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COHOMOLOGIES, EXTENSIONS AND DEFORMATIONS OF
DIFFERENTIAL ALGEBRAS OF ARBITRARY WEIGHT

LI GUO, YUNNAN LI, YUNHE SHENG, AND GUODONG ZHOU

ABSTRACT. As an algebraic structure underlying the differential calculus and differen-
tial equations, a differential algebra is an associative algebra equipped with a linear map
satisfying the Leibniz rule. The subject has been studied for about a century and has
become an important area of mathematics. In recent years the area has been expanded
to the noncommutative associative and Lie algebra contexts and to the case when the
defining operator identity has a weight in order to include difference operators. This
paper provides a cohomology theory for differential algebras of arbitrary weight, via a
uniform approach to cover both the zero weight case which is similar to the earlier study
of differential Lie algebras, and the non-zero weight case which poses challenges. The
cohomology of a differential algebra is related to the Hochschild cohomology by a type
of long exact sequence for relative homology. As an application, abelian extensions of a
differential algebra are classified by the second cohomology group. Furthermore, formal
deformations of a differential algebra are characterized by the second cohomology group
and the rigidity of a differential algebra is characterized by the vanishing of the second
cohomology group.
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1. Introduction

This paper studies the cohomology theory, abelian extensions and formal deformations of
differential algebras of arbitrary weight.
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1.1. DIFFERENTIAL ALGEBRAS. Extracting from the first-order derivation on differen-
tiable functions in analysis, a differential algebra is a pair consisting of an algebra R,
commonly assumed to be commutative, and a linear operator d on R that satisfies the
Leibniz rule

d(zy) = d(z)y + xd(y), Vz,ye A.

The origin of differential algebra is the algebraic study of differential equations pioneered
by Ritt in the 1930s [27]. Through the work of many mathematicians [13, 19, 25] in the
following decades, the subject has been fully developed into a vast area of mathematics,
comprised of differential Galois theory, differential algebraic geometry and differential al-
gebraic groups, with broad connections to other areas in mathematics such as arithmetic
geometry and logic, as well as computer science (mechanical proof of geometric theorems)
and mathematical physics (renormalization in quantum field theory) [3, 6, 21, 30]. An-
other frequently usage of the differential operator is the derivation on a (co)chain complex.
There the operator d is assumed to satisfy the nilpotency condition d* = 0.

In recent years, differential algebras without the commutativity or nilpotency condi-
tions have appeared naturally, for example in the study of path algebras and enveloping
algebras of differential Lie algebras [10, 23, 24]. In [17] differential associative algebras are
studied from an operadic point of view, showing that the corresponding operad is Koszul.
In [1], the notion of a differential algebra was generalized to non(anti)commutative super-
space by deformation in the study of instantons in string theory.

On the other hand, the Leibniz rule is generalized to include the difference quotient
w before taking the limit A — 0, leading to the notion of a differential algebra
of weight A [9]. This generalized notion of differential algebra provides a framework for a
uniform approach to the differential algebra (corresponding to the case when A = 0) and
another extensively studied algebraic structure, the difference algebra (corresponding to
the case when A = 1), as an algebraic study of difference equations [2, 15, 26]. This notion
also furnishes an algebraic context for the study of quantum calculus [12]. Differential
operators of arbitrary weight on the Virasoro algebra were also investigated [16].

1.2. HOMOLOGY AND DEFORMATIONS OF DIFFERENTIAL ALGEBRAS. Cohomology and
deformation theory are fundamental in the understanding of specific algebraic structures,
starting with the seminal works of Gerstenhaber for associative algebras and of Nijenhuis
and Richardson for Lie algebras [7, 8, 22|, and of the general context of operads, culmi-
nated in the monographs [18, 20]. As a further step in this direction, studies of deforma-
tions and the related cohomology have recently emerged for algebras with linear operators,
including Rota-Baxter operators and differential operators on Lie algebras [28, 29].

The importance of differential (associative) algebras makes it compelling to develop
their cohomology theory, in both the zero weight case and nonzero weight case. This is
the purpose of this paper, which also gives applications in the study of abelian extensions
and formal deformations of differential algebras.

Until now, cohomology and deformation for differential operators on various algebraic
structures have been restricted to weight zero. This includes the cases for differential
graded algebra in [14], for Lie algebras in [28, 29], and for associative algebras in the
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independently developed work [4] in the weight zero case. Our emphasis in this paper is
on differential algebras of nonzero weight, which are needed in order to give an algebraic
study of difference operators and difference quotients, but for which a different approach
has to be taken. See the comments in the outline below and Remark 2.12. We construct
a cohomology theory for differential algebras of nonzero weight in this paper.

1.3. LAYOUT OF THE PAPER. A differential algebra is the combination of the underlying
algebra and a differential operator. In this light we build in Section 2 the cohomology
theory of a differential algebra by combining its components from the algebra and from
the differential operator. In Section 2.1, we introduce the notion of a bimodule over a
differential algebra of nonzero weight. Then in Section 2.6, we establish the cohomology
theory for differential operators of arbitrary weight, which is quite different from the one
for the underlying algebra unless the weight is zero. In Section 2.9, we combine the
Hochschild cohomology for associative algebras and the just established cohomology for
differential operators of arbitrary weight to define the cohomology of differential algebras
of arbitrary weight, with the coboundary operators again posing extra challenges when
the weight is not zero. Finally in Section 2.16, we establish a close relationship among
these cohomologies. More precisely, we show that there is a short exact sequence of
cochain complexes for the algebra, the differential operator and the differential algebra.
The resulting long exact sequence gives linear maps from the cohomology groups of the
differential algebra to those of the algebra, with the error terms (kernels and cokernels)
controlled by the cohomology groups of the differential operator. This can be regarded
as a long exact sequence for relative homology.

As an application and further justification of our cohomology theory for differential
algebras, we apply the theory in Section 3 to study abelian extensions of differential
algebras of arbitrary weight, and show that abelian extensions are classified by the second
cohomology group of the differential algebras.

Further, in Section 4, we apply the above cohomology theory to study formal deforma-
tions of differential algebras of arbitrary weight. In particular, we show that if the second
cohomology group of a differential algebra with coefficients in the regular representation
is trivial, then this differential algebra is rigid.

