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PRESENTATIONS AND ALGEBRAIC COLIMITS OF
ENRICHED MONADS FOR A SUBCATEGORY OF ARITIES

RORY B. B. LUCYSHYN-WRIGHT AND JASON PARKER

ABSTRACT. We develop a general framework for studying signatures, presentations,
and algebraic colimits of enriched monads for a subcategory of arities, even when the
base of enrichment ¥ is not locally presentable. When ¥ satisfies the weaker require-
ment of local boundedness, the resulting framework is sufficiently general to apply to
the ®-accessible monads of Lack and Rosicky and the _#-ary monads of the first au-
thor, while even without local boundedness our framework captures in full generality
the presentations of strongly finitary monads of Lack and Kelly as well as Wolff’s pre-
sentations of ¥ -categories by generators and relations. Given any small subcategory of
arities j : _# < % in an enriched category ¢, satisfying certain assumptions, we prove
results on the existence of free #-ary monads, the monadicity of #-ary monads over
_ -signatures, and the existence of algebraic colimits of #-ary monads. We study a no-
tion of presentation for _#-ary monads and show that every such presentation presents
a _Z-ary monad. Certain of our results generalize earlier results of Kelly, Power, and
Lack for finitary enriched monads in the locally finitely presentable setting, as well as
analogous results of Kelly and Lack for strongly finitary monads on cartesian closed
categories. Our main results hold for a wide class of subcategories of arities in locally
bounded enriched categories.

1. Introduction

When the basic concepts of universal algebra are defined in the usual way via signatures
or similarity types, i.e. sets of operation symbols with specified arities, there arises the
well-known complication that a given pair of varieties of algebras over two different signa-
tures may turn out to be isomorphic as concrete categories over Set, as exemplified by the
fact that the familiar notion of group admits multiple distinct presentations. An elegant
solution to this problem was given by Lawvere [22], whose algebraic theories (or Lawvere
theories) classify varieties up to isomorphism (qua concrete categories over Set). Lawvere
was therefore able to regard systems of equations over signatures as presentations of Law-
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vere theories [22, 11.2], the latter providing a presentation-independent notion of algebraic
theory. By way of the equivalence between Lawvere theories and finitary monads on Set,
Lawvere’s work provides also an elegant approach to presentations of finitary monads that
has since been generalized to the setting of enriched category theory by Kelly and Power
[18], and the present paper is a contribution to this line of generalization.

In [18], Kelly and Power showed that if € is a locally finitely presentable ¥ -category
over a locally finitely presentable symmetric monoidal closed category 7', then the for-
getful functor W : Mnd¢(%) — End(%) from finitary ¥-monads on € to finitary ¥-
endofunctors on ¢ is monadic, and the forgetful functor ¢ : Mnd;(%¢’) — Sig;(%) from
finitary ¥"-monads on % to finitary signatures in %’ is of descent type (see [18, 5.1]), which
entails in particular that U has a left adjoint and that every finitary #-monad on % has
a presentation given by abstract operations and equations. In [17], Kelly and Lack estab-
lished analogous results for strongly finitary ¥ -monads on cartesian closed categories 7,
while Borceux and Day [8, 2.6.2] had earlier exposited and credited to Kelly an analogue
of one of these results, formulated in terms of enriched theories in the slightly more general
setting of their 7-categories. In [20], Lack provided a further substantial advance in this
area by showing that U is in fact monadic (see [20, Corollary 3]). A different approach to
enriched equational presentations was introduced by Fiore and Hur [12], with existence
results under hypotheses involving the preservation of colimits of chains indexed by a
given limit ordinal.

An area of recent interest in enriched category theory has been the study of classes
of enriched monads and theories defined relative to a given class of weights or a given
subcategory of arities, i.e., a full subcategory that is dense in the enriched sense. In the
setting of ordinary Set-enriched category theory, the latter theme goes back to Linton
[23] and includes the theories and monads with arities of Berger, Mellies, and Weber
[6]. In [21], Lack and Rosicky defined the concept of ®-accessible ¥ -monad for a class
of weights ® satisfying their Axiom A, along with the notion of Lawvere ®-theory. In
the 2016 paper [25], the first author studied enriched ¢ -theories and _# -ary monads
for a system of arities # — ¥, which is a (possibly large) subcategory of arities closed
under the monoidal structure. The 2019 paper [9] of Bourke and Garner studied monads
and theories relative to a small subcategory of arities &/ — % in a locally presentable
¥ -category € over a locally presentable closed category ¥". While the latter work is not
primarily concerned with presentations, Bourke and Garner show that their .o/ -nervous
monads are monadic over .&7-signatures, and that the category of .&7-nervous monads is
cocomplete (even locally presentable), with small colimits therein being algebraic (see [9,
Proposition 31, Theorem 38]). However, since the latter work is situated in the locally
presentable setting, it does not subsume any of the following frameworks in full generality:
(1) the ®-accessible monads of Lack and Rosicky [21]; (2) the _#-ary monads of [25]; (3)
the enriched theories of Borceux and Day [8], which are encompassed by 1 and by 2; (4)
the strongly finitary #-monads of Lack and Kelly [17], which are encompassed by 1, 2,
and 3. Indeed, in settings (1)-(4), ¥ is not required to be locally presentable. Moreover,
it is clear from the work of Kelly [16, Chapter 6], the paper of Lack and Rosicky [21],
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and the present paper that various methods of enriched-categorical algebra are applicable
at least in the locally bounded closed categories ¥ of Kelly [16, 6.1] and, more generally,
the locally bounded ¥ -categories [29] over such ¥'. This ensures that these methods may
be applied to the various locally bounded closed categories that provide backgrounds
for mathematics and computer science (see [29, §5.3]), and which need not be locally
presentable, along with the various locally bounded ¥ '-categories of structures in such ¥
([16, Chapter 6], [29, §11]).

The first purpose of this paper is to develop a theory of presentations and colimits
of enriched monads for subcategories of arities with sufficient generality to accommodate
the following general classes of examples when ¥ is locally bounded: (1) the ®-accessible
#-monads of Lack and Rosicky [21], and (2) the #-ary #-monads for a small and
eleutheric system of arities # < ¥ [25]. The second purpose of this paper is to ensure
that the resulting theory of presentations and algebraic colimits covers in full generality
the following specific settings, even when ¥ is not locally bounded: (a) the strongly
finitary #-monads of Lack and Kelly [17] when ¥ is a complete and cocomplete cartesian
closed category ¥ or, more generally, a m-category in the sense of Borceux and Day [8],
and (b) Wolff’s presentations of ¥ '-categories by generators and relations, for an arbitrary
complete and cocomplete ¥ [35], which (as we show in §11.1) are recovered by taking the
subcategory of arities to be the Yoneda embedding for a discrete ¥ -category.

We accomplish these objectives by working with enriched monads for a suitable sub-
category of arities j : ¢ < ¢ in a ¥-category ¢, where 7 is a complete and cocomplete
symmetric monoidal closed category that need not be locally presentable. Our results
apply when % is a locally bounded 7 -category over a locally bounded closed category 7,
and in some cases even without these assumptions, e.g. when 7" is a m-category. Certain
of our results generalize the results of Kelly, Power, and Lack mentioned above.

To obtain our results, we make some modest completeness and cocompleteness as-
sumptions on the ¥ -category %, and two main assumptions on the subcategory of arities
Jj: ¥ — €. First, we generally assume that j : ¢ — € is small and eleutheric (cf.
[25]), which is a certain ‘exactness’ condition that guarantees that the ¥ -endofunctors on
% that are left Kan extensions along j are precisely those that preserve left Kan exten-
sions along j; we call these the ¢ -ary ¥ -endofunctors. We also assume that j : ¢ — ¢
satisfies a mild boundedness condition, which we define in terms of certain notions from
Kelly’s classic paper [14] on transfinite constructions in category theory, where the reader
can find a list of references regarding the rich history of the theme of existence of free
constructions. Our main results on free _¢#-ary monads, algebraic colimits of _#-ary
monads, and presentations of #-ary monads then hold for any bounded and eleutheric
subcategory of arities j: _# < € in a ¥'-category ¢ satisfying mild assumptions.

In order to further clarify the relation of this paper to the existing literature, we
now further contrast this work with aspects of the recent paper of Bourke and Garner
[9]. In the latter paper it is assumed that both ¥ and % are locally presentable, while
the present paper is applicable to a much broader class of enriched categories, including
locally bounded ¥ '-categories € over a locally bounded #". On the other hand, here we
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require that the subcategory of arities # < % be bounded and eleutheric, while Bourke
and Garner allow an arbitrary small subcategory of arities o/ — € with € and 7 locally
presentable. However, in the latter locally presentable setting, every small subcategory
of arities &7 is necessarily bounded and is actually contained in a larger subcategory of
arities ¢ = ¢, — % that is not only bounded but also eleutheric, consisting of the
(enriched) a-presentable objects for a suitable cardinal a (3.9, 6.1.12). Hence, in the
Bourke-Garner setting, presentations relative to &/ may be viewed also as presentations
relative to ¢ = %, and the &7/-nervous monads that they present are, in particular, a-ary
monads and, for some purposes, may be studied as such, by way of the earlier methods
of Kelly-Power [18] and Lack [20]. In the present paper, we escape the locally presentable
setting by asking for a given bounded and eleutheric subcategory of arities ¢ <— € to
play a role analogous to that of %,,. It is important to note that in this general setting we
can once again consider arbitrary small subcategories of arities &/ — ¢ with & C _Z,
and again any «/-presentation may be viewed as a _Z-presentation and so, by the results
in this paper, presents a _# -ary monad.

In a subsequent paper [30], we shall further explore the implications of the theory
developed in this paper, and in particular we shall provide additional ‘user-friendly’ tech-
niques for constructing presentations of _#-ary monads, which will allow us to easily
define many further examples of such presentations in a manner that closely resembles or-
dinary mathematical practice. Furthermore, these techniques will enable us to generalize
the adjunction between f-pretheories and ¥ -monads of Bourke and Garner [9] beyond
the locally presentable setting, by letting &/ < % be an arbitrary subcategory of arities
that is contained in a given bounded and eleutheric subcategory of arities ¢ — €, as
described above.

We now provide a detailed overview of the paper. After reviewing some notation and
background on enriched category theory in §2, in §3 we begin by defining the notion of
an eleutheric subcategory of arities j : ¢ — % in a ¥ -category € (originally defined in
25] for € = ¥'), and in §4 we define the notions of _#-ary ¥ -endofunctor and _# -ary
¥ -monad on . In §5 we develop the theory of algebraically free monads in the enriched
context, generalizing aspects of Kelly’s work on this topic in the ordinary Set-enriched
context in [14]. We begin §6 by defining the notion of a bounded subcategory of arities,
and we show that our running examples have this property, as does any small subcategory
of arities in a locally bounded ¥ -category over a locally bounded closed category #". We
then prove our first main results in 6.2.5 and 6.2.6, which show that if j : ¢ — ¢ is a
bounded subcategory of arities in a cocomplete and cotensored ¥ '-category %, then the
forgetful functor W : Mnd,(¢) — End, (%) from _#-ary #-monads on ¢ to #-ary 7-
endofunctors on ¢ is monadic, and the free #-ary #-monad on a _#Z-ary ¥ -endofunctor
is algebraically free.

We commence §7 by defining the notion of a ¥-algebra for a _#-signature ¥ in €,
relative to a subcategory of arities j : # < ¢, and we then show in 7.7 under certain
hypotheses that the forgetful functor End, (%) — Sig (¢) from _Z-ary #-endofunctors
on ¢ to _#-signatures in ¢ is monadic. We then deduce in 7.9 that U : Mnd,(¢) —
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Sig f(%) has a left adjoint, and that the #-category of algebras for the free #-ary 7-
monad on a _#Z-signature X is isomorphic to the #'-category ¥-Alg of X-algebras, which
is defined more directly in terms of the signature X. In §8 we use a theorem of Lack [20]
to prove in 8.2 that the forgetful functor U : Mnd,(¢’) — Sig, (¢') is actually monadic.

§9 is concerned with algebraic colimits of #-ary #-monads, and is divided into three
subsections. In §9.1 we first review some necessary background material on limits in
¥-CAT and #-CAT /%, and we prove some results about limits and colimits in limit #-
categories. We then use this material in §9.2 to define and study the notion of an algebraic
colimit of #-monads, thereby enriching the corresponding notion studied by Kelly in [14].
The final subsection 9.3 defines the notion of an algebraic colimit of _#-ary #-monads,
and we then prove in 9.3.8 that if j : ¢ < % is bounded, then the category Mnd, (%)
of #-ary #-monads on ¢ has small algebraic colimits.

We begin §10 by defining the notion of a _#-presentation P = (3, E) for a subcategory
of arities j : # < ¢, consisting of a _#-signature ¥ and a system of _Z -ary equations
E = (I = U(Ty)), i.e. a pair of ¢-signature morphisms from a _#-signature I' (the
signature of equations) to the underlying ¢ -signature of the free #-ary #-monad Ty
on ¥. From results in §9 we then deduce in 10.1.8 that every ¢ -presentation P presents
a #-ary ¥-monad Tp, whose ¥ -category of algebras we show in 10.2.14 is isomorphic
to the ¥-category P-Alg of P-algebras for the ¢-presentation P = (X, E), i.e. the full
sub-7-category of ¥-Alg consisting of those Y-algebras that satisfy the equations in E,
in a suitable sense. In 10.1.10, we also deduce that every _#-ary #-monad has a ¢-
presentation, using our results on algebraic colimits and monadicity of _#-ary monads.
In §11 we discuss some examples of _¢#-presentations; firstly, we show that presentations
of ¥-categories by generators and relations are recovered as examples when _# consists
of the representables in a power of ¥, and secondly we discuss presentations of strongly
finitary #-monads in cartesian closed topological categories over Set, treating examples
including internal modules and affine spaces over internal rigs (i.e. semirings).

In §12 we summarize the main results of the paper, noting that our running examples
satisfy the hypotheses of these results, as does any small and eleutheric subcategory of
arities in a locally bounded ¥ -category over a locally bounded closed category 7 .

2. Notation and background

We make substantial use of the methods of enriched category theory throughout this
paper; for more details, one can consult (e.g.) the classic texts [10, 16]. For the most
part, we use the notation of Kelly’s text [16]. Throughout, we let ¥ = (%, ®,I) be a
symmetric monoidal closed category with 7; locally small, complete, and cocomplete.

A weight is a ¥-functor W : Z — ¥ with £ a (not necessarily small) ¥ -category,
while we say that the weight W is small if 2 is small. A weighted diagram in a ¥ -category
% is a pair (W, D) consisting of a weight W : 8 — ¥ and a ¥-functor D : # — €. A
cylinder for the weighted diagram (W, D) is a pair (C, \) consisting of an object C' € ob @
and a #-natural transformation A\ : W — €' (C, D—). A (weighted) limit of (W, D) is an
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object {W, D} of € equipped with the structure of a limit cylinder ({W, D}, \) for (W, D),
i.e. a limit of D indexed by W in the sense of [16, §3.1].

It is convenient to define a dually weighted diagram in € to be a pair (W, D) consisting
of a weight W : #°° — ¥ and a ¥-functor D : # — €, noting that (W, D°P) is then
a weighted diagram in €°P. A cylinder for the dually weighted diagram (W, D) is, by
definition, a cylinder for the weighted diagram (W, D°P), and a (weighted) colimit W x D
of (W, D) is a limit {W, D°?} of (W, D°P).

Given a class of weighted diagrams A, a #-functor F : € — & creates A-limits
provided that for every weighted diagram (W, D) € A in % and every limit cylinder
(C, ) for (W, FD) that exists in 2, there is a unique cylinder (C, ) for (W, D) with
(FC', F/_\) = (C, \), and moreover (C’, 5\) is a limit cylinder for (W, D). Dually, we have
the notion of creation of A-colimits for a class of dually weighted diagrams A. Given
instead a class of weights ®, F' creates ®-limits if F' creates A-limits for the class A of all
weighted diagrams with weights in ®; dually, we have the notion of creation of ®-colimits.

Given a ¥-functor F': € — 2 and a class of (possibly large) weights ®, we say that
F' conditionally preserves ®-limits [25, 2.3] provided that for every limit {W, D} that
exists in € with W € @, if {W, FD} exists in & then F preserves the limit {W, D}. It is
then easy to see that F' conditionally preserves ®-limits if F' creates ®-limits, and that F'
preserves ®-limits if 2 has ®-limits and F' conditionally preserves ®-limits. We also have
the dual notion of conditional preservation of ®-colimits.

Given a class of weights ®, a ¥-category € is ®-(co)complete if € admits all -
(co)limits, and a #-functor is ®-(co)continuous if it preserves all ®-(co)limits. In par-
ticular, a ¥-category € is(co)complete if it is ®-(co)complete for the class ¢ of all small
weights, and a ¥-functor is (co)continuous if it is ®-(co)continuous for this same class
®. Given objects V € ob?# and C' € ob ¥, we denote the cotensor of C' by V in € (if it
exists) by [V, C], and the tensor of C' by V in € (if it exists) by V @ C.

We let #-CAT be the category of (possibly large) ¥ -categories. Given a ¥ -category
€, a ¥V -category over € is an object (o7, U) of the slice category #-CAT/%, i.e., a V-
category & equipped with a specified ¥ -functor U : & — %. We often write & to
denote («7,U). We say that &/ is a strictly monadic ¥ -category over % if U is
strictly monadic, i.e., if U has a left adjoint and the comparison ¥ -functor of [10, II] is an
isomorphism, equivalently, if &7 = T-Alg in ¥-CAT /% for some ¥ -monad T on &, where
we equip the ¥ -category T-Alg of T-algebras with its forgetful ¥ -functor.

