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THE CATEGORY OF L-ALGEBRAS

WOLFGANG RUMP

ABSTRACT. The category LAlg of L-algebras is shown to be complete and cocomplete,
regular with a zero object and a projective generator, normal and subtractive, ideal
determined, but not Barr-exact. Originating from algebraic logic, L-algebras arise in the
theory of Garside groups, measure theory, functional analysis, and operator theory. It is
shown that the category LAlg is far from protomodular, but it has natural semidirect
products which have not been described in category-theoretic terms.

1. Introduction

As a non-additive generalization of abelian categories, Barr-exact [3] and protomodular
categories [8] are fundamental. Every topos is Barr-exact; the dual of a topos, and
many classical categories (groups, rings, Lie algebras, Heyting algebras, crossed modules,
etc.) are Barr-exact and protomodular [10]. Additive categories are Barr-exact if and
only if they are abelian, and pointed Barr-exact categories are protomodular if and only
if they satisfy the (Split) Short Five Lemma [11]. For a pointed Barr-exact category
with pushouts of split monomorphisms, protomodularity is equivalent to the existence of
semidirect products in the sense of [11].

In the additive context, exact categories [47, 15] in the sense of Quillen [63] typically
arise as full subcategories of abelian categories. For example, many categories of topo-
logical vector spaces, and all quasi-abelian categories [75], are exact in a natural way. A
non-additive analogue consists in the regular categories [3]. Every regular category admits
a canonical embedding into a Barr-exact category, its exzact completion [51, 18].

In this paper, we analyse the category LAlg of L-algebras [67]. We show that LAlg is
complete and cocomplete, pointed (i. e. with zero object), and regular (Proposition 4.5),
with a natural kind of semidirect product (Section 7) which is not covered by any known
categorical construction [11, 56, 57, 58, 13]. L-algebras (X;-) are defined by a single
binary operation. There is an element 1 € X (necessarily unique) satisfying 1 -z = x and
r-rx=x-1=1, and

(z-y) (- 2)=(y-2) (y-2)

ry=y-r=1= =y
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holds in X. Without the latter implication, X is called a wunital cycloid [67]. Thus
unital cycloids form a variety Cyc*. Examples of L-algebras are Brouwerian semilattices
[49] (e. g., Heyting algebras, locales [54]), MV-algebras [20, 21, 35], measure algebras
[55, 32, 71], projection lattices of von Neumann algebras [46, 70], and lattice effect algebras
[29, 65, 81]. Many other structures are determined by L-algebras. For example, Artin’s
braid group [2] is associated with an L-algebra, and projective spaces with an elliptic
polarity [16, 39] are L-algebras where the element 1 has been removed [72].

Every L-algebra X is partially ordered (x < y :< x -y = 1), with a universal map
gx: X — G(X)

into a group, the structure group [67] of X. For example, the structure group of a non-
degenerate involutive set-theoretic solution to the Yang-Baxter equation [30] comes from
an L-algebra [69]. In this and other cases, the structure group is a right (-group [69] (a
group with a lattice order such that the right multiplications are lattice automorphisms),
and gx embeds X as an L-subalgebra into the negative cone of G(X). (For any right
¢-group G, the negative cone G~ := {g € G | g < 1} is an L-algebra.)

The class of right ¢-groups is very wide. Spherical Artin-Tits groups [14, 27] and more
generally, all Garside groups [34, 24, 25, 26], are right ¢-groups. They are structure groups
of a finite L-algebra. The structure group of an orthomodular lattice X is a right ¢-group
which determines X up to isomorphism [70]. Two-sided ¢-groups [6, 23] arise, e. g., as
spaces of continuous functions [52]. Mundici’s equivalence [61] and its generalization to
non-abelian /-groups [28] admit a simple reformulation and proof in terms of the structure
group of a commutative L-algebra.

Now let us return to the category LAlg of L-algebras. We prove that the variety
Cyc* is the exact completion of LAlg (Theorem 6.1). Unlike general regular categories,
LAlg can be retrieved from its exact completion by a process similar to the formation
of the Lindenbaum algebra in logic. The proof of Theorem 6.1 rests upon the fact that
free unital cycloids are L-algebras (Theorem 5.3). Moreover, the partial order of a free
L-algebra is trivial in the sense that all non-maximal elements are pairwise incomparable
(Theorem 5.3). Such L-algebras have an underlying projective geometry [69, 72]. We show
that the regular epimorphisms of an L-algebra are normal and surjective (Proposition 4.3),
while monomorphisms in LAlg are injective maps (Corollary of Proposition 4.2). There
is a reflective full subcategory ssL of self-similar L-algebras. Its reflector S: LAlg — ssL
embeds any L-algebra X into its self-similar closure. In contrast to LAlg, the L-algebras
in ssL form a variety. Besides its L-algebra operation, a self-similar L-algebra has a
monoid structure, and its partial order is a A-semilattice. In the above examples, the
self-similar closure is the negative cone of the structure group.

Despite the close relationship between L-algebras and groups, the categories LAlg,
Cyc* and ssL are not protomodular (Examples 7 and 8), and thus don’t have semidirect
products in the sense of [11]. On the other hand, it has been known from the beginning
that semidirect products of L-algebras exist in a very natural way [68]. In fact, there is
a natural concept of action [68] of an L-algebra U on an L-algebra I, which leads to a
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semidirect product [ x U, and there is a corresponding short exact sequence

[C—>I>4U£>>U

with an ideal I of [ x U, and a split epimorphism p. The failure of protomodularity
cannot be repaired by concepts like “S-protomodularity” [13]. For a semidirect product
I x U of L-algebras, the embedding U < I x U is a strong section (Definition 7.1), with
no relationship to “strong points” [13, 58]. Conversely, we prove that any strongly split
short exact sequence I <— X — U extends, up to isomorphism, to a unique short exact
sequence I < [ x U — U (Theorem 7.4).

We prove that the pointed regular category LAlg is normal [41] and subtractive [40]
(Proposition 8.1), which implies that the upper and lower 3 x 3 lemma [41] holds in
LAlg. Furthermore, we show that LAlg has a “good theory of ideals” [37], that is,
LAlg is ideal determined [45] in the sense that normal subobjects are mapped to normal
subobjects under a regular epimorphism f. As LAlg is not Barr-exact, this gives a
counter-example to a question in [45]. More importantly, we prove that f respects finite
intersections of ideals (Proposition 8.2), which implies that the lattice of ideals of an
L-algebra is distributive. Regular epimorphisms of L-algebras are shown to be effective
descent morphisms (Proposition 8.3).

If the operation of an L-algebra is interpreted as implication, its axioms provide a
logical formalism which specializes to three known types of algebraic logic [73], including
quantum logic where the structure group determines the L-algebra. We show that free
L-algebras arise from a single axiom and four inference rules which are closely related to
the (not so obvious) defining properties of an L-algebra ideal. The logic of L-algebras
is shown to be complete (Proposition 5.2). The ideals of an L-algebra are in one-to-
one correspondence with the ideals of its self-similar closure (Theorem 3.5). For self-
similar L-algebras, the everywhere defined multiplication allows a simple, more customary
characterization of ideals (Proposition 3.6).

2. L-algebras as partial monoids

In this section, we recall the concept of an L-algebra [67], a system (X; —) with a binary
operation, which can be interpreted as logical implication. Since applications of L-algebras
go far beyond algebraic logic, we use the more convenient notation with a dot instead of
an implicational arrow.

Thus, let (X;-) be a set with a binary operation. An element 1 € X is said to be a
logical unit [67] if the equations

lrz=xzandz-z=2-1=1 (1)

hold for all x € X. Egs. (1) collect basic properties of a constant 1 which characterizes
logical truth. Since x -x = 1, a logical unit must be unique. In logical terms, the relation

r<y = zr-y=1 (2)
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interprets logical entailment. The following equation
(-y) (z-2)=(-2)(y-2) (3)

holds in fundamental systems of algebraic logic [73] like Heyting algebras [59, 54|, MV-
algebras [20, 21, 35, 71], and orthomodular lattices [46, 70]. If X satisfies Egs. (1) and
(3), it is said to be a unital cycloid [67]. Eq. (3) guarantees that the entailment relation
(2) is transitive: r K y<z=x-z2=(x-y) - (x-2)=@w-2)-(y-2)=(wy-z)-1 =1
Furthermore, Egs. (1) and (3) yield

y<z = z-y<z-z (4)
A subset [ of a unital cycloid X is said to be an ideal [67] if 1 € I and

r,x-yel = yel (5)

holds in X. By [67], Proposition 1, every congruence = defines an ideal
I'={zxeX|x=1},
and each ideal I gives rise to a congruence
r=y &= v-y,y-cr€l. (7)

So the conguence classes form a unital cycloid X/I. The ideal {1} leads to a congruence
(7) which signifies logical equivalence. It is natural to take it as equality:

ry=y-r=1= x=1, (8)

so that entailment (2) becomes a partial order of X.

2.1. DEFINITION. A set (X;-) with a binary operation is said to be an L-algebra [67] if
it satisfies Eqs. (1) and (3) together with the implication (8).

Now we show that every L-algebra X has a partial multiplication. For each x € X
there is a map o,: |z — X from the downset |z := {y € X |y < 2} to X, given by
0.(y) ==z -y. By Eq. (3), we have

0:(y) 0:(2)=(x-y)- (v-2)=(y-2)-(y-2)=y-z

for y, z < x. Thus (2) implies that each o, is an order isomorphism from |z to a subposet
of X. In particular, the o, are injective. They give rise to a partial multiplication in X:

2.2. DEFINITION. Let X be an L-algebra, and x,y € X. We say that the product zy is
defined in X if x = 0,(z) for some z < y. If zy is defined, we set zy := 2.