Notation. Throughout this paper, k denotes a field of characteristic zero. All the
vector spaces, algebras, linear maps and tensor products are taken over k unless otherwise
specified.

2. Cohomology of differential algebras

After recalling basic notions, we define the cohomology of a differential operator on an
associative algebra and apply it, together with the cohomology of the associative algebra,
to define the cohomology of the differential algebra. These cohomologies fit together in
an exact sequence resemble to the LES of a pair.

2.1. THE CATEGORY OF BIMODULES OVER DIFFERENTIAL ALGEBRAS.
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2.2. DEFINITION. ([9]) Let A € k be a fixed element. A differential algebra of weight
A (also called a \-differential algebra) is an associative algebra A together with a linear
operator d4 : A — A such that

da(zy) = da(x)y + xda(y) + Mda(x)da(y), Vz,y € A. (1)

If A is unital, it further requires that

da(la) = 0. (2)

Such an operator is called a differential operator of weight A or a derivation of weight
A. It is also called a A-differential operator or a A-derivation.

Given differential algebras (A, d4) and (B, dp) of the same weight A\, a homomorphism
of differential algebras from (A,d,4) to (B,dp) is an algebra homomorphism ¢ : A — B
such that ¢ odq = dg o p. We denote by DA, the category of A-differential algebras.

To simplify the notation, for all the above notions, we will often suppress the men-
tioning of the weight A\ unless it needs to be specified.

Recall that a bimodule over an associative algebra A is a triple (V, p;, p;-), where V' is
a vector space, p; : A — Endg(V), © — (v+— 2v) and p, : A — Endk(V), z+— (v — vx)
are homomorphism and anti-homomorphism of associative algebras respectively such that
(xv)y = x(vy) for all z,y € Aand v € V.

2.3. DEFINITION. Let (A, d4) be a differential algebra.

1. A bimodule over the differential algebra (A, d,4) is a quadruple (V, p;, p,, dy ), where
dy € Endy(V), and (V, p;, pr) is a bimodule over the associative algebra A, such
that for all z,y € A,v € V, the following equalities hold:

dy(zv) = da(x)v + xzdy(v) + Ada(z)dy (v),
dy(vr) = wvda(z)+ dy(v)x + My (v)da(z).

2. Given bimodules (U, p¥', p¥ dyy) and (V, p), pY dy) over (A,dy4), a linear map f :
U — V is called a homomorphism of bimodules, if f ody = dy o f and

fopl(x)=pl(x)of, fop/(zx)=p/(x)of, VreA

We denote by (A, d4)-Bimod the category of bimodules over the differential algebra
(A, da).

2.4. EXAMPLE. Any differential algebra (A,d,) is a bimodule over itself with
pr: A— Endg(A), x = (y— zy), pr: A— Endg(A), z— (y — yz).

It is called the regular bimodule over the differential algebra (A, d4).

It is straightforward to obtain
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2.5. PROPOSITION. Let (V, pi, pr,dy) be a bimodule over a differential algebra (A, da).
Then (A®V,ds @ dy) is a differential algebra, where the associative algebra structure on
A@YV is given by

(x+u)(y+v)=ay+av+uy, VYr,yeA uvel.

This differential algebra is called the semi-direct product of A by V, and denoted by
(A% V.dy).

2.6. COHOMOLOGY OF DIFFERENTIAL OPERATORS. In this subsection, we define the
cohomology of differential operators.
Let V be a bimodule over an associative algebra A. Let

(CXIg(Aa V) = EB?LO:OCKIg(Av V)v aAIg)

be the Hochschild cochain complex of A with coefficients in V', with the corresponding
Hochschild cohomology Hj (A4, V) [11]. Recall that Cx (A, V) = Hom(A®",V),Vn > 0,
in particular, C’R|g(A, V) =V, and the coboundary operator

8A|g : CX|g(A, V) — OXEI(A, V)

is defined by

Ongf (1, Tpy1) =21 f (T2, ..., Tng1) + Z(—l)if(xl, S TTig 1, Tt
i=1

+ <_1)n+1f<x17 e 7xn)xn+1

for all f € Cpe(A, V), z1,... 2041 € A
Let (A,d4) be a differential algebra of weight A and let (V,dy) be a bimodule over
(A dy).

2.7. LEMMA. A differential algebra (A,d4) admits a new bimodule structure on (V,dy)
gien by
rhyvi=(x+ Ada(z))v, vz :=v(x+Ada(z)), VeeAveV.

PROOF. Given z,y € A and v € V, we have

= (z+ Ada(2))((y + Ada(y))v)

= (zy + Mada(y) + da(x)y + Ada(z)da(y)))v
= (zy + Mda(zy))v

= (2vy) Fav.

by (yFav)

Similarly, (v -\ ) "\ y = v -\ (xy). Thus (V,F,, 1)) is a bimodule over the associative
algebra A.
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Forx € Aandv eV,

dv<£L‘ |_)\ U)

dv((z + Ada(x))v)

dy (zv) + Ady (da(x)v)

da(z)v + xdy (v) + Ada(x)dy (v) + AMda(da(z))v + da(x)dy (v) + Ada(da(z))dy(v))
N (@

da(

A(@)v + Ada(da(x))v + xdy (v) + Ada(x)dy (V) + A(da(z)dy (v) + Ada(da(x))dy (v))
alx) Fyv+x by dy(v) + Ada(z) By dy(v).

Similarly, one obtains the equality
dv(?} _{)\ I‘) =V —|/\ dA(CE) + dv(U) _|)\ T+ )\dv(v) _{)\ dA(I)

Also, it is obvious that (z Fy v) 4y y = 2 ) (v -y y). Thus, (V,Fy, H\, dy) is a bimodule
over the differential algebra (A, d4). "

For distinction, denote by V) the new bimodule structure over (A, d,) given in Lemma
2.7.