We write #-Prof to denote the bicategory in which an object is a small ¥ '-category,
a l-cell F': of A is a ¥-profunctor, i.e. a ¥-functor F' : B° @ o/ — ¥, and a
2-cell is a ¥ -natural transformation. Writing #-Prof°® for the bicategory obtained by
reversing only the 1-cells in #-Prof, there is an isomorphism (—)° : #-Prof°® — #'-Prof
that is given on objects by &/ +— &7°P and sends each 1-cell F' : o/ -+ % to the 1-cell

F° : 9% - &/°P obtained as the composite & @ BP = BP @ o Ly ¥. Given an
object &/ of a bicategory ", we write Mnd_» (47) to denote the category of monads on
o/ in A, i.e. monoids in J (<, o/), noting that Mnd (/) = Mnd e (o).
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3. Eleutheric subcategories of arities

We begin by defining the fundamental notion of a subcategory of arities in an enriched
category:

3.1. DEFINITION. A subcategory of arities in a #-category ¢ is a (not necessarily
small) ¥ -category # equipped with a dense, fully faithful ¥-functor j : # — ¢. For
most purposes we may assume that j : ¢ < € is a full and dense sub-7'-category

ji =€ m

3.2. REMARK. In [25] the first author defined the notion of a system of arities j : _# — ¥
in the symmetric monoidal closed category ¥, which is (equivalently, see [25, 3.8]) a full
sub-7-category that is closed under ® and contains the unit object I (and hence is auto-
matically dense by [16, 5.17]). In this paper, we are generalizing from systems of arities
in 7 to subcategories of arities in arbitrary 7 -categories. Our notion of subcategory of
arities essentially agrees with that of [9], except that their subcategories of arities are
always small, and are only defined relative to locally presentable ¥ -categories over locally
presentable closed categories 7. Nevertheless, most of the subcategories of arities that
we consider in this paper will indeed be small. =

If j: # < % is a subcategory of arities in a #'-category ¢, then we let ® , be the class of
(not necessarily small) weights ¢’ (j—,C) : _#°° — ¥ with C € ob%. We now generalize
25, 7.1] from systems of arities in ¥ to subcategories of arities in arbitrary 7 -categories:

3.3. DEFINITION. A subcategory of arities j : ¢ < ¢ is eleutheric if ¢ is ®,-
cocomplete and €(J, —) : € — ¥ preserves ® ;-colimits for each J € ob 7. m

Equivalently (see [25, 7.3]), the subcategory of arities j : _# < € is eleutheric if every
V-functor H : ¢ — % has a left Kan extension along j that is preserved by each
C(J,—): € —7V (Jeob 7).

The notion of eleutheric subcategory of arities is related to the notion of saturated
subcategory of arities defined in [9, Definition 39], where (in our notation) a subcategory
of arities j : ¢ < € is saturated if the composition of any two #-endofunctors on ¢
that are left Kan extensions along j is itself a left Kan extension along j. Using [25,
7.9], it is easy to see that any eleutheric subcategory of arities is saturated, but a priori
the notion of saturatedness is (slightly) weaker; however, all of the examples of saturated
subcategories of arities provided in [9, Examples 41 and 44] are actually eleutheric by 3.8
below.

Before providing examples in 3.9, we first prove some useful properties and charac-
terizations of eleutheric subcategories of arities. Recall from [19, Page 402] that the
saturation ®* of a class of small weights ® is defined as follows: a small weight W belongs
to ®* iff every ®-cocomplete ¥ -category is {W }-cocomplete and every ®-cocontinuous
¥ -functor between ®-cocomplete ¥ -categories is {W }-cocontinuous. Recall also (see
[19, 3.7] and [16, 5.35]) that if ' : € — Z is a ¥-functor and @ is a class of small
weights, then F presents & as a free ®-cocompletion of € if ¥ is ®-cocomplete and
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for every ®-cocomplete ¥ -category &, precomposition with F' induces an equivalence of
categories ®-Cocts(Z,&) — V-CAT(%, &), where ®-Cocts(Z, &) is the full subcategory
of ¥-CAT(Z2, &) consisting of the ®-cocontinuous ¥-functors ¥ — &.

For a small subcategory of arities j : # < ¢, we let U, be the class of all small

7 -flat weights, where a weight W is _#-flat if each €(J, ) ¢ — V¥ (J € ob 7)
preserves W-colimits. The following lemma is now 1mmed1ate from the definitions:

3.4. LEMMA. Let j : Z < € be a small subcategory of arities in a @, -cocomplete
V¥ -category €. Then ¢ is eleutheric iff &, CV,. =

3.5. LEMMA. Let j : 7 — € be a small subcategory of arities, and let ¥ be a class of
small weights such that ®, C W and € is V-cocomplete. Then j presents € as a free
U-cocompletion of 7 iff ¥ C V,.

PROOF. The forward implication follows immediately from [19, 4.2]. Assuming that ¥ C
Uy, ie. that each €(J,—): ¢ — ¥ (J € ob _#) preserves W-colimits, it then remains by
[19, 4.3] to show that each C' € ob % is a U*-colimit of a diagram in _#. But the density
of j: # < € entails that each C' € ob¥ is a ®,-colimit of a diagram in _Z (see [16,
5.1]), and so the desired claim follows from the inclusions ®, C ¥ C ¥~ "

The following result now generalizes [25, 7.8] from systems of arities # in ¥ to subcate-
gories of arities _# in arbitrary ¥'-categories (though here we assume ¢ is small):

3.6. PROPOSITION. Let j : # — € be a small subcategory of arities. Then ¢ is
eleutheric iff j presents € as a free ® ,-cocompletion of 7.

PRroOOF. This follows immediately from 3.4 and 3.5. [

3.7. PROPOSITION. If j : ¢ < € 1is a small and eleutheric subcategory of arities such
that € is Wz -cocomplete, then j presents € as a free W, -cocompletion of ¢ .

Proor. This follows immediately from 3.4 and 3.5. n

3.8. PROPOSITION. Let j : ¢ <— € be a small full sub-¥ -category. Then j is an
eleutheric subcategory of arities iff there is a class of small weights U such that j presents
€ as a free V-cocompletion of 7.

PRrROOF. The forward implication follows immediately from 3.6. For the converse, suppose
j is a free W-cocompletion. By [19, 3.11, 4.2], j is dense, ¢ is W-cocomplete, ®, C U*,
and each € (J,—) : € — ¥ (J € ob /) preserves W-colimits, so that ¥ C W,. But
VU, is clearly saturated, so ®, C ¥U* C W, while € is ¥*-cocomplete and hence ® ,-
cocomplete, so j is eleutheric by 3.4. [
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3.9. ExaMPLE. We now provide the following examples of eleutheric subcategories of
arities:

(1) Let ¥ be locally a-presentable as a (symmetric monoidal) closed category in the sense
of [15, 7.4]. If € is a locally a-presentable ¥ '-category and %, is a skeleton of the full
sub-7-category consisting of the (enriched) a-presentable objects, then j : €, — % is a
small and eleutheric subcategory of arities. Indeed, by [15, 7.2, 7.4] we deduce firstly that
%, is small and secondly that j : €, < % presents & as a free cocompletion of %, under
small conical a-filtered colimits, so this follows from 3.8.

In fact, any small subcategory of arities j : ¢ < € in a locally a-presentable ¥ -category
% (over a locally a-presentable closed category ¥') is contained in a small and eleutheric
subcategory of arities. Because if ¢ is small, then there is a regular cardinal § > « such
that every J € ob _# is f-presentable in the enriched sense by [15, 7.4], so that ¢ is
contained in the small subcategory of arities 3 < ¢, which is eleutheric by the above
because % is locally [-presentable.

(2) In particular, if #" = Set, then the subcategory of arities j : FinCard < Set consisting
of the finite cardinals, which may be regarded as the classical subcategory of arities from
universal algebra, is eleutheric, by [25, 7.5.2].

(3) If ¥ is cartesian closed, or more generally if ¥ is a m-category in the sense of [§],
then the subcategory of arities j : SF(¥) = {n-I|n € N} — ¥ on the finite copowers
of the unit object of ¥ is eleutheric, by [25, 7.5.5]. If ¥ is cartesian closed, then SF(%)
is isomorphic to the free ¥ -category on FinCard, by [17, §3].

(4) The inclusion {/} < ¥ of the unit object is an (obviously small) eleutheric subcate-
gory of arities [25, 7.5.4].

(5) Given an arbitrary ¥ -category %, it is readily verified that the identity #-functor
ly : € — € is a (not generally small) eleutheric subcategory of arities (generalizing the
case where € = 7 in [25, 7.5.3]).

(6) Let o/ be a small ¥ -category. By 3.8, the Yoneda embedding y,, : &P — [o, V]
is an eleutheric subcategory of arities, since y, presents [«7, ¥] as a free cocompletion of
2/°P under all small colimits by [16, 4.51].

(7) Let @ be a class of small weights that satisfies Axiom A of Lack-Rosicky [21] and
is locally small in the sense of [19, 8.10] (as in [21, p. 370]). Let .7 be a ®-theory,
i.e. a small ¥-category 7 with ®-limits, and let € = ®-Mod(.7) be the ¥ -category of
models of 7 in ¥, i.e. the full sub-¥-category of [.7, ¥| consisting of the ®-continuous
¥ -functors. Following [21], we call such ¥ -categories € locally ®-presentable—noting,
however, that 6, and % need not be locally presentable (see 12.3(5) below). Recall that
a small weight W : #°° — ¥ is ®-flat [19] if W-colimits commute in ¥ with ®-limits,
equivalently, if W (=) : [#B, 7] — ¥ is ®-continuous. By [21, §6.4], € is cocomplete and
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the (corestricted) Yoneda embedding yg : 7°P — € presents ¢ as a free cocompletion of
7 °P under small ®-flat colimits. Hence, by 3.8 we find that yg : 7 < % is an eleutheric
subcategory of arities.

(8) As a special case of (7), if D is any small class of small categories that is a sound
doctrine in the sense of [2], and ¥ is locally D-presentable as a ®-category in the sense
of [21, 5.4], then we can take ® := ®p to be the saturation of the class of (small) weights
for conical D-limits and cotensors by D-presentable objects of ¥, which satisfies Axiom
A by [21, 5.22] and is locally small by the remarks in [19, p. 421], as it is the saturation
of a small class of weights (in view of [21, 5.20]). =

We emphasize that in examples (3)-(7), %, and %, need not be locally presentable.

4. #Z-ary ¥-endofunctors and #-monads

We now define the notion of a _¢-ary #-endofunctor or ¥-monad (cf. [25, 11.1] for the
original definition in the context of systems of arities in #):

4.1. DEFINITION. Let j : # < % be a subcategory of arities in a #-category €. A
¥-functor H : ¢ — ¢ is #-ary (or j-ary) if it preserves ® ,-colimits, or equivalently if
it preserves left Kan extensions along j. A #-monad T on ¢ is _#-ary if its underlying
¥ -endofunctor is _Z-ary.m

When _# is eleutheric, #-ary 7 -endofunctors can also be characterized as follows:

4.2. PROPOSITION. Let j: Z — € be a small and eleutheric subcategory of arities, and
let H: € — € be a V-functor. The following are equivalent:

1. His f-ary (i.e. H is ® s-cocontinuous);
2. H is a left Kan extension along j (equivalently, H = Lan;(Hj)).

If € is W4 -cocomplete, then (1) and (2) are also equivalent to the following:
3. H preserves small ¥ -flat colimits (i.e. H is U, -cocontinuous).

Moreover, if ¥ is any class of small weights such that j is a free U-cocompletion, then (1)
and (2) are equivalent to the following:

4. H 1is VU-cocontinuous.

Proor. Firstly, if ¥ is any class of small weights such that j is a free W-cocompletion,
then (2) is equivalent to (4) by [19, 3.6]. In particular, since j is a free ® ,-cocompletion
by 3.6, this entails that (2) is equivalent to (1). If 4" is ¥, -cocomplete, then j is also a
free W ,-cocompletion by 3.7, so (2) is equivalent to (3). "
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4.3. REMARK. When j : ¢ — % is not assumed eleutheric, the implication (1)=-(2) in
4.2 still holds, because if H is ® ,-cocontinuous then HC' = H(€(j—,C)*j) =€ (j—,C)*
Hj ¥ -naturally in C' € €, by the density of j, so H = Lan;(Hj). m

4.4. Let j: _# < % be a subcategory of arities in a ¥'-category €. We let End(%’) be
the ordinary category of #-endofunctors on ¢ and 7 -natural transformations, and we let
End, (%) be its full subcategory consisting of the #-ary ¥-endofunctors on 4. We let
Mnd(%’) be the ordinary category of #-monads on ¢ and #-monad morphisms, and we
let Mnd /(%) be its full subcategory consisting of the _#-ary #-monads on ¢. Regarding
End, (%) as a strict monoidal category with composition as monoidal product and the
identity #-functor as unit, we have that Mnd, (%) = Mon (End,(¢)), the category of
monoids in End,(¢). m

4.5. Let j : # < € be a small eleutheric subcategory of arities. Then, by 3.6, j
presents ¢ as a free ® ,-cocompletion of _#, so we have an equivalence #»-CAT (7, %) ~
End, (%), given by restriction and left Kan extension along j (in view of [19, 3.6]). m

4.6. It is shown in [25, 11.8] that if j : # < 7 is an eleutheric system of arities in
7 (3.2), then the category Mnd,(¥') of _#-ary #-monads on 7 is equivalent to the
category Th, of ¢ -theories, where a _#-theory is a ¥ -category .7 equipped with an
identity-on-objects ¥'-functor 7: _#°° — .7 that preserves _#-cotensors [25, 4.1]. m

4.7. EXAMPLE. We now characterize the #-ary ¥ -endofunctors and #"-monads for the
following eleutheric subcategories of arities j : _# — € (see 3.9):

(1) If ¥ is locally a-presentable as a closed category and % is a locally a-presentable
¥ -category with the associated small and eleutheric subcategory of arities j : 6, — €,
then because j : 6, — % presents € as a free cocompletion of %, under small conical a-
filtered colimits (3.9), it follows by 4.2 that the %,-ary ¥ -endofunctors on % are precisely
the a-ary ¥ -endofunctors, i.e. the #-endofunctors that preserve small conical a-filtered
colimits. When & = 7, the a-ary #-monads on ¥ correspond to an a-ary generalization
of the enriched Lawvere theories of [32].

(2) In particular, if ¥ = Set and j : FinCard < Set is the classical system of arities in
universal algebra, then the FinCard-ary endofunctors on Set are precisely the usual finitary
endofunctors, i.e. the endofunctors that preserve small filtered colimits, and the finitary
monads on Set correspond to Lawvere theories in the usual sense [22].

(3) If j : SF(¥') — 7 is the eleutheric subcategory of arities on the finite copowers of the
unit object in a symmetric monoidal closed w-category ¥, then a ¥ -functor H : ¥ — ¥
is SF(¥)-ary iff H preserves small SF(7)-flat colimits (i.e. small colimits that commute in
¥ with finite powers) by 4.2. The SF(¥')-ary #-monads on ¥  correspond to the enriched
algebraic theories of Borceux and Day [8], by [25, 4.2]. In the case where ¥ is cartesian
closed, SF(7) is the free #-category on FinCard (3.9), so SF(¥')-ary ¥ -endofunctors are
precisely the strongly finitary endofunctors of Kelly and Lack [17, §3].
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(4) For the eleutheric subcategory of arities j : {I} < ¥, the {[}-ary endofunctors on
¥ are precisely those ¥ -endofunctors that are isomorphic to X ® (—) : ¥ — ¥ for some
X € ob?, in view of [25, 7.5(4)] and 4.2. The {I}-ary ¥-monads on ¥ correspond to
monoids in ¥ by [25, 4.2(5), 11.8].

(5) For the eleutheric subcategory of arities 14 : 4 — € in a ¥ -category €, the €-ary
endofunctors on € are arbitrary ¥ -endofunctors by [25, 11.3.2]. So when € = 7/, the ¥~
ary #-monads on ¥ are arbitrary #-monads on ¥, which correspond to the #-theories
of Dubuc [11].

(6) Consider the small and eleutheric subcategory of arities y, : &P — € = [, V]
for a small ¥ -category 7. Since y, presents @ as a free cocompletion of .&7°? under
all small colimits, we deduce from 4.2 that a ¥ -functor H : 4 — € is yy-ary it H
preserves small colimits. The equivalences End, , (¢) ~ ¥-CAT (7P, ¢) = ¥-CAT (& ®
P V) = Y-CAT(#/P®.4f, V) underlie equivalences of monoidal categories End, _, (¢") ~
¥V -Prof (o/°P, o/ °P) = ¥-Prof°® (7, o/ ) by §2. Hence the category of y,-ary #-monads
Mnd, , (%) is equivalent to the category Mndy _pyofer (27) = Mndy_prof(27) of ¥ -profunctor
monads on o/ (by §2). But Mndy_pf(27) is equivalent to the coslice category o/
¥-Cat(ob «7), where #-Cat(ob «7) is the category whose objects are ¥-categories with
object set ob &7, and whose morphisms are identity-on-objects ¥ -functors (by, e.g., [25,
10.4]). Hence a y-ary ¥ -monad on € = [«7, V] is equivalently given by a ¥ -category
7 equipped with an identity-on-objects ¥ -functor &/ — 7.

(7) Let ® be a locally small class of small weights satisfying Axiom A of [21], and let
¢ = P-Mod(7) be the ¥-category of models of a ®-theory 7, with the small and
eleutheric subcategory of arities yg : 7°P < € consisting of the representables. By 4.2,
a ¥-functor H : € — € is ye-ary iff H preserves small ®-flat colimits (since yg presents
% as a free cocompletion of .7° under small ®-flat colimits). Hence yg-ary #-monads
on € are the ®-accessible ¥-monads of [21]; [21, 7.7] provides a correspondence between
these and Lawvere ®-theories in €.

(8) In particular, given a sound doctrine D, if ¥ is locally D-presentable as a ®-category
and we let € = ®p-Mod(.7) for a Pp-theory .7, with subcategory of arities yg, : TP —
¢, then a ¥ -endofunctor H : € — € is yg,-ary iff H preserves small ®p-flat colimits,
which is equivalent to H preserving small conical D-filtered colimits by the following
lemma:

4.8. LEMMA. Let D be a sound doctrine, let ¥ be locally D-presentable as a ®-category,
and let €,%€" be ®p-cocomplete V¥ -categories. Then a ¥V -functor F : € — €' preserves
small Pp-flat colimits iff F' preserves small conical D-filtered colimits.

