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CATEGORICAL-ALGEBRAIC PROPERTIES OF
LATTICE-ORDERED GROUPS

ANDREA CAPPELLETTI

ABSTRACT. We study the categorical-algebraic properties of the semi-abelian variety
{Grp of lattice-ordered groups. In particular, we show that this category is fiber-wise
algebraically cartesian closed, arithmetical, and strongly protomodular. Moreover, we
observe that ¢Grp is not action accessible, despite the good behaviour of centralizers of
internal equivalence relations. Finally, we restrict our attention to the subvariety ¢Ab
of lattice-ordered abelian groups, showing that it is algebraically coherent; this provides
an example of an algebraically coherent category which is not action accessible.

1. Introduction

A lattice-ordered group is a set endowed with both a group structure and a lattice structure
such that the underlying order relation is invariant under translations. In other words, a
lattice-ordered group can be defined as an algebraic structure of signature {-,e,”*, Vv, A}
satisfying the axioms of groups, the axioms of lattices, and the axioms related to the dis-
tributivity of the group product over both the lattice operations. Therefore, the category
of lattice-ordered groups (denoted by ¢Grp) can be presented as the variety of models
associated with the equational theory just described.

Recently, lattice-ordered groups have emerged in many areas of mathematics. For in-
stance, in the study of many-valued logic (as shown in [Mundici, 1986], the category of
lattice-ordered abelian groups with a distinguished order-unit is equivalent to the one of
MV-algebras, which provides algebraic semantics for Lukasiewicz many-valued proposi-
tional logic [Cignoli et al., 2013]), in the theory of Bézout domains, in complex intuition-
istic fuzzy soft set theory, and in varietal questions in universal algebra.

Although the notion of lattice-ordered groups is as natural as that of rings or partially
ordered groups (it suffices to say that examples of lattice-ordered groups include the set
of integers Z, the set of rational numbers Q, and the set of real numbers R with the usual
group sum and the usual order structure), there are currently no studies about this variety
from a categorical point of view. The purpose of this work is precisely to explore these
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aspects.

A first observation is that the category of lattice-ordered groups is semi-abelian. In a
similar way to how abelian categories describe the properties of the categories of abelian
groups and of modules over a ring, the notion of semi-abelian category is aimed at cap-
turing the main algebraic properties of the category of groups. Briefly, a semi-abelian
category [Janelidze et al., 2002] is a pointed finitely cocomplete category which is Barr-
exact [Barr, 1971] and protomodular [Bourn, 1991] (protomodularity, in this context, is
equivalent to the Split Short Five Lemma). Examples of semi-abelian categories include,
for instance, groups, rings without unit, loops, Lie algebras, Heyting semilattices, etc.
However, the notion of semi-abelian category is not as efficient in capturing the proper-
ties of groups as the one of abelian category is with respect to abelian groups and modules.
Therefore, additional categorical-algebraic conditions have been introduced over the years
to get closer to a characterization of the structural properties of the category of groups;
among these, one can mention representability of actions [Borceux et al., 2005], algebraic
coherence [Cigoli et al., 2015a], and strong protomodularity [Bourn, 2000]. This paper is
aimed at studying which of these properties hold in the category of lattice-ordered groups.

In Section 2 we recall some classical facts about lattice-ordered groups and we focus
on the notion of semi-direct product in ¢Grp.

In Section 3 we study the nature of commutators in /Grp and we show that every sub-
object admits a centralizer, which coincides with the classical notion of polar; moreover,
we prove that ¢Grp is algebraically cartesian closed.

In Section 4 we give an alternative proof of the known fact that ¢Grp is arithmetical
using the observation that the only internal group object is the trivial one.

In Section 5 we show that ¢Grp is strongly protomodular; this property implies that,
among other things, the commutativity of internal equivalence relations in the Smith-
Pedicchio sense [Pedicchio, 1995] is equivalent to the commutativity in the Huq sense
[Huq, 1968] of their associated ideals. Moreover, we observe that in ¢Grp every internal
equivalence relation admits a centralizer and we provide a description of it.

Section 6 is devoted to the study of action accessibility, a property related to the exis-
tence of centralizers of internal equivalence relations; here we observe that, despite {Grp
is not action accessible, there is a construction of centralizers which is very close to the
one developed in [Bourn and Janelidze, 2009] for the action accessible category of rings
without unit.

Section 7 is aimed at proving that the category of lattice-ordered groups is fiber-wise
algebraically cartesian closed (i.e. each category of points in ¢Grp is algebraically cartesian
closed); in detail, we show that in the categories of points in /Grp every subobject admits
a centralizer, and we provide a description of it.

In Section 8 we study the properties of the Higgins commutator in ¢/Grp; in particular,
we prove that (Grp satisfies the condition of normality of the Higgins commutators show-
ing that the Huq commutator of a pair of ideals (i.e. kernels of some arrows) is nothing
more than the intersection of the two subobjects.

Finally, in Section 9, we focus our attention on the study of the categorical-algebraic
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properties of the variety of lattice-ordered abelian groups (denoted by ¢Ab). To be precise,
we show that ¢Ab is algebraically coherent; this condition implies several algebraic proper-
ties (such as, for example, strong protomodularity, normality of the Higgins commutator,
and the so-called “Smith is Huq” condition). Furthermore, we observe that the category
of lattice-ordered abelian groups provides an example of an algebraically coherent cate-
gory that is not action accessible (thus partially solving the Open Problem 6.28 presented
in [Cigoli et al., 2015a]).

2. Preliminaries

In this section, we recall the notion of lattice-ordered group. Roughly speaking, a lattice-
ordered group is a set endowed with a group structure and a lattice structure such that
the group operation is distributive with respect to the lattice operations.

2.1. DEFINITION. A lattice-ordered group is an algebra (X, -, e, (—)~1, V) where:
LG1) (X, e (=)7") is a group;

LG2) (X,V) is a semilattice (i.e. V is a binary, associative, commutative and idempotent
operation on X );

LG3) for every x,y,z € X the following equalities hold

r-(yVz)=(rx-y)V(x-z) and
(Vy)-z=(z-2)V(y-2).

A morphism  between two lattice-ordered  groups (X,-,e, (=)7L, V) and
(Y, e, (=)', V) is a map f: X — Y such that f is both a group homomorphism be-
tween (X, -, e, (=)7Y) and (Y, -, e, (=)7Y) and a semilattice homomorphism between (X, V)
and (Y, V).

The category (Grp is the category whose objects are the lattice-ordered groups and whose
arrows are the morphisms between them.

Many fundamental algebraic structures naturally admit the structure of lattice-ordered
groups. In particular, the set of integers Z, the set of rational numbers Q, and the set
of real numbers R with the usual group sum and the usual order structure are lattice-
ordered groups. Moreover, given a totally ordered set I' we can provide a lattice-ordered
group structure on the set of order automorphisms Aut(I'): for every f,g € Aut(I') the
group product is defined as the composition f o g, and (f V g)(x) = max(f(z), g(x)) for
all z € T'. For these and further examples see e.g. [Kopytov and Medvedev, 2013] and
[Anderson and Feil, 2012].

Given a lattice-ordered group X, we typically denote an algebra by its underlying set.
In our notation, we will use xy instead of z -y as usual. Furthermore, we will assume that
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the product operation precedes the lattice operation. Therefore, we will write zy V z to
mean (zy) V z.

In the literature, lattice-ordered groups are usually presented as algebras on the set
of operations {-,e,(—)"!,V, A} satisfying the group axioms, the lattice axioms and the
axioms related to the left and right distributivity of the group operation over both lattice
operations. However, in this paper, we have preferred a presentation that does not directly
involve the meet operation in order to reduce the number of operations to deal with. In
fact, starting from Definition 2.1 it is always possible to define, in a unique way, the
meet operation. To show this, we are about to cite and prove several well-known results,
that can be found, for example, in [Birkhoff, 1942], [Kopytov and Medvedev, 2013], and
[Anderson and Feil, 2012]. Given a lattice-ordered group (X, -, e, (=)', V), since (—)7!
is an isomorphism of groups between (X, -, e, (—)™!) and (X, -°P e, (—)7!), it immediately
follows that defining

Ay =@ tvy )
makes (X,-Pe,(—)"' A) a lattice-ordered group, which implies that also

(X, e, (=)t A) is a lattice-ordered group. Moreover, (X, V,A) is a distributive lattice.
To prove this, we start by observing that the identity

alx Ay)~tb = (az™'b) V (ay'b) (2.1)

holds. This is immediate since a(z A y)~'0 = a(z™' Vy=1b = (az™'b) V (ay~'b). The
identity (2.1) implies (setting a = x and b = y) that

vz Ay)ly=aVy, (2.2)

z=(zVyly (zAy) (2.3)

To prove that (X, V,A) is a lattice, we observe that a V b = b if and only if a A b = a.
In fact, note that if a Vb = b, then a = (a Vb)b~'(a Ab) = b(b=*(a Ab)) = a A b, and
if aAb=a, thenb = (bVa)at(bAa) = (bVa)ata = bV a Finally, to show the
distributivity, we recall the well-known fact that a lattice is distributive if and only if the
implication

[xAb=yAband zVb=yVb — z=1y
holds. This is true because if t Ab=y Aband xV b=y Vb, then, by the identity (2.3),
we get x = (x VD)o H(z Ab) = (yVb)b(yAb) =y.
Moreover, when - is commutative, identity (2.2) implies zy = (z A y)(x V y). This fact
will be crucial in the last part of this paper.

