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FIRM HOMOMORPHISMS OF RINGS AND SEMIGROUPS

LEANDRO MARIN AND VALDIS LAAN

ABSTRACT. In this paper we define firm homomorphisms between rings without iden-
tity in such a way that the category of rings with identity will become a full subcategory
of the category of firm rings with firm homomorphisms as morphisms. We prove that
firm homomorphisms are in one-to-one correspondence with pairs of compatible con-
crete functors between certain module categories. This correspondence is given by the
restriction of scalars. We also prove the semigroup theoretic analogues of these results
and give a list of examples of firm homomorphisms.

1. Introduction

If R and S are rings with identity, the definition of a ring homomorphism f : R — S
includes the condition f(1g) = 1g. Let Ring be the category of rings with identity with
their homomorphisms.

If R and S are nonunital rings, then we cannot include the condition f(1g) = 1g
in the definition of a homomorphism, so we consider ring homomorphisms without that
extra condition. This makes Ring a non-full subcategory of the category Rng of all rings.
One could ask: is it possible to consider some notion of ring homomorphisms in such a
way that the category Ring will become a full subcategory of the category of rings with
those homomorphisms as morphisms? In this paper we will define firm homomorphisms
of rings and show that Ring is a full subcategory of the category of firm rings with firm
homomorphisms as morphisms. A similar problem can be considered for the category of
monoids and the category of semigroups. We will also show that the category of monoids
with monoid homomorphisms is a full subcategory of the category of firm semigroups with
firm homomorphisms as morphisms.

We will study firm homomomorphisms of rings and semigroups in detail. In our
main theorem (Theorem 8.1) we will prove that firm homomorphisms between firm rings
are in one-to-one correspondence with the pairs of compatible concrete functors between
certain module categories. Moreover, those concrete functors will be restriction of scalars
functors induced by firm homomorphisms. We also formulate and prove a parallel result
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for semigroups (Theorem 14.2). The proofs for rings and semigroups are often similar,
but still at some points different techniques are required.

We will use the terminology of concrete categories and concrete functors given in [1,
Definition 5.1] and [1, Definition 5.9].

1.1. DEFINITION. A concrete category over a category X is a pair (A,U) where A is
a category and U : A— X s a faithful functor.

1.2. DEFINITION. Let (A,U) and (B,V) be concrete categories over a category X. A
functor F' : A— B is a concrete functor if U =V o F.

In this paper we consider different subcategories of the category of all right (or left)
modules over a ring R as concrete categories over the category Ab of abelian groups
together with a forgetful (or underlying) functor to Ab, which takes each R-module to
its underlying abelian group and leaves morphisms unchanged. Thus applying a concrete
functor to a module Mg means defining a new multiplication by the elements of a ring S
on the abelian group M. The R-multiplication preserving mappings must also preserve
the S-multiplication, because concrete functors must map morphisms identically. In the
semigroup case we always consider categories of acts as concrete categories over Set. A
typical example of a concrete functor is the restriction of scalars functor, which can be
considered both in the case of rings and in the case of semigroups.

Concrete functors between categories of modules over unital rings were considered
already in [16], where the term vergessender Funktor was used. We also point out that
concrete functors between the categories of firm modules or acts appear naturally in
Morita theory. In the ring case, concrete equivalence functors between different module
categories have been used in [5] and [6], also in [4] (to prove Proposition 7). In the
semigroup case, concrete functors are used to prove (for example) Theorem 3.2 in [18].

2. Terminology and notation

In this paper, by a ring we mean an associative ring. The construction of tensor product of
modules over a ring is well known. We will recall briefly the construction of tensor product
of acts over semigroups. If S is a semigroup, Mg is a right S-act and ¢V is a left S-act,
then the tensor product M ®g N is the quotient set of M x N by the smallest equivalence
relation containing the set {((ms,n), (m,sn)) € (M x N)?> | m € M,n € N,s € S} (cf.
[8, Construction 2.5.4]). The equivalence class of a pair (m,n) is denoted by m ® n.

2.1. DEFINITION. Let R be a ring (semigroup). A right R-module (resp. a right R-act)
Mp is called

1. closed if the mapping
Ay M —=Hompg(R, M), m— A\y(m) i 7 +— mr

1s bijective,
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2. firm if the mapping
py MR R—M, m®r— mr

is bijective (throughout this paper we will write m @ r instead of m Qg 1),

3. unitary if the mapping s s surjective, i.e. M = MR. (Note that M R has a little
bit different meaning in the case of modules and acts. In the latter case it consists
of products mr while in the former case of all finite sums of such products. Also,
tensor products of modules and acts are constructed in a different way.)

Clearly, every firm module or act is unitary, but the converse is not true in general.
However, the converse is true if the ring or the semigroup has the identity element.

The terms ‘firm’ and ‘closed” have been introduced by Quillen in [17] for modules over
nonunital rings.

2.2. DEFINITION. A ring (semigroup) R is called firm if the mapping
pr: Rr R—R, r @71 —rr'
18 bijective.
Every unital ring and every monoid is firm. Moreover, every ring or semigroup with
local units is firm.
If Ris aring and S is a semigroup, then we will use the following categories (with the
usual homomorphisms as morphisms):
MODgr — the category of all right R-modules,
Modr  — the category of unitary right R-modules,

DModir — the category of firm right R-modules,
CModr — the category of closed right R-modules,

Ab — the category of abelian groups,

Ring — the category of unital rings,

Actg — the category of all right S-acts,
UActg  — the category of unitary right S-acts,
FActs  — the category of firm right S-acts,
CActg  — the category of closed right S-acts,
Set — the category of sets,

Mon — the category of monoids.

For the categories of left modules or acts we will write zkMOD, gAct etc.
The categories DModg and CModg need not coincide.

2.3. EXAMPLE. [Firm module which is not closed] Any firm ring R without an identity
element (for example the ring of infinite matrices with only a finite number of nonzero
entries over a field K) is a firm right module but it is not closed because Hompg (R, R) 2 R.
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2.4. EXAMPLE. [Closed module which is not firm] Let R be a firm ring without an identity
element. Then the right R-module Mg := Homg(grRg, Rg) is closed by Proposition 5.1(1).
To prove that it is not firm, consider the diagram

HomR(RRR, RR) X R el > HOIIIR(RRR, RR) ,
m /
R

which can be seen to commute by direct verification. Since R is firm, the map eval is
bijective (as we will explain in the beginning of Section 5). Now if Mg was firm, the map
1, and therefore Ag as well, would be bijections. But we saw in Example 2.3 that \g
cannot be bijective, so Mg cannot be firm.

Similar examples will show that the categories FActg and CActgs need not coincide for
a semigroup S. But we can also provide examples that are different from those.

2.5. EXAMPLE. Let S be a right zero semigroup (i.e. a semigroup satisfying the identity
xy = y) with at least two elements and let ©g be a one-element right S-act. Then
Ao : © —Homg(S, ©) is clearly bijective and hence Oy is closed. It can be shown that
Og is not firm. Conversely, [9, Example 2.8] provides a semigroup S such that the left
act ¢S is firm, but not closed. Dually firm right acts exist which are not closed.

Let f : R—=S be a ring homomorphism. Any right S-module M can be turned into a
right R-module with the multiplication given by mr := mf(r). This construction gives a
functor f*: MODg—=MODg such that an S-module M goes to the same abelian group,
but endowed with a new multiplication by the elements of R. On homomorphisms the
functor f* acts identically. This functor is called the restriction of scalars functor
induced by f. We will use the notation *f for the restriction of scalars functor between
categories of left modules.

3. Unital rings, homomorphisms and categories

Let R and S be unital rings with identity elements 1 and 1g, respectively. In this section,
we are going to see that a ring homomorphism f : R—= S that preserves the identity (i.e.
f(1g) = 1s) induces some relations between the categories of unitary modules. (Note that
a module Mp is unitary if and only if mlg = m for every m € M.) The generalization
of the concept of ring homomorphism for rings without identity will be done using these
categorical properties in the following section.

The following result is known (see [16, Satz 3.1]).

3.1. PROPOSITION. Given rings with identity R and S, there is a bijection between the
following sets.

1. The concrete functors Mods — Modpg.
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2. The concrete functors sMod — rMod.
3. The unital ring homomorphisms f : R—S.

The bijection is given by the restriction of the scalars f — f*.

3.2. REMARK. The unital ring homomorphisms R— .5 clearly form a set. For the class
of concrete functors Modg — Modp this is not automatically clear from the beginning,
but since this class is in a one-to-one correspondence with a set, it will also be a set.

3.3. REMARK. Similarly to Proposition 3.1 one can prove that if R and S are monoids,
then concrete functors UActg — UActyr are in one-to-one correspondence with monoid
homomorphisms f: R—S.

Given a unital ring homomorphism f : R — S, the restriction of scalars functor
f*: Modg — Modpg has two adjoints

fi : Modgr — Modg, f« : Modgr — Modg.

The adjoints relations are fy 4 f* 4 f,. The explicit definitions of the functors for rings
with identity are the following:

filMg) =M ®g S, f.(Mgr)=Homg(Sg, MR).
The natural isomorphism induced by the adjunction f* 4 f, is
Y : Homp(f*(M), N) — Homg (M, Homp(Sg, Ns)),  yun(a)(m)(s) = a(ms),
and the adjunction f; 4 f* is given by the natural isomorphism
dny s Homg(N ®g S, M) —=Hompg (N, f*(M)), onu(5)(n) =pB(n® 1g).

These two adjoints of the functor of restriction of scalars will be the ones that let us
give the definition of firm homomorphism of rings.

4. Firm homomorphisms of rings

In this section R and S will be firm rings. We will consider a ring homomorphsim R—S
(a map preserving addition and multiplication). The objective is to find the conditions
on this map so that it could be considered a morphism in the category whose objects are
the firm rings. We cannot impose the condition that 1z maps to 15 because the rings are
not unital, but the new definition that we will introduce in this section, applied to unital
rings, will extend the usual definition.