PRrROOF. The forward implication holds because small conical D-filtered colimits are ®p-
flat (as remarked before [21, 5.21]). Conversely, suppose that F' preserves small conical
D-filtered colimits. If W : #°° — ¥ is a small ®p-continuous weight, meaning that %
is Pp-cocomplete and W preserves ®p-limits, then W is a conical D-filtered colimit of
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representables by [21, 5.22], and thus W belongs to the saturation of the class of weights
for small conical D-filtered colimits by [19, 3.12]. Our hypothesis then entails that F also
preserves small ®p-continuous weighted colimits. Now let W : %8°°P — ¥ be an arbitrary
small ®p-flat weight and D : B — € a ¥-functor, and let us show that I’ preserves
the colimit W x D. Consider the free ®p-cocompletion i : B — Pp(A) of A, which is
small because # is small and ®p is locally small (3.9). Then ®p(#)°P is a small and
dp-complete ¥ '-category equipped with a fully faithful #-functor i°P : °° — & (A)°P.
Since W is ®p-flat, it follows by [21, 2.4] that LanW : &p(HB)°P — ¥ is Pp-flat and
hence ®p-continuous by [21, 5.22]. Since € is Pp-cocomplete and Pp(H) is the free
dp-cocompletion of A, there is a (Pp-cocontinuous) ¥ -functor D’ : Op(H) — € with
D'oi 2= D. By [21, 2.1] we now have canonical isomorphisms

F(W % D)= F (W % D'i) = F (LanjW % D') = LanW * FD' = W « FD'i = W x FD,

the third isomorphism existing because the small weight Lan;» W is ®p-continuous and F
preserves small ®p-continuous weighted colimits. [

4.9. EXAMPLE: 7-CATEGORIES AS 7-MATRIX MONADS. Let X be a set, and write also
X to denote the discrete ¥'-category on X. Specializing Example 4.7(6) to the case where
o/ = X, consider the eleutheric subcategory of arities yx : X — [X,¥#] = ¥¥ given by
yx(z) = X (x,—). Let us write #-Mat to denote the bicategory of ¥ -matrices, i.e. the full
sub-bicategory of #-Prof consisting of the small, discrete ¥ -categories (which we regard
also as sets). As a special case of 4.7(6), the category Mnd,, (¥ %) of yx-ary #-monads on
¥ is equivalent to the category Mndy_mat(X) = Mndy_marer(X) of ¥ -matriz monads on
X, i.e. monads on X in #-Mat, which in turn is equivalent to the category #-Cat(X) of
¥ -categories with object set X (with identity-on-objects #'-functors). Given a ¥ -category
J with ob.7 = X, let us write Hom 4 to denote the ?-matrix monad on X determined
by 7. Writing composition of 1-cells in #-Mat as ®, the unit ¥ -category I determines
a homomorphism of bicategories #-Mat(—,I) : ¥-Mat°®® — Cat that sends Homs to
a monad (—) ® Homs on ¥-Mat(X,I) = #»-CAT(X,?'), which underlies a #-monad
(—) ® Homz on [X,¥] = #*. Under the equivalence Mndy_mat(X) ~ Mnd,, (¥%) of
4.7(6), the yx-ary #-monad T corresponding to .7 is precisely (—) @ Hom g : X — ¥,
Hence T-Alg = ((—) ® Hom #)-Alg is the ¥ -category of right Hom 7-modules in #* for the
monoid Hom 7 in #-Mat(X, X)) (relative to the right action of the latter monoidal category
on ¥* by ¥-matrix composition). But right Homz-modules in ¥* are equivalently
described as (covariant!) #-functors from .7 to ¥, and moreover

T-Alg=[7,7] . ]

4.10. DEFINITION. Let j : # < ¢ be a subcategory of arities, and let </ be a ¥-
category equipped with a #-functor U : &/ — ¢. We say that is U is strictly #7-
monadic if there is a _#-ary #-monad T on ¢ with o/ = T-Alg in #-CAT /%, in which
case we say that &/ is a strictly _¢#-monadic ¥ '-category over €. m
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In general, if ¥ is a class of weights and T is a #-monad on a ¥-cocomplete ¥ -category
€, then T : € — € preserves U-colimits if and only if U : T-Alg — € creates W-colimits,
from which we obtain the following:

4.11. PROPOSITION. In the situation of 4.10, suppose that € is ® ,-cocomplete. Then U
is strictly # -monadic if and only if U is strictly monadic and U creates ® z-colimits. m

5. Algebraically free #-monads in general

To achieve our first main objectives in §6, we first need to extend certain techniques and
results on algebraically free monads [14] from the ordinary to the enriched context.

5.1. Given an endofunctor H, we write H-Alg for the category of H-algebras [3, 5.37].
Given instead a #-endofunctor H : € — %, we call the objects of Hy-Alg simply H-
algebras, and Hy-Alg underlies a ¥ -category H-Alg that is defined as in [10, II.1] and is
equipped with a (#-)faithful #-functor U : H-Alg — % given on objects by (A, a) — A.
If T = (T,n,un) is a ¥-monad on ¢, then Eilenberg-Moore T-algebras constitute a full
sub-7 -category T-Alg — T-Alg, and we write UT : T-Alg — % to denote the restriction
of UT. m

5.2. A pointed ¥ -endofunctor on a ¥-category % is a pair P = (P, ) consisting of
a ¥ -endofunctor P : 4 — % and a ¥ -natural transformation 7 : 14 — P. A P-algebra
is then a P-algebra (A, a) with a o w4 = 14. We write P-Alg to denote the full sub-7"-
category of P-Alg consisting of the P-algebras, and we write U : P-Alg — % to denote
the restriction of U”.

Pointed #-endofunctors on % are the objects of a category End,(%’), in which a
morphism « : P — Q is a #-natural transformation o : P — () that commutes with
the associated transformations 1¢ — P and 1l¢ — ). =

5.3. The semantics functor Alg : Mnd(%)°°? — ¥-CAT /% [10, 11] sends each #-monad
T to T-Alg, equipped with its associated #-functor U' : T-Alg — %, and sends each
morphism of ¥-monads a : T — T’ to the unique ¥ -functor o* : T'-Alg — T-Alg that is
given on objects by (A, a) — (A, a0 ay,) and commutes with the faithful ¥ -functors U™
and UT. The semantics functor Alg is fully faithful by [10, Pages 74-75].

More basically, one can similarly show that there is a functor End,(¢")°® — ¥-CAT /¥
that is given on objects by P — P-Alg and sends each morphism « : P — Q in End. (%) to
the unique #-functor a* : Q-Alg — P-Alg that is given on objects by (A4, a) — (A,ao0ay)
and commutes with the faithful 7 -functors U and U”. m

The following serves as an enrichment of the corresponding definition for ordinary cate-
gories in [14, §22], but we provide a different formulation of this definition that we find
conceptually clarifying and technically convenient:
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5.4. DEFINITION. Let P = (P, ) be a pointed #-endofunctor on a #-category ¢ and T
a #-monad on %. Then T is an algebraically free ¥-monad on P if T-Alg = P-Alg
in ¥-CAT /% . Since the semantics functor Alg : Mnd(%)°°? — ¥-CAT /¥ is fully faithful
(5.3), it follows that an algebraically free #-monad on P is unique up to isomorphism if
it exists, in which case we denote it by Tp. Note that the algebraically free #-monad on
P exists iff P-Alg is a strictly monadic 7 '-category over €. m

Writing W, : Mnd(¢) — End.(%) for the forgetful functor, our aim is now to enrich
[14, 22.2] to show that an algebraically free #-monad on a pointed ¥ -endofunctor P is
also a free ¥-monad on P, with respect to W,. To do this, we first require the following
enrichment and reformulation of [14, 22.1]:

5.5. LEMMA. Let T = (T,n, ) be a ¥ -monad on €. Then
(¥ -CAT /%) (T-Alg, P-Alg) = End.(%)(P,W.(T))

naturally in P € End.(%).

PROOF. Through a straightforward enrichment of the proof of [14, 22.1], we can show
that the inclusion T-Alg — W, (T)-Alg is the counit of a representation of the needed
form. ]

We now have the following enrichment of [14, 22.2]:

5.6. PROPOSITION. Let P be a pointed ¥ -endofunctor on a ¥ -category €, and suppose
that the algebraically free ¥ -monad Tp on P exists. Then Tp is also a free ¥ -monad on

P, with respect to the forgetful functor W, : Mnd(%¢) — End,.(%¥).

PROOF. By definition Tp-Alg = P-Alg in #-CAT /%, so since the semantics functor is fully
faithful (5.3) we compute that
Mnd(%’)(Tp, U) (V-CAT /%) (U-Alg, Tp-Alg)
(7-CAT /%) (U-Alg, P-Alg)
End.(¢) (P, W.(U))

11211

naturally in U € Mnd(%). =

We now require the following lemma on creation of limits and colimits, whose proof is
a straightforward variation and enrichment of the corresponding well-known result for
(ordinary) monads:

5.7. LEMMA. Let H (resp. P) be a ¥ -endofunctor (resp. a pointed ¥ -endofunctor)
on a ¥ -category €, let &/ be the ¥V -category of H-algebras (resp. P-algebras), and let
U : o — € be the forgetful ¥ -functor. Then U creates all limits. Also, if A is a class
of dually weighted diagrams and H (resp. P) preserves (W, U D)-colimits for every dually
weighted diagram (W, D) € A in o7, then U creates A-colimits. m

We can now prove the following enrichment of [14, 22.3]:
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5.8. THEOREM. Let P = (P,m) be a pointed ¥ -endofunctor on a ¥ -category €. Then
the algebraically free ¥ -monad Tp on P exists iff the forgetful ¥ -functor UY : P-Alg — €
has a left adjoint FP; and then Tp is the ¥ -monad arising from the adjunction F® 4 UP.

PROOF. By 5.7, UP creates conical coequalizers of UP-split pairs, so by [10, 11.2.1] we
deduce that UP is strictly monadic iff U has a left adjoint, and the result follows, in view
of 5.4. m

Thus, the algebraically free ¥-monad on a pointed ¥ -endofunctor P is the free P-algebra
¥-monad (if it exists).

If H:% — % is a ¥-endofunctor and % has (conical) binary coproducts, so that
End(%) does as well, then it is easy to verify that Py := (14 + H,in;) is the free pointed
¥ -endofunctor on H, where in; : 14 — 1¢ + H is the first coproduct insertion.

5.9. DEFINITION. Let H : € — % be a ¥ -endofunctor on a ¥ '-category %, and let

P = (P, m) be a pointed ¥ -endofunctor on ¥. Then P is an algebraically free pointed
¥-endofunctor on H if H-Alg = P-Alg in ¥-CAT/% . =

We now have the following lemma, whose proof is a straightforward enrichment of the
considerations in [14, §18]:

5.10. LEMMA. Let H : € — € be a ¥V -endofunctor on a ¥ -category € with conical
binary coproducts. Then the free pointed ¥V -endofunctor Py on H is an algebraically free
pointed V¥ -endofunctor on H. m

5.11. DEFINITION. Let H : € — % be a ¥ -endofunctor on a ¥ -category %, and let T be
a ¥-monad on €. Then T is an algebraically free ¥-monad on H if H-Alg = T-Alg
in #-CAT/%. Since the semantics functor is fully faithful (5.3), an algebraically free
¥ -monad on H is unique up to isomorphism if it exists, in which case we denote it by
P]I‘H.I

5.12. COROLLARY. Let H be a ¥ -endofunctor on a ¥ -category € with conical binary
coproducts, and suppose that the algebraically free ¥ -monad Ty on H exists. Then Ty
is a free ¥ -monad on H.

PROOF. Let Py := (14 + H,in;) be the free pointed #-endofunctor on H. By hypothesis

and 5.10 we have isomorphisms Tpy-Alg = H-Alg = Py-Alg in #-CAT /%, so Ty is alge-
braically free on Py and hence free on Py by 5.6, so Ty is free on H. n

5.13. THEOREM. Let H be a ¥ -endofunctor on a ¥V -category € with conical binary co-

products. Then the algebraically free ¥ -monad Ty on H exists iff the forgetful ¥ -functor
UH . H-Alg — € has a left adjoint F? : € — H-Alg; and then Ty is the ¥ -monad
arising from the adjunction F 4 UH

PROOF. Since H-Alg = Py-Alg in ¥-CAT /% by 5.10, this follows from 5.8. ]
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6. The free ¢-ary ¥-monad on a _#-ary ¥ -endofunctor

The objective of this section is to show that if j : # < ¥ is a subcategory of arities
satisfying certain hypotheses, then every ¢-ary ¥ -endofunctor on ¢ has an algebraically
free #-ary #-monad on ¢, so that in particular the forgetful functor W : Mnd, (%) —
End, (%) has a left adjoint. In the special case of the canonical subcategory of arities j :
Gy, — € in a locally finitely presentable ¥ -category % over a locally finitely presentable
¥, aresult of the latter form was proved by Kelly and Power in [18, §4], and an analogous
result for strongly finitary #-monads on a cartesian closed category ¥ was proved by Kelly
and Lack in [17, §3].

6.1. BOUNDED SUBCATEGORIES OF ARITIES.

In this section, we identify hypotheses on ¢ < % that will enable us to prove in §6.2 that
every ¢ -ary ¥-endofunctor H : ¢ — ¢ has an algebraically free #-ary #-monad Ty,
by showing that the forgetful #-functor U¥ : H-Alg — % has a left adjoint, then invoking
5.13 and proving that the induced #-monad is ¢#-ary. The hypotheses that we impose
on ¢ to enable this proof strategy involve enriched factorization systems. A standard
reference on factorization systems for ordinary categories is e.g. [13], while we refer the
reader to [24] for the definition of an enriched factorization system on a ¥ -category. We
recall that an enriched factorization system (&, .#) is proper if the left class & is contained
in the ¥ -epimorphisms and the right class .# in the #-monomorphisms (defined as in
[10, 0.1]). If the ¥ -category € is tensored and cotensored, then the ¥ -epimorphisms (¥-
monomorphisms) in ¢ coincide with the epimorphisms (monomorphisms) in %, by [24,
2.4], so that an enriched factorization system (&,.#) on € is proper iff the underlying
ordinary factorization system on % is proper.

6.1.1. DEFINITION. A factegory is a category % equipped with a factorization system
(&, .#), while a factegory ¢ is proper if (&, .#) is proper. The factegory € is cocom-
plete if the category % is cocomplete and has arbitrary cointersections of &-morphisms
(i.e., wide pushouts of arbitrary families of &-morphisms with the same domain). A facte-
gory € is &-cowellpowered if each C' € ob % has just a (small) set of &-quotients, i.e.
isomorphism classes of &-morphisms with domain C'. =

Note that if ¢ is a cocomplete factegory, then & consists of epimorphisms by [14, 1.3].
In particular, this is true when % is an &-cowellpowered factegory with small colimits.
Every category € can be equipped with the structure of an &-cowellpowered factegory
by taking (&,.#) = (lso, All), where Iso is the class of all isomorphisms in € and All is
the class of all morphisms in €.

The term factegory was recently introduced by the authors in [29] in the case where
(&,.#) is proper, along with the following terminology:

6.1.2. DEFINITION. A (symmetric monoidal) closed factegory is a symmetric monoidal
closed category ¥ equipped with a ¥ -enriched factorization system (&, .Z). m
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6.1.3. ASSUMPTION. For the remainder of the paper, we assume (along with our blanket
assumptions in §2) that ¥ is a closed factegory with enriched factorization system (&, .#).
[

6.1.4. DEFINITION. Let % be a ¥ -category equipped with an enriched factorization sys-
tem (&, #y). Then (&, #y) is compatible with (&, .#) if each €(C,—) : € — V
(C' € ob %) preserves the right class (i.e. m € .#, implies €(C,m) € #). m

This notion of compatibility for enriched factorization systems was first introduced by the
authors in [29], in the case where the factorization systems are proper, and it leads to the
following concept, which also was introduced in [29] in the proper case:

6.1.5. DEFINITION. A ¥ -factegory is a ¥ '-category % equipped with an enriched fac-
torization system (&%, .#y) compatible with (&, .#), while we say that € is proper if
(&%, M) is proper. The ¥ -factegory € is cocomplete if the ¥ -category % is cocomplete
and ¥ has arbitrary (conical) cointersections of &-morphisms. m

Where this will not cause confusion, we shall (also) write (&,.#) for the enriched fac-
torization system of a ¥ -factegory 4. We can now formulate the important notion of
boundedness, which is based on Kelly’s taxonomy of the preservation of &-tightness of
various classes of cocones by ordinary functors in [14, 2.3]:

6.1.6. DEFINITION. Let ¥ and ¥ be ¥ -factegories with small conical colimits, and
let ' : € — & be a ¥-functor. Given a regular cardinal «, we say that F' is a-
bounded if for every small a-filtered diagram D : o — %, and every . -cocone
m = (ma: DA — C),,,on D (ie. my € A for all A € ob./), if the induced morphism
m : colim D — C lies in &, then the induced morphism Fm : colim FD — FC lies in &.
To say that F'is a-bounded in this sense is to say that I’ preserves the & -tightness of small
a-filtered . -cocones, following the terminology of [14, 2.3]. We say that F' : € — Z is
bounded if F' is a-bounded for some regular cardinal a.

Given an object C of a #-factegory % with small conical colimits, we say that C' is
(a-)bounded if the ¥ -functor € (C, —) : € — ¥ is (a-)bounded. m

Note that if each of (&, &), (&, M), (Ep, M y) is the trivial factorization system (Iso, All),
then a ¥ -functor F': ¥ — Z is a-bounded iff F' preserves small conical a-filtered colim-
its. So the notion of a-boundedness can be regarded as a factorization-system-theoretic
variant of the notion of having rank < a.

We mention in passing that the slightly weaker notion of preservation of the &-tightness
of (M ,a)-cocones [14, 2.3(1)] is defined analogously to a-boundedness but employs a-
chains rather than a-filtered diagrams in general. This weaker notion is used in various
of the existence results in [14] and, consequently, still suffices in enabling the central
existence results in this paper (namely 6.2.5, 7.9, 9.3.8) when substituted in place of
(a-)boundedness.

6.1.7. REMARK. We now discuss how the boundedness of certain 7'-functors between
proper ¥ -factegories admits an intuitive equivalent characterization in terms of .Z -
unions. This special case forms part of the foundation of the theory of locally bounded
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¥ -categories, recently introduced by the authors in [29], generalizing the locally bounded
categories of Freyd and Kelly ([13], [16, §6.1]).

Let € be a cocomplete proper ¥ -factegory. A small sink (m; : C; — C)ier (ie. a
small family of morphisms with shared codomain) is &-tight (or is jointly in &) if the
induced morphism [[,C; — C lies in &. A sink (m;); is an 4 -sink if each m; € A
(i € I), while a small .#-sink (m;); is a-filtered if for every J C I with |J| < a, there is
some ¢ € [ such that every m; (j € J) factors through m,.

