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COLIMITS IN ENRICHED oco-CATEGORIES
AND DAY CONVOLUTION

VLADIMIR HINICH

ABSTRACT. Let M be a monoidal co-category with colimits. In this paper we study
colimits of M-functors A — B where B is left-tensored over M and A is an M-enriched
category. We prove that the enriched Yoneda embedding YV : A — Py (A) yields a
universal M-functor. In case when A has a certain monoidal structure, the category
of enriched presheaves Py(A) inherits the same monoidal structure and the enriched
Yoneda embedding acquires the structure of universal monoidal M-functor.

1. Introduction

In this paper we use the word category to denote an oo-category and the word operad
to denote an oo-operad in the sense of Lurie [L.HA], Section 2. On the contrary, if we
want to stress that a certain co-category is a category in the classical sense, we call it a
conventional category.

1.1. Throughout the paper we assume that M is a monoidal category with colimits,
such that the tensor product in M preserves colimits in both arguments. This means
that M € Alg, (Cat”), where Cat” denotes the category of categories with colimits, the
arrows being the colimit-preserving functors. We denote by LMody the category of left
M-modules in Cat’. In [H.EY] we constructed a Yoneda embedding Y : A — Py(A)
of an M-enriched category A into the category of enriched presheaves. In this paper we
prove that Y is universal among the functors to a left M-module B with colimits: one
has a natural equivalence

Y™ : Funpmeq,, (Px(A), B) — Funy (A, B). (1)

1.2. The existence of the functor (1) results from the functoriality of the assignement
B — Funy(A,B). There is a functor in the opposite direction that can be described in
two ways: as an operadic left Kan extension, or using the notion of weighted colimit. *
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Given an M-functor f : A — B, where B is a category with colimits left-tensored over
M, the weighted colimit colim(f) : Py (A) — B is defined. This gives a functor

colim : Funy (A, B) — Funpyea, (Py(A), B) (2)

quasi-inverse to Y*.

1.3. In the case when M is an O-algebra in the category of monoidal categories (that is,
M is a O ® Ass-monoidal category), one can define O-monoidal enriched M-categories, as
well as O-monoidal left-tensored categories over M. In this case, if A is an O-monoidal M-
enriched category, Py(A) inherits an O-monoidal structure, Yoneda embedding becomes
an O-monoidal M-functor (see 8.3.3), and (1) induces an equivalence

FunSModM(PM(A), B) — Funy (A, B) (3)

of the corresponding categories of O-monoidal functors.
The O-monoidal structure on Py(A) is an enriched version of the Day convolution
defining a monoidal structure on the presheaves on a monoidal category.

1.4. The paper was started with the aim to prove universality of enriched Yoneda em-
bedding constructed in [H.EY]. At first the task seemed very easy: given an M-enriched
category A and an M-functor f : A — B, where B is a left M-module with colimits, one
can define the functor colim f : Py(A) — B as a weighted colimit, using Lurie’s general
machinery [L.HA] of relative tensor product (this is now explained in the beginning of
Section 6). One can easily prove that any map F' : Py(A) — B in LMody is equivalent
to the colimit of its composition with the Yoneda embedding. But we have not found an
easy argument to show that for any f € Funy(A, B) the composition of colim f with the
Yoneda embedding gives back f.

This is why we had to add Section 3 comparing our working definition of enriched
categories with the one given by Lurie in [L.HA], 4.2.1.28. Now universality of Y follows
from the description of colimit preserving left M-module maps Py(A) — B as operadic
left Kan extensions of their restriction to A C Py(A), the essential image of the Yoneda
embedding.

An O-monoidal version of the universality easily follows from the interpretation of this
operadic Kan extension in terms of weighted colimits.

Our work has a very considerable overlap with the recent manuscript by Hadrian
Heine [HH]. In it the category of enriched M-categories is proven to be equivalent to the
one defined by Lurie (we only prove that the functor A — A is fully faithful). Heine also
proves universality of the Yoneda embedding. It seems, however, that his methods are
insufficient to deduce the O-monoidal version of the universality.

1.5. In Section 2 we provide a digest of the theory of enriched categories and enriched
Yoneda lemma. The notion of enriched category used here is the one presented in [H.EY],
Sect. 3. Our definition of enriched categories is practically equivalent to the earlier
definition of [GH].
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J. Lurie defines in [L.HA], 4.2.1.28 another notion of M-enriched category, as a category
weakly tensored over M, and satisfying some properties.

In Section 3 we compare the notion of enriched categories used in this paper with the
one defined by Lurie. We construct a fully faithful functor from the category Cat(M) of
categories enriched over a monoidal category M with colimits, to the category of Lurie
enriched M-categories 2. What is more important to us, we interpret M-functors f : A —
B from an enriched category A to a left- tensored category B as functors between the
categories weakly tensored over M.

In Section 4 we review the theory of relative tensor products [L.HA], 3.1 and 4.6.

In Section 5 we study bar resolutions for enriched presheaves. This is a technical
section whose result is only needed in the characterization 6.4.2 of morphisms of M-
modules Py(A) — B as operadic left Kan extensions.

The notion of relative tensor product allows us to define in Section 6 the weighted
colimits. In Section 7 we study the functoriality of the construction of Section 6. This
allows one to deduce the multiplicative version of the main universality result in Section 8.

1.6. ACKNOWLEDGEMENT. We are grateful to Greg Arone, Ilan Barnea and Tomer
Schlank for their interest in this work and for sharing their preprint [ABS]. We are
also grateful to H. Heine for informing us about his work [HH]. The first version of the
manuscript contained a number of mistakes and unproven claims, and we are extremely
indebted to the referee who helped to sort them out.

The work was supported by ISF 786/19 grant.

2. Enriched categories and enriched Yoneda: digest

In this section we recall some important constructions of [H.EY]. The notion of operadic
left Kan extension is reviewed in 2.5.

2.1. Throughout the paper we denote by 8 the category of spaces and by Cat the category
of small categories. We denote (very seldom) by CAT the category of big categories.
Categories with small colimits and colimit-preserving functors form a category Cat? C
CAT.

2.2. The category of operads Op is a subcategory of Catp;,,, where Fin, is the category
of finite pointed sets. If O is an operad, we denote Op , or just Op, the category of O-
operads, that is operads endowed with a morphism to O. The terminal object in Op is the
operad for commutative algebras. We denote it Com or Fin,.

The operad Ass® governs associative algebras, and Op,_, is the category of planar op-
erads. We denote by LM®  BM® the operads governing the left modules and the bimodules,
respectively. Thus, the operad BM® has three colors, so that the BM®-algebras are the
triples (A, M, B) consisting of two associative algebras A and B acting from the left and

2H. Heine recently proved that these two notion of enrichment are equivalent, see [HH].
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from the right on M. Similarly, a BM®-operad has three components, two planar operads
A and B, and a category M, with two compatible weak actions of A and of B on M.

Following [L.HA]J, 2.3.3 and [H.EY], 2.7.1, we often replace operads with their strong
approximations. In particular, we use the approximation Ass, LM and BM of Ass®, LM®
and BM® as defined in [H.EY], 2.9.

2.3. QUIVERS. The notion of enriched category, as presented in [H.EY], is based on a
functor
Quiv : Cat® x Op,.. — Op,. (4)

carrying a pair (X, M) to a planar operad Quivy (M) whose colors are M-quivers, that is
functors A : X°P x X — M.
The functor (4) has two variations. The first is a functor

Quiv™ : Cat® x Op.y — Opuy, (5)

and the second is
Quiv™ : Cat® X Opgy — Opgy- (6)

The functors are compatible: the Ass-component of Quivi (M, B) is Quivy (M), and so
on.

In good cases, the functors Quiv applied to monoidal categories with enough colimits,
produce a monoidal category.

2.3.1. MORE DETAILS. In Section 5 we will need a more detailed information about the
functor (5) .

In what follows Ay denotes the category of simplices in LM. For a fixed X € Cat,
one defines an LM-operad LMy by a presheaf

(A/LM)OP — 8

given by the formula
LMx (o) = Map(F(0), X),

where F : A1y — Cat is a functor with values in conventional categories combinatorially
defined in [H.EY], 3.2. The LM-operad LMy is always flat, [H.EY], 3.3. This means that
the functor Op;, — Op;y given by product with LMy, admits a right adjoint, which is
denoted Funop;y(LMy, -). Finally, given M = (M,, M,,) € Op,,, one defines the LM-operad
Quivi' (M) as Funop;y(LMx,M). Two other variations of the category of quivers, Quiv
and Quiv™, have a similar description. Given M = (M,, M,,, M;) € Opg,, the BM-operad
Quiv! (M) has components (Quivy (M, ), Fun(X,M,,), M,).

3The functors (4), (6) have a similar description.
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2.3.2. Cat-ENRICHMENT. Let O be an operad or a strong approximation of an operad.
The category of O-operads Op, has a Cat-enrichment that assigns to P,Q € Op, the
category Algy (Q).

The functor Quivy' : Op,, — Opyy respects this enrichment. This means that, given
P, Q € Op,y, one has a functor

Alg?/LM(Q) - Anguivgf("(?)/LM(QUng?(Q)) (7)
extending the map
Mapg,, , (P,9) — MapUPLM(Qung?(iP)? Quivy(Q)).

The map (7) is defined as follows. Its target is naturally equivalent, according to [H.EY],
2.8.6, t0 ALggus (9 sy (2). The map (7) can therefore be defined as the one induced
by the canonical evaluation map

Quivy (P) X1y LMy = Funopyy(LMy, P) Xy LMy — P.

2.4. ALGEBRAS IN QUIVERS. Fixing the second (operadic) argument, we will look at the
functors (4)—(6) as cartesian families of (planar, LM or BM) operads. Let us describe our
interpretation for the categories of algebras in various operads of quivers.

2.4.1. ENRICHED PRECATEGORIES. For a fixed planar operad M with colimits, an as-
sociative algebra in the family Quiv(M) is called M-enriched precategory. We denote
PCat(M) = Alg,_.(Quiv(M)) the category of M-enriched precategories.

An enriched precategory A has a category X of objects, and an associative multipli-
cation in the underlying quiver A : X°P x X — M.

2.4.2. M-FUNCTORS. Fix an LM-operad, consisting of a planar operad M and a category
B weakly tensored over M. For fixed X € Cat, the LM-operad Quivi (M, B) consists of
the planar operad Quivy (M) and a category Fun(X, B), weakly tensored over Quivy (M).

The LM-operads Quivi! (M, B) form a family Quivt™(M, B).

An LM-algebra in it consists of a pair (A, f) where A is an M-enriched precategory,
and f is an A-module in Fun(X, B).

We denote PCat™ (M, B) = Alg;,(Quiv™ (M, B)).

We interpret A-modules in Fun(X, B) as M-functors from A to B, whence the notation

Funy (A, B) = LMod4 (Fun(X, B)), (8)

the category of left A-modules in Fun(X, B).

2.4.3. Assume now that M is a monoidal category with colimits. Applying the above to
B := M considered as a right M-module (which is the same as left M"™’-module), we can
define the category of enriched presheaves Py(A) = Funyes (AP, M). It is left-tensored
over M and has colimits.

Yoneda embedding is an M-functor Y : A — Py (A), defined by A-bimodule structure
on A, see details in [H.EY], Section 6.
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2.4.4. ENRICHED CATEGORIES. An M-enriched category is an enriched precategory sat-
isfying a certain completeness condition. The full embedding Cat(M) C PCat(M) is right
adjoint to a localization functor L : PCat(M) — Cat(M) which can be described as fol-
lows. Given A € Alg,_ (Quiv(M)), we define X as the subspace of Py(A)® spanned by
the representable functors, and define L(A) as the endomorphism object in Quivy (M) of
the tautological embedding X — Py(A), see [H.EY], 7.2.

2.4.5. RESTRICTION OF SCALARS. Given a cartesian family p : Q — BXLM of LM-operads,
the embedding Ass — LM induces a functor

Algy(Q) — Alg,(Q)

which is a cartesian fibration. This result can be found in [L.HA], 4.2.3.2 or [H.EY], 2.11.

2.4.6. Let (M, B) be an LM-operad. The assignment A +— Funy(A, B) is contravariant
in A. This is a special case of a general setup presented in 2.4.5.

Thus, a map f : A — A’ of M-enriched precategories gives rise to a functor f* :
Funy(A’, B) — Funy (A, B). The definition of f* allows one to compose a map of M-
enriched precategories f : A — A’ with an M-functor A" — B.

2.5. OPERADIC LEFT KAN EXTENSIONS. Operadic colimits and operadic left Kan exten-
sions defined in Lurie’s [L.HA], Section 3.1, are a part of the construction of a free operad
algebra. In this subsection we present necessary details connected to these notions.

Let O be an operad and let € € Alg,(Cat”) be an O-monoidal category with colimits.
Given a morphism f : P — Q of O-operads, one has a forgetful functor f* : Alg,(C) —
Alg,(C). In this context the operadic left Kan extension always exists and defines a
functor

f[ : Algg;(e) — Ang(G)
left adjoint to f*.

2.5.1. OPERADIC coOLIMIT, SEE [L.HA], 3.1.1. For K € Cat we denote K* = (K x
[1]) LU [0], the category obtained by adding to K the terminal object *.

Let p: € — O be an O-operad. For any functor f : K — € to the subcategory of €
spanned by the active arrows we denote

G‘}C/t — {f} XF\un(Kveact) ]:—“U.n([('b7 Gact) X @act €<1>, (9)

where the arrows from Fun(K", €*") are defined by the embeddings K — K” and x € K”.
A functor f : K* — € with f := f|x is called a weak operadic colimit diagram if
the natural map
€5/ = CF xoxy, Opery
is an equivalence.
One says that f is an operadic colimit diagram if for any C' € € the composition

Kl> i; eact @_C>’ Gact
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is a weak operadic colimit diagram.

Let f: K — €** be a diagram in an O-operad € and let g : K~ — O be an extension
of g = po f. We say that the diagram f has an operadic colimit over g if there exists f
over g that is an operadic colimit diagram.

In the case when C is an O-monoidal category with colimits, such that the monoidal
structure is compatible with the colimits, any diagram f : K — € has an operadic
colimit.

2.5.2. OPERADIC LEFT KAN EXTENSIONS. We present below a definition of operadic
left Kan extension due to Lurie, [L.HA], 3.1.2. We restrict ourselves to a special case of
what Lurie calls “free algebra”, see [L.HA], 3.1.3.1.
Given f : P — Q a morphism of O-operads and an O-operad €, one has an obvious
functor
J* - Algo(C) — Algy(C).

For any g € Q we define K, =P Xq Qj‘gt.

Given A € Alg,(C) and B € Alg,(C), a morphism j : A — f*(B) in Alg,(C) deter-
mines a morphism of functors oy — constpy) : Ky = €**, with o, being the composition
of A with the projection K, — P and constpg(,) being the constant functor with the value
B(q). Equivalently, this translates into a functor

g K — @ (10)

A morphism j : A — f*(B) is called an operadic left Kan extension of A with respect
to f if for any ¢ € Q the functor a, : K| — C?¢* is an operadic colimit diagram.

In the case when € € Alg,(Cat”), the operadic left Kan extension exists and defines
a functor f: Alg,(C) — Alg,(C) left adjoint to f*.

3. Lurie’s enriched categories

In this section we compare the notion of M-enriched category and of an M-enriched
functor, as presented in 2.4.4 and 2.4.2, with the similar (but simpler) notions of Lurie,

[L.HAJ, 4.2.1.

3.1. LM-OPERADS AND LURIE’S ENRICHED CATEGORIES. Probably, the simplest way to
define an enriched oco-category over a monoidal category M is presented in Lurie’s [L.HA],
4.2.1.28.

3.1.1. The map a : Ass — LM of operads induces a base change functor
CL* : OpLM - OpAss (11)

assigning to each LM-operad O its planar component O, — Ass. The fiber O,,, at m € LM
is a category that is called weakly enriched over O,.

We denote by LMody; the fiber of a* at M € Op,,,. This is the category of categories
weakly enriched over M.
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An object of LMody; is an LM-operad O together with an equivalence M = Ass Xy O.
We will sometimes denote it as a pair (M, A), where A = {m} xn O, or (when M is fixed)
as A.

3.1.2. For O,0" € LMod}; we define FunLMod%((‘), 0’) as the fiber of the map

AlgO/LM(O/) - AlgM/Ass (M)

at ldM .

Let now M be a monoidal category. Here is the definition of Lurie’s M-enriched
category.

3.1.3. DEFINITION. Let M be a monoidal category. A Lurie M-enriched category A is
an LM-operad O with the equivalences M = Ass xiy O, A = {m} xwy O, satisfying the
following properties.

1. The natural map &m; — ®m; induces an equivalence Map((®@m;)®a, b) — Map(dm;d
a,b) for any m; € M and a,b € A. Here we use the sign & as in [L.HA], 2.1.1.15 *.

2. For any a,b € A the weak enrichment functor homy(a, b) : M°? — 8, defined by the
formula
homy (a,b)(m) = Map(m & a, b),

is representable.