In order to simplify the notation, we will sometimes denote the ring homomorphism
as " : R—= S, so the image of an element » € R will be . In this way, the R-structure
induced by this homomorphism on S-modules will be rm = rm for any left S-module



630 LEANDRO MARIN AND VALDIS LAAN

sM, all m € M and r € R (and a similar structure for right S-modules). This notation
is not the usual one, but it is convenient because we only consider one homomorphism
R— S and it simplifies the use of parentheses. We will write module homomorphisms
on the opposite side of scalars. In the case of bimorphisms, we will write them on one
side or the other, depending on the structure that we are considering.

4.1. DEFINITION. Let R and S be firm rings and ~ : R— S be a ring homomorphism.
We will say that

1. it is a right firm ring homomorphism if S considered as a right R-module is
firm (i.e. the map ps : S ®r R—= S given by us(s ® r) = sr is bijective);

2. it is a left firm ring homomorphism if S considered as a left R-module is firm;
3. it is a firm ring homomorphism if it is a right and left firm ring homomorphism.

There exist right firm homomorphisms which are not left firm (and vice versa). One
such homomorphism is constructed in Example 16.8.

4.2. REMARK. Unital ring homomorphisms are (left and right) firm ring homomorphisms.
To see this, suppose that = : R— S is a unital ring homomorphism. Then pg(s ® 1g) =
slp = slg = s for every s € S, so g is surjective. Suppose that ps(Do; 8 ®@r;) =0, ie.
> ;87 = 0. Then

ZSZ'(X)TZ':ZSi@)an:ZSi’f”i@lR:O@lR

in S ®g R, showing that the kernel of ug is trivial. Hence ug is bijective and * is right
firm. Similarly it follows that ~ is left firm.

We will give more examples of firm homomorphisms in Section 10.

4.3. PROPOSITION. If R is a unital ring, S is a firm ring and ~ : R— S 1is a firm ring
homomorphism, then S is unital and 1z = 1g.

PROOF. Denoting e = 1z we have to prove that e is the identity of S. Let s € S. Since
the ring homomorphism is right firm, we can find elements s; € S and r; € R such that
s =Y. 8T, so we have

. . : - .
se = g 8T = g 8;1ilp = E $;rilp = E 8;Ti = 8.

Using that the ring homomorphism is left firm, we can prove that es = s, so e is the
identity of S and the ring homomorphism preserves identity. [
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If we consider only unital rings, then left or right firm ring homomorphisms preserve
identity (i.e. we only have to check on one side).

4.4. PROPOSITION. If R and S are unital rings and = : R— S is a map preserving
addition and multiplication, then the following conditions are equivalent:

1. it is a right firm ring homomorphism.
2. it 1s a unital ring homomorphism.

3. it is a left firm ring homomorphism.

PRrROOF. Unital ring homomorphisms are right and left firm due to Remark 4.2. Suppose
now that ~ is right firm, then using the surjectivity of ug we can find s; € S and r; € R
such that 1g = pus(d -, s, ® r;) = Y. 874, so we have

iR = 1SiR = (Z Sz'?'“i)iR = Zsi(f'iiR) = Zsim = Zsm = 1g.

Thus (1) and (2) are equivalent. The equivalence between (3) and (2) is symmetric. =

5. Functors between module categories

When R is a firm ring (that will be our case), the categories CModr and DModg are
equivalent via the canonical functors

— ®r R CMOdR—> DMOdR and HOH]R(R, —) : DMOdR—>CMOdR

([5, Theorem 15]). These equivalence functors induce the right R-module isomorphisms
Ny and €7, given by

nu(m)(r)=m®r and ey(a®r)=ar),

such that the following diagrams are commutative:

A
My € CMody M @ R MErft Homp(Rp, M @5 R)
NM[ ' ‘HOIHR(R» finr)
MR HOHIR(RR, MR)
Am
My, € DMody, M@ R i My,
EM
Ay ®R AM
HOH’IR(RR,MR) ®RR HOH1R<RR, MR)

HHompg (Rg,MR)
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These properties are true also on the other side because the condition of being firm is
symmetric.

Note that 1 : lemody, = Homp(Rg, —) o (— ® R) and € : (— ® R) o Homg(Rg, —) =
IpMody; are the unit and counit of the adjunction — ® R 4 Hompg(Rg,—), respectively.
Also, A : Imop, = Hompg(Rg, —) and p: — ®r R = lmop, are natural transformations.

In some cases, a module Mg will be considered with the induced R-structure, in that
case we will use the notation py, and Ay, for the R-structure and g, and ), for the
S-structure.

Suppose that s Xz is an (S, R)-bimodule and Mpg is an R-module. The abelian group
Hompg(Xg, Mg) is a right S-module with the S-multiplication

(9s)(x) = g(s), (1)
g < HOHIR(XR,MR), S € S, reX.

5.1. PROPOSITION. Let R and S be firm rings and f : R—S,r — 7, a ring homomor-
phism. Then

1. Hompg(Sg, —) is a functor from MODpg to CModg;
2. Homg(grS,—) is a functor from rRMOD to sCMod;
3. — ®gr S is a functor from MODpg to DModsg;
4. S ®gr — is a functor from kRMOD to sDMod.

PRrOOF. The conditions 2 and 4 are the symmetric conditions to 1 and 3, thus we will
prove only 1 and 3.

Since S is firm, the map pg : S ®g S —= 5, s ® s’ — ss, is an isomorphism of right
S-modules. Applying the contravariant functor Homg(—, Mg)o f* : MODg—=MODp we
see that the map

—Oous: HOHIR(SR, MR) —>HOH1R(S Xs SR, MR)

is an isomorphism for every right R-module Mpg. Due to the tensor-hom adjunction we
have the bijection

(o HOIIlR(S Rs SR, MR) —>H0m5(SS,H0mR(SR, MR)), h +— (S — (S/ — ]’L(S & S/))).

The composite bijection o o (— o f1g) IS AHom p(Sg,Mmp), Decause

(00 (=0 mus))(g)(s)(s) = a(gopus)(s)(s) (def. of — o pg)
= (gopus)(s®s) (def. of o)
= g(ss) (def. of u)
= (gs)(s) (by (1))
= MHomp(Sr.Mz) (9)(5) () (def. of Aaomp(sp,Mz))
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for all s,s" € S and g € Homg(Sg, Mr). Hence Hompg(Sg, Mg) € CModg. We also have
N ®r S € DModg for every right R-act Ng, because the composite bijection

(N@rS)®sS—=NQr(S®sS)—=N®rS, (n®@s)®s —»n®((s®s)—nxss

is precisely jingns. The rest of the proof is straightforward. ]

5.2. COROLLARY. If R is a firm ring and Mg € MODg, then Homg(Rg, Mr) € CModg
and M ®r R € DModg.

Proor. We apply Proposition 5.1 for the ring homomorphism idg : R— R. m

We will study the firm homomorphisms in more detail, but we will use the definition
of firm ring homomorphisms on one side given in Definition 4.1 to prove some results that
will be symmetrical on the other side.

5.3. PROPOSITION. Let R and S be firm rings and f : R—=S,r — 7, a right firm ring
homomorphism. Then

1. the map ps : S ®r R—= S 1is not only a right R-isomorphism, but also a left
S-isomorphism;

2. Homg(sSr, —) is a functor from sMOD to rRCMod;

3. — ®g Sk is a functor from MODg to DModpg;

4. the functors f*, — ®s Sk : DModg — DModpg are naturally isomorphic.
PROOF.

1. The map pg is bijective because Sg is in DModg, therefore we only need to prove
that it is a left S-homomorphism. If s,t € S and r € R, then we have

(t(s@1))us = (ts @ r)us (left S-structure of S ®g R)
= (ts)r (def. of ug)
= t(sr) (associativity of multiplication in )
=1t(s @ 1)us. (def. of ug)

2. Let ¢M be any left S-module. Then

Homs(s.Sk, sM) = Homs(sSk @ Rr, sM) (sSg is right firm)
= Hompg(gRR, Homs(sSgr, sM)) (tensor-hom adjunction)

as left R-modules. The last module is closed by Proposition 5.1(2), hence also
Homg(sSR, sM) is in gCMod.
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3. Let Mg be in MODg. Since ug : S @z R—= 5 is a left S-isomorphism, we have the
composite bijection

(M ®sS)®r R— M ®s (S ®r R) — M ®5 S,
(MRs)R/T—>mR (s®r) —»m®esr=(m s)r

which takes (m ® s) @ r to m ® s = (m ® s)r, which is precisely parggs,. Thus
M ®g Sgp € DModg. The rest is again straightforward.

4. If Mg € DModg, then the mapping i, : M ®g .S—= M, m ® s — ms, is bijective.
It is an isomorphism of right R-modules, because

pi ((m @ s)r) = iy (m & s7) = m(si) = (ms)r = iy (m @ s)r

for every m € M, s € S and r € R. Since M ®g Sg € DModg, also f*(Mg) = My €
DModg, so we can consider f* as a functor DModg — DModpg. It is easy to check
that p/ is natural in M. Therefore f* and — ®g Sk are naturally isomorphic.

The next proposition will give two necessary and sufficient conditions for a ring ho-
momorphism to be right firm in terms of certain properties of the restriction of scalars
functors.

5.4. PROPOSITION. Let R and S be firm rings and f: R—S,r — 7, a ring homomor-
phism. The following conditions are equivalent.

1. f: R—= S 1is a right firm ring homomorphism.

2. For every sM € sCMod, *f(sM) € rRCMod, so the restriction of scalars is a concrete
functor from sCMod to rRCMod.

3. For every Mg € DModg, f*(Mgs) € DModg, so the restriction of scalars is a concrete
functor from DModg to DModpg.

PROOF. (1 = 2). Let ¢M be in gCMod, that is, X}, : sM — Homg(sS,sM) is a left
S-isomorphism. Applying the restriction of scalars functor *f : sMOD — rkMOD we see
that Xy, : kM — Homg(sSg, sM) is a left R-isomorphism, and so is Homg(gR, \},).
Moreover, the diagram
A
RM HOIIIR(RR, RM)

AHomg (sSp,5 M
HomS(SSR,SM) sls s M) HOIIlR(RR, HOl’Ils(SsR,SM))

‘/ HOIIIR(RR, )‘/]\/[)
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in pMod commutes, because A : 1 A = Hompg(gR, —) is a natural transformation. The
lower arrow is bijective because of Proposition 5.3(2) (as Homg(sSg, sM) € gCMod), so
the upper arrow Ay must also be bijective and therefore gM = *f(sM) is in gkCMod.