2.8. DEFINITION. The cochain complex of the (A-)differential operator d4 with coeffi-
cients in the bimodule (V,dy), denoted by (Cpo, (da,dv) = ©;20CBo, (da,dv ), Ipo,), is
defined to be the Hochschild cochain complex of the associative algebra A with coeffi-
cients in the new bimodule Vj, that is, Cfo, (da,dy) = Hom(A®", V), ¥n > 0, and the
coboudary operator

Ibo, : Cpo, (da,dy) — ngi(dmdv)

is given by

8Dokf(a:1,...,:cn+1) = I I_)\ f(ﬂj‘g,.. s Lpa1 +Z Jfl,...,xil‘i+1,...,xn+1)

+(_]‘)n+1f(xl) R n) %)\ Tn41

for all f € Cpo, (da,dy), 21,...,7541 € A. The cohomology of this cochain complex,
denoted by Hpg, (da,dy), is called the cohomology of the (A-)differential operator da
with coefficients in the bimodule (V,dy ),

2.9. COHOMOLOGY OF DIFFERENTIAL ALGEBRAS. We now combine the classical Hoch-
schild cohomology of associative algebras and the newly defined cohomology of differential
operators of weight A to define the cohomology of the differential algebra (A, d,) with
coefficients in the bimodule (V,dy). In fact, we will define the cochain complex of a
differential algebra as, up to a shift and signs, the mapping cone of a cochain map from
the Hochschild cochain complex of the associative algebra to the cochain complex of the
differential operator of weight .
Define the linear maps

52 CRig(A,V) = Co, (dady)
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(5f($1, c. ,.Cli‘n) =

SN N o da(ma), - da(@n,), ) — dy f(@ . w),
k=1

1<i1 << <n

for f € CR (A, V), n>1and
v =—dy(v), VveCRg(AV)=V.
2.10. PROPOSITION. The linear map o is a cochain map from the cochain complex

(Caig(A, V), 0aig) to (Cpo, (da,dv), Ibo,)-

PROOF. For v € C},(A,V) =V and 2 € A, we have

6(Ongv)(z) = Onigv(da(z)) — dv(Ongv(z))
= da(x)v —vdas(x) — dy(zv — vr)
da(z)v —vda(z) — da(x)v — zdy (v)
—Ada(z)dy (v) + dy(v)x + vda(z) + Ady (v)da(x)
= —xdy(v) — Mda(x)dy(v) + dy (v)x + My (v)da(z)
= —xbkxdy(v)+dy(v) 4y x
= xbkydv—90v-\z
— Bp0, (60) ().

To simplify notations, we use the abbreviation z;; := z;,...,2;, ¢ < j, with the
convention z;; = 1 if 7 > j. For 1 <4 < --- < iy < nand f € Cf (A, V), define a
function fU--i) by

= f($17 sy L -1, dA<xi1)v Lig4+1 -+ Tig—1, dA(%'Q),%QH e Ly -1, dA(fL'ik)a Lig41y - - - ,-’En)-
Then for f € Cpe(A, V), 21,..., 2511 € A with n > 1, we have

000, (0f)(@1n41) = @1 bx 0f (Tomin) + D (=10 f (2151, 252511, T 12001)

j=1
+(_1>n+15f<x1,n> _|)\ Tn+1
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+ZZ)‘k_1 Z (— )f(“ (xlu 1, TiTj41, Tjrant1)

7=1 k=1 1< << <n

_1)n+1 Z AR Z f(il""’ik)(xl,n) A\ Tng1 — 21 Fa dy (f(T2,n41))

1<y <-<ip<n
n

+ Z(—l)j_ldv(f(ﬂfl,j—b TiTj1, Tirantr)) + (—1)"dv (f(21,0)) T\ Totr-

Jj=1

On the other hand,

n+1
0(Omgf)(@imin) = Y A > (Onigf) ™) (21 n41) — dy (Onigf (T1011))-
k=1 1<i1 < <ig<nt

Before completing the proof, we state a lemma whose proof is quite technical and is
postponed to the Appendix.

2.11. LEMMA. For f € Cp (A, V), x1,...,2p11 € A withn > 1,

n+1
SN ST (e (@) — dv (Oaig (21,041)) (3)
k=1 1<t << <n+1
— Z,\k_l Z x1 b f(ily---yik)<x27n+1)
k=1 1<ii << <n

n
k-1 -
+E A g g flEin) (11, TjTj11, Tjgont1)
=1

1<i1 <<, <n j=1
n

HEDMY N Y fO W ) A agn = @by dv (f(22001))

k=1 1<i1 <<, <n

+Z Yy (f(21,j-1, 252541, Tjgani)) + (1) dy (f(21,0)) T Tnar-

Now by Lemma 2.11, we conclude Opo, 09 = 0 0 Oajg. [

2.12. REMARK. Note that Cfq, (da,dy) equals to Cg (A, V) as linear spaces but they
are not equal as cochain complexes unless A = 0. When A\ is not zero, a new bimodule
structure is needed to define Jpo, which eventually leads to the rather long and technical
argument in order to establish the cochain map in Lemma 2.11 and Proposition 2.10.

Then we obtain



DIFFERENTIAL ALGEBRAS OF ARBITRARY WEIGHT 1417

2.13. THEOREM. Define the space of n-cochains by

C&g(A, V) ©® 0361 (dA7 dV)v n 2z

4
CRIg(A’ V) =V, n =0, ( )

Cpa, (A,V) = {

and the linear map Jpa, : Cpa, (A, V) — C’S:{;(A, V) by

aDA,\(fa g) = (aAlgf> aDO,\g + (—1)n5f),Vf € CZIg(Aa V)a g S 086)1\ (dAa dv), n 2 17(5)
8DA>\U = (8A|g11, (S’U), Yv € 02|g(14, V) =V (6)
Then the pair (Cpa, (A, V), dba,) is a cochain complez.

PROOF. It is easy to verify that (Cpa, (A, V), dba,) is actually, up to signs, the negative
shift of the mapping cone of the cochain map ¢ : (Cx (A, V), éNg) = (Cpo, (da, dy), E}DOA).
"

2.14. DEFINITION. The cohomology Hpa, (A4, V) of the cochain complex (Ch, (A,V),
Jpa, ) is called the cohomology of the differential algebra (A, d4) with coefficients in the
bimodule (V, dy).

2.15. REMARK. Our cochain complexes are constructed from Hochschild cochain com-
plexes by using Lemma 2.7 which is a descendent property for differential bimodules.
When A = 0, this cochain complex can be obtained from the minimal model introduced
by Loday [17].