Lurie M-enriched categories form a category denoted Cat™(M). This is a full sub-
category of LModj; spanned by the Lurie M-enriched categories.

In this section we assign to any M-enriched category A a Lurie M-enriched category
A. We prove that the category Cat(M) defined in 2.4.4 is equivalent to a full subcategory
of Cat" (M), see 3.4.1. Note that H. Heine has recently proven [HH] that the two notions
are equivalent.

3.1.4. Let M be a monoidal category with colimits.

For any M-enriched category A we define A C Py(A), the full subcategory of Py(A)
spanned by the representable presheaves. Obviously, A is an M-enriched category in the
sense of Lurie. By [H.EY], 6.1.4, this defines a functor

A : Cat(M) — Cat™™ (M).

Corollary 3.4.1 asserts that this functor is fully faithful. As H. Heine shows in [HH],
the functor A is actually an equivalence, see Remark 3.4.2.

4The first property is a pseudo-enrichment in Lurie’s terminology. see [L.HA], 4.2.1.25. The condition
makes sense for the number of factors n > 0.
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3.2. BABY YONEDA FUNCTOR. In what follows we denote by (M, A)® the LM-operad
formed by the category A weakly tensored over a monoidal category M.

Let M be a monoidal category with colimits, A be an M-enriched category and B be
a category with colimits left-tensored over M.

Let (M,A) be the corresponding Lurie enriched category.

Our aim is to construct an equivalence

Fungyeay (A, B) — Funy(A, B). (12)
3.2.1. Functoriality of the assignment
B — Funy (A, B),

as defined by the formula (8), and the preservation of Cat-enrichment by Quivt, see 2.3.2,
yields a canonical functor

Funy (A, B') x Funpyeqs (B, B) — Funy(A, B). (13)
In particular, for B’ := A, we get

Funy(A, A) x Fungyeay (A, B) — Funy(A, B). (14)

We claim that the Yoneda embedding Y : A — Py (A) factors uniquely through the
full embedding Y : A — Py (A); the natural M-functor y : A — A so defined will be
denoted y and called the baby Yoneda functor. The existence (and uniqueness) of the
baby Yoneda immediately follows from the lemma below.

3.2.2. LEMMA. Let B be a full subcategory in C that is weakly enriched over a monoidal
category M. Then, for an associative algebra A in M, one has

LMod4(B) = LMod4(C) x¢ B.

Note another obvious property of the M-functor y : A — A.

3.2.3. LEMMA. The forgetful functor Funy (A, A) — Fun(X,A) carries y to a map i :
X — A identifying X with the maximal subspace of A.

3.3. THE FUNCTOR (12) IS AN EQUIVALENCE. In Proposition 3.3.7 we prove that the
functor (12) is an equivalence. The idea is to present the source and the target of the
map by a monad on Fun(X, B) and to verify the equivalence of the monads.

3.3.1. Recall that (M, B) is an LM-monoidal category with colimits. Let A € Alg(Quivy
(M)). Let & : X — B be an A-module in Fun(X,B) and let a : ¢ — ® be an arrow in
Fun(X,B). In Lemma 3.3.5 below we formulate the condition for a to represents @ as a
free A-module generated by ¢.

The A-module structure on ® defines an active arrow (A, ®) — @ in Quivy'(M, B)
that is explicitly described in [H.EY] 4.2.1 and 4.3.1, case (w2) with n =2, k = 1.
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Here is the description. The active arrow above is given by a map A := [1] Xy LMx —
(M, B)>** where
A=Ay (O x 1)L A4,
with Ag = X x XP x X, A} = X, C = Tu(X) x X, the map C' — Ay is given by the
projection Tw(X)°? — X x X whereas C' — A; is the projection to the last factor.
This yields, for any x € X, a functor

02 (Tw(X)P)> — (M, B)** (15)
carrying the terminal object * € (Tw(X))” to ®(z) and the arrow « : z — y from Tw(X)
to the pair (A(y, z), (2)). )

We denote by 62 the restriction of 0% to Tw(X)°P. The functor ¢ : Tu(X)P —

M, B)>* is define in the same way and the map a : ¢ — ® gives rise to a map of functors
&
a: 02— 02

3.3.2. A functor f : K* — C can be uniquely presented by a map f|x — consty(,) in
Fun(K, €), where const ) is the constant functor with the value f(x) € €. In particular,
given f as above and an arrow « : f; — f|x in Fun(K,C), we get a canonically defined

functor f': K* — C with f'|x = f1 and f'(x) = f(x).
This allows one to define
0« (Tw(X))" — (M, B)* (16)
as the functor induced by a : ¢ — ® whose restriction to Tw(X)°P is ¢ and the value at
the terminal object is ®(z).

3.3.3. COCARTESIAN SHIFT. Let p : € — B be a cocartesian fibration and let, as above,
f : K* — € be a functor.

As above, f gives rise to a map f|x — consty(,) in Fun(k, €), as well as to its image
po flx — constyepsy in Fun(K, B). Since the map Fun(K,p) : Fun(K,€) — Fun(kK, B)
is a cocartesian fibration, we get a map of functors

f—=sh(f): K* = ¢,

such that p o Sh(f) = constyes) and for each x € K the arrow f(x) — Sh(f)(z) is
p-cocartesian. In this case we will say that Sh(f) is obtained from f by a cocartesian
shift.

3.3.4. Applying the cocartesian shift to (16), we get
Sh(6%) : (Tw(X)°?)> — B.
One has the following.

3.3.5. LEMMA. A map a : ¢ — @ in Fun(X,B) presents ® as a free A-module if and
only if for any x € X the diagram 03 is an operadic colimit diagram (or, equivalently, if
Sh(0%) is a colimit diagram,).

PROOF. The map a : ¢ — ® presents & as a free A-module generated by ¢ if a induces a
cocartesian arrow (A, ¢) — @ in Quivi (M, B). This easily translates to our condition. m
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The evaluation of (14) at y defines the canonical functor
y" : Funpyeay, (A, B) — Funy (A, B).

Lemma 3.2.3 asserts that G o y* = G’ where G : Funy(A,B) — Fun(X,B) is the
forgetful functor and G’ : Fungyeqy (A, B) — Fun(X, B) is given by the composition with
X = A.

3.3.6. We will now prove that y* is an equivalence. Our proof will use the description

of the source and the target of y* by monads on Fun(X, B).
Let us consider the following diagram.

FunLMod% (./Zl., ‘B) i (17)

Here the functor F', left adjoint to G, is the free A-module functor. The functor F’, left
adjoint to G, is defined by the operadic left Kan extension with respect to the map of

LM-operads ~
e MUX — (MA).

The equivalence G' = G o y* gives rise to a morphism of functors n : F — y* o F".
Here is the main result of this section.

3.3.7. PROPOSITION. The functor y* defined above is an equivalence.

PROOF. According to [L.HA], 4.7.3.16, we have to verify the following conditions.
1. The functors G’ and G preserve geometric realizations.
2. The functors G and G’ are conservative.
3. n(¢) is an equivalence for any ¢ € Fun(X, B).

The functor G is conservative by [L.HA], 3.2.2.6 and preserves colimits by [L.HA],
4.2.3.5. The functor G’ is conservative (by [L.HA], 3.2.2.6) and preserves geometric real-
izations by [L.HA]J, 3.2.3.1.

It remains to verify that n(¢) : F(¢) — y* o F’'(¢) is an equivalence for any ¢ : X — B.
We will do so by verifying that the unit of the adjunction

a:¢p— G oF () (18)

satisfies the condition of 3.3.5 with ® = G’ o F'(¢).
The map (18) defines, for any = € X, ®(x) as an operadic colimit, see [L.HA], 3.1.1.20,
3.1.3.5, which we are now going to describe.
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To shorten the notation, we denote X = MLX and 2 = (M, A), both considered as LM-
operads. Similarly, 8 will denote the LM-operad (M, Py(A)). We denote F, = X xo A5
and define the functor

by 1 Fo — (M, B)
as the composition of the projection F, — X and the map X — (M, B) induced by ¢.
The map (18) defines ®(z) as the operadic colimit of @,.
In 3.3.9 and 3.3.10 below we define a functor 7, : Tw(X)°® — F, and prove that
0% : Tw(X)°P — (M, B) factors as 0% = ¢, o 7.
Then we prove (see 3.3.11) that 7, is cofinal. This implies that the diagram 6% is an
operadic colimit diagram. This, by 3.3.5, proves the assertion. m

3.3.8. CONSTRUCTION OF T,, A GENERAL IDEA. Here is how 7, looks like. An ob-
ject f € F, is given by a collection (my,...,my,z,3) where m; € M, z € X and
B (my,...,my,2z) — x is an arrow in Q over an active arrow (a"m) — m in LM. Note
that an arrow [ can be equivalently described (by the Yoneda lemma, see [H.EY], Sect. 6)
by an arrow @m; — A(z,z) in M.

The functor 7, : Tw(X)? — F, will carry an arrow a : z — y to

() = (Ay, 2), 2, " : Ay, z) = A(z, 7).
We present below a more accurate description of 7,.

3.3.9. CONSTRUCTION OF 7,. The functor 7, is defined by its components 7% : Tw(X)°P —
X and 7" : Tw(X)® — 2% and an equivalence of their compositions Tw(X)*® — 2(. The

functor 7% is the composition
Tw(X)? — X x XP - M x X, (19)

where the second map carries (z,y) to (A(y,x), 2).

Since A is a full subcategory of P := Py(A), 2[7? is a full subcategory of ‘,Bj‘g}(x). The
functor 7% is therefore uniquely defined by a functor Tw(X)°P — ‘B%ﬁ(m) whose composition
with the forgetful functor to 8 is given by (19).

Since B is LM-monoidal, 7™ is determined by a functor Tw(X)°P — Py (2 assigning to
a:z—yanarrow Ay, z) ® Y(z) = Y(z) in P.

The right fibration p : Tw(X)? — X° x X carrying « : z — y to the pair (y, 2), is
classified by the functor h : X x X°° — § given by the formula h(z,y) = Mapy(z,y).

One has a functor X°? x X — P carrying (y,2) to A(y,z) ® Y(2). In order to
lift it to a functor Tw(X)® — Py (), it is enough to present a morphism of functors
Mapy (z,y) — Mapy(A(y, x), A(z,x)). This latter comes from functoriality of A.

We have the following.

3.3.10. LEMMA. 02 = ¢, 0 7,.
PROOF. The functor 6 : Tu(X)°® — (M, B) factors as 6% = ¢, o 7, as ¢, factors through

X, so that the composition ¢, o7, can be expressed through 7% given by the formula (19).
]
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3.3.11. LEMMA. The functor 7, : Tu(X)® — F, is cofinal.

PROOF. We use Quillen’s Theorem A, see [L.T], 4.1.3.1.
We claim that the comma category

Ta(X)™ s (5,);/ (20)
has a terminal object for any f € F,. In fact, let f = (my,...,m,,z,u) where u :
®@m; — A(z,z) is an arrow in M. The terminal object of (20) is given by 7,(id,) =
(‘A(Z7x)7zaidfl(z,x))' [ ]

3.4. ENRICHED CATEGORIES AND LURIE ENRICHED CATEGORIES. As an easy conse-
quence of the above, we have the following.

3.4.1. COROLLARY. The functor X : Cat(M) — Cat™™ (M) is fully faithful.
PROOF. Let A, A" € Cat(M). The map

Mapgayan) (A, A') — Funye(A, Py (A'))™

is embedding, identifying the left-hand side with the subspace of the right-hand side
consisting of f : A — Py(A’) with representable images. In other words, it induces an
equivalence

Mape,, ) (A, A') — Funy(A, A)*.

According to the theorem, one has an equivalence
FUHM(.A, PM(.A/)) — FunLModeg[ (.A, PM(.A/))

which identifies Mapcay g (A, A") with Mappy,qe (A,A". "
Note that H. Heine has recently proven [HH]| that A is an equivalence.

3.4.2. REMARK. Let B be weakly enriched over a monoidal category M. Here is a
reasonable way to assign to B an M-enriched category A. Let X =B andleti: X — B
be the natural embedding. The LM-operad Quivy' (M, B) defines a weak enrichment of
Fun(X, B) over Quivy(M).

The M-enriched category A can now be defined as the endomorphism object of i €
Fun(X,B) (if it exists). Apparently, this is precisely how [HH] proves that A is an
equivalence.

. The forgetful functor p : Alg;,(Cat) — Alg, . (Cat) is a cartesian fibration. In particular,
given a monoidal functor f : A — B and a category X left-tensored over B, we have an
LM-monoidal cartesian lifting f': (A, X) — (B, X) in Alg,,(Cat).

3.4.3. LEMMA. The arrow f': (A, X) — (B, X) is also p'-cartesian, where
p/ : OpLM — OpAss

1s the forgetful functor.
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PROOF. The embedding Alg;,(Cat) — Op;, has a left adjoint functor denoted Pry (mon-
oidal envelope functor). Similarly, Pss : Op,.. — Alg,..(Cat) is left adjoint to the em-
bedding. The lemma immediately follows from the equivalence

PLM(O)a = PAss(Oa)

valid for any O € Op,,. ]

4. Relative tensor product and duality

4.1. INTRODUCTION. This section is mostly an exposition of (parts of) Lurie’s [L.HA],
4.6 and 3.1. In it we do the following.

1. Starting with a monoidal category € with geometric realizations, we construct a 2-
category BMOD(C) ° called the Morita 2-category of €, whose objects are associative
algebras in C, so that the category of morphisms Fun(A, B) is the category of A-B-
bimodules. Composition of arrows in BMOD(C) is given by the relative tensor product
of bimodules. The description of BMOD(C) is based on a study of an operad Tens over
Ass%.,, see [H.EY], 2.10.5 (3) ¢ describing collections of bimodules and multilinear
maps between them.

2. Duality for bimodules describes adjunction between morphisms in BMOD(C). The
special case, when the unit and the counit of the adjunction are equivalences, de-
scribes a Morita equivalence between the corresponding associative algebras in C.

3. A more general type of the relative tensor product of bimodules, with different
bimodules belonging to different categories, is described using the same operad
Tens and the ones obtained from it by a base change.

4.2. MORITA 2-CATEGORY AND THE OPERAD Tens. We now present a construction of
the Morita 2-category BMOD(C) for a monoidal category € with geometric realizations. We
describe BMOD(C) as a Segal simplicial object in Cat, carrying [n] to a category BMOD,,(C).
The category BMOD,,(€C) can be described as the category of algebras in € over a certain
planar operad (in sets).

We will denote this operad Tens,. Algebras over it are collections (Ao, ..., A,) of
associative algebras in C, together with a collection of A;_i-A;-bimodules M; for ¢ =
1,...,n. So, BMOD,(C) = Algy,,, (€). To define the simplicial object BMOD,(C), we have
to provide a compatible collection of functors s* : BMOD,,(€) — BMOD,,(C) defined for each
s:[m] — [n] in A, together with the coherence data.

For a map s : [m] — [n] the functor s* : BMOD,(C) — BMOD,,(C) comes from a
correspondence between the operads Tens,, and Tens,,.

SMore precisely, a category object in Cat, that is, a simplicial object in Cat satisfying the Segal
condition.
6Lurie [L.HA] describes it as a family of operads based on A°P.
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We will present an operad Tens, over Ass[@ﬁ with fibers Tens,, and Tens,, over 0 and

1 respectively. 7

The functors i : Algy.,, (€) — BMOD,,(C) and 47 : Algy,. (C) — BMOD,(C) are defined
by the embeddings i( : Tens,, — Tens, and ¢, : Tens,, — Tens;.

The map s* : BMOD,,(C) — BMOD,,,(€C) will be defined as the composition i o iy, where
11 is left adjoint to 7.

In order to describe the compatibility of s* with respect to composition, we will define
an operad Tens over Ass%., = Ass® x Compop. We will have Tens, = Tens X 2oy Assﬁ]

where s : [1] — A°P defines the map Assﬁ’] — AssRop.

4.2.1. THE OPERAD Tens. Tens is the operad in sets governing the following collection
of data.

1. For each n > 0 the collection of monoids Ay, ..., A, and A;_1-A; bimodules M, ,
fori=1,...,n.

2. For each map s : [m] — [n] in A the collection of arrows:

a. Morphism of algebras Ay n — Aim, for i =0,...,m.

b. Multilinear morphisms (see remark below)

Ms(i71)+1,n XX Ms(i),n — M,

of Ag(i—1),n-As(i),n-bimodules.

3. The collections of arrows defined in (2) for each s : [m] — [n] compose in an obvious
way.

4.2.2. REMARK. Multilinearity in the last sentence means that, in case s(i—1)+1 < s(7),
the map is compatible with the actions of all intermidiate A4;,,, j = s(i—1)+2,...,s(i)—1;
it means nothing if s(i) = s(i—1)+1; and it means an A, ,-bimodule map Ay, — M;
if s(i — 1) = s(i).