(2 = 1). Consider the functor Homz(—,Q/Z). This is the construction of the char-
acter module and it is known that it reflects and preserves isomorphisms. For any firm
module M, Homy (M, Q/Z) is closed. We are going to prove that pg : S ®@r R—S is an
isomophism, proving that

Homy (s, Q/Z) : Homy(S, Q/7Z) — Homz(S ®r R, Q/7Z)
is bijective. But this is true because this map is the composition of
Homy(S, Q/Z) — Hompg (R, Homz(S,Q/Z)) — Homz(S ®r R, Q/7Z.)

and the second one is bijective due to the hom-tensor adjunction and the first one is
bijective because Homz(S, Q/Z) is a closed module.

(1 = 3). Let Mg bein DModg. Since pt : —®rR = lpmody, is a natural transformation,
the square

M®sS®Rr R fres M@sS
MIM®R‘ hu’M
M &g R H M

commutes. The vertical arrows are bijective because Mg is firm. The upper arrow is
bijective because of Proposition 5.3(3) (as M ®g Sg € DModg), so the lower arrow iy is
also a bijection and therefore Mg is in DModpg.

(3 =1). If we apply (3) to the ring S which is a firm right S-module, we get that Sg
is in DModg and therefore the ring homomophism is right firm. ]

6. Compatibility conditions

In this section we introduce compatibility conditions for pairs of concrete functors be-
tween categories of firm and closed modules and prove some connections between these
conditions. We will recall the following well-known result about composing natural trans-
formations.

6.1. PROPOSITION. [1, Exercise 6A] Consider the diagram

F H
>l P
A, B P C

G
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of functors and natural transformations. Then G o Ho = Ka o BF, i.e. the square

HF 2y gg

,BFl " Bra l,BG
SA

KF K—O¢> KG

commutes. The natural transformation fGoHa = KaoSE is denoted by [« and called
the horisontal composition of o and (.

Let R and S be firm rings. We abbreviate
H :=Homg(R,—), H' :=Homg(S,—), T:=—@R, T':'=—®3S.
Then 7"+ H : DModr —= CModg and 77 4 H' : DModg — CModg. We denote the units

and counits of these adjunctions as follows:
n: 1CModR = HT, e:TH = 1DModRa T], : 1CMods = H/T/, g T'H = 1DM0dS'

As observed in the beginning of Section 5, all these natural transformations are actually
natural isomorphisms. The triangle identities for the adjunction 7'+ H are

lp =eT oThn,
1y = HeonH,

and similar identities hold for the adjunction 7" - H’.
Consider a pair

F :DModg —=DModr and G :CModg— CModp
of concrete functors such that there exist natural transformations

(:GH' = HF and ¢&:TG= FT'.

CMods "2 DMods CModg —2% DMods
Gl N SN lF Gl S S lF
CModr, & DMody, CModj; ——> DMody

We introduce the following compatibility conditions.
C1. Cur o Ny = Ap(ar for every Mg € DModg,
C2. iy o & = pa(n for every Mg € CModg,
C3. eFoT(=Fc' olH',
C4. HEonG = (T o G

The following three results can be proved using Proposition 6.1 and the mates corre-
spondence of natural transformations. In particular, Condition C3 (equivalently condition
C4) states precisely that the natural transformations ¢ and £ are mates (in the sense of
being in the roles of x and A in [7, Proposition 2.1]; cf. also [13, page 100]).
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6.2. PROPOSITION. Conditions C3 and C4 are equivalent.

6.3. PROPOSITION. Assume that C4 (or, equivalently, C38) holds and (,& are natural
1somorphisms. Then C1 and C2 are equivalent.

6.4. LEMMA. Suppose that C3 holds and & is a natural isomorphism. Then also C is a
natural isomorphism.

6.5. DEFINITION. Let R, S, H, H',T,T",n,1',c,&" be as above and let F':DMods—=DModg
and G : CModg — CModpg be concrete functors. We say that F,G is a pair of com-
patible concrete functors, if there exist natural isomorphisms ( : GH' = HF and
§: TG = FT' such that the conditions C1-C4 are satisfied.

7. Compatibility for restrictions of scalars

If f: R— S is a firm ring homomoprphism between firm rings, then by Proposition 5.4
and its dual the restriction of scalars funtor f* : MODg— MODgp restricts to functors

f*:DModg—=DModr and f*:CModg— CModp.

In this section we will show that fT, f* is a pair of compatible concrete functors.

7.1. PROPOSITION. [Compatibility C1] Let R and S be firm rings. Suppose f: R—= S,
r — 7, 18 a left firm homomorphism of rings and let Mg be in MODg. Then, in the
category CModg, we have a right R-homomorphism

(v : Homg(rSs, Mg) —Hompg(rRg, M),

natural in M, such that the following diagram is commutative:

Cm
HOIIls(RSS, Ms) — HOIIIR(RRR, MR)
M.

Furthermore, if we apply this construction to Mg = Sg, we get
CS . HOH]S(SS, SS) — HOIHR(RR, SR>

and (s(idg) is precisely the ring homomorphism f.
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PrOOF. Using the dual of Proposition 5.3(2) for the homomorphisms f and idr we
know that the modules Homg(rSs, Ms) and Homg(rRr, Mg) are in CModg. Let o €
Homg(rSs, Ms). We define a map (y(«) : R—= M by

Cu(@)(r) = a(r). (2)

With this definition, the last claim of the proposition is trivial because (g(idg)(r) =
ids(7) = f(r) for all € R. Also, the triangle is commutative because, for every m € M
and r € R,

(Car 0 Xyp) (m)(r) = Cur(Ny (M) (r) = Xy (m)(7) = mi = mr = Ay (m)(r).
We have to check several properties of (.

1. (ym(@) is a right R-homomorphism. For every u,r € R,

Cu(a)(ru) = a(m) = a(ru) = a(r)i = Cy(a)(r)u.

2. (y is a right R-homomorphism. For every a € Homg(gSs, Mg), r,u € R we have

Cul(ar)(u) = (ar)(d) (def. of (pr)
= o(ra) (R-structure of Homg(rSs, Ms))
= a(m) (" preserves multiplication)

=(C ( )r)(w). (right R-structure of Homg(rRg, MRg))
This proves that (y(ar) = (y(a)r for all 7 € R and all @ € Homg(rSs, Ms).

3. (pr is natural in M. Let k : Mg — Ng be a morphism in MODg. The square

Cm
Homg(rSs, Ms) Hompg(rRr, Mr)
Homg (S, k)l lHomR(R, k)
(N
Homg(rSs, Ng) Hompg(rRr, Nr)

commutes, because, for every o € Homg(gSs, Mg) and r € R, we have

Hompg (R, k)(Car(a))(r) = (ko Cu(a))(r) (def. of Homg(grRg,—))
= k(Cu(a)(r)) (composition of maps)
= k(a(r)) (def. of Cyr(e))
= (n(ka)(r) (def. of (y(ka))
= (n(Homg(S, k)(a))(r). (def. of Homg(S, —))
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7.2. PROPOSITION. [Compatibility C2] Let * : R—=S be a right firm ring homomorphism
between firm rings and let Mg € MODg. Then we have a right R-homomorphism in the
category DModg, &y M ®r R— M ®g S, natural in M such that the following diagram
18 commutative:

Mg = Mg

N\

M®RR—>M®S

Furthermore, if we apply this construction to M = Homg(Ss, Sg) and we use the canonical
isomorphism € : Homg(Sg, Sg) ®g S —=Ss, then we have €'({romg(ss,54) (ids @ 1)) = 7
for all r € R.

PRrROOF. By Proposition 5.3, M®gS € DModg, and due to Corollary 5.2 we have M®grR €
DModpg. The definition of &y : M ®p R— M ®g S is

Eu(mer)=m®er.
To see that &, is well defined we note that the mapping
Ev M xR—M®s8S, (mr)—ma7

is R-balanced, because

Eu(m,ur) =m @' =m @ wr = mi @7 = mu @ = &y (mu, )

for all m € M and u,r € R. For any r € R we have » € § = SR, so we can find s; € S
and 7; € R such that 7 = ), s5;7. We have

gig(gHoms(Ss,Ss)(idS ®7)) =€ s(ids ®7) (def. of €H0mS(SS:SS))
= eg(ids ® Xs74) (expansion of 1)
= e'(Biidgs; @ 7;) (Homg(Ss, Ss) ®g S is S-balanced)
= ¥;(idssi)(r4) (def. of %)
= idg(2;8:74) (S-structure of Homg(Ss, Ss))
=idg(r) = 7. (expansion of 7)

This proves the last claim. We still need to check several properties of .

1. The diagram is commutative because, for every m € M and r € R,

(o &ar)(m @) = iy (E(m @ 7)) = iy (m @ 7) = mi- = ppr(m @ 7).
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2. &y is a right R-homomorphism. For any m € M, r,u € R we have

Ev((m@r)u) = Ey(m @ ru) (right R-module structure of M @z R)
=m®rd (def. of &nr)
=mQru (" preserves multiplication)
=(m®r)u (right S-module structure of M ®g 5)
=(m®r)u (right R-module structure of M ®g 5)
=&tu(m @ r)u. (def. of &nr)

The rest of the proof is straightforward.

3. £ is natural in M. Let k : Mg— Ng be a right S-homomorphism. This is also a
right R-homomorphism and we can consider the following diagram:

M&pR S M ®g S
k@Rl lms
N ®g R 2 N ®g S

To see that it commutes, we observe that, for all m € M and all r € R,

(k®S)o&y)(m® )Z(k@S)(m(X)?'“) (def. of &)
=k(m)® (def. of —® S over morphisms)
= &n(k(m ) r) (def. of &)

=(no(k®R))(m®r). (def. of —® R over morphisms)

All the results that we have proved for right firm ring homomorphisms are true for
left firm ring homomorphisms changing the sides on each one of the categories considered.
If we have both conditions, i.e. we have a firm ring homomorphism, then restriction of
scalars provides concrete functors CModg— CModi and DModg—=DModg, but we also
have the category equivalences CModg — DModr and CModg — DModg. The next
proposition will show that in the case of a (left and right) firm ring homomorphism, the
concrete functors and the category equivalences are compatible.