Given a ¥-functor F : € — 2 between cocomplete proper ¥ -factegories, we say
that F' preserves the &-tightness of a-filtered . -sinks if F' sends every &-tight a-filtered
M -sink to an &-tight sink. Since % and & are proper, we can show that F'is a-bounded
iff F' preserves the &-tightness of a-filtered .#-sinks. To see this, first observe that
if m = (my: DA — C),.,, is a cocone on a small diagram D : &/ — %, then m :
colim D — (' lies in & iff the cocone m is an &-tight sink. Indeed, the induced morphism
[ma) - [[4 DA — C factors through the canonical morphism [[, DA — colim D, which
is a regular epimorphism (by the construction of conical colimits from coproducts and
coequalizers) and hence is an &-morphism by properness. By composition and cancellation
properties of factorization systems, it then follows that [ma], : [[4 DA — C lies in & iff
m : colim D — (' lies in &, as desired. Given this observation, the stated equivalence for
F: % — 2 is now almost immediate.

In a cocomplete proper ¥ -factegory ¢ one can also define the union of an .#-sink
(m; : C; = C)er to be an .#Z-morphism m : |J; C; — C through which the given .#-sink
(m;); factors via an &-tight sink (e; : C; = |J,; C), (i.e. moe; = m; for each i € I).
The union of (m;); can be obtained as the .#Z-component of the (&, .#)-factorization
[Lic; Ci 5 Uier Ci 5 C of [my); : [Lic; Ci — C.

Given cocomplete proper ¥ -factegories ¥ and ¥ and a ¥ -functor F' : € — 2 that
preserves the right class (i.e. m € .# implies Fm € .#), we say that F preserves (a-
filtered) A -unions if whenever (m;); is an (a-filtered) .Z-sink in € with union m, then
the .#-morphism F'm is a union of the .#-sink (F'm;);. It is remarked in [29, 4.31] that
if F' preserves the right class, then F' preserves a-filtered .#-unions iff F' preserves the
&-tightness of a-filtered .# -sinks, iff (by the previous paragraph) F' is a-bounded in the
sense of 6.1.6. In particular, since €(C,—) : € — ¥ (C € ob%) preserves the right
class by 6.1.4, it follows that C' is a-bounded iff €(C,—) : € — ¥ preserves a-filtered
A -unions. This fact will be used in 6.1.13 below. m

Our motivation for considering bounded ¥ -functors is to make use of the following im-
portant result proved by Kelly in [14, 18.1]:

6.1.8. THEOREM. (Kelly [14]) If H : € — € is a bounded endofunctor on a cocomplete
factegory €, then UM : H-Alg — € has a left adjoint. m

We now enrich 6.1.8 as follows:

6.1.9. THEOREM. If H : € — % is a bounded ¥ -endofunctor on a cocomplete ¥ -
factegory € that is cotensored, then the ¥ -functor U . H-Alg — € has a left adjoint.
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PRrROOF. The hypotheses imply that %4j is a cocomplete factegory and that Hy : 65 — %
is a bounded endofunctor. So from 6.1.8 we deduce that U : Hy-Alg — %, has a left
adjoint, i.e. that U : H-Alg, — %, has a left adjoint. Since € is cotensored, it follows
by 5.7 that H-Alg is cotensored and that U : H-Alg — ¥ preserves cotensors, so that
U : H-Alg — € then has a left adjoint by [16, 4.85]. [

Using the notion of enriched a-bounded object (6.1.6), we now introduce a new property
of subcategories of arities that is central to this paper:

6.1.10. DEFINITION. Let j : # < ¥ be a subcategory of arities in a ¥ -factegory ¢
with small conical colimits. Then ¢ is a-bounded if ¢ is small and every J € ob ¢
is a-bounded, while ¢ is bounded if there is a regular cardinal a for which ¢ is
a-bounded. m

6.1.11. REMARK. In the situation of 6.1.10, assuming that ¢ is small, we find that #
is bounded iff each J € ob ¢ is bounded. Indeed, if for each J € ob ¢ there is a regular
cardinal a; such that J is a,;-bounded, then (because ¢ is small) we can find a regular
cardinal o larger than every v, so that every J € ob ¢# will be a-bounded. m

6.1.12. ExaMPLE. We now show that most of the (eleutheric) subcategories of arities
from 3.9 are bounded:

(1) Suppose that 7 is locally a-presentable as a closed category and that % is a locally
a-presentable ¥ '-category with associated subcategory of arities j : 6, < % consisting of
a-presentable objects. Regarding 7 as a closed factegory by taking (&, .#) to be (Iso, All),
we may regard € as a ¥-factegory equipped also with (Iso, All). For every J € ob%,,
the ¥-functor €(J,—) : € — ¥ preserves small conical a-filtered colimits and hence is
a-bounded. So the subcategory of arities j : 6, — % is a-bounded.

In fact, every small subcategory of arities j : _# < % in a locally presentable #'-category
% (over a locally presentable closed category ¥) is bounded by 6.1.11, because for each
C € ob @, there is some regular cardinal « for which C' is a-presentable by [15, 7.4].

(2) More generally, we shall show in 6.1.14 below that if € is a locally bounded ¥ -category
[29] over a locally bounded closed category ¥ [16, §6.1], then every small subcategory of
arities in % is bounded, with respect to the proper factorization system carried by % .

(3) If ¥ is a m-category in the sense of [8], then the eleutheric subcategory of arities
Jj : SF(¥) — ¥ is Nyg-bounded. Indeed, by the definition of w-category (see [8, 2.1.1]),
we know for each V' € ob ¥ that the functor V' x (=) : ¥ — ¥ preserves small filtered
colimits. It then follows by a slight variation of the proof of [15, 3.8] that (—=)" : ¥ — ¥
preserves small filtered colimits for each n € N. So if we take (&,.#) = (Iso, All), then
for each n € N it follows that #(n-1,—) = ¥ (I,—)" = (=)" : ¥ — ¥ preserves small
filtered colimits and thus is No-bounded.

(4) If we consider the subcategory of arities j : {/} < ¥ on the unit object in ¥, then we
can take (&, .#) = (Iso, All) and « := W, because ¥ (I,—) = 1y : ¥ — ¥ will certainly
be Ng-bounded.
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(5) Let o be a small ¥ -category, and consider the subcategory of arities y, : &/°P —
o/, ¥]. If we equip both ¥ and [&7, 7] with the trivial enriched factorization system
(Iso, All), then y., : &7°° — [of, ¥'] will be an Ry-bounded subcategory of arities. Indeed,
if A € ob.«, then the ¥-functor [, ¥ |(ysA, —) : [&/, V] — ¥ will be Rg-bounded, i.e.
will preserve small conical filtered colimits, because this ¥-functor is isomorphic (by the
enriched Yoneda lemma) to the cocontinuous evaluation #-functor Evy : [&7, %] — 7.

(6) Let @ be a locally small class of small weights satisfying Axiom A of [21], and let
% = ®-Mod(.7) be the ¥ -category of models of a ®-theory 7. Then, by 6.1.15 below, if
¥ is a locally bounded closed category that is &-cowellpowered, then yg : 7P < € is a
bounded subcategory of arities, with respect to an associated proper factorization system

on %.

(7) Again letting ¥ = ®-Mod(.7) as in (6), but for an arbitrary ¥  as in §2, if there
is a regular cardinal a for which every small conical a-filtered weight is ®-flat, then
Yo : T — € will be an a-bounded subcategory of arities with respect to the (Iso, All)
factorization systems on ¥ and on % . Indeed, since yg presents % as a free cocompletion
of 7°P under small ®-flat colimits, it follows by [19, 4.2(iv)] that each € (yo T, —) : € — ¥
(T € ob .7) preserves small ®-flat colimits and hence small conical a-filtered colimits, so
yo 1 is a-bounded.

(8) As a special case of (7), suppose that ®p is the class of small weights determined by a
sound doctrine D as in 3.9, where ¥ is locally D-presentable as a ®-category. Since D is a
small class of small categories, we can find a regular cardinal a such that every 2 € D is
a-small. Then because Set is locally a-presentable, small a-filtered colimits commute in
Set with a-small limits and hence with Z-limits for every 2 € D, so that small a-filtered
colimits are D-filtered. Since the weights for small conical D-filtered colimits are $p-flat
(see [21, §5.4]), it then follows from (7) that yo : T°P < ®p-Mod(.7) is an a-bounded
subcategory of arities for the (Iso, All) factorization systems. m

6.1.13. EXAMPLE: LOCALLY BOUNDED 7 -CATEGORIES. We now discuss in detail the
general class of examples 6.1.12(2), in locally bounded 7 -categories € over locally bounded
closed categories ¥, and we show that any small subcategory of arities in such a 7-
category % is bounded, with the useful consequence that all of our main results in this
paper will hold for any small and eleutheric subcategory of arities in such a ¥ -category.

We begin by recalling the relevant definitions from [29]. Let ¥ be a cocomplete
proper closed factegory (e.g. ¥ = Set). If € is a cocomplete proper #-factegory and
9 C ob®% is small, then ¢ is an enriched (&, .#)-generator if for each C' € ob % the
canonical morphism [[,., €(G,C) ® G — C lies in &, where €(G,C) ® G is the 7-
enriched tensor. Recall from 6.1.7 that (in this context) an object C' € ob % is a-bounded
ifft €(C,—) : € — ¥ preserves a-filtered .#-unions. A ¥ -category € is then locally
a-bounded if € is a cocomplete proper ¥ -factegory with an enriched (&, .#)-generator
consisting of a-bounded objects. In this case, it follows that € is also complete, by [29,
4.27].
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A symmetric monoidal closed category ¥ is then locally a-bounded (as a closed cat-
egory) if ¥, is a locally a-bounded (Set-)category, the associated proper factorization
system (&, .#) is ¥ -enriched, the unit object I is a-bounded, and G ® G’ is a-bounded
for all G,G" € ¢ (the (&, .# )-generator of ¥;). By the above, it then follows that ¥ is
also complete.

We refer the reader to [29, §5.3] for many examples of locally bounded closed categories,
which include any locally presentable closed category, any cartesian closed topological
category over Set, any cocomplete locally cartesian closed category with a generator and
arbitrary cointersections of epimorphisms, and various categories of models of symmetric
monoidal limit theories in locally bounded and &-cowellpowered closed categories. We
now have the following result:

6.1.14. PROPOSITION. Let € be a locally bounded ¥ -category over a locally bounded
closed category V. If j: # — € 1is a small subcategory of arities, then ¢ is bounded.

PRrROOF. If J € ob _#, then by [29, 6.4] there is a regular cardinal « such that J is a-
bounded, so we deduce the result by 6.1.11 and the smallness of #. [

6.1.15. EXAMPLE. In the situation of 6.1.12(6), if #" is a locally bounded closed category
that is &-cowellpowered, then ®-Mod(.7) carries the structure of a locally bounded #-
category by [29, 11.9], so the small subcategory of arities yp : TP — ®-Mod(.7) is
bounded, by 6.1.14. m

6.2. EXISTENCE OF FREE _#-ARY 7-MONADS ON _Z-ARY 7-ENDOFUNCTORS.

In this section, we prove that every _#-ary #-endofunctor H has an algebraically free
¥-monad Ty that is #Z-ary, provided that the subcategory of arities j : ¢ — € is
bounded and that € is a cocomplete ¥ -factegory and is cotensored. We begin with two
lemmas:

6.2.1. LEMMA. Let F : € — 2 be a ¥V -functor between cocomplete ¥V -factegories.
If F preserves small conical colimits and the left class (i.e. e € & implies Fe € &),
then F preserves the &-tightness of all small cocones. Explicitly, if D : &/ — %, is a
small diagram and m = (my : DA — C) 4., s a cocone on D whose induced morphism
m : colimD — C lies in &, then the induced morphism Fm : colim FD — FC lies in &.

PROOF. Since F' preserves small conical colimits, it suffices to show that the morphism
Fm : F (colim D) — FC lies in &, which is true because m € & and F preserves the left
class. .

If % is a small ¥ -category, then since ¥ is a closed factegory (6.1.3) the presheaf ¥'-
category [#°P, V] is a ¥ -factegory [29, 4.7], whose enriched factorization system is defined
pointwise.

6.2.2. LEMMA. Let D : BB — € be a V-functor from a small ¥V -category B to a
cocomplete ¥V -factegory €. Then the colimit ¥ -functor (=) x D : [BP, V] — € is a left
adjoint that preserves the left class.
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PROOF. The right adjoint of (=) % D is the #-functor € (D—,?7) : € — [#A°°, ¥] defined
by C' +— €(D—,(C), and this right adjoint preserves the right class because (&, #y) is
compatible with (&, .#) and the right class of [#°P, ¥ is defined pointwise. It follows
that the left adjoint (—) * D preserves the left class [29, 3.4]. "

The following result will be central for proving the main theorems of this paper:

6.2.3. PROPOSITION. Let j : ¢ < € be an a-bounded subcategory of arities in a
cocomplete ¥ -factegory €. Then every ¥ -endofunctor H : € — € that is a left Kan
extension along j is a-bounded. In particular, every Z-ary ¥V -endofunctor H : € — €
18 a-bounded.

PROOF. The last assertion follows from the previous one because every _#-ary #-endofunctor
is a left Kan extension along j by 4.3. So let H = Lan;D : ¢ — € for some D : ¢ — ¢ .
Then H is isomorphic to the composite ¥ -functor

¢ 2 g, v) 28 ¢ (6.2.0)

where y; is the restricted Yoneda #'-functor defined by y;(C) = €(j—,C) (C € €). Since
Z is a-bounded, it follows that y; is a-bounded. Also, (=) * D : [ £, /] — € is a
left adjoint that preserves the left class, by 6.2.2, so (=) % D preserves the &-tightness of
all small cocones, by 6.2.1, and hence the composite (6.2.1) preserves the &-tightness of
small a-filtered .#Z-cocones, i.e. is a-bounded. [

The preceding result will enable us to invoke 6.1.9 to deduce the existence of the alge-
braically free ¥"-monad Ty on a _#-ary endofunctor H under certain hypotheses, while
the following will enable us to deduce that Ty is #-ary:

6.2.4. LEMMA. Let j : Z < € be a subcategory of arities in a ®,-cocomplete V' -
category €, let H : € — € be g -ary, and suppose that the forgetful ¥ -functor U" :
H-Alg — € has a left adjoint F¥. Then the induced ¥ -monad T on € is ¥ -ary.

PROOF. Since H preserves @ ,-colimits, we deduce by 5.7 that U H creates ®  7-colimits,
so UM preserves P s-colimits since € has ® ,-colimits, and the result follows. [

We now prove our main result of this section:

6.2.5. THEOREM. Letj: ¢ — € be a bounded subcategory of arities in a cocomplete ¥V -
factegory € that is cotensored. Every ¢ -ary ¥V -endofunctor H on 6" has an algebraically
free ¥ -monad Ty that is _# -ary, so that U% . H-Alg — € is strictly _# -monadic.

PROOF. Since H is _#-ary and hence bounded by 6.2.3, we deduce from 6.1.9 that U¥ :
H-Alg — ¢ has a left adjoint, and the resulting free H-algebra #-monad Ty is _#-ary
by 6.2.4. We also know by 5.13 that Ty is an algebraically free #-monad on H, and the

result follows. ]
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From 5.12, 6.2.5, and [33, Fact 3.1] we now deduce:

6.2.6. COROLLARY. Letj: Z < € be a bounded subcategory of arities in a cocomplete
¥V -factegory € that is cotensored. Then the forgetful functor W : Mnd,(€') — End, (%)
1s monadic. m

7. Free #Z-ary ¥-monads on _¢#-signatures

In this section, we first define the notion of ¥-algebra for a _# -signature ¥ on a sub-
category of arities j : # < ¢, and then we show under certain hypotheses that every
¥ -signature has a free ¢-ary #-monad Ty, whose ¥ '-category of Eilenberg-Moore alge-
bras is isomorphic to the ¥ '-category of X-algebras.

7.1. DEFINITION. Let j : ¢ < € be a subcategory of arities in a ¥ -category €. A
Y -signature (in €) is an ordinary functor ¥ : ob ¢ — %, where ob ¢ is the discrete
category on the objects of ¢. Thus, a ¢ -signature in ¢ is just an ob _¢#-indexed family
of objects of €. The category of _#-signatures is then Sigf (¢) = CAT (ob _7,%). m

In the locally presentable setting, the notion of signature for a subcategory of arities
appears in [9, Definition 37| and (in a special case) in [18, §5].

7.2. DEFINITION. Let X be a _¢#-signature for a subcategory of arities j : ¢ — &
in a tensored ¥-category . A Y-algebra (in %) is a pair (A,a) with A € ob% and
a = (a;:€(J,A)@EJ = A),c , an ob _g-indexed family of morphisms in ¢". Given
Y-algebras (A, a) and (B,b), a ¥-homomorphism f : (A,a) — (B,b) is a morphism
f:A— Bin ¢ such that the following diagram commutes for every J € ob ¢

C(J,A) o) LD i By e s
wl le
A f

We let Y-Alg, be the ordinary category of ¥-algebras and >-homomorphisms. =

7.3. REMARK. If € is cotensored, then one may also define ¥-algebras in € in the
following way, which is equivalent to the above if € is also tensored. A X-algebra is a
pair (4, a) with A € ob%” and a = (ay : £J — [¢/(J, A), A]) ;¢ , an ob #-indexed family
of morphisms in %, while a morphism f : (A,a) — (B,b) of such Y-algebras in ¥ is a
morphism f : A — B in € such that the following diagram commutes for every J € ob _#:

J & s [€(J,A), A]
bs [1.f]
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This definition of Y-algebra is perhaps closer to the traditional notion from universal
algebra. In that context, where € = ¥ = Set and ¢ = FinCard, a X-algebra (under
this second definition) consists of a set A and for each finite cardinal n, a function a,, :
Yn — Set (A", A) that interprets each operation symbol w € 3n of arity n as an operation
w1 A" — A. Under Definition 7.2, we instead have a,, : A" x ¥n — A, which sends each
pair (%, w) to the value w?(¥) of the operation w* at the input 7. m

7.4. If € is tensored and ¥ has pairwise equalizers of ob _#-indexed families of parallel
pairs in the sense of [27, 2.1] (which is true if # is small or 7 has wide intersections
of strong monomorphisms), then the category ¥-Alg, underlies a ¥ -category X-Alg de-
fined as follows. For all ¥-algebras (A,a) and (B,b) in ¥, we define the hom-object
¥-Alg ((A,a),(B,b)) € ob? to be the pairwise equalizer of the following ob _#-indexed
family of parallel pairs:

(A, B) 2 @(J,A) @ 2, B)

@(A, B) T an, oo g A) 0 50,4 J, B) @ ) L @(6(1, A) @ B, B) .