We interpret the O-cocycles and 1-cocycles of the cochain complex (Cha (A, V'), Jpa, )-
It is obvious that for all v € V', Opa,v = 0 if and only if Oagv = 0 and dy (v) = 0. This
means that the space of O-cocycles is given by the space

{veV |azv=ovz,Vre Aand dy(v) =0}
For all (f,v) € Hom(A,V) @V, Opa,(f,v) = 0 if and only if Opf = 0, and
rhyv—v-yx=f(da(z)) —dy(f(x)), VxeA.
So f: A — V is a derivation in the usual sense, but f satisfies further the equation
flda(z)) —dy(f(z)) = (x — Ada(z))v —v(x — Ada(z)), Vze A.

2.16. RELATIONSHIP BETWEEN THE COHOMOLOGIES. To relate the different cohomolo-
gies, note that we have the commutative diagram

e O (AL V) — 2 O (A, V) =2 (A V)
(—1)"8 —1)ntls

n—1 oy 3, b0y pp1
cee— CDOA(dA,dV) —>CDOA(dA,dV) —>CDOA(dA,dV) —_—

Then we obtain
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2.17. PROPOSITION. There are the natural inclusion and projection
O30l (da,dy) — O (AV), 72 Cigp, (A V) — Ci(A,V)
of cochain complexes, giving the short exact sequence of cochain complexes
0— C’Bai(dA, dy) = Cpa, (A, V) 5 Cag(A, V) = 0.

Noting that, by Eq. (5) and the construction of the connecting homomorphism A,,,
for [f] € Hp (A, V), we have

H(An([f])) = [Ooay (f, 0)] = [(0, (=1)"d.f)],

which implies that A, = (—1)"d. Thus applying the Snake Lemma gives the following
relationship among the various cohomology groups.

2.18. THEOREM. We have the following long exact sequence of cohomology groups,

n— 2 n T n (_1)n5 n
g HDoi(dAvdW — Hpa, (A, V) = HAIg<A7 V)" = Hpo,(da,dy) —--+,

where 6 : Hy\ (A, V) — Hpo (da,dyv) is given by 6[f] = [6f]. Here [f] and [6f] denote the
cohomological classes of f € CR (A, V) and 0f € Cho, (da,dy).

Thus the linear maps 7 relate the cohomology groups of the differential algebra and
those of the underlying algebra, with the error terms controlled by the cohomology groups
of the differential operator.

In the next sections, we will need a certain subcomplex of the cochain complex
Cpa, (A, V). Let

B OZIg(Au V) S 0361 (dA7 dV)7 n Z 27
CSA)\ (A’ V) = C&Ig(Av V)’ n=1, (7)
0, n=0.

Then it is obvious that Cha (A, V) = @52 Cp (A, V) is a subcomplex of the cochain
complex (Cpa, (A, V), dpa,), whose differential will be denoted by Jpa,. We denote its
cohomology by Hpa, (A, V), called the reduced cohomology of the differential algebra
(A, da) with coefficients in the bimodule (V,dy). Obviously, Hp,, (A,V) = Hp,, (4,V)
for n > 2.

3. Abelian extensions of differential algebras

In this section, we generalize the classification of abelian extensions of associative algebras
by the second cohomology group to abelian extensions of differential algebras.
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3.1. DEFINITION. Let (V,dy) be a vector space with a linear endomorphism dy, which
can be considered as a differential algebra of weight A endowed with the trivial product
uv = 0 for all u,v € V. An abelian extension of differential algebras of the same weight
A is a short exact sequence of homomorphisms of differential algebras

0 sV —— A 25 A 0
dvl dgl dAl
0 sV —— A 25 A 0

We will call (A,d) an abelian extension of (4,d4) by (V,dy).

3.2. DEFINITION. Abelian extensions (Al,dAl) and (Ag,dAz) of (A,da) by (V,dy) are
called isomorphic if there exists an isomorphism of differential algebras ( : (/11, ds ) —
(A, d 4,) such that the following commutative diagram holds:

0 —— (Vidy) —2—= (A1, dy,) 2= (A,ds) — 0

| | H ®

0 —— (V,dy) —2= (As,dy) —2 (A,da) — 0.

A section of an abelian extension (A, d;) of (A,d4) by (V,dy) is a linear map s : A —
A such that pos=1Idy.
Now for an abelian extension

0— (V,dy) 5 (A, dy) 5 (A dy) =0 (9)

with a section s : A — A, there exists a unique linear map ¢ : A — V such that
toi=1Idy,tos=0,i0t+sop=1d;. The left and right multiplications of s(A4) on (V)
define linear maps

pr: A— Endg(V), z+— (v zv) and p, : A — Endk(V), z +— (v +— vz)
respectively by
v = t(s(x)i(v)), wvz:=t(i(v)s(z)), VreAveV.

Since p(s(x)i(v)) = p(s(x))p(i(v)) = 0 and p(i(v)s(z)) = p(i(v))p(s(x)) = 0, we have
i(xv) = s(z)i(v) and i(ve) = i(v)s(z).

3.3. PROPOSITION. With the above notations, (V, py, pr,dy) is a bimodule over the dif-
ferential algebra (A, dy).
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PROOF. For z,y € A and v € V, since s(zy) — s(z)s(y) € i(V) implies s(zy)i(v) =
s(z)s(y)i(v), we have

i((zy)v) = s(xy)i(v) = s(z)s(y)i(v) = s(x)i(yv) = i(z(yv)).
Hence, p; is an algebra homomorphism. Similarly, p, is an algebra anti-homomorphism.

1}\1/Ioreover, d;i(s(z)) — s(da(x)) € i(V) means that d4(s(z))i(v) = s(da(x))i(v). Thus we

i(dy (zv)) = d4(i(zv)) = d;(s(2)i(v)) = di(s(x))i(v) + s(x)d4(i(v)) + A4 (s(x))d 4 (i(v))

s(da(z))i(v) + s(x)i(dv(v)) + As(da(x))i(dv(v))
i(da(x)v + zdy (v) + Ada(z)dy (v)).