7.3. PROPOSITION. [Compatibility C3] Let " : R—=S be a firm homomorphism between

firm rings. Then, for any Ms € DModsg, the following diagram of R-homomorphisms is
commutative:
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gHomS (Ss,Mg)

Homs(SS,Mg) ®r R Homs(SS,Ms) ®s S
M ®R‘ la'M
HOHIR<RR,MR) ®RR M M

Henceeft oT( = fTe' o EH'.
PROOF. If & € Homg(Ss, Mg) and r € R, then

6/M (gHoms(Ss,Ms) (a®r)) = 5/M(Oé ® 1) (def. of gHoms Ss, Ms))
= a(r) (def. of €)
= Cu(a)(r) (def. of Cu)
= en(Cu(a) ®@7) (def. of ear)
=en((Cu @ R)(a®r)).  (def. of — ® R over morphisms)

7.4. PROPOSITION. The natural transformations & : Tf* = ftT" and  : f*H' = Hf™"
defined in the previous propositions are natural isomorphisms.

Proor. We will prove that &, is bijective for every Mg. Then ( is a natural isomorphism
because of Lemma 6.4.

First we verify that &) is surjective. For allm € M and s € S we can write s = ) . 5,7
because Sg is firm and in particular SR = S. So we have

m®s=m®zsmsz@)smzzm&@h:&w (sti@@m)

in M ®gS. This proves that all m® s are in Im(£,,). Since they are generators of M ®g S,
we conclude that &, is surjective.

Now we show that £y is injective. Using that u,Ear = par, we know that Ker(&y,) C
Ker(ar). But Ker(up )R = 0, so we have Ker(&y7)R = 0. The kernel of a surjective homo-
morphism between firm modules is unitary (by [15, Proposition 10]), so 0 = Ker({y) R =

Ker(&nr). =

8. Main theorem for rings

Now we can prove our main theorem.
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8.1. THEOREM. Given firm rings R and S, there is a bijection between the following sets:
1. The pairs of compatible concrete functors

F: DMOdS—>DMOdR and G : CMOdS—>CMOdR.

2. The pairs of compatible concrete functors

F : sDMod — pDMod and G : sCMod — rCMod.

3. The (left and right) firm ring homomorphisms R—S.
The bijection is given by the restriction of scalars.

PRrOOF. Condition (3) is symmetric, therefore we only need to see the bijection between
(1) and (3). Given a firm ring homorphism f : R— 5, the restriction of scalars provides
the functors f* : DModg — DModg and f* : CModg — CModp such that they form a
compatible pair. The required natural transformations  and £ for this pair are constructed
in Proposition 7.1 and Proposition 7.2, respectively. Conditions C1-C3 are satisfied by
Proposition 7.1, Proposition 7.2 and Proposition 7.3, respectively. Condition C4 follows
from Proposition 6.2. Thus each firm homomorphism induces a pair of concrete functors.

Suppose now that we have a pair of compatible concrete functors F' : DMods—=DModg
and G : CModg — CModg. We are going to make the proof in several steps.

1. If we apply condition C3 to the firm module Ss, ids € Homg(Sg, Ss) and r € R,
then we obtain that

6{S<§Homs(55755)(id5 ® T)) = 55((CS & R)(Ids ® T)) = QS(ldS)(T)

This common value will be called f(r) and the mapping f := (s(ids) : R— S,
which is actually a right R-homomorphism, will be the candidate to be the ring
homomorphism.

2. For every Mg € DModg, m € M and r € R, we are going to prove that mr = mf(r).
(Here mr is the product of m and r in the right R-module F'(Mg).)

Consider the S-homomorphism, X,(m) : Sg — Mg given by X,,;(m)(s) = ms and
the commutative diagram induced by the naturality of ¢’ and &:

Homg(S, XN);(m)) @ R

G(Homg(Ss, Ss)) @ R G(Homg(Ss, Mg)) ®r R
gHoms(Ss,Ss) EHOIHS(SS»]MS)
Homg(S, Xy,;(m)) ® S
HomS(SS, Ss) ®s S Homs(SS, Ms) ®g S
e ey
Apr(m)

Ss Ms.
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We calculate:

mf(r) = Xy (m)(f(r)) (def. of Xy, (m))
= N (M) (€5 (Eroms (55,55) (ids @ 7)) (def. of f(r))

v (Etomg (s¢,015) (A3 (M) @ 7)) (comm. of the diagram above)

= em((Cur ® R)( Ny (m) @7)) (condition C3)

= en(Qu(Xy(m)) @) (def. of (y ® R)

= Qur (A (m))(r) (def. of Ta)

= Arny(m)(r) (condition C1)

=mr. (def. of Apary(m))

3. For every Mg € CModg, m € M and r € R, we are going to prove that mr = mf(r).
(Here mr is the product of m and r in the right R-module G(My).)

Consider the canonical S-isomorphism 7}, : M — Homg(S, M ®g S) given by
Ny (m)(s) = m®s. Applying the naturality of ¢ to n),(m) : Ss— M ®g .S we have
the following commutative diagram:

Homg(S, n},(m))

Homg(S, S) Homg (S, M ®5 S)
Csl lCM@asS
Homp(R, F(8)) ) (R P @5 5).

The commuativity of this diagram over the element idg € Homg(.S,.S) gives

Cuwss (M (m)) = 1y (m) o Cs(ids) = ny(m) o f (3)

because of the definition of f made in step 1. From condition C4 we conclude that
Cuess © G(nyy) = Hompg(R, &ur) © ngary. Then we have

mf(r) = py(m® f(r)) (def. of pfy)
= why (M (M) (f (1)) (def. of mj,(m))
=t (Cuwss (M (M) (7)) (by (3))
= pih(Hompg(R, &ar) (NG any (m)) (1)) (condition C4)
= par (& (e (m)(r))) (def. of Hompg(R, &)
= py (En(m @7)) (def. of mar)
= UG(M)(mer) (condition C2)
=mr. (def. of e )
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4. f is a ring homomorphism. For all r,7" € R we have

flr+7r")=f(r)+ f(r'), (f = ¢s(idg) is a right R-homomorphism)
flrr'y = f(r)r’ (f = ¢s(idg) is a right R-homomorphism)
= f(r)f(r"). (step 2 applied to Ss € DMody)

5. fis aleft and right firm ring homomorphism. We have seen in steps 2 and 3 that the
functors F' and G are the restriction of scalars functors of the ring homomorphism
f, hence Proposition 5.4 (and its symmetric) say that f is a left and right firm ring
homomorphism.

Finally we will prove the one-to-one correspondence. Denote the set in (1) by X and
the set in (3) by Y. Let (F,G) be a pair of compatible concrete functors. By X —Y
it is mapped to the ring homomorphism f = (s(idg). Since F' and G are the restriction
of scalars funtors induced by f, we receive back the pair (F,G) with the map ¥ — X.
Thus the composite X —Y — X is the identity map.

We prove that also the composite Y —=X—Y is the identity map. Let f : R—=S bea
firm ring homomorphism in Y. Tt is mapped to a pair (fT, f*) of compatible restrictions
of f* : MODg — MODg. This pair is mapped to a firm semigroup homomorphism
g := (s(idg). We need to show that f = g. Take r € R. Since R is a firm ring, there exist
ri, i € R such that » = ) 77}, Then

o) = F3_rird) (r=3rir)

= Z:d s(f(r) f(rh) (f is a ring homomorphism)
= i(ids fr))(f(r7) (right S-structure of Homg(Ss, Ss))
= i(ids ) (f () (right R-structure of Homg(Ss, Ss))
= Z Co(ids - 74)(r) (dlef of Cs)
- i(gs(idg)n)(fr;) (Cs is an R-homomorphism)
= Z Cs(idg) (rir)) (R-structure of Homp(Rg, Sk))
= C;(ids)(z rir}) (¢s(ids) is a ring homomorphism)
o) (9 = Cs(ids), r =3, rars)
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9. The category of firm rings
It turns out that firm homomorphisms compose.

9.1. LEMMA. The composition of right (left) firm ring homomorphisms is a right (left)
firm ring homomorphism.

ProOOF. Let f : R— S and g : S — T be right firm ring homomorphisms. The
composition g o f is a ring homomorphism. By Proposition 5.3,

Mr € DModr = ¢*(M7) € DMods — (f* o g*)(Mr) = f*(¢"(M7)) € DModp.

But f*og* = (go f)*, so the implication 3 = 1 in Proposition 5.3 yields that go f is a
right firm homomorphism. Using a symmetric argument, we get the result on the left. m

Clearly, if R is a firm ring, then idg is a firm homomorphism. This allows us to give
the following definition.

9.2. DEFINITION. The category FRng will be the category of firm rings with firm ring
homomorphisms as morphisms.

9.3. THEOREM. The category Ring of unital rings and unital ring homomorphisms is a
full subcategory of the category FRng of firm rings and firm ring homomorphisms. Fur-
thermore, if R is a unital ring and S is a firm ring, then FRng(R, S) # 0 implies S € Ring
and FRng(R, S) = Ring(R, 5).

PRrROOF. The category is a full subcategory due to Remark 4.2 and Proposition 4.4. The
last claim is Proposition 4.3. m

9.4. PROPOSITION. Let S be a firm ring. Then FRng(Z,S) # 0 if and only if S is a
unital ring.

Proor. If S is unital, the map n — nlg is an unital ring homomorphism. Hence it is
firm by Remark 4.2. The converse is true because of Theorem 9.3. ]

This proposition allows us clarify the role of the compatibility conditions in Theo-
rem 8.1. For any firm ring S, taking R = Z we have the forgetful functors

U : DModg — Ab = Modz = DMod; and V : CModg — Ab = Mody = CMody.

If these functors were always compatible, this would be a contradiction between Proposi-
tion 9.4 and Theorem 8.1. To see this, suppose U and V' are compatible, then for any firm
module Mg € DModg and any closed module Ng € CModg, the compatibility conditions
C1 and C2 provide bijections (j; and &y such that (3 o Ny, = Ay and py o €y = un,
but in this case Ay : M —=Homgy(Z, M) and puy : N @7 Z— N are bijections, therefore
Ny and gy, should be bijections. This proves that in this case firm and closed S-modules
are the same, therefore End(S) = End(S) ®s S = 5, so S is unital.
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9.5. PROPOSITION. 0 s a terminal object in the category FRng.

