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ON ROTA-BAXTER LIE 2-ALGEBRAS

SHILONG ZHANG AND JIEFENG LIU

ABSTRACT. In this paper, we introduce the notion of Rota-Baxter Lie 2-algebras,
which is a categorification of Rota-Baxter Lie algebras. We prove that the category
of Rota-Baxter Lie 2-algebras and the category of 2-term Rota-Baxter L.,-algebras are
equivalent. We introduce the notion of a crossed module of Rota-Baxter Lie algebras,
and show that there is a one-to-one correspondence between strict 2-term Rota-Baxter
Lo-algebras and crossed modules of Rota-Baxter Lie algebras. At last, as applications
of the crossed modules of Rota-Baxter Lie algebras, we give constructions of crossed
modules of pre-Lie algebras and crossed modules of Lie algebras from them.

1. Introduction

The notion of a Rota-Baxter algebra originated from the 1960 paper [1] of G. Baxter in his
probability study to understand Spitzer’s identity in fluctuation theory. Soon afterwards,
this concept attracted the attention of well-known mathematicians such as P. Cartier and
G.-C. Rota whose fundamental papers [10, 19] around 1970 brought the subject into the
areas of algebra and combinatorics. Rota-Baxter algebras have broad connections with
mathematical physics, including the application in Connes-Kreimer’s algebraic approach
to the renormalization in perturbative quantum field theory [12]. Rota-Baxter algebras
also lead to the splitting of operads [6, 22], and are closely related to noncommutative
symmetric functions and Hopf algebras [13, 15, 17, 29]. We refer the reader to [14] for
more details about Rota-Baxter algebras.

In the Lie algebra context, a Rota-Baxter operator was introduced independently in
the 1980s as the operator form of the classical Yang-Baxter equation, named after the
physicists C.-N. Yang and R. Baxter [8, 28|, whereas the classical Yang-Baxter equation
plays important roles in mathematics and mathematical physics such as integrable systems
and quantum groups [11, 24]. A Lie algebra equipped with a Rota-Baxter operator, called
a Rota-Baxter Lie algebra, naturally gives rise to a pre-Lie algebra or a post-Lie algebra
which has its origin in a study of operads [27] as a special case of the splitting of Lie
algebras [6]. Recently, as an integration and geometrization of Rota-Baxter Lie algebras,
the notions of Rota-Baxter Lie groups and Rota-Baxter Lie algebroids were introduced
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in [16]. Besides, cohomologies, deformations, extensions and homotopy theory of Rota-
Baxter Lie algebras were well studied in [18, 21, 26].

Motivated by the study of string theory, there has been great attention to higher
categorical structures. One way to obtain higher categorical structures is by categorifying
existing mathematical concepts. One of the simplest higher structures is a 2-vector space,
which is a categorification of a vector space. If we further put Lie algebra structures on
2-vector spaces, then we obtain Lie 2-algebras [2]. L..-algebras, sometimes called strongly
homotopy Lie algebras, were introduced in [20] as a model for Lie algebras that satisfy
Jacobi identity up to all higher homotopies. It is well-known that the category of Lie
2-algebras is equivalent to the category of 2-term L. .-algebras. The structure of Lie 2-
algebras appears in many areas such as string theory [4], higher symplectic geometry [3],
and Courant algebroids [23].

In this paper, we provide a categorification of Rota-Baxter Lie algebras, called Rota-
Baxter Lie 2-algebra. Rota-Baxter operators on 2-term L..-algebras were first introduced
in [25] as a tool to study 2-graded classical Yang-Baxter equations, which could naturally
generate examples of Lie 2-bialgebras [7]. Soon afterwards, Rota-Baxter operators on L.-
algebras were given and studied in [21]. We prove that the category of Rota-Baxter Lie
2-algebras and category of 2-term Rota-Baxter L..-algebras are equivalent. Here a 2-term
Rota-Baxter L.-algebra consists of a 2-term L.-algebra and a Rota-Baxter operator on
it. The notion of crossed modules of Rota-Baxter Lie algebras is also introduced and
we prove that there is a one-to-one correspondence between strict 2-term Rota-Baxter
L.-algebras and crossed modules of Rota-Baxter Lie algebras. We show that a crossed
module of Rota-Baxter Lie algebras gives a crossed module of pre-Lie algebras and thus
gives a crossed module of Lie algebras naturally.

The paper is organized as follows. In Section 2, we recall Rota-Baxter Lie algebras
and their representations, 2-vector spaces and 2-term chain complexes. In Section 3, we
first give the notion of Rota-Baxter Lie 2-algebras, which is the categorification of Rota-
Baxter Lie algebras. Then we introduce the category of Rota-Baxter Lie 2-algebras and
the category of 2-term Rota-Baxter L.-algebras and show that they are equivalent. In
Section 4, we introduce the notion of crossed modules of Rota-Baxter Lie algebras and
show that there is a one-to-one correspondence between strict 2-term Rota-Baxter L .-
algebras and crossed modules of Rota-Baxter Lie algebras. We show that the underlying
algebraic structure of a crossed module of Rota-Baxter Lie algebras is a crossed module
of pre-Lie algebras and then a new crossed module of Lie algebras is constructed.

In this paper, all the vector spaces are over an algebraically closed field K of charac-
teristic 0, and finite dimensional.

2. Preliminaries

2.1. RoTA-BAXTER LIE ALGEBRAS AND THEIR REPRESENTATIONS.
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2.2. DEFINITION. Let (g,[-,|s) be a Lie algebra. A linear operator T : g — g is called
a Rota-Baxter operator if

[T(2), T(y)]g = T([T(x),ylg + [z, T(W)ly), VYz,y €.

Moreover, a Lie algebra (g, |-, -|) with a Rota-Bazter operator T is called o Rota-Baxter
Lie algebra. We denote it by (g, [, |4, T).

2.3. DEFINITION. A pre-Lie algebra is a pair (g, *4), where g is a vector space and 4 is
a bilinear multiplication on g satisfying that the associator (x,y, z) = (T*gy)%gz—T*g(Y*q2)
18 symmetric in T, Yy, i.e.

(#,y,2) = (y, 2, 2), or equivalently, (zxqy)#qz—wxq(y*gz) = (Y#g¥)*gz =Yg (Lg2).