I
5

Hence, (V, pi, pr, dy) is a bimodule over (A, d4). n

By the proof of Proposition 3.3, there are unique linear maps ¢ : A® A — V and
X : A — V such that

ZW(%?J)) - S( )S(y) (xy), VZL',y € A,
i(x(z)) = d4(s(x)) = s(da(z)), VreA

3.4. PROPOSITION. The pair (1, x) is a 2-cocycle in the reduced cohomology of the diffen-
tial algebra (A, da) with coefficients in the bimodule (V, dy ) introduced in Proposition 3.5.

The proof is by direct computations.
The choice of the section s in fact determines an isomorphism of vector spaces

(» t):AE’A@V:(‘j).

We can transfer the differential algebra structure on A to A® V via this isomorphism.
It is direct to verify that this endows A @ V' with a multiplication -, and a differential
operator d, defined by

(z,u) - (y,v) = (zy, 20 +uy + Y(z,y)), VYe,y € A u,veV, (10)
dy(z,v) = (da(z), x(x) +dv(v)), VereAvel. (11)

Moreover, we get an abelian extension

Id
(0 Id) @
0— (V.dy) — (A V,dy) (A,ds) =0

which is easily seen to be isomorphic to the original one (9).
Now we investigate the influence of different choices of sections.



DIFFERENTIAL ALGEBRAS OF ARBITRARY WEIGHT 1421

3.5. PROPOSITION.

1. Different choices of the section s give the same differential bimodule structures on

(V7 dV);

2. the cohomological class of (1, x) in the reduced cohomology does not depend on the
choice of sections.

PROOF. Let s’ be another sections of p and let (¢', ') be the corresponding 2-cocycle.
Since po(s’'—s) = pos—pos = 0, introduce v : A — V by i(y(z)) = §'(x)—s(z),Vz € A.
Since the differential algebra (V, dy ) satisfies uv = 0 for all u,v € V| we have

s'(x)v = s(x)v +i(y(x)(v)) = s(x)v,Vor € A,v € V.

So different choices of the section s give the same differential bimodule structures on
(Vv dV)7
In order to simplify the presentation, we shall delete ¢ in the following computation.
Now we show that the cohomological class of (1, x) does not depend on the choice of
sections. In fact, for all z,y € V', we have

) — (s(zy) +y(2y))
z)y(y) +v(x)s(y) — v(zy)

and
X' () = ds(s'(2)) — §'(da())
= di(s(z) +7(x)) = (s(da(z)) + v(da(z)))
= (di(s(x)) = s(da(2))) + dv(v(z)) — v(da(x))
= x(z) +dv(v(2)) = v(da(x))
= X(z) = (7)().

That is, (¢, X") = (¥, x) + 0pa, (7). Thus (¢, x') and (¢, x) form the same cohomological
class in Hj, (A4, V). o

We show now the isomorphic abelian extensions give rise to the same cohomology
class.

3.6. PROPOSITION. Let V' be a vector space and dy € Endy (V') which is considered as a
differential algebra with trivial multiplication. Let (A,da) be a differential algebra. Two
isomorphic abelian extensions of (A,d) by (V,dy) give rise to the same cohomology class
in Ha, (A, V).
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PROOF. Assume that (fll, dAl) and (1212, afg) are two isomorphic abelian extensions of (A, d)
by (V,dy) as is given in (8). Let s; be a section of (A, d;). As ps o ( = p;, we have

pQO(COé‘l):ZJlOSl:IdA-

Therefore, (o s; is a section of (AQ, Cig) Denote s, := (osy. Since ¢ is a homomorphism of
differential algebras such that |y = Idy, ((zv) = ((s1(z)v) = s2(x)v = zv and similarly
C(vx) = vx,Vx € A,v € V,s0 (|y : V — V is compatible with the induced differential
bimodule structures. For all x,y € A, we have

Ua(z,y) = s2(2)s2(y) — s2(zy) = C(s1(2))C(s1(y)) — C(s1(2y))
= ((s1(@)s1(y) — s1(zy)) = C(Yu(x,y))
- ¢1(x7y)

and

Consequently, two isomorphic abelian extensions give rise to the same element in ﬁ% A, (A V).
]

Now we consider the opposite direction.

Let (V,dy) be a differential bimodule over the differential algebra (A, d,4). Given two
linear maps 1 : A® A =V and x : A =V, one can define a binary operation -, and an
operator d,, on A @ V by Equations (10)-(11). The following fact is important:

3.7. PROPOSITION. The triple (A®V, -y, dy) is a differential algebra if and only if (¢, x)
is a 2-cocycle in the reduced cohomology of the differential algebra (A, da) with coefficients
in (V,dy). In this case, we obtain an abelian extension

)

and the canonical section s = (0 1d) : (A,da) = (A® V,dy) endows V with the original
differential bimodule structure.

Id)

0
0—>(V,dv)( — " (Ae V.d,) (A, dy) — 0,

PROOF. If (A®V, -y, d,) is a differential algebra, then the associativity of -, implies

Yy @ 2) —Y(xy @ 2) +(r @ yz) —P(r ®@y)z =0, (12)

which means Oae(¥)) = 0 in C},(A,V). Since dy is an differential operator, for any
x,y € Ayu,v € V., we have

Al(,0)) 4 dy(5,0)) = dy () 4 () + (2,0) o, 0) + A1) 0 (3 0))
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Then y, v satisfy the following equations:

da(z)x(y) + x(2)da(y) +¥(d(z) @ da(y))
=dy (x(v)y) + dv(¥(d(z) @ y)) + x(da(z)y)
+ dv(zx(y)) + dv(¥(z @ da(y))) + x(zda(y))

+ Ay (¥(x @ y)) + Ax(zy),

which says that dpo, (x) + 6(¢)) = 0. Hence, (7, x) is a 2-cocycle.

Conversely, if (1, x) is a 2-cocycle, one can easily check that (A®V, -y, d,) is a differ-
ential algebra.

The last statement is clear by Proposition 3.3. n

Finally, we show the following result:

3.8. PROPOSITION. Two cohomologous 2-cocyles give rise to isomorphic abelian exten-
S10MS.

PROOF. Given two 2-cocycles (91, x1) and (19, x2), we can construct two abelian exten-
sions (A®V, -y,,dy,) and (ABV,-y,,dy,) via Equations (10) and (11). If they represent
the same cohomology class in H2DAA (A, V), then there exists a linear map v : A — V such
that

(Y1, x1) = (%2, X2) + (Oarg(m1), =6 (7))
Define (: A& M — A® M by

C(z,v) == (z, —y(x) + v).