PRrROOF. For any firm ring R, the constant map 0 : R —0 is firm because 0 @z R =0 =
R®pgr0, so FRng(R,0) = {0}. n

10. Examples of firm homomorphisms of rings

We have already proved that the category Ring is a full subcategory of FRng, but we are
going to see some extra properties and examples of firm homomorphisms.

10.1. EXAMPLE. Let I # R be a two-sided ideal of R. Then the inclusion j : [ — R is
not a firm ring homomorphism.

PRrROOF. If it were the case, R=RI C1I,so R=1. n

10.2. PROPOSITION. Let R be a firm ring, I a two-sided ideal of R such that R/I is firm,
then the projection p : R— R/I is a firm homomorphism.

A ring R is said to have local units ([2]) if for every finite subset {ry,...,r,} C R
there exists an idempotent e € R such that er; = r;e = r; for every i € {1,...,n}. Every
ring with local units is firm.

10.3. PROPOSITION. Let R be a ring with local units and S a firm ring with a firm ring
homomorphism f: R—=S. Then S is a ring with local units and its local units are the
images of the local units of R.

PROOF. Let s1,...,s, € S. Since f is firm, for every ¢ € {1,...,n}, there exist
85 Sk € S5y, € Rsuch that s; =37 s} f(rf) =32, f(ry,)sy,. Also, there exists an

s Do
idempotent e € R such that r’ e =1/ and er] =r] for every j;, k;. Hence
Ji Ji ki k; )

5= Y s f0)f@) = sif(e), si= Y FOF(r)sh, = f(e)s.
Ji ks

10.4. PROPOSITION. Let R be a ring with enough idempotents and f : R—= S be a firm
ring homomorphism. Then S is a ring with enough idempotents.

PROOF. As R is a ring with enough idempotents, we can find a set {e; : i € I} of
orthogonal idempotents of R such that o : [[,.; Re; — R given by (rie;)icr —
and 3 : [[,.; eiR— R given by (e;7;)ier = Y _;c; €iTi are isomorphisms.

Using the fact that the tensor functor preserves coproducts and that f is a firm ring
homomorphism, we get the isomorphisms

icr T'i€i

[15®r Re;—S @ || Rei— S ©r R—5,

el el

[[eirorS— [[eiR@rS—R®rS—5,

el i€l
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and the images of each one of the blocks S ®r Re; and ¢;R ®r S in S are Sf(e;) and
f(e;)S. This proves that the set {f(e;) : i € I} is a set of orthogonal idempotents for S.m

For a nonempty set I and a ring R, let M} (R) be the ring of matrices with indices in
I and entries in R such that the number of nonzero entries is finite. If I is an infinite set,
then M¥(R) is a nonunital ring, but it has local units.

10.5. PROPOSITION. Let f : R—= S be a homomorphism of unital rings and I be a
nonempty set. The map f: MF(R)— ME(S) which applies f to all entries of a matriz
s a firm ring homomorphism.

PROOF. For every finite set of matrices X7,..., X,, € M} (S) there exists a matrix E €
MF(S) such that X;E = X; for all i € {1,...,n}. It has finitely many diagonal entries
1s and zeroes elsewhere. Since f(1z) = 1g, E = f(E’) for a similar matrix E' € M¥'(R).
Now it is clear that u is surjective.

Suppose that Y7, Vi f(Xy) = 0, where X, € MF(R) and Y; € MF(S). Let E be as
above. Then

D VioXp=> oXE=) Yif(Xx)@E=00E=0.
k k k
We have shown that ker 1 = 0, so p is bijective and f is a firm homomorphism. [

11. Firm homomorphisms of semigroups

Now we start considering the case of semigroups. From now on, R and S will stand
for semigroups and f : R— S will be a semigroup homomorphism, unless otherwise
stated. To shorten the notation, we often write 7 instead of f(r). Sometimes we will
write - : R— S instead of f: R—= 5.

Similarly to the case of rings, we have the (concrete) restriction of scalars functor

f* : ACtS—>ACtR, AS — AR,

where the R-action on the set A is defined by ar := af(s). Dually we also have a restriction
of scalars functor *f : sAct — rAct.

11.1. DEFINITION. We call a semigroup homomorphism f : R— S right firm if the
act Sg = f*(Ss) is firm. Left firm homomorphisms are defined dually. A semigroup
homomorphism is called firm if it is both right firm and left firm.

We will give a list of examples of (right) firm semigroup homomorphisms in our final
section. Immediately from the definition we have the following result.
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11.2. LEMMA. A semigroup homomorphism f : R—=S, r +— 7, is right firm if and only
if S = Sf(R) and, for all s,t € S and r,p € R,

ST=1tp=—=s®®r=1t®pin S R.

The equality S = Sf(R) means precisely that Sk is a unitary act.

Our aim is to prove the semigroup theoretic analogue of Theorem 8.1. For that we need
the compatibility conditions C1-C4. We define them precisely as for rings in Section 6,
just replacing DModg by FActgz and CModg by CActr. The proofs of Section 6 will go
through for semigroups without any change.

To prove Proposition 12.4 (the analogue of Proposition 5.4), we will need the notion of
a character act and some lemmas about character acts. Let 2 = {0, 1} be a two element
set. For a right S-act Ag we can consider the set 24 = {g| g : A—=2 is a map} as a left
S-act with the action

(s9)(a) = g(as), (4)

s € S, a € A. This act is called a character act of A (cf. [8, Definition 3.12.3]).
This construction gives a contravariant functor Actg — gAct, which takes a morphism
h : Ag— Bg to a morphism —oh : 28 —=24. We call this functor a character functor.

11.3. LEMMA. For every semigroup S, the character functor Actg — gAct reflects iso-
morphisms.

PROOF. Let h : Ags—=Bg be a morphism in Actg. First we prove that if —oh is surjective,
then h is injective. (In fact, this part of the proof is essentially the same as the proof of [8,
Proposition 3.12.4(2)].) Suppose that h(a) = h(a’), where a,a’ € A, but a # o’. Choose
amap g : A— 2 such that g(a) # g(a’). Then there exists a map k : B— 2 such that
ko h = g. Therefore g(a) = k(h(a)) = k(h(a')) = g(a’), a contradiction.

We will also prove that if — o A is injective, then h is surjective. Suppose that h is
not surjective, i.e. there exists an element by € B\ h(A). Define a map ky : B—2 by
k1(b) =1 for every b € B, and a map ks : B—=2 by

1, if b€ h(A),
ka(b) = { 0, if b h(A).

Then ki # ko, but k; o h = ky o h. Thus — o h is not injective, a contradiction. n

11.4. LEMMA. For every firm semigroup S, 2° € gCAct.

Proor. To avoid confusion, in this proof we will write all maps to the left of their
arguments. We need to prove that the map Ags : 25 —= Homg(sS, 2%) defined by

A2s(9)(s)(s) := (sg)(s") = g(s's),

g €2 s, €8, is bijective. Consider the composite

—O0

2S i) 2S®SS = Set(S Rs S, 2) L) HOH15<55, Set(Ss, 2)) = HOHls(SS, 25),
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where Set(A, B) denotes the set of all mappings A— B and o is defined by
a(h)(s)(s) == h(s' ® s),

h € Set(S ®g S,2), s,s € S. Since

(0o (=ous))(g)(s)(s) =a(gonus)(s)(s) = (gous)(s' @s) = g(s's) = Aas(g)(s)(s),

we see that oo (—oug) = Ags. Now — o g is an isomorphism, because pg : S ®gS—=95
is an isomorphism, and o is bijective because of the tensor-hom adjunction

S ®g — - Set(Sg, —) : Set — gAct.

Consequently, Ays is bijective. [

Recall that a category is called balanced if all bimorphisms are isomorphisms (see [1,
Definition 7.49]). A semigroup is called factorisable if S = S2.

11.5. LEMMA. If S is a factorisable semigroup, then the category FActg is balanced.

PRrROOF. Let S be a factorisable semigroup. We know that S ® S is a firm semigroup by
[10, Theorem 2.6]. According to [10, Proposition 4.9], the categories FActs and FActggs
are equivalent. Thus it suffices to prove that FActggg is balanced.

Take a bimorphism h in FActgggs. By [11, Theorem 2.10], h is an extremal monomor-
phism. Since it is also an epimorphism and A = ido h, it must be an isomorphism, proving
that FActggs is balanced.

Recalling that epimorphisms in the category FActg are precisely surjective morphisms
([11, Corollary 1.4]), we can say that surjective monomorphisms must be bijective. [

11.6. LEMMA. [9, Proposition 3.9] Let S be a firm semigroup and Mg a right S-act. Then

1. Mg € FActg if and only if the right S-act homomorphism
ey Homg(Ss, Mg) s S— M, a® s— «a(s)
18 bijective;
2. Mg € CActg if and only if the right S-act homomorphism
Ny : M —=Homg(Ss, M @5 S), m+— (s > m®s)

18 bijective.
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12. Functors between act categories

In this section we study functors between different categories of acts. These results will

be parallel to those in Section 5.
If Xg is an (S, R)-biact and Mp is a right R-act, then the hom-set Hompg(Xg, Mg)
is a right S-act with the action

(9s)(x) = g(s), ()

g € Homg(Xg, Mg), s € S, x € X. If f: R— S is a semigroup homomorphism, then
we have a natural (S5, R)-biact ¢Sg.

12.1. PROPOSITION. Let R and S be firm semigroups and ~ : R—= S a semigroup homo-
morphism. Then

1. Hompg(Sg, —) is a functor from Actg to CActg;
2. Homg(rS, —) is a functor from rAct to sCAct;
3. —®pr S s a functor from Actg to FActs;

4. S ®gr — is a functor from grAct to sFAct.

PROOF. The conditions 2 and 4 are the symmetric conditions to 1 and 3, thus we will
prove only 1 and 3.

Since S is firm, the map pgs : S ®g S—= 5, s ® s’ — s¢, is an isomorphism of right
S-acts. Applying the hom-functor Homg(—, Mg) we see that the map

— O g : HOIHR(SR, MR) _>H0mR(S ®@s SR, MR)

is an isomorphism for every right R-act Mpg. Due to the tensor-hom adjunction we have
the bijection

o : Homg(S ®g Sk, Mg) —= Homg(Ss, Homp(Sgr, MR)), h— (s (s — h(s ® §))).