Let (g,#y) be a pre-Lie algebra. The commutator [z,y]; = %3 y — y % © defines a
Lie algebra structure on g, which is called the sub-adjacent Lie algebra of (g, *,) and
denoted by g¢. Furthermore, L : g — gl(g) defined by

Lyy=xz#y, Vr,yecg (1)

gives a representation of g on g. See [5, 9] for more details.
The following proposition reviews the well-known transformation from a Rota-Baxter
Lie algebra to a pre-Lie algebra.

2.4. PROPOSITION. Let (g, [-,-]g) be a Lie algebra and T : ¢ — g a Rota-Bazter operator.
Define a new operation on g by

vxy = [T(x),yly-

Then (g,*) is a pre-Lie algebra and T is a homomorphism from the sub-adjacent Lie
algebms (97 ['7 ]T) to (97 ['7 ']9)7 where [:Eu y]T =T *xY—YxT.

2.5. DEFINITION. Let (g, [-,"|g, 1) and (b,[-,-]s,S) be two Rota-Baxter Lie algebras. A
Rota-Baxter Lie algebra homomorphism from (g, [-,]4,T) to (b,[-, ], S) is a linear
map ¢ : g — b such that ¢ a Lie algebra homomorphism and satisfies p o T = S o ¢.

A Rota-Baxter Lie subalgebra (resp., Rota-Baxter Lie ideal) of a Rota-Baxter
Lie algebra (g,7") is a Lie subalgebra (resp., a Lie ideal) I of g such that T'(I) C I.
Let f: (g,7) — (h,S) be a Rota-Baxter Lie algebra homomorphism. Then ker f is a
Rota-Baxter Lie ideal of the Rota-Baxter Lie algebra (g,T).

2.6. DEFINITION. ([18]) A representation of a Rota-Baxter Lie algebra (g, [-,];, 1)
on a vector space V' with respect to a linear map T € gl(V') is a representation p of the
Lie algebra g on V', satisfying

p(T(x)) o T =Top(T(x)) +Top(x)oT, Vzeg. (2)

We denote the above representation by (V; p, T), and give some examples as follows.
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2.7. EXAMPLE. Let (g,[,]4,T) be a Rota-Baxter Lie algebra. Then (g;ad,T) is a rep-
resentation, which is called the adjoint representation of (g, [, ]4, 7).

2.8. PROPOSITION. ([18]) Let (V;T,p) be a representation of a Rota-Baxter Lie algebra
(9,[,"]g:T). Then (V*;p*,=T*) is also a representation of (g,[-, |, 1), which is called
the dual representation.

2.9. EXAMPLE. Let (g, [, ]g,T) be a Rota-Baxter Lie algebra. Then (g*;ad”, —=7™) is a
representation of (g, [+, ]g,T"), which is called the coadjoint representation.

2.10. PROPOSITION. Let (V; p, T) be a representation of a Rota-Baxter Lie algebra (g, [-, g,
T). Then (gdV, [, |, %) is a Rota-Baxter Lie algebra, where [-, -] is the semidirect prod-
uct Lie bracket given by

[z +u,y +v]x = [z, 9] + pla)v — p(y)u, Yo,y €guveV,
and T :gdV — gdV is a linear map given by
T(r+u)=T()+T(u), Yreguel.

2.11. 2-VECTOR SPACES. Let Vect be the category of vector spaces. Vector spaces can
be categorified to 2-vector spaces. A good introduction for this subject is [2].

2.12. DEFINITION. A 2-vector space is an internal category in the category Vect.

Thus, a 2-vector space V = (Vi, Vp, s, t,1,0) is a category with a vector space of objects
Vb and a vector space of morphisms V7, such that the source and target maps s,t : V; — Vg,
the identity-assigning map ¢ : V) — V4, and the composition map o : V; xy, V4 — V; satisty
the specified category laws.

Given a morphism f:z — y € Vi, define the arrow part of f, denoted as ?, by

T =r-il).

Furthermore, we identify f : x — y with the ordered pair (z, 7) It was shown in [2] that
the composition map o : Vi x V; — V; is uniquely determined by

fog=(x, T+7), f=(@ T)ha=(79)eN (3)

Thus the structure of a 2-vector space is completely determined by the vector spaces V
and V) together with the source, target and identity-assigning maps.

Let V and W be two 2-vector spaces. Recall that a linear functor F': V — W is an
internal functor in Vect.

Let 2Vect denote the category consisting of 2-vector spaces and linear functors be-
tween them. There is a category, denoted as 2Term, whose objects are 2-term chain
complexes and whose morphisms are chain maps.



ON ROTA-BAXTER LIE 2-ALGEBRAS 549

It is well known that the categories 2Vect and 2Term are equivalent. Roughly
speaking, given a 2-vector space V = (Vi, Vg, s,t,1,0),

ker(s) 5 Vy

is a 2-term complex. Conversely, the 2-term complex of vectors C < Cy gives a 2-vector
space of which the set of objects is Cy, the set of morphism is Cy @ C, the identity-
assigning map is given by i(x) = (z,0) for any = € Cp, the source map s is given by
s(x, ?) = x and the target map ¢ is given by ¢(z, ?) =z+ d? for all (z, ?) € Cod (.

2.13. DEFINITION.

1. Given two linear functors F,G : V. — W between 2-vector spaces, a linear natural
transformation o : F' = G is a natural transformation in Vect.

2. Given two chain maps o, : C — C" of 2-term chain complezes, a chain ho-
motopy T : ¢ = ¥ is a linear map T : Cy — C] satisfying d'T = g — o and
Td =1 — 1.

Let 2Vect denote the 2-category of 2-vector spaces, linear functors and linear natural
transformations. Also let 2Term be the 2-category of 2-term chain complexes, chain
maps, and chain homotopies.

Furthermore, we have

2.14. PROPOSITION. ([2]) The 2-category 2Vect is 2-equivalent to the 2-category 2Term.

3. Rota-Baxter Lie 2-algebras and 2-term Rota-Baxter L..-algebras

In this section, we first introduce the notion of a Rota-Baxter Lie 2-algebra which is a
Lie 2-algebra with a linear functor satisfying the Rota-Baxter identity up to a natural
isomorphism. Then we introduce the notion of a 2-term Rota-Baxter L.-algebra. Finally,
we show that the category of Rota-Baxter Lie 2-algebras and the category of 2-term Rota-
Baxter L..-algebras are equivalent.