Then (¢ is an isomorphism of these two abelian extensions (A @& M, -y,,dy,) and (A &
M, -y, dX2)' u

Combining the results obtained in this section, we have shown the following theorem.

3.9. THEOREM. The second reduced cohomology group of a differential algebra classifies
abelian extensions.

3.10. REMARK. In particular, a vector space V' with linear endomorphism dy can serve as
a trivial bimodule over the differential algebra (A, d4). In this situation, central extensions
of (A,d4) by (V,dy), i.e. abelian extensions satisfying zv = vz = 0,Vz € A,v € V, are
classified by the second cohomology group H, (A, V) of (A, d4) with coefficients in the
trivial bimodule (V,dy). Note that for a trivial bimodule (V,dy ), since dpo,v = 0 for all
v €V, we have

I—IQDA)\ (Av V) = I:IQDAA (Aa V)
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4. Formal deformations of differential algebras

In this section, we study formal deformations of a differential algebra. In particular,
we show that if the second cohomology group I:I2DAA(A, A) vanishes, then the differential
algebra (A, dy) is rigid. Although the approach follows the traditional paradigm of the
classical theory of deformation theory of associative algebras, the proofs are technically
more difficult.

4.1. DEFINITION. Let (A, d4) be a differential algebra with multiplication p4. Consider
a l-parameter-ized family

=3 pit', i € CRy(AA), dy=> dit', d; € Cho, (da,dy).
=0 1=0

The family is called a 1-parameter formal deformation of the differential algebra (A, d4) if
the pair (4, d;) endows the k|[t]]-module (A[[t]], u, d;) with a differential algebra structure
over k[[t]] such that (po,do) = (pa,da).

The pair (p, d;) generates a 1-parameter formal deformation of the differential algebra
(A, d,) if and only if for all z,y, z € A, the following equalities hold:

we(pe(z,y), 2) = pe(@, ey, 2)), (13)
di(pe(w,y)) = puldi(x), y) + pe(z, de(y)) + Ape(di (), di(y))- (14)

Expanding these equations and collecting coefficients of ", we see that Eqs. (13) and (14)
are equivalent to the systems of equations:

Zﬂz i@, y), Zm Z, fin—i(y, 2)); (15)

Y dunlry) = Y (uldi(@)y) + e di@) + A Y puldi(@), dily))(16)

k,l1>0 k,l>0 k,l,m>0
k+l=n k+l=n k+l+m:n

4.2. REMARK. For n =0, Eq. (15) is equivalent to the associativity of p4, and Eq. (16)
is equivalent to the fact that d,4 is a differential operator of weight .

4.3. PROPOSITION. Let (A[[t]], i, d:) be a 1-parameter formal deformation of a differen-
tial algebra (A,da). Then (u1,dy) is a 2-cocycle of the differential algebra (A,d4) with
coefficients in the reqular bimodule (A, d,).

PRrOOF. For n = 1, Eq. (15) is equivalent to du; = 0, and Eq. (16) is equivalent to
Opbo,dy + o1 = 0,

implying that (u1,d;) is a 2-cocycle. m
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If py = pa (that is, po = pa and w,, = 0, Vn > 1) in the above 1-parameter formal de-
formation of the differential algebra (A, d4), we obtain a 1-parameter formal deformation
of the differential operator d4. Consequently, we have

4.4. COROLLARY. Let d; be a 1-parameter formal deformation of the differential operator

dy. Then dy is a 1-cocycle of the differential operator da with coefficients in the reqular
bimodule (A, d4).

PROOF. In the special case when n = 1, Eq. (16) is equivalent to Opo,d; = 0, which
implies that d; is a 1-cocycle of the differential operator d, with coefficients in the regular
bimodule (A, dy). =

4.5. DEFINITION. The 2-cocycle (p1,d;) is called the infinitesimal of the 1-parameter
formal deformation (A[[t]], us, d;) of (A, d4).

4.6. DEFINITION. Let (A[[t]], ps, d;) and (A[[t]], iz, d;) be 1-parameter formal deforma-
tions of (A,d4). A formal isomorphism from (A[[t]], fi¢, di) to (A[[t]], e, d¢) is a power

=S it 2 All] — Al

>0

where ¢; : A — A are linear maps with ¢y = Id4, such that
(Dt @) /th = I[Lt o (¢t X (pt), (17)
®t e} Jt = dt O @t. (].8)

Two 1-parameter formal deformations (A[[t]], i, dy) and (A[[t]], fie, d;) are said to be
equivalent if there exists a formal isomorphism @, : (A[[t]], fis, dr) — (A[[t]], e, dy)-

4.7. THEOREM. The infinitesimals of two equivalent 1-parameter formal deformations of
(A,da) are in the same cohomology class in Hjs (A, A).

PROOF. Let ®; : (A[[t]], fit, d;) — (A[[t], it, d;) be a formal isomorphism. For all 7,y € A,
we have

pof(z,y) = pro (P x Po)(,y),
(thJt(x) = dtO(Dt(x).

Expanding the above identities and comparing the coefficients of ¢, we obtain

m(z,y) = m(r,y) + @)y +x1(y) — d1(ay),

di(x) = di(x) + da(¢r(2)) — d1(da(x)).

Thus, we have B
(fi1, dr) = (g1, d1) + Opa, (¢1),
which implies that [(ji1, d;)] = [(y1,d1)] in I]IQDAA(A,A). "
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4.8. DEFINITION. A 1l-parameter formal deformation (A[[t]], ut, di) of (A,d4) is called
trivial if it is equivalent to the deformation (A[[t]], pa,da), that is, there exists &, =
> iso @it' T A[[t]] — A[[t]], where ¢; : A — A are linear maps with ¢o = Id,, such that

q)tolut = ,UAO<(I)t X q)t)7 (19)
(I)t o dt == dA o @t. (20)

4.9. DEFINITION. A differential algebra (A, d,) is said to be rigid if every 1-parameter
formal deformation is trivial.

4.10. THEOREM. Regarding (A,d4) as the reqular bimodule over itself, ifICIQDAA(A, A) =0,
then the differential algebra (A, da) is rigid.