The composite bijection o o (= o f1g) IS Atomp(Sx,Mmp), Decause

(00 (=omus))(9)(s)(s') = a(gous)(s)(s) (def. of — o pg)
= (gopus)(s®s) (def. of o)
= g(ss) (def. of p)
= (gs)(s) (by (5))
= AHomp(5r.Mp)(9)(5)(5) (def. of Aaomp(sp,Mp))

for all s, € S and g € Hompg(Sg, Mg). Hence Hompg(Sg, Mg) € CActs. We also have
N ®pr S € FActg for every right R-act Ng, because the composite bijection

(N®rS)®sS—N®p(S®sS)—N®pS, (n®s)Rs »n®R(s®s)—»nxss

is precisely jing,s. The rest of the proof is straightforward. ]
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12.2. COROLLARY. If R is a firm semigroup and Mg € Actg, then Homg(Rg, MR) €
CActp and M ®r R € FActp.

Proor. We apply Proposition 12.1 for the homomorphism idg : R— R. [

Let gAg be an (S, R)-biact and gM be a left S-act. We will write the elements of the
hom-set Homg(gAg, s M) to the right of their arguments and equip this set with the left
R-action

(a)(ra) = (ar)a, (6)

a € Homg(sAg,sM),a € A, r € R. The following result is an analogue of Proposition 5.3.

12.3. PROPOSITION. Let R and S be firm semigroups and f : R—=S,r — r, a right
firm semigroup homomorphism. Then

1. the map ps : S ®r R— 5 is not only a right R-isomorphism, but also a left
S-isomorphism;

2. Homg(sSr, —) is a functor from sAct to rCAct;

3. — ®g Sk 15 a functor from Actg to FActy;

4. the functors f*, — ®g Sk : FActs — FActgr are naturally isomorphic.
PROOF.

1. The map ug is bijective because Sg is in FActg, therefore we only need to prove
that it is a left S-homomorphism. If s,t € S and r € R, then we have

(t(s@7r))pus = (ts @ 1) s (left S-action of S ®g R)
= (ts)r (def. of ug)
= t(sr) (associativity of multiplication in )
=1t(s @ 1)us. (def. of ug)

2. Let ¢M be any left S-act. Then

Homg(sSk, sM) = Homg(sSr @ Rg, sM) (sSg is right firm)
=~ Hompg(rRr, Homg(sSkr, sM)) (tensor-hom adjunction)

as left R-acts. The last act is closed by Proposition 12.1(2), hence also the left R-act
Homg (SR, sM) is in gCAct.

3. Let Mg be in Actg. Since ug : S ®g R— 95 is a left S-isomorphism, we have the
composite bijection
(M Rs S) RrR—M ®g (S KR R)—>M®S S,
(MRs)RT—>mE(sr)—»mesr=(mes)r



652 LEANDRO MARIN AND VALDIS LAAN

mapping (m ® s) @ r to m ® sr = (m ® s)r, which is precisely pngss. Thus
M ®g Sk € FActp.

4. If Mg € FActg, then the mapping 1, : M ®g S—= M, m ® s — ms, is bijective. It
is an isomorphism of right R-acts, because

e (M @ $)7) = iy (m @ 57) = m(s7) = (ms)i = gy (m @ s)r
for every m € M, s € S and r € R. It is easy to check that y' is natural in M.

In the following proposition, using the restriction of action we can consider an S-
act Ag also as an R-act Az. We will make a convention to write uy for the mapping
pa, : A®r R— A and p/y for the mapping pa, : A ®s S — Ag. In particular,
ps S ®r R—S and py : S ®g S —= 5. A similar convention is used for the mappings
A4 and X,. The next proposition will give two necessary and sufficient conditions for a
semigroup homomorphism to be right firm in terms of restricting certain restriction of
scalars functors.

12.4. PROPOSITION. Let R and S be firm semigroups and f : R—=S, r +— 7, a semigroup
homomorphism. The following conditions are equivalent.

1. f: R—= S is a right firm semigroup homomorphism.

2. For every sM € sCAct, *f(sM) € rCAct, so the restriction of scalars is a concrete
functor from sCAct to rCAct.

3. For every Mg € FActg, f*(Ms) € FActgr, so the restriction of scalars is a concrete
functor from FActg to FActp.

PROOF. (1 = 2). Let ¢M be in gCAct, that is, N}, : sM — Homg(sS, sM) is a left
S-isomorphism. Applying the restriction of scalars functor *f : gAct — gAct we see
that X, : kM — Homg(sSg, sM) is a left R-isomorphism, and so is Homg(gR, \},).
Moreover, the diagram
AM
RM HOH]R(RR, RM)

" ‘
)\Hom Sr,sM
Homg(sSgr, sM) aSms i) Hompg(rR, Homg(sSgr, sM))

‘ Hompg(rR, N))

in pAct commutes, because A : 1 o = Hompg(gR, —) is a natural transformation. The
lower arrow is bijective because of Proposition 12.3(2) (since Homg(sSg, sM) € grCAct),
so the upper arrow \y; must also be bijective and therefore p M is in rCAct.
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(2 = 1). We consider the character act 2° as a left S-act, which is closed by
Lemma 11.4. We need to prove that us : S ® g R— 9 is bijective. By Lemma 11.3
it suffices to show that the mapping

— o g 25@_25®RR

is bijective. Note that this mapping is the composite

R (2S> &S_> HOII]R<RR, 25) = HOIHR(RR, Set(SR, 2)) L) Set(S Xr R, 2) = 25®RR7
where 7 is defined by
T(h)(s @r) = h(r)(s)

for all h: RR—Set(Sg,2), s € S, r € R. Indeed, for every g € 2%, s € S and r € R, we
compute

(ToXas)(g)(s®@7) =7(Aas(g))(s®@7) (composition of maps)

= Aas(g)(r)(s) (def. of 7)

= (rg)(s) (def. of Aps)

= (rg)(s) (left R-action of 2°)

= g(s7) (by (4))

= g(sr) (right R-action of Sg)

= (gous)(s®@r), (def. of ug)

SO T 0 \gs = — o jig. By the assumption, 2° € rpCAct, and hence s is bijective. The

mapping 7 is bijective because of the adjunction
S ®p — - Set(Sg, —) : Set — rAct.

It follows that — o ug is bijective, as needed.
(1 = 3). Let Mg be in FActg. Since p1: — ®@r R = 1ac, is a natural transformation,
the square

M ®sS®n R fiMes M ®g S
/LIM®Rl ‘UIM
M &gp R i M

commutes. The vertical arrows are bijective because 1y, is a bijection. The upper arrow
is bijective because of Proposition 12.3(3) (M ®g Sg € FActg), so the lower arrow jup is
also a bijection and therefore My is in FActg.

(3 = 1). If we apply condition 3 to the semigroup S that is a firm right S-act, we get
that Sg is in FActy and therefore the homomophism f is right firm. ]
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As an application of this proposition we point out the following. Suppose that J is
a firm ideal of a firm semigroup S such that the inclusion mapping j : J — S is right
firm. Proposition 12.4 asserts that the restriction of scalars functor j* preserves firmness.
By [18, Theorem 3.1], the categories FActs and FAct; are equivalent. In other words: the
semigroups S and J are Morita equivalent.

13. Compatibility conditions for semigroups

If f: R— 95 is a firm semigroup homomoprphism between firm semigroups, then by
Proposition 12.4 and its dual the restriction of scalars funtor f* : Actg — Actp restricts
to functors

ft :FActg—>FActzp and f~:CActg—> CActp.

In this section we will show that (f*, f*) is a pair of compatible concrete functors.

13.1. PROPOSITION. [Compatibility C1] Let R and S be firm semigroups. Suppose that
f:R—=S8,r — 71, is a left firm semigroup homomorphism and let Mg be in Actg. Then,
in the category CActr, we have a right R-homomorphism

Cuv : Homg(rSs, Mg) — Homp(gRr, Mg),

natural in M, such that the following diagram is commutative:

Cm
HomS(RSg, MS) — HomR(RRR, MR)

M.

Furthermore, if we apply this construction to Mg = Sg, we get
CS : HomS(SS, SS) — HOHIR<RR, SR)
and (s(idg) is precisely the semigroup homomorphism f.

PROOF. Using the dual of Proposition 12.3(2) we know that the acts Homg(gSs, Mgs) and
Hompg(rRg, Mg) are in CActg.
Let o € Homg(grSs, Mg). We define a map (y(«) : R—= M by

Cu(@)(r) = a(r). (7)

With this definition, the last claim of the proposition is trivial because (g(idg)(r) =
idg(7) = f(r) for all » € R. Also, the triangle is commutative because, for every m € M
and r € R,

(Car 0 Xy)(m)(r) = Cu(Xyy (m))(r) = Xy (m) (7) = mt = mr = Ay (m)(r).
We still have to check the following properties of (j;.
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1. (y () is a right R-homomorphism. For every u,r € R,

Cu (@) (ru) = a(m) = a(ru) = a(r)i = Cu(a)(r)u.

2. ( is a right R-homomorphism. For every o« € Homg(rSs, Mg), r,u € R we have

Cu(ar)(u) = (ar)(d) (def. of (pr)
= a(ru) (R-action of Homg(grSs, Ms))
= a(Fd) (" preserves multiplication)
= Cula)(ru) (def. of Cu)
= (Cu(a)r)(u). (right R-action of Homg(rRgr, Mg))

This proves that (y(ar) = (y(a)r for all » € R and all & € Homg(rSs, Ms).