4.2.3. THE MAP TO Ass%.,. An Ass%,,-algebra in an Ass®-operad € is given by a functor
A A°® — Alg, (C). This functor defines a canonical Tens-algebra defined by the
formulas A;,, = A([n]) = M;,. This gives a functor 7* : Alg, . (€) — Alg. (C)
realized as the inverse image with respect to the map

7 : Tens — AssQop.

"Recall that Ass® denotes the operad governing associative algebras. The operad Ass?} for K € Cat
governs K-diagrams of associative algebras.
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4.2.4. For any ¢ : S — A°P one defines Tensg (or Tensy) as Comg Xcom,op T€NS.
One defines p : BMOD(C) — A°P as a category over A°P representing the functor

Funaer (B, BMOD(C)) = Alg,.. . (C). (21)

In the case when € has geometric realizations and a monoidal structure preserving
geometric realizations, BMOD(C) is a cocartesian fibration over A, so it defines a simplicial
object BMOD,(C) in Cat, see [L.HA|, 4.4.3.12. It satisfies the Segal condition by [L.HA],
4.4.3.11.

4.2.5. REMARK. Note that BMOD(C) is not complete. The zero component BMOD,(C) is
the category of algebras in € which is not a space. An equivalence defined by BMOD; (C) is
a Morita equivalence which is not equivalence in BMODy(C).

4.3. DUALITY. In this subsection we apply the general notion of adjunction in a 2-
category to the Morita 2-category described in the previous subsection.

4.3.1. DEFINITION. (see [L.HA], 4.6.2.3) Let € be a monoidal category with geometric
realizations. Let A, B be two associative algebras in €, M €4 BModg(C) and N €p
BMod4(€C). Amap c: B — N®4 M is said to exhibit N as left dual of M (or M as a right
dual of N) if there exists e : M ®p N — A in 4BMod4(C) such that the compositions

M=M®egB Y M ey Noy MM

and

N=Bos NN Ne, Meg NN

are equivalent to idy; and idy, respectively.

Let M be a left C-tensored category with geometric realizations. A dual pair of bimod-
ules M €4BModg(C) and N €5BModa(C) determines an adjunction (see [L.HA], 4.6.2.1)

F : LModg(M); ZLModa(M) : G (22)

given by the formulas F(X) = M ®p X and G(Y) = N ®4 Y. This adjunction deserves
the name Morita adjunction.

A Morita adjunction is called a Morita equivalence if the arrows ¢ and e are equiva-
lences.

Two properties of Morita adjunction are listed below. The first one, Proposition 4.3.2,
describes a good behavior of Morita adjunctions under composition. The second one,
Proposition 4.3.3, claims that the left dualizability of M € 4BModg(C) is independent of
the algebra B.

4.3.2. PROPOSITION. (see [L.HAJ, 4.6.2.6) let C be a monoidal category with geometric
realizations, A, B, C' three associative algebras in C. If ¢ : B — N ®4 M exhibits N as a
left dual to M € s.BModg and ¢ : C — N'®p M’ exhibits N’ as a left dual to M’ € gBMod
then the composition

CHN @M =N @z BosM 5 N @z NosMeg M
exhibits N' ®p N as a left dual to M @p M'.
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4.3.3. PROPOSITION. (see [L.HAJ, 4.6.2.12, 4.6.2.13) Let C be a monoidal category with
geometric realizations. A bimodule M € 2BModg(C) is left dualizable if and only if its
image M’ in

LMod 4 (C) =4BMod; (C) is left dualizable. Moreover, if N €gBMod4(C) is left dual to M,
its image in RMod 4(C) is a left dual of M’ € LMod4(C).

4.3.4. REMARK. In the classical context of associative rings, an A-B-bimodule N is
right-dualizable iff it is finitely generated projective as a right A-module. This property is
independent of B and right dualizability of N is sufficient to have an adjunction between
the categories of left A and B- modules. This adjunction is an equivalence, for B =
End4(N), if N is a generator in RMod4. It would be very nice to describe in our general
context a condition on a right dualizable module N € RMod 4 leading to Morita equivalence.

4.3.5. We can fix a right-dualizable A-module N € RMod4(C) and try to reconstruct a
would-be Morita equivalence.

Let M € LMod(C) be the right dual of V.

The category RMod 4 (C) is left-tensored over €. So, given N € RMod 4(C), one can define
an endomorphism object End4(N) which, if it exists, acquires an associative algebra
structure. Since N is right dualizable, this object does exist, as one has a canonical
equivalence

Mape(X, N @4 M) = Mappyea , (c) (X ®N,N) (23)

by [L.HA], 4.6.2.1 (3), so that End4(N) = N ®4 M as an object of C.

4.3.6. COROLLARY. Let C be a monoidal category with geometric realizations, A an asso-
ciative algebra in €, N € RMod A(C) a right dualizable A-module. Then M € LMod4(C), the
right dual of N, has a canonical structure of A-Enda(N)-bimodule and the pair (M, N)
defines a Morita adjunction

F LMOdEndA(N)(e):LMOdA(e>,
with F(X) = M ®gna vy X and G(Y) = N ®4 Y, for which the coevaluation
c:Ends(N) - N®@a M

1 an equivalence.
PROOF. See [L.HA]J, 4.6.2.1 (2). n

Note that this construction produces the A-A-bimodule evaluation map
e: M ®EndA(N) N — A. (24)

4.3.7. REMARK. The algebra B = End4 (V) can be also described in terms of the left
A-module M. In fact, the category LMod 4(€) is right-tensored over C, so it is left-tensored
over the reversed monoidal category €. The endomorphism object of M € LMod4(C) in
C™ exists, and it coincides with the algebra B°P.
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4.4. RELATIVE TENSOR PRODUCT. The relative tensor product of bimodules with values
in a monoidal category € is encoded in the composition of arrows of BMOD(C). There exists
a slightly more general relative tensor product, for the bimodules having values in different
categories.

Let now € € Alg, . (Cat”) where, as before, Cat” denotes the category of categories
with small colimits, with the arrows being the colimit preserving functors.

We wish to study tensor product of bimodules with values in €.

We define, slightly generalizing 4.2.4, p : BMOD?(€) — S as a category over S repre-
senting the functor

Funig(B, BOD?(C)) = Algpans, jrenes (€).

One has

4.4.1. PROPOSITION.
1. The map p : BMOD?(C) — S is a cocartesian fibration.

2. An arrow & in BMOD¢((‘3) over a: x — y in S is p-cocartesian iff the corresponding
F, € AlgTenS¢<Q)/TensS(€) is an operadic left Kan extension of its restriction Fy :

Tensy,) — C.

3. Let f: € —= D be a Tensg-monoidal functor preserving geometric realizations. Then
the induced map BMOD?(f) : BMOD?(C) — BMOD?(D) preserves cocartesian arrows.

PROOF. The first two claims are just [L.HA], Corollary 4.4.3.2, with O = Tensg. The
condition (*) is fulfilled as € is Tensg-monoidal category with geometric realizations,
commuting with the tensor product. Claim 3 follows from Claim 2. [

4.4.2. Here is an important example of the above construction.

Let =: [1] — A° be defined by the arrow 9' : [1] — [2] in A. We have then
Tens, = Compy] Xcompop I€NS.

One has natural embeddings 7; : Tens; — Tens, and 5 : Tensy — Tens, induced by
the embedding of the ends {1} — [1] and {0} — [1].

Note that Tens; = BM® and Tens, = BM® LiAss" BM®

4.4.3. Let C be a Tens,-monoidal category. Up to equivalence, € is uniquely described
by a collection of five monoidal categories C,, G, C., Cu/, €, three bimodule categories
Cn €e, BModg, (Cat), C, €¢,BMode, (Cat), € €¢, BMode,(Cat), monoidal functors ¢, :
C, = Cx and ¢, : C. — C., and a Cp-bilinear functor

(:’mx@n—>€k

of C,-C.-bimodule categories.
The embedding iy : Tensy — Tens, induces

Z; : AlgTens>_ (e) - AlgTensg/Tens>_(e)‘
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The relative tensor product functor

RT: AlgTensg/Tens>_<e) - AlgTens>(e) (25)

is defined as the functor left adjoint to 3.

The functor RT exists if € € Algy,,, (Cat”).

It makes sense to fix associative algebras A € Alg, (C,), B € Alg, (C), C €
Alg, .(C.), and restrict (25) to Tensy-algebras in € having algebra-components A, B and
C. If A =¢,(A) € Alg, (Cy) and C" = ¢.(C) € Alg,  (C.), this gives

RTA,B,C ZABMOdB(Gm) XBBMOdc(Gn) —)A/BMOdc/(ek). (26)

4.4.4. TWO-SIDED BAR CONSTRUCTION. The following explicit formula for the calcula-
tion of relative tensor product explains why does it exist for categories with geometric
realizations.

Recall that Tens, governs 5-tuples of objects, (A, M, B, N,C'), where A, B, C are asso-
ciative monoids, M is an A-B-bimodule and N is a B-C-bimodule. We denote the colors
of Tens, by a,m,b,n,c. The operad Tens; has colors @', k, ¢.

Define a functor u : A°? — Tens, carrying [i] to mb'n € Tens,, where the action of u
on the arrows is defined as follows.

e Faces correspond to the action maps mb — m, bb — b or bn — n.
e Degeneracies correspond to the unit maps 1 — b.

We extend the map w : A°® — Tens; to uy : AP — Tens, carrying the terminal
object of AP to k € Tens;.

Let ¢ : € — Tens, present a Tens,-monoidal category. The map Fun(A°P q) :
Fun(A°,€) — Fun(A°, Tens, ) is a cocartesian fibration. The functor u,; defines an
arrow [ @ u — u, in Fun(A°, Tens, ), u, being the constant functor with the value
k € Tens, . Therefore, any ¢ € Algr e, rens, (€) gives rise to a unique lift 5y : pou — X,
where X is a simplicial object in C;. We will denote X = Sh(¢ou) and call it the two-sided
bar construction, Sh(¢ o u) = Bar(¢).

The following explicit description of relative tensor product is a reformulation of [L..HA],
4.4.2.8.

4.4.5. PROPOSITION. Let € be a Tens, -monoidal category with geometric realizations and
the tensor structure commuting with the geometric realizations, and let g : C — Tens, be
the corresponding cocartesian fibration. Given a commutative diagram

Tens, —— C (27)

/1
- q
e
-

Tens, =—=Tens.
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of marked categories, with ¢ corresponding to a pair of bimodules M € ,BModg and N €p
BModg with values in €. Then there exists ® presenting a relative tensor product of M
and N. Vice versa, any extension ® of ¢ presents a relative tensor product of M with
Nif and only if the following conditions are fulfilled.

e O carries the maps Agy — Ag1 and Ay — Aqq to g-cocartesian arrows in C.
e The functor ® induces an equivalence

Bar(¢)| — ®(k).

4.4.6. AsSSOCIATIVITY. To formulate associativity, we need to use Proposition 4.4.1 ap-
plied to the family ¢ : S — A°P defined by the commutative square

1] -2~ 2] (28)

81
2] —=[3]
in A, and a Tensg-monoidal category € with geometric realizations, see [L.HA], 4.4.3.14.

4.5. VARIANTS. The tensor product of bimodules (26) commutes with the functor for-
getting the left A-module structure and the right C-module structure.

We would like to formulate this observation as follows. Let Ten, be the full suboperad
of Tens, spanned by the colors a, b, a’,m,n, k € [Tens, |. There is an obvious embedding
i : Ten, — Tens, and the functor i* : Alg, . — Alg, forgets the right module
structure on the bimodules described by the colors n and k.

Similarly, it makes sense to describe a yet smaller suboperad En, spanned by the colors
b,m,n,k € [Tens, ]. We denote j : En, — Tens. the obvious embedding that forgets both
the right module structure on bimodules described by n, k and the left module structure
on bimodules described by m, k.

We define Ten, and En, as for Tens, ; this yields the functors 75 and the left adjoints
RT exactly as for Tens. -monoidal categories. One has

4.5.1. PROPOSITION. The forgetful functors i* and j* commute with the relative tensor
product.

PROOF. The commutative square

i

AlgTens> (G) — AlgTenSQ/Tens> (e) (29)

Fo

(2

AlgTen>_/Tens>_ (e) —— AlgTeng/Tens>_ (e)

defines a morphism of functors
RT oi* — i* o RT.
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To prove that this functor is an equivalence, we use the description of RT in terms of the
two-sided bar construction. The functor u, : A°® — Tens, factors through i : Ten, —
Tens, , so the bar construction used to calculate RT as a colimit, is the same for both
setups.

The version for j : En, — Tens, is proven in the same way. [

4.6. REDUCTION. An A-B-bimodule in € can be equivalently described as a left A-module
in the category RModp(C).

We present below a similar transformation of Tens, -monoidal categories compatible
with the formation of the weighted colimit.

The construction is based on the notion of bilinear map of operads and their tensor
product as presented in [H.EY], 2.10.

4.6.1. We define amap p : Tens, — BM® as the obvious map carrying the colors a,a’, b, m
to a € [BM], n,k to m € [BM] and ¢, to b € [BM]. We have Ten, = LM® Xpys Tens. .

One has a standard bilinear map Pr : LM® x RM® — BM® defined in [L.HA], 4.3.2.1 and
[H.EY], 2.10.7. There is a lifting of Pr to a bilinear map

@ : Ten, x RM® — Tens, (30)
uniquely defined by its action on the colors.
e 1i(*,m) = % where * is any color of Ten. .
o u(n,b) =c, puk,b)=~c.

4.6.2. Let C be a Tens, -operad. Following a general pattern [H.EY], 2.10.1, we define
a Ten, -operad C™¢ := Algp, /Tenss. (C) as the one representing the functor

K € Cat jpen, +— Mapg, + (Kb X RM?, Gh).

/Tens <

We call €™ the reduction of €.
Here is a more convenient description of €™ in the case when € is a Tens, -monoidal
category. In this case C is classified by a lax cartesian structure

e: Tens, — Cat.
Composing it with u, we get a functor
Co i Ten, x RM® — Cat,

defining
C: Ten, — Fun'™(RM®, Cat), (31)

that is, a functor with the values in RM-monoidal categories. Composing it with the functor
Algy,, we get a functor €™ : Ten, — Cat classifying €.



386 VLADIMIR HINICH

Here is a more detailed information about the functor €. For z = a,a’, m, b, é(l’) is the
RM-monoidal category (C, [0]) describing the trivial action of the trivial monoidal category
on C,. Thus, one has €7 = @, for these values of z. Furthermore, C(n) = (C,, €.)® and
C(k) = (C,, Cu)?®, so that Cr = Alg,,(C,,C.) and CF? = Alg,,(Ck, Cu).

The standard embedding i : Ten, — Tens, identifies the m-component of € with
i*(C).
This defines a functor G : €™ — i*(C) forgetting the right module structure on the
components G, Cred.

The restriction with respect to p (30) defines a natural map

0 : AlgTens>_<e) — AlgTen>_ (GTEd)7 (32)

whose composition with the map induced by G is the obvious restriction

AlgTens>_ (e) — AlgTen>_ /Tens> (e) (33)

We believe that the map (32) is an equivalence, that is that p presents Tens. as a tensor
product.

We will actually verify a somewhat weaker statement Proposition 4.6.4 that will be
used in Section 6.

4.6.3. LEMMA. The bilinear map
Lo @ Teng X RM® — Tens,

obtained by restriction of u, presents Tensy as a tensor product of Teny with BM®.

PROOF. We compose ji, with the standard strong approximations RM — RM®, ten, — Ten,
as described in [H.EY], 2.9, with ten, = BM LU** LM. We get a bilinear map teny X RM —
Tens, that is easily seen to be a strong approximation. [

4.6.4. PROPOSITION. Let C be a Tens, -monoidal category with colimits. Then p induces
a commutative diagram

RT
AlgTenSQ/Tens> (G) - AlgTens> (e) (34>
i v
re RT7ed re
AlgTeng/Ten> (e d) AlgTen> (e d)?
where RT™ is the relative tensor product defined for the Ten, -monoidal category C™.

PROOF. If € is a Tens, -monoidal category with colimits, €™ is a Ten, -monoidal category
with colimits. This implies that RT™ is defined as the functor left adjoint to the restriction
a5 L Algre, (C™7) — Algre,, 1en, (C™?). The equivalence 6, is defined by the universal
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* -redx

property of €™ = Algh, /tens,. (€) and Lemma 4.6.3. The equivalence 6 o i3 = 3" o ¢
induces a morphism of functors

RT™ 0 #; — 6§ o RT. (35)

We claim that this morphism is an equivalence.

Let ¢ € Algrens, /rens, (€) be given by a pair of bimodules M € 4BModp(Cy), N €5
BMod¢(C,,) and let ® = RT(¢). By 4.4.5, the composition ® o uy : AP — € is an operadic
colimit diagram. This is equivalent to saying that the cocartesian shift Sh(®owu, ) : AP —
G is a colimit diagram.

The map uy : AP — Tens, factors through i : Ten, — Tens,. By 4.4.5, the claim
of Proposition 4.6.4 will be proven once we verify that 6(®) o u, is an operadic colimit
diagram in C™?, or, equivalently, that the cocartesian shift Sh(0(®) o u) : AP — Cr? is
a colimit diagram.