PROOF. Let (A[[t]], pu, d;) be a 1-parameter formal deformation of (A, da). By Proposition
4.3, (1, dy) is a 2-cocycle. By Hp, (A, A) = 0, there exists a 1-cochain ¢, € Oy (A, A)
such that

(11, dr) = —pa, (¢1). (21)

Then setting ®; = Ida + ¢1t, it is easily verified that we get a new deformation
(A[[t]], fit, dy), where

ﬂt(l',y) - ((I)t_l O © ((I)t X q)t))(x>y)7
di(z) = (CDt_I od; o @t) ().

Thus, (A[[t]], fi, d;) is equivalent to (A[[t]], e, d;). Moreover, we have

f(z,y) = (Ida— @it + @1 + -+ (=1)'¢it" + -+ ) (ue(x + o1 (x)t, y + d1(y)t)),
di(r) = (Idg— it + @t 4 -+ (=1)'Qit" + - ) (d(x + ¢1(2)t)).

i(wy) = ay+ (u(@y) +2éi(y) + éi(@)y — da(ay))t + o, y)t* + -+,
di(z) = da(x) + (da(dr(2)) +di(z) — ¢1(da(x)))t + do(z)t? + - -

Mt(.’ﬂ,y) = xy+ﬂ2(:€,y)t2+,
di(z) = da(z)+ dy(z)t* + - -

Then by repeating the argument, we can show that (A[[t]], u, d;) is equivalent to (A[[t]], 14,
da). Thus, (A,dy) is rigid. m
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4.11. REMARK. Expanding Eq. (15) and Eq. (16) for n = 2, we obtain that

Oatg(p2) = o (p ®Id) — py o (Id ® ),
aDAA(dQ) + (5(#2) —d1 O Ly + M1 O (d1 X 1d + Id X dl) -+ >\,u1 e} (dl X dA —+ dA (029 dl)
+Ap o (dy ® dy).

It is not difficult to verify that the right hand side is a 3-cocycle in (Cpa, (A, V), Jba, )
So once the third cohomology group vanishes, each infinitesimal deformation (u1,d;)
can be extended to a second order deformation. More generally, one verifies that when
H}a (A, A) = 0, each infinitesimal deformation (p1,d;) can be extended to a formal
deformation.

Appendix: Proof of Lemma 2.11

Now we prove Lemma 2.11. For this purpose, we first prove another lemma.
4.12. LEMMA. For f € CR (A, V) and 1, .., 2np1 € A withn > 1, we have

n

SEEID S .

k=1 1<i1 << <n j=1

:Z)\k_l Z Z (—1)jf($17...,dA(IZ'1),...,.Z'jl‘j+1,...,dA(ZEik),...,ZEn_;,_l)
k=1

1<i1 << <n+1 1<j<n

JjFir—1ip, V7

+Z>‘k_1 Z Z (_1)ir_1f($17"'adA(xil)v--'7$ir—1d.4($ir)7'"7dA($ik)a'~~>$n+1)
k=1

1<i1<-<ip<n+l 1<r<k
ir— 1.1

+y oMy S (D o dal@n), o dal@ )T, da(@i,)s - T
k=1

1<ip <-<ip<n+1 1<r<k—1

ip+1Fip g
n+1
+y oMY S (D frrs o da(@), o da(@ ) da(@i), - da(Ts), o Tag)
k=2 1<y < <ip<n+1 .139?—1
trTl=lr41

PROOF. Applying the conventions ig = 0 and i1 = n + 2 in the first equality below,
with k£ as the index in the following formula, by Eq. (1), we have

Z)‘k_l Z Z(—l)jf@l """ i’“)(flfl,j—laxjxj+1’xj+2»n+1)
k=1

1<) <--<ip<n j=1

=) Ay ST dams), o da(@s), o wmie,  da(Ti ), da(@iaa), )

k=1 1<ij<--<ip<n 1<ji<n
1s<J<tg41
0<s<k
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- Z )\k_l Z Z A(le) dA(‘rirxir-Fl)? cee 7dA(xik+1>7 cee )
k=1 1<ii<-<ip<n r=1
=> Aty S (1 fCdalma), - w, o da(z,), )
k=1 1<) << <n+1 1<j<n

J#ip,ir—1,Yr

+Z)\k_1 Z Z .171,...,dA<IL‘i1),...7dA(ZEZ‘T)ZEZ‘T+17...,dA($ik+1),...,l'n+1)
k=1

1< <+ <zk<nr 1

+Z)\k71 Z Z xl, dA(JJil),...,IdeA(‘TiT+1),...,dA<$ik+1),...,$n+1>
k=1

1<ip <+ <zk<nr 1

+Z>‘k Z Z xla '7dA(xi1)?"'>dA($ir)dA(xir+1)7"-7dA($ik+1)7"->xn+l)
k=1

1<ip<-<ip<n r=1

=) A > S (WS daley) g, dale,), )

1<i1 < <ip<n+l  1<j<n
JF#ir,ir—1,Vr

+Z)\k71 Z Z ZT lf xla"'JdA(xil)a"'7xir*1dA($ir>7"'7dA('rik)7"'7xn+l)
k=1

1<ip<-<ip<n+1 1<r<k
ir—1%i,_q

+y oAy S (=D (@ da(@y), - da(@) T, da(@), - Tg)
k=1

1<i1 <<y <n+1 1<r<k-1
T B2 )

+Y AN S (D s dal@n), o da(@n ) da(@i), - da(Ti,) - Tae)

k=1 1<i1<--<ipp1<n+1 1<r<k
iptl=ipg

:Z)\k_l Z Z (—1)jf(...,dA(ZIZil)7...,%jﬂ?j_,.l,...,dA(l'ik),...)
k=1

1<i1 << <n+1 1<j<n
JFir,ir—1,Vr

+Z)\k_1 Z Z ZT 1f .fl?l,...,dA(xil),...,.Z'ir_ldA(.’,EiT),...,dA(.fEik),...,ZEn+1)
k=1

1<ii<--<ip<n+l 1<r<k
ir—1%i._1

FY S (U (e da@a)s e )T da(T)s e Tas)
k=1

1<Zl< <lk<n+1 1<r<k—1

'LT‘+17£7‘7"+1
n+1
FION NS D e dalen)s e ) ) ) )
k=2 1<ig <---<ip<n+1 _1525’?_1
ir 1=y
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Now we are ready to prove Lemma 2.11.

