group. There is a canonical isomorphism of groups
T A2)(X) = H?(X; A).

B.4. PICARD STACKS AND COMPLEXES. Let A° % Al be a complex of sheaves of abelian
groups on X concentrated in degrees zero and one. Recall that a (A° N Ab)-torsor is a
pair (T, 7), where T is a A%-torsor and 7 is a trivialization (i.e. a section) of the Al-torsor
d(T) =T x 40 A'. A morphism of (4° % Ab)-torsors ¢: (S, o) — (T, 7) is a morphism of
A%torsors ¢: S — T such that the induced morphism of A'-torsors d(¢): dS — dT which
commutes with respective trivializations, ie. d(¢)(c) = 7. Alternatively, a (4° % Al)-
torsor is a pair (T, c), where T is a A%torsor and c: T — A! is a map of sheaves which
satisfies c(t+a) = c(t)+da. The latter is obtained from a trivialization as the composition

T 280 oy a0 Al = Al Conversely, ¢ extends canonically to the morphism of Al-torsors
d(T) =T X 40 Al — Al

The monoidal structure on the category of (A° 4 Al)-torsors is defined as follows.
Suppose that (S, o) and (T, 7) are (A° % Al)-torsors. The sum (S, o) + (T, 7) is repre-
sented by (S + T,0 + 7), where o + 7 is the trivialization of d(S) + d(T) = d(S + T)
induced by ¢ and 7.

Locally defined (A° 4 A")-torsors form a Picard stack on X which we will denote

by (A° 4 AN[1]. By a result of P. Deligne ([Deligne, 1973], Proposition 1.4.15) all
Picard stacks arise in this way. The group (under the operation induced by the monoidal
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structure) of isomorphism classes of (A% % Al)-torsors on X, i.e. mo(A? % AV[1)(X) is
canonically isomorphic to H(X; A? % A1),
A morphism of complexes

6= (¢%0): (A° 5 Ay - (B° 25 B

induces the morphism of Picard stacks ¢: (4° 24 AV[1] — (B® <& BY)[1] defined by
&(S,0) = (¢'S, o), where ¢o: ¢°S — Bl is the unique trivialization of dp¢®S such that

the composition S — ¢°9 2%, Blis equal to ¢l oo.
B.5. 2-TORSORS. A (2-)torsor under the Picard stack & is a stack § endowed with an

action +: P x § — § which is locally equivalent as &P equipped with the action of % by
translations. The 2-stack of P-torsors will be denoted by %P [1]. Torsors under the Picard

stack (A% % AY[1] admit an alternative description as (4° % Al)-gerbes.

A (A° % AY)-gerbe is equivalent to the data (8, 7), where § is an A%gerbe and 7 is
a trivialization of the Al-gerbe dS, i.e. an equivalence 7: dS — Al[1]. The composition

S Lds o A'1] is a functorial assighment of an Al-torsor 7(s) to a (locally defined)
object s € §.

A 1-morphism of (A° 4 Al)-gerbes (8,75) — (T, 75) is a pair (F, \), where F': § — F
is a 1-morphism of A%-gerbes and A is a 2-morphism 75 — 75 o dF.

A 2-morphism 7n: (F,A\r) — (G,\g) between l-morphisms (8,75) — (F,79) is a
2-morphism n: F' — G which satisfies A\¢ = (Id,, ©dn) o Ap.

The 2-stack of (A° % Al)-gerbes will be denoted (4° % AV)[2).

Every (A% % Al)-gerbe admits a canonical action of (4° % A1)[1] by autoequivalences
as follows. The action of A°[1] on § extends to an action of (A° % AN[1] on (8,7).
Namely, (T, )) € (A° 4 AN[1] gives rise to the autoequivalence (T + (-), ).

The Picard structure on (A° 4 AN[1] gives rise to one on (A° 4 AN)[2] defined in an
analogous fashion. As a consequence, the set mo(AY 4 AN[2](X) of equivalence classes of
(A° 4 Ab)-gerbes is endowed with a canonical structure of an abelian group. There is a
canonical isomorphism of groups mo(A° % AV)[2](X) & H2(X; A° & Al
B.6. EXTENSIONS AND TORSORS. Suppose that A and B are sheaves of modules over a
sheaf of rings & on X. We denote by €at,(A, B) the category of extensions

F: 0==B—=FEF—>A-20

The morphisms in €xt,,(A, B) are maps of short exact sequences which induce the identity
maps on A and B. As any such map is an isomorphism, the category %oct,lc(A, B) is a
groupoid. The Baer sum of extensions endows the category €at,.(A, B) with a structure
of a Picard groupoid. A zero object is given by the split extension F, = B & A.
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The assignment X D U +— Bt (A|y, Bly), U an open subset, defines a Picard stack
on X denoted Mi(A, B). For any injective resolution I° — I* — ... of B there is
an equivalence of Picard stacks (7<!' Hom, (4, I*))[1] = at, (A, B) and, in particular,
7o Bxti (A, B) = Exti (A, B) and 7 €at, (A, B) = Hom, (A, B), where ¢ € Hom, (A, B)
acts by (b,a) — (b+ ¢(a)).

The canonical functor Hom, (A4, B)[1] — Sxt; (A, B) defined by T+ T Xtomy(4,5) Fo
is fully faithful with essential image the subcategory of extensions which admit a splitting
locally on X. Conversely, suppose that the extension £ is split locally on X. Then, the
map Hom, (A, E) — Hom, (A, A) is an epimorphism and E;1q, := Hom; (A, E) Xgoem, (4,4)
Id4, where Ids: *xx — Hom, (A, A) is the global section Ids € Homy(A, A), is the
corresponding Hom, (A, B)-torsor.

