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Q-SYSTEM COMPLETENESS OF UNITARY CONNECTIONS

MAINAK GHOSH

ABSTRACT. A Q-system is a unitary version of a separable Frobenius algebra object
in a C*-tensor category. In a recent joint work with P. Das, S. Ghosh and C. Jones,
the author has categorified Bratteli diagrams and unitary connections by building a
2-category UC. We prove that every Q-system in UC splits.

1. Introduction

V. Jones’ groundbreaking results on index for subfactors [J83] has led to remarkable
progress in the development of the theory of subfactors. The standard invariant of a
finite index subfactor of a II; factor was first defined as a A-lattice [P95]. In [MO03], a
Q-system which is a unitary version of a Frobenius algebra object in a C*-tensor category
or C*-2-category, is exhibited as an alternative axiomatization of the standard invariant of
a finite index subfactor [O88, P95, J99]. This further fostered classification of small index
subfactors [JMS14, AMP15]. Q-systems were first introduced in [L94] to characterize
canonical endomorphism associated to a finite index subfactor of an infinite factor.

Given any rigid, semisimple, C*-tensor category C with simple tensor unit 1, an in-
decomposable Q-system () € C (that is, Endg_¢ (@) ~ C) and a fully-faithful unitary
tensor functor H : C — Bim(N) for some II; factor NV, we can apply realization procedure
[JP19, JP20] to construct a II; factor M containing N as a generalized crossed product
N xg Q. Also, every irreducible finite index extension of N is of this form.

In the context of C*-2-categories, a Q-system is a 1-cell ,@Q, € C1(b, b) along with two
2-cells m : QX Q — @ (multiplication) and i : 1, — @ (unit), which are graphically
denoted by the following:

Q Q Q
Q Q Q

These 2-cells satisfy the following:

m = m (Associativity) [% = /R = | (Unitality)
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N X w Frobenius condition) = | (Separability)

Recently [CPJP22| introduced the notion of Q-system completion for C*/W*-2-cat-
egories which is another version of a higher idempotent completion for C*/W*-2-categories
in comparison with 2-categories of separable monads [DR18] and condensation monads
n [GJF19]. Given a C*/W*-2-category C, its Q-system completion is the 2-category
QSys(C) of Q-systems, bimodules and intertwiners in C . There is a canonical inclusion
*-2-functor ¢¢ : C — QSys(C) which is always an equivalence on all hom categories. C is
said to be Q-system complete if 1c is a *-equivalence of *-2-categories. We study Q-system
completeness in the context of pre-C*-2-categories. We call a pre-C*-2-category C to be
Q-system complete if every Q-system in C ‘splits’.

In our recent joint paper [DGGJ22|, we gave a higher categorical interpretation of
Bratteli diagrams and unitary connections in terms of a larger W*-2-category UC". The
0-cells of UC™ are Bratteli diagrams with tracial weighting data. These generalize the
Bratteli diagrams appearing from taking the tower of relative commutants of a finite-index
subfactor. 1-cells of UC™ are unitary connections between Bratteli diagrams which are
compatible with the tracial data. Finally the 2-cells are defined as certain fixed points of
a ucp (unital completely positive) map. To define UC", we had to first consider a purely
algebraic category UC. The 0-cells of UC are Bratteli diagrams (without the tracial
data). 1-cells of UC are unitary connections and 2-cells are natural intertwiners between
connections which we call flat sequences. UC has a close resemblance to the 2-category
studied in [CPJ22] in the context of fusion category actions on AF-C*-algebras, with
minor differences at the level of 0-cells and 2-cells only.

We investigate Q-system completeness of UC. The following is the main theorem of
the paper.

1.1. THEOREM. UC is Q-system complete.

Given a Q-system in UC, to exhibit its ‘splitting’” one needs to construct a suitable
O-cell and a suitable dualizable 1-cell from the initial O-cell to the newly constructed
one which enables the splitting. The idea to construct our suitable 0-cell in UC comes
from [CPJP22] and we use subfactor theoretic ideas [B97, EK98, P89, P94] to build our
appropriate 1-cell in UC.

There at least two natural questions appearing from our investigations. Bi-faithfulness
of functors (that is, both the functor and its adjoint are faithful) plays a major role in
achieving our results. So the first question is, if we drop the bi-faithfulness condition of
O-cells and 1-cells in UC (see Definition 2.11), then will the modifed 2-category be still
Q-system complete. Second, is UC™ Q-system complete ? We will try to answer these
questions in our future work.
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The outline of the paper is as follows. In Section 2, we will quickly go through some
basic results and definitions and set up some pictorial notations. In Section 3, we explore
Q-systems in UC and prove some results that will be useful to construct our appropriate
0-cell in UC. In Section 4, we build the 0-cell and the dualizable 1-cell and then proceed
to prove our main theorem.