3.1. ROTA-BAXTER LIE 2-ALGEBRAS . We begin by reviewing the concept of a Lie
2-algebra given in [2].

3.2. DEFINITION.
1. A Lie 2-algebra is a 2-vector space L together with a skew-symmetric bilinear func-

tor [,-] : L x L — L and a completely antisymmetric trilinear natural isomorphism,
the Jacobiator,

Joge t 2yl 2] = [2, [y, 2]] + ([, 2], 9],
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satisfying the identity:
([w, Juy,:] + D) ([Twy,z @] + D) (Jjwylz,s + Jw o)) [Ty 2]
= (Jw,[a:,z],y + J[w,z],:r,y + Jw,z,[y,z])([Jw,x7za y] + 1)J[w,x},y,z-
A Lie 2-algebra is called strict if the Jacobiator is the identity isomorphism.

2. Given two Lie 2-algebras L and L', a homomorphism F = (Fy, [y, F) : L — L/
consists of a linear functor (Fy, Fy) from the underlying 2-vector space of L to that
of L', and a skew-symmetric bilinear natural transformation

Fy[z,y] : [Fo(), Fo(y)] — Folz,y]
satisfying
(F1(Jey,2)) o[ Fo, 1] = (Fy + F)([1, Fy] + [F2, 1)) TRy (), Fo(y) Fo (=) -

In the following, we give the main definition in this paper.

3.3. DEFINITION. A Rota-Baxter Lie 2-algebra is a triple ((L,[,‘]), P,R), where
(L,[-,-]) is a Lie 2-algebra, P = (Py, P1) : L — L is a linear functor and for x,y € L,
Rz is an antisymmetric bilinear natural isomorphism given by

Rey t [Po(z), Po(y)] — Po[Po(),y] + Polz, Po(y)],
such that the following Rota-Bazter relation is satisfied,
(1+ P1[ v L2]) (L PrIpya) e po)) (Re o). 2) + Rafy,poca] + R ooy + Ripoe) 21)
(Lpy @) Ry.e) + [Razs Lry)]) Ty Poy) Poce)
(1

+ P1[ 2,25 Lyl + Pi[la, Ry 2]) (1 4+ Prdpy) g po(z) + Prd,pow) po(2))
(Ripy(@) .z + Riz.Po(w)).2) [Reys Lrya)s

which can be showed as the following commutative diagram

([Po(2), Po(v)]; Po(2)]

TPy (@), Po(v). P \

[Po(z), [Po(y), Po(2)]] + [[Po(x), Po(2)], Po(y)] [[Po(x), Po(y)], Po(2)]
M py(z) Ry, 21+ [Ra, 2,1 py ()] [Ra,ys1p)(2)]
A [Po[Po(z), yl, Po(2)] + [Polz, Po(y)], Po(2)]

R, [Po (1), 21T Ra, [y, Py (2)]

TRz, Py ()], TR (Pg(2),2],9 HPo@,u1,= e o)), 2

B D

C
\WWV\ TRz, z: 1yl + P11z, Ry, 2]
F

TP py(2),y, Py (2)

1+P1Jp (.
1Py (x),2z,Py(y) +P1Jg Py (y), Py (=)

E
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A = [R(z), B[FR(y), 2l + Poly, B (2)]] + [Bolz, Fo(2)], Po(y)] + [Fo[ P

B = R[R(x),[P(y), 2] + Polz, Bo[Po(y), z]] + Po[Fo(), [y, FPo(2)]
+ R [Polz, Po(2)], y] + Pollz, Po(2)], Po(y)] + Po[Bo[FPo(z), 2],y

C = Blh(z), [Ry), 2] + Polz, Bo[Po(y), z]] + Po[Po(z), [y, Fo(2)]
+Po[Polz, Po(2)], vl [

o(2), 2], Fo(y)];
| + Polz, Poly, Po(2)]]

|+ Rl[Fo(x), 2], Po(y)];
|+ Polz, Roly, Po(2)]]

|+ Bl

+
+
+
+

yl + Pollz, Po(2)], Po(y)] + Po[Po[Po(), 2], y Po(@), [z, Po(y)]]
+R[[Po(z), Poly)], 2;
D = R[PR[R(x),yl, 2] + Po[Bolz, Po(y)], 2] + Bo[[Fo(x), y], Po(2)] + Bol[z, Po(y)], Po(2));
E = R[R[Po(z),y], 2] + Bo[Polz, Fo(y)], 2] + Po[Fo(@), [y, Po(2)]] + Follz, Po(2)], Po(y)]
+R[[Po(z), Po(2)], 9] + Pol, [Po(y), Fo(2)]);
Fo= R[R[Po(z),yl, 2] + Bo[Polz, Po(y)], 2] + Po[Fo(), [y, Po(2)]] + FPol[z, Fo(2)], Fo(y)]

+Po[Po[Fo(z), 2], y] + Po[Folz, Po(2)],y] + Polz, Po[Po(y), 2]] + Folx, Poly, Po(2)]]-

A Rota-Bazter Lie 2-algebra is called strict if (L,[-,-]) is a strict Lie 2-algebra and the
natural isomorphism R, is the identity isomorphism.

3.4. DEFINITION. Let (L, P,R) and (L', P',R") be two Rota-Baxter Lie 2-algebras. A ho-
momorphism of Rota-Baxter Lie 2-algebras F : L — L' consists of a homomorphism
of Lie 2-algebras (Fo, F1, Fy) : L — L' and a natural linear transformation

Fy(z) : Fy(Fo(z)) = Fo(Po(x))
such that the following equation holds

(E3[Po(), y] + Fs[z, Po(y)))(Py Fa(Po(), y) + Pl Fa(, Po(y)))
(PLF3(2), Lry )] + PilLEy@)s F3 (W) R ey (@), Fow)
= F1(Rey)Fo(Po(2), Po(y))[F3(x), F3(y)],

or, in terms of commutative diagram,

P{ [F3(2),1 gy ()]

Ko@) Fo Ry [Py (Fo (), Fo(y)] 1 Fo@)P3W) bRy (Py (), Fo ()]
(B (Fo (), By (Fo ()] B oy +PlFo(a) Fo(Po(w)]
[E3($)7F3(y)]\ lp{F2<Po<x>,y>+P{F2<x,Po<y>>
[Fo(Po(z)), Fo(FPo(y))] Py(Fo[Po(z),y]) + Py(Folx, Po(y)])
F2(P0($),P0(y))l lFS[Po(ﬂﬂ),yHF?m[%Po(y)]

Fy[Po(z), Po(y)]