2.2. DEFINITION. [Kopytov and Medvedev, 2013, Anderson and Feil, 2012] Let X be an
object of LGrp. For every x € X we define

T =xVe T =xAe and |x| =V

xt is called the positive part of x, = the negative part of x, and |z| the absolute value
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of .

The previous definition is useful in order to see that, in a lattice-ordered group, ev-
ery element can be written as the product of a positive element and a negative one.
Specifically, given an object X of ¢Grp, we define the positive cone of X as

P={reX|x>e}.

It is a well-known fact that X is generated by its positive cone (i.e. X = PP~!). We
offer a proof of this fact by essentially following the approach outlined in [Birkhoff, 1942],
[Kopytov and Medvedev, 2013], and [Anderson and Feil, 2012]. To do this, we show that

r=a"1", (2.4)

for every z € X. Clearly, (2.4) follows by (2.3) setting y = e. Another well-known and
interesting fact regarding the behavior of elements in a lattice-ordered group is that

2| = 2T (z7) 7 (2.5)

We prove this identity, too (once again, the proof follows what is presented in [Birkhoff,
1942], [Kopytov and Medvedev, 2013], and [Anderson and Feil, 2012]). Note that = V
! > 2 Az hence (z Vo ')z Azh)! > e and so (zVa!)? > e. Now, since
(ane)” = (a" ANe)A(aNAe)" ! (to see this, it suffices to expand and observe that
(ane)*=a"Na" P A--- Ae), it follows that a” > e implies (a Ae)” = (a Ae)" !, and so
a > e. Therefore, z V27! > e. To conclude, we compute z*(z7)™' = (zVe)(z7t Ve) =
eVzVrtVe=axVzl

Furthermore, the notion of positive part is extremely useful in order to characterize group
homomorphisms between lattice-ordered groups which are, in addition, morphisms of
(CGrp. In fact, the following holds:

2.3. LEMMA. Let X,Y be two objects of {Grp. A map f: X — Y is a morphism of {Grp
if and only if f preserves the group product and

f(xVve)= f(x)Ve, forall ze X.

PROOF. One implication is trivial. So, let us suppose that f preserves the group product
(i.e. is a group homomorphism) and f(x V e) = f(x) Ve for every x € X. We have to
prove that

fxVy) = f(x)V fy), for all z,y € X.
We have xVy = (zy~' Ve)y, hence f(xVy) = f(zy™* Ve)f(y) and, by assumption,

flay ' ve) fy)=(flay Hvefly)=(f@)fly) ' Ve fly)=fl)V fly). =

This last result follows essentially from Theorem 9 of [Birkhoff, 1942].
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Now, we want to provide a description of the ideals in the variety ¢Grp. In a category
where it makes sense to speak of a kernel of a morphism (for example a pointed finitely
complete category), a subobject of X is called an ideal (or normal subobject) if it is the
kernel of some morphism. A detailed study of the notion of an ideal in the variety ¢Grp
can be found in [Kopytov and Medvedev, 2013] and [Anderson and Feil, 2012].

First of all, we have to recall the definition of a convex subset. Given an object X of
(CGrp and a subset S C X, S is said to be convex if for every a,b € S and every x € X, if
a<z<bthenzcl.

A subobject A < X is an ideal if and only if it is normal (in the classical sense) as a
subgroup and it is a convex subset.

The aim of the following proposition is to describe the notion of convexity only with
terms. This characterization will be crucial for the purpose of working with semi-direct
products.

2.4. PROPOSITION. Let X be an object of (Crp and A < X a subalgebra. A is convex if
and only if for every a;,as € A and x,y € X one has

(az Vagy)(xVy) ' €A
PROOF. Let us suppose that A is convex. We consider the following inequalities:
((a1 N ag)x) V ((a1 AN ag)y) < arzVagy < ((a1 Vag)x) V ((ar Vaz)y),
hence

(a1 Nag)(xVy) <azVagy < (a1 Vag)(xVy),

and so
(a1 A ag) < (a1 V agy)(z Vy) ™t < (a1 Vay).

Thus, since A is convex, we deduce (a;z V asy)(z Vy)~' € A.

Conversely, let us suppose that for every a;,as € A and z,y € X one has (a;x V asy)(z V
y)~! € A. Let us take an element x € X and two elements a;,ay € A such that a; < 2 <
as. We want to prove that x belongs to A, We observe that a; Vx = x and as A x = x.
Therefore,

v=(ayVa)z N xANag) = (e Va)eAz tay) = (a1 Va)(eVay z)™!
= (a1e V agay'x)(e Vay'z) ™' € A;

where the last term belongs to A by assumption. [

This means that a subobject A < X in ¢Grp is normal if and only if for every
ay,ag,a € A and x,y,2 € X one has (a;z V agy)(zVy)™' € A and 27 'az € A.

In the following part of this section, we will deal with the notion of a semi-abelian
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category. The concept of a semi-abelian category aims to capture some of the common al-
gebraic properties of the category of groups; among the examples of semi-abelian category
we can find those of groups, rings without unit, Lie algebras, and Heyting semilattices.

2.5. DEFINITION. [Janelidze et al., 2002] A pointed category (i.e. a category with a zero
object) C is semi-abelian if:
e it is Barr-ezact [Barr, 1971 (which means that C is a reqular category in which
every internal equivalence relation is a kernel pair);

e it has finite coproducts;

e it is protomodular [Bourn, 1991] (in this context, this is equivalent to the Split Short
Five Lemma holding in C).

In [Bourn and Janelidze, 2003], Theorem 1.1 the authors provided, in the case of
a variety V of universal algebras, a characterization for protomodularity depending on
terms. In fact, the authors proved that a variety V is protomodular if and only if it has
O-ary terms ej,...,e,, binary terms t,...,t, and an (n + 1)-ary term ¢ satisfying the
identities
t(z, t1(z,y), ..., ta(x,y)) =y and t;(z, x) = ¢;

foralle=1,...,n.

Since every variety of Q-groups is semi-abelian (see Example 2.6 of [Janelidze et al.,
2002]) we obtain:

2.6. PROPOSITION. {Crp is a semi-abelian category.

As shown in [Bourn and Janelidze, 1998], in every semi-abelian category there exist
semi-direct products in a categorical sense. In the category of groups, the categorical
semi-direct product coincides with the classical one. Now we can describe semi-direct
products in the category ¢Grp. In order to do this, we will apply, in the next proposition,
the results provided in [Clementino et al., 2015].

2.7. PROPOSITION. Let p: A — B be a split epimorphism in (Grp with fized section
s:B— A, and k: K — A a kernel of p. Without loss of generality let us suppose that
K, B are subalgebras of A and k, s are the inclusions of subalgebras. Then A is isomorphic
(as a lattice-ordered group) to the set K x B endowed with the operations

o (K1,01)(ka,ba) = (K1bikabyt, Diba),
° (kl, bl) V (]{72, bg) = ((k’lbl V k’gbg)(bl V bg)il, bl V bg),
(which takes the name of semi-direct product and will be denoted by K x B) via the

morphism

p: KxB—A
(k,b) — kb.
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Moreover, considering the following diagram in (Grp:

K%, KxB—=B8B

iB
p

K——A——n8

where ik (k) = (k,e), ig(b) = (e,b) and pp(k,b) = b, we have pix = k,pp = pp, and
pip = S.

3. Centralizers and Algebraic Cartesian Closedness

In this section we study, from a categorical point of view, the commutativity of subobjects
in the variety ¢Grp.

In order to introduce the topic, we mention some known results related to the category
of groups. Given a group G and two subgroups A, B < (G, the condition that, for every
a € Aand b € B, ab = ba can be reformulated in the following equivalent way: there
exists a group homomorphism ¢: A x B — G making the following diagram commutative:

Moreover, it is easy to show that ¢ must be the group product and, therefore, it is
necessarily unique. Hence, with the aim of generalising the notion of commutativity, we
must place ourselves in a context in which a morphism ¢ of this type is unique. This
reasoning justifies the following definition:

3.1. DEFINITION. [Bourn, 1996] A pointed category C with finite products is unital if, for
X andY objects of C, the pair of morphisms (idx,0): X — X XY, (0,idy): Y - X xY
18 jointly extremally epimorphic.