ACKNOWLEDGEMENTS. The author would like to thank Shamindra Kumar Ghosh, Corey
Jones and David Penneys for several fruitful discussions.

2. Preliminaries

In this section we will furnish the necessary background on Q-system completion and the
2-category of Unitary connections UC.

2.1. NOTATIONS RELATED TO 2-CATEGORIES. We refer the reader to [JY21] for basics
of 2-categories.

Suppose C is a 2-category and a, b € Cy be two 0-cells. A 1-cell from a X b is denoted by
»Xo. Pictorially, a 1-cell will be denoted by a red strand and a 2-cell will be denoted by
a box with strings with passing through it. Suppose we have two 1-cells X,Y € Cy(a,b)

Y
and f € C5(X,Y) be a 2-cell. Then we will denote f as We write tensor product

X
X of 1-cells from right to left .Y %1 X,

The notion of C*-2-categories is believed to first appear in [LR97]. For basics of
C* /W*-2-categories we refer the reader to [CPJP22, GLR85]. For a detailed study about
graphical calculus, we refer the reader to [HV19].

2.2. Q-SYSTEM COMPLETION.

2.3. DEFINITION. A pre-C*-2-category is a 2-category such that the hom-1-categories sat-
isfies all the conditions of a C*-category except that the 2-cell spaces need not be complete
with repsect to the given norm.

Let C be a pre-C*-2-category.

2.4. DEFINITION. A @Q-system in C is a 1-cell ,Qp € C1(b,b) along with multiplication
map m € Co(Q X, Q, Q) and unit map i € Ca(1y, Q), as mentioned in Section 1, satisfying
the following properties:

(Q1) = (associativity)
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(Q2) /R fi\ = (unitality)

(Q3) N i m (Frobenius condition)

(Q4) = (Separability)

2.5. DEFINITION. [CPJP22] Given a Q-system (Q,m,i), we define

dg = I € Ende (1,)"

o [f dg is invertible, we call () non-degenerate or an extension of 1.

o [fdg is an idempotent, we call Q) a summand of 1;.

We recall some facts about Q-systems in C*-tensor categories already mentioned in
[CPJP22, Z07].

2.6. Facr.
Q Q 0
F1) Q is a self-dual 1-cell with evg = and coevg = )

(F2) Using (F1) and [Z07, Lemma 1.16] we have the following inequalitites:

4 s <l
Q Q

(F3) By [Z07, Corollary 1.19] either dg is invertible, or zero is an isolated point in
Spec(dg). Define , f: Spec(dg) — C by

0 x =0
x x#0
By abuse of notation, set dél = f(dg). By continuous functional calculus, set

50 = deél. Then we have the following :
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(a)

@ -

o)
! <ldl

2.7. DEFINITION. Suppose C is a pre—g*—,?—category and v X, € Ci(a,b). A unitarily
separable left dual for ,X, is a dual (aXb,evX,coevX) such that evy o evy = idy, (cf.
[CPJP22, Exzample 3.9)).

Given a unitarily separable left dual for , X, € Cy(a,b), ;. XXX, € C,(b,b) is a Q-system
with multiplication map m = idx X evx W id and unit map 7 := coevy.

Given a Q-system @) € Cy(b, b), if it is of the above form then we say that the Q-system
Q@ ‘splits’.
2.8. DEFINITION. A pre-C*-2-category C is said to be Q-system complete if every Q-
system in C ‘splits’, that is, given a Q-system @ € C1(b,b) there is an object ¢ € Cy and a
dualizable 1-cell X € Ci(c,b) which admits a unitary separable dual (X, evy, coevx) such
that (Q,m, 1) is isomorphic to ,X X X, as Q-systems.

2.9. REMARK. In [CPJP22], Q-system completion has been treated in the context of
C*/W*-2-categories. It has been proved that Definition 2.8 is equivalent to their definition
of Q-system completeness (see [CPJP22, Theorem 3.36]) of C*/W*-2-categories.

2.10. UNITARY CONNECTIONS. Pictorial notations. We will apply the graphical cal-
culus as mentioned in Section 2.1 to the 2-category of Categories (cf. [HV19]).