Note that the element zy is unique since o, is injective.

!The terminology comes from cycle sets [66] which characterize a class of set-theoretic solutions to the
Yang-Baxter equation.
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2.3. PROPOSITION. Let X be an L-algebra, and x,y,z € X. If xy exists, the following
equations hold in X :

vy -z=x-(y-2)
zay=((y-2) 2)(z-y)

Proof. By Definition 2.2, zy < y and y - vy = x. Hence Eq. (3) implies that zy - z =
1-(zy-2)=(xy-y) (xy-2)=(y-zy)-(y-2) = x-(y-2), which proves the first equation.
Furthermore, (z-y) - (z-2y) = (y-2) - (y-2y) = (y-2) -x. Since zy -y = 1, (4) implies
that z - xy < z - y. So the second equation follows by Definition 2.2. O

As a consequence, we have the following adjointness property:
COROLLARY 1. If xy exists, thenzy < z < x <y- 2.
Moreover, the partial multiplication is associative:

COROLLARY 2. Let X be an L-algebra, and x,y,z € X. Then (xy)z = x(yz) holds if both
sides of the equation exist. Furthermore, 1x = x1 = x holds in X.

Proof. We have (zy)z-2(yz) = zy- (z-2(y2)) = - (y- (z-2(y2))) = - (yz- z(y2)) =
z-x=1and 2(y2)- (zy)z =z (yz- (3y)z) =2 (y- (2 (zy)2)) =2 (y-2y) =z-x = 1.
Hence (zy)z = x(yz) follows by (8). Furthermore, z < 1 and 1-xz = x gives 1 = z by
Definition 2.2. Similarly, x < x and z - x = 1 yields 1z = . O

Let Cyc* be the category of unital cycloids, with maps f: X — Y satisfying f(z-y) =
f(z) - f(y) as morphisms. Since x - x = 1, a morphism f satisfies f(1) = 1. By LAlg we
denote the full subcategory of L-algebras. A subset X of an L-algebra Y is said to be
an L-subalgebra if it is closed under the operation of Y, that is, X carries the L-algebra
structure for which X < Y is a morphism. An L-subalgebra X is said to be invariant if
y-ze X forall z € X and y € Y. By (6), every ideal is an invariant L-subalgebra. For a
morphism f: X — Y the image Im f = f(X) is an L-subalgebra of Y.

2.4. PROPOSITION. Fvery L-algebra morphism f: X — Y is monotone. If x,y € X, and
xy exists in X, then f(x)f(y) exists in'Y, and f(zy) = f(x)f(y).

Proof. Assume that z,y € X. If x <y, then f(z) - f(y) = f(x-y) = f(1) = 1, which
shows that f is monotone. Now assume that xy exists. Then y - xy = x and xy < y.
Hence f(y) - f(zy) = f(y - 2y) = f(x) and f(zy) < f(y). By Definition 2.2, this yields
fxy) = f(@)f (). ]

3. Self-similarity

For an L-algebra X, the maps o,: |x — X are injective. If they are bijective, the
L-algebra is order-isomorphic to each of its downsets, which explains the terminology of
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the following

3.1. DEFINITION. An L-algebra X is said to be self-similar [67] if the maps 0,: |z — X
are bijective for each x € X.

By Definition 2.2, an L-algebra is self-similar if and only if its partial multiplication
is everywhere defined. By Proposition 2.3, a self-similar L-algebra satisfies the equations

Toyr =y (9)
xy-z=x-(y z) (10)
z-yz=((z-2)-y)(z-2). (11)

Hence Eq. (10) implies that (z - y)z < y, and Eq. (11) yields

y-(z-y)r=(z-y) (z-y)ly )=y -z

By Definition 2.2, this gives
(@ -y)r=(y-z)y. (12)

3.2. PROPOSITION. A self-similar L-algebra is a monoid with an operation - which sat-
isfies Egs. (9), (10), and (12). Conversely, such a monoid is a self-similar L-algebra.

Proof. It remains to prove the converse. Thus assume that X is a monoid with an
operation - which satisfies Eqgs. (9), (10), and (12). Then Eq. (10) and (12) give (x - y) -
(x-2)=(r-yr-z=W-2v)y-2=(y-z)-(y-2). Eq. (12) implies (8). Furthermore,
Eq. (9) yields 1 -z =1-21 =x and -2 =z -l = 1. By Eqgs. (9) and (12), we obtain
z-l=z-(x-)x=2z-(1-2)l =z-2=1. Thus X is an L-algebra with a globally defined
multiplication. Whence X is self-similar. O]

By [68], Proposition 1, the full subcategory ssL of self-similar L-algebras in LAlg is
reflective, that is, the inclusion functor /: ssL < LAlg has a left adjoint S: LAlg — ssL.
The components of the unit 7: 1 — IS are inclusions 7x: X — S(X), and S(X) is called
the self-similar closure of X. By [67], Theorem 3, we have the following characterization
of S(X):

3.3. THEOREM. Let X be an L-subalgebra of a self-similar L-algebra A. Then A is
isomorphic to S(X) if and only if the monoid A is generated by X .

REMARK. Note that by Corollary 1 of Proposition 2.3, the L-algebra structure of a self-
similar L-algebra X is determined by the associated monoid structure: y -z is the greatest
r € X with xy < z. By contrast, an arbitrary L-algebra need not be determined by its
partial multiplication:

EXAMPLE 1. There are three isomorphism types of L-algebras X = {1, z,y} with incom-
parable x,y. However, all existing products are trivial: If xy exists, then y - zy = x and
xy < y, which is impossible.
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By [67], Proposition 4, every self-similar L-algebra A is a A-semilattice with a A b =
(a - b)a which satisfies the equations

a-(bac)=(a-b)A(a-c) (13)
(anb)-c=(a-b)-(a-c). (14)

3.4. PROPOSITION. Let X be an L-algebra. The following are equivalent:

(a) Fory,ze X, the element y - z is the greatest x € X so that xy exists and vy < z
(b) X is a A-semilattice such that each L-algebra morphism f: X — Y is A-preserving.

Proof. (a) = (b): By assumption, the product d := (
y-d=1y-zand d <y. We show that d =y A 2. If x <y, 2, then the second equation in
Proposition 2.3 gives z-d = ((y-x)-(y-2))(z-y) = (z-y)- (- 2) = 1. Thus = < d, which
proves d = y A z. Now let f: X — Y be a morphism in LAlg. Then Proposition 2.4
gives f(d) = (f(y) - f(2))f(y), and f(d) < f(z). So the above argument shows that
fld) = f(y) ~ f(2).

(b) = (a): Let y,z € X be given. Since S(X) is a A-semilattice, (b) implies that X
is a sub-semilattice of S(X). Thus Eq. (13) givesy-(y A z) = (y-y) A (y-2) =y 2. By
Definition 2.2, we obtain y A z = (y - 2)y. So Corollary 1 of Proposition 2.3 completes the
proof. L]

y - z)y exists, and d < z. Thus

EXAMPLE 2. Every Boolean algebra X is an L-algebra with x -y := 2’ v y, where 2/
denotes the complement of x. Moreover, X has a smallest element 0, and ' = x - 0.

EXAMPLE 3. The free monoid {(z) = {z" | n € N} is a self-similar L-algebra with

By Theorem 3.3, the Boolean L-subalgebra {z, 1} has (x) as its self-similar closure.

Eq. (9)-(10) imply that any self-similar L-algebra A satisfies ac-bc = a-(c-bc) = a-b.
Hence
ac < bc < a<b. (15)

In particular, A is right cancellative. Eq. (12) implies the left Ore condition:
Ya,b dc,d: ca = db.

Hence, for each L-algebra X, the self-similar closure has a group of left fractions G(X),
with a natural map

gx: X = S(X) - G(X). (16)

The group G(X) is said to be the structure group of X (see [67] for a more detailed
description). There are important cases where gx is injective and the partial order of
X extends to a lattice order of G(X) such that (15) holds in G(X). Then the right
multiplications in G(X) are order automorphisms, which implies that

(a v b)e=ac v be, (a A b)e = ac A be.



THE CATEGORY OF L-ALGEBRAS 605
Such a group with a right invariant lattice order is said to be a right ¢-group [69].

Now we turn our attention to the ideals in self-similar L-algebras. The following
theorem was proved in [68], Corollary 2 of Theorem 1.

3.5. THEOREM. Let X be an L-algebra. The maps I — S(I) and J — J n X establish a
one-to-one correspondence between the ideals I of X and the ideals J of S(X).

As a consequence, the functor S: LAlg — ssL respects short exact sequences:

COROLLARY. Fvery ideal I of an L-algebra X gives rise to a commutative diagram

I x — P xy1
S(I) —— S(X) —> S(X/I)

with S(X/T) = S(X)/S(I).