To be more explicit, a pair of arrows f: A — B and g: C' — B of a category C is said
to be jointly extremally epimorphic when, for every commutative diagram

M
27N
A f>B<g C,
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if m is a monomorphism, then m is an isomorphism.

It has been shown in [Borceux and Bourn, 2004] that every semi-abelian category is
unital.

We are ready to mention the generalized notion of commutativity between subobjects.

3.2. DEFINITION. [Huq, 1968] Let C be a unital category. Two subobjects a: A — X
and b: B — X of X are said to cooperate (or commute in the sense of Huq, and we
write [a,b] = 0) if there exists a (necessarily unique) morphism ¢: A x B — X (called
cooperator) such that the following diagram commutes:

Given a subobject a: A — X, the centralizer of a in X, if it exists, is the greatest subobject
of X that cooperates with a.

Now, let us recall the definition of orthogonal subobjects of a lattice-ordered group.
This concept will be essential in order to study the condition of cooperation.

3.3. DEFINITION. [Birkhoff, 1942] Let X be an object of {Grp. Two elements a,b € X
are called orthogonal if
la| A |b] = e.

Two subsets A, B C X are called orthogonal (and one writes A L B) if, for every a € A
and for every b € B, a and b are orthogonal as elements.

It is a known fact that two orthogonal subobjects of a lattice-ordered group commute
as subgroups. More generally, if a and b are orthogonal then ab = ba. A proof of this can
be found, for instance, in Proposition 2.2.10 of [Kopytov and Medvedev, 2013].

3.4. PROPOSITION. Let X be an object of (Grp and A, B < X two subobjects. Then A
and B cooperate if and only if A 1L B.

PROOF. (=) The cooperator p: A x B — X is given by ¢(a,b) = ab. In fact, since ¢
preserves the group operation, we have

p(a,b) = p(a, e)p(e, b) = p(ia(a))p(in(b)) = ab.
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We observe that, for every a € A and b € B, (Jal,e) A (e,]b]) = (e, e) holds. So, since ¢
preserves the lattice operations, we get

e =g(e,e) = ¢((lal,e) Ale, [])) = (lal, e) A p(e, [b]) = [a] A 1b].

(<) If a cooperator ¢ exists then it must be the group multiplication because of what we
observed at the beginning of the proof. In fact, in order to guarantee the existence of a
cooperator, we only have to prove

ab = ba and (ab)" = a*b" (3.1)

foralla € Aand b € B. Indeed, if ab = ba for every a € Aand b € B, then ¢((a,b)(c,d)) =
o(ac,bd) = acbd = abed = p(a,b)p(c,d) since, by assumption, c¢b = be; furthermore, if
(ab)™ = atb" for every a € A and b € B, then ¢((a,b)") = ¢((a,b) V(e e)) = p(a™,bT) =
atht = (ab)t = p(a,b)™ = ¢(a,b) Ve, and thus we can apply Lemma 2.3 to say that ¢ is
a morphism of lattice-ordered groups. As recalled above, the first equality of (3.1) holds
since A L B. For the second one, we observe that a™b™ = (aVe)(bVe)=abVaVbVe
and (ab)™ = ab V e; so we have to prove a Vb < abV e. Since |a| A |b] = e, we have
(aVat)A(bVDb ') =e and, by distributivity, we get

(anb)V(aAb )V (@A) V(@A) =e.

Hence, a ! Ab < e implies a V b~! > e and, multiplying by b on the right, we obtain
abV e > b; with a similar argument we get ab V e > a. Finally, considering the last two
inequalities, we conclude that abV e > a V b. [

As a direct consequence of this proof we have the following:

3.5. COROLLARY. Let X be an object of (Grp and A, B < X two subobjects. Then A 1. B
if and only if, for every a € A and b € B, the following equalities hold:

ab = ba and (ab)™ = a™b".
The previous result will be of fundamental importance in the next sections.

We recall the notion of polar of a subset S of a lattice-ordered group (i.e. the set of
elements orthogonal to each element of S). We will show that the polar of a subobject
is nothing but the centralizer of the subobject. Hence, we will exhibit some properties of
centralizers related to being ideals.

3.6. PROPOSITION. [Kopytov and Medvedev, 2013], Proposition 1.2.6 Let X be an object
of (Grp and S C X a non-empty subset. Then the set St = {x € X | for each s €
S |z| A|s| = e} (called the polar of S) is a convex subalgebra of X.

3.7. LEMMA. Let X be an object of (Grp and S C X a non-empty subset of X closed
under conjugation. Then St is an ideal of X.
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PRrOOF. First of all we observe that, for all z,y € X, one has
o tyz| =z gz vty e =2 (y vy e = 27 yle.

We want to show that |z~ lyxz| A |s| = e, for every x € X, y € S+, and s € S. We
observe that |z yx| A |s| = 27 ylz Als| = 27 (|y| A zls|lz™)z = 27 (Jy| A |zsz™ )z =
7 (|y| A [5])z = e, where zsz™' = 5 € S because S is closed under conjugation, and
ly| A|5| = e (since y € S*). o

3.8. COROLLARY. Let X be an object of (Grp and A, B < X two subobjects. A and
B cooperate if and only if B C At. Therefore, At < X s the centralizer of A < X.
Moreover, if A is an ideal of X, then At is an ideal of X, too.

Finally, we recall a property that is strictly related to the existence of centralizers. It
is well known that a category E with finite products is cartesian closed if and only if for
every object Y of E the change-of-base functor 75: E — E/Y along the terminal arrow
Ty : Y — 1 has a right adjoint. For algebraic categories, such adjoints rarely exist, but it
turns out to be of interest to consider a variation of this notion; this leads to:

3.9. DEFINITION. [Bourn and Gray, 2012]

A category C is algebraically cartesian closed (a.c.c.) if for every object X of C the
change-of-base functor 7% : Pt1C — PtxC has a right adjoint, where 7x: X — 1 is the
unique arrow from X to the terminal object.

In [Bourn and Gray, 2012] the authors show that the existence of such adjoints is
related to the existence of cofree structures for the split epimorphisms py: ¥ x X — Y in
Pty E with fixed section (idy,u), where u: Y — X can be chosen to be a monomorphism.

3.10. PROPOSITION. [Bourn and Gray, 2012], Proposition 1.2 A wunital category C is
algebraically cartesian closed if and only if, for every X object of C, each subobject of X
has a centralizer.

3.11. COROLLARY. The category (Grp is algebraically cartesian closed.

4. Congruence Distributivity and Arithmeticity

It is a widely known fact that in the category ¢Grp the lattice of congruences on any
object is distributive (see Theorem 21 of [Birkhoff, 1942]). In this section we provide
an alternative proof of this fact based on categorical tools. We recall that a category is
a Mal’tsev category [Carboni et al., 1991] if it is finitely complete and if every internal
reflexive relation is an internal equivalence relation. If the category is regular, this notion
is equivalent to the following property: for every object X and for every pair of internal
equivalence relations (sq, s2): S — X x X and (r,72): R — X x X one has RoS = SoR;
in detail, RoS: » X x X is defined as the regular image of (p1,p3), where (p1,p3) is
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given by the following diagram:
p3
/ \
Rxx S » S —,— X

s

/ | l

nR—— X

L

X.

The composite S o R can be defined in a similar way. Moreover, if the category is a
variety of universal algebras, the property of being a Mal'tsev category is equivalent to
the existence of a ternary term p(x,y, z) (called Mal’tsev term) satisfying the axioms

p(z,z,2) =z and p(z,y,y) = z,

for every object X and for every z,y,z € X. Therefore, if the theory contains a group
operation, the associated variety is a Mal’tsev category: in fact, a Mal’tsev ternary term
is p(z,y,2) = zy 'z

Then, we immediately get the following result:

4.1. COROLLARY. The category {Grp is a Mal’tsev category.

If C is a Barr-exact category with coequalizers then, for every object X of C, the set
Eq(X) of internal equivalence relations on X is a lattice; given two internal equivalence
relations (s1,s2): S — X x X and (r1,72): R — X x X, the meet S A R is defined as the
meet of subobjects of X x X, and the join (t1,%3): SV R — X x X is defined as the kernel
pair of ¢ = coeq(vy, va), where (vq,v2): V — X x X is the join of S and R as subobjects
of X x X (we recall that the join, as subobjects, of two internal equivalence relations is
not, in general, an internal equivalence relation). Thanks to the previous observations,
the classical notion of arithmetical variety of universal algebras can be extended to a
categorical context as follows:

4.2. DEFINITION. [Pedicchio, 1996] A Barr-exact category with coequalizers C is arith-
metical if it is a Mal’tsev category and, for any object X of C, the lattice Eq(X) of internal
equivalence relations on X is distributive.