The composition GoSh(6(®)ouy) : AP” — €4 is a colimit diagram as the composition
G o0 is the restriction (33). According to [L.HAJ, 3.2.3.1, G creates colimits. This proves
the proposition. [

4.6.5. REMARK. Let C' € Alg, (C.) be the c-component of ¢. We define a Ten, -

red

monoidal subcategory €7¢ of €™ as follows. The restriction Alg,, — Alg,_. Jru @pplied
to the functor € (31) yields a morphism of functors

e Alg, s /mu © C.

The Ten, -monoidal subcategory €5 is defined as the fiber of this functor at the object
of Alg,. /ay o C determined by the cocartesian arrow C' — ¢.(C), in the notation of 4.4.3.
The functor 6(®) o uy : AY” — €™ canonically factors through €7%¢. By [L.HA], 3.2.3.1,
the functor AP — €4 so defined is also an operadic colimit diagram.

5. Bar resolutions for enriched presheaves

The aim of this very technical section is to construct a certain operadic colimit diagram,
see 5.3.1, used later in the proof of the important result 6.4.2.

Given a monadic adjunction €;”LMod(€), any A-module M acquires a standard
resolution Bare(A, M) (sometimes called bar resolution). This is a simplicial resolution
of M consisting of free A-modules. If one forgets the A-module structure on Bare(A, M),
one will get a special case of the bar construction described in 4.4.4. It should not surprise
us that the A-module structure that we have just forgotten, can be reconstructed from a
monadic action.

Let € = (€, C,,) be an LM-monoidal category with colimits, let A be an associative
algebra in €, and M be an A-module in C,,. The pair (A, M) is given by a map of operads
v : LM — C. Its composition with a functor u; : A%” — LM (a variant of the uy defined in
4.4.4) defines an operadic colimit diagram; its cocartesian shift Sh(yowu, ) is equivalent to
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G(Bare(A, M)), where Bar(A, M) is the G-split simplicial objects defined by the monad
Go F on Cand G : LMod4(C,,) — C,, is the forgetful functor.

In Subsection 5.1 we explain how to reconstruct Bar,(A, M) from Sh(you,), in terms
an action of the monad corresponding to A.

We use a similar reasoning to describe the bar resolution for enriched presheaves in
Subsection 5.2. Here we are able to say more than for general modules. In general, we
have no chance to introduce the monad action on =y o uy instead of Sh(y o u,), as the
category LMod 4(C,,) is not left-tensored over C,.

As for the enriched presheaves that are defined as LModgor (Fun(X°P, M)), they have
a left M-module structure. This allows us to encode the bar resolution for a presheaf
f € Py(A) into an operadic colimit diagram

K” — (M, Py(A))2, (36)

with an appropriate choice of a category K, see 5.2.6 for the precise formulation.

5.1. BAR RESOLUTION OF A MODULE. Let O be an LM-operad and let v : LM — O be an
LM-algebra in O defined by a pair (A, M), where A is an associative algebra in the planar
operad O, and M € O,, is a left A-module.

A very special case of the two-sided bar construction 4.4.4 gives the following simplicial
resolution of a module.

We define the functor u; : AY” — LM by the formula

uy([n]) =a"'m, n> -1,

with the face maps defined by the multiplication in a and by its action on m. Note that

the image of u, belongs to LM**, the active part of LM.

5.1.1. LEMMA. The composition
yous : AP =0

1s an operadic colimit diagram. In the case when O 1is a monoidal LM-category with
geometric realizations, it induces an equivalence |Sh(vyou)| — M in O,,.

PRrROOF. This is a direct consequence of [L.HA], 4.4.2.5, 4.4.2.8, applied to the tensor
product A ®4 M = M. n

5.1.2. The functor Sh(y o uy) has a canonical lifting to an augmented simplicial object
in LMod 4(0,,) that we call the bar resolution of A-module M and denote Bare(A, M). In
5.1.2—5.1.5 we show how this canonical lifting can be described in terms of a monadic
action.
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5.1.3. AN AcTION OF O, ON Fun(K,O,,). An LM-monoidal category O = (Q,,0,,) en-
codes an action of a monoidal category O, on a category O,,, or, in other words, a monoidal
functor O, — Endcat (Oy).

Fix K € Cat. The functor C' — Fun(K,C') defines a monoidal functor End(C) —
End(Fun(K, C)). Thus, any LM-monoidal category O defines a monoidal functor O, —
End(0O,,) — End(Fun(K, O,,)), that is an LM-monoidal category (O, Fun(K,0,,)).

We wish to present two more constructions of the LM-monoidal category
(Oq, Fun(K, O,,)).

1. Applying the functor Fun"™(K, ) defined in [H.EY], 6.1.6, we get an LM-monoidal
category with the a-component Fun™(K, 9), = Fun(K, O,) and
Fun"™(K, 9),, = Fun(K, O,,). The forgetful functor Alg,(Cat) — Alg,  (Cat) being a
cartesian fibration, the LM-monoidal category (O, Fun(K, O,,)) described above, is equiv-
alent to ¢*(Fun"™(K, 0)), where i : O, — Fun(K, O,) is induced by the map K — [0].

2. Let K € Cat. Denote by K™ the LM-monoidal category describing the action of the
terminal monoidal category [0] on K. We claim that Funop, (K™, O) gives yet another
presentation of (O,, Fun(K, 0,,)).

We start with the map of cocartesian fibrations over LM

q: K x LM — K™ (37)

constructed as an obvious natural transformation of the classifying functors LM — Cat.
The map ¢ induces

K x FU.DLM<KLM, O) — KLM XM FU.DLM<KLM, O) — O, (38)
and, therefore, an LM-operad map
Q : Funyy (K™ 0) — Fun™(K, 0).

The monoidal component of @ is the monoidal functor i : O, — Fun(K, O,) mentioned
above. Therefore, the map @ factors through

Q' : Funyy (K™ 0) — *(Fun™(K, 9)).

One can easily see that @)’ is an equivalence.

5.1.4. COROLLARY. Let O = (0,4, 0,,) be LM-monoidal category, A € Alg, (0,), [ :
K — 0, a functor. Let
F: 0, LModA(O,,) : G

be the adjunction. There is an equivalence between decompositions f = Go f', f': K —
LMod 4(0,,), and A-module structures on f.
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5.1.5. We apply Corollary 5.1.4 to the functor Sh(youy) : AP — O,,.

By 5.1.3 and 5.1.4, we have to produce a map of operads LM — Funop,((AS")™, O)
or, equivalently, an LM-operad map (AS")™ — O, whose a-component is given by A and
m-component is y o uy : A — O,

Let Py be the monoidal envelope of LM. The monoidal part of Py has objects a”,
n > 0, and the arrows are generated by the unit 1 — a, the product aa — a, subject
to the standard identities. The module part of Py consists of the objects a™m with the
obvious action of the monoidal part.

One has an LM-monoidal functor i : (AP)™ — By that is the unit on the monoidal
part, and uy : AP — Py carrying [n — 1] to a"m.

Since O is LM-monoidal, the map v : LM — O uniquely extends to I' : Py — O. The
composition with ¢ yields the required LM-operad map (AP)™ — O.

5.2. BAR RESOLUTION FOR PRESHEAVES . We apply the reasoning of the previous sub-
section to enriched presheaves. Given a monoidal category M and an M-enriched category
A with the space of objects X, we want to describe a bar resolution for f € Py(A) =
Fungres (AP, M).

The pair v = (A°P, f) is given by the functor

vt LM — Quivie, (M™, M). (39)
The information we need about the bar resolution of f is contained in the composition
youy : AP — LM — Quivie, (M, M).
Since
Quiviies (M™, M) = Funopyy(LMyor, (M™, M)),
the functor v defines (and is uniquely defined by)

' LMxer — (M7, M), (40)

where the LM-operad LMxop is the one discussed in 2.3.1.

5.2.1. We will need to know more about the LM-operad LMy and its base change LM% :=
AP Xy LMy.
The explicit description of LMy is given in [H.EY], 3.2. According to this description,
LMy is presented by a functor
(A)® — 8

carrying o : [n] — LM to Map(J(c), X) where J : A1y — Cat has values in conventional
categories described by certain diagrams, see [H.EY], 3.2, especially the diagrams (51),
(55), (60).

The base change LMY, = A% xpy LMx is described by the collection of F(o) for o :
[n] — LM that factor through wuy : A" — LM.



COLIMITS IN ENRICHED oco-CATEGORIES AND DAY CONVOLUTION 391

The categories F(o) for these values of o canonically decompose F(o) = F~ (o) U [n],
where [n] appears as the rightmost component of (o) in the graphic presentation [H.EY],
(55), (60), the component containing the vertex yi, see op. cit., diagram (51).

This means that LM3, = LMY x X, so that the canonical projection LM — A factors
through the projection to LM% .

5.2.2. The restriction of (40) to LM%, gives therefore
7% 1 LMYep X X — uf (M™, M), (41)

where u* (M, M) is the base change of (M™", M) considered as a category over LM.
We compose 7° with the equivalence op : u% (M™, M) — u* (M, M) 5.
We get a functor

97 LMYep — Fun(X°P, wf (M, M)).

o,

Since the projection LMo, — AP factors through LMY, — LM, the map >~ defines a
map
177 L, — u (Fan™(X™, (M, M), (42)

where we use the notation of [H.EY], 6.1.6 to define the target of the map.

5.2.3. Theright-hand side of (42) has, as Ass-component, the monoidal category Fun(X°P,
M). There is a monoidal functor

¢: M — Fun(X°P, M)
carrying m € M to the corresponding constant functor. The arrow
¢+ (M, Fun(X°P, M)) — Fun™(X°P (M, M)). (43)

induced by c is cartesian in Op;, by Lemma 3.4.3. Since the Ass-component of v*~ factors
through the map Assyor — M defining A°P, the map (42) factors through ¢' giving the
map that we denote by the same letter

Y%7t LMYep — uf (M, Fun(X°P, M)). (44)

5.2.4. The category LM%, has one object over the terminal object [—1] of AS". We will
denote this object by * (note that it is not a terminal object). The functor 4>~ applied to *
gives G(f) € Fun(X°, M) (once more, G is the forgetful functor Py (A) — Fun(X°? M)).

An object of LMY, over [n—1], n > 1, is given by a collection of objects (y, Ty, Yn, - - ., T1)
of X.
The functor v*~ carries (y, Zp, Yn, - - -, T1) toO

(f(y), A(Yn, ),y - -« Aly2, 22), Y (21)) € M"™ X Fun(X°?, M),

where Y is the Yoneda embedding.

¥Note that this is an equivalence over op : A" — A%
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5.2.5. It is interesting to see what does v>~ do with the arrows.

An arrow « in LMY, from (y, %, Yn,...,21) to * is given by a collection of maps
;= Y1 (O Q= Y).

The functor v~ carries « to the arrow

(f(y)v‘A(yn7$n)7 cee 7‘A(y2>$2)7 Y(.’L’1)) - f
defined by the map

defined by the A°P-module structure on Py(A) > f.

We are now ready to formulate the enriched presheaf analog of Lemma 5.1.1.

5.2.6. LEMMA. The functor
(LMYep) 7+ — (M, Fun(X°?, M)) (45)
induced by v, is an operadic colimit diagram.

PROOF. Note that the source of the functor (45) has form K®, where K = A% X por
(LMYep) /- The evaluation map e, : Fun(X°°, M) — M, z € X, commutes with the left
M-module structure, so, in order to prove the lemma, it is sufficient to verify that for any
x € X°P the composition of (45) with the evaluation map is an operadic colimit diagram
K> — (M, M).

We know that the composition you, : AP — Quivie, (M™”, M) is an operadic colimit
diagram. Since M is a monoidal category with colimits, the restriction functor

Funpy (AP, Quivie, (M, M)) — Fungy (AP, Quivie, (M, M)) (46)

has a left adjoint carrying 7 o u to v o uy. Since, by adjunction, the arrow (46) can be
rewritten as

FUHLM (LMS(OP, (M, M)) — FUIILM<AOP XA(:LP LMg(op, (M, M)), (47)

this implies that the functor 7° is an operadic left Kan extension of its restriction to
A°P x acr LMSop. T his easily implies the claim.
]

5.2.7. We now intend to show that (44) canonically factors through the forgetful functor
(M, Pye(A)) 3 (M, Fun(X°P, M)). (48)

This implies the main result of this section, Proposition 5.3.1.

To deduce the factorization, we need, according to 5.1.4, to present the action of the
monad G o F' defined by A°P on the functor (44). As a first step, we will describe a left
Quivyor (M"™)-tensored structure on the target of (44), the category uw’ (M, Fun(X°PM)).

Here is a general construction in the context of BM-monoidal categories.
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5.2.8. CONDENSATION. Let O = (O, O,,,, Op) be a BM-monoidal category. We can look
at O,, as an object of RMody,(LMody,(Cat)). Its bar construction gives an augmented
simplicial object in LModg, (Cat) that classifies a cocartesian fibration over A’ The total
category of this cocartesian fibration in v* (O, 0,) where the functor vy : A°® — RM is
defined as the composition of v, with op : LM — RM. The resulting LM-monoidal category
will be called the condensation of O and denoted by cond(0O).

Applying the condensation functor to O = Quivie,(M™), we get an LM-monoidal
category whose monoidal part is Quiv o, (M"™) and whose left-tensored part is

v (Fun(X°P, M), M"™") = v’ (M, Fun(X°?, M)).

5.2.9. Therefore, in order to show that (44) canonically factors through (48), we have
to extend v~ to a map of operads

[ (LM3op)™ — cond(Quivie, (M™)). (49)

5.2.10. We will construct (49) using the presentation of LM-operads by simplicial spaces
over LM, or, equivalently, by presheaves on A ;y. We will describe the functors correspond-
ing to the source and the target of I', and we will show that (39) allows one to construct
a map of these presheaves.

We will now describe the source of (49). First of all, LMY, is a category over A%, so
the space of its k-simplices decomposes

o) = J[ MYo(usor),

T:[k]—>Aip

where LM%o, (uy o 7) = Map(F~ (uy o 7), X°P), see the notation of 5.2.1.
Let o : [n] — LM be an object of Ay presented by a sequence

o:a®m — .. a%m — a® — e
We will assume k = —1 if o factors through Ass — LM.
Then the source of (49) is described by the following formula.

[0], if k=—1,

50
(LM;;p)k = HT:[}C]—)A?‘_p LM;é;p (U+ o 7') otherwise. ( )

(LMo )™ (o) = {

The description of the target of (49) will be presented in 5.2.15, after a certain digression.

5.2.11. INTERNAL MAPPING OPERAD, REFORMULATED. We need some detail on internal
operad objects, [H.EY], 2.8.

The direct product in the category P(C) of presheaves has a right adjoint assigning
to a pair F,G € P(C) a presheaf Funp()(F, G) whose value at ¢ € C' is calculated as the
limit

Funpey(F,G)(c) = lim Map(F(b),G(a)). (51)

a—b—c
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Fix a category B and let us look for a similar description of the internal Hom in Catp.
The latter is a full subcategory of P(A/p), so we can try to use the formula (51) with
C = Ap. Given F,G € Cat,p, we are looking for an object Funcas (F, @) furnishing an
equivalence

Mapc,,, (H, Funca: , (F, G)) = Mape,, ,(H x F,G). (52)

Since Catp is a full subcategory of P(A,p), and since the representable presheaves
belong to Cat,p, the object Funca /B(F, G), if it exists, is equivalent to the presheaf
Funpa, ) (F,G). This provides a very easy criterion for the existence of Funca , L(FG):
it exists if and only if Funp(a, ) (F,G) is a category over B. Note that, by definition, for
b € B, the fiber FuHCat/B(F, (), identifies with Fun(F;, Gy).

Let us now apply the above reasoning to operads. If P is a flat O-operad, one defines
a marked category 7 : P* — P over P by the formulas

P = Fun"([1], 0) x¢ P, (53)

where Fun([1], ©) denotes the category of inert arrows in O. Let s,t : Fun™([1],0) — O
be the standard projections. An arrow in P’ is marked iff its projections to P and to O
(via s) are inert. P’ considered as a category over O is flat. One defines Fun%(ip’ , Q) as the
full subcategory of Func,g,, (P, Q) spanned by the arrows « : P, — Q,, for some o € O,
carrying the marked arrows in P! to equivalences.

Proposition 2.8.3 of [H.EY] claims that, for any O-operad Q, Fun%(?’, Q) is an O-
operad representing Funopy (P, Q).

In particular, for s : [n] — O,

Funopy(P,Q)(s) € lim Map(P'(v), Q(u)),

U—V—>S

consists of collections whose each component corresponding to u = v : [1] — [0] N [n] >

O carries the marked arrows of T;(k) to equivalences in Q.

5.2.12. REMARK. Note that a map P — Q, factoring through = : P, — P, automati-
cally carries the marked arrows to equivalences.