Proof. Theorem 3.5 shows that the left-hand square is a pullback, which yields the dia-
gram with S(X/I) replaced by S(X)/S(I). The induced morphism f: X/I — S(X)/S(I)
is injective. Indeed, if p(x) and p(y) are mapped to the same element of S(X)/S(I), then
x -y and y -z are in S(I), hence in I, which yields p(z) = p(y). By Proposition 3.2,
S(X)/S(I) is self-similar. Thus Theorem 3.3 shows that S(X/I) = S(X)/S(I). [

3.6. PROPOSITION. A subset I of a self-similar L-algebra A is an ideal if and only if
lel and

ryel < ayel (17)

rel,ae A= xa-ax, ax-zva€ l. (18)

Proof. Assume that [ is an ideal of A. If z,y € I, then Eq. (9) gives y - xy = z € I.
Hence (5) shows that zy € I. Conversely, assume that zy € I. Then (9) and (6) imply
that © = y-xy € I. Furthermore, Eq. (10) gives zy-y = 2 - (y-y) = 1 € I. Thus (5) yields
y € I. This proves (17).

Now assume that = € / and a € A. Then (11) and (6) give a-az = ((z-a)-a)(a-z) € I.
Hence Eq. (10) yields za - ax = = - (a - ax) € I. Furthermore, az - za = a - (v - za) =
a-((a-z)-z)(z-a)=(((x-a)-a) - ((a-z)-2))(a- (z-a)) € I, which proves (18).

Conversely, let 1 € I and (17)-(18) be satisfied. Assume that z,x-y € I. Then Eq. (12)
implies that (y-z)y = (x-y)xz € I. Hence y € I, which yields (5). Now assume that = € I
and a € A. Then z - (a - ax) = za - ax € I. Hence (5) yields a - az € I, and thus, Eq. (11)
gives ((z-a)-a)(a-z) = a-ax € I. So we obtain (z-a)-a € and a-z € I. Finally,
the above calculation yields (((z - a)-a) - ((a-)-2))(a- (z-a)) = ax - za € I. Whence
a- (z-a) € I, which completes the proof of (6). Thus I is an ideal. ]
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4. The category of L-algebras

In the category of L-algebras, kernels and cokernels behave quite similar to the correspond-
ing notions in more well-known categories. For a morphism f: X — Y of L-algebras, a
kernel in the categorical sense is given by the subobject Ker f := f~!(1) of X, which is
an ideal of X. Conversely, every ideal I of an L-algebra X gives rise to a congruence (7),
hence to a canonical morphism p: X — X /I onto an L-algebra X /I (see [67], Section 1).

4.1. PROPOSITION. Every L-algebra morphism f: X — Y admits a factorization f: X —
Im f — Y with Im f = X /Ker f.

Proof. Forz,y e X, f(x) = f(y) & f(2)-f(y) = f(y)-f(x) =1 & f(z-y) = fy-z) =
1. Hence f(z) = f(y) if and only if z and y are congruent modulo Ker f. O

COROLLARY. Let X be an L-algebra. There is an one-to-one correspondence between
ideals of X and surjective morphisms X — Y in LAlg, up to an isomorphism of Y.

Proof. For a surjective morphism p: X — Y, we have Y =~ X /Ker f. Conversely,
every ideal I of X gives rise to a surjective morphism p: X — X/I. Then z € Kerp <
r-1,1-zel sxel. O

The category LAlg of L-algebras has a zero object 1 = {1}. Accordingly, a morphism
which factors through 1 is called a zero morphism. A sequence

XY Sz (19)

in LAlg is said to be short ezact [68] if v is surjective and u is a kernel of v in the sense
that every morphism f for which vf is a zero morphism factors uniquely through u. In
other words, u coincides with Kerv < Y| up to an isomorphism X =5 Kerv. If v is a
split epimorphism, the sequence is said to be split short ezxact.

4.2. PROPOSITION. For a morphism f: X — Y of L-algebras, the following are equiva-
lent:

(a) f is a monomorphism.
(b) Ker f =1.
(c) f is injective.

Proof. (a) = (b) holds in any pointed category with kernels, and (¢) = (a) is trivial.

(b) = () Assume that f(2) = f(y). Then f(z-y) = f(2) () = 1= f(3) - f(z) =
f(y - x), which yields x - y = y - x = 1. Hence (8) yields x = y. ]

EXAMPLE 4. Let X be a partially ordered set with a greatest element 1. Then

1 forx<y (20)
xT - =
Y y forx<y
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makes X into an L-algebra (see [67], Example 1).

EXAMPLE 5. Epimorphisms of L-algebras need not be surjective. Let X = {1, x,y} be the
partially ordered set with y < x < 1 and the L-algebra structure (20). In the self-similar
closure S(X), we have zy < y. (Indeed, Eq. (10) gives zy-y = = - (y-y) = 1, which yields
xy < y. By Eq. (9), 2y = y would imply that x = y -2y =y -y = 1.) Since y < x and
x -y =y, Definition 2.2 gives y = yx. By Eq. (9), this yields z - zy = x - xyx = zy. Thus
Y := {1, z,y,zy} is an L-subalgebra of S(X), and Proposition 2.4 implies that X — Y
is an epimorphism in LAlg.

The example also shows that L-algebras do not form a variety: The partition ¥ =
{1,z} u {y} u {zy} gives a congruence of Y. So there is a surjection p: Y — Z onto
the cycloid Z = {1,t, 2z} with 1 > ¢ > z with p(z) = 1, p(y) = ¢, and p(zy) = z. Since
t-z=2z-t=1, the cycloid Z is not an L-algebra.

Recall that coequalizers of parallel pairs of morphisms are also called reqular epimor-
phisms [48, 43]. In the category LAlg, they coincide with the surjective morphisms:

4.3. PROPOSITION. For a morphism f: X — Y of L-algebras, the following are equiva-
lent:

(a) f is a reqular epimorphism.
(b) f is a cokernel of a morphism.
(c) f is surjective.

Proof. (a) = (b): By assumption, f is the coequalizer of a morphisms g,h: Z — X.
As the set of ideals of X is closed with respect to intersection, there is a smallest ideal
I of X with g(2)-h(z) € I and h(z) - g(z) € I for all z € Z. Hence X — X/I is the
coequalizer of g and h, and thus f is the cokernel of [ < X. The implications (b) = (c)
= (a) follow by Proposition 4.1. H

The Boolean algebra B := {0,1} with 0 < 1 is a generator of LAlg. Indeed, each
element = of an L-algebra X admits a unique morphism e,: B — X with e,(0) = =.
Note that B is projective with respect to regular epimorphisms (=surjections by Proposi-
tion 4.3): For a regular epimorphism p: X — Y, every morphism B — Y factors through

p.

4.4. PROPOSITION. There is a free L-algebra L{S) over any set S, and the canonical map
es: S — L(S) is injective. Moreover, L{S) is isomorphic to the copower B := ] ¢ B.

Proof. Since L-algebras form a quasivariety [22], there is a free L-algebras L{S) by
[22], Proposition 4.5. To show that the map eg: S — L{S) is injective, consider the
partially ordered set S:=S0 {1} (disjoint union) with an antichain S and z < 1 for all
z e S. We endow S with the L-algebra structure (20). So the injection i: S < S extends
to a morphism f: L(S) — S with fes = 4. Thus eg is injective. Since L{S) = B for a
singleton S = {s}, the universal property yields L{S) = B for arbitrary S. O
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A category is said to be regular [3] if it has finite limits and coequalizers of kernel
pairs, and regular epimorphisms are stable under pullback, that is, in a pullback diagram

x_ .oy

Vo
Z—q>>T

where ¢ is a regular epimorphism, p is a regular epimorphism. Every morphism f of a
regular category admits a factorization f = ip into a regular epimorphism p followed by
a monomorphism .

4.5. PROPOSITION. The category of L-algebras is complete and cocomplete, and regular.

Proof. This follows since LAlg is a quasi-variety. By [1], Theorems 3.22 and 3.24, a
quasi-variety is complete and cocomplete. It is regular by [62], Corollary 4.6. O

5. The logic of L-algebras

An L-algebra X is said to be discrete [69] if x < y implies that y = 1. In other words, the
elements of S*(X) := X \ {1} are pairwise incomparable. By [69], Proposition 18, S*(X)
consists of the atoms of a geometric lattice: For distinct z,y € S*(X), the connecting line
is {z € SY(X) |z -y < x-z}. In this section, we show that free L-algebras are discrete, a
fact that is closely related to the logic of L-algebras.

Let S be a set of variables. The logic £ (S) of L-algebras (X;—) generated by S
consists of a single axiom

=y > @—>2) > (=) - (y—2) (21)
and the following inference rules, reflecting the properties of ideals:

T, T oYy
Ty —z

v (r—>y) -y
rhy— (z—y).

(
(
(
(

Thus Z(S) can be regarded as a Hilbert style deductive system, but we use it in a similar
fashion like a sequent calculus. For brevity, we use expressions like A, B —~ C,D + FE,
which means that using the inference rules, C' and D can be derived from A and B, and
E follows by C' and D.

Let (T'(S); —) be the free magma over S, that is, the set of all implicational terms in
S. To apply the inference rules, the variables can be substituted with any terms in T'(.S).
The theory 7 (S) of L-algebras consists of the axiom (21), with arbitrary terms in 7°(5)
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inserted for the variables, together with its consequences by the inference rules. Thus
J(S) < T(S). The axiom (21) can be interpreted as an inference rule with no terms on
the left-hand side. The relation

r=y = rzx—yand Hy—oux (26)

is a congruence on T'(5):

5.1. PROPOSITION. The relation (26) is an equivalence relation, and x =y implies that
zorx=z—->yandr > 2=y — 2.

Proof. Note first that modus ponens implies the deduction theorem: — x — y implies
x - y. Indeed, - x — y gives z + z, © — y  y. Assume that z = y. By (23) and (21),
wehave z -y (v > 2) > ->y) FH(z—>2) > (2—>y). Thsz->zr=2—>y
follows by symmetry.