It is a known fact (a proof of this can be found in [Borceux and Bourn, 2004]) that the
property of being an arithmetical category is related to the absence of non-trivial internal
group objects in the category. In fact, the following holds:+

4.3. PROPOSITION. [Borceux and Bourn, 2004], Proposition 2.9.9 Let C be a semi-abelian
category. If in C the only internal group object is the zero object then C is arithmetical.

4.4. PROPOSITION. The only internal group object in £Grp is the zero object.
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PRrROOF. Given an internal group X in ¢Grp, with multiplication p: X x X — X and
neutral element 7n: {*x} — X, we want to show that X = {e}. It is not difficult to see
that (%) = e and p(z,y) = xy for all z,y € X. This determines a cooperator between X
and itself. Hence, we get X L X and so 2t =at Az™ = [zT|A|zT| = ¢, for every z € X.
With a similar argument we can prove x~ = e, for every x € X. Finally, recalling that
x =xtz”, we obtain z = e for every x € X (i.e. X = {e}).

4.5. COROLLARY. {CGrp is an arithmetical category.

5. Strong Protomodularity

Given a category C, we denote by Pt(C) the category whose objects are the diagrams in
C of the form
p
A—RB

where ps = idp, and whose arrows are the pairs (f, g) of arrows of C

A== B
A
c—=D

such that ¢f = gp and fs = rg. We denote by m: Pt(C) — C the functor that associates
to every split extension (i.e. an object of Pt(C)) (p, s) the codomain of p.

5.1. DEFINITION. [Bourn, 2000] A finitely complete category C is strongly protomodular
when all the change-of-base functors of m: Pt(C) — C reflect both isomorphisms and
normal monomorphisms (in the semi-abelian case a monomorphism is normal if and only
if it is the kernel of some arrow).

In [Bourn, 2000] the author shows that, if C is a pointed protomodular category, there
is a characterization of strong protomodularity related to the stability of kernels. Let us
consider a diagram in C of the form

XLAiB
p

L

Y —/ C ; B
where k = ker(p), ps = idp, | = ker(q), qr = idg, m is a normal monomorphism and
the right-rightward square, the right-leftward square, and the left square commute. Then

C is strongly protomodular if and only if the composite Im is a normal monomorphism,
for every diagram of this form.
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5.2. PROPOSITION. (Crp is a strongly protomodular category.

PROOF. Let us consider the following commutative diagram (without loss of generality
we can assume that the monomorphisms are inclusions):

X%A<—B

N

Y<—>C<:>B
q

where ps = idp, qr = idp, X is the ideal of A determined by ker(p), Y is the ideal of C'
determined by ker(q), X is an ideal of Y and the right-rightward square, the right-leftward
square, and the left square commute. We want to show that X is an ideal of C too.

e X is a normal subgroup of C. This immediately follows from the fact that the
category of groups is strongly protomodular, as established in [Bourn, 2000].

e X is a convex subset of C'. We know that, for every y € Y, if 1 < y < x4, with
x1,29 € X, then y € X and, for every c € C, if y; < ¢ < yo, with y1,y2 € Y, then
c €Y. So, given an element ¢ € C such that z; < ¢ < x5, with z1, x5 € X, we have
c €Y (since z1,29 € Y) and thus ¢ € X. n

In the final part of this section we study, in the case of ¢Grp, the consequences of
strong protomodularity relatively to the commutativity, in the Smith-Pedicchio sense,
of internal equivalence relations. In particular, we show that every internal equivalence
relation admits a centralizer. Let us begin by recalling the necessary notions to deal with
this subject.

5.3. DEFINITION. [Pedicchio, 1995], [Bourn and Gran, 2002a]
Let C be a Mal’tsev category and

o s
R +érn— X, S «is— X
o So

a pair of internal equivalence relations on an object X of C. We say that (R,r1,72)
and (S, s1, $2) commute in the Smith-Pedicchio sense (and we write [R, S| = 0) if, given
the following diagram:

RXXS—>S

ol e

R6<:>X
R

where R X x S is the pullback of ro through s, TrR = (idg,dsr2) and 7 = (drs1,ids)
are induced by the universal property, there exists a unique morphism p: R xx S — X
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(called connector between R and S) such that prs = so and prr = 1. The centralizer
of an internal equivalence relation (R,ri,m9) on X, if it exists, is the greatest internal
equivalence relation on X which commutes with (R,11,79).

It has been shown in Proposition 3.2 of [Bourn and Gran, 2002b] that, in a pointed
Mal’tsev category, if two internal equivalence relations (R,71,75) and (S, s, ) com-
mute in the Smith-Pedicchio sense, then necessarily their associated normal subobjects
jr and js commute in the Huq sense, where jr = ker(qg) and js = ker(qs), with
qr = coeq(ri, ) and gg = coeq(sy, s2). Briefly, [R,S] = 0 implies [jg,js] = 0. The
converse is not true, in general. We say that a pointed Mal’tsev category satisfies the so-
called Smith is Huq condition (SH) if [jg, js] = 0 implies [R,S] = 0. It has been proved
in Theorem 6.1 of [Bourn and Gran, 2002b] that in every pointed strongly protomodular
category the Smith is Huq condition holds.

In [Smith, 2006], page 39, it is shown that, in every Mal’tsev variety, internal equiva-

lence relations have centralizers. We provide an explicit description of these centralizers
in (Grp.
Since (Grp is a semi-abelian category, we have, for every object X, an order-preserving
bijection ¢ between Eq(X) and the lattice Ideals(X) of ideals of X, where ¢(R) = Ig,
with Ip = {z € X | (x,e) € R}. Given two internal equivalence relations R < X x X and
S < X x X, we know that [R, S| = 0 if and only if [p(R), ¢(S)] = 0 (¢Crp is a strongly
protomodular category, hence (SH) holds). Moreover, given an internal equivalence re-
lation R on X, we recall from Lemma 3.7 that the centralizer Iz < X of the ideal Ig
associated with R is an ideal. Therefore, since ¢ is an order-preserving bijection and ¢Grp
satisfies (SH), the centralizer of R in X is o1 (I%).

6. Action Accessibility

To approach the topic covered in this section, let us recall a fundamental concept in the
category CGrp of groups: the notion of split extension.

6.1. DEFINITION. Let C be a pointed protomodular category. A split extension of C is a
diagram of the form

X —*5 A= B,
p

where k = ker(p) and ps = idp.
We denote by SplExtc(X) the category whose objects are the split extensions of C with
the same fized kernel object X and whose arrows are the pairs (g, f) of arrows in C
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such that gk = 1,fp = qg and gs =rf.

Given a group X, we can define a functor

SplExt(—,
Grp® PR ) > Set

Br— 5 { X5 AS B}/ ~
fl TSplExt( £,X)
B {X 5 AS B}~

where {X — A = B} is the set of split extensions with fixed kernel object X and fixed
quotient object B; two split extensions X —+ A S B and X —+ A S B are equivalent
(under the equivalence relation ~) if there exists an arrow g: A — A such that gk = k,

gs=3sand pg=p

(hence, thanks to the Split Short Five Lemma, ¢ is an isomorphism). Finally, SplExt(f, X)
sends the class of a split extension X — A’ = B’ to the class of the split extension defined
via the following diagram, where the right-rightward square is a pullback:

’ (s’ fyidg)
x O g sy B

g B
| ] |
X T> A ;—)/ B.

p

It is a known fact that, in Grp, there is a one-to-one correspondence between the set
{X — A S B}/ ~ and the set of group homomorphisms with domain B and codomain the
group Aut(X) of automorphisms of X. In fact, it turns out that the functor SplExt(—, X)
is representable and a representing object is Aut(X). A pointed protomodular category
in which the functor SplExt(—, X) is representable for every object X is called action
representable [Borceux et al., 2005]. It can be seen that this condition is extremely strong.
In fact, it emerged that many of categories of interest in classical algebra are not action
representable, but do satisfy a weaker related condition we will describe now. In order to
do this, it is easy to observe that, in Grp, the property of being an action representable
category can be restated in the following way: the split extension

(OvidAut(X))

X g X0 Aut(X) £ Aut(X), (6.1)

TAut(X)
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corresponding to the action idauex): Aut(X) — Aut(X), is a terminal object of
SplExte,,(X). Therefore, in Grp, for every object of SplExte,,(X) there exists a unique
morphism into (6.1).

In light of this, the authors of [Bourn and Janelidze, 2009] have weakened the notion of
action representable category in the following way:

6.2. DEFINITION. [Bourn and Janelidze, 2009] An object F' of SplExtc(X) is said to be
faithful if for each object E of SplExte(X) there is at most one arrow from E to F.