5.2.13. CONDENSATION, FOR BM-OPERADS. We need more explicit formulas for the con-
densation of a BM-monoidal category. This operation can be defined in the greater gener-
ality of BM-operads.

Given a BM-operad p : O — BM, we will define its “condensation” ¢ : O’ = cond(0) —
LM so that

[ ] O/ XM Ass = O X BM Ass_.
® O/Tn = Ui(@ X BM RM),

where v, : A?” — RM is defined as the composition v = op o us.
We will be using a presentation of operads by presheaves on A gy and A /.
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Recall that BM = (A/[))°; its objects are arrows s : [n] — [1] and an arrow from
s:[n] —[1] to t:[m] — [1] is given by f : [m] — [n] such that so f =t.

An object s : [n] — [1] of BM defined by the formulas s(i) = 0,i = 0,...,k, s(i) =
1,i > k, is otherwise denoted a*mb"~*~1 see [H.EY], 2.9.2.

We denote by BM the full subcategory of BM spanned by s : [n] — [1] with s(0) = 0.
The category LM is the full subcategory of BM? spanned by the arrows s : [n] — [1] having
at most one value of 1. The subcategories BM! and RM are defined as images of BM’ and
LM under op : BM — BM.

The full embeddings LM — BM® and RM — BM! have left adjoint functors ¢ : BM® — LM
and r : BM! — RM erasing superfluous values of 1 and 0 respectively. The functors £ and r
induce functors A jpyo — Ay and A g — A jpy. We will denote by A%& the category of
simplices in RM whose all arrows are active.

For 7 : [n] — BM° given by

C

7amb® — . — a%mb% — g%t — . — g

or

T a®mb® — ... — a®mbh — b b

we denote by 7_ the k-simplex
a®“mb® — .. — a%*mb¥

(if 7 is a simplex in Ass_ C BM’, we put £ = —1 and 7_ is empty in this case).
For o € Ay we define

(o) = {7 € Apwl|lr = o,7(1-) € A%& . (54)

Note that for 0 € Ay k= —1 and II(0) = {o}.
The assignment o — (o) is obviously functorial, with a map « : [m] — [n] defining
II(c) — II(0 o @) carrying 7 to 7 o a.

Let a BM-operad O be described by a presheaf F' € P(A/py). We define a presheaf
F" € P(A ) describing cond(O) by the formula

Fo)= ] F(). (55)

T€ll(0o)
5.2.14. LEMMA. The presheaf F' defined above represents an LM-operad.

PROOF. 1. Segal condition follows from the definition of II(¢). To verify completeness,
we can fix w = a®m € LM and study the simplicial space n I enqu,) F(7), where w, is
the degenerate n-simplex determined by w € LM. This simplicial space is equivalent to the
product of the fibers {a*} xpy O and v%(0), which is, of course, complete as a simplicial
space. Thus, F” represents a category over LM which we will denote by cond(0O).

2. It remains to prove that cond(0) is fibrous.

Let us describe cocartesian liftings of the inerts in LM. These are of two types
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e Erasing m. Such inert has form o : a"m — a'.

e Not erasing m: either a : a® — a' or o : a"m — a'm.

In the first case the cocartesian lifting of a in F’(«) having a source in F(t) for t = a"mb*
is an inert arrow in F'(7), where 7 € II(«) is (the only) inert arrow from a"mb* to a' such
that ¢(1) =

In the second case, for a : a®™m — a'm, with the source t = a®mb*, is the inert arrow
in F(7) where 7 is defined by the conditions ¢(7) = «, 7(7) = id,,p»-

The rest of the fibrousness conditions [L.HA], 2.3.3.28 or [H.EY], 2.6.3 easily follow
from the above description.

]
5.2.15. We will now present the target of (49) by a presheaf on A .
For o : [n] — LM we have
cond(Quivye,(M™))(0) = [ Quivit, (M™)(5) (56)
6€ll(o)
C H lim Map(BMyop(v), M(op o u)),
UEH 0 U*}U*}U

where the inclusion means that we have to choose the connected components preserving
the inerts, and BMy., is defined by the formula (53).

5.2.16. We are now ready to construct I'. It consists of a compatible collection of maps

Lorst s LMyop(uy 0 7) X BMyop(t) — M(m o o0p o s) (57)
for each 0 € Ay, 6 =0 x (v oopo7) €ll(0) and s =t — & in A py.
Equivalently, this can be described by a compatible collection
Lpr i LMYop (g 0 7) X BMyop(0) — M(m 0 0p 0 0) (58)
for each 0 € Ay and 6 = 0 * (v copo ) € II(0).

5.2.17. The collection of maps (58) we are going to present will factor through the
natural projections BMyo, — BMxop, so, by Remark 5.2.12; it will induce a map to
Fun® (BMy.,, M) as needed.

The explicit formulas for BMy show that BMyer(d) = BMyer(0), so we will rewrite the
source of (58) as

Map(F~ (uy o 7), X°P) x Map(F(o), X°P) = Map(F~ (uy o) UF(0), XP) =
Map(F(uy o 7) LT F(g), XP) = Map(F(0), XP) X rap(F(op)xov) Map(F(7), X°P),

where o}, denotes the k-simplex in LM with the constant value m € LM. Similarly, one has
a canonical presentation

M(moopod)=M(moop o) Xygror,) M(TooporT). (59)
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5.2.18. The map 7' (40) is described by a map of presheaves, given, for each o : [n] — LM,
by a map
Yo : Map(F(o), XP) — M(moopoo). (60)

The collection of maps I', ; is defined as the fiber product of v, and ..
5.3. CoNCLUSION. We have just constructed the functor I' (49) defined by the collection

of maps I', - (58) obtained as the fiber product of ~, and ,, - (60). This implies the main
result of this section.

5.3.1. PROPOSITION. The functor T' (49) defines an operadic colimit diagram

(LMYop) /5 = (M, Pag(A)). (61)

6. Weighted colimits

In this paper we study weighted colimits of M-functors.

Given an M-functor f : A — B where A is M-enriched category and B is a left
M-module, and an enriched presheaf W € Py(A), we will define a weighted colimit
colimy (f) € B. The construction is functorial in W, so that colimy/ (f) is the evaluation
at W of a certain colimit preserving functor colim(f) : Py(A) — B preserving the left
M-module structure. The composition colim(f) oY with the enriched Yoneda embedding
yields f : A — B.

The construction of weighted colimit is also functorial in f : A — B. This will
imply Theorem 6.4.4 claiming that the Yoneda embedding Y : A — Py (A) is a universal
M-functor.

6.1. INTERNAL HoM. We keep the notation of 4.4.3. Let C = Cat?’.
Given A, B, C associative algebras in C, we have a functor

RTA.p.c -4 BModg(€) X pBModc(€) — 4BModc (@)
defined by the relative tensor product. This functor has a right adjoint
Fun’ : 4BModp(C)° x 4BModc(€) — zBModq(C)
which we are now going to describe.
6.1.1. The formula
Map, e (V. Fun; (M, K)) = Map goq, (M @5 N, K)

determines Funj B.C 9 as presheaf. In the case when M is a free A-B-bimodule M =

A® X ® B, this presheaf is represented by the B-C-bimodule Fun”(X ® B, K); since any
bimodule is a colimit of free bimodules and since the Yoneda embedding commutes with
the limits, this proves the existence of Funi Bc(M, K) in general 10,

9This is a temporary notation.
10The forgetful functor Cat’ — CAT to the category of big categories creates the limits.
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6.1.2. The functor Funi B.o» as defined above, depends on three algebras A, B,C. We
will omit B and C from the notation for the following reason.

Let b : B — B and ¢ : ¢ — (' be algebra maps. Then the B’-C’-bimodule
Fun’{ 5 (M, K) identifies with the restriction of scalars of the B-C-bimodule Fun’{ 5 (M,
K).

6.1.3. Thus, we now assume that B = C' = 1. For M, K € LMod4(C), we can define
Fun’ (M, K) as the full subcategory of Fungyeqw (M, K), see 3.1.2, spanned by the lax
LM-monoidal functors f = (ida, fim) : (A, M) — (A, K) satisfying two extra properties:

e f is LM-monoidal.
e f,, preserves small colimits.

As we explained above, in the case when M is an A-B-bimodule and K is an A-C-
bimodule, Fun’; (M, K) acquires a natural B-C-bimodule structure.

6.2. WEIGHTED COLIMIT. We apply the notion of tensor product described in 4.4 to the
following context.

Fix a monoidal category M € Alg,__(Cat’) and a X € Cat. Let B be a left M-module.
Let N = Fun(X,M). This is a right M-module.

6.2.1. LEMMA. N is right dualizable. Its right dual is M = Fun(X°P, M) considered as
a left M-module.

PrROOF. We deduce the duality between M and N from the special case M = 8. In this
case N = P(X°P), M = P(X) and the duality is given by the maps

c:8 = P(X?)® P(X)=P(X?PxX)
defined as the colimit-preserving map preserving the terminal objects, and

e: P(X)® P(X?) —» 8

extending the Yoneda map X°P x X — § to preserve colimits.

To get the duality for arbitrary M, we use Proposition 4.3.2. We have three associative
algebras in Catl, A = B = 8§ and C = M, the adjoint pair (P(X°P), P(X)) that we just
constructed, and the one defined by (M, M). The composition of these gives an adjunction
for (N, M). ]

6.2.2. Let us now apply Corollary 4.3.6 to A = M and N = Fun(X, M). We get the right
dual module M = Fun(X°P, M) and the endomorphism ring B = Quivy (M), see [H.EY],
4.5.3. We also get a canonical M-M-bimodule map

e : Fun(X°?, M) ®gquiv, o) Fun(X, M) — M. 1! (62)

1Tn fact e is an equivalence. We do not use this fact.
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We would like to comment about the right Quivy (M)-module structure on Fun(X°P, M).

According to Remark 4.3.7, the reverse monoidal category Quivy (M)™ identifies with
the endomorphism object of the left M-module Fun(X°P, M), that is, of the right M""-
module Fun(X° M). This means that the right Quivy(M)-action on Fun(X°P, M) is
defined by the same construction as the left action on Fun(X, M), but with M replacing
M and X°P replacing X.

Tensoring (62) with B over M and using associativity of the relative tensor product
4.4.6, we get a map of left M-modules

es : Fun(X°", M) ®gquiv, o) Fun(X, B) — B. (63)

This gives a Ten, -algebra Q = Qx s in Cat’ consisting of the following categories
and operations between them described above.

e Monoidal categories Q, = Q, = M,Q, = Quivy (M),

e A bimodule category Q,, = Fun(X°?, M), a left Quivy(M)-module Q,, = Fun(X, B)
and a left M-module Q; = B.

6.2.3. Fix X € Cat, (M, B) € Alg,,(Cat’). We have a relative tensor product functor

RT: AlgTeng/Ten> (QX,M,B) — AlgTen><QX,M7B)' (64>

Let A € Alg, . (Quivx(M)) be an M-enriched precategory with space of objects X.
The restriction RTy 4 of (64) is a functor

RTy 4 : RMod, (Fun(X°P, M)) x LMod (Fun(X,B)) — B. (65)

Taking into account that RMod4(Fun(X°P?,M)) = Py(A) and LMod,(Fun(X,B)) =
Funy(A, B), we finally get the functor called weighted colimit,

colim : Py (A) x Funy(A, B) — B, (66)

carrying a pair (W € Py(A), f : A — B) to colimy (f) := f ® W € B. This functor
preserves colimits separately in both arguments, as well as left M-tensored structure in
the first argument.

In particular, for a fixed f : A — B the functor colim(f) : Py(A) — B preserving the
colimits and the left M-tensored structure, is defined.

Since the bifunctor (66) is a special case of the relative tensor product, it defines, using
the notation (6.1), a canonical functor (that we also denote as colim)

colim : Funy (A, B) — Funpyea, (P (A), B) (67)
6.3. PROPERTIES OF THE WEIGHTED COLIMIT.
6.3.1. LEMMA. LetY : A — Py(A) be the Yoneda embedding. Then colim(Y') = idp,,(a)-
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PROOF. Look at the Tens, -monoidal category F in Cat’ having the following components.
e Monoidal categories F, = Fo = M, F, = F. = Fo = Quivy (M),
o F,, = F = Fun(X°° M), F,, = Quivy (M),

with the standard M-Quivy (M)-bimodule structure on Fun(X°P, M) and the unit Quivy (M)-
Quivy (M)-bimodule structure on Quivy (M).

We will study the relative tensor product defined by F. Let A be an associative
algebra in Quivy(M). The relative tensor product with A-A-bimodule A defines the
identity functor on RMod 4 (Fun(X°P, M)) = Py(A).

We will now show that the calculation of colim(Y’) has the same answer.

We apply the reduction procedure described in 4.6. Let ¥ = F7 be a Ten, -monoidal
category obtained from & by reduction, see 4.6.2 and 4.6.5. It has the following compo-
nents.

e Monoidal categories F, = F, = M, F, = Quivy(M).
e F = Fun(X° M), F = RMody(Quivy(M)), F; = RMod 4 (Fun(X°?, M)).

The category Fun (X, Fun(X°?, M)) has a structure of Quivx (M)-Quivy (M)-bimodule
described by the BM-monoidal category
Quivy (Quivie, (M™)™),

as in [H.EY], 6.1.7. This bimodule identifies with Quivy(M). This implies that F,, as
a left Quivy (M)-module identifies with Fun(X, Py (A)), so that F is equivalent to the
category Qx s with B = Py(A).

"

. The construction (X, M,B) — Qx s described in 6.2.2 is functorial in (X,M,B) €
Cat X Alg ,(Cat”). The precise expression of this functoriality is given in Section 7. We
now need only a small (and obvious) fragment of it.

6.3.2. LEMMA. A map g : B — B’ of M-modules in Catl induces a Ten, -monoidal
colimit-preserving functor Qx ys — Qx v s -

By Proposition 4.4.5 this induces a map preserving weighted colimits. This implies
that the colimit functor defined by formula (66) is functorial in B.

6.3.3. COROLLARY. For g : B — B’ an arrow in LModys, the following diagram

Py(A) x Funy(A, B) =< . B (68)

|

Pyi(A) x Funy(A, B/) =< @

with the vertical arrows defined by g, is commutative.
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6.3.4. COROLLARY. Let A be a M-enriched category and let B be a left M-modules with
colimits. For any colimit-preserving map F : Py (A) — B of left M-modules there is a

natural equivalence
F = colim(FoY).

Proor. Follows from 6.3.1 and 6.3.3. n

6.4. UNIVERSALITY. We define the map
Y* : Funk (Py(A), B) — Funy(A, B) (69)

as the composition with the Yoneda embedding Y : A — Py(A).
In this subsection we will show that Y* is an equivalence.

6.4.1. The weighted colimit defines a map (67) in the opposite direction. According to
Corollary 6.3.4, the composition colim oY ™ is equivalent to identity.

We deduce that the other composition is also equivalent to identity providing an
interpretation of the weighted colimit as an operadic left Kan extension.

Recall 3.2 that A C Py (A) is the full subcategory spanned by the representable
functors.

In what follows we denote

P = Py(A), B = (M, P) € Alg,,(Cat?), % = (M, A) C B, B = (M, B).

Thus, 2( is an LM-suboperad of B. For F' € Funpye, (P, B) we will denote by the same
letter F': P — B the corresponding LM-monoidal functor.
We claim the following.

6.4.2. PROPOSITION. Any F € Funpye, (P, B) is an operadic left Kan extension of F =

6.4.3. PROPOSITION. Let F' : A — B be a map of LM-operads. Then the map F': B — B
defined as an operadic left Kan extension of F' preserves operadic colimits.

6.4.4. THEOREM. The map (69) is an equivalence.

PROOF. Let f : A — B be a morphism in LMod¥; defined by f : A — B. By 6.4.3,
its operadic left Kan extension F' : 8 — ‘B preserves operadic colimits, and, therefore,
defines an arrow in LMody. Therefore, by 6.4.2, F' = colim(f). This implies that the
composition Y* o colim is equivalent to identity. [



402 VLADIMIR HINICH

The rest of this subsection is devoted to proving 6.4.2 and 6.4.3.
6.4.5. PROOF OF PROPOSITION 6.4.2. Let f € P. Denote F; = 2 xg P

We have to verify that the composition Iy — 2 L B extends to an operadic colimit

diagram
5 — 3B
carrying the terminal object of F% to F'(f).

The general case is immediately reduced to the case B = P and F' = idp. Thus, we
have to verify that any f € P is an operadic colimit of the functor y : F; — P defined as
the composition of the projection F; — 2 with the embedding to .

The plan of our proof is as follows.

Following to 5.3.1 , the pair v = (A°P, f) gives rise to a factorization of the functor
7o, see (44),

LMY, = B S (M, Fun(X°P, M)) (70)

through the forgetful functor G, so that I'(x) = f where * is a (unique) object of LMY,
over [—1] € AT, The restriction of I' to A% x or LMys, factors through the full embedding
A — PB.
Recall that
K = A X AP (LM;&ZP)/*

induces an equivalence

K" = (LM}ZP)/*'

This yields a functor

7 K — (IMYop) /e = T (71)

and an operadic colimit diagram (by Proposition 5.3.1)
' K"—9% (72)

extending the composition of (71) with the projection F; — .
It remains to verify that 7 is cofinal.