3. (y is natural in M. Let k : Mg —= Ng be a morphism in Actg. For every a €
Homg(rSs, Ms) and r € R we have

Homp(r B, k)(Cur(@))(r) = (ko Cur(a))(r) (def. of Homp(rRR, —))
= k(Cu(a)(r)) (composition of maps)
= Ka() (def. of Cur(a)
— Cu(ka)(r) (def. of Cy (ka))
= (n(Homg(gSs, k)(a))(r). (def. of Homg(rSs, —))

13.2. PROPOSITION. [Compatibility C2] Let * : R—= S be a right firm semigroup ho-
momorphism between firm semigroups and let Mg € Actg. Then we have a right R-
isomorphism &y - M ®r R— M ®g S natural in M such that the following diagram is

commutative:

M®RR—>M®S

ProOF. By Corollary 12.2 and Proposition 12.3(3), respectively, we know that M ®g R
and M ®g S are in FActg. We define £y : M ® g R— M ®g S by

Eu(mer)=m®r.
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To see that &y, is well defined we note that the mapping
Eu:MxR—M®sS, (mr)—mer

is R-balanced, because

Eu(m,ur) =m @' =m @ wr = mi @7 = mu @ = &y (mu, )

for all m € M and u,r € R. The triangle is commutative because, for every m € M and
re R,

(hr @ Ear)(m @ 1) = piyy(m @ 7) = mit = mr = py(m ).
We still have to check the following properties of &,;.

1. &y is a right R-homomorphism. For any m € M and r,u € R we have

Ev((me@r)u) = Ey(m @ ru) (right R-action of M ®g R)
=meTrd (def. of &u)
=m®ru (" preserves multiplication)
=(m®rr)u (right S-action of M ®g 5)
=(m®7r)u (right R-action of M ®g S)
=&u(m e r)u. (def. of &nr)

2. & is natural in M. If k : Mg — Ng is a morphism in Actg and m ® r € M ®p R,
then
((k®ids) o &u)(m@r) = (k®ids)(m ®@7) =k(m) @ =E{n(k(m) ®7)
= (fN e} (k‘ X ZdR))(m (%9 T).

Alternatively, Proposition 13.2 could be formulated as follows: if R and S are firm
semigroups and f : R —= S is a right firm homomorphism, then the functor — ®g Sk :
Actg — FActp is naturally isomorphic to the composite functor

* — R
Acts < Actp =258 FAct.

13.3. PROPOSITION. [Compatibility C3| Let * : R—= S be a firm semigroup homomor-
phism between firm semigroups. Then, for any Mg € FActg, the following diagram of
R-homomorphisms is commutative:

gHomg(Ss,Ms)

Homg(Ss, Ms) ®p R Homg(Ss, Mg) ®s S
M ®Rl le’M
HOHIR(RR,MR) ®RR M M

Hence eft oT( = fte' o EH'.
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PROOF. Note that ) is defined by €/(8 ® r) = B(r), and €', is defined in Lemma 11.6.
Let o € Homg(Ss, Ms) and r € R. Then we have

6/M (gHoms(S&Ms)(O‘ ®r)) = 6%/[(@ ®7) (def. of gHoms(SsyMs))
= a(r) (def. of &)
= Cu(a)(r) (def. of Car)
=em(Qula) ®r) (def. of &)
=en((Cy @ R)(a®r)).  (def. of — ® R over morphisms)

13.4. PROPOSITION. The natural transformations & : Tf* = f*T" and ( : f*H' = HfT
defined in the previous propositions are natural isomorphisms.

Proor. We will prove that &, is bijective for every Mg. For all m € M and s € S we can
write s = §'7 for some s’ € S and r € R, because Sg is firm and in particular SR = S.
So, in M ®g .S, we have

ms=m®esr=ms Qr ==& (ms Qr).
This proves that &, is surjective.

Suppose that {y(my @ r1) = Ey(me @ 12), where my, mg € M and 71,79 € R. Then
my @71 =me ®79 in M ®g.S. Applying the mapping py, we obtain my7; = mors in M.
Then, for every r € R,

(M @r)r =my @rir =miry @ r = mala @ T = My @ ror = (Mg @ ro)T

in M ®g R. By [11, Theorem 2.10], £, is a monomorphism in FActg. As a surjective
monomorphism, it must be an isomorphism due to Lemma 11.5.

Finally, ¢ is a natural isomorphism because of the semigroup theoretic analogue of
Lemma 6.4. n

14. Main theorem for semigroups

We define pairs of compatible concrete functors similarly to the case of rings and we prove
that they are in one-to-one correspondence with firm homomorphisms.

14.1. DEFINITION. Let R and S be firm semigroups. A pair of compatible concrete
functors is a pair of concrete functors

F : FActg—=FActp and G : CActg— CActp
which satisfies compatibility conditions C1-C}.
Recall that if Mg is a right S-act, then Homg(Ss, Mg) is a right S-act with the action

(hs)(t) := h(st), (8)
h € Homg(Sg, Mg), s,t € S. Also Homg(Rg, F(M)g) is a right R-act with a similarly
defined action. The main theorem for semigroups is the following.
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14.2. THEOREM. Given firm semigroups R and S, there is a bijection between the fol-
lowing sets:

1. The pairs of compatible concrete functors

F : FActg—=FActp and G : CActg— CActp.

2. The pairs of compatible concrete functors

F : gFAct — gFAct and G : gCAct— pCAct.

3. The firm semigroup homomorphisms R—S.
The bijection is given by the restriction of scalars.

PROOF. The condition (3) is symmetric, therefore we only need to see the bijection be-
tween (1) and (3). Let f : R—=S be a firm semigroup homomorphism. By Proposi-
tion 12.4, we have a concrete functor f* : FActg — FActr and by its dual we have a
concrete functor f* : CActg — CActgr. The compatibility conditions have been verified
in our previous propositions.

Conversely, suppose we have a pair of compatible concrete functors F' : FActs—=FActgr
and G : CActg — CActr. We will give the proof in several steps.

1. If we apply the compatibility condition C3 to the firm act Ss, ids € Homg(Ss, Ss)
and r € R, then we obtain that

Té(fHoms(Ss,Ss)(idS ® T)) = TS((CS ® R)(Ids ® T)) = CS('dS)(T)

(Observe that idg = G(idg), 76 = F(1§) and Sg = F(S)g, because F' and G
are concrete functors.) This common value will be called f(r) and the mapping
f = (s(ids) : R—= S (which is actually a right R-homomorphism) will be the
candidate to be the firm semigroup homomorphism.

2. For every Mg € FActg, m € M and r € R, we are going to prove that mr = mf(r).

Consider the S-homomorphism X,(m) : S¢ —= Mg given by X),;(m)(s) = ms and
the commutative diagram induced by the naturality of ¢’ and &:

Homg(S, XN);(m)) @ R

G(Homg(Ss, Ss)) @ R G(Homg(Ss, Mg)) ®r R
gHoms(Ss,Ss) gHomS(SS»MS)
Homg(S, Xy,;(m)) ® S
HomS(SS, Ss) ®s S Homs(SS, Ms) ®g S
e ey
Apr(m)

Ss Ms.
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We calculate:

mf(r) = Xy (m)(f(r)) (def. of Xy, (m))
= N (M) (€5 (Eroms (55,55) (ids @ 7)) (def. of f(r))

v (Etomg (s¢,015) (A3 (M) @ 7)) (comm. of the diagram above)

= en((Cur @ R) (N (m) @ 7)) (condition C3)

= en(Qu(Xy(m)) @) (def. of (y ® R)

= Qur (A (m))(r) (def. of ey)

= Arny(m)(r) (condition C1)

=mr. (def. of Apary(m))

3. For every Mg € CActg, m € M and r € R, we are going to prove that mr = mf(r).

Consider the canonical S-isomorphism 7}, : M — Homg(S, M ®g S) given by
ny(m)(s) = m ® s. Applying the naturality of ( to the morphism 7),(m) :
Ss— M ®g S in FActg we obtain the commutative diagram

Homg (S, 1, (m))

Homg (S, S) Homg (S, M ®g 5)
Cs‘ ‘CM®SS
Homp(R, F(8)) 2t ) (R F(M @4 5)) |

The commuativity of this diagram over the element idg € Homg(.S,S) gives

Cuwss (M (m)) = 1y (m) o Cs(ids) = ny(m) o f (9)

because of the definition of f made in step 1. From condition C4 we know that
Cumsss © G(1y,) = Hompg(R, &ar) 0 neary. Then we have

mf(r) = py(m® f(r)) (def. of ply)
= i (M (M) (f(r))) (def. of 1y, (m))
= s (Cuess(nh (m))(r)) (by (9))
= pyr(Homp (R, &) (naary (m))(r)) (condition C4)
=t (Enr (e (m)(r))) (def. of Hompg(R,&um))
=y (Epu(m 7)) (def. of n)
= peon(mer) (condition C2)
=mr. (def. of pgan)
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4. f is a semigroup homomorphism. For all r,r" € R we have

frr")y = f(r)r (f = (s(idg) is a right R-homomorphism)
= f(r)f(r"). (step 2 applied to Sg € FActg)

5. f is a firm semigroup homomorphism. We have seen in steps 2 and 3 that the
functors F' : FActg — FActr and G : CActg — CActy are the restriction of scalars
functors of the semigroup homomorphism f. Hence Proposition 12.4 and its left-
right dual version say that f is a left and right firm semigroup homomorphism.

Finally we prove the one-to-one correspondence. Denote the set in (1) by X and the
set in (3) by Y. Let (F,G) be a pair of compatible concrete functors. By X —Y it is
mapped to the semigroup homomorphism f = (s(ids). Since F' and G are the restriction
of scalars funtors induced by f, we receive back the pair (F,G) with the map ¥ — X.
Thus the composite X — Y — X is the identity map.

We prove that also the composite Y — X —Y is the identity map. Let f: R—= S
be a firm semigroup homomorphism in Y. It is mapped to a pair (F,G) of compatible
restrictions of f* : Actg—=Actg. This pair is mapped to a firm semigroup homomorphism
g := (s(ids). We need to show that f = g. Take r € R and factorise it as r = r1ry where
r1,72 € R. (Since R is firm, it is also factorisable.) Then

f(r) = flrir) (r=rirs)
=ids(f(r1)f(r2)) (f is a semigroup homomorphism)
= (ids - f(r1))(f(r2)) (by (8))
= (idg - 1) (f(r2)) (right R-action of Homg(Ss, Ss))
= (s(idg - 71)(r2) (by (7))
= (Cs(idg)r1)(12) (¢ is an R-homomorphism )
= (s(idg)(ri79) (R-action of Hompg(Rg, Sg))
=g(r). (9 = Cs(ids), r =rirs)

15. The category of firm semigroups

Obviously, the identity morphism idg of a semigroup S is right firm (or firm) if and only if
S is firm. To obtain a category, we must show that right firm homomorphisms compose.