Fi(Ray) Fo(Po[Po(),y]) + Fo(Polz, Po(y)])-
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Let (L,P,R), (L',P',R") and (L”, P",R") be Rota-Baxter Lie 2-algebras. Let F' :
(L,P,R) — (L', P",R) and G : (L', P',R") — (L", P",R") be homomorphisms of Rota-
Baxter Lie 2-algebras. We define the composite functor Go F': (L, P,R) — (L", P",R")

to be the usual composite of the underlying 2-vector space functor: L I JRRCINY J ,
while letting (G o F'); and (G o F)3 be defined as the following composite

(G o F)o[(GoF)o(x),(GoFlo(y)] = (Go k) (Gy[Go(Fo(x)), Go(Fo(y))]) = (G o Flo[, yl,
(G o F)s (Fy((Go Fo(x))) = (G o Fy) (Gs(Fy(Go(Fo()))) = (G o Flo (Fo(x)),

where G o F5( resp. G o F3) is the result of whiskering the functor G by the natural
transformation Fy( resp. F3). The identity homomorphism 1; has the identity functor
as its underlying functor, together identity natural transformations (1) and (11)s3. It is
straightforward to obtain

3.5. PROPOSITION. There is a category, which we denote by RBLie2Alg, with Rota-
Baxter Lie 2-algebras as objects, Rota-Baxter Lie 2-algebra homomorphisms as mor-
phisms.

3.6. 2-TERM ROTA-BAXTER L.,-ALGEBRAS. The notion of an L.-algebra was intro-
duced by Stasheff in [20]. We begin by reviewing the concept of a 2-term L.-algebra.

3.7. DEFINITION. A 2-term L.-algebra on a graded vector space G = go ® g1 consists
of the following data:

!
e a complex of vector spaces: g1 — go,

o a skew-symmetric bilinear map ly : §; ® g; — gitj, where 0 < i+ j < 1, which we
denote more suggestively as [-, -],

e a skew-symmetric trilinear map ls : N3gy — g1,
such that for all x;,x,y,z € go and u,v € g1, the following equalities are satisfied:
(a) Lils(z,u) = la(x,li(w)), la(li(u),v) = la(u,ly(v)),
(b) Lis(x,y, 2) = lo(x, 1a(y, 2)) + la(2, (2, ) + ba(y, (2, 7)),
(©) la(z,y,i(u)) = Loz, l2(y, w)) + la2(u, 22, y)) + 12y, L2 (u, ),
)

(d) the Jacobiator identity:
4 .
Z(_1)2+1l2(xial3(xla"'v +Z 7’—"_]l3 l2 xuxj) X1, - "afi7"'7jj7"'>$4) =0.
=1 1<j

We usually denote a 2-term Ly-algebra by (g1, go, l1, l2,l3), or simply by §. A 2-term
L..-algebra is called strict if I3 = 0.
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3.8. DEFINITION. Let § = (g1,80,0,02,l3) and § = (g7, 90,01, 15,15) be 2-term Loo-
algebras. An L..-homomorphism ¢ : § — G’ consists of:

e o chain map ¢ : G — G" which consists of linear maps ¢g : go — @, and ¢1: g1 — @)
preserving the differential: I{¢1 = ¢oly,

o a skew-symmetric bilinear map ¢o : go X go — 9,

such that the following equations hold for all x,y,z € go, u € g1 :

lll((bQ(x?y)) = ¢0[:C7?/]_ [(bU(w)a(bO(y)]a
P2(w, li(u) = iz, u] — [¢o(x), 1 (w)],

and

[Pa(,y), @o(2)] + Pa([z, 9], 2) + 1(l3(2, y, 2))
= B3(¢o(), ¢0(y), do(2)) + [Bo(x), 2(y, 2)] + [Pa2(z, 2), Po(y)] + Pa(; [y, 2]) + d2([z, 2], 9).

There is a category 2TermL,, with 2-term L..-algebras as objects and L.,-homomorphisms
as morphisms.

The Rota-Baxter operators on L..-algebras are introduced in [21]. In the following,
we give the notion of Rota-Baxter operators on 2-term L-algebras.

3.9. DEFINITION. Let G = (g1, g0, [1, l2, l3) be a 2-term Lo.-algebra. A triple R = (Ry, Ry, Ra),
where Ry : g0 — g0, R1 : g1 — @1 45 a chain map, and Ry : N*gy — g1 is a linear
map, 1s called a Rota-Baxter operator on G if for all x,y,x1, 22,23 € g9 and u € g,
the following conditions are satisfied:

1. Ro(lo(Rox,y) + lo(x, Roy)) — lo(Rox, Roy) = LiRa(, y),
2. Ri(l(Ryu, ) + lo(u, Roz)) — lo(Riu, Row) = Ro(li(u), z),

3. lo(Rox1, Ra(xo, x3)) + lo(Roxs, Ra(x1, 2)) + lo(Roxa, Ro(x3, 1))

+Rs (xg, lo(Roz1, x9) — lo( Roa, 1) ) + R, (x o (Roxs, ) — lg(Roxl,xg))

+Ry (ml, lo(Roxa, x3) — lo( Roxs, x2) ) + Ry (lg (Ro(xg, x3),21) — l3(Roxa, Rors, xl))
—I—Rl(lg(Rg(xl,xg),wg) lg(Roxl,Roxz,xg)) + Ry (ZQ(R2($3,IB1) To) — lg(Roa;g,Rgxl,xg))
+l3(Rox1, Roxe, Roxs) = 0.

Moreover, a 2-term Loo-algebra G with a triple R = (Ry, Ry, Ry) is called a 2-term Rota-
Baxter L..-algebra. We denote a 2-term Rota-Bazter Lo,-algebra by (G,R). A 2-term
Rota-Baxter Lo.-algebra is called strict if I3 =0 and Ry = 0.
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3.10. DEFINITION. Let (G,R) and (§',R’) be 2-term Rota-Baxter Lo,-algebras. A Rota-
Baxter L.,-homomorphism ¢ = (¢g, ¢1, 02, ¢3) : (9, R) — (9, R') consists of a homo-
morphism (¢o, o1, ¢2) from the 2-term Loo-algebra G to the 2-term Loo-algebra §' and a
linear map ¢3 : go — @), such that, for all x,y € go, u € g1, the following equations hold

l(¢3(x)) = —Ro(do(x)) + do(Fo());
¢3(li(u) = d1(Ra(u) — Ry(é1(u));
Ry (¢o(x), do(y)) + Rilds(x), do(y)] + Rildo(x), d3(y)]
+R1(¢2(Ro(2),y)) + Ry (d2(z, Ro(y))) + d3(Ro(x), y) + ¢3(z, Ro(y))
= [¢3(2), d3(y)] + ¢2(Ro(x), Ro(y)) + d1(Ra(,y)).
Let ¢ : (§,R) — (9, 9R) and ¢ : (§,R) — (§",R") be a pair of Rota-Baxter L.-

homomorphisms. The composite ¢ : (G,R) — (§”,R”) is the usual chain map while
defining (v¢)2 and (1¢)3 as follows:

(Wo)a(2,y) = aldo(x), do(y)) + ¥1(Pa2(,y)),
(Wo)s(x) = s(do(x)) + Pr(ds(x))-

The identity homomorphism 1gu) : (§,9%) — (G, %) has the identity chain map as its
underlying map, together with (1(979%))2 =0 and (Igm))s = 0.
With these definitions, it is straightforward to obtain

3.11. PROPOSITION. There is a category 2TermRBL., with 2-term Rota-Bazter Lo-
algebras as objects and Rota-Bazter Lo,-homomorphisms as morphisms.