Now assume that x = y and y = z. By (23) and (21), we have y — z + (y — z) —
(y—2)F (x > y) > (x > 2). So (22) yields x - y, y — z - © — z. By symmetry, it
follows that = is transitive. The symmetry of the relation (26) is trivial. Now (24) and
(25) give 1+ (1 - y) > yand 1 -y — (1 - y) for any term 1 € 7. Hence 1 - y = y.
So (25) yields 1 +y — (1 — y) = y — y, which proves the reflexivity.

By (24) and (25), we have z — y + ((z — y) — (z - 2)) > (z — 2) and
>yt (x> 2) > ((x > y) > (z > 2)). Assume that 2 = y. Then (21) implies
that z - 2z = (¢ - y) —» (z — 2) = (y » =) - (y — 2). By (25), we obtain
oo (=) > ((y>2) > (4= 2) = (g —>2) > (& —>2). Thusz— 2=y -2
follows by symmetry. Il

Recall that the Lindenbaum algebra [77, 7] of a logical theory is obtained by factor-
ing out the equivalence relation of provable equivalent sentences. For L-algebras, this
equivalence relation is the congruence (26). By Definition 2.1, we obtain:

COROLLARY. The Lindenbaum algebra L(S) of Z(S) is an L-algebra.

Proof. We have already shown that 1 — = = x holds for 1 € 7 (S). Furthermore, (23)
implies that 1 — z — 1. Hence z — 1 = 1. Furthermore, x = x gives v+ - z = 1. Thus 1
represents a logical unit in the Lindenbaum algebra. By (21), L(S) is an L-algebra. []

Let F(S) be the free unital cycloid over S. Then F(S)/{1} is isomorphic to the free
L-algebra L{S) over S. The following result shows that the logic of L-algebras is complete.

5.2. PROPOSITION. Let p: T'(S) — F(S) be the natural extension of S — F(S) to the
free magma T(S) over S. Then p~'(1) = F(S).

Proof. By (21)-(25), a simple induction shows that p(.7(S)) = 1. Conversely, assume
that p(a) = 1 for some a € T(S). To show that a € .7(S), we have to verify that the
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equations

1 —a=a, a—>a=a—>1=1 (27)
(@—=b)—(a—=c)=(b—-a)—(b-c (28)

correspond to equivalences (26) in 7°(S). By (22), this will imply that any a € .7(5)
remains in .7 () if a subterm of a is changed by one of the equations (27) and (28). Now
(21) shows that (z - y) —» (z — z) = (y - =) — (y — 2). By Proposition 5.1, z =z
holds for all z € T'(S). Hence + — x = 1. Furthermore, (24) and (25) give 1 — z = z,
and (23) yields x — 1 = 1. O

5.3. THEOREM. The free unital cycloid F(S) over a set S is a discrete L-algebra.

Proof. Since S — L{S) is a composed map S — F(S) — L{S), Proposition 4.4 implies
that the canonical map S — F'(S) is injective. As an intermediate step toward F(.S), let
Fy(S) be the free magma generated by S 1 {1} modulo the equations (27), that is, the
free system (X; —) with a logical unit 1. Note first that by successive application of the
rules ]l >z zand z > 2 1, and 2 — 1 1, any term a € Fy(S) can be transformed
into a term v(a) of shortest length. To see this, it is convenient to represent the terms of
Fy(S) by labelled binary trees, e. g.,

N

Y Ty
NS
y — (v —y)

Thus any a € Fy(S) corresponds to a binary tree where the leaves are labelled with
elements of S L {1}. Using Eqgs. (27), the labels 1 of any a € Fy(S) \ {1} can be removed,
and it is easily seen that this process leads to a unique normal form v(a) of a which does
not contain 1 or b — b as a subterm. We call a € Fy(S) reduced if v(a) = a.

Next we show that the left-hand side of Eq. (28), with reduced a,b,c € Fy(S), is
reduced if and only if the right-hand side is reduced. Assume that (a — b) — (a — ¢) is
reduced. Then 1 ¢ {a,b,c} and b # a, and b # ¢ since (a — b) # (a — ¢). Thus b — a
and b — ¢ are reduced. In particular, b - ¢ # 1. If b - a = b — ¢, then a = ¢, which
yields a — ¢ = 1, a contradiction. So the right-hand side of Eq. (28) is reduced.

Let ¢: Fo(S) — F(S) be the natural morphism which extends the embedding S —
F(S) to Fy(S). We define a displacement of a reduced term a € Fy(S) to be a modification
of a that results from a finite sequence of replacements of subterms (r — y) — (z — 2)
by (y — x) — (y — z). For example, the term

(@=y) = (@—=2) > (y—2) > (1)



THE CATEGORY OF L-ALGEBRAS 611

admits the following displacements (for reasons of space, we represent arrows by dots):

((z.y)-(z.2))-((y-2).(y.1))

/\

((z.y).(z.2)).((z.y).(x.)) ((y-2).(y-2))-((y-2)-(y.1))

((z.2).(z.9))-((z.2).(z.1)) ((y-2)-(y-2))-((z.y).(z.1)) ((y-2)-(y-2))-((y-2)-(y-1))

| ]

((z.2).(z.9)).((z.2).(.1))  ((z.2).(2.9))-((2.2)-(z.1)) ((z9)-(z2))((y-2)-(y-1)  ((y:2).(y-2))-((29)-(2.1))

/

((z2).(29))-((z.2)(2.1)) —— ((29).(.2)).((z-9)-(2.1))

//\

We call a term a € Fy(S) fully reduced if all displacements of a are reduced. So there
is a fully reduced term in the inverse image ¢~ '(a) of any a € F(S).

For 1 € {a,b,c}, Eq. (28) follows by Eqgs. (27). If a = b, both sides of Eq. (28) are
equal, and for a = ¢, both sides are 1, which again follows by Eqgs. (27). If « — b and
a — c are reduced, a — b = a — ¢ implies that b = ¢. Thus if for given a,b,c € Fy(5),
Eq. (28) does not follow by Eqs. (27), both sides of the equation must be reduced.

Now we show that a — b = 1 in F(S) implies that a = b or b = 1. Suppose that
a—b=1witha+#0band b+ 1. Then a # 1, and there are fully reduced ag, by € Fy(S)
with g(ag) = a and q(by) = b. Since a — b = 1, there is a sequence of displacements
via Eq. (28) transforming ag — by into 1. As a # b, the terms ag and by can be chosen
as ag = x — y and by = x — z, such that the first step of this transformation changes
agp — by into (y — =) — (y — 2). By induction, q(y — =) = q(y — z) or q(y — z) = 1.
But ¢(y — z) = 1 would give ¢(y) = q(z) or ¢(z) = 1, which is impossible. Now the
above diagram shows that ¢(y — x) = ¢(y — 2) is not possible unless ¢(x) = ¢(z). Thus
b =q(x — z) = 1, a contradiction. So the implicationa - b=1 = a=borb=1
holds in F'(S), which proves that F'(S) is a discrete L-algebra. (]

COROLLARY. The free L-algebra F'(S) over a set S is discrete.

6. The exact completion of LAlg

Regular categories ¥ admit a calculus of relations [36, 51, 76, 17]. A relation in € is
a monomorphism R — A x B in . It can be viewed as a morphism R: A — B in
the category Rel(%) of relations in . Its identity morphisms are (}A) A — A x A for
each object A of €. A morphism in ¢ is a relation given by its graph Thus € is a
subcategory of Rel(%¢’). By definition, a relation R: A — B is given by a pair of jointly
monic morphisms A & R % B. If p and ¢ are interchanged, R: A — B turns into its
opposite relation R°. In Rel(%) the relation A & R % B is equal to ¢p°. The morphism
sets Hom(A, B) of Rel(%) are partially ordered such that composition is functorial. In

other words, Rel(%) is a locally posetal bicategory [4]. A relation R: A — B in Rel(%)
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belongs to ¥ if and only if 14 < R°R and RR° < 1g. A morphism f: A - B in ¢
is monic if and only if f°f = 14, and a regular epimorphism if and only if ff° = 15.
For calculations in Rel(%) it is useful to note that the equation ab® = ¢°d holds for any
pullback

A—B

a

b,k

d

¢ —D
in ¥. For example, this shows that the difference kernel of a morphism f: A — B in
% is the relation E := f°f, which is an equivalence relation in Rel(%¢), a self-adjoint
idempotent £ = 14. Let &(%) be the set of these idempotents. If E' € &(%) splits, that
is, F = QP with PQ = 1 for some P,Q € Rel(%), then Q = P° by [33], 2.162. Hence
P e €, and F is its difference kernel. Conversely, the difference kernel f°f of a morphism
f € € is a splitting idempotent. Indeed, f = ip with a monomorphism i and a regular
epimorphism p. Hence pp® = 1 and ¢°¢ = 1, which yields f°f = p°°p = p°p. Thus
E € &(%) splits if and only if F is a kernel pair. For € = LAlg it is easily checked that
an equivalence relation R <— X x X is the same as a congruence relation of X, that is; a
set-theoretic equivalence relation ~ such that z ~ 2’ and y ~ ¢/ implies that -y ~ 2’ -y/.