6.4.6. COFINALITY OF 7. To prove that 7 is cofinal, we use Quillen’s Theorem A in the
form of [L.T], 4.1.3.1. We have to verify that, for any ¢ € F;, the comma category

Ky =K X5, (Ff)gy

is weakly contractible.

The proof goes as follows. In 6.4.8 below we present an object t4 of Ky and a functor
F: K4 — Fun(A§, K,) whose evaluation at 1 € A isidg, and at 2 € A is the composition
K, — {ty} — K,. The functor F' provides a null-homotopy for the identity map on K.
This proves cofinality of 7 and, finally, Proposition 6.4.2.
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6.4.7. We denote by p : K — A° the obvious projection. We also denote p : K, — A°P
the composition K, — K — A°. The functor F': K, — Fun(A32, K,) will be defined as
the one assigning to t € K, a p-product diagram ¢ <— t' — ¢, in the sense of [L.T], 4.3.1.1.
The latter means that for any € K, the diagram

l l

Mappop (P(), p(t')) —— Mapaor (p(2), p(t)) X Mappes (p(), p(ts))

is cartesian. To construct F', we first construct a functor F' : A°? — Fun(AZ, A°P) (this
is very easy), and then prove that for any ¢ there exists a p-product diagram t < ' — ¢,
whose image under p is F(p(t)). By the uniqueness of relative product diagrams, the
functor F' lifts to a functor F : K, — Fun(A32, Ky).

6.4.8. We define ¢ : Fy — AT so that the composition u; o op o ¢ is the projection to
Fr— ‘Bé/‘jf — LM. This condition uniquely determines ¢ as any object in ‘B“}‘}t has image
in u; (AY). The definition of ¢ is chosen so that for ¢t € K the equality p(t) = ¢(7(k))
holds.

Let ¢ € Iy be defined by the collection (my,...,m,, 2, 5) with m; € M, z € X°? and
B:(my,...,my,,z) — f defined by a map ®m; — f(z) (we will also denote it by ().

Given d € K defined by a sequence (Y, g, Y, - .-, T2, Y2, ¥1) together with arrows
a; 1 x; = Yiy1 (g @ 2 — y), an object ¢ : ¢ — 7(d) of K, is defined by a collection of
maps

@i ymi = f(y);
®:J:_r;+1ml — ‘A<yj> xj)ui = ka <. 721 (73)
®?:'r1+1mi — ‘A(Za l’l),

for a certain sequence of numbers 1 < r, < ... < r; < n defining the arrow a"m — a*m
in LM that is the image of .

We define an object t4 of Ky by the arrow t, : ¢ — 7(dy) where dy = (2, 2,id,) € K,
so that 7(dg) is given by (f(2),z,idy(,)), and t4 : ¢ — 7(dy), an arrow in Fy over the map
a"m — am induced by a™ — a in LM, that is the identity on z and 8 : ®m; — f(z) on
the a-component.

Note that ¢(t4) is the map (n — 1) — (0) corresponding to {0} € [n — 1].

We can now define F' : A°° — Fun(A2, A°P). Its opposite carries [k — 1] € A to the
diagram [k — 1] — [k] < [0] in A with the arrows 9° : [k — 1] — [k] and [0] — {0} € [k].

We claim that for any ¢ € K, with p(t) = (k — 1), there is a p-product diagram
t <t — ty over F((k)).

We will now define an arrow d — d in K with a decomposition of ¢ : ¢ — 7(d) via
7(d') — 7(d), as well as a map d’ — d, decomposing t,.
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We put &' = (y, xk, Yk, - - -, T1, 2, 2) together with a; : z; — y;41 and id, : 2 — z.
We have 7(d') = (f(y), A(yr, Tk), - - - , Alya, x2), A(2, 21), ), so that the collection of maps
(73), together with the unit 1 — A(z, z), yields a map that we denote t' : ¢ — 7(d').

The arrow d' — d in K is given by the commutative diagram

ap Tk Y Ok—1 [e%1 x1

Yy z z

@@ <— O @ <— ., <— O ®<——0O (74)
Yy o Tk Yk Og—1 a1 Tl

@ <— O @ <—, . <— O

where all unnamed arrows appearing in the diagram are the identity maps. The arrow
d" — d, is given by the commutative diagram

Tk Y Ok—1 aq x1
O @ <—, ., <— O

E

Yy
[ ]

|

on <=——On

(75)

o — @

|

where, once more, all unnamed arrows are the identity maps.

Thus, for a fixed map p(d”) — p(d') in A°P, its lifting in d” — d' in K is described
by the same collection of data as a pair of maps d” <— d and d” — d,. Therefore, the
diagram d < d’ — d4 is a p-product diagram in K. For the same reason the diagram
t < t' — t4 is a p-product diagram.

This proves the cofinality of 7 : K' — JF, and, therefore, Proposition 6.4.2.

6.4.9. PROOF OF PROPOSITION 6.4.3. We prove the claim in two steps.

1. The first step is to prove that F': 8 — ‘B is a map of LM-monoidal categories, that
is, that it preserves cocartesian arrows.

Let X =m®&xreMxP =, and let y =m @z € P. We want to show that F
carries the cocartesian arrow o : X — y to a cocartesian arrow in B. By definition of F,
F(z) is the operadic colimit of the composition

At 5 A L 8,
that is m @ F'(x) is the operadic colimit of the composition

VAL R

act act

One has an equivalence 5% — A5 x AL = MjT x AT (see Lemma 6.4.10 below)

defined by the decomposition X = m & x, so that the map 2, ne- 2, x is cofinal.
This implies that m & F'(x) is the operadic colimit of the composition

act

/X—>2li>%,
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that implies that the arrow F(X) — F(y) is cocartesian.

2. Let p : K — P> be an operadic colimit diagram. We keep in mind that 3 is
a LM-monoidal category with colimits, so operadic colimits can be expressed in terms of
colimits. Since we already know that F' preserves cocartesian arrows, it is sufficient to
verify the claim in the case p factors through P C P**. Thus, from now on we can assume
that p : K* — P, is a colimit diagram; we have to verify that its composition with F'
remains a colimit diagram in B. Here we follow the proof of the similar claim in [L.T],
5.1.5.5.

For any p: K — P denote &(p) = A Xgace P2 xuce K. We have two projections
sp: E(p) = A and d,, : E(p) — K. One has a canonical map uy, : Y os, — pod, induced

by the projection &(p) — P2l We assert that the composition K = P Ly Bact ig a left
Kan extension of the composition f o s, : E(p) — A** — B> along d. In fact, the map
d, : E(p) — K is a cocartesian fibration so, by [L.T], 4.3.3.10, applied to d, : E(p) — K
over K, the assertion can be verified fiberwise for each x € K where it follows from the
definition of F' as the left Kan extension of f. This establishes a canonical equivalence
colim(F o p) = colim(f o sp).

Note that, by 6.4.2, idg is an operadic left Kan extension of Y : 2 — 3, so everything
we said above is valid, in particular, for F* = idy.

Let p : K — P be a colimit diagram and p = p|x. We have to prove that F o p is
a colimit diagram in B,,. In what follows we denote & = &(p) and & = &(p), as well as
8 =8y, 8§ =85, d=dp, d=dy, u=mu, and U = u,.

The map s : E(p) — A" is a cartesian fibration, so, in particular, the map s° :
E(p)P — (A*Y)°Pis a smooth map.

Given a € 2 the fiber &(p), = ‘;,C(ta) ) Xpaer K is a cocartesian fibration over K

classified by the composition K 2 gpact s,

For any a € 2 the induced map &, — &, is a weak homotopy equivalence by [L.T],
3.3.4.5. Therefore, [L.T], 4.1.2.18 implies that the map €& — & is a contravariant equiva-
lence over RA*°t,

We will now apply [L.T], 5.1.5.4 to deduce the required result. We have a map of
LM-operads f : A — B and a contravariant equivalence & — & over A2t

The morphism of functors @ : Y o 5 — p o d gives rise to a composition

Yos—pod— p(x)

to the constant functor with the value at p(x) € B, that is a functor v : &> — 3act
carrying the terminal object to p(x). Let us look at the composition F ov : € — B.
This is a colimit diagram as colim(f o 5: & — B) = colim(F o p : K* — B) that is
obviously F(p(x)).
Therefore, the restriction of Fov to £ is colimit diagram. This means that colim(Fop :
K — B*") = F(x). This completes the proof of 6.4.3.
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6.4.10. LEMMA. Let P — Q be a morphism of operads and let x,y € Q1. Then one has
an equivalence

Py = Pt x P

PROOF. The category P** has a symmetric monoidal structure, see [L.HAJ, 2.2.4.3. One

has a symmetric monoidal functor P*>* — Q" g0 that the monoidal operation induces a

functor @ : P9er x P9t — Pt . This is clearly an equivalence. =

7. Functoriality of Qx s

In Section 8 we present a monoidal version of the equivalence (69). This requires a
better understanding of the functorial properties of this equivalence. Our aim is to
present the collection of Ten,-monoidal categories Qx s defined in 6.2.2 as a symmetric
monoidal functor from Cat x Alg,,(Cat’) to a certain category of Ten,-monoidal cat-
egories, see 7.5.1. The rest of the section is devoted to justifying Corollary 7.4.6 and
Lemma 7.4.7 used in the proof of 7.5.1. The proof of Proposition 7.4.1 was suggested to
us by the referee.

7.1. FAMILIES OF MONOIDAL CATEGORIES.

7.1.1. Let P be an operad. Recall that the category Mon’s* is defined as the full sub-
category of the category of P-operads Op; spanned by the P-monoidal categories. The
category Mon$!®™ of P-monoidal categories and colax monoidal functors can be formally
defined as follows. First of all, one defines Coopy.,, the category of P°P-cooperads, as
the category of functors p : C' — P°P such that p°® : C°? — P is a P-operad. The cat-
egories Coopqe, and Op, are obviously equivalent but any P-monoidal category has both
operadic and cooperadic realization that are intertwined by the passage from a monoidal
category to its opposite. If M is a P-monoidal category, its operadic realization is a P-
operad M® — P that is a cocartesian fibration obtained by Grothendieck construction
from the functor P — Cat describing the P-monoidal structure on M. The equivalence
between cocartesian fibrations over P and the cartesian fibrations over P°P carries M®
to the cooperadic realization ®M — P°P of M. The embeddings Mon!?* — Cat /p and
MongjOlaLX — Cat /por preserve products.

The category Fun(B°,Mon's*) is equivalent, by Grothendieck construction, to the
category of arrows p : X — B x P, with components pg : X — B and pp : X — P,

satisfying the following properties.
1. pp is a cartesian fibration, py is a cocartesian fibration.
2. pis a map of cartesian fibrations over B and of cocartesian fibrations over P.
3. For any b € B the fiber X}, = p3'(b) — P is a P-operad.

4. For any B :b— b in B the cartesian lifting 8' : Xy — X}, is a map of P-operads.
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The first two properties mean that p : X — B x P is a lax bifibration in the sense of
[H.D], 3.1.2.
Recall that Catiy (resp., Cat‘/?%rt) denotes the full subcategory of Cat,p spanned by

the cocartesian (resp., cartesian) fibrations.
One has

7.1.2. PROPOSITION. (see [H.EY], 2.11.3) One has an equivalence Fun(B°P, Monls*) =
Algy(Catiih).

There is a similar description of Fun(B,Mon$'®*). This category is equivalent to the
category of arrows ¢ : X — P°P x B such that

1. ¢p is a cocartesian fibration, gpop is a cartesian fibration.
2. ¢ is a map of cocartesian fibrations over B and of cartesian fibrations over P°P.
3. For any b € B the fiber X}, = ¢'(b) — P°P is a P°P-cooperad.

4. For any 8 : b — V' in B the cocartesian lifting g, : X, — X} is a map of P-cooperads.
The following result is an immediate consequence of 7.1.2.

7.1.3. PROPOSITION. One has an equivalence Fun(B,Mon{™*) = Algy(Catfy).

Let now P and Q be two operads. In the lemma below the categories Mon!s* and

Mon&®* are endowed with the cartesian symmetric monoidal structure.

7.1.4. LEMMA. There is an equivalence of categories
Alg,(Moni™) = Alg,(Moni™).

PROOF. The category Alg,(MonZ'®™) indentifies with the full subcategory of functors
f P — Cat/ger satisfying the Segal condition and such that for any p € P f(p) is a
(cooperad presentation of a) P-monoidal category. This can be equivalently described
as the category of (Q°P,P)-lax bifibrations [H.D] that is maps ¢ : X — Q° x P that
are simultaneously map of cartesian fibrations over Q°° and of cocartesian fibrations over
P, satisfying the listed above properties. Equivalently, this can be rewritten in terms of
(Q, P)-Gray fibrations [HHLN] p : X — P x Q satisfying the properties

e for any ¢ € Q the fiber X, — P is a P-monoidal category.
e Any decomposition ¢ = q; P ¢o gives rise to a cartesian diagram

Xg—X,, .

.

X‘h—)fp

Rewriting these as functors Q — Cat/p, we get the subcategory Alg,(Mon!s™). [
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lax/colax,L

7.2. MONOIDAL STRUCTURE ON Mon, . The category Monk = Alg,(Cat”) has a
symmetric monoidal structure inherited from that on Cat”. In this subsection we show
that the lax and the colax versions of this category also have a symmetric monoidal
structure.

We denote by Monljfx’X the cocartesian fibration over Fin, defined by the cartesian
symmetric monoidal structure on Mon* 2. The subcategory Mon""® of Mong™ is
defined as follows. Its objects are the collections of P-monoidal categories with colimits.

. lax, x lax,L,® :¢ . e
An arrow Cy X ...C, — C in Mony ™" belongs to Mong ™ @ if it preserves colimits in each
lax,L,® lax, x

argument. The composition p : Mon, — Mony, " — Fin, is an operad.

7.2.1. PROPOSITION. p is a cocartesian fibration. This yields a structure of SM category
on Mon;?X’L. The embedding Monk — Mon%?x’L is a symmetric monoidal functor.

Proor. Given Aq,..., A, in Moné?X’L let ®A; denote their tensor product in Monk. We

have to verify that the map ®A; — ®A; is a cocartesian lifting of the active arrow
(n) — (1), that is, that the natural map

7 MapMon?x,L((@Ai, B) — MapMon?x,L@(@Ai, B) (76)

is an equivalence for any B € Mong?X’L. The source of j is a subspace of Mapopg(®Ai, B) =
Mapy(P, Funopy(®A;, B)). We will use the following properties of Funopy, see [H.EY],
2.8.9. Let A, B be P-monoidal categories. Then Funop,(A, B) is a P-operad whose
objects over p € P; are the functors A, — B,; for an active arrow @®p; — ¢ in P let

fi Ay, — By, and g : Ay — By. Then Mappynop,, (4,5 (@ fj, 9) identifies with the space

Mappn g Ap].,Bq)(g oai,af o @ f)), (77)

where the notation is expained by the diagram

aft
[1A, *—A4,.

o, |

HBP]' !—>Bq

We define Funopj(®A;, B) C Funops(®A;, B) as the full suboperad spanned by the
collections of functors ®(A;), — B, preserving the colimits. Then the source of (76)
identifies with Mapg (P, Funops(®A;, B)).

Similarly, we define Funopy([ ] A;, B) C Funopy(]] A;, B) as the full suboperad spanned
by the collections of functors [[(A;), — B, preserving the colimits in each argument.
Then the target of (76) identifies with Mapq (P, Funops ([ ] As, B)).

This implies that, in order to prove our assertion, it is sufficient to prove that the map
of operads

Funopy(®A4;, B) — Funop&(H A;, B)

12Here Monlg?" consists of big P-monoidal categories and lax P-monoidal functors.
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is an equivalence. It is sufficient to prove that this map defines an equivalence of the spaces
of colors (this is obvious) and of the spaces of operations Map(®f;, g). The verification

is straighforward, based on the description (77). n
A similar symmetric monoidal structure can be defined on the category Mony ™" of

P-monoidal categories with colimits and colax monoidal functors. We define Mon{™*"®

as the suboperad of Mon"™* whose objects are collections of P-monoidal categories with

colimits and arrows preserving colimits in each argument.

7.2.2. PROPOSITION. Mon{"*"® is a symmetric monoidal category so that the embedding

Monk — Mon"™ " becomes a symmetric monoidal functor.

PRrROOF. Passing to the opposite monoidal categories, we are back to a suboperad of
lax, x

Mon, ", but this time working with limits instead of colimits. The proof of 7.2.1 now
works without change. n
coc,L

7.3. THE CATEGORY Cat ;" Here we define the category of cocartesian fibrations with
the fibers having colimits.

7.3.1. Let B be a category. We denote by Catfy the full subcategory of Cat,p spanned
by the cocartesian fibrations X — B.

coc,L

The subcategory Cat /B of CAT)% is spanned by the cocartesian fibrations p: X — B

coc,L

classified by a functor B — Cat®” C CAT. The arrows in Cat /g are those preserving the
colimits on the fibers.