6.3. DEFINITION. [Bourn and Janelidze, 2009] Let C be a pointed protomodular category.
An object in SplExte(X) is said to be accessible if it admits a morphism into a faithful
object. We say that C is action accessible if, for every object X of C, every object in
SplExte(X) is accessible.

As mentioned above, the notion of action accessible category appears as a general-

ization of the one of action representable category: if there is a terminal object T  of
SplExtc(X), this object is also faithful and each object of SplExtc(X) admits a unique
morphism into 7. Examples of action accessible categories include, for instance, not
necessarily unitary rings (as shown in [Bourn and Janelidze, 2009]) and all categories of
interest in the sense of [Orzech, 1972] (as shown in [Montoli, 2010]).
One of the interesting properties, among other things, implied by action accessibility is
that centralizers of internal equivalence relations exist and they have a simple description
(see Theorem 4.1 in [Bourn and Janelidze, 2009]). Moreover, action accessibility implies
(SH) (Theorem 5.4 in [Bourn and Janelidze, 2009]); hence, in an action accessible cate-
gory centralizers of normal subobjects exist and they are normal. In the next part of this
section we show that the category ¢Grp is not action accessible despite the fact that cen-
tralizers of internal equivalence relations exist and they have the same simple description
as in action accessible categories (as shown at the end of previous section).

6.4. PROPOSITION. (Crp is not action accessible.

PRrOOF. Consider the lexicographic product ZxZ of the group of integers Z (with the
usual order) with itself. The underlying set is the product, and in terms of structure
the group operations are defined component-wise, while the order is defined as follows:
(a,b) < (c,d) if and only if b < d, or b = d and a < ¢. We consider the following split
extension

y ALy Y <p: Z, (6.2)
2

where i; = (idz,0), is = (0,idz) and ps is the projection on the second component. Now,
for every n € Ny we can consider the morphism of lattice-ordered groups f,: Z — Z
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given by f,(x) = nz. This morphism induces the following morphism in SplExt,s,,(Z):

7 IXZ = 7

p2
|l b
L —— Zx7 <:> VA
p2

where g,,(x,y) = (z,ny). Thus we can deduce that (6.2) is not faithful. So, if (Grp were
action accessible then there should exist a faithful object

XT>A$B

and a morphism

Z—>Z><Z<—Z

|l

Z—>A<:>B
p

Then, if we consider the (regular epimorphism, monomorphism)-factorization of (g, f) we
get:

ZLZQZZ_#)Z

| Ly

—— [m(g) <= Tm(/) (6.3)

| I

ZT>A<$B.

Therefore, Im(f) is a quotient (in ¢Grp) of Z. However, Z has only two ideals: {0} and
Z. Hence we have two possibilities: Im(f) = Z or Im(f) = {e}. If Im(f) = Z then f is
injective and so the split extension

7 Ik = 7
p2
has to be a faithful object, and this is a contradiction. Alternatively, if Im(f) = {e},
f has to be the trivial morphism, and so Im(g) = Z. Therefore, recalling that the top
right-rightward square of (6.3) is a pullback, we get a contradiction since ZXZ is not
isomorphic, as a lattice-ordered group, to Z x Z. [

In [Bourn and Janelidze, 2009] the authors show that, in the case of the variety Rng
of not necessarily unitary rings, given a split extension there is a procedure, based on
centralizers of subobjects, to build a morphism from it into a faithful split extension.
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This same argument has also been extended in [Montoli, 2010] to categories of interest in
the sense of [Orzech, 1972]. We recall here a sketch of the proof presented in [Bourn and
Janelidze, 2009].
Given an object A of Rng, two subobjects X,Y < A cooperate if and only if, for every
x € X and for every y € Y,

xy =0 =yx.

Hence, it can be shown that the centralizer of X in A is the subobject
Za(X)={a€ Alaxr =0=za for all x € X}.

Given an object of SplExtg,,(X)
Xt A==B5, (6.4)

they define I == {b € B|s(b)k(x) = 0 = k(x)s(b) for all x € X}; they prove that [ is an
ideal of B and s(I) = Za(k(X)) N s(B) is an ideal of A. Thus, they show that the split
extension

X 5 A/s(l) = BJI, (6.5)
where the morphisms are induced by the universal property of the quotient, is a faith-
ful object of SplExtr,y(X) and the pair (4, 77), obtained by the quotient projections
sy A — A/s(I) and 7;: B — B/I, is a morphism between (6.4) and (6.5). Therefore,
in the case of rings, there is a canonical way to construct an arrow of SplExtg,,(X) into
a faithful object making use of the notion of centralizer.
Although the category ¢Grp is not action accessible, it is possible to emulate the previous
construction in this case. This shows that in ¢Grp centralizers of subobjects have a good
behaviour even though the category is not action accessible.
Let us fix a split extension in (Grp:

Xty A =8B

We want to show that the intersection between s(B) and the centralizer of k(X)) in A is
an ideal of A. In other words, we need to prove that k(X)+ N S(B) is convex and closed
under conjugation in A.

e Convexity: let us consider s(b;) < a < s(by) where s(by), s(by) € k(X)*+ N s(B) and
a € A. We recall that for all a € A there exist © € k(X) and b € B such that
a = k(z)s(b) (see Proposition 2.7). Then, applying p to the inequalities, we obtain
by < b < by and thus

(b1) < 5(b) < s(ba).

Therefore, since k(X )t is a convex subobject of A, we get s(b) € k(X)* N s(B).
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Hence, from s(b;) < a < s(by) multiplying on the right by s(b~!), we obtain
s(bib™) < k(x) < s(bab™h).

So, since s(b1b71), s(beb™t) € k(X)t N s(B) (because k(X)* N s(B) is a subalgebra
of A and s(b),s(b1),s(b2) € k(X)t N s(B)), we get k(z) € k(X)t (k(X)* is a
convex subalgebra). Therefore, k(z) = e and then we obtain a = k(z)s(b) = s(b) €
k(X)* N s(B).

e Closedness under conjugation: let us consider s(c) € k(X)* N s(B) and a =
k(x)s(b) € A. Then, we have

where s(d) = s(b)s(c)s(b™1) € k(X)*Ns(B) since k(X)* is closed under conjugation
and, clearly, s(d) € s(B). Therefore, we get

as(c)a™ = k(z)s(d)k(z)™' = s(d)

since s(d) € k(X)* and the elements of k(X)* commute with the ones of k(X).

7. Fiber-wise Algebraic Cartesian Closedness

In this section we deal with a stronger version of the notion of algebraically cartesian
closed category. We propose an equivalent version of the definition presented in [Bourn
and Gray, 2012]:

7.1. DEFINITION. [Bourn and Gray, 2012] A category C is fiber-wise algebraically carte-
sian closed if for every split epimorphism
_r
A—B

s

the change-of-base functor
p*: PtgC — Pt,C

has a right adjoint.

As established in [Bourn and Gray, 2012], it is not difficult to see that this condition
holds for a category C if and only if every category of points over C is algebraically
cartesian closed. First of all, we observe that the category Pts=pgPtgC is isomorphic to
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Pt,C: an object of Pt =pPtgC can be seen as a diagram of type

where ps = idg, qr = idg, ht = idy, ph = q, and ts = r; therefore, ¢ and r are uniquely
determined by h and t. Hence, each category of points is algebraically cartesian closed if
and only if the functor

T PtB:BPtBC E— PtA:BPtBC

has a right adjoint; thanks to the isomorphism shown above between Pt,C and
Pt ~pPtgC and recalling that 7 = p, we get that 7* has a right adjoint if and only
if p* has a right adjoint. Therefore, C is fiber-wise algebraically cartesian closed if and
only if every category of points over C is algebraically cartesian closed.

Our aim is to show, thanks to the previous observations, that ¢Grp is fiber-wise alge-
braically cartesian closed. In order to do this we will prove that, in every category of
points over ¢Grp, subobjects have centralizers. As a preliminary remark, we recall that
an arrow (A < B) EN (C = B) of PtgC is a monomorphism if and only if f: A — C'is
a monomorphism of C.

We are ready to show the existence of centralizers in every category of points over
(CGrp and to provide an explicit description of them.

7.2. DEFINITION. Let X be an object of {Grp and B a subalgebra of X. A subalgebra L
of X is closed under the action of B if

bib™' € L and (I1by V Isby)(by V by) ™t € L

for every l,1l1,lo € L and b,by,bs € B.