EXAMPLE 6. A category % is said to be Barr-ezact [3] if it is regular and every equivalence
relation is a kernel pair, that is, every idempotent F € &(%) splits. Since unital cycloids
form a variety, Cyc* is Barr-exact by Lawvere’s theorem [50, 62]. Moreover, Cyc* is
monadic over the category Set of sets by [80], Proposition 3.2. The L-algebra Y =
{1, z,y,zy} in Example 5 has a congruence relation ~ given by the partition Y = {1, z} u
{y}u{zy}, but the unital cycloid Y/ ~ is not an L-algebra. So the idempotent in &(LAlg)
associated with ~ does not split. Hence L Alg is not Barr-exact.

Any regular category 4 embeds into a Barr-exact category %o, the exact completion
[51, 33, 19, 18] of ¥, which can be obtained as follows. By splitting the idempotents in
E(€), we get a full subcategory £ of of Rel(%’) with object class &(%) and morphisms
R: E — F given by R € Rel(¥¢) with R = RE = FR. Then %, is the subcategory of
maps in £, that is, morphisms R: £ — F with £ < R°R and RR° < F.

6.1. THEOREM. The exact completion of LAlg is Cyc*.

Proof. Let E < X x X be an equivalence relation on an L-algebra X. Thus F
determines a congruence relation on X, and the congruence classes form a unital cycloid
X. So we have an exact diagram

E—2x - X

Now let F' be an equivalence relation on an L-algebra Y with exact sequence

F—=vy 17

Then a morphism R: E — F in LAlg,, gives rise to a relation f: X — Y with f :=
qRp°. Hence 1 = pp® = pEp® < pR°Rp° < pR°¢°qRp° = f°f and f[f° = qRp°pR°¢° =
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qRER°¢° = qRR°¢° < qFq¢° = q¢° < 1. Thus f is a morphism of unital cycloids.
Furthermore, R is determined by f since R = FRE = q°qRp°p = q° fp.

Conversely, let f: X — Y be a morphism in Cyc*. Define R := ¢°fp. Then RE =
R and FR = F°¢°fp = (¢F)°fp = ¢°fp = R. Furthermore, E = p°p < p°f°fp =
p°f°qq°fp = R°R, and RR° = ¢°fpp°f°q = ¢°ff°q < ¢°q = F. Thus R is a morphism
R: E — F in LAlg,. . Furthermore, f = qq¢° fpp® = qRp°. So we have a bijection R — f
between morphisms R: £ — F in LAlg, and morphisms f: X — Y in Cyc*. Hence
LAlg,, is a full subcategory of Cyc*. Each unital cycloid Y admits a regular epimorphism
p: X — Y from a free unital cycloid X onto Y. By Theorem 5.3, X is an L-algebra. The
difference kernel £ 3 X of p is an equivalence relation £ on X, and p is its coequalizer.
Whence LAlg,, is equivalent to Cyc*.

REMARK. Note that the regular category L Alg can be retrieved from its exact completion
Cyc*: For a unital cycloid X, the ideal {1} determines a congruence (7) on X, which leads
to an L-algebra X = X/ =. If the operation of X is interpreted as logical implication, X
is the Lindenbaum algebra [7] of X.

7. Semidirect products beyond protomodularity

Based on the notion of protomodularity [8], a strengthening of the concept of Barr-exact
category was introduced by Janelidze, Mérki, and Tholen [43]. They call a category semi-
abelian if it is Barr-exact and protomodular, with finite coproducts and a zero object. For
an object B of a category € with pullbacks, the objects of the category Pty (B) of points
are triples (F,p,s) with p: E — B and s: B — E satisfying ps = 1g. A morphism
(E,p,s) = (F,q,t) in Pty(B) is given by a morphisms f: E — F in ¢ with fs = ¢ and
qf = p. Then ¥ is said to be protomodular if for each morphism v: C' — B in €, the
pullback functor v*: Pty (B) — Pty(C) reflects isomorphisms. If ¢ has pullbacks and a
zero object, protomodularity is equivalent to the Split Short Five Lemma [53, 43], which
states that in a commutative diagram

X>>—=>Y —>7

| b

X>—>T —>7

with split short exact rows the morphism f is invertible. For varieties, a slightly simpler
criterion is available [12]. The following example shows that neither LAlg nor Cyc* is
protomodular.

EXAMPLE 7. Let Y = {1, xz,y, xy} be the L-algebra of Example 5. Thus 1 > = > y > xy,
and X := {1,z,y} is an L-subalgebra. Furthermore, I := {1, 2} is an ideal of Y. So we
have a commutative diagram

I—>x -2 B

|

[—s>Yy -5 B
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with split short exact rows, which shows that LAlg and Cyc* are not protomodular.

Since S(X) = S(Y), Example 7 does not provide a counterexample to protomodularity
of ssL just by applying the functor S: LAlg — ssL and Theorem 3.5 (Corollary).

ExAMPLE 8. Let X = {1,z,y} be the L-algebra of Example 7. In Example 5, we have
shown that yx = y holds in S(X). Thus, each element of S(X) is of the form x’y’ with
i,j € N. To show that these elements are all distinct, assume that z'y/ = xFy*. If j = ¢,
then 2! = %, since S(X) is right cancellative. Hence i = k. Otherwise, assume that
j < €. Then Eq. (11) gives a* <y - a*y* = ((v* - ¢7) - 2¥) (s - y*) = 2¥y*7. Hence
1=z’ aby" = ((y*7 - 2) - 2¥) (2’ - y*7) < 2’ - 4", and thus ' < y*7 < y. On the
other hand, using Eq. (11), y < z* follows by induction. So we obtain x! = y for some
i > 0. Hence y?> = y2' = y, and thus y = 1, a contradiction. So the z’y’ are all distinct.

Using Eqgs. (10)-(11), we obtain

1 for j>/lor (j=/¢andi=>k)
alyl - abyt = gk for j=/fandi <k

hy=7 for j < /.

Thus (2) gives a linear (lexicographic) order of S(X).

Now it is easily checked that © — x and y — xy defines an L-algebra isomorphism
of S(X) onto the L-subalgebra A := S(X) \ {y" | n > 0}. By Proposition 3.6, {z) =
{z" | n € N} is an ideal of A and of S(X), with A/z) = {zy) = {zy™ |n > 0} U {1} =
(yy = S(X)/{z). So the variety ssL of self-similar L-algebras is not protomodular.

A slight weakening of protomodularity is the Mal’cev property (see [9], Proposition 17).
A regular category ¥ is said to be a Mal'cev category [17] if every reflexive relation
R — X x X in ¥ is effective. The following example shows that LAlg is not a Mal’cev
category.

EXAMPLE 9. Let X = {1, z,y} be the L-algebra of Example 7. Consider the L-subalgebra
R:= (X x X)~{(y,2)} of X x X. The partial order of R is a lattice:

)
AN
(z,1)
/N
) (

y,1)

Thus R is a reflexive relation in LAlg which is not symmetric. Hence LAlg is not a
Mal’cev category.

Another concept related to protomodularity is the existence of semidirect products [11],
which means that for morphisms v: C'— B, the pullback functor v*: Pty (B) — Pty (C) is
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monadic. A Barr-exact category % has semidirect products if and only if ¢ has pushouts
of split monomorphisms and is protomodular. Thus LAlg has no semidirect products in
the sense of [11]. Nevertheless, semidirect products of L-algebras have been constructed
in a very natural way [68], while the categorical concept of semidirect product [11] does
not apply here. The reason is that the notion of split short exact sequence is too weak in
the category of L-algebras.

7.1. DEFINITION. We say that a short exact sequence X =Y > Z strongly splits

if it admits a strong section, that is, a morphism s: Z — Y with vs = 1z such that
y-s(z) =s(v(y) - z) holds for y e Y and z € Z.

The condition y - s(z) = s(v(y) - z) says that s(Z) is an invariant L-subalgebra of Y.
Indeed, y - s(z) = s(zp) implies that zg = vs(z9) = v(y - s(2)) = v(y) - z. In particular, it
yields y - sv(y) = 1, that is,

y < su(y) (29)

for all y € Y. So the short exact sequence (19) strongly splits in the sense of Definition 4 of
[68]. The converse holds for K L-algebras [67], that is, L-algebras satisfying the inequality

y<a-y, (30)

which have been studied in [68]. Indeed, (29) and (30) give s(v(y) - z) = sv(y) - 3( )
(sv(¥) - y) - (sv(y) - s(2)) = (v sv(W)) (v~ s(2)) =y s(2) < sv(y-s(2)) = s(v

Using the partial multiplication of L-algebras, we define semidirect products as follows:

7.2. DEFINITION. Let X be an L-algebra with an ideal I and an invariant L-subalgebra U.
We say that X is a semidirect product of [ and U if InU = {1} and X = {zu|x € I,u e U}.

Every semidirect product X of I and U gives rise to a split short exact sequence
I>X5U (31)

with p(zu) = w. Indeed, we have

7.3. PROPOSITION. Let X be an L-algebra with an ideal I and an L-subalgebra U. If X
1s a semidirect product of I and U, each element of X has a unique expression xu with
x €l andue U. The short exact sequence (31) strongly splits.

Proof. Assume that xu = yv with 2,y € I and u,v € U. By Eq. (10), this implies that
zu<vand r <u-v. Hence u-v e I nU = {1}, and thus u < v. By symmetry, we obtain
u = v. By Definition 2.2, this implies that x = v-2xu = v-yv = y. In particular, the map
p in (31) is well defined.