7.3.2. RELATIVE PRESHEAVES. A category X over B is called flat if the functor xgX
preserves colimits. In this case the right adjoint functor Y +— Fun”(X,Y) is defined. Any
cocartesian fibration is flat. One has

7.3.3. LEMMA. Let X be a cocartesian fibration over B classified by a functor X : B —
Cat. Denote by X° the cocartesian fibratino classified the the composition opo X : B —
Cat — Cat. Then Fun®(X°, Bx8) is a a cocartesian fibration classified by the composition

B3 cat 5 cat”, (78)

Having in mind this description, we will denote by Pg(X) the obtained cocartesian
fibration. This is the category of relative presheaves in X.

PRrOOF. Fun®(X°, B x 8) is a cartesian fibration over B classified by the composition
Fun(—,8) o X°? : B — Cat®? — Cat

by [GHN], Proposition 7.3. This cartesian fibration is also cocartesian and as such it is
classified by (78). =
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7.3.4. LEMMA. The functor Pg : X +— Pg(X) is left adjoint to the forgetful functor

Ct%L%Cu%.

PROOF. Let X € Catfy and V' € Cat;‘;;’L. We have to verify that the composition with
the Yoneda embedding induces an equivalence

MapCatj‘g’L (PB (X)7 Y) — MapCat;%? (Xa Y)

A standard reasoning of [L.T], 5.1.5.5 proves that a map Pg(X) — Y over B preserves
vertical colimits iff it is a relative left Kan extension of its restriction to X. Since, by
[L.T], 4.3.2.14, any functor X — Y over B has a relative left Kan extension, this implies
the result. [

coc,L

7.4. SM STRUCTURE ON Cat p’ . The category CatCOC has a cartesian SM structure. We

denote by Cat(;j’;’X the corresponding category over F M

coc,L

Denote by Cat'j @ the subcategory of CATCOC * whose objects over (n) € Fin, are

collections (X; — B);—1,.» of objects in Cat;(jgC and morphisms are those preserving

colimits in each argument. The composition p : Cat:;‘g’L’® — Fin, is obviously an operad.

We have

7.4.1. PROPOSITION.

1. p is a cocartesian fibration. This yields a structure of SM category on Cat(/xg’L
2. For Xq,...,X, € Cat(/x;f’L and b € B one has
(Xi®... 09Xy = (X1), @ - @ (Xn)p
PRrROOF. To prove the first claim, we present for each collection X1,..., X, € Ca tjcg L

universal arrow
a: @ X, - X
coc,L,®

in Cat/B . If X; — X is classified by a functor F; : B; — Cat”, we define p: X — B

as the cocartesian fibration classified by the functor F': B — Cat” given by the formula
Fb) = Fi(b)) ® ... ® F,(b). The arrow &X; — X is obviously defined. We will now
show that it is cocartesian in Cat;‘g’L@, that is that for any Y € Cat(/:(g’L « induces an
equivalence

Mapc tCOC L (X Y) — MapaCt coc L ,® (@X’IJ Y) (79)

Let us first assume that Y — B is both cocartesian and cartesian fibration '*. In this
case we will be able to present the source and the target of (79) as subspaces of the space
of sections of cocartesian fibrations over B. The target space is embedded into

M@mmﬂﬁ&Y)

13We thank the referee for suggesting this idea of the proof of 7.4.1.
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that is the space of sections of Fun®(J] X;,Y) — B (here ] denotes the product over
B) which is a cocartesian fibration by [L.T], 3.2.2.13 classified by the functor carrying
b € B to Fun([[(X:)s, Ys). Similarly, the source space is embedded into MapCat%c(X, Y)

that is the space of sections of the cocartesian fibration Fun”(X,Y) — B classified by
the functor b — Fun(®(X;)s,Ys). One readily sees that the source and the target of
(79) both identify with the space of sections of the cocartesian fibration classified by the
functor b — Fun®(®(X;)s, Y3). This proves the assertion in the case when ¢ : Y — B is a
cartesian fibration.

To prove that (79) is an equivalence for general ¢, we embed Y into Pg(Y) as in 7.3.2.
This is a full embedding. This allows one to identify the left and the right hand sides of
(79) with the subcategories of the similar expressions for Pg(Y). =

coc,L

7.4.2. LEMMA. The functor Pp : Catffy — Cat)p 18 symmetric monoidal.

PRrROOF. We define C as the full subcategory of Fun([1],CAT,z) spanned by the arrows
X — P where X € Cat{ and P € Cat;‘j;’L. Denote by py : € — Cat and p; : € — Cat”
the obvious projections. € is closed under finite products and we denote by C* the
corresponding category over Fin,. We denote by D® C €* the subcategory whose objects
are collections of the arrows f : X — P inducing an equivalence Pgp(X) — P. Arrows in
D® are defined by the diagrams

I1X: 2 . X

ll_[ fi ]f
[1p-—>—-r
coc, X
/B
and p; : D® — Cat‘/xg’L@. We will now show that D® is a SM category. Given a collection
fi + Xi; = P, we define a map u : @f; — f in D lifting the active arrow (n) — (1) in
Fin, as follows. We put X = [[ X; and a = idy. We put P = ®P; with the canonical
map b : [[ P, — ®P,. The map u so defined is a cocartesian lifting; this can be verified by
induction in n, using universality of Pg proven in 7.3.4. Now the functor py : D® — Cat*

is a SM functor that is an equivalence of categories. Therefore it is an equivalence of SM
categories. Finally p; is also symmetric monoidal, and this proves the assertion. [

7.4.3. LEMMA. Let X € Catjy. Then Pp(X) is dualizable in Cat;‘jBC’L with dual Pg(X°P).

where b preserves colimits in each argument. One has obvious functors py : D® — Cat

PROOF. Yoneda embedding Y : X — Pg(X) gives rise to a morphism X xg X°? — § in
Catfy. This induces a map e : Pp(X x5 XP) = Pp(X°P) ® Pp(X) — 8 in Cat;(g’L. The
map ¢ : 8 — Pp(X°P)® Pg(X) = Pp(X° x X) is uniquely defined by the final section of
Pp(X° x X). The maps ¢ and e are a unit and a counit of adjunction.
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7.4.4. Catcaét’L. Everything said about the category of cocartesian fibrations with colimits
holds also for the category of cartesian fibrations with colimits. Passing to opposite
categories establishes an equivalence of Catjagt with Cat?‘gop. This equivalence carries
cartesian fibrations with colimits to cocartesian fibrations with limits. Fortunately, the
proof of Proposition 7.4.1 is valid when one replaces the colimits with the limits.

We will now deduce from 7.1.2 the version for the categories with colimits as follows.
The equivalence 7.1.2 restricts to the following.

7.4.5. COROLLARY. The equivalence 7.1.2 induces an equivalence Fun(BOp,Mon%?X’L) =
cart,L
Algy(Catlp).

PROOF. The left-hand side is a subcategory of Fun(B°P,Mon!s™), with the objects con-
sisting of P-monoidal categories with colimits and arrows preserving these colimits. The

embedding Catj?ft’L’@ — Cat(/’?ft’X defines AlgT(Cat;gt’L) as a the same subcategory of
Algy(Catf"). =

Similarly, one has
7.4.6. COROLLARY. The equivalence 7.1.3 induces an equivalence Fun(B,Monl™"") =
Algy(Catiy™).

Lemma 7.1.4 has also a version for categories with colimits.
7.4.7. LEMMA. The equivalence 7.1.4 induces an equivalence

Alg,(Moni™") = Alg,(Moni™h). (80)

Proor. Both the left and the right hand side are subcategories of

Alg,(Monf™) = Alg,(Moni™).

A Q-algebra in Mon#* represented by a functor f : Q — Mon2* belongs to Alg,(Mon**")

if the following three properties are satisfied.
1. For any p € Py, ¢ € Q; one has f(q), € Cat”.

2. Forp=p®---®p, with r, p; € Py, an active arrow « : p — r in P, the composition
-1 [T
1 5@n ™ fl@)p = fla),

preserves colimits in each argument. Here p : f(q), — [ f(q)p

. 1s an equivalence
since f(q) satisfies the Segal condition in p.
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3. Forq=q® - ®qn, s, € Q1, p € P; and an active arrow 5 : ¢ — s in Q, the
composition

[T a0 ™ £l 5s)y

preserves colimits in each argument. Here p : f(q), = [[ f(¢), is an equivalence
since f satisfies the Segal condition in q.

The same three conditions define the subcategory Algy(Mon$®") of Alg,(Mong®).
u

7.5. THE FUNCTOR Q : Cat X Alg;,(Cat’) — Mon{2®*. In this subsection we prove the
following

7.5.1. PROPOSITION. The assignment (X, M, B) — Qxs gives rise to a symmetric
monoidal functor Q : Cat x Alg,,(Cat?) — MonZolaxk

Teny

Note that the SM structure on Alg,,(Catl) is induced from that on Cat® and the
structure on Mong‘;lfx L is defined as in 7.2. In the rest of this section we use the notation

J = Ten,..

PROOF. Recall 6.2.2 that the J-monoidal category Qx s is constructed in three steps,
the first one assigning to (X, M, B) the dualizable right M-module Fun(X, M), the second
assigning to it the corresponding counit diagram (62) and, finally (63), tensoring it with
B. We will follow 6.2.2 and 7.4.6 and present a T- algebra object in € := Cat(;(gL with
B = Cat x Alg,,(Cat’). We denote by X € Cat)y the tautological family defined by the
projection B — Cat, use Pg(X) and Pg(X°P) instead of P(X) and P(X°P) and define M
and B to be the cocartesian fibrations classified by the projections of B to the components
of Alg,,(Catl). Lemma 7.4.3, gives us a J-algebra object in CaLtCOC , that is, by 7.4.6, a
functor

Q: Cat x Alg;,(Cat?) — MonZ™"F (81)

carrying the triple (X, M, B) to the T-monoidal category Qx .

We will now show that the functor (81) canonically extends to a symmetric monoidal
functor. We will present Q as a tensor product of two symmetric monoidal functors,
Qo : Cat — Moni®™" and IT : Alg,,(Cat?) — Mon%OIaXL The functor II is defined by the
map of operads 7 : T — LM carrying the colors a,a’,m,b to A € [LM] and n, k to M € [LM].
The functor II is the composition of 7* : Alg,,(Cat’) — Alg;(Cat”) and the obvious SM
embedding Alg,(Cat”) — Mon{™*".

It remains to construct the SM functor Qp. T-monodial category Qu(X) is defined by
the formulas

A=A =8 M=P(X), N=P(X®), B=Quivy(S), K = 8.

Our aim is to canonically extend this to a SM functor. We construct a new category C
as follows. Its objects are collections consisting of a category X, a J-monoidal category
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(M,B,N,K), a functor i : X — M and an arrow k : [0] — K (that is, an object of K).
The category € has a cartesian SM structure.

We now define a subcategory D® of €* as follows. The objects of D® are the (collection
of) objects of € satisfying the following properties.

e (M,B,N,K) is a T-monoidal category with colimits.
e i: X — M presents M as P(X) and k € K induces an equivalence k : § — K.

e The right action of B on M determines an equivalence B°? = End(M).

e The composition M x N — K H—>_1 S establishes IV as right dual to M.

The morphisms are the maps C x --- x C,, — C'in €* with C, C; satisfying the properties
as above and such that the corresponding maps [[ M; — M, etc., [[ K; — K, preserve
colimits in each argument.

One can easily see that the forgetful functor D® — Cat™ is an equivalence. The

colax, x colax,L,®
T .

composition D¥ — €* — Mons induces a SM functor D® — Mon

8. Multiplicative structures

In this section we present a monoidal version of the universality Theorem 6.4.4.

Let O be an operad. Assume that M is an O-algebra object in Alg, _(Cat’). Equiva-
lently, we assume that M € Algy,,.,(Cat’). In this case many objects mentioned above
acquire a structure of O-algebra . For instance, the notion of O-monoidal M-enriched
category makes sense, as well as the notion of O-monoidal left M-module. We prove
that if A is an O-monoidal M-enriched category, the enriched presheaves Py(A) form an
O-monoidal left M-module category and Yoneda embedding is an O-monoidal M-functor
universal among such functors to O-monoidal left M-modules with colimits.

8.1. FROM ASSOCIATIVE ALGEBRAS TO LEFT MODULES.

8.1.1. Recall [L.LHA]J, 2.10, that, given a bilinear map of operads u : P x Q — R, and
an R-operad X, the P-operad p : Algg /R(DC) — P is defined as the object representing the
functor
K € Cat/p — Mapg,, + h(Kb x QF, XF),
/R

see [H.EY], 2.10. In the case X is R-monoidal, Algy (X) is P-monoidal. In the case p
represents R as a tensor product of P and Q, one has an equivalence
Alng(Algg/IR(x)) = Algg(X).

We will suppress the letter p from the notation if it is clear from the context.
We will need the following general claim about cocartesian fibrations.

14This sentence becomes slightly imprecise if © is not monochrome: an O-algebra consists of more than
one object.
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N

be a map of cocartesian fibrations over B. Assume that

8.1.2. LEMMA. Let
P

(1) For any b € B f,: P, — Qp is a cocartesian fibration.
(2) For any o : b — b in B the functor
ay: Py — Py
carries fy-cocartesian arrows to fy-cocartesian arrows.

Then f is a cocartesian fibration.

PROOF. By [L.T], 2.4.2.11, f is a locally cocartesian fibration, with locally cocartesian
arrows of the form u = u” o’ where u' is p-cocartesian and u” € Py fy-cocartesian, with
p(u) : b — b'. Condition (2) ensures that the composition of locally cocartesian arrows is
locally cocartesian. This implies the claim. ]

Let O be an operad and let € € Algy,;,(Cat”).

8.1.3. PROPOSITION. The forgetful functor

AlgLM/O@LM(G) - AlgAss/O@LM(e) (82)

1s an O-monoidal cocartesian fibration.

PROOF. This result is very close to [L.HA], 4.5.3. We will apply Lemma 8.1.2 to the
forgetful functor f : Algy oem(C) — Algres/oeu(C) over B := 0.

For 0 € O we denote G, the LM-monoidal category obtained from € by the base change
along LM 3 O @ LM.

The fiber f, of f at o € O; is a cartesian fibration as it is a forgetful functor
Alg,,(C,) — Alg,..(C,). Since these are categories with geometric realizations, f, is
also a cocartesian fibration. The same is true for f, at any o € O as cocartesian fibrations
are closed under products. This proves the condition (1) of Lemma 8.1.2. Let us verify
the condition (2). Given av: 0 — ¢’ in O, the functor

o Alg,(C,) — Algy(Cy)

is induced by the colimit preserving LM-monoidal functor €, : €, — C, induced by a.
An arrow (A, M) — (B, N) in Alg,(C,) is f,-cocartesian if it induces an equivalence
B ®4 M — N. Thus, oy preserves this property. [
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The forgetful functor (82) is classified by a lax O-monoidal functor
LMod : Alg, . peu(C) — Cat,

see Prop. A.2.1. of [H.R]. In particular, we have the following.

8.1.4. COROLLARY. The functor LMod defined as above assigns an O-monoidal category
of left modules LMod4(C) to an O-algebra object A in Alg,., oemu(C). A morphism of
O-algebra objects A — A’ gives rise to an O-monoidal functor LModa(C) — LMod 4/ (C).

8.1.5. REMARK. It is worthwhile, in order to keep track of what we are doing, to repeat
the above construction in down-to-earth terms.

An O-algebra object in Alg, . 0qu(C) consists of a collection of associative algebra
objects A, in LM-monoidal categories C,, with operations ®A, — A, corresponding
to each operation « : (01,...,0,) — o0 in O. The category LMod4(C) has components
LMod4(€), = LMod4, (C,), and the operation « : (01,...,0,) — 0 in O assigns to a collec-
tion M; € LMod Aai(Gai) the pushforward of ® A,,-module ®M; along ®A, — A,.

We apply Corollary 8.1.4 a number of times.
8.2. O-MONOIDAL LEFT-TENSORED CATEGORIES.

8.2.1. For M € Algy,,,,(Cat’?) the category LMody is O-monoidal. An O-monoidal left
M-module B is defined as an O-algebra in LMody.

An O-monoidal left M-module B defines an O ® LM-operad (M, B). It makes sense to
talk about O-monoidal and lax O-monoidal functors between O-monoidal left M-modules.

8.2.2. DEFINITION. For B, B’ € Alg,(LMody) we define Fun&loafm (B, B’) as the full sub-
category of the fiber of the forgetful functor
Alg(M,B)/O@LM<M7 B) — AlgM/O@Ass(M>

at idy, spanned by the maps of O ® LM-operads f = (idyt, fin) @ (M, B) — (M, B’)
satisfying the conditions

e f preserves cocartesian liftings of the arrows in LM.
e f,, preserves colimits.