7.3. PROPOSITION. Let B be an object of (Grp. In the category PtglCGrp subobjects have
centralizers.

PROOF. Let us consider an object (A, p, s) of PtglGrp, i.e. a diagram of the form
K25 A ﬁ B
p

where ps = idp and k = ker(p). Given two subobjects (X,px,rx) and (Y,py,ry)
of (A,p,s) and the product between them in PtglGrp, we need to describe the arrows
ix: X > X xgY and iy: Y — X xp Y induced by the universal property (we recall
that the product in PtglCGrp is given by the pullback of p|x along py in ¢Grp). Then, if
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we consider the following diagram

x "™ . B .
XxpYy 25V
idx nxl B Py

X p—> B,
|X

we get ix(z) = (z, sp(z)); in a similar way iy : Y — X xgY is given by iy (y) = (sp(y),y).
We know that (z,y) € X xp Y if and only if p(z) = p(y). Moreover, given (x,y) €
X xpY, we have (z,y) = (z, sp(z))(sp(y), sp(x)) " (sp(y), y) where (z,sp(x)) € X xpY,
(sp(y),y) € X xpY and, since psp(z) = p(z) = p(y) = psp(y), we get (sp(y), sp(z)) =
(sp(z), sp(x)) = (sp(y),sp(y)) € X xp Y.
Hence, if there exists a cooperator ¢: X xgVY — A, then

o(x,y) = ¢(z, sp(x))e(sp(y), sp(x) " (sp(y), y) = zsp(x) 'y = xsp(y) 'y,

since

o(x, sp(x))p(sp(y), sp(x)) " e(sp(y), y) = elix(x))e(ix(sp(x))) @iy (y))

X Y
XXBY
)
A.

It is well known that the category of points over B, in the case of groups, is equivalent
to the category of groups with an action of B. Therefore, thanks to Proposition 2.7, we
can extend this to the case of lattice-ordered groups and obtain that A is isomorphic to
K x B with join operation defined by

(]{31, bl) V (k?g, bg) == ((k?lbl V kgbg)(bl V bg)_l, b1 V bg),

more specifically, the split extension (A, p, s) is isomorphic to the split extension

K x B &= B.
PB
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Hence, a subobject (X, q,r) of (A,p,s) in PtglGrp can be seen, modulo isomorphisms,
as a subalgebra X < K x B in ¢Grp such that, referring to the diagram

3%

KNB—>B

q is the restriction of pg to X and, for every b € B, r(b) = (e, b) (in particular {e} x B <
X).
Given a subobject (X, q,r) of (K x B,pp,ig) we define

X = {7 € K| there exists b € B s.t. (T,b) € X}.

We show that X = X x B as sets. Clearly X C X x B. Conversely, fix an element
(k,b) € X x B. Then k € X, and so there exists b; € B such that (k,b;) € X; but
(e,b), (e,b1) € X, therefore (k,b) = (k,b1)(e,b1)"'(e,b) € X. In general, we have a one-
to-one correspondence between the subobjects of (A, p, s) and the subalgebras of K closed
under the action of B.

Therefore, given two subobjects (X, p)x,rx) and (Y, py,7y) of (A,p,s) we can suppose
X=XxBandY =Y x B. Thus,

X xgY ={((Z,b),(7,b2)) € X XY |by = b}
and ¢: X xgY — K x B is such that
o((,0), (7. b)) = (@) (e, ) (7,0) = (T7,b).
We start by showing that
¢ is a group homomorphism if and only if 2y = yz for all z € X,y € Y.

Given an element ((z,b), (y,b)), ((z,¢), (w,¢)) € (X x B) xp (Y x B) one has

((z,0), (4,0))((2,¢), (w, c)) = ((2,0)(2,¢), (y, b) (w, ¢))
= ((zbzb™ 1, be), (ybwb ™', be)).

Hence
o((,0), (y,0)¢((2,0), (w, c)) = (zy,b) (2w, ¢) = (zybzwb™", be)
and, since ((z,b), (y,0))((2,¢), (w,c)) = ((xbzb~1,bc), (ybwb™!, be)), we get

©((xbzb™t, be), (ybwb™*, be)) = (zbzb 'ybwb™, be).
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So, ¢ is a group homomorphism if and only if bzb~'y = ybzb~! for all z € X, y € Y and
b € B. Then, setting b = e, we obtain zy = yz for all z € X and y € Y. Moreover, since
X is closed under the action of B and the conjugation is a bijection, we get that every
element of X can be seen as bzb~!, for appropriate b € B and z € X; thus, if zy = yz for
all z€ X and y € Y then bzb 'y = ybzb ' forall 2 € X, y € Y and b € B. Now, let us
deal with the order structure. We know that ¢ is a morphism of lattice-ordered groups if
and only if ¢ is a group homomorphism and for all ((z,b), (y,b)) € (X x B) xg (Y x B)

p(((,0), (y,0)) v (e, €), (e, €))) = @(((,0), (y, 1)) V (e, €). (7.1)

Observing that

((z,0), (y,0)) V (e ), (e, €))

((z,0) V(ese), (y,0) V (e e))
(xbve)bVve) bve) ((ybVe)bVe) ™t bVe))

(((@b) ()71 0%), (o) " (b*) ", 1)),

we have
p(((2,0), (4:0)) V ((es€), (e,€))) = ((x)T(bF) 7 (yb) *(b7) 71, 07).
Considering the right term of (7.1), we obtain

p(((2,0), (4.0))) V (e,€) = (zy,b) V (e, €) = ((zyb) " (b7) ", b").
We prove that
¢ is a lattice-ordered group morphism if and only if X 1 Y.
If ¢ is a lattice-ordered group morphism, then
(xb)*(b") " (yb) " (b") " = (zyb) " (b7) "
for each x € X, y € Y and b € B; therefore, setting b = e, we get
(xy)" = aty" for every r € X and y € Y,

and so, thanks to Corollary . 3.5,_7 and Y are orthogonal. o B
Conversely, let us suppose X 1 Y. We want to show that, forallz € X,y € Y and b € B,

(xb) " (07) " (yb) " (b") T = (ayb) " (b*)
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or, equivalently, that (zbV e)(bV e) "t (ybV e) = zybV e. We start with the term on the
left:

(zbVe)bVe) (ybve)= (zb(b Ae)V (bt Ae))(ybVe)
=ab(b"'Ae)(ybVe)V (bt Ae)(ybVe)
=ab(b"' Ae)ybVab(b P Ae)V (b Ae)ybV (b7 Ae).

Now, we know that there exists an element y; € Y such that yb = by, (since Y is closed
under the action of B and the conjugation is an automorphism of Y'), hence the last term
is equal to

b(b™ Ae)by, Vab(b  Ae)V (b Ae)by V(b Ae)
=x(bAV)y VabAe)V(bAe)y V(b Ae).

Moreover, we observe that (b A e)y; = y2(b A €) for an appropriate element 3, € Y, thus

zbAe)V(bAe)yy =x(bAe)Vya(bAe)=(xVy)(bAe)
=(xyaVe)bAe)=ays(bAe)V (bAe)
=z(bAe)y V(bAe)

(by Corollary 3.5 we know that z V 3, = 2y, V e, since X L Y). Then, one has

s(bADP)yVabAe)V(bAe)y V(b Ae)
=x(bAP)y VabAe)y V(bAe)V (b Ae).

We recall that (bAe)V (b7 Ae)=(bVb ') Ae=|b|Ae=e, so we finally get

(WA )y VabAe)y V(OAe)V (b Ae)=x(bAV)y Va(lbAe)y Ve
=z[(bAV)V (bAE)y Ve
=zby, Ve =1xybVe,

observing that (b A V)V (bAe) =bbAe)VelbAe)=(bVe)bAe)=bTb" =b.

To conclude, we have to prove that, for every subalgebra X < K closed under the action
of B, then X < K is closed under the action of B (and so the centralizer of X = X x B is
X x B endowed with the structure induced by the semi-direct product). Fix an element
(NS X" and an element b € B : we show that byb~! € X", We know that

byb! € X = lbyb™ | Alx| =eforall x € X <=
ly| A b ab| =eforallz € X <= |y|A|z|=e forall v € X;
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observe that the last assertion holds since y € X", We recall that X is a convex
subalgebra of K. For every yi,ys € X and by, by € B we have y1by < (y1 V y2)(b1 V bg)
and yaby < (y1 Vy2) (b1 Vby); we also observe that (y; Ays)by < y1b1 and (y; Aya)be < yabs.
So one has

Y101V y2ba < (1 V 42) (b1 V by)
and

(y1 Ay2) (b1 V ba) = (y1 Ay2)br V (11 A ya)ba < y1by V yabs.

Therefore, for all y;,y, € X and by, by € B, we obtain
Y1 Aya < (y1b1 V yaba) (b1 V ba)™h <y V s

then, since X' is convex in K, we get (yiby V y2bo) (b1 V by) ™1 € X" for all Y1, Yo € X
and bl, by € B. [ |

7.4. COROLLARY. For every object B of {Grp, in the category PtglGrp subobjects have
centralizers, therefore PtplGrp is algebraically cartesian closed. Hence, the category (Grp
18 fiber-wise algebraically cartesian closed.