For x € I and u € U, we have z - u = v for some v € U. As above, this yields u < v.
On the other hand, (6) implies that v-u = (x-u)-ue I nU = {1}. Thus v = u, that is,

T-Uu=u. (32)
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Now Eq. (11) yields zu-yv = ((v-zu)-y)(zu-v). Hence p(zu-yv) = zu-v = z-(u-v) = u-v,
which shows that p is an L-algebra morphism with kernel I.

To show that the short exact sequence (31) strongly splits, we have to verify that
xu-v=u-v for x € I and u,v € U. This follows by Egs. (10) and (32). M

By Proposition 7.3, the natural map I x U — X into a semidirect product X is bijec-
tive. Therefore, we write [ x U for a semidirect product X of I and U. The following result
exhibits a connection between strongly split short exact sequences, semidirect products,
and the Short Five lemma:

7.4. THEOREM. Let [ <> X = U be a short ezact sequence in LAlg with a strong section
s: U — X. There exists a semidirect product X = I x s(U) with an L-subalgebra X such

that the diagram
X
X U

commutes, and sq is the projection of)N( onto s(U). The L-algebra X is uniquely deter-
mined, up to isomorphism.

q

I <= > U

(33)

I<= p>

Proof. Assume that there exists a commutative diagram (33) with a semidirect product
X = I xs(U). By Proposition 7.3, the map (z, u) — xs(u) gives a bijection I x U = X .
For 2,y € I and w,v € U, Egs. (10) and (11) give zs(u) - ys(v) = z - (s(u) - ys(v)) =
z-(s(v-u)-y)stu-v) = ((s(u-v)-z) (s(v-u)-y))(z-s(u-v)). Since z-s(u-v) = s(u-v)
by Eq. (32), we obtain

xs(u) - ys(v) = ((s(u cv)-x) - (s(v-u) - y))s(u - v).
So the L-algebra X is unique, up to isomorphism. Therefore, we define X := I x U with

(z,u) - (y,v) = ((s(u-v) - 2) - (s(v-u) - y),u-v). (34)

Since z - s(u) = s(u) holds for z € I and u € U, we have s(u) - (z-y) = (x-s(u)) - (x-y) =
(s(u)-x)-(s(u)-y) for z,y € I. Thus

s() - (z-y) = (s(u) - z) - (s(u) - y)

holds for x,y € I and v € U. So we obtain

((.0) - (5.0)) - (. w) - (zw)) = (A~ B, (u-0) - (u- w))
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with
A=s((u-v)-(u-w))-((s(u-v)-z)(s(v-u)-y))
= (s((u-v) - (w-w)) - (s(u-v) - @) - (s((w-v) - (u-w)) - (s(v-u)-y))
= (s((u-v) - (w-w) - (s(u-v) @) - (s((v-w) - (v-w)) - (s(v-u) - y))
)

By Eq. (3), A- B is symmetric in (z,u) and (y,v), which shows that X satisfies Eq. (3).
By Eq. (34), (1,1) is a logical unit. Furthermore, (z,u) - (y,v) = (1,1) is equivalent to
u<wvand z < s(v-u)-y. So the implication (8) holds in X, which proves that X is an
L-algebra.

Now we define a map f: X — X with flzx) = (sp(x) -x,p(:z:)). Assume that z,y € X.
Then p(sp(x) - z) = 1 implies that sp(z) - € I. Since s is a strong section, we have
x - s(u) = s(u)

for x € I and w e U. With (29) and Eq. (3), this yields

(sp sp(x) - (y)(()y)%()
(Sp sp(x) - x)) - (sp(z - y) - (sp(z) - v)),
((Sp ) z) - sp(x - y)) - ((sp(x) - x) - (sp(w) - y)
sp( - y) xsp() (@ -y)),plz-y) = (spla-
sp(z-y) - (x-y),p(z-y)) = f(z-y).

) - (sp

z)
)
)
) -

Thus, f is an L-algebra morphism. If f(z) < f(y), then sp(z -y) - (x -y) = 1 and
p(z -y) = 1. Together with (29), this yields x -y = sp(z - y) = 1. Thus f is injective, and
flr: I — X gives the embedding = ~— (z,1). By Eq. (34), we have (1,u) - (z,u) = (z,1)
and (z,u) - (1,u) = (1,1). So Definition 2.2 gives (z,u) = (z,1)(1,u) for all (z,u) € X.
Furthermore, u — (1,u) makes U into an L-subalgebra of X, with (z,u)-(1,v) = (1, u-v),
which shows that U is invariant. Thus X is a semidirect product of I and s(U), which
fits into a commutative diagram (33). ]

REMARKS. 1. Besides the quasi-variety of L-algebras, there are important varieties
with semidirect products which are not covered by the categorical approach of [11]. For
example, the category of monoids or monoids with operations [57] is not protomodular,
and thus has no semidirect products in the sense of [11]. To remedy, the categorical
concept of semidirect product was generalized [58] by considering regular points (also
called strong points [13])
7 p
K——>FE_— "B
s
for which (;) K1 B — FE is a regular epimorphism. This led to the concept of S-
protomodular category [13], where S is a pullback-stable class of regular points. Note that
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semidirect products I x U of L-algebras do not fit into this pattern since I U U is an
L-subalgebra of I x U. So the corresponding point is not regular, unless I or U is trivial.

2. By [68], Definition 5, a semidirect product I x U in LAlg is given by an action of U
on I, that is, a map ¢: U — End(I) which satisfies o(1) = 1 and o(u-v)o(u) = o(v-u)o(v).
For a semidirect product I x U, the corresponding action is given by o(u)(z) := u - z.
Eq. (34) shows that the action determines the structure of I x U. By [74], Corollary 1
of Proposition 3, the products a = ux with w € U and x € [ exist in I x U and are
meets a = u A z; and by [74], Corollary 2 of Proposition 3, each a € I x U has a unique
representation a = u A x with u € U and z € I if and only if o(u) € Aut([l) for all u e U.

3. An anonymous referee pointed out that semidirect products of L-algebras satisfy
the Schreier condition for monoids, introduced by Rédei [64], with respect to the partial
multiplication in an L-algebra. Indeed, Proposition 7.3 shows that in a semidirect product
of L-algebras related to a short exact sequence (31), every fibre p~'(u) contains a greatest
element u (the “generator” with respect to the Schreier condition) such that each element
of p~*(u) is of the form zu with a unique x € I.

8. Ideals of L-algebras

Let € be a pointed category, i. e. with a zero object 0. A monomorphism f € € is said
to be normal [60] if f is a kernel of some g € €, that is, the equalizer of g and a zero
morphism. Similarly, an epimorphism is said to be normal if it is a normal monomorphism
in €°P. The concept of normal subobject or quotient object is defined analogously. For
¢ = LAlg, the normal subobjects of an L-algebra X coincide with the ideals of X, and
the normal quotient objects of X are of the form X /I for some ideal I of X.

A category € is said to be normal [41] if € is pointed and regular such that every
regular epimorphism is normal. By Proposition 4.3, LAlg is a normal category. Note
that the dual statement is false: An equalizer in LAIlg need not be a kernel. For example,
the equalizer of the two projections B? — B is {0,1} = B?, which is not an ideal.

In the context of universal algebra, Ursini [79] introduced the concept of subtractive
variety. More generally, a pointed category € with finite limits is said to be subtractive [40]
if every reflexive relation r: R — X x X in € for which ((1)) : X — X x X factors through
r, the morphism (J): X — X x X also factors through 7. Janelidze [41] characterized
subtractive resp. protomodular categories by three versions of the 3 x 3 lemma. Let

Al Bl > Cl
A2 BQ > Cg
Y Y Y
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be a commutative diagram in a pointed regular category % with short exact columns
and two short exact rows. For the remaining row (let us call it the target row) it is only
assumed that the composed morphism is zero. The 3 x 3 lemma then states that the

target row A ~ B 2 C'is short exact, that is, a is a kernel of b, and b is cokernel of a. If
the target row is the first (second, third) one, we speak of the lower (middle, upper) 3 x 3
lemma. By [41], Theorem 5.3, € is protomodular if and only if it satisfies the middle
3 x 3 lemma. By [41], Theorem 5.4, a normal category % is subtractive if and only if it
satisfies the upper, or equivalently, the lower 3 x 3 lemma.

8.1. PROPOSITION. The category LAlg is subtractive and normal.

Proof. The normality of LAlg follows by Proposition 4.3. Let r: R — X x X be
a reflexive relation of L-algebras such that ((1)): X — X x X factors through r. Then
(x,x) € R and (z,1) € R for all x € X. Hence (1,2) = (x,1) - (z,z) € R, and thus

((1)) : X —» X x X factors through r. ]

COROLLARY. The category ssL of self-similar L-algebras is a subtractive normal variety.

Proof. Let p: X — Y be a regular epimorphism in LAlg with X self-similar. By the
corollary of Theorem 3.5, Y is self-similar. Hence p is a cokernel in ssL, and thus ssL is
a normal variety. Since LAlg is subtractive, the full subcategory ssL is subtractive. []

REMARK. The variety Cyc* is subtractive, but not normal. Let Y = {1, z,y, zy} be the
L-algebra of Example 5. The ideal I = {1, z} gives rise to a congruence relation with
1 =2 and y = xy. Its coequalizer is not a cokernel.