1429

PROOF. (of Lemma 2.11) As dy (zv) = da(x)v+a by dy (v), dy(ve) = vda(z)+dy(v) Ay @

forv e V,z € A, we have

dv(amgf(%,nﬂ)) = dA(ﬂUl)f(ﬂﬂz n+1) + 21 dv(f($2,n+1))

+ E (=1 dy (f (2151, 752541, Tiyant1))

+ (— )" (@10)da(@ng) + (=1) " dy (f(210)) T3 Znar

Hence, we only need to check Eq. (3) as follows. By Lemma 4.12, we have

n+1
Z AF Z (Omig /)™ (@1 011)
k=1 1<t << <n+1
=N'Ongf(da(zr), . da(wan) + D N > (Gagh) ) (w1 041)
k=1 1<i1 <<y <n+1
=X\"da(z1) f(da(22),. .., da(Tns1)) + A" Z flda(zy), ..., da(ws)da(Tise), . - -,

+ (—1)n+1)\nf(dA($1), e ,dA<:L’n))dA<In+1)

+da(zy) f(z2,041) + Z AR Z da(zy) o2t Z"“_1)($2,n+1)

2<ig< i <n+1

+ Z )\k—l Z xlf(il_l ..... ir—1) (xQ,n—&-l)
k=1

2<i1 << <n+1

da(Tni1))

+Z)\k71 Z Z (—1)jf($1,...,dA(.Iil),...,SL’jJIj_i_l,...,dA(l’ik),...,$n+1
k=1

1<ii<-<ig<n+l 1<j<n
JFir—1ir, V7

—I—Z)\k_l Z Z Z’"_l xl;o--,dA(xi1)7~--,$z‘r—1dA(fEiT>7--'
k=1

1<ii<--<ip<nt+l 1<r<k
i —1Fip_ 1

_i_z)\kfl Z Z (=D f(zy, ... da(xi), .., da(ws) T, 41, - - -
k=1

1<i1 < <G <n41 1<r<k-1
ir+1Fipe 4

+y oA > Yo (DT f@n o dalen), o dalz)da(@,), -
k=1

1<ip << <n+1 1<r<k-1
it l=i, 4

dA($ik)7 PN

+ (—1)n+1f($1,n)dA(9€n+1) + Z )\k*l(_l)ﬂ‘i’l Z f(z'1 ..... ik*l)(xl,n)dA(mrwl)

k=2 1<i1 < <ig—1<n

;dA(xi;)a .

dA({L‘ik), e

)

) $n+1)

) anrl)

) xn—‘rl)
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+ Z Ak_l(—l)nﬂ Z f(il""’ik)(%,nﬂnﬂ
k=1

1<i1 << <n

=N"da(z1) f(da(2), . dA(JCnH)) + (=D IN f(da(2), . dal@n))da(Tngr)

+da(z1) f(z2041) Z)\k Z dA(Il)f(‘1 ’k)(@ ntl)

1<ip<-<ig<n

+ Z )\k:—l Z xlf(il’m’ik)(xQ,n—i-l)
k=1

1<i1 << <n

+y oMY S (=W da@), g da(@), - )
k=1

1<ip < <ip<n+1 1<j<n
JFir—1ipr, V7

Y Y S () e da(@n)s e da(Es ), da(@a), - Tae)
k=1

1<i <-<ip<n+l 1<r<k
ir—1#i._1

+y oMy S (=D (@ dala), - da(@) T, da(@y), - Teg)
k=1

1<i1 < <ip<n41 1<r<k-1
ir+1Fip g

n+1

FY N > (=0 fan, . da(@), - da(m)da(Ti,,), - da(@y), - Tag)
k=

1<i < <ip<n+1l 1<r<k-1
it 1=ip

+ (=1 fara)da(@nn) + ) ALY fO W (@) da ()
k=1

1<y < <ip<n

+ Z)\k71<_1)n+1 Z f(il""’i’“)(%,n)xnﬂ
k=1

1<i1 <<, <n

=da(21) f(zon11) + (1) f(@10)da(Tn11)

+ Z )\k‘—l Z xlf(’h,...,ik)(xzn_‘rl)
k=1

1<i1 < <ip<n

+) N Y da(m) O ()

1<i1 << <n

+) A > S (= (@ dale), g, da@), - Tg)
k=1

1<t << <n+1 1<j<n
JFir—1yip, V7

+Z)\kil Z Z Zr lf 3:17'"7dA(xi1)7-"7xir71dA(xir>7"'>dA(*Tik)7"-vxn+l)
k=1

1<ig <-<ip<n+1 1<r<k
ir—1%i,_q
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+Z>‘k_1 Z Z (_1)in(x17"'7dA($i1)>"'7dA(zir)wir+1v"'7dA(xik)7---axn+1)
k=1

1<i < <ip<n+l 1<r<k-1

i7'+1¢ir+1
n+1
+Z)\k—1 Z Z (—1)“,]0(131,"-7dA(xz‘1>,"';dA(xiT)dA(xiT+1)a---,dA(xik)a--‘a«rn—H)
k=2 1<i1 < <ip<n+1 1<r<k-1

T

+ Z )\k(_l)n-i—l Z f(il,...,ik)(:Bl’n)dA(xn_H)
k=1

1<i1 << <n

+ Z )\k_l(_l)n+1 Z f(il’m’ik)(wlm)xn—kl
k=1

1<ii << <n

=da(z1) f(€2,41) + (=1)" f(#10)da(Tn11)

+ Z AR Z x1 Fa f(il"“’ik)(fﬁznﬂ)
k=1

1<ip<<ig<n

D DS T .
k=1

1<iy <-<ip<n j=1
n

+ (_1)n+1 Z )\k_l Z f(il""’ik)(l'lvn) _|)\ Tpal-

k=1 1<i1 << <n
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