3.12. THE EQUIVALENCE OF ROTA-BAXTER LIE 2-ALGEBRAS AND 2-TERM ROTA-
BAXTER Lo-ALGEBRAS . The well-known fact between Lie 2-algebras and 2-term L.-
algebras is given as follows.

3.13. THEOREM. ([2]) The categories Lie2Alg and 2TermL,, are equivalent.

In order to prove the main Theorem 3.14, we first recall the construction of the equiv-
alence between Lie2Alg and 2TermL,, in the following.
The functor from Lie2Alg to 2TermL,, is denoted as

S : Lie2Alg — 2TermL. (4)

Suppose that L is a Lie 2-algebra. The corresponding 2-term L.-algebra S(L) = (g1, 9o, l1,
lg,l3) is given by
go = Lo, g1 = ker(s) C Ly,

(u) = t(u), u € g,
( ):[xay]a $7y€gﬂ7
l2($,U) = —ZQ(U,I> = [1x7u]7 xeg()auegla

(u,v)

(
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Let L and L' be two Lie 2-algebras. Let S(L) = (g1,80,0,l2,03) and S(L') =
(91,00, 01,05,15) be the corresponding 2-term L..-algebras. Assume that F' : L — L’

is a Lie 2-algebra homomorphism. The corresponding L.,-homomorphism ¢ = S(F) :
S(L) — S(L') is given by

b0 : Go — 9o, (5)
O1:g1 — 9/17 (6)
¢2:‘/0X‘/0%‘/1/7 (7)

where ¢o(x) = Fo(z), ¢1(u) = Fl’ker(s (u) and ¢o(x,y) = Fi( 3

The functor from 2TermL., to Lie2Alg is denoted as
T :2TermL,, — Lie2Alg. (8)

Given a 2-term L.-algebra G = (g1, g0, l1, 2, [3), we have a Lie 2-algebra T'(G) = L, where
the object Ly = go, the morphism L; = gg & g1, the source, target, identity-assigning and
composite maps are given by

S(f) = T, f:(xa?)ELb

tf) = e+u(F), f=(@TF)eLn

Z(:y) = (y70)7 yELO;
fog = @T+7). J=@T)g=079)cL.
Then we see t(f) — s(f) = ll(?). The bracket functor [-,-] : L x L — L is given by
[ﬂf,y] = lg(ﬂ?,Q), (9)

o] = (alz,2). (T 2) + b(y, 7)) = (ol 2), (2, F) + (T ow))  (10)

for arbitrary objects x,y € Ly, and arbitrary morphisms f:x — y,g: 2 — w € L;. Note

that the identity
I (? )+ la(y, ?) = ly(2,77) +l2(?72)
holds since I5({;( 7 =l 7 11(7)). The Jacobiator for L is given by

Juye = (ijy], 2], ls(x, y, 2)).-
For each L..-homomorphism ¢ : § — G, we let T(G) = L and T(9') = L’. The Lie
2-algebra homomorphism 7'(¢) = F': L — L' is defined as follows
Fo: Lo — Ly, Fo(z) = ¢o(x),
Rl Ly R(f)=E@ )= (6a), a(F)),
Fy:Lgx Ly— Ly, Fa(z,y) = ([¢o(x), o(y)], d2(z, y)).

Finally, the natural isomophisms o : T'S = 1pie2a1g and 8 : ST = lamermr., imply
the equivalence between Lie2Alg and 2TermL,,.
As a generalization of Theorem 3.13, we have
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3.14. THEOREM. The categories RBLie2Alg an 2TermRBL,, are equivalent.

PROOF. First we construct a functor S®B : RBLie2Alg — 2TermRBL,., which ‘lifts’
the functor S in (4) as the following commutative diagram shows

RBLie2Alg 2> 2TermRBL.,
URBLieZAlgj jU2TermRBLoo

Lie2Alg 2TermL,,

S

where UrpLie2alg a01d UztermrB Lo are forgetful functors.

Given a Rota-Baxter Lie 2-algebra (L, P), we obtain a 2-term Rota-Baxter L., algebra
SRB(L,P) = (G§,R). Here § = (g1,00,11,1,13) is the 2-term L., algebra S(P), and
R = (Ry, Ry, Ry) on § is given by

RO > 8o — Yo, Ro(l‘) = P()(ZL‘ s
R1591—>91, Rl(u)zpl

Ry : go X go — 97, Ry(z,y
)

The condition (1) holds since
o
Ry ((Roz, ) + ba(w, Roy)) — a(Row, Roy) = (t — )Ry = 1Ry = b Ral, ).
The naturality of R, , implies that for any f : 2 — z, we have the identity

jz:}c,y (Pl[Pl<f)7 1y] + Pl [fa 1P0(y)]) = [P1<f)> 1P0(y)]:Rz,y> (11>

Taking the arrow parts of both sides of the above Eq. (11), we have

\ \

Rey + (AP, L]+ AlF L)) = A0 ) + e,

which implies that

g

P (IACT) 1)+ (7 1mwl]) = P a) = Ry (12)
Thus we have
By (R (7). 9) + (T Foy)) = L(Ry(T), Foly) = Ra(t(T),0). (13)

This implies that the conditon (2) holds.
It is straightforward to check that the Rota-Baxter relation in Definition 3.3 is equiv-
alent to

, — -
[1py(2), Ry 2] + R (po@) wl+ 2, Po(w)]) + P1 ([:Ry,za 1] — JPo(y),Po(z),:c) +c.p. + Jpy (@), o), Po(z) = 0,
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which implies that

lo(Rox, Ra(y, 2)) + Ra (9(z, l(Rox, y) — l2(Roy, x))
+Ri (Ia(Ra(y, 2), 2) — l3(Roy, Roz, ) + c.p. + l3(Rox, Roy, Roz) = 0.