Gumm and Ursini ([38], Corollary 1.9) characterized subtractive normal varieties as
pointed varieties with “una buona teoria degli ideali” [78]. In [38], these varieties have been
called ideal determined. More generally, a normal category € is said to be ideal determined
[45] if each regular epimorphism maps normal subobjects to normal subobjects. Note that
a monomorphism j: J — Y in a pointed regular category % is said to be an ideal [44, 37]
if there is a commutative diagram

x oy

with regular epimorphisms p, ¢ and a normal monomorphism ¢. Thus, a normal category
is ideal determined if and only if its ideals are normal monomorphisms. The following
result shows that LAlg is ideal determined.

8.2. PROPOSITION. Let f: X — Y be a morphism of L-algebras. The inverse image
f~YJ) of an ideal J of Y is an ideal of X. If f is surjective, ideals of X are mapped to
ideals of Y, and f(I nJ) = f(I)n f(J) for ideals I, J of X.
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Proof. The proof of the first statement is straightforward. Thus, let f be surjective.
We have to verify (5)-(6) for f(I). The implication (6) being obvious, assume that =,y € X
with f(z) € f(I) and f(x)- f(y) € f(I). So we can assume that x € I, and there is an
element z € I with f(x-y) = f(z). Since t := z-(x-y) = z-y modulo I, we have t -y € I.
Hence f(t) = f(z) - f(z-y) = 1and f(y) = f(t) - f(y) = f(£-y) € f(I). Thus f(I) is an
ideal of Y.

Now let I and J be ideals of X. Then f(InJ) < f(I)nf(J). Conversely, every element
of f(I)n f(J) is of the form f(x) = f(y) withz € [ and y € J. Hence z := (x-y)-ye InJ
and f(r-y) = [(2) - f(y) = 1. Thus /() = [(z-y)- [(5) = 1- [(y) = f(y), which shows
that f(I) n f(J) < f(InJ). O]

COROLLARY 1. The normal category LAlg is ideal determined. Up to isomorphism, the
categorical ideals I — X in LAlg [44] coincide with the normal monomorphisms I — X.

Corollary 1 provides a negative answer to Question 4.1 of [45] which askes whether
ideal determined categories are Barr-exact.

COROLLARY 2. The normal variety ssL is ideal determined.
Proof. This follows by the corollary of Theorem 3.5. ]
COROLLARY 3. The lattice of ideals of an L-algebra X is distributive.

Proof. Let I,J, K be ideals of X. Consider the canonical morphism f: X — X/K.
Then f~!f(I)is an ideal of X with TUK < f~1f(I). So theideal I v K generated by TUK
is contained in f~!f(I). The canonical morphism p: X — X /(I v K) factors through f.
Hence p = gf for some morphism g: X/K — X/(I v K). Thus p(f~'f(I)) < gf(I) =
p(I) = {1}, which proves that f~'f(I) = I v K. Similarly, f~'f(J) = J v K. Hence
(I K) (v K) = 1 f(D) e S () = 1 (FD) A S) = 1T d) = (L) v K.
and thus (InJ)v K =(Iv K)n (Jv K). [

Recall that a morphism p: F — B in a regular category % is said to be an effective
descent morphism [5, 42, 31] if the pullback functor p*: ¢/B — ¢ /E is monadic. Let
Reg(%’) be the category of regular epimorphisms, with commutative squares as morphisms.
If Reg(%) is regular, every regular epimorphism in % is an effective descent morphism
([31], Theorem 2.3). If, in addition, ¥ is finitely cocomplete, every regular epimorphism
in Reg(%) is an effective descent morphism ([31], Corollary 2.4).

8.3. PROPOSITION. In the category LAlg of L-algebras, every reqular epimorphism is an
effective descent morphism.

Proof. Since € := LAlg is pointed and ideal-determined, Reg(%) is a regular category
(see [31], Section 3.2). Hence every regular epimorphism in € or Reg(%) is an effective
descent morphism. ]



THE CATEGORY OF L-ALGEBRAS 621

ACKNOWLEDGEMENT. The author thanks an anonymous referee for careful reading and
valuable remarks.

References

1]

2]
3

[4]

[5]
[6]

[7]
8]
[9]

[10]

[11]
[12]
[13]

[14]

[17]
[18]
[19]

[20]

J. Adamek, J. Rosicky: Locally presentable and accessible categories, Cambridge
University Press, 1994

E. Artin: Theory of braids, Ann. of Math. 48 (1947), 101-126

M. Barr: Exact categories, in: Exact Categories and Sheaves, Lecture Notes in
Math. 236, Springer, New York (1971), 1-120

J. Bénabou: Introduction to bicategories, Lecture Notes in Mathematics 47
(Springer, Berlin, 1967), 1-77
J. Bénabou, J. Roubaud: Monades et descente, C. R. Acad. Sci. 270 (1970), 96-98

A. Bigard, K. Keimel, and S. Wolfenstein: Groupes et anneaux réticulés, Lecture
Notes in Mathematics, Vol. 608, Springer-Verlag, Berlin-New York, 1977

W. J. Blok, D. Pigozzi: Algebraizable logics, Mem. Amer. Math. Soc. 336 (1989),
85pp.

D. Bourn: Normalization equivalence, kernel equivalence and affine categories,
Springer Lecture Notes Math. 1488 (1991), 43-62

D. Bourn: Mal’cev categories and fibrations of pointed objects, Appl. Categ.
Struct. 4 (1996), 307-327

D. Bourn: Protomodular aspect of the dual of a topos, Adv. Math. 187 (2004),
240-255

D. Bourn, G. Janelidze: Protomodularity, descent, and semidirect products, Theor.

Appl. Cat 4 (1998), 37-46

D. Bourn, G. Janelidze: Characterization of protomodular varieties of universal
algebras, Theor. Appl. Categories 11 (2003), 143-147

D. Bourn, N. Martins-Ferreira, A. Montoli, M. Sobral: Monoids and pointed S-
protomodular categories, Homology, Homotopy, Appl. 18 (2016), 151-172

E. Brieskorn, K. Saito: Artin-Gruppen und Coxeter-Gruppen, Invent. Math. 17
(1972), 245-271

T. Biihler: Exact categories, Expo. Math. 28 (2010), no. 1, 1-69

F. Buekenhout, E. Shult: On the foundations of polar geometry, Geometriae Dedi-
cata 3 (1974), 155-170

A. Carboni, J. Lambek, M. C. Pedicchio: Diagram chasing in Mal’cev categories,
J. Pure Appl. Algebra 69 (1991), 271-284

A. Carboni, E. M. Vitale: Regular and exact completions, J. Pure Appl. Algebra 125
(1998), 79-116

A. Carboni, R. F. C. Walters: Cartesian bicategories, I, J. Pure Appl. Algebra 49
(1987), 11-32

C. C. Chang: Algebraic analysis of many valued logics, Trans. Amer. Math. Soc. 88
(1958), 467-490



622
[21]

[22]
[23]

[24]
[25]
[26]
[27]
28]

[29]

WOLFGANG RUMP

C. C. Chang: A new proof of the completeness of the Lukasiewicz axioms, Trans.
Amer. Math. Soc. 93 (1959), 74-80

P. M. Cohn: Universal Algebra, Dordrecht, Netherlands: D.Reidel Publishing, 1981

M. R. Darnel: Theory of lattice-ordered groups, Monographs and Textbooks in Pure
and Applied Mathematics, 187, Marcel Dekker, Inc., New York, 1995

P. Dehornoy: Groupes de Garside, Ann. Sci. Ecole Norm. Sup. (4) 35 (2002), no. 2,
267-306

P. Dehornoy, L. Paris: Gaussian groups and Garside groups, two generalisations of
Artin groups, Proc. London Math. Soc. (3) 79 (1999), no. 3, 569-604

P. Dehornoy, F. Digne, E. Godelle, D. Krammer, J. Michel: Foundations of Garside
Theory, EMS Tracts in Math. 22, European Mathematical Society, 2015

P. Deligne: Les immeubles des groupes de tresses généralisés, Invent. Math. 17

(1972), 273-302

A. Dvurecenskij: Pseudo MV-algebras are intervals in [-groups, J. Austral. Math.
Soc. 72 (2002), 427-445

A. Dvurecenskij, S. Pulmannova: New trends in quantum structures, Mathematics
and its Applications, 516, Kluwer Academic Publishers, Dordrecht; Ister Science,
Bratislava, 2000

P. Etingof, T. Schedler, A. Soloviev: Set-theoretical solutions to the quantum Yang-
Baxter equation, Duke Math. J. 100 (1999), 169-209

Tomas Everaert: Effective descent morphisms of regular epimorphisms, J. Pure
Appl. Algebra 216 (2012), 1896-1904

D. H. Fremlin: Measure theory, Vol. 3, Measure algebras, Corrected second printing
of the 2002 original, Torres Fremlin, Colchester, 2004

P. Freyd, A. Scedrov: Categories, Allegories, North-Holland, Amsterdam, 1990

F. A. Garside: The braid group and other groups, Quart. J. Math. Oxford Ser.
(2) 20 (1969) 235-254

J. Gispert, D. Mundici: MV-algebras: a variety for magnitudes with Archimedean
units, Algebra univers. 53 (2005), 7-43

P. A. Grillet: Regular categories, in: Exact Categories and Categories of Sheaves,
Lecture Notes in Math. 236, Springer Verlag, Berlin-Heidelberg-NewYork, 1971

M. Gran, Z. Janelidze, A. Ursini: A good theory of ideals in regular multi-pointed
categories, J. Pure Appl. Algebra 216 (2012), 1905-1919