\D

(i) Let C be a category and let f € C(C, D). It will be denoted by and com-
\C

position of two morphisms will be represented by two vertically stacked labelled

boxes.

(ii) Let C and D be two categories and F, G : C — D be two functors. Then a natural
G
transformation n : F' — G will be denoted by . For an object x in C, the

F
Gl « @G E
morphism 7, : Fx — Gz will be denoted by = .
Flow Fl
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(iii) For a x-linear functor F': C — D between two semisimple C*-categories categories,
we will denote a solution to conjugate equation by

p= FUF’:idD—>FF’ and p = F’UF:idc—>F’F

p'= g \p :FF —idp and [¢]"= g/~ \p:FF—ide
where F’ : D — C is an adjoint functor of F'.

We will extend the above dictionary (between things appearing in the category world
and pictures) in an obvious way. For instance, composition of morphisms and natural
transformations will be pictorially represented by stacking the boxes vertically whereas
tensor product (resp., composition) of objects (resp., functors) by parallel vertical strings.
For simplicity, sometimes we will not label all of the strings (with any object or functor)
emanating from a box (labelled with a morphism or a natural transformation) when it
can be read off from the context. To distinguish between a functor arising in 0-cell and a
functor arising in 1-cell, we will denote the former by a black strand and the latter by a
red strand unless otherwise mentioned.

Let us recall the definition of the pre-C*-2-category of unitary connections UC de-

scribed in [DGGJ22].
2.11. DEFINITION. The 2-category UC consists of the following :

(1) 0-cells are x-linear, bi-faithful functors T'y : My_1 — My, (where My, is a finite,
semisimple, C*-category whose isomorphism classes of the simple objects are indexed

by the vertex set Vg, ). We will denote such a 0-cell by {Mkl % ./\/lk} or
k>1
sometimes simply I',.

(2) A 1-cell from the 0-cell {/\/lk_l % /\/lk} to the 0-cell {Nk_l ﬂ Nk} con-

k>1 k>1
sists of a sequence of x-linear bi-faithful functors {Ay : My — Ni}oq and natural

unitaries Wy, : ApA_1 — ATy for k> 1. Such a 1-cell will be denoted by (Ao, W)
or simply by Ao, and W, will be referred as a unitary connection associated to A,.
Denote the set of 1-cells from I'y to Ay by UC; (I'y, A,).

Pictorially, the natural unitary Wy appearing in the 1-cell will be represented by
Ak\<rk Wb Ak\/Akl
A VA RPN T,

(3) Let A, Qe € UCy (I'y, As). For describing 2-cells we need the following definition:
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2.12. DEFINITION. A pair (7, k) € NT(Ag, Q) X NT Ak+1,Qk+1 is said to satisfy
Qg yd /

holds.

exchange relation if the condition
Akﬂ

N\

2.13. REMARK. The exchange relation pair is unique separately in each variable,
that is, if (n, k1) and (n, k) (resp., (n1, k) and (02, K)) both satisfy exchange relation,
then K1 = Ko (resp., m = 12); this is because the connections are unitary and the
functors Ty, and Ay are bi-faithful.

Let Ex(A., ) denote the space of sequences {n® € NT (Ay, Q)0 such that
there exists an N such that (ng,niy1) satifies the exchange relation for all k > N.
Consider the subspace

Exo(Ae, Qe) = {{nk}r>0 € Ex(Ne, Q) : M =0 forall k> N for some N € N}

We define the space of 2-cells

FEx(As, Q)

UC2 (A., Q.) = m

(4) For Qs € UCy (A, %) and Ay € UCq (T, A,), define

Q, X A. = {Qk Ak}kzo s . (1)

Ak

7 k>1

For notational convenience, instead of denoting a 2-cell by an equivalence class of
sequences, we simply use a sequence in the class and truncate upto a level after which
the exchange relation holds for every consecutive pair, namely, {n(k) € UC, (A,, Q)

}kZN
where (n®), n*+1)) satisfies the exchange relation for all k > N.

2.14. REMARK. From the definition of UC, (A, §2.), we observe that two 2-cells {n(k)}k>N,

{T(k)}k>L € UG, (A,, Q) are equal if and only if n® = 7®) eventually. So, two 1-
cells Ay and Q, are isomorphic in UC if there is a sequence of natural transformations
Up : Ax — Qi which satisfies exchange relation from some level | and which implements
isomorphism between Ay and 2, eventually.