Thus we obtain a ¥ -category »-Alg that is equipped with an evident faithful #-functor
U* : $-Alg — %, and we call ¥-Alg the ¥-category of Y-algebras (in €). m

We now wish to show (under certain hypotheses) that every ¢-signature ¥ generates a
free #-ary ¥ -endofunctor Hy : € — €.

7.5. THE FREE #7-ENDOFUNCTOR ON A _¢-SIGNATURE. Let j : ¢ < % be a small sub-
category of arities in a cocomplete ¥ -category €. We write simply ob ¢ for the free 7-
category on the discrete category ob ¢, which is just the discrete ¥ -category with object
set ob _#. Hence Sig, (%) = CAT (ob #, %)) may be identified with #-CAT (ob 7, ¥’).
Writing j' : ob ¢ — & for the canonical #-functor, we obtain a ‘forgetful” functor

¥-CAT(j',%) : End(€) — Sig, (%)

that is given by restriction along j’ and sends each #-endofunctor H : € — € to its
underlying _#-signature (H.J)eob ». This forgetful functor has a left adjoint

Lan; : Sig, (%) — End(%)

that is given by left Kan extension along j' and so sends each _#-signature ¥ to the
polynomial 7-endofunctor

Hs. = Lanj/Z : Cg—>(€,

given by
HyC = [[ ¢(J.C)@ %]
Je g
¥ -naturally in C' € €. =
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7.6. PROPOSITION. Let ¥ be a _#Z -signature for a small subcategory of arities j : 7 — €
in a cocomplete ¥ -category €. Then (1) Hy : € — € is a left Kan extension along j;
(2) if 7 is eleutheric then Hy, is ¢ -ary; while (3) if € is a cocomplete ¥ -factegory and
J is bounded then Hy, is bounded.

PROOF. Writing i : ob _# — _# for the canonical ¥ -functor, we have that ;' = j o, so
Hy, = LanjLan;X and hence (1) holds, and (2) now follows by 4.2, while (3) follows by
6.2.3. -

In the situation of 7.6, if ¢ is eleutheric then Hy; is therefore a free _# -ary #'-endofunctor
on X, with respect to the evident forgetful functor End, (%) — Sig,(%¢). The latter
functor is in fact monadic in this case:

7.7. PROPOSITION. Let j : ¢ < € be a small and eleutheric subcategory of arities in a
cocomplete ¥ -category €. Then the forgetful functor End, (%) — Sig (€) is monadic.

PROOF. In view of the equivalence ¥-CAT (_¢, %) ~ End, (%) (see 4.5), it suffices to show
that the functor i* = ¥-CAT(i,¢) : V-CAT (_#,¢) — V-CAT (ob _#,%) is monadic,
where 7 : ob ¢ — _# is the canonical ¥-functor. But i* has a left adjoint Lan; and is
conservative since 7 is identity-on-objects, while #-CAT (_#, ¢’) has pointwise coequalizers
preserved by i*, so ¢* is monadic by Beck’s monadicity theorem. [

The proof of the following result is a straightforward generalization and enrichment of [4,
5.15].

7.8. PROPOSITION. Let j : # < € be a small subcategory of arities in a cocomplete
V -category €, and let X be a _# -signature. Then Hx-Alg = X-Alg in V' -CAT/€ . =

Throughout the rest of the paper, we write
U:Mndy(¢) — Sig/(cﬁ)

to denote the composite of the forgetful functors Mnd,(¢) — End,(¢) — Sig, (¢).

7.9. THEOREM. Let j : ¢ — € be a bounded and eleutheric subcategory of arities in
a cocomplete V -factegory € that is cotensored. Every ¢ -signature ¥ has a free ¢ -ary
¥ -monad Ty on € with Tg-Alg = 3-Alg in ¥ -CAT /€, so that the forgetful ¥ -functor
U» : S-Alg — € is strictly # -monadic. In particular, U : Mnd,(€) — Sig,(€') has a
left adjoint.

PROOF. This follows immediately from 5.12, 6.2.5, 7.7, and 7.8. [

A weaker version of 7.9 holds even if _# is not eleutheric:

7.10. THEOREM. Let j : # — € be a bounded subcategory of arities in a cocomplete V' -
factegory € that is cotensored. Every # -signature 3 has a free ¥'-monad Ts, on € with
Tx-Alg = X-Alg in ¥ -CAT /€, so that the forgetful ¥ -functor U* : ¥-Alg — € is strictly
monadic. In particular, the forgetful functor Mnd(%¢) — Sig (€) has a left adjoint.
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ProoOF. By 7.5, Hy, is a free #-endofunctor on . Also, Hy is bounded by 7.6, so by
6.1.9 we deduce that U#= : Hy-Alg — € has a left adjoint. Hence, the induced #-monad
Ty on ¥ is an algebraically free #-monad on Hy, by 5.13 and so is a free #-monad on
Hy, by 5.12. The result now follows, using 7.8. [

Contrasting 7.9 and 7.10, the additional assumption of eleuthericity in 7.9 allows us to
deduce that the free #-endofunctor Hyx on a _#-signature ¥ is ¢ -ary, which in turn
allows us to deduce that the free #-monad Ty is _#-ary. The latter property of Ty
will be quite important in developing a theory of presentations and algebraic colimits for
_#-ary monads in the remainder of the paper, particularly because it is only since Ty is
_# -ary that we shall be able to deduce that Ty, is bounded, which in turn is what enables
us to form the quotients of Ty, presented by systems of _#-ary equations over Ty, (9.3.8,
10.1.8).

7.11. EXAMPLE. Let us recall the familiar special case of Theorem 7.9 in the classical
setting of universal algebra, with ¢ = ¥ = Set and ¢ = FinCard. Every (FinCard-
)signature ¥ has a free finitary endofunctor Hy, : Set — Set and a free finitary monad
Ts, = (T%,n*, n*) on Set. Here, Hy is the polynomial endofunctor induced by %, given
by Hy X =[], X" x ¥n. Hx-algebras may be identified with the traditional 3-algebras of
7.3 and, in turn, with Eilenberg-Moore algebras for the free >-algebra monad Ty, which
admits the following explicit description. For any set X, the set Ty, X is the set of terms
constructed from variables in X and operation symbols in 3. The function n% : X — TxX
then sends each x € X to itself (qua variable), while the function p% : Ts(TxX) — Ts X
acts by substitution. m

7.12. REMARK. Under the assumptions of 7.9, we now provide a more concrete descrip-
tion of the (algebraically) free ¢-ary #-monad on a _#-ary ¥ -endofunctor, and in partic-
ular of the free #-ary #-monad on a _¢-signature. Recall that if H : ¢ — € is ¢ -ary,
then the (algebraically) free #-ary ¥-monad on H is the free H-algebra #-monad Ty
on €. In view of 5.1, the free H-algebra Ty C' on an object C of € is equally the free
Hy-algebra on C for the underlying ordinary functor Hy : 45 — %o, so we can obtain an
explicit description of Ty C in the case where % is &-cowellpowered by consulting Kelly’s
description of free algebras for ordinary endofunctors in [14, §20]. Letting Ord denote
the preordered class of ordinals, one defines a transfinite sequence C(_y : Ord — €, by
setting Cy := C, setting Cy; := C' + HCjp for each ordinal j3, setting C, := colimg, C3
for each limit ordinal «, and defining C(_) suitably on inequalities o < . The #'-functor
H : ¢ — ¢ is f#-ary and hence bounded, by 6.2.3, and therefore Hy : 6y — % is
bounded, so since % is &-cowellpowered, it follows by [14, 15.6] that this sequence con-
verges, i.e. there is an ordinal « with C,, — C,41 an isomorphism (see [14, 5.2]). By [14,
20.4], it then follows that the underlying object of the free Hy-algebra on C'is C,, so that
TyC = C,.

In particular, if ¥ is a _#-signature, so that ¥ has a free _#-ary #-endofunctor Hy, on
¢ and free #-ary 7-monad Ty on ¢, then Ty admits the following explicit description
if € is &-cowellpowered. With H = Hy, in the preceding paragraph and C' € ob %, the
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transfinite sequence C_y : Ord — %{ has the following form (recall the explicit description
of Hy, from 7.5): we have Cyy := C, we have Cs;1 := C+HxCj = C’+HJ6/ € (J.Cs)@2J
for each ordinal 3, and we have C, := colimg., Cp for each limit ordinal a.. Since Hy,
is _#-ary and hence bounded, this transfinite sequence converges at some ordinal o, so
that TxC = C,. One may think of each Cy as the €-object of X-terms of depth < [
with variables from C, and of TxC' as the € -object of all X-terms with variables from C.
For example, in the classical situation of j : FinCard < Set, where Tx X is the set of all
Y-terms with variables from the set X, then an element of X3, for an ordinal 3 is either
a variable from X, or an element of Set (n, Xg) x ¥n = X x ¥n for some finite cardinal
n, consisting of an n-ary operation symbol w € ¥n and an n-tuple of terms ¢4, ..., ¢, € X3
of depth < f; the resulting term of depth < 5+ 1 is usual written as w(ty, ..., t,). m

7.13. FREE STRONGLY FINITARY 7-MONADS ON CARTESIAN CLOSED TOPOLOGICAL
CATEGORIES.

We now pause to consider a class of examples in which ¥ is a cartesian closed topological
category over Set, meaning that ¥ is cartesian closed and the functor V := %;(1,—) :
%o — Set is topological (see e.g. [3, 21.1]). The functor V', which we write also as |—]|,
is then faithful [3, 21.3|, so that morphisms in #; may be regarded as certain functions
between the underlying sets of objects of #;. Also, ¥4 is complete and cocomplete, with
limits and colimits formed as in Set (e.g. by [3, 21.16]), so that |—| strictly preserves
limits and colimits.

The subcategory of arities SF(¥#) — ¥ is eleutheric (3.9) and is bounded when ¥
is equipped with its (Iso, All) factorization system (6.1.12). Strongly finitary 7#-monads
are the SF(%#)-ary #-monads for this subcategory of arities, and in this subsection we
prove that every free SF(%#')-ary #-monad Ty on an SF(¥')-signature ¥ is a lifting of a
free finitary monad Ty on Set. Here we write || to denote the underlying FinCard-
signature of ¥, defined by |X|(n) := |Xn| for each n € N. With this notation, a Y-algebra
(A, a) is equivalently given by an object A of ¥ and a |X|-algebra structure on |A| whose
associated maps A™ x ¥(n) — A are ¥-morphisms. In particular, each 3-algebra (A, a)
has an underlying |X|-algebra (|A[, |a|). We obtain a commutative square

Uy
Vzl lvz N (7.13.i)

in which the functor V* sends each Y-algebra to its underlying |3|-algebra. We now show
that this square satisfies the hypotheses of Wyler’s taut lift theorem (see [3, 21.28]).

7.13.1. PROPOSITION. Given an SF(¥')-signature ¥ in a cartesian closed topological cat-
egory ¥V over Set, the functor V= in (7.13.1) is topological, and UF sends V*-initial sources
to V-initial sources.
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ProOF. We shall omit from our notation all applications of the forgetful functors in
(7.13.1)). Given a |X|-algebra A together with X-algebras B, and |X|-homomorphisms
fr A — By (A € A), we can equip A with the structure of a ¥-algebra such that
the maps fy constitute a V>-initial source, as follows. Since V is topological, we may
equip the set A with the structure of an object of ¥ such that the maps f\ constitute
a V-initial source in %j. Using the V-initiality of the f, and the fact that the f, are
|X|-homomorphisms, we can readily show that the maps a,, : A" x |X|(n) — A carried by
the |X|-algebra A are morphisms a, : A" x 3(n) — A in %;. Thus we may regard A as
a Y-algebra. Since the |X|-homomorphisms fy are also morphisms in %, it follows that
these maps f) are also morphisms in 3-Alg. The V-initiality of (fy : A — B))aea now
entails also its V>-initiality. [

7.13.2. Adapting Beck’s [5] terminology to the setting of a cartesian closed topological
category ¥ over Set (cf. also [1, §5]), we say that an (ordinary) monad T = (7,7, u)
on % is a strict lifting of a monad S = (S,e,m) on Set if VT = SV, Vi = eV, and
Vi = mV. It then follows that S = VT'D, e = VnD, and m = VuD, where D is the
left adjoint section of V' [3, 21.12]. T is a non-strict lifting of S if there is an isomorphism
@0 : VT = SV such that ¢-Vn = eV and mV -Sp- T = ¢- V. We say that a ¥-monad
T on ¥ is a strict (resp. non-strict) lifting of a monad S on Set if its underlying ordinary
monad Ty is a strict (resp. non-strict) lifting of S.m

7.13.3. PROPOSITION. Let ¥ be a cartesian closed topological category over Set, and
let 2 be an SF(V)-signature. The free SF(¥)-ary ¥ -monad Ty, is a non-strict lifting of
the free finitary monad T on Set. Moreover, we may construct Ty, in such a way that
it is a strict lifting of T)x.

PROOF. By 7.13.1, the square (7.13.1) satisfies the hypothesis of Wyler’s taut lift theorem
3, 21.28], which therefore entails the result. n

In the situation of 7.13.3, if X is an object of ¥ then the underlying set of Tx X is therefore
the set Tjs||X| of terms over |X| with variables in the set | X| underlying X.

8. Monadicity of #-ary #-monads over _¢#-signatures

Let j : _# < € be a subcategory of arities satisfying the hypotheses of 7.9, where we
have shown that the forgetful functor & : Mnd, (%) — Sig,(¢’) has a left adjoint. We
now show that U is monadic. In the special case where % is a locally a-presentable ¥'-
category over a locally a-presentable closed category ¥ and ¢ = €, this was achieved
by Lack in [20].

We first define a functor < : Ends(¢) x Sig,(¢’) — Sig, (%) by ¢(H,¥) :== HE. So
{ is a strict action (see [7, 1.4b]) of the strict monoidal category Ends(¢’) on Sig, (%),
and the forgetful functor X' : End,(¢") — Sig, (%) strictly preserves the actions, in the
sense that & (H, X (H')) = X (H o H') naturally in H, H' € End;(%"). We now recall [20,
Theorem 2J:
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8.1. THEOREM. (Lack [20]) Let & be a monoidal category such that (=) @ H : & — &
preserves coequalizers for each H € ob&. Let A be a category with a functor { : & x
B — B, and let X : & — B be a monadic functor with isomorphisms (H, X(H')) =
X(H ® H') natural in H,H" € &. If the forgetful functor W : Mon(&) — & has a left

adjoint, then the composite Mon(&) Yo & & B is monadic. m

In [20, Theorem 2], the stronger assumption of & being a right-closed monoidal category
is made; however, upon inspection of the proof of [20, Theorem 2], it is clear that the
only use of this assumption occurs in the proof of [20, Lemma 1], in which one just uses
the fact that each functor (=) ® X : & — & (X € ob &) preserves coequalizers.

Taking & to be the strict monoidal category End /(%) and taking % to be the category
Sig,(¢') of #-signatures, we now want to use 8.1 to show the monadicity of

U= (Mnd/(cg) = Mon (End, (7)) 2% End, (%) & Sig/(%)) .

8.2. THEOREM. Let j : ¢ — € be a bounded and eleutheric subcategory of arities in
a cocomplete V' -factegory € that is cotensored. The forgetful functor U : Mnd,(€) —
Sig, (%) 1s monadic.

PROOF. Since colimits commute with colimits, End (%) is closed under pointwise colimits
in End(%’), so for each H € End, (%) the functor (—)oH : End, (%) — End, (%) preserves
small colimits. Also, X' : End, (%) — Sig, (%) is monadic by 7.7, and W : Mnd;(¢) —
End, (%) has a left adjoint by 6.2.6. Since the required natural isomorphisms for < and
X hold (as equalities) as discussed above, we now deduce the result from 8.1. ]

9. Algebraic colimits of _#-ary ¥-monads

In this section we study algebraic colimits of (_#-ary) #-monads. We first develop some
supporting material on weighted limits and colimits in limit #-categories.

9.1. WEIGHTED LIMITS AND COLIMITS IN LIMIT ¥ -CATEGORIES.

We first recall the description of small limits in #-CAT. So let J# be a small category and
o/ . K — V-CAT a functor, so that for each k € ob % we have a ¥ -category 27, and for
each morphism f : k — k' in % we have a #-functor o7} : o, — o/,. Since ¥ is complete,
we obtain a limit ¥ '-category lim &/ with the following explicit description. The objects
of lim .o are ob % -indexed families A = (Ag), ., with Ay € ob., for each k € ob 7,
satisfying the compatibility condition o7y (Ay) = Ay for each morphism f : k — k" in JZ.
Given two such families A, B € ob (lim 27), the hom-object lim 2/ (A, B) € ob ¥ is the limit
of the functor @/_y(A, B)) : & — ¥ that sends k € ob %" to o, (Ay, By) and sends
[k — k' to the structural morphism (&) a, B, : % (Ax, Bx) = Y (A, Br). We then
have projection #-functors Py : lim @/ — &7, for each k € ob %" with @/;o P, = P} for each
f:k—=Kinx. It D:2% — limg is a ¥-functor, then we write Dy, := P.D : B — 4,
for each k € ob %".
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9.1.1. Let W : B — ¥ be a weight. Regarding #-CAT as a Set’-category for some
category of (large) sets Set’, there is a functor Cyl(W,—) : #-CAT — Set’ that sends
each #-category € to the set Cyl(W, %) of all triples (D, C,~) in which D :  — ¥ is a
¥ -functor and (C, ) is a cylinder on the weighted diagram (W, D). Writing I for the unit
¥ -category, with ob = {x}, we may regard W as a ¥-functor W : [°°* ® 8 — ¥ and so
as a ¥ -profunctor. The collage of W is the ¥ -category Colly, with objects obI + ob #,
with homs Colly (X, Y") defined as I(X,Y) if X,V € obl, as A(X,Y) if X,Y € ob %,
as W(X,Y)if X € obl and Y € ob %, and as 0 if X € obZ and Y € obl, with the
evident composition and identities. There is an evident #-functor B : & — Colly, with
the property that Colly (x, B—) = W : # — ¥, so that (x, 1y ) is a cylinder on the
weighted diagram (W, B) in Colly, and hence (B, *, 1y) € Cyl(W, Colly).