H. P. Gumm, A. Ursini: Ideals in universal algebras, Algebra Univ. 19 (1984), 45-54

S. S. Holland, Jr.: Orthomodularity in infinite dimensions; a theorem of M. Soler,
Bull. Amer. Math. Soc. 32 (1995), no. 2, 205-234

Z. Janelidze: Subtractive categories, Appl. Categ. Struct. 13 (2005), 343-350

7. Janelidze: The pointed subobject functor, 3 x 3 lemmas, and subtractivity of
spans, Theor. Appl. Categories 23 (2010), 221-242

G. Janelidze, W. Tholen: Facets of descent II, Applied Categ. Struct. 5 (1997),
229-248

G. Janelidze, L. Marki, W. Tholen: Semi-abelian categories, J. Pure Appl. Alge-
bra 168 (2002), 367-386

G. Janelidze, L. Marki, A. Ursini: Ideals and clots in pointed regular categories,
Appl. Categ. Struct. 17 (2009), 345-350



45
46
47
48
49
50
51
52
53
54
55
56
57
58

[59]

THE CATEGORY OF L-ALGEBRAS 623

G. Janelidze, L. Marki, W. Tholen, A. Ursini: Ideal determined categories, Cahiers
de Topol. Géom. Différentielle Catég. 51 (2010), 115-125

G. Kalmbach: Orthomodular lattices, London Mathematical Society Monographs,
18, Academic Press, Inc., London, 1983

B. Keller: Chain complexes and stable categories, Manuscr. math. 67 (1990), 379-
417

G. M. Kelly: Monomorphisms, Epimorphisms, and Pull-Backs, J. Austral. Math.
Soc. 9 (1969), 124-142

P. Kohler: The semigroup of varieties of Brouwerian semilattices, Trans. Amer.
Math. Soc. 241 (1978), 331-342

F. W. Lawvere: Functorial semantics of algebraic theories, Proc. Nat. Acad. Sci.
USA 50 (1963), 869-872

F. W. Lawvere: Theory of Categories over a Base Topos, Ist. Mat. Univ. Perugia
(1972-73)

W. A. J. Luxemburg, A. C. Zaanen: Riesz spaces, Vol. 1., North-Holland Publishing
Co., Amsterdam-London; American Elsevier Publishing Co., New York, 1971

S. Mac Lane: Duality for groups, Bull. Amer. Math. Soc. 56 (1950), 485-516

S. Mac Lane, I. Moerdijk: Sheaves in geometry and logic, A first introduction to

topos theory, Corrected reprint of the 1992 edition, Universitext, Springer-Verlag,
New York, 1994

D. Maharam: The representation of abstract measure functions, Trans. Amer. Math.

Soc. 65 (1949), 279-330

N. Martins-Ferreira, M. Sobral: On categories with semidirect products, J. Pure
Appl. Algebra 216 (2012), 1968-1975

N. Martins-Ferreira, A. Montoli, M. Sobral: Semidirect products and crossed mod-
ules in monoids with operations, J. Pure Appl. Algebra 217 (2013), 334-347

N. Martins-Ferreira, A. Montoli, M. Sobral: Semidirect products and Split Short
Five Lemma in normal categories, Applied Categ. Struct 22 (2014), 687697

J. C. C. McKinsey, A. Tarski: On closed elements in closure algebras, Ann. of
Math. 47 (1946), 122-162

B. Mitchell: Theory of Categories, Academic Press, New York and London, 1965

D. Mundici: Interpretation of AFC* algebras in Lukasiewicz sentential calculus, J.
Funct. Anal. 65 (1986), 15-63

M. C. Pedicchio, E. M. Vitale: On the abstract characterization of quasi-varieties,
Algebra univ. 43 (2000), 269278

D. Quillen: Higher algebraic K-theory, I, in: Algebraic K-theory, I. Higher K-
theories (Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972), pp. 85-147,
Lecture Notes in Math. 341, Springer, Berlin, 1973

L. Rédei: Die Verallgemeinerung der Schreierschen Erweiterungstheorie, Acta Sci.
Math. (Szeged) 14 (1952), 252-273

7. Riecanova: Generalization of blocks for D-lattices and lattice-ordered effect al-
gebras, Internat. J. Theoret. Phys. 39 (2000), no. 2, 231-237

W. Rump: A decomposition theorem for square-free unitary solutions of the quan-
tum Yang-Baxter equation, Adv. Math. 193 (2005), 40-55



624 WOLFGANG RUMP

[67) W. Rump: L-Algebras, Self-similarity, and I-Groups, J. Algebra 320 (2008), no. 6,
2328-2348

[68] W. Rump: A general Glivenko theorem, Algebra Univ. 61 (2009), no. 3-4, 455-473

[69] W. Rump: Right I-Groups, Geometric Garside Groups, and Solutions of the Quan-
tum Yang-Baxter Equation, J. Algebra 439 (2015), 470-510

[70] W. Rump: Von Neumann algebras, L-algebras, Baer *-monoids, and Garside groups,
Forum Math. 30 (2018), no. 4, 973-995

[71] W. Rump: Commutative L-algebras and measure theory, Forum Math. 33, no. 6
(2021), 1527-1548

[72] W. Rump: Symmetric quantum sets and L-algebras, IMRN, Volume 2022, Issue 3,
February 2022, Pages 1770-1810 doi:10.1093/imrn/rnaal35

[73] W. Rump: L-algebras and three main non-classical logics, Ann. Pure Appl.
Logic 173, Issue 7 (2022), 103121

[74] W. Rump: Structure groups of L-algebras and Hurwitz action, Geometriae Dedi-
cata 216 (2022), DOI: 10.1007/s10711-022-00697-4

[75] J.-P. Schneiders: Quasi-abelian categories and sheaves, Mém. Soc. Math.
France 1999, no. 76

[76] R. Succi Cruciani: La teoria delle relazioni nello studio di categorie regolari e di
categorie esatte, Riv. Mat. Univ. Parma 1 (1975), 143-158

[77] A. Tarski: Grundziige des Systemenkalkiils, Erster Teil. In: Fundam. Math. 25
(1935), 503-526

[78] A. Ursini: Sulle varieta di algebre con buona teoria degli ideali, Boll. Unione Mat.
Ital. 7 (1972), 90-95

[79] A. Ursini: On subtractive varieties, I, Algebra Univ. 31 (1994), 204-222

[80] E. M. Vitale: On the characterization of monadic categories over set, Cah. topol.
géom. différentielle catég. 35, no. 4 (1994), 351-358

[81] Y. Wu, J. Wang, Y. Yang: Lattice-ordered effect algebras and L-algebras, Fuzzy
Sets and Systems 369 (2019), 103-113

Institute for Algebra and Number Theory, University of Stuttgart
Pfaffenwaldring 57, D-70550 Stuttgart, Germany

Email: rump@mathematik.uni-stuttgart.de

This article may be accessed at http://www.tac.mta.ca/tac/



THEORY AND APPLICATIONS OF CATEGORIES will disseminate articles that significantly advance
the study of categorical algebra or methods, or that make significant new contributions to mathematical
science using categorical methods. The scope of the journal includes: all areas of pure category theory,
including higher dimensional categories; applications of category theory to algebra, geometry and topology
and other areas of mathematics; applications of category theory to computer science, physics and other
mathematical sciences; contributions to scientific knowledge that make use of categorical methods.
Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. Full
text of the journal is freely available at http://www.tac.mta.ca/tac/.

INFORMATION FOR AUTHORS I¥TEX2e is required. Articles may be submitted in PDF by email
directly to a Transmitting Editor following the author instructions at
http://www.tac.mta.ca/tac/authinfo.html.

MANAGING EDITOR. Geoff Cruttwell, Mount Allison University: gcruttwell@mta.ca
TEXNICAL EDITOR. Michael Barr, McGill University: michael.barr@mcgill.ca

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TRANSMITTING EDITORS.

Clemens Berger, Université de Nice-Sophia Antipolis: cberger@math.unice.fr
Julie Bergner, University of Virginia: jeb2md (at) virginia.edu

Richard Blute, Université d’ Ottawa: rblute@uottawa.ca

Maria Manuel Clementino, Universidade de Coimbra: mmc@mat.uc.pt

Valeria de Paiva, Nuance Communications Inc: valeria.depaiva@gmail.com
Richard Garner, Macquarie University: richard.garner®@mq.edu.au

Ezra Getzler, Northwestern University: getzler (at) northwestern(dot)edu
Dirk Hofmann, Universidade de Aveiro: dirk@ua.pt

Joachim Kock, Universitat Autonoma de Barcelona: kock (at) mat.uab.cat
Stephen Lack, Macquarie University: steve.lack@mq.edu.au

Tom Leinster, University of Edinburgh: Tom.Leinster®@ed.ac.uk

Matias Menni, Conicet and Universidad Nacional de La Plata, Argentina: matias.menni@gmail.com
Susan Niefield, Union College: niefiels@union.edu

Kate Ponto, University of Kentucky: kate.ponto (at) uky.edu

Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini@disi.unige.it

Michael Shulman, University of San Diego: shulman@sandiego.edu

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Tim Van der Linden, Université catholique de Louvain: tim.vanderlinden@uclouvain.be



	Introduction
	L-algebras as partial monoids
	Self-similarity
	The category of L-algebras
	The logic of L-algebras
	The exact completion of LAlg
	Semidirect products beyond protomodularity
	Ideals of L-algebras