For horizontal and vertical composition of 2-cells we refer the reader to [DGGJ22].
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Given a 0O-cell T'y € UC,, we fix an object mg = v € ob(M,j). Consider the
veVp
sequence of finite dimensional C*-algebras {Ay = End(I'y. - - - I'1mo) };.5 (assuming A =

End(my)) along with the unital *-algebra inclusions given by
A1 da—=T,ae A . (2)

Indeed, the Bratteli diagram of Ay_; inside Ay is given by the graph I'y. To the O-cell T,
we associate the x-algebra A, = kL>JOAk

To each 1-cell (A., W,) € UC; (T, A,), we will associate an A,.-By, right correspon-

A
dence where ng and By’s are related to {Nk_l =K Nk} exactly the way mg and A,’s
k>1

r .
are related to {Mk_l —k ./\/lk} respectively. For k > 0, set
k>1

Hk = Nk (Ak s Amo,Aka cee Flmo) .
We have an obvious Ag-By-bimodule structure on Hy in the following way:

AkXHkXBk9<Oé,f7ﬁ)i—>Ak(a)O§OB € H . (3)

Again, there is a Bj-valued inner product on Hj given by

Hy x Hy 3 (§,() <.ij>9k (€ Q)p, =C 08 €Dy . (4)

Next, observe that Hj, sits inside Hy,; via the map

Hy,>¢ ity [(Wk+1>1“k---1“1mo} o [Apnf] =

1o

2.15. LEMMA. ([DGGJ22]) The inclusions Hy — Hyi1, A < Agy1, Br < Bry1 and
the corresponding actions are compatible in the obvious sense.

Set Hy = kL>JOHk which clearly becomes an A..-B, right correspondence. To the

1-cell (A, Ws) we associate the Aoo-Boo Tight correspondence H.
We also have a Pimsner-Popa (PP) basis of the right- B,.-module H,, with respect to
the B,-valued inner product.

2.16. LEMMA. ([DGGJ22]) There exists a finite subset . of Hy such that Z goo" =

ces
LAgmg s moreover, any such . is a PP-basis for the right By,-module H.
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2.17. THEOREM. ([DGGJ22]) Starting from a 2-cell {n™ € NT (Ag, %)}, . ., we have
an intertwiner ® € a.Lp, (Hw,G) which is independent of k > K.

ka,.lplmo
Conversely, for everyT € 4 _Lp (Hs,Go) (= the space of As-Boo-linear adjointable
operator) and for all k > K = min {l : THy C G;}, there exists unique n*) € NT(Ag, Q)
such that'T' = @n(k> . Further, (n(k), 'r](k“)) satisfies exchange relation for all k > Kr.

P T1img
Clearly UC becomes a pre-C*-2-category.

2.18. REMARK. We will denote the object my by dashed lines and any other object by
dotted lines in (ii) of the pictorial notations mentioned at the beginning of Section 2.10.

3. Q-systems in UC

In this section, given a Q-system in UC for a 0-cell, we explore certain structural prop-
erties of the associated bimodules that will further enable us to construct new 0-cells and
a new dualizable 1-cell in the next section, that will implement Q-system completion of
UcC.

Let (I'y, M,) be a 0-cell in UC and (Q,, W&, m,,i,) be a Q-system in UC,((T'y, M,),
(I's, M,)). Graphically, each natural transformation my, i, and W,EH will be represented
by the following respective diagrams:

Qk, Qk+1 /rk+1

my == . = and Wk%—l = / vk >0
Qr

L1

Pictorially, exchange relation of m;’s and ;’s with respect to W, will be denoted as

follows:
/ > %p
and ka —  Qrn Ters
N

3.1. REMARK. From Remark 2.14, we observe that for our Q-system (Q,, M., %) in UC
the natural transformations my, and i satisfy (Q1)-(Q4) as in Definition 2.4 eventually
for all k£ . For the rest of the paper we fix a natural number [ such that m, and 4, satisfy
(Q1)-(Q4) and the exchange relations for k > 1 .

eventually for all &.
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Consider the filtration of finite dimensional C*-algebras {A; = End(I'; - --T'1mo) },5,
associated to the O-cell I'y where my is direct sum of a maximal set of mutually non-
isomorphic simple objects in M. Let {Hy = My(Ty - - - T'ymg, Qlx - - - T'1mo) },~, be the
right correspondence associated to @Q,. By construction (Equation (3) and Equation (4)),
Hy, is a right Ag-Ay correspondence. Thus, one may view Hy as a 1-cell in the 2-category
C*Alg of right correspondence bimodules over pairs of C*-algebras.