15.1. LEMMA. The composition of right (left) firm semigroup homomorphisms between
firm semigroups is a right (left) firm semigroup homomorphism.
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PrROOF. Let f: R— S and g : S —T be right firm semigroup homomorphisms. The
composition go f : R—T is a semigroup homomorphism. By Proposition 12.3,

MT c FACtT — g*(MT) c FACtS =54 (f* og*)(MT) = f*(g*(MT)) c FACtR.

But f*og* = (go f)*, so the implication 3 = 1 in Proposition 12.3 yields that go f is a
right firm homomorphism. Using a symmetric argument, we get the result on the left. =

This lemma means that we may consider a category, where objects are all firm semi-
groups and morphisms are right firm (or left firm, or firm) homomorphisms. This category
will be considered in the next theorem.

15.2. THEOREM. The category of monoids (with monoid homomorphisms) is a full sub-
category of the category of firm semigroups with right firm semigroup homomorphisms.

PROOF. Suppose that R and S are monoids and f : R— S is a monoid homomorphism.
Then, clearly, S = Sf(R), and sf(r) = s'f(r') implies

sr=srR1p=s5f(r)@1lrg=5f(r'Y@1p=r"@1p =5 @1

in S®gR forall s,s" € Sand r,r € R. By Lemma 11.2, f is a right firm homomorphism.
Thus the category of monoids is a subcategory of the category of firm semigroups.

To prove that it is a full subcategory, consider monoids R and S and a right firm
semigroup homomorphism f : R —S. We have to check that f(1g) = 1lg. In order
to prove that, notice that 1g € S = Sf(R), so there exist » € R and s € S such that
1lg = sf(r). Therefore we have

ls =sf(r) =sf(rlg) = sf(r)f(1r) = 1sf(1r) = f(1r).

Different sources define a reflective subcategory A of a category B in different ways.
Some of them (like [3, Definition 3.5.2]) require A to be a full subcategory of B, some
(like [13, page 91] or [1, Definition 4.16]) do not. In our situation we obtain a reflective
subcategory which is full.

15.3. COROLLARY. The category of firm semigroups with right firm semigroup homomor-
phisms is a full reflective subcategory of Mon.

PROOF. For every firm semigroup R we can consider the monoid R! with externally
adjoined identity 1 and the inclusion mapping ¢ : R—= R!'. If f : R—= S is a right firm
semigroup homomorphism, then putting g(1) := 1g and g(r) := f(r) for every r € R
we obtain a monoid homomorphism g : R' —= S, which is right firm by Theorem 15.2.
Clearly gt = f and g is unique with this property. n
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16. Examples of firm homomorphisms

In this section we will give some examples of firm homomorphisms between semigroups.
We will use Lemma 11.2 for checking right firmness.

16.1. EXAMPLE. Every bijective semigroup homomorphism f : R — .S between firm
semigroups is firm.

Due to surjectivity, S = SS = Sf(R). Now suppose that sf(r) = s f(r'), where
s,s € S and r,r" € R. Using surjectivity, we can find r,7e € R such that s = f(rq)
and s" = f(ry). Since f is a semigroup homomorphism, we have f(r;r) = f(ror’), and
injectivity of f yields rr = ror’. Using that R is firm, we conclude that 1 @ r = ry ® 7/
in R ®r R. Applying the mapping f ® R : R®r R— S ®r R we obtain the equality
f(r1)®@r = f(rs) @7 in S ®g R, which is precisely s @ r = ' ® 1, as needed. Thus f is
right firm. A dual argument shows that it is left firm.

16.2. EXAMPLE. Consider the semigroup S = (Z,+) and its subsemigroup R = IN =
{1,2,...}. It is shown in [18, Example 3.1] that the act Zy (with the action (a,n) — a+n)
is firm. Therefore the inclusion mapping f : IN—7 is a firm semigroup homomorphism.

16.3. EXAMPLE. If R is a monoid which is a subsemigroup of a semigroup S and S = SR,
then the inclusion mapping f : R— S is right firm. Indeed,

sr=51" = s@r=srlp=srlg=5s 1

in S ®R R.
For example, if R is any monoid and T is any semigroup, then we obtain a semigroup
with such properties if we take S := T LI R, define

rt =1tr =t
for all r € R, t € T, and preserve the multiplication of R and T'.
16.4. EXAMPLE. Let R be a semigroup with common weak right local units, i.e.
(Vr,r" € R)(3u € R)(r =ru and ' =7r'u).

(For example, (Z, min) is such a semigroup.) Then every surjective homomorphism f :
R— S is right firm. Since R is factorisable, also S' is factorisable, and hence S = 5SS =
Sf(R). If sf(r)=sf(r") and u is as above, then

sr=s@ru=sfr)Qu=sfr')ou=srv=sor
inS®RR.

16.5. EXAMPLE. Let S = ({2,3,4,...},-) and let R = S? be the subsemigroup of positive
composite numbers. Since 2 € S\ SR, we have S # SR and the inclusion mapping
f: R— S is not firm.

The next proposition allows to produce firm semigroup homomorphisms from a monoid
homomorphism. It is a semigroup theoretic version of Proposition 10.5.
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16.6. PROPOSITION. Let f: R—=5 be a monoid homomorphism. Take some nonempty
sets I, A and consider the semigroup R =1 X R x A with the multiplication

(i, r, N (@ ' N = (4, ", N).
and a similar semigroup S = I x S x A. The mapping
f:R—=S, (i,r,\) = (i, f(r),\)

s a firm semigroup homomorphism.

PROOF. Note that R and S are Rees matrix semigroups whose sandwich matrix has the
identity element of a corresponding monoid at each position.
Now S = Sf(R), because, for every (i,s,\) € S,

(1,8, \) = (i, 815, \) = (4,8, \) (4, 15, \) = (4,8, \) f(4, 1g, N).

To prove that Hs. is injective, we suppose that (i,s,\)f(j,m, k) = (¢, N)f(5', 7", k),
ie. (i,sf(r),k) = (i',s'f(r"),r"). Theni =i, k= r"and sf(r) = s'f(r'"). In S @5 R we
compute:

(1,8, \) ® (4,r, k) = (1,8, \) @ (J,7, k) (i, Lr, K)
= (4,8, A)(J, f(r), k) @ (i, 1r, K)
@Sf() k) @ (i, 1R, k)
r ® (i,1g, k')

(é

(¢, s

= (
= (7, S’f( ), 1)

(@, ', V(G F(r), 6) @ (i, 1g, K)

(@’75’,X) ( () K0 1r, K)

= (i ) ®

Observe that if either I or A has more than one element, then R and S are not monoids.

16.7. EXAMPLE. Let R be a left zero semigroup (i.e. a semigroup satisfying the identity
2y = x). Consider the semigroup S := R? obtained from R by adjoining an external zero
0. We will prove that the inclusion mapping f : R— S is right ﬁrm

The equality S = SR is rather clear. Suppose that sr = s/, where s,s" € S and
r,r" € R. We have three possibilities.

1. If s € R, then also s’ € R and, moreover, s = s’. Hence, in S ®y R,
SRIr=8sAr=s5Rsr=ssr =ssr' =5sdr =5 .

2. If ' € R, then a similar argument works.
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3. If s, ¢ R, then s =s' =0 and in S ®r R we have

0Rr=0rr=0xrr =0 =0rr =07

Therefore f is right firm.
We will also show that f is not left firm if R contains at least two different elements
r and r’. We have the equality 0 = r’0. Suppose that r® 0 =7"® 0 in R ®r S. Then

ro= ru w0 = vis
U1 = TU2 U281 = U252
/
TnUp = T Up41 Un+1Sn = 0

for some r; € R, s; € S and wu;,v; € R'. Since R is a left zero semigroup, we conclude
that r =ry =1y = ... =1, =1/, a contradiction. Therefore f is not left firm.

With the help of Example 16.7 we can construct examples of right firm ring homo-
morphisms that are not left firm.

16.8. EXAMPLE. Consider the two element left zero semigroup R = {7,732}, that is,
riry = rre = 11 and rorg = rory = ro. It is the same semigroup that we have in
Example 16.3. Let the semigroup S = R° be obtained from R by adjoining an external
zero 0. Consider the inclusion mapping f : Z[R] — Z[S] of semigroup rings. We will
prove that f is right firm. If a7y + agre + a30 € ZI[S| (a1, as, a3 € Z), then

airy + asrs + az0 = ayryry + agrery + az0ry = (agry + asre + az0)ry,

proving that Z[S] = Z[S] - Z[R]. Suppose that ), z;y; = 0 in the module Z[S]zr, where
x; € Z[S] and y; € Z[R]. Then

Z(xz ®yi) = Z(l’z ®y;r1) = Z(fb’zyz ®r) = Z(Sﬁzyz) @ri=0®r =0

K3 K3 (3 7

in the tensor product Z[S] ®zg Z[R]. Thus f is a right firm homomorphism of rings.
We will prove that f is not left firm by showing that the mapping

v:Z[R| @z Z[S| —Z[S], y®@x— yx

is not injective. Note that v(1r; ® 10) = (1r1)(10) = 10 = (1r3)(10) = v(1r; ® 10) in the
left module 7 Z[S]. It suffices to show that 1r; ® 10 # 1r, ® 10 in the tensor product
Z(R) @zym Z15).

To this end we consider the tensor product R ®g S of the R-acts Rr and rS and the
free abelian group Z"®75 on the set R ®p S. A straightforward verification shows that
the mapping

52 Z[R] X Z[S] —>Z(R®RS) , (Z a;r;, Z bij) —> Zaibj(ri & Sj)
i J ,J
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is Z[R]-balanced. By the universal property of the tensor product there exists an abelian
group homomorphism ¢: Z[R] ®zg Z[S] — ZF®r9) such that ¢(y ® z) = @(y, ) for
every y € Z[R] and x € Z[S]. In particular,

¢(17"1 & 10) = ¢(17’1, 10) =T & 0 7é T2 X 0= ¢(17"2, 10) = (b(lT'Q X 10)

where the inequality is shown in Example 16.7. Hence the needed inequality 1r; ® 10 #
1ry ® 10 follows.
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