In particular, using the canonical identification Hom, (k, B) = B, we obtain the canon-
ical equivalence B[1] — Baxt,(k, B). A quasi-inverse associates to 7" € B[1] the unique
extension N

O0—=+B—=T—=k—=0

such that T = xx X} T, where *y L k is the unit section.

B.7. EXTENSIONS AND 2-TORSORS. We continue with notations introduced in B.6. An
extension

E: 05C—E—E—0 c%xtl(EC)
gives rise to the extension E/B = Bxp E € Bxt,(B,0). The assignment E

E/B extends to a morphism of Picard stacks €at,(F,C) — Bxt,(B,C); for K €
Bat,(B,C) we denote by Bat,(F,C)/x the corresponding fiber. The Baer sum op-
eration on Bat, (E,C) restricts to the pairings

mllc(E7C)/K X Mllc(Ea C’)/L — Mllc(E7 C)/K+L

and, in particular, a structure of a Picard stack on %mt,lg(E, C) 0, where 0 is the split
extension, and to a structure of a xt,(F, C) o-torsor on i, (E,C) k.
The morphism of Picard stacks

Bt (A, C) = Bxt(E,C) : Frs Ex, F

establishes the canonical equivalence xt,(A,C) = Bzt (E,C)0. A quasi-inverse is
given by E coker(B — FE), where the map B — E is deduced form the splitting of

E/p. In what follows we shall regard $at;(E, C),/k as a torsor under €zt (A, C).
We apply the above considerations to an exact sequence

0-C—E"—-E' - A0 (38)

with B = coker(C' — E°) = ker(E' — A), E = E' and K = E° to obtain the
Bt (A, O)-torsor at,(E',C)/po. The latter is equivalent to the category of com-
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mutative diagrams

0 0
0 y (( —— C —— 0
|
0 s E° s Bl A > 0
H
0 N s B s A > 0
I
0 0 0

with exact rows and columns and morphisms thereof which induced identity maps on all
objects except E!.
Suppose that

0 e s BO y Bt » A 0
[ N
0 s D FO y F y A 0

is a commutative diagram with exact rows. Let K := coker(D — F°) = ker(F' — A).
Let ¢, Bt :== F° | |zo £t The composition

0.B' = F°| |B' = K| |F°| |[B'= K| |B| |[EB' = K| |E'— F!
EO FO EO B EO B

gives rise to the exact sequence

0= D — ¢,E! — F! = 0.

Moreover, the canonical map F° = K X ¢.E' is an isomorphism, hence <;§*va1 €
Bt (F', D),po. The assignment E' — ¢,E' extends to a morphism

¢r: Bty (E',C)po — €aty(F', D) /po.

of torsors relative to the morphism of Picard stacks Bt (A, C) — Bxt;(A, D) induced
by the map ¢°|¢: C — D.

Suppose that A = k. Then, Bxt,(A,C) = C[1], and the class of the C[1]-torsor
Bty (EY,C) /o in H*(X;C) is equal to that of the extension (38).
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B.8. 2-GERBES. For a Picard stack & a P-gerbe is a 2-stack in 2-groupoids & which is
locally non-empty and locally connected together with the data of equivalences 1, : P|y —
Autg(s), where U C X is an open subset such that & # @ and s € G(U) which are
coherent in the sense specified in [Breen, 1994]. The collection of P-gerbes naturally
forms a 3-category and the associated 3-stack is denoted by P[2]. A P-gerbe & naturally

defines a torsor under P[1], namely Eq(%[1], &). If % = (A° 4 AY[1], then the common
value of (A° 4 AH2] = (A° 4 AN[2][1] is denoted by (A° 4 AN[3]. The 3-stack
(A° % A1)[3] admits a natural Picard structure so that m(A° % AV)[3](X) is an abelian

group which is canonically isomorphic to H3(X, A° LN Ab).
For a map of complexes morphism of complexes

6= (¢°,0"): (A° 2 AY) - (B 25 B

and a (A° 24 AY)[1]-gerbe &, the (B® 22 BY)[1]-gerbe ¢ is defined as the 2-stack
associated to the pre-2-stack with same objects as & and Hom e (s,t) = ¢ Homg(s, ).

B.9. ALGEBROIDS. Let k a commutative ring with unit. Recall that a k-algebroid is a
stack in k-linear categories € such that the substack of isomorphisms i€ (which is a stack
in groupoids) is a gerbe.

For a k-algebra A we denote by A™ the k-linear category with one object denoted by
x, whose endomorphism algebra is A.

Suppose that o is a sheaf of k-algebras on X. The assignment U — oA(U)*, U C X
an open subset, defines a prestack on X; we denote the associated stack by si*. Note
that o4 is equivalent to the stack of d°°-modules locally isomorphic to sf. Clearly, the
category s (X) is non-empty.

Conversely, let 6 be a k-algebroid such that the category 6(X) is non-empty. Let
L € 6(X), and let of := Endg(L)°?. The assignment U — (A(U)t — G(U): x — L|y)
extends to an equivalence A+ — 6.

For a sheaf of k-algebras of on X a twisted form of o is a k-algebroid locally k-linearly
equivalent to of*.

For a k-algebra A we denote by Z(A) the center of A. For a k-linear stack € we denote
by Z(€) the center of 6, i.e. the sheaf of k-algebras defined by U ~— Endj(Idg, ). Note
that, for a sheaf of k-algebras of, Z(A™) = Z(d).

For a k-algebroid € there is a canonical action of Z(€)*-torsors on 6, denoted L +—
TRL, for L € 6, T € Z(6)*[1], hence a canonical monoidal functor Z(6)*[1] — Aut(8).
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