This implies that the conditon (3) holds.

Next we construct a Rota-Baxter L.,,-homomorphism from a Rota-Baxter Lie 2-algebra
homomorphism. Let F' : (L, P,R) — (L', P',R') be a Rota-Baxter Lie 2-algebra homo-
morphism. Let (G,0R) = S®B(L, P,R) and (G,R) = SRE(L/, P',R’). Then we obtain an
Loo-homomorphism ¢ = S(F) : G — G’ of S®B(F) asin (5-7). Define a map ¢3 : Vo — V/
by

7) = Fy(a} : 0 = —Fi(n(x)) + 60(Py(a)).

By the following identity

U(s(x)) = tF5(@)) = —P)(d0()) + do(Po(x)) = —Ri(o(x)) + do(Ro(x)),

we have the first equation in Definition 3.10.
By the naturality of Fj, for every morphism f : x — y, we obtain

O1(PL(f)) Fs(x) = F3(y) P (o1(f))-

Furthermore, we have

B} + o(PU(T)) = ol (P Bl = Bs(0) PL(n () = Pl (T)) + (),

which implies that

\

65(Li(f) = Fs(y — o) = Fs(y) — Fa(z) = n(PL(F)) — P(61(F)).

Thus for any u € g1, we have

O3l () = ¢1(Pr(w)) — Pi(¢1(u) = d1(Ra(u)) — Ry (¢1(u)).

This implies that the second equation in Definition 3.10 holds.
It is straightforward to check that the coherence law in Definition 3.4 is equivalent to
the following equation

(Pl Po(@). y] + File, Poly >]><PF2gP<> ) + PP, Boly))
( {[Fﬁgoc,lFo(yHP Loy, Fa(0) Reoo
Fi(Re ) Fo(Po(), Py(y))[F ( j 5(y)),

which implies that the third equation in Definition 3.10 holds.
One can also deduce that S®B preserves the identity homomorphisms and the compo-
sition of homomorphisms. Thus S®B is a functor from RBLie2Alg to 2TermRB L.
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Conversely, we construct a functor 778 : 2TermRBL,, — RBLie2Alg as a ‘lifting’

of the functor 7" in (8) in terms of the following commutative diagram

2TermRBL,, ~—~ RBLie2Alg
U2TermRBLooL LURBLie2Alg

2TermL,, Lie2Alg

where UstermRBLoo and UrBLiezalg are corresponding forgetful functors.

Let (G,R) be a 2-term Rota-Baxter L, algebra, where § = (go, 91, 1, l2, I3) is a 2-term
L algebra and R = (R, Ry, R2) is a Rota-Baxter operator on §. Then we have a Lie
2-algebra T'(§) = L with Ly = go and Ly = go @ g;1. Define a linear functor P : L — L by

By: Ly — Ly, P()(ZL’) = Ro(l‘) Ve Ly,
Pl :L1_>L17 Pl(yau):(RO(y)7Rl(u))7 vy6907u€gl

The natural isomorphism R, , : [Po(z), Po(y)] = Po([Po(z),y] + [z, Py(y)]) is defined by

jz:z:,y - ([Po(x)v Po(y)], R2<$7 y))

Thus, we obtain a Rota-Baxter Lie 2-algebra (L, P) = TR"B(G,R) from a 2-term Rota-
Baxter Lo, algebra (G, R).
For any Rota-Baxter L..-homomorphism ¢ : (§,R) — (9',R), we next construct a
Rota-Baxter Lie 2-algebra homomorphism F = TRB(¢) from TRB(G, R) to TRE(G, R).
The underlying Lie 2-algebra homomorphism is given by

Fy = o : Lo — Ly,
Py =¢o® ¢1: Ly — L,
FQ : LO X LO — Lll? FQ([E,?J) - ([¢0($)7¢0(y)],¢2(17,y))

The natural transformation F3(z) : Pj(Fy(x)) — Fo(FPo(z)) is defined by

Fy(x) = (Fy(Fo(x)), ds(x))-

Applying the correspondence between the composition of morphisms and the addition of
their arrow parts, the second equation in Definition 3.10 implies the naturality of F5. The
coherence law in Definition 3.4 also holds by the third equation. Thus F' is a Rota-Baxter
Lie 2-algebra homomorphism. Furthermore, T®B preserves the identity homomorphisms
and the composition of homomorphisms. Therefore, TR is a functor from 2TermRB L,
to RBLie2Alg.

We are left to show that there are natural isomorphisms

RB . 7'RB oRB RB . oRBRB
a™” TS = 1rBLie2Alg) B ST = 1oTermRBLo -
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For any Rota-Baxter Lie 2-algebra (L, P,R), we obtain a 2-term Rota-Baxter L.
algebra
SRB(L’ P’ R) = (97 %) = ((go7 g1, l17 l27 l3)7 (R07 Rla RZ))>

where S(L) =G, and Ry = Fy, Ry = Pi|g,, Ra(z,y) = f_kz_; Applying the functor 7% to
(G,M), we obtain a Rota-Baxter Lie 2-algebra, denoted by (L', P',R’). Here L' = T'(S(L)),
and for all x € Lj and (y,u) € L] = go & g1, one has

Py(z) = Ro(w), Py(y,u) = (Ro(y), R1(u)), R, , = ([Po(z), Po(y)], Ra(2,y)) = Ray.

By the isomorphism aj : L' — L of semistrict Lie 2-algebras: (ap)o(z) = z and
(ap)1(y, u) =i(y) + u, we have Pj(z) = Py(x), and

Pi((aph(y,w)) = Pi(i(y)+u) = i(Po(y)) + Pi(u) = (ap)i(Po(y), Pr(u)) = (ap) (P (y, u)).

Thus o8 : (L', P",R") — (L, P,R) is an isomorphism of Rota-Baxter Lie 2-algebras. Also
by the naturality of o, we see that a®P is a natural isomorphism.