8.2.3. DEFINITION. A lax O-monoidal morphism of left M-modules f : (M, B) — (M, B’)
is called O-monoidal if it preserves cocartesian liftings of all arrows in O @ LM.

The full subcategory of Fun&loag‘M(B, B’) spanned by O-monoidal arrows is denoted by

FunSModM (B, B).

8.3. O-MONOIDAL ENRICHED CATEGORIES.
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8.3.1. A lax SM functor
quiv : 0p,., — FamcartDpAss,

as well as its relatives quivt" : Op,, — Fam“‘Op,, and quiv®™ : Opg, — Fam“‘Opgy,

have been constructed in [H.EY], 3.5.2. Since the functor Alg, . : Fam®"0p,,. — Cat
preserves the limits, the composition Alg, . o quiv : Op,,, — Cat carrying M € Op,_. to
the category PCat (M) of M-enriched precategories, is lax symmetric monoidal. The same
holds for the compositions Alg,, o quiv*" : Op,,, — Cat and Algy, o quiv®™ : Opy, — Cat.

Fix an operad 0. Any O-algebra M in Op, (for instance, M € Algy, (Cat”)), gives
rise to an O-monoidal category PCat(M).

Similarly, an O-algebra M in Op,, (for instance, M € Alg;,(Cat’)), gives rise to an
O-monoidal category PCat™(M).

8.3.2. DEFINITION. Let M € Algy,,..(Cat’). An O-monoidal M-enriched precategory
is an O-algebra object in PCat(M).

Note that a precategory A € PCat(M) is an associative algebra in the family of
planar operads Quivy (M) parametrized by X € Cat. Thus, an O-algebra in PCat(M) has
automatically an O-monoidal category X of objects.

8.3.3. DAY CONVOLUTION. Let (M, B) € Alg,,,(Cat’). This means that M is an
O ® Ass-monoidal category with colimits and B is an O-monoidal category with colimits,
left-tensored over M.

By 8.3.1, the category PCat™ (M, B) = Alg,,(Quivt"(M, B)) is O-monoidal.

By 8.1.3, the forgetful functor

PCat™ (M, B) — PCat(M) (83)

is an O-monoidal cocartesian fibration. Therefore, it is classified by the lax O-monoidal
functor PCat(M) — Cat carrying A € PCat(M) to Funy (A, B).

In particular, for any O-monoidal M-enriched category A the category Funy(A, B) is
O-monoidal. This is an enriched form of the Day convolution [L.HA], 2.6.

Let us repeat that if O is not monochrome, M is actually a collection of monoidal
categories, PCat(M) is actually a collection of categories, etc.

8.3.4. Let X € Cat and let 1x denote the unit of the monoidal category Quivy (M),
see [H.EY], 4.7.3. By definition, Funy(1x, B) = Fun(X, B). If now M € Alg,..(Cat’),
any O-monoidal category X gives rise to an O-monoidal M-category 1x. The enriched
Day convolution defines an O-monoidal structure on Funy(lx,B). The internal Hom in
operads [L.HA]J, 2.6 defines an O-monoidal structure on Fun(X, B). These two O-monoidal
structures coincide, according to the following lemma.

8.3.5. LEMMA. The forgetful functor Funy(lx,B) — Fun(X,B) is an equivalence of
O-monoidal categories.
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PROOF. The O-monoidal structure on Funy(1x, B) is induced from the identification
Funy(Lx, B) = Algy, (Quivi (M, B)) Xug,,, (quivy o) {Lx}
and an O-algebra structure on
Quivi (M, B) = (Quivy (M), Fun(X, B).

This immediately implies that the forgetful functor Funy(1lyx,B) — Fun(X,B) is O-
monoidal. Since it is an equivalence, it is an O-monoidal equivalence.
m

8.3.6. DEFINITION. Given (M, B) € Algy,,y(Cat’) and an O-monoidal M-enriched cat-
egory A, a lax O-monoidal M-functor f : A — B is an O-algebra in Funy(A, B).

We denote by Funy:® (A, B) = Algy(Funy(A, B)) the category of lax O-monoidal
M-functors from A to B.

8.3.7. O-MONOIDAL M-FUNCTORS. Let (M, B) € Algy,;,(Cat”) and let A be an O-
monoidal M-enriched category.

One has a canonical O-monoidal functor 1 : 1x — A for any O-monoidal enriched
precategory with the O-monoidal category of objects X. It induces a forgetful functor
Funy(A, B) 5 Funy(1lyx,B) = Fun(X,B). It is automatically lax O-monoidal since it
is right adjoint to an O-monoidal free module functor defined by 1 : 1x — A, see 8.1.4.
O-algebras in Fun(X, B) are lax O-monoidal functors from X to B.

DEFINITION. A lax O-monoidal M-functor f : A — B is called O-monoidal if the lax
O-monoidal functor 1*(f) : X — B obtained from f by forgetting the A-module structure,

is O-monoidal. We denote by Funjy (A, B) the category of O-monoidal M-functors from
A to B.

8.4. O-MONOIDAL YONEDA EMBEDDING.

8.4.1. Assume M is O ® Ass-monoidal category in Cat” and let A be an O-monoidal
M-enriched precategory, that is, an O-algebra in PCat(M).

We will now repeat the construction of Yoneda embedding for A.

Denote 7 : BM — Ass the canonical map of (planar) operads. For any planar operad €
(or a family of planar operads) the functor 7* : Alg,_ (C) — Algg,(C) carries an associative
algebra A to the A-A-bimodule A.

The folding functor ¢ : Opg, — Op;y defined in [H.EY], 3.6, preserves limits, so the
functor ¢ o7 : Alg, (C) — Alg; (¢ o 7*(C)) also preserves limits, and, therefore, carries
O-algebras to O-algebras.

We apply this to € := Quiv(M) and an O-algebra A in PCat(M). We get an O-algebra
in PCat™(M ® M, M).

According to 8.3.3, this defines a lax O-monoidal M ® M"’-functor ¥ : AKA® — M.
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. One uses the adjoint associativity equivalence to deduce Yoneda embedding from the
functor A X AP — M.

Recall [H.EY], 6.1.7. Below B is a left M ® M’-module, A € PCat(M) and A’ €
PCat(M'). There is a canonical equivalence

Funyggar (A KA’ B) = Funy (A, Funye (A', B)). (84)

Let now O be an operad, M and M’ be in Alg,,  (Cat”) and B be an O-monoidal
category left-tensored over M@M'. Then the left and the right side of (84) are O-monoidal
categories by (8.3.3)

8.4.2. PROPOSITION. Under these assumptions (84) is an an equivalence of O-monoidal
categories.

PROOF. Let T = (M, B, M) be the BM-monoidal category defined by the left M & M'-
module B. The equivalence (84) is constructed in [H.EY], 6.1.7, from the equivalence
Funopgy(BMy x BM5/, T) = Quivy (Quivi (T™)™). (85)
Both left and right hand sides, cosidered as functors of T, preserve limits. Therefore, in
case T is O-monoidal, (85) is an equivalence of O ® BM-monoidal categories. ]

Proposition 8.4.2 and the fact that the functor Y : A X AP — M is lax O-monoidal,
immediately imply that the Yoneda embedding Y : A — Py(A) is lax O-monoidal.

8.4.3. PROPOSITION. Y : A — Py(A) is O-monoidal.

PrROOF. We have to verify that the lax O-monoidal functor
Y : X — Py(A) = LMod gop (Fun(X°?, M))

is O-monoidal.
The unit 1: 1y — A gives rise to a decomposition of Y into

X 22 Py(Ly) = Fun(X, M) -5 Py(A),

where F is the free A°°-module functor, see [H.EY], 6.2.6. The free module functor F
is O-monoidal by 8.1.4, whereas Y} is the composition of the usual co-categorical Yoneda
embedding Yy : X — P(X) and the functor P(X) — Py(1x) = P(X) ® M, so it is also
O-monoidal.
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8.5. UNIVERSALITY OF YONEDA EMBEDDING IN THE MONOIDAL SETTING. Recall that
the composition with the Yoneda embedding defines an equivalence (69)

Y* : Funk (Py(A), B) — Funy(A, B)

for any left M-tensored category with colimits B. In this subsection we present two
O-monoidal versions of this equivalence.

8.5.1. Let A be an O-monoidal M-enriched category.

In this case Py(A) is also O-monoidal (as a left M-module) and the Yoneda embed-
ding is an O-monoidal M-functor, see 8.4.3. In Theorem 8.5.3 below we show that the
equivalence (69) induces the equivalences

YOl Fundp® (Pae(A), B) — Funy ™ (A, B) (86)
and
y o . FunSModM(PM(A), B) — Funy (A, B). (87)

8.5.2. The assignment
B — Funy(A, B),

as defined by the formula (8), defines a functor Alg,(LMody) — Alg,(Cat) which yields
a canonical functor

Funf™ (A, Py(A)) x Funpees (Pyi(A), B) — Funy? (A, B). (88)

Evaluating it at the O-monoidal Yoneda embedding Y : A — Py (A), we get a map (86).
The map (87) is its restriction.

8.5.3. THEOREM. Let O be an operad, M € Algyg,. (Cat’) be an O ® Ass-monoidal
category with colimits. Let, furthermore, A be an O-monoidal M-enriched category and
let B € Alg,(LMody) be an O-monoidal category with colimits left-tensored over M. Then
the functors (86) and (87) are equivalences.

PRrROOF. By Proposition 7.5.1 Qx s is an O-algebra object in Mon%ZLa:"L. By Lemma 7.1.4
it gives rise to a Ten, -algebra object Q) x s in Mongx’L. This yields, for an O-monoidal
M-enriched category A, similarly to (66), a lax O-monoidal functor

colim : Py(A) x Funy(A, B) — B.
By 8.4.3, this induces a functor
colim : Funy;™ (A, B) — Fungﬁl(,a;{M(PM(ﬂ), B). (89)

Let [O] = Off be the space of colors of the operad O. We have a forgetful functor
G : Mlgy(Cat®) — (Cat™)l% that commutes with sifted colimits, see [L.HA], 3.2.3.1.
By Proposition 4.4.1(3), the forgetful functor G commutes with the weighted colimits.
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Choose o € [0] and look at the following diagram

YO*
Funy gy, (Pac(A), B) _~ Funy™ (4, B) (90)

colim
Y*

FunLModM (PMO (Ao>7 Bo) - FUHMO ('Am Bo)a

colim

with Y induced by the Yoneda embedding for A, and G, denoting the a-component of
the functor forgetting the O-algebra structure. Both squares of the diagram are homotopy
commutative.

Since for all o € [O] the arrows Y,* and colim are homotopy inverse, and since the
forgetful functor G is conservative, Y°* and colim are also homotopy inverse.

This proves that (86) is an equivalence. Let us prove that the map (87) is also an
equivalence. This amounts to verifying that a lax O-monoidal functor

®: Py(A) = B

is O-monoidal whenever its composition ¢ with the embedding Y : X C Py(A) is O-
monoidal. The embedding Y is a composition

X & PX) 5 Fun(X°P, M) 5 Py(A)

where h is the (non-enriched) Yoneda embedding, i is induced by the unit § — M and
F is the free A-module functor, see [H.EY], 6.2.6. If ¢ : X — B is O-monoidal, the
composition ® o FFoi : P(X) — B is O-monoidal by Lemma 8.5.4 below. Then the
composition ® o F': Fun(X° M) — B is O-monoidal as ® o F' can be reconstructed from
® o F' o as the composition

Fun( X", M) = M @ P(X) 2 p o B 5 B,

Finally, since any ® € Py(A) is a colimit of free A-modules, Lemma 8.5.4 implies that
® is O-monoidal. [

8.5.4. LEMMA. Let ® : € — D be an arrow in Monlgx’L, i: Cy — € in Mony so that

®oi:Cy— D is also in Mong. Assume that Cq generates C by colimits. Then ® is in
Mon@.

PROOF. Let a: x — y be an arrow in O. We have to verify that ® preserves cocartesian
liftings of . Let ¢ € € be over x. We have ¢ = colim{i : I — (Cy), — C,}. Since
ar : €, — G, preserves colimits, ai(c) = colim{as o ¢}. Since ® o7 is in Mony, the arrows
O (c;) = P(au(c;)) are cocartesian liftings of a. Since the functor oy : D, — D, preserves
colimits, the arrow colim(®(c¢;)) — colim(®((c;))) is a cocartesian lifting of «. "



422

VLADIMIR HINICH

References

[ABS] G. Arone, I. Barnea, T. Schlank, Noncommutative CW spectra as enriched
presheaves on matrix algebras, arXiv:2101.09775

[GH] D. Gepner, R. Haugseng, Enriched oco-categories via non-symmetric operads,
Adv. Math., 279(2015), 575-716.

[GHN] D. Gepner, R. Hauseng, T. Nikolaus, Lax colimits and free fibrations in oo-
categories, Doc. Math. 22(2017), 1225-1266.

[HHLN] R. Haugseng, F. Hebestrijt, S. Linskens, J. Nuiten, Lax monoidal adjunctions,
two-variable fibrations and the calculus of mates, arXiv:2011.08808v2.

[H.D] V. Hinich, So, what is the derived functor?, arXiv:1811.12255, Homology, ho-
motopy, applications, 22(2020), no. 2, 279-293.

[H.EY] V. Hinich, Yoneda lemma for enriched infinity categories, arXiv:1805.0507635,
Adv. Math., 367(2020), 107129.

[H.lec] V. Hinich, Lectures on oo-categories, preprint arXiv:1709.06271.

[H.L] V. Hinich, Dwyer-Kan localization, revisited, preprint arXiv:1311.4128, Ho-
mology, homotopy, applications, 18(2016), 27-48.

[H.R] V. Hinich, Rectification of algebras and modules, preprint arXiv:1311.4130,
Doc. Math. 20 (2015), 879—926.

[HH] H. Heine, An equivalence between enriched oco-categories and oco-categories
with a weak action, arXiv:2009.02428.

[L.HA]  Lurie, Higher algebra, preprint September 18, 2017, available at
http://www.math.harvard.edu/ lurie/papers/HA.pdf.

[L.T] Lurie, Higher topos theory, Annals of Mathematics Studies, 170. Prince-

ton University Press, Princeton, NJ, 2009. xviii+925 pp, also available at
http://www.math.harvard.edu/ lurie/papers/croppedtopoi.pdf.

Department of Mathematics, University of Haifa, Mount Carmel, Haifa 3498838, Israel
Email: hinich@math.haifa.ac.il

This article may be accessed at http://www.tac.mta.ca/tac/



THEORY AND APPLICATIONS OF CATEGORIES will disseminate articles that significantly advance
the study of categorical algebra or methods, or that make significant new contributions to mathematical
science using categorical methods. The scope of the journal includes: all areas of pure category theory,
including higher dimensional categories; applications of category theory to algebra, geometry and topology
and other areas of mathematics; applications of category theory to computer science, physics and other
mathematical sciences; contributions to scientific knowledge that make use of categorical methods.
Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. Full
text of the journal is freely available at http://www.tac.mta.ca/tac/.

INFORMATION FOR AUTHORS I¥TEX2e is required. Articles may be submitted in PDF by email
directly to a Transmitting Editor following the author instructions at
http://www.tac.mta.ca/tac/authinfo.html.

MANAGING EDITOR. Geoff Cruttwell, Mount Allison University: gcruttwell@mta.ca
TEXNICAL EDITOR. Michael Barr, McGill University: michael.barr@mcgill.ca

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TRANSMITTING EDITORS.

Clemens Berger, Université de Nice-Sophia Antipolis: cberger@math.unice.fr
Julie Bergner, University of Virginia: jeb2md (at) virginia.edu

Richard Blute, Université d’ Ottawa: rblute@uottawa.ca

Maria Manuel Clementino, Universidade de Coimbra: mmc@mat.uc.pt

Valeria de Paiva, Nuance Communications Inc: valeria.depaiva@gmail.com
Richard Garner, Macquarie University: richard.garner@mq.edu.au

Ezra Getzler, Northwestern University: getzler (at) northwestern(dot)edu
Dirk Hofmann, Universidade de Aveiro: dirk@ua.pt

Joachim Kock, Universitat Autonoma de Barcelona: kock (at) mat.uab.cat
Stephen Lack, Macquarie University: steve.lack®Omq.edu.au

Tom Leinster, University of Edinburgh: Tom.Leinster®@ed.ac.uk

Matias Menni, Conicet and Universidad Nacional de La Plata, Argentina: matias.menni@gmail.com
Susan Niefield, Union College: niefiels@union.edu

Kate Ponto, University of Kentucky: kate.ponto (at) uky.edu

Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini@disi.unige.it

Michael Shulman, University of San Diego: shulman@sandiego.edu

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Tim Van der Linden, Université catholique de Louvain: tim.vanderlinden@uclouvain.be



	Introduction
	Enriched categories and enriched Yoneda: digest
	Lurie's enriched categories
	Relative tensor product and duality
	Bar resolutions for enriched presheaves
	Weighted colimits
	Functoriality of QX,M,B
	Multiplicative structures