The functor Cyl(W, —) is representable, as Cyl(W, —) = ¥-CAT(Colly,, —) with unit
(B, *, 1y). Hence Cyl(W, —) preserves limits, so if o7 : & — ¥-CAT is any small diagram,
then Cyl(W,lim @) = limj Cyl(W, %,). Hence, given any ¥-functor D : # — lim</, a
(W, D)-cylinder (C,~) is equivalently given by a family of (W, Dy)-cylinders (C,vx) =
(P.C, Pyy) (k € ob J¢') that is compatible in the sense that (@7;Cy, o/;y;) = (Ci, Yir) for
each f:k— K in Z. =

9.1.2. PROPOSITION. Let of : # — V-CAT be a small diagram. The projection ¥ -
functors Py : limof — o (k € ob#) jointly reflect limits. Explicitly, iof (W : B —
V,D : B — lim) is a weighted diagram in limo/ and (L, \) is a cylinder for (W, D)
such that for each k € ob ¢, the associated cylinder (Lg, ) for (W, Dy) is a limit
cylinder, then (L, \) is itself a limit cylinder.

PROOF. Although 4 is not assumed small, we may form the #’-category [#, 7], with the
notation of [16, §3.11, 3.12]. Now fix X € ob (lim </) and consider the following diagram
in ¥’ for each k € ob .%¢":

limer(X, L) » 1B, V)W, lime? (X, D))
(Pk)XLk k[%r/y/](LPk)
D‘Z{k(XkaLk) ~ ” [’%7 %] (ng{k(Xth_))

The lower morphism is induced by A; as in [16, 3.3] and is an isomorphism since (L, Py )
is a limit cylinder, while the upper morphism is defined similarly. The morphisms (FP)
(k € ob#") constitute a limit cone, as do the morphisms [%4, 7] (1, P;) (k € ob.¥).
Since the diagram commutes for all k& (because PyA = A;), it then follows that the upper
morphism is an isomorphism, as required. [

Now 9.1.1 and 9.1.2 immediately entail the following result:

9.1.3. COROLLARY. Let o/ : & — ¥ -CAT be a small diagram, and let (W, D) be a
weighted diagram in limo/. Then a limit cylinder (L, \) for (W, D) is equivalently given
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by a family of limit cylinders (Lg, \x) for the (W, Dy) (k € obJZ") that is compatible in
the sense of 9.1.1. m

We now wish to consider colimits in a limit ¥ '-category. First, we have the automorphism
of (mere) categories (—)° : ¥-CAT = #-CAT that (therefore) preserves limits, so that
for a given small diagram &7 : # — ¥-CAT we have (lim .«7)%® = (limj, «%,)® = lim; <.
Hence, a dually weighted diagram (W, D) in lim </ is equivalently given by a weighted
diagram (W, D°P) in limy, 27 ". Therefore, by 9.1.1, a cylinder (C,~) on the dually weighted
diagram (W, D) in lim & is equivalently given by a compatible family of cylinders (Cj, )
(k € ob.#") on the weighted diagrams (W, D}?) in «%F, which is equally a compatible
family of cylinders on the dually weighted diagrams (W, Dy) in «%. Thus, 9.1.3 entails
the following dual result, for colimits:

9.1.4. COROLLARY. Let of : # — ¥ -CAT be a small diagram, and let (W, D) be a
dually weighted diagram in lim oZ. Then a colimit cylinder (L, \) for (W, D) is equivalently
given by a compatible family of colimit cylinders (Lg, \x) for the (W, Dy) (k € ob.#). m

We now wish to consider small limits in the slice category #-CAT /€ for a ¥ -category €.
So fix a small category ¢, and let .# T be the category obtained from .# by adjoining a
terminal object T. Then limits of shape ¢ in #-CAT /% can be defined in terms of limits
of shape # T in #-CAT, which we briefly review as follows. Let . : # — #-CAT/% be
a functor, so that for each & € ob_#" we have a ¥ -functor U, : o/, — €, and for each
morphism f : k — k' in # we have a ¥-functor <7} : &, — @, with Uy o &7y = U,. We
then obtain an induced functor &7 : # " — ¥-CAT as follows: &' (k) := o, € ¥-CAT
for each k € ob ¥ and &' (T) := ¢ € V-CAT, &' (f) := o} : o — s for each
morphism f : k — k' in #, and & (!},) := Uy : o — € for each k € ob. %", where
't : k — T is the unique arrow from & to the terminal object T in 2#". We then have
the limit #-category lim .o/ T, which we write simply as lim .7, with projection #-functors
Py :lima — 4, for each k € ob ¥ and U : lim«/ — €, with U, o P, =U :limo/ — €
for each k € ob ¥ and &y o P, = Py : lima — < for each f : k — k' in 2. It is
then a standard result about limits in slice categories that U : lim o/ — € with the limit
projections Py : lim o/ — &7, (k € ob %) is the limit of &7 : # — ¥-CAT/%. From 9.1.3
we now deduce the following:

9.1.5. THEOREM. Let € be a ¥ -category, and let of : # — V-CAT/€ be a small
diagram with limit U : lima/ — €. Let A be a class of weighted diagrams with the
property that (W, Dy) € A for every weighted diagram (W, D) € A in lim</ and every
k € obZ. Suppose that Uy : <, — € creates A-limits for each k € ob.JZ". Then
U:lima — € creates A-limits.

PROOF. Let (W : B — ¥,D : # — lim/) be a weighted diagram in A, and let (L, \)
be a limit cylinder for (W, UD : # — ¢). We must show that there is a unique cylinder
(L, A) for (W, D) with (UL,UX) = (L, \), and moreover that (L, A) is a limit cylinder for
(W, D). For each k € ob #", since U = Uy Py, the limit cylinder (L, \) is a limit cylinder
for (W,UxDy). Hence for each k € ob %", since Uy : o, — € creates A-limits and
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(W, D) € A, there is a unique cylinder (L, A) for (W, Dy) with (UyLy, Ughg) = (L, A),
and moreover (L, Ax) is a limit cylinder for (W, Dy). It is now essentially immediate that
the limit cylinders (L, \), (L, \x) (k € ob#") form a compatible family in the sense of
9.1.1 (for the induced functor & : # 7 — #-CAT). So by 9.1.1 and 9.1.3, we obtain
a unique cylinder (E, 5\) for (W, D) with the properties (Pkf), ij\) = (L, \¢) for each
k € ob % and (UE, US\) = (L, \), and moreover (E, /_\) is a limit cylinder for (W, D). The
required uniqueness of (E, 5\) easily follows from the uniqueness of the cylinders (L, \x)
(k € ob¥). ]

We now obtain a dual result, for colimits:

9.1.6. COROLLARY. Let € be a ¥ -category, and let o : # — ¥V -CAT/E€ be a small
diagram with limit U : lima/ — €. Let A be a class of dually weighted diagrams with the
property that (W, Dy) € A for every (W, D) € A in lim</ and every k € ob . Suppose
that Uy, : o, — € creates A-colimits for each k € ob #". Then U : lim«/ — € creates
A-colimats.

PROOF. There is an isomorphism of (mere) categories (—)°P : #-CAT /€ — ¥-CAT/€°P,
so U : (lim /)% — %€°P is a limit of the composite diagram (—)°® o &7 : & — ¥-CAT/
%°P, and hence the result follows from 9.1.5. n

9.2. ALGEBRAIC COLIMITS OF ¥-MONADS IN GENERAL.

We now use the material in 9.1 to study algebraic colimits of #-monads on a ¥ -category
%. We begin with enriched generalizations of concepts from [14, §26], some of which
we reformulate in terms of the semantics functor. Let M : % — Mnd(%) be a small
diagram. For each k € ob # we thus have a #-monad M, on %, and for every morphism
[k — Kk in # we have a morphism of ¥-monads M, : M; — M,. By composing with

the semantics functor (5.3), we obtain a functor £ °P LN Mnd(%)°? AN V-CAT/€ |
whose limit we denote by
UM M-Alg — % .

An object of M-Alg will be called an M-algebra and is a pair (A, a) with A € ob% and
a = (ay : Ml A — A)per afamily of €-morphisms with (A, a;) € My-Alg for each k € %,
satisfying the compatibility condition ay o (My), = ay : M A — A for each f : k — k' in
H .

In [14, §26], Kelly defined the concept of algebraic colimit in terms of cones and
their induced morphisms, but we now reformulate its enriched generalization in terms of
(co)limits preserved by the semantics functor:

9.2.1. DEFINITION. Let & be a ¥ -category and M : # — Mnd(%) a small diagram. An
algebraic colimit of M is a colimit T = colim M in Mnd(%’) that is sent to a limit by the
semantics functor Alg : Mnd(%)°® — ¥-CAT/%. An algebraic colimit of M is therefore
unique up to isomorphism if it exists, in which case we denote it by Ty =
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The semantics functor Alg is fully faithful (5.3) and therefore reflects limits, so in view
of the definition of M-Alg above we obtain the following equivalent characterization of
algebraic colimits (but see 9.2.5 for a stronger result on when they exist):

9.2.2. PROPOSITION. Let € be a ¥ -category and M : & — Mnd(€) a small diagram.
Then a ¥ -monad Ty on € is an algebraic colimit of M iff Ty-Alg = M-Alg in ¥ -CAT /¥ .
Hence, Ml has an algebraic colimit iff MI-Alg is a strictly monadic ¥ -category over € m

9.2.3. Writing Monadic' — ¥-CAT /€ for the full subcategory consisting of the strictly
monadic ¥ '-categories over €, the semantics functor Alg of 5.3 corestricts to an equivalence

Alg : Mnd(%)°" = Monadic' . (9.2.1)

Hence a small diagram M : J# — Mnd(%) has an algebraic colimit if and only if the
composite AlgoM°P : Mnd(%")°? — Monadic' has a limit that is preserved by the inclusion
Monadic' < #-CAT /%, in which case the algebraic colimit of M is then the #-monad
corresponding to this limit under the equivalence (9.2.1).m

The following entails that M-Alg is strictly monadic over € as soon as UM has a left
adjoint:

9.2.4. PROPOSITION. Let € be a ¥ -category, let o/ . # — V-CAT/E be a small
diagram, and write U : lime/ — € for the limit of o/ in ¥V -CAT/€. If Uy : o), — € is
strictly monadic for each k € ob % and U has a left adjoint, then U is strictly monadic.

PRrROOF. It suffices by [10, I1.2.1] to show that U creates conical coequalizers of U-split
pairs. But this follows from 9.1.6 since each Uy is strictly monadic and so creates conical
coequalizers of Ug-split pairs by [10, I1.2.1]. n

The following enrichment of [16, 26.4] now follows:

9.2.5. PROPOSITION. Let € be a ¥ -category and M : & — Mnd(€) a small diagram.
Then M has an algebraic colimit Ty iff the ¥ -functor UM : M-Alg — € has a left
adjoint F™; and then the algebraic colimit Ty is the ¥ -monad arising from the adjunction
FM 4 UM,

PROOF. By 9.2.4, UM is strictly monadic iff U™ has a left adjoint, so the result now follows
from 9.2.2. [

9.3. EXISTENCE OF ALGEBRAIC COLIMITS OF _¢-ARY 7-MONADS.

Having studied algebraic colimits of general #-monads, we now wish to investigate alge-
braic colimits of _# -ary #-monads for a subcategory of arities j: ¢ — €.

9.3.1. DEFINITION. Let ¢ be a #'-category with a subcategory of arities j : ¢ — €,
and let M : % — Mnd, (%) be a small diagram. A _¢-ary »-monad T on % is a
(_#-ary) algebraic colimit of M if T is a colimit of M that is sent to a limit by the
restricted semantics functor Alg : Mnd, (%) — #-CAT/%. As special cases, we obtain
the notions of (_Z-ary) algebraic coequalizer, algebraic coproduct, etcetera. m
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9.3.2. Let M: % — Mnd, (%) be a small diagram. If T is a _#-ary algebraic colimit

of M, then T is also an algebraic colimit of the composite diagram . 2 Mnd () —
Mnd(%), because the fully faithful Alg : Mnd(%)°? — #-CAT /¥ reflects limits. Hence,
by 9.2.2, M has a _#-ary algebraic colimit iff M-Alg is a strictly _#-monadic ¥ -category
over €, where we also write M : # — Mnd(%) to denote the composite diagram. m

We shall make use of the following important result proved by Kelly in [14, 27.1].

9.3.3. THEOREM. (Kelly [14]) Let € be a cocomplete factegory, and suppose either that
€ is proper or that € is &-cowellpowered. If Ml : & — Mnd(%) is a small diagram for
which each My (k € ob.#") is bounded, then the functor UM : M-Alg — % has a left

adjoint. m
We now enrich 9.3.3 as follows:

9.3.4. THEOREM. Let € be a cocomplete ¥ -factegory that is cotensored, and suppose
either that € is proper or that € is &-cowellpowered. If M : & — Mnd(%) is a small
diagram for which each My, (k € ob ¥ ) is bounded, then the ¥ -functor UM : M-Alg — €

has a left adjoint.

PROOF. By composing M with the forgetful functor Mnd(%) — Mnd(%;) we obtain a
functor that we shall write as My : 2 — Mnd(%,). The hypotheses on € and M
entail that €, and M, satisfy the hypotheses of 9.3.3, whence U0 : M-Alg — %, has
a left adjoint. But M-Alg, = My-Alg in CAT /%y, so U} has a left adjoint. Since each
UMe . M-Alg — € creates cotensors by [10, 11.4.7], we deduce by 9.1.5 that U™ creates
cotensors, so since € is cotensored, we find that M-Alg is cotensored and U™ preserves
cotensors. Hence UM has a left adjoint by [16, 4.85]. "

9.3.5. ASSUMPTION. For the remainder of §9.3, we assume that j : # < % is a small
subcategory of arities in a cocomplete ¥ '-factegory ¥ that is cotensored, and we also
suppose either that € is proper or that € is &-cowellpowered. m

9.3.6. PROPOSITION. Let o/ : # — ¥V -CAT/€ be a small diagram with limit U :
lime/ — €. Suppose that each Uy : o4, — € (k € ob ) is strictly ¢ -monadic and that
U has a left adjoint. Then U is strictly _# -monadic.

PROOF. Since each Uy, (k € ob %) is strictly monadic, it follows by 9.2.4 that U is strictly
monadic. Also, each Uy is strictly #-monadic and hence creates ® ,-colimits by 4.11,
so by 9.1.6 we find that the strictly monadic #-functor U creates ® ;-colimits and so is
strictly #-monadic by 4.11. [

9.3.7. PROPOSITION. Let M : # — Mnd,(%€) be a small diagram. Then a ¥ -ary
algebraic colimit Ty exists iff UM : M-Alg — € has a left adjoint.

PROOF. By 9.3.2, a _Z-ary algebraic colimit Ty exists iff U™ is strictly _#-monadic, so
since M-Alg is a small limit in ¥-CAT /€ of strictly _#-monadic ¥ -categories over &, the
result follows from 9.3.6. m
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We now prove our main result of this section:

9.3.8. THEOREM. Suppose that the subcategory of arities j : ¢ — € is bounded. Then
every small diagram M : & — Mnd,(€) has a ¢ -ary algebraic colimit Ty. Hence
Mnd, (%) has small colimits, which are algebraic.

PRrROOF. Each M, (k € ob.#") is #-ary and hence bounded by 6.2.3, so the result follows
from 9.3.4 and 9.3.7. m

We conclude this section with the following result, which is an immediate corollary of 9.3.8
and the fact that the equivalence Alg : Mnd(%)°P = Monadic' restricts to an equivalence
Alg/ : Mnd,(€)°P = Monadic}, where Monadic} is the full and replete subcategory of

Monadic' consisting of the strictly ¥ -monadic ¥'-categories over €.

9.3.9. COROLLARY. Suppose that the subcategory of arities j : ¢ — € 1is bounded.
Then the full subcategory I\/Ionadic} — ¥ -CAT /% is closed under small limits. m

9.3.10. REMARK. In [14, 27.2], Kelly showed that if ¢ is a cocomplete factegory that
is &-cowellpowered, and M : J#° — Mnd(%) is a small diagram for which there is some
regular cardinal a such that each M} (k € ob#") preserves the &-tightness of all small
a-filtered cocones (not just .# -cocones), then the algebraic colimit T € Mnd(%) also
preserves the &-tightness of all small a-filtered cocones. Just before the statement of
[14, 27.2], Kelly remarked that he did not see how to show that this result holds when
replacing all small a-filtered cocones by just a-filtered .# -cocones in the hypothesis and
conclusion. Our 9.3.8 provides an alternative to this proposition that Kelly was not able
to prove (while our result is also enriched and does not require the &-cowellpoweredness
of €): namely, if each of the ¥-monads M, (k € ob.#") is #-ary for an a-bounded
subcategory of arities # < %, then each M (k € ob %) preserves the &-tightness of
small a-filtered .Z-cocones by 6.2.3, and the resulting algebraic colimit T € Mnd(%) is
also _#Z-ary (by 9.3.8) and hence preserves the &-tightness of small a-filtered .#-cocones
by 6.2.3. m

10. Presentations of #-ary #-monads

In this section, we use our results on algebraically free #-ary 7#-monads and algebraic
colimits of ¢#-ary ¥ -monads to show that every ¢-presentation, consisting of a _Z-
signature ¥ and a system of _Z-ary equations over Ty, presents a _Z-ary ¥ -monad
whose algebras are the Y-algebras that satisfy the given equations, and that, conversely,
every _#-ary ¥-monad has a canonical _Z-presentation.

10.1. _Z-PRESENTATIONS.

If Tisa #-ary ¥-monad on %, then we refer to U(T) € Sig, (%) as the underlying 7 -
signature of T. If I is a _# -signature, then by an abuse of notation we write a morphism
of #-signatures I' = U(T) as I' = T.
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10.1.1. AssuMPTION. For the remainder of §10, we assume that j : _# < % is a bounded
and eleutheric subcategory of arities in a cocomplete ¥ -factegory % that is cotensored.
We also suppose either that € is proper or that € is &-cowellpowered. m

Under these assumptions, we know by Theorem 8.2 that U : Mnd,(¢) — Sig,(¢) is
monadic, and by Theorem 9.3.8 that Mnd , (%) has small algebraic colimits.