For a 2-term Rota-Baxter L., algebra (G,0R) = ((go, 91, (1, l2,3), (Ro, R1, R2)), apply-
ing the functor TRE to (G, R), we obatin a Rota-Baxter Lie 2-algebra (L, P, R), where Ly =
g0, L1 = go®g1, Po(x) = Ro(x), Pr(y, u) = Ro(y)+Ri(u) and Ry, = ([Po(x), Po(y)], Ra(z,y))
for all z € Ly and (y,u) € go®g1. Applying S®B to (L, P), we have a 2-term Rota-Baxter
L, algebra (§',9%), where §' = S(7(9)), Ri(x) = Py(z), R(u) = Pi(u) = Ry(h) and
Ry(z,y) = Ryy = Ro(z,y) for any z,y € go and u € g;. Thus we obtain the 2-term
Rota-Baxter L..-algebra isomorphism RB : (9. R') — (G,R). The naturality of SR8
follows that of 3. Then we obtain a natural isomorphism SRE. =

For strict Rota-Baxter Lie 2-algebras, there is a category SRBLie2Alg with strict
Rota-Baxter Lie 2-algebra as objects and Rota-Baxter Lie 2-algebra homomorphisms as
morphisms, which is a subcategory of RBLie2Alg.

For strict 2-term Rota-Baxter L..-algebras, there is a category SRB2TermL,, with
strict 2-term Rota-Baxter L..-algebras as objects and Rota-Baxter L.-homomorphisms
as morphisms, which is a subcategory of 2TermRB L.

It is straightforward to check that

3.15. COROLLARY. The categories SRBLie2Alg and SRB2TermL., are equivalent.

4. Strict 2-term Rota-Baxter L..-algebras and crossed modules of Rota-
Baxter Lie algebras
In this section, we study the relations between strict 2-term Rota-Baxter L..-algebras

and crossed modules of Rota-Baxter Lie algebras.
First, we recall the definition of crossed modules of Lie algebras.
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4.1. DEFINITION. A crossed module of Lie algebras is a quadruple ((g1,][,|s),

(90, [ ]go)s ds p), where (g1, [ -]s) and (go, [, |g,) are Lie algebras, d : g1 — go is a
Lie algebra homomorphism and p : go — Der(g1) is an action of Lie algebra gy on Lie
algebra g, as a derivation, such that

d(p(z)(uw) = [z, dulg,,  p(du)(v) = [u,vlg,, V z € go,u,v € g1 (14)
Relations between strict Lie 2-algebras and crossed modules of Lie algebras are de-

scribed in the following theorem.

4.2. THEOREM. ([2]) There is a one-to-one corresponding between strict Lie 2-algebras
and crossed modules of Lie algebras.

4.3. DEFINITION. A crossed module of Rota-Baxter Lie algebras is a quadruple

((91, ['7 ']El?Tl)a (g()? {'7 ']Bov TO)? da p>7

where (g1, [+, g, 11) and (go, [, |gy, T0) are Rota-Bazter Lie algebras, d : g1 — go is a
Rota-Baxter Lie algebra homomorphism and (p,T1) : go — Der(g1) is an action of Rota-
Baaxter Lie algebra (go,Ty) on Lie algebra gy, as a derivation of the Lie algebra, such
that

d(p(z)(w) = [z, dulg,,  p(du)(v) = [u,vlg,, ¥z €go,u,v € g1 (15)
It is obvious that ((go, [, |go), (81, [+ ]g1 ), s p) is & crossed module of Lie algebras.

4.4. EXAMPLE. Let (g,[-, g, 1) be a Rota-Bazter Lie algebra and b a Rota-Bazter Lie
ideal of (g,T). Then (g,b,d =1, p = ad) is a crossed module for Rota-Baxter Lie algebras,
where 1 : h —> g 1s the inclusion.

4.5. EXAMPLE. For any Rota-Baxter Lie algebra homomorphism f : g — b, (g, ker f,
1,ad) is a crossed module of Rota-Baxter Lie algebras.

4.6. PROPOSITION. Let (g0, [; ]g0> 20), (81 [+ -]g1» 11), d, p) be a crossed module of Rota-
Bazxter Lie algebras. Then there is a Rota-Bazter Lie algebra structure on go @ g1 given

by

[z +u,y+v] = [z,ylg + p(z)v — py)u+ [u, vy, (16)
Tx+4+u) = To(x)+Ti(u), Y z,y€gouv€g. (17)

PROOF. Since ((g0, [ *]go)s (81 [+ |1 ), d, p) is a crossed module of Lie algebras, we have a
Lie algebra (go @ g1, [, ])-

Furthermore, it is straightforward to check that T is a Rota-Baxter operator on the
Lie algebra g & b if and only if Tj is a Rota-Baxter operator on the Lie algebra gg, 77 is
a Rota-Baxter operator on the Lie algebra g; and the following equation holds:

Ti(p(Toz)u + p(x)Thu) = p(Tox)Tiu, V€ go,u € g,

which follows from that (p,T}) is a representation of the Rota-Baxter Lie algebra (go, 7p)
on gi. |
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4.7. THEOREM. There is a one-to-one corresponding between strict 2-term Rota-Baxter
Loo-algebras and crossed modules of Rota-Baxter Lie algebras.

PRrROOF. Let (go,91,01,02,l3 = 0; Ry, R, Ry = 0) be a strict 2-term Rota-Baxter L..-
algebra. Define the brackets [-, -5, and [-, |4, by

[SE?y]gO :lg(ﬂf,y)’ [u7v]gl :l2(l1(u)7v>7 vx7y6907u7v egl
Define p : go — gl(g1) by
p(x)u=ls(v,u), V€ go,u€ g

Then ((go, [, ]g0)s (81, [+ g )s d = {1, p) is a crossed module of Lie algebras.

Set Ty = Ry and T} = R;. By condition (1) in Definition 3.9, Ty is a Rota-Baxter
operator on the Lie algebra go. By condition (2) in Definition 3.9 and condition (a) in
Definition 3.7, for u,v € g1, we have

Ti([Ty(u), v]g, + [u, Ty(v)lg,) — [T1(w), Ta(v)]g,

Rl (lg(llRl (U), U) -+ ZQ(ll(u), Rl (’U)) - lQ(llRl (U), Rl(v)))
R1 <l2<R1 (U), ll(U>) + lg(U, Roll (’U)) - l2<R1 (U), Roll(v>>>
0,

which implies that 77 is a Rota-Baxter operator on the Lie algebra g;. By the fact that d
is a Lie algebra homomorphism from g, to go and [; 0 Ry = Ryoly, d is a Rota-Baxter Lie
algebra homomorphism from (gy,71) to (go, Zp). By condition (2) in Definition 3.9, the
map (p,T1) : go — Der(g;) is an action of Rota-Baxter Lie algebra (go, 7o) on Lie algebra
g1. Therefore, ((go, [+ ‘]g0» 70)s (81, [+ *]g1s 11), d = 11, p) is a crossed module of Rota-Baxter
Lie algebras.