8. Normality of the Higgins Commutator

The aim of this section is to propose a further study regarding the properties of commu-
tators in the category of lattice-ordered groups.

We recall a first notion of categorical commutator strongly linked to the concept of coop-
eration.

8.1. DEFINITION. [Huq, 1968], [Bourn, 2002] Let C be a unital category. For a pair of
subobjects a: A — X and b: B — X of an object X in C, the Huq commutator s the
smallest normal subobject [A, Blx — X such that the images of a and b cooperate in the
quotient X/[A, B]x.

Next we recall here the notion of Higgins commutator. In a pointed category C with
binary products and coproducts, for every pair of objects H and K, we have the following
canonical arrows:

i Y g 09 g

i [idH,O] Hik [O,idK]l K

combining them we get a canonical arrow

S=(" ) H+K—HxK

0 idg
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In other words, . is the unique morphism making either the diagram

H-*X s H+K 2 K

(z‘dm lz Alk)

Hx K
or equivalently the diagram

H+ K
[idg,0] lz [0,idk]

H+—— HxK — K
TH TK

commute. For instance, in the case of the variety of groups, the morphism > associates
to each word hikihoks...h,k,, where h; € H and k; € K for « = 1,...,n, the pair
(hihg ... hy, kiks ... k,) € H x K. It is easy to see that a category with binary products
and coproducts is unital if and only if, for every pair of objects H and K, X is a strong
epimorphism (see e.g. [Borceux and Bourn, 2004]). Hence, again in the case of groups,
the kernel of ¥, denoted by H ¢ K and called the cosmash product of H and K, can be
described as the subgroup of H 4+ K generated by the elements of the form hkh~tk~! with
h € H and k € K. In the light of the above, we are ready to recall the following:

8.2. DEFINITION. [Mantovani and Metere, 2010] Let C be a semi-abelian category. Given
a pair of subobjects a: A— X and b: B — X of an object X in C, the Higgins commu-
tator of A and B is the subobject [A, B] — X constructed, via the (regular epimorphism,
monomorphism)-factorization, as in diagram

AoB 227 A4+ B

I

[A, B] —— X,
where ka p is the kernel of ¥ = (i‘éf‘ iC(l]B): A+ B — Ax B.
In general, the Higgins commutator of two normal subobjects is not normal. Therefore,
it makes sense to mention the following definition:

8.3. DEFINITION. [Cigoli et al., 2015b] A semi-abelian category C satisfies the condition
of normality of Higgins commutators (NH) when, for every pair of normal subobjects
H — X, K — X where X is an object of C, the Higgins commutator [H, K] — X is a
normal subobject of X .

We have everything we need to prove that that the category of lattice-ordered groups
satisfies (NH).
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8.4. LEMMA. Let H K < X be two convex subalgebras of X in £Grp. Then H and K
cooperate if and only if H N K = {e}.

PROOF. (=) Trivial since H L K (thanks to Proposition 3.4).

(<) We want to show that H 1 K: let us consider two elements h € H and k € K; then
e <|h| A |k| < |h| and e < |h| A |k| < |k|. Therefore, since H and K are convex, we have
|h| Akl € HN K = {e}. "

8.5. NOTATION. We will write [H, K] for the Higgins commutator of H — X and K —
X, and [H, Ky for the Hug commutator of H — X and K — X in the subobject Y of
X, where H and K are subobjects of Y .

8.6. PROPOSITION. Let X be an object of ¢Grp and H, K ideals of X. Then, [H, K|x =
HNK.

PROOF. Let us prove the inclusion H N K C [H, K]x. Consider the following diagram:

H K
Hx K
9 H l 9K
©
X/[Ha K]X

where ¢: X — X/[H, K] is the canonical projection. Then, by Lemma 8.4, we know that
q(H)Ngq(K) = {e}. So, since q(HNK) Cq(H)Nq(K) = {e} weget HNK C [H, K]x.
The other inclusion holds in every semi-abelian category (see Theorem 3.9 in [Everaert
and Van der Linden, 2012]). n

8.7. PROPOSITION. The category (Crp satisfies (NH).

PROOF. Thanks to Theorem 2.8 of [Cigoli et al., 2015b], it suffices to prove that, given an
ideal H of X and an ideal K of Y such that H, K <Y, then [H, K|x = [H, K]y. Thus
the statement follows from the previous proposition, since [H, K|x = [H, K]y = HN K. =

9. Algebraic Coherence for ¢Ab

In the last part of the paper we focus on the notion of algebraically coherent category.
This concept has an important algebraic meaning: an algebraically coherent category
satisfies a large set of properties related to the good behaviour of commutators (such
as, for example, strong protomodularity); moreover, in the case of a variety of universal
algebras, the property of being fiber-wise algebraically cartesian closed is implied by
algebraic coherence.
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9.1. DEFINITION. [Cigoli et al., 2015a] A category C with finite limits is algebraically
coherent if, for every morphism f: X — Y in C, the change-of-base functor

f*i Pty@ — PtX(]:
1s coherent: a functor between categories with finite limits is coherent if it preserves finite
limits and jointly extremally epimorphic pairs.

Since in the semi-abelian case the split extensions with fixed splitting can be totally
described in terms of semi-direct products, the authors in [Cigoli et al., 2015a] proved the
following result:

9.2. PROPOSITION. [Cigoli et al., 2015a], Theorem 3.21 Suppose C is a semi-abelian
category. The following are equivalent:

o C is algebraically coherent;

o given K — X and H — X in C, any action &: BbX — X which restricts to K and
H also restricts to K V H.

Let us now try to understand how this result can be interpreted in the category of
lattice-ordered groups. We know (see [Bourn and Janelidze, 1998]) that, in the semi-
abelian case, for each internal action £: Bb.X — X there exists a unique (up to isomor-
phism) split extension

X#AiB
p

making, in the following diagram, the right-rightward square, the right-leftward square
and the left square commute:

BbX — X+ DB —— —:!
[OZdB]

| Ml H

X —F4 $ B.

Therefore, in ¢Grp, & restricts to a subalgebra L < X if and only if L is closed under
the corresponding action of B (in the sense of Definition 7.2).

In the next proposition we will deal with the category of lattice-ordered abelian groups.
A lattice-ordered abelian group is a lattice-ordered group in which the group operation
is commutative. The category ¢Ab is the full subcategory of ¢Grp whose objects are
lattice-ordered abelian groups.

9.3. PROPOSITION. ¢/Ab is algebraically coherent.
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PROOF. Let us consider an object (A, p, s) of PtglAb i.e. a diagram of the form
X+ A= B
[Z

where ps = idp and k = ker(p). For simplicity, let us suppose that k is the inclusion of
X < A and s is the inclusion of B < A. Given two subalgebras K, H < X closed under
the action of B, we want to show that also K V H is closed under the action of B.

First of all, let us observe that, given a subalgebra L < X, the following equality holds
for every lq,ly € L and by, by € B:

(llbl V lgbg)(bl V bz)il = lz(lglllblbgl V €)<blb51 V 6)71.
Therefore, L is closed under the action of B if and only if, for all [ € L and b € B,
(IbVe)(bVe) ! belongs to L.

We recall, as proved in Section 2, that in a lattice-ordered abelian group A the equation

ry = (v Vy)(zAy)

holds for all x,y € A. Finally, it is easy to see that every element of KV H can be written
as

VA kiihiy

iel jeJ
where I, J are finite sets of indices and k;; € K,h;; € H for all i € 1,5 € J. This
statement can be proved by iteratively applying the distributive properties of the lattice

operations, the distributivity property of the group product over the lattice operations,
and the commutative property of the group product. Therefore, given an element b € B,

one has
(VAo )ove) = (V Ao v
iel jeJ iel jeJ

iel \jeJ icl jeJ

where the first equality holds thanks to the distributivity of the group operation over the
lattice operations, the second thanks to the idempotence of the join, and the third thanks
to the distributivity of the join over the meet. Therefore

((\//\k”hw>bv6> bve) ™ =\ N\kihibve)bve)™

i€l jeJ i€l jed
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and hence, in order to prove that if K and H are closed under the action of B then also
K V H is closed under the action of B, it suffices to prove that

(khbVe)(bVe) ™' € KV H,

for every k € K, h € H and b € B. We need to take care of an intermediate step: we
want to show that, for all k € K, h € H and b € B,

(kv RV (kAR (bVe)! belongs to KV H.