10.1.2. DEFINITION. Given a ¢ -ary #-monad T on ¢, a system of _#-ary equations
over T is a parallel pair of _#-signature morphisms F = (t,u : I' = T) for some _Z-
signature I' (called the signature of equations). A system of ¢#-ary equations is a pair
(T, E) consisting of a _¢-ary #-monad T and a system of _#-ary equations £ over T.m

10.1.3. DEFINITION. A _¢-ary #-monad presentation (or _#-presentation) is a
pair P = (3, F) consisting of a _#-signature ¥ and a system of _#-ary equations E over
Ts. We then also call P a _#-presentation over X. m

We shall sometimes abuse notation and just write P = (t,u : I' =% Ty) for a #-
presentation.

10.1.4. EXAMPLE. In the classical setting of universal algebra, with 4 = ¥ = Set and
# = FinCard, Definition 10.1.3 describes the usual data by which a variety of algebras is
presented, as we now explain. Given a (FinCard-)signature X, a formal equation t = u over
Y. with variables in a finite cardinal n € N is, by definition, a pair of terms ¢,u € Tx(n).
A FinCard-presentation P = (X, E) consists of a signature ¥ € Set" and a parallel pair
E = (t,u : ' = Ty), which we call a system of finitary equations since it is a family of
formal equations ¢,, = u,, over X with variables in n, indexed by the finite cardinals
n € N and the elements v € I'(n) of an N-graded set I' € Set" .m

10.1.5. If ¢t : I' — T is a morphism of _¢Z-signatures valued in (the _#-signature un-
derlying) a ¢-ary #-monad T, then we write ¢ : Tr — T for the morphism of ¢-ary
#-monads induced by t, where Tr is the free #-ary #-monad on I' (7.9). =

10.1.6. DEFINITION. Let (T, E) be a system of _#-ary equations, where E' = (t,u: ' =
T). A quotient of T by £ is, by definition, a _#-ary algebraic coequalizer (9.3.1) of the
parallel pair £,% : Tr = T in Mnd 4 (%). A quotient of T by E is unique up to isomorphism
if it exists, in which case it is a _#-ary #-monad that we denote by T/E. We say that
a _f#-ary ¥-monad S is presented by (T, E) if S is a quotient T/E, in which case we
also say that (T, ) presents S. m

10.1.7. DEFINITION. Let P = (X, E) be a _#-presentation. A _¢-ary #-monad Tp is
presented by P if Tp is presented by the system of _#-ary equations (Ty, E), i.e., if Tp
is a quotient Ty /F. =

By Theorem 9.3.8, we obtain the following important result:

10.1.8. THEOREM. FEwvery _# -presentation P = (X, E) presents a _#-ary ¥ -monad
Tp =Tx/E. More generally, every system of # -ary equations (T, E) presents a 7 -ary
¥ -monad T/E. m

Next we show that every ¢#-ary #-monad is presented by at least one _#-presentation.
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10.1.9. THE CANONICAL PRESENTATION OF A _Z-ARY #-MONAD. Since{ : Mnd, (¢) —
Sig, (¢) is monadic by Theorem 8.2, we know that every #-ary ¥-monad T on ¥ is
canonically a coequalizer, as in

eFUT

FUFUT :; FUT —%5 T, (10.1.9)

where F is the left adjoint of i and ¢ is the counit of this adjunction. Using the triangular
equations and the naturality of the unit 7 of the adjunction F - U, the transposes of e FUT
and FUeT under the adjunction F - U may be expressed as the following ¢ -signature

morphisms
lurur

UFUT t UFUT, (10.1.ii)
nUT oUeT

which may be regarded as a system of _#-ary equations, as follows. Letting ¥p = UT
and I'r = UFUT, note that FUT = Ty, with the notation of 7.9. Hence the morphisms
(10.1.i1) constitute a system of _#-ary equations Er = (tp,ur : 't = Ty,). Thus we
obtain a _# -presentation Pr = (X1, Er), and since the coequalizer (10.1.i) is algebraic by
9.3.8, we deduce that Pr presents T. We call Pr the canonical _#-presentation of T.
In particular, this proves the following corollary of 8.2 and 9.3.8:

10.1.10. COROLLARY. FEvery Z-ary ¥ -monad T on € has a ¢ -presentation. m

10.2. ALGEBRAS FOR _Z-PRESENTATIONS.

Given a _#-presentation P = (X, E), which presents a _¢-ary #-monad Tp by 10.1.8,
we now show that the ¥ -category of T p-algebras is isomorphic to a full sub-7#-category
of »-Alg consisting of those Y-algebras that satisfy the system of _#-ary equations F
(10.2.3). More generally, we show that if (T, E) is any system of _#-ary equations over
a Z-ary ¥-monad T, then (T/FE)-Alg is isomorphic to the full sub-7"-category of T-Alg
consisting of the T-algebras that satisfy F in the sense of 10.2.2 below.

10.2.1. DEFINITION. Let (4, a) be a T-algebra for a #-ary #-monad T = (7,7, 1) on
¢. For each J € ob 7, we write

[-14 : TJ — [€(J, A), A]

to denote the transpose of the composite €(J, A) — Lua, ¢ (TJ,TA) RASKION ¢ (TJ,A), and
we call [—]4 the interpretation morphism for the T-algebra (A,a) and the arity J.
Given a morphism ¢ : C'— T'J in €, we call

[[t]]‘}‘ = [[—]]‘f,‘ot : C—[F(J,A),A

the interpretation' of ¢t in A. =

!Similar terminology and notation are used in [12] in a different setting.
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10.2.2. DEFINITION. Let (T, E) be a system of _#-ary equations, where £ = (t,u: ' =
T), and let (A, a) be a T-algebra. Then (A, a) satisfies F, or is a (T, E')-algebra, if

[t,17 = [us]s = TT — [€(J, A), A]

for all J € ob _#. We let (T, E)-Alg be the full sub-¥"-category of T-Alg consisting of the
(T, E)-algebras. m

Given a _Z-signature X, we know that X-Alg = Ty-Alg in ¥-CAT/%¢ (7.9). Thus, in for-
mulating the following definition, we may regard >-algebras equivalently as Tx-algebras.

10.2.3. DEFINITION. Let P = (3, E)) be a _#-presentation, so that F is a system of _#-
ary equations over Ty. We say that a Y-algebra (A, a) satisfies F, or is a P-algebra, if its
corresponding Ty-algebra satisfies £. We write P-Alg to denote the full sub-7"-category
of ¥-Alg consisting of the P-algebras. m

10.2.4. Given a _#-presentation P = (X, F), P-Alg = (Ty, E)-Alg in #-CAT/¢ by 7.9.

10.2.5. EXAMPLE. Let us see how 10.2.3 generalizes the standard notion from universal
algebra, where ¢ = ¥ = Set and _# = FinCard. If ¥ is a FinCard-signature and (A4, a) is
a Y-algebra, so that A is a set equipped with operations w? : A" — A (n € N,w € ¥n),
then for each n € N the interpretation morphism [—]4 : Tx(n) — Set (A", A) sends each
term ¢ in n variables to its interpretation [t]4 : A" — A. Given a FinCard-presentation
P = (X, E), recall from 10.1.4 that E is a family of formal equations t,,, = u,, indexed
by the elements v € I'n (n € N) of an N-graded set I'. A P-algebra is a X-algebra (A, a)
that satisfies each of these formal equations ¢,,, = u,, (n € N,y € I'n), in the sense that
[tor]7t = [uns]i  A* — Am

Our objective is now to show that if (T, E) is a system of _#-ary equations presenting the
Z-ary ¥-monad T/E by 10.1.8, then (T/E)-Alg = (T, E)-Alg in ¥-CAT /% . To facilitate
this, we employ the following notation, generalizing ideas from [18, §4]:

10.2.6. We may regard objects C, D € ob% also as ¥ -functors C,D : I — % from the
unit ¥ -category I. The right Kan extension of D along C'is then the ¥ -functor RancD =
€ (—,C), D] : € — €, whose restriction along j is therefore RancD o j = [¢(j—,C), D].
We denote the left Kan extension of RangD o j along j by

(C,D) =Llanj(RancDoj) : € — €,

so that (C, D) is #-ary by 4.2. Since j is fully faithful, the restriction of (C, D) to ¢
is [¢'(j—,C), D]. For each C' € ob% we obtain a functor (C,—) : 6o — End,(%). Let us
also write ev/ : End, (%) x 65 — % to denote the functor obtained as a restriction of the
evaluation functor ev : End(%) x 6, — %0, so that for each C' € ob % we obtain a functor

ev/(—,C) : Endy(€) = €. m

10.2.7. PROPOSITION.  For each C € ob¥%, we have ev’(—,C) - (C,—) : 6 —
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PROOF. By 4.5, the restriction #-functor j* : End, (%) — #-CAT(_Z,%) is an equiva-
lence, with pseudo-inverse Lan;- given by left Kan extension along j. Identifying % with
7-CAT(I, ¢), the functor (C, —) : 65 — End, (%) is isomorphic to the composite functor

anc(— —)oj Lan’,
% 220 End(%) 5 v CAT( 7, %) — End, ()
and therefore has a left adjoint End , (%) EAR V-CAT( 7, %) Lo, En d(¢) === ‘50 But
this left adjoint is isomorphic to ev/(—, C') because Lan; o j* is isomorphic to the inclusion
End, (%) — End(?). =

10.2.8. Given objects C, D € ob¥¢, a Z-ary ¥ -endofunctor H on ¢, and a morphism
f:HC — Din %, let us write f* : H — (C, D) to denote the transpose of f under the ad-
junction in 10.2.7. For each J € ob ¢, the component f5 HJ — (C,D)J =[€(J,C),D]

is the transpose of the composite € (J,C) —= Mae, C(HJ,HC) = curg) C(HJ,D). u

10.2.9. PROPOSITION. The functor ev’ : End, () x €y — €, is a right-closed strict
action [7, 2.2] of the strict monoidal category End,(€') on the category 6y. For each A €
ob @, the 7 -ary ¥V -endofunctor (A, A) underlies a ¥ -monad, and morphisms T — (A, A)
in Mnd (%) are in bijective correspondence with T-algebra structures on A, naturally in

PROOF. It is clear that ev/ is a strict action, which is right-closed by 10.2.7. We then
deduce from [7, 2.2] that for every A € ob%, the object (A, A) of End, (%) under-
lies a monoid in End, (%), and that Mnd,(%)(T, (A, A)) = Act(T, A) naturally in T €
Mnd, (%), where Act(T, A) is the set of T-algebra structures on A. "

10.2.10. Let (A, a) be a T-algebra for a _#-ary #-monad T = (7,7, ). Then, by 10.2.9,
the T-algebra structure a : TA — A corresponds to a morphism of #-monads

af . T — (A, A)

obtained as the transpose of a under the adjunction of 10.2.7. Hence, in view of 10.2.1
and 10.2.8, the component of a* at each object J of ¥ is the interpretation morphism
a = [-]4 : TJ — (A A)J = [€(J, A), A] of 10.2.1. For this reason, we denote both a?
and its underlying ¢ -signature morphism as

[-]4: T — (A, A) [-1* = U(a*) : UT — U(A, A)

and refer to these both as the _#-ary interpretation morphisms for (4, a).
Given also a morphism of ¢#-ary #-monads 7:S — T, we write

[7]14 =[-]% o7 : S— (4, A). (10.2.i)

Similarly, given a morphism of _¢-signatures ¢ : I' — T, with the abuse of notation of
§10.1, we write

[t]* = [-]%ot : T — (A, A). (10.2.ii)
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10.2.11. PROPOSITION. Let £ = (t,u : I' = T) be a system of 7 -ary equations over a
F-ary V-monad T, and let (A, a) be a T-algebra. The following are equivalent: (1) (A, a)
satisfies E; (2) [t]* = [u]? : T — (A, A) with the notation of (10.2.ii); (3) [[f]]A = [[ﬂ]]A :
Tr — (A, A) with the notations of 10.1.5 and (10.2.1); (4) aots =aoTy : TrA — A.

PROOF. The equivalence of (1)-(3) is immediate from 10.2.10 (in view of 7.10), while the
equivalence of (3) and (4) follows from the adjointness in 10.2.7. "

In order to use 10.2.11 to obtain an isomorphism (T, E)-Alg = (T/E)-Alg, we shall require
the following:

10.2.12. LEMMA. Let (27,Q) 2 (%, R) % (Z,S) bean equalizer in ¥ -CAT /€

(with the notation of §2). If S is faithful, then M is fully faithful (in addition to being
injective on objects).

PRrROOF. Letting X, X’ € ob 2", we shall show that Mxx : Z(X,X') — Z(Y,Y’) is
an isomorphism, where Y = MX and Y/ = MX'. Letting Z = FY = GY and Z' =
FY' = GY/, we have SZZ’ 9] Fyy/ = (SF)YY/ = Ryy/ = (SG)yy/ = SZZ’ o ny/, so that
Fyy: = Gyy since Szz is a monomorphism (as S is faithful). But since equalizers in
¥-CAT /€ are formed as in ¥-CAT, Mxx is an equalizer of Fyy/, Gyys in ¥, so Mxx is
an isomorphism. [

10.2.13. THEOREM. Let T/E be the #-ary ¥V -monad presented by a system of # -ary

equations (T, E), where E = (t,u: ' = T). Then (T/E)-Alg = (T, E)-Alg in ¥ -CAT /¥
tu

PROOF. Since T/FE is an algebraic coequalizer Tr = T 4 T/E, we have an equalizer

diagram

*

(T/E)-Alg 5 T-Alg —— Tp-Alg

u*

in 7-CAT/%. Since U™ : Tp-Alg — ¥ is faithful, it follows by 10.2.12 that ¢* is fully
faithful, in addition to being injective on objects. Hence, (T/FE)-Alg is isomorphic to the
full sub-¥ -category of T-Alg consisting of those T-algebras (A, a) with £ (4,a) = u*(A, a),
i.e. with aoty =aouu. But by 10.2.11, the latter are precisely the (T, F)-algebras. m

10.2.14. THEOREM. Let P = (X, FE) be a _# -presentation, and let Tp be the # -ary
¥V -monad presented by P. Then Tp-Alg = P-Alg in ¥ -CAT /¥ .

PROOF. Tp-Alg = (Ts,/E)-Alg = (Ts, E)-Alg = P-Alg in #-CAT /% by 10.2.13 and 10.2.4.



PRESENTATIONS AND ALGEBRAIC COLIMITS OF ENRICHED MONADS 1475
11. Some examples of _Z-presentations

We now discuss some examples of ¢ -presentations and their algebras, beyond the familiar
finitary presentations of classical universal algebra (10.1.4) and the examples in the finitely
presentable setting discussed in [34]. As mentioned in the introduction, in a forthcoming
paper [30] we shall give many more examples of _#-presentations after first providing
therein a versatile and ‘user-friendly’” method for constructing them.

11.1. PRESENTATIONS OF ¥-CATEGORIES BY GENERATORS AND RELATIONS.

We now consider what signatures, presentations, and their algebras amount to in the
context of the bounded and eleutheric subcategory of arities yx : X — [X,¥] = ¥¥
of 4.9, given by yx(x) = X(x,—), where X is a set, regarded also as a discrete ¥-
category. By definition, a yy-signature is a #-functor ¥ : X — ¥, or equivalently, a
¥ -functor ¥ : X @ X — ¥, where we write ¥(x,y) = (Xx)y, noting that X ® X is the
discrete ¥ '-category on X x X. Hence yx-signatures may be identified with # -matrices
from X to X (4.9) or ¥ -graphs with object set X (see [35]), i.e. families of objects
Y= (E(I‘, y))(x,y)EXXX of V.

The category SigyX(”//X ) of yx-signatures may thus be identified with the category
¥-Graph(X) = ¥-Mat(X, X) of #-graphs with object set X and identity-on-objects ¥ -
graph morphisms. If ¥ : X ® X — 7 is a yx-signature, i.e. a #-graph with object set
X, then a Y-algebra is (by definition) a #-functor A : X — ¥ equipped with structural
morphisms «a, : ¥X(yx(2),A) ® X(z,—) = A in ¥* (x € X). By the Yoneda lemma,
a Y-algebra is therefore given by a family of objects A(z) (x € X) of ¥ and a family of
morphisms oy, : X(z,y) = ¥ (A(z), A(y)) (z,y € X). Hence a X-algebra is equivalently
a morphism of ¥-graphs A : ¥ — 7 from X to the underlying #’-graph of the ¥ -category
V.

Recall from 4.9 that the category Mnd, . (¥ ) of yx-ary ¥-monads on ¥ is equivalent
to the category #-Cat(X) of #-categories with object set X. The free yx-ary #-monad
Ty, on a yx-signature Y, which exists by 7.9, may therefore be identified with the free
¥ -category 5 on the ¥-graph ¥, which was first proved to exist in [35, 2.2]. The
monadic adjunction between Mndy, (#¥) and Sig, (#*) (see 8.2) can now be identified
with a monadic adjunction between ¥-Cat(X) and ¥-Graph(X), which is a restriction
of the monadic adjunction between ¥-Cat and #-Graph that was first established in [35,
2.13]. By 4.9 and 7.9, we have isomorphisms [, ¥| & Tx-Alg = Y-Alg that enable us to
identify ¥ -functors from 75 to ¥, Tx-algebras, and #-graph morphisms from ¥ to 7.

By the foregoing, a yx-presentation may now be identified with a parallel pair P =
(t,u:T' = ) of identity-on-objects ¥ -graph morphisms, for a #-graph ¥ with object
set X, while a system of yy-ary equations may be identified with a parallel pair £ = (¢, u :
' = .7) of identity-on-objects #-graph morphisms valued in the underlying #-graph of
a V-category 7 with object set X; these systems of yyx-ary equations were considered
by Wolff in [35, 2.5] under the name pre-¥ -congruences. In a yx-presentation, one has
for each pair x,y € X a parallel pair of ¥-morphisms t,,, u,, : I'(z,y) = J5(z,y), where
s (x,y) has an explicit (combinatorial) description given in [35, 2.2]. In the ¥" = Set case,
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yx-presentations are the usual presentations of categories by generators and relations,
where the generators o : x — y are the edges in the given graph ¥ (z,y € X, 0 € ¥(z,y))
and the relations t,,(7) = u., () (z,y € X,v € I'(z, y)) are pairs of arrows t,,,(7y), uzy(7) :
xr = y in the free category on X, i.e. paths in X, which will become equal in the quotient
category Jp. The general ¥ -based case may now be understood as an abstraction of the
Set-based case, so that a yy-presentation is a presentation of a #-category with object
set X by generators and relations, the generators being provided by the #-graph X, and
the relations by the parallel pair t,u. Given a yx-presentation P = (t,u : I' = %), a
P-algebra can now be identified with a #-graph morphism A : ¥ — ¥ with the property
that the unique #-functor A* : % — ¥ extending A coequalizes t and u.