Conversely, let ((go, [ *]gos Z0), (81, [, “|g15 71), d, p) be a crossed module of Rota-Baxter
Lie algebras, and then we have a strict 2-term Rota-Baxter L..-algebra

(go,gl, ll = d,lQ, l3 = O, RO = To,Rl = Tl, R2 = 0),
where Iy 1 g; A gj — 8iyj, 0 <i+j < 1isgiven by
l2($7y> = [xay]goa lz(l’,U) :p(x)ua vxa@/EgoauaveEll-

The conditions in crossed module of Rota-Baxter Lie algebras give various conditions for
a strict 2-term Rota-Baxter L..-algebra. We omit the details. n

Let (g,*) be a pre-Lie algebra and V' a vector space. A representation of g on V
consists of a pair (I,7), where [ : g — gl(V') is a representation of the Lie algebra g° on
V and r : g — gl(V) is a linear map satisfying

Toly = Tyly = Tosy —1yTs, YV 2,y € g. (18)
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Recall that a crossed module of pre-Lie algebras is a quadruple ((go, *o), (g1, *1),
J, (I,7)), where (go, *0) and (g1, *;) are pre-Lie algebras, § : g1 — go is a homomorphism
of pre-Lie algebras, and (I, ) is a representation of the pre-Lie algebra (go, *o) on g;, such
that for x € gy and u,v € g; ,the following equalities are satisfied:
d(lzu) = xxodu, (ryu) = (du)*ox, (19)
lsyU0 = Tspl = U % V. (20)
4.8. PROPOSITION. Let ((80; [ *]gor L0)s (81 [+ “|grs T1), d, p) be a crossed module of Rota-
Bazter Lie algebras. Define %o : go @ go — @0, *1 : 61 @ g1 — g1 and [, : go — gl(g1)
by
rxoy = [Tox,ylg, w*xv=[Tiu, vy,
lu = p(Tox)u, ryu=—p(x)Ti(u), V x,y€ go,u,v € g.
Then ((go, *0), (g1, *1),d, (I,7)) is a crossed module of pre-Lie algebras.

PROOF. Since Tj is a Rota-Baxter operator on the Lie algebra (go, [+, ]g); (80,%0) is a
pre-Lie algebra. Similarly, (gi,%*;) is also a pre-Lie algebra. By the fact that d is a
Rota-Baxter Lie algebra homomorphism, we have

d(uxv) = d[Tiu,v]g = [d(Tiu),dv]g,
= [To(du), d]y, = (du) *o (dv),
which implies that d is a pre-Lie algebra homomorphism from g; to go.

By the fact that p is a representation of the Lie algebra gy on g; and 7 is a Rota-Baxter
operator on gg, we have

l[%y}To = p(TO([:E y]To)): ([TOx Tﬂy]go)
= [p(Tox), p(Toy)] = (L, 1],

which implies that [ is a representation of the sub-adjacent Lie algebra g{ on g;. Further-
more, by Eq. (2) in the representation of the Rota-Baxter Lie algebra, we have

Lo (ryu) — 1y (lyu) — rawgyu + 17y (1,0)
= —p(Tox)p(y)(Triu) + p(y) T (p(Tox)u) + p([Tox, ylg, )u + p(y)T1p(x)(Tiu)
= p(y)Ti(p(Tox)u) — p(y)p(Tox)u + p(y)Tip(z)(Tiu) = 0.

Thus (I,7) is a representation of the pre-Lie algebra (g, *o) on g;.
Furthermore, the condition d(p(z)(u)) = [z, duly, implies that

d(lyu) = x %o du, d(ryu) = (du) * z
hold and the condition p(du)(v) = [u,v],, implies that
lguV = T'qpth = U *1 V

hold. Therefore we obtain a crossed module of pre-Lie algebras ((go, *o), (g1,*1),d, (I,7)).
]
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4.9. PROPOSITION. ([25]) Let ((go,*0), (91,*1),d,(I,7)) be a crossed module of pre-Lie
algebras. Then ((go, [, ]go)s (81, [, ]g1 ), d, p = L — 1) is a crossed module of Lie algebras,
where the brackets |-, -g, and [-,-]g, are given by

[T,Ylgy =T R0y —Y*o T, [W,v]g, =urxv—v¥u (21)

fO’f’fE,y € 9o, U,V € g1-

Let ((91, ['7 ']91)7 (907 ['? ']90)7 dgapg) and ((bb ['7 ']hl)a (hOa ['7 ']ho)a dhapf)) be two crossed
modules of Lie algebras. Recall that a homomorphism from (go, g1,dg, pg) to (ho, b1,

dp, py) is & pair (g, 1), such that ¢y : go — bo is a Lie algebra homomorphism and
1 1 g1 — by is a Lie algebra homomorphism satisfying

dyotyy =voody,  ilpg(x)v) = py(tho(x))¢a(v), V2 € go,v € gr- (22)

4.10. PROPOSITION. Let ((80, [+ *Jgo» 10)s (815 [+ *]grs 11), d, p) be a crossed module of Rota-
Baaxter Lie algebras. Then ((go, [, 1,), (81, [, -]7y), d, pr) is a crossed module of Lie alge-
bras, where [-, |, [,]m, and pr are given by

£l
RS
=
3
8
=
©
o
|

1
pr()u = p(Tox)u+ p(x)T1(u), Y 2,y € go,u, v € gy.
Furthermore,

(T07 Tl) : ((907 ['7 ']To)v (gla ['7 ']Tl)v d7 PT) — ((907 ['7 ']907T0)7 (glv ['7 ']917 Tl)a da p)

s a homomorphism of crossed modules of Lie algebras.

PRrROOF. The first conclusion follows from Proposition 4.8 and 4.9.

Since Tj is a Rota-Baxter operator on gg, Ty is a Lie algebra homomorphism from
(90, [, -J1) to (80, [ ]g). Similarly, 7 is a Lie algebra homomorphism from (g, [, ]z,)
to (g1, [, "]g.). By the fact that d is a Rota-Baxter Lie algebra homomorphism, we have
do Ty =Tyod and furthermore, by the fact that p is a representation of the Rota-Baxter
Lie algebra gy on g;, we have

Ti(pr(x)u) — p(To(x))T1(u) = Ty(p(Tox)u + p(x)Ti(u)) — p(To(x))Ti(u) = 0.

Thus the second conclusion follows. n
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