We will further establish that each Hj is a Q-system in C*Alg(Ag, Ag) for k> 1. In
order to do this, we will use the following identification.

3.2. REMARK. Let {Yy := My(Ty---Timo, Q3% ---T1mo)},~, denote the right corre-
spondence associated to the 1-cell Q, X @, in UC. The proof of [DGGJ22, Proposition

I,
‘ e |'mo

o L&

3.12] tells us that the map EXn — is an isomorphism between H, k? Hy,
k

and Y}, as right A-Aj correspondence.

Via the above identification, the multiplication g-cell me and the unit 2-cell i, in UC
corresponds to the maps my, : H, ? H, — Hj and 1, : A, — Hj, respectively at the level
k

of bimodules; more explicitly

Iy T4,

. Fk Ik

3.3. PROPOSITION. For each k > 1, my, and iy, are adjointable maps and hence 2-cells in
C*Alg. Moreover, (Hg, my,ix) becomes a Q-system in C*Alg(Ay, Ay) for each k > 1 .

I
o\ |1 g

PROOF. Using the identification in Remark 3.2, the adjoint of my, is given by [ € ]

|
I'y I
5 i

and that of iy, is given by [ ¢ ] . Now using my and i and their adjoints, and the
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properties (Q1-Q4) of m, and i, mentioned at in preliminaries , associativity, unitality,

frobenius property and separability of (H ks mk,7k> easily follows. [

We now explore certain structural properties of Hy.
We prove the following proposition using ideas from [CPJP22].

3.4. PROPOSITION. For each k > 1, the space Hy is a unital C*-algebra with multiplica-
tion, adjoint and unit given by

T Iy Iy

E-n=my (EXRn)

respectively for &,n € Hy.
PROOF. Indeed, £ = €. Again

<€1~§2>T =

where the second equality follows from associativity and the third comes from Frobenius
and unitality conditions. Also,

Hence, Hj, becomes a unital *-algebra.
To prove that Hj, is a C*-algebra, we show that it is isomorphic to a *-subalgebra of
a finite dimensional C*-algebra. Define

Sk =< x € End(Qrl'x - - - T'ymy)

sitting inside the finite dimensional C*-algebra End(QI'y - --T'1my). Clearly Sy is closed
under multiplication, as well as *-closed (using Frobenius property and unitality). Define
™) Hy — S, and ¢S : S, — Hy, as follows:



1132 MAINAK GHOSH

Now, it is routine to check using the axioms of ()-systems that ¢§k> and ¢§k) are unital,
*_homomorphisms. Also, ﬁ’“) and qzﬁék) are mutually inverse to each other, hence they are
isomorphisms. [

... [1mo
expectation satisfying Ey, (nT . 5) = [déi] [(f, 77>Ak] (where (-, ) 4 s the right Ag-valued
o T

inner product on Hy, as defined in Equation (4)) for each k >1 .
ProOOF. We make use of the *-algebra isomorphisms ¢1, ¢ between Hj and Sj and find
(b(k) ~ - 'y
€ Sk
o e :mo

~ ¥
that the map i, : A, — Hj, corresponds to A, 2 a [ Qra = Q4
which is indeed an inclusion since )y, is a bi-faithful functor. Now, (), is symmetrically self-

dual with the solution to conjugate equation given by \\IJ . Thus, we have a conditional

expectation given by

/ [P imo T... imo
Sk9x£>( z ‘) = |do | Cxz ) €A
-] imy L :mO

where the equality follows from the definition of S} and separability axiom. This condi-
tional expectation is automatically faithful and translates into Fj (defined in the state-

ment) via the *-isomorphism gzﬁgk). Now, for z € S, we have
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where the first equality follows from (F1) of Fact 2.6 and the second inequality from

r, o
S limyg

(F2) of Fact 2.6 and the definition of S;. We rewrite the last term as

ldo, || Q (E'(z)). Hence, the conditional expectation E’, and thereby Ej has finite index.
u

Next, we will test the compatibility of the countable family of finite dimensional C*-

1
algebras { Hy, } k>0 and the inclusions Hj, Sy k11 for £ > 0 (as described in Equation (5)).

I
3.6. LEMMA. The inclusion Hj, & Hj.. 1 is a x-algebra homomorphism eventually for all

k. Further, the unital filtration {Ax},~, of finite dimensional C*-algebras (as described