As a special case, if X is a singleton set {x}, then yx-ary presentations may be
described as presentations of monoids in the monoidal category (%5, ®, 1) by generators
and relations.

11.2. STRONGLY FINITARY 7-MONADS ON CARTESIAN CLOSED TOPOLOGICAL CATE-
GORIES.

In this section, we suppose that 7" is a cartesian closed topological category over Set
as in 7.13 and, using the notations and results from that section, we discuss SF(¥)-
presentations, i.e. presentations of strongly finitary 7’-monads, providing some specific
examples in 11.2.6 and 11.2.7. Given an object X of 7', we also write X to denote the
underlying set |X| of X. In particular, given objects X,Y of ¥, the elements of (the
underlying set of) the internal hom #(X,Y’) are the morphisms f : X — Y in %;, which
are certain functions f : X — Y. The objects of SF(¥#') are the finite cardinals n € N,
each of which we regard also as the discrete object of %5 on n [3, 21.12], or equally the
nth copower of 1 in 7.

11.2.1. DEFINITION. Let P = (t,u : I' = Tx) be an SF(¥')-presentation. By 7.13.3, the
underlying set of Tx(n) for each finite cardinal n is the set Tjxj(n) of all terms with
variables in n over the underlying FinCard-signature |X|. Hence, the functions underlying
tn,un : I'(n) = Tx(n) are morphisms |, |u,| : |I'(n)| = Tix(n) in Set (n € N) and so
constitute a FinCard-presentation |P| = (|t],|u| : |T| = Ty) that we call the underlying
FinCard-presentation of P. m

11.2.2. Let (A, a) be a ¥-algebra for an SF(¥')-signature ¥. Recalling that Ty A is the
free Y-algebra on the object A of ¥, and writing 7% : A — Tx A for the unit morphism,
let us write o : Ty A — A for the Tyx-algebra structure carried by A, i.e. the unique X-
homomorphism « such that a o n% = 14. By 7.13.3, |n%| = 77|E|| DAl = |TeA] = Tisy| 4],
so |a is precisely the Ty -algebra structure carried by the |X|-algebra (]A[, |a|) underlying
(A, a) (§7.13).

For each finite cardinal n, the interpretation map [-]4 : Tx(n) — ¥ (A", A) sends
each t € Tx(n) to the map [t]4 : A" — A given by [t]?(z) = o((Txz)(t)) for all
r € A" = ¥(n,A). Also, since the T|y-algebra structure carried by the |¥|-algebra
(|A], |a|) is precisely |a|, its interpretation map [[—]]‘fl : Tis(n) — Set(|A]", |A]) is given
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1Al
n .

by a similar formula, so in view of 7.13.3 we find that [¢] |A|"™ — |A] is the function

underlying [t]# : A" — A, for all ¢ € Tig((n) = |Tx(n)|. =

11.2.3. LEMMA. Let P = (X, E) be an SF(¥')-presentation. Then there is a pullback
square
P-Alg, —— $-Alg, (11.2.0)

| e

| P|-Alg — |%]-Alg

in CAT. In particular, a P-algebra is precisely a ¥-algebra whose underlying |X|-algebra is
a |P|-algebra. Also, the hom-object P-Alg(A, B) = ¥-Alg(A, B) between P-algebras A and
B is the subspace |P|-Alg(|A|, |B|) N %(A, B) < ¥ (A, B) (with the V -initial structure).

PROOF. Since the top and bottom sides are full subcategory inclusions, the first claim
follows from the second, which follows straightforwardly from 11.2.2. The third claim
follows from 7.4, since limits in % are formed by equipping the limit in Set with the
V-initial structure [3, 21.15]. "

11.2.4. REMARK. Lemma 11.2.3 entails that P-Alg depends only on 3 and |P|, in an
evident sense. Hence, in this setting, it suffices to consider SF(¥')-presentations P =
(t,u:T = Tyx) that are equation-discrete in the sense that I' is discrete, i.e., each
['(n) is discrete (n € N) [3, 8.1]. Indeed, in view of [3, 21.12], we can associate to each
SF(¥')-presentation P = (3, E') an equation-discrete SF(7')-presentation P’ over ¥ with
P’-Alg = P-Alg as objects of #-CAT /%, so that Tp = Tp as well. m

In [1, 5.1], Addmek, Dostal, and Velebil show that every strongly finitary enriched monad
on the category of posets is a lifting of a finitary monad on Set. The following provides
an analogous result for cartesian closed topological categories over Set:

11.2.5. THEOREM. Fuvery strongly finitary ¥ -monad T on ¥ is a strict lifting of a
finitary monad on Set. In particular, given any SF(¥)-presentation P = (X, F), the
strongly finitary ¥ -monad Tp presented by P is a non-strict lifting of the finitary monad
T\p| presented by |P|, while we may construct Tp in such a way that it is a strict lifting
Of T‘P‘

PROOF. Regarding the second claim, V* : 3-Alg, — |X|-Alg is topological by 7.13.1, so
since (11.2.i) is a pullback whose lower edge is fully faithful, it follows that V¥ is topolog-
ical and that the upper edge sends V*-initial sources to V*-initial sources. Consequently,
by 7.13.1, the rectangle obtained by pasting (11.2.i) onto the square (7.13.i) satisfies the
hypotheses of Wyler’s taut lift theorem [3, 21.28], and the second claim follows. Now
given instead an arbitrary SF(¥)-ary ¥-monad T = (T',n, u) on ¥, there is an SF(¥)-
presentation P with T = Tp by 10.1.10, and without loss of generality Tp = (T, n*, u)
is a strict lifting of the finitary monad T|p|. Hence Tpj = (VIpD,Vn"D,VuD) by
7.13.2, where D is the left adjoint section of V and we do not distinguish notationally
between Tp and its underlying ordinary monad. Hence, since T = Tp, it follows that T
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is a strict lifting of the monad (VT'D,VnD,V uD), which is isomorphic to T p| and so is
finitary. [

We now use 7.13.3 and 11.2.3 to provide some examples of SF(7')-presentations.

11.2.6. EXAMPLE: MODULES FOR INTERNAL RIGS. Let (R, +%,-,0%,1%) be an inter-
nal rig in ¥ (see e.g. [26, 2.7]), so that |R| is a rig (i.e. a unital semiring) in Set. We
now construct an SF(¥’)-presentation whose algebras are internal left R-modules in ¥ (in
the sense of, e.g., [26, 2.7]). Note that, in the present case, where ¥ is a cartesian closed
topological category over Set, an internal left R-module is equivalently an object M of ¥
equipped with #-morphisms + : M? — M, 0™ : 1= M° — M, and o : R x M — M
making | M| a left | R]-module (meaning that +* and 0" make | M| a commutative monoid
and e is an associative and unital action of |R| on |M| that preserves + and 0 in each
variable separately). For our SF(¥')-signature 3, we thus take ¥(0) := 1, ¥(1) := R, and
¥(2) := 1, and we take ¥(n) := 0 for all n > 3. Hence the underlying finitary signature
|X| has one constant symbol 0, one binary operation symbol +, and a unary operation
symbol r for each r € |R)|.

We now define an equation-discrete SF(7')-presentation P over ¥ (11.2.4) by first
defining a discrete SF(7")-signature I', as follows. We shall define I'(0), I'(1), I'(2),I'(3) to
be discrete objects of " whose elements are certain formal equations over |X| (i.e. pairs
of terms, 10.1.4) with variables in the finite cardinals 0, 1,2, 3, respectively, and for this
purpose it will be convenient to write the elements of these finite cardinals as follows:
0=0,1={z}, 2= {z,y}, 3={x,y,2}. We let the elements of I'(0) be the formal
equations 70 = 0 with » € R, with the notation of 10.1.4. We let I'(1) consist of the
formal equations 0 +x =z, v + 0 = z, 1%z = x, and 0%z = 0, together with the formal
equations r(sx) = (r -® s)z and (r +f s)x = ra + sz associated to the various r,s € R.
We let I'(2) consist of the formal equations x +y = y + x and r(z + y) = ra + ry with
r € R. We let the unique element of I'(3) be the formal equation 2+ (y +2) = (x +y) + 2.
Lastly, we let I'(n) = 0 for all n > 4.

The resulting discrete SF(¥)-signature I" has the property that, for each n € N, the
underlying set of I'(n) is a subset of (that of) Tx(n) x Tx(n), so that since I'(n) is discrete
there are morphisms t,,, u, : I'(n) = Tx(n) in ¥ given as the projections. Thus we obtain
an equation-discrete SF(%')-presentation P = (¢,u : I' =% Ty) over ¥ for which |P|-Alg is
precisely the category |R|-Mod of left |R|-modules (in Set), so that by 11.2.3 it follows
that P-Alg is precisely the #-category R-Mod of internal left R-modules [26, 6.4.2]. m

11.2.7. EXAMPLE: INTERNAL R-AFFINE SPACES AND CONVEX SPACES. Given an in-
ternal rig R in ¥ (11.2.6), we now define an SF(%')-presentation whose algebras are
internal (left) R-affine spaces in . To define these, recall from [26, 6.4.5] that there
is a ¥-category Matg whose objects are the natural numbers and whose hom-objects
are Matg(n,m) := R™ ™ (n,m € N), with composition given by internal matrix mul-
tiplication (see [26, 6.4.4]) and identity morphisms given by internal identity matrices.
Specializing [26, 8.4] to the present context where ¥ is topological over Set, we write
Mat3 to denote the (non-full) sub-#-category of Matg with the same objects but with
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hom-objects obtained as subspaces Mat3 (n,m) < R™™ (with the V-initial structure)

consisting of all m x n-matrices r € R™*" such that )" r;; = 1 for each i € {1,...,m}.

These ¥ -categories Matg and Matj‘;F are ¥ -enriched algebraic theories for the subcategory

of arities SF(%) ([25, 4.2], [26, 6.4.6, 8.4]), and Mat3' is the affine core of Matg [26, 8.3].
In particular, each object n of Ma‘cj'%fF is an nth power of the object 1 in Matj’{r, where the
projections m; : n — 1 (1 < i < n) are the standard basis vectors m; = b; € R>n = R™,
By definition [26, 8.5], an internal (left) R-affine space in ¥ is a normal Mat3 -algebra,
i.e. an object A of ¥ equipped with a #-functor Mat?{F — ¥ that, for each n € N, sends
the nth power cone m; : n — 1 (1 < i < n) to the usual nth power cone A" — A in
¥ . Therefore, writing A(n,m) := Mat3 (n,m) for all n,m € N, an internal R-affine
space is equivalently given by an object A of ¥ equipped with structural morphisms
A(n,m) x A" — A™ (n,m € N), whose value at (r,a) € A(n,m) x A™ we write as ra,

satisfying the following equations:
1. r(sa) = (rs)a for all n,m € N, s € A(n,m),r € A(m, 1), and a € A",
2. I,a=aforalln € Nand a € A", where I,, € A(n,n) C R" " is the identity matrix;

3. (ra);=raforalln € N;r € A(n,m),a € A", and 1 < i < m, wherer; € A(n,1) C
RY™™ = R" is the ith row of r.

We now define an SF(7')-signature A consisting of the subspaces A(n) := A(n, 1) of
RY™" = R™ with n € N, so that an internal R-affine space in ¥ is equivalently a A-algebra
(A, o) that satisfies the following equations, where we write the action of the morphisms
a, : A" X A(n) = A (n € N) as (a,r) — ra:

1. r(s16,...,5ma) = (rs)a for all n,m € N;s € A(n,m),r € A(m,1) = Am, and
a€ A™;

2. bja = a; for all n € Nja € A", and 1 < i < n, where b; € A(n) C R" is the ith
standard basis vector.

The reason for the use of the term R-affine space here is that we normally write ra as
> o, riaq, so that an internal (left) R-affine space is an object of #” in which we can take
(left) affine combinations (i.e. left R-linear combinations whose coefficients add up to
1). Note that in the special case where R = [0,00) and ¥ is the category of sets (resp.
the category of convergence spaces) we recover the notion of convex space [31, 28] (resp.
convergence convex space [26, 8.10]).

It therefore follows that internal R-affine spaces are the P-algebras for an equation-
discrete SF(¥)-presentation P = (t,u : I' = Txa) over A defined as follows, noting that
we shall of course regard each r € A(n) C R" as an n-ary operation symbol in |A|. For
each finite cardinal n, let us write the elements of n as xi, ..., z,,, and define I'(n) as the
discrete object of ¥ whose elements are the following formal equations over |A| with
variables in n:

r(sp(x1, . xn)s oy Sm(Tr, . 1)) = (rs) (2, ..., x,)  (meN;s € Aln,m),r € A(m, 1))
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bi(xy,. .., x,) = x; (1<i<n). (11.2.)

So the underlying set of I'(n) is a subset of (that of) Ta(n) x Ta(n), and since I'(n) is
discrete there are morphisms t,,u, : I'(n) = Ta(n) in ¥ given as the projections. We
thus obtain an equation-discrete SF(7')-presentation P = (t,u : I' = Ta) over A for
which |P|-Alg is isomorphic to the category of |R|-affine spaces (in Set), so by 11.2.3 we
find that P-Alg is isomorphic to the ¥ -category R-Aff of internal R-affine spaces [26, 8.5].

Given r € A(n) C R™ and terms t1,...,t, € Ta(m), where n,m € N, let us now write
>, rit; as a notation for the term r(t1,...,t,) € Ta(m). Then for each n € N, the
formal equations in (11.2.ii) may be written as follows, where I € R™" is the identity

matrix:
m n n m n
E Ti E Sijfl,’j = E E Tisij (L’j, E Iijxjixi. ]
j=1

i=1 j=1 j=1 \i=1

12. Summary of main results

For convenience, we summarize the main results of the paper as follows:

12.1. THEOREM. Let ¥ be a closed factegory with small limits and colimits. Let € be a
cocomplete ¥ -factegory that is cotensored, suppose either that € is proper or that € is
&-cowellpowered, and let j : ¢ — € be a subcategory of arities.

1. If # is bounded, then:

(a) The forgetful functor W : Mnd,(€¢') — End, (%) is monadic, and U : H-Alg —
€ is strictly _# -monadic for every # -ary ¥V -endofunctor H on € (see 6.2.5 and
6.2.6).

(b) The forgetful functor U’ : Mnd(€) — Sig,(€) has a left adjoint, and U :
Y-Alg — € is strictly monadic for every j‘-signature Y (see 7.10).

(¢) Mnd; (%) has small colimits, which are algebraic (see 9.3.8).
2. If 7 is bounded and eleutheric, then:

(a) The forgetful functor U : Mnd,(¢') — Sig, (%) is monadic, and U*:%-Alg — €
is strictly ¢ -monadic for every # -signature ¥ (see 7.9 and 8.2).

(b) Every 7 -ary ¥-monad on € has a (canonical) Z -presentation (see 10.1.10).

(¢) Every # -presentation P presents a # -ary ¥ -monad T p with T p-Alg = P-Alg in
V-CAT /€ (see 10.2.14). More generally, every system of 7 -ary equations (T, E)
presents a ¢ -ary ¥ -monad T/E with (T/E)-Alg = (T, E)-Alg in ¥ -CAT /€ (see
10.1.8 and 10.2.13). m

In a locally bounded ¥#-category € over a locally bounded closed category ¥ (6.1.13),
every small subcategory of arities in % is bounded (6.1.14), so Theorem 12.1 entails the
following corollary, which we can apply in particular to € = ¥ itself by [29, 5.8].
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12.2. COROLLARY. Let € be a locally bounded ¥V -category over a locally bounded closed
category V', and let j : _# — € be a subcategory of arities. If ¢ is small, then statements
1(a)-(c) in 12.1 hold, while if Z is small and eleutheric then 2(a)-(c) in 12.1 also hold.

12.3. EXaMPLE. By 3.9 and 6.1.12, each of the following classes of examples satisfies
the assumptions of 12.1(2), so that we can apply the main results of this paper to these
examples:

(1) If ¥ is locally a-presentable as a closed category and € is a locally a-presentable -
category, then we may take (&, .#) = (Iso, All), (&, #+) = (Iso, All), and 7 =€, — €.

) If ¥ is a m-category [8] (e.g. if ¥ is cartesian closed), then we may take (&, .#) =
so,All), € =¥, and ¢ =SF(V) — 7.

4) Given a small ¥-category 7, equip ¥ with (&, .#) = (Iso, All), let € = [«7, ¥| with

(2

(1

(3) Equip ¥ with (&, .#) = (Iso, All), let € = ¥, and take ¢ = {[} — 7.

(4)

(&, M) = (Iso, All), and consider the subcategory of arities y : &P — [, 7.

(5) Let ¥ be a locally bounded and &-cowellpowered closed category, let ® be a locally
small class of small weights satisfying Axiom A of [21], let € = ®-Mod(.7) for a ®-theory
7, with the associated proper factorization system on %, and consider the subcategory
of arities yg : TP — ¥.

(6) Let D be a sound doctrine, suppose that # is locally D-presentable as a ®-category,
equip ¥ with (&,.#) = (Iso,All), let 7 be a ®Pp-theory, let € = Pp-Mod(.7) with
(&, M) = (Iso, All), and consider the subcategory of arities yg : TP — ®p-Mod(.7).

(7) As noted in 12.2, any small and eleutheric subcategory of arities in a locally bounded
¥ -category € over a locally bounded closed category 7 satisfies the hypotheses of 12.1,
with respect to the proper factorization systems carried by # and %, so the main results
of this paper are applicable quite generally in such ¥ -categories €. m

Note that (5) is a special case of (7), while (5) and (7) entail that, for locally bounded ¥/,
the results in this paper specialize to provide a full theory of presentations and algebraic
colimits of (i) ®-accessible ¥-monads in the general setting of Lack and Rosicky [21] and
(ii) Z-ary ¥-monads on ¢ = ¥ for small eleutheric systems of arities # — ¥ [25]. In
both these classes of examples, and moreover in (2)-(5) and (7), %, and %, need not be
locally presentable.
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