To do this we observe that

(kvhbV (kAR HOVe) = (ko VhbVE VR (Ve
= (kbvEkHbve) ' v(hbvh Hbve)!
=k ' (K*bve)bVve) ' VA h*bVe)bVe)
So, since K is closed under the action of B, we have (k*bV e)(bV e)™' € K and then we
obtain k71 (k*b vV e)(bV e)™ € K; similarly h~'(h?bV e)(bV e)~! € H. Therefore, taking

the join of these two terms, we get ((kV h)bV (kAR)™1)(bVe)™t € KV H. To conclude,
since k A h € KV H, the product

(EAR)((EVR)DV (EAR) )bV e) " belongs to KV H;

then, applying the distributivity property of the group product over the lattice join and
recalling that (k A h)(k V h) = kh, we deduce

(khbVve)(bVve) e HVK. n

This conclusive result partially answers the Open Problem 6.28 presented in [Cigoli
et al., 2015a]. In fact, the category ¢Ab is algebraically coherent, as just shown, however
it is not action accessible: the example provided in Proposition 6.4 exclusively involves
lattice-ordered groups whose group operations are commutative.

References

Anderson, M. and Feil, T. (2012). Lattice-ordered groups: an introduction, volume 4.
Springer Science & Business Media.

Barr, M. (1971). Exact categories. Ezact categories and categories of sheaves, 236:1-120.

Birkhoff, G. (1942). Lattice-ordered groups. Annals of Mathematics, pages 298-331.

Borceux, F. and Bourn, D. (2004). Mal’cev, protomodular, homological and semi-abelian
categories, volume 566. Springer Science & Business Media.



CATEGORICAL-ALGEBRAIC PROPERTIES OF LATTICE-ORDERED GROUPS 947

Borceux, F., Janelidze, G., and Kelly, G. M. (2005). On the representability of actions in
a semi-abelian category. Theory Appl. Categ, 14(11):244-286.

Bourn, D. (1991). Normalization equivalence, kernel equivalence and affine categories. In
Category theory, volume 1488, pages 43-62. Springer Lecture Notes in Mathematics.

Bourn, D. (1996). Mal’cev categories and fibration of pointed objects. Applied categorical
structures, 4(2):307-327.

Bourn, D. (2000). Normal functors and strong protomodularity. Theory and Applications
of Categories, 7(9):206-218.

Bourn, D. (2002). Intrinsic centrality and associated classifying properties. Journal of
Algebra, 256(1):126-145.

Bourn, D. and Gran, M. (2002a). Centrality and connectors in maltsev categories. Algebra
Universalis, 48(3):309-331.

Bourn, D. and Gran, M. (2002b). Centrality and normality in protomodular categories.
Theory Appl. Categ, 9(8):151-165.

Bourn, D. and Gray, J. R. A. (2012). Aspects of algebraic exponentiation. Bulletin of the
Belgian Mathematical Society-Simon Stevin, 19(5):821-844.

Bourn, D. and Janelidze, G. (1998). Protomodularity, descent, and semidirect products.
Theory Appl. Categ, 4(2):37-46.

Bourn, D. and Janelidze, G. (2003). Characterization of protomodular varieties of uni-
versal algebras. Theory and Applications of categories, 11(6):143-447.

Bourn, D. and Janelidze, G. (2009). Centralizers in action accessible categories. Cahiers
de topologie et géométrie différentielle catégoriques, 50(3):211-232.

Carboni, A., Lambek, J., and Pedicchio, M. C. (1991). Diagram chasing in Mal'cev
categories. Journal of Pure and Applied Algebra, 69(3):271-284.

Cignoli, R. L., d’Ottaviano, I. M., and Mundici, D. (2013). Algebraic foundations of

many-valued reasoning, volume 7. Springer Science & Business Media.

Cigoli, A. S., Gray, J. R. A., and Van der Linden, T. (2015a). Algebraically coherent
categories. Theory and Applications of Categories, 30(54):1864—1905.

Cigoli, A. S., Gray, J. R. A., and Van der Linden, T. (2015b). On the normality of Higgins
commutators. Journal of Pure and Applied Algebra, 219(4):897-912.

Clementino, M. M., Montoli, A., and Sousa, L. (2015). Semidirect products of (topological)
semi-abelian algebras. Journal of Pure and Applied Algebra, 219(1):183-197.



948 ANDREA CAPPELLETTI

Everaert, T. and Van der Linden, T. (2012). Relative commutator theory in semi-abelian
categories. Journal of Pure and Applied Algebra, 216(8-9):1791-1806.

Hug, S. A. (1968). Commutator, nilpotency and solvability in categories. Q. J. Math.,
19(2):363-389.

Janelidze, G., Marki, L., and Tholen, W. (2002). Semi-abelian categories. Journal of Pure
and Applied Algebra, 168(2-3):367-386.

Kopytov, V. and Medvedev, N. (2013). The theory of lattice-ordered groups, volume 307.
Springer Science & Business Media.

Mantovani, S. and Metere, G. (2010). Normalities and commutators. Journal of Algebra,
324(9):2568-2588.

Montoli, A. (2010). Action accessibility for categories of interest. Theory Appl. Catey,
23(1):7-21.

Mundici, D. (1986). Interpretation of AF C*-algebras in tukasiewicz sentential calculus.
Journal of Functional Analysis, 65(1):15-63.

Orzech, G. (1972). Obstruction theory in algebraic categories, I. Journal of Pure and
Applied Algebra, 2(4):287-314.

Pedicchio, M. C. (1995). A categorical approach to commutator theory. Journal of Algebra,
177(3):647-657.

Pedicchio, M. C. (1996). Arithmetical categories and commutator theory. Applied Cate-
gorical Structures, 4:297-305.

Smith, J. D. H. (2006). Mal’cev varieties, volume 554. Springer.

Unaversita degli Studi di Milano
Department of Mathematics, Federigo Enriques
Via Saldini 50, Milano 20133, Italia

Email: andrea.cappellettiQunimi.it

This article may be accessed at http://www.tac.mta.ca/tac/



THEORY AND APPLICATIONS OF CATEGORIES will disseminate articles that significantly advance
the study of categorical algebra or methods, or that make significant new contributions to mathematical
science using categorical methods. The scope of the journal includes: all areas of pure category theory,
including higher dimensional categories; applications of category theory to algebra, geometry and topology
and other areas of mathematics; applications of category theory to computer science, physics and other
mathematical sciences; contributions to scientific knowledge that make use of categorical methods.
Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. Full
text of the journal is freely available at http://www.tac.mta.ca/tac/.

INFORMATION FOR AUTHORS I¥TEX2e is required. Articles may be submitted in PDF by email
directly to a Transmitting Editor following the author instructions at
http://www.tac.mta.ca/tac/authinfo.html.

MANAGING EDITOR. Geoff Cruttwell, Mount Allison University: gcruttwell@mta.ca
TEXNICAL EDITOR. Michael Barr, McGill University: michael.barr@mcgill.ca

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TRANSMITTING EDITORS.

Clemens Berger, Université de Nice-Sophia Antipolis: cberger@math.unice.fr

Julie Bergner, University of Virginia: jeb2md (at) virginia.edu

Richard Blute, Université d’ Ottawa: rblute@uottawa.ca

John Bourke, Masaryk University: bourkej@math.muni.cz

Maria Manuel Clementino, Universidade de Coimbra: mmc@mat.uc.pt

Valeria de Paiva, Nuance Communications Inc: valeria.depaiva@gmail.com

Richard Garner, Macquarie University: richard.garner®@mq.edu.au

Ezra Getzler, Northwestern University: getzler (at) northwestern(dot)edu

Rune Haugseng, Norwegian University of Science and Technology: rune.haugseng@ntnu.no
Dirk Hofmann, Universidade de Aveiro: dirk@ua.pt

Joachim Kock, Universitat Autonoma de Barcelona: Joachim.Kock (at) uab.cat

Stephen Lack, Macquarie University: steve.lack@mq.edu.au

Tom Leinster, University of Edinburgh: Tom.Leinster@ed.ac.uk

Sandra Mantovani, Universita degli Studi di Milano: sandra.mantovani@unimi.it

Matias Menni, Conicet and Universidad Nacional de La Plata, Argentina: matias.menni@gmail.com
Giuseppe Metere, Universita degli Studi di Palermo: giuseppe.metere (at) unipa.it
Kate Ponto, University of Kentucky: kate.ponto (at) uky.edu

Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini@unige.it

Michael Shulman, University of San Diego: shulman@sandiego.edu

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Tim Van der Linden, Université catholique de Louvain: tim.vanderlinden@uclouvain.be
Christina Vasilakopoulou, National Technical University of Athens: cvasilak@math.ntua.gr



	Introduction
	Preliminaries
	Centralizers and Algebraic Cartesian Closedness
	Congruence Distributivity and Arithmeticity
	Strong Protomodularity
	Action Accessibility
	Fiber-wise Algebraic Cartesian Closedness
	Normality of the Higgins Commutator
	Algebraic Coherence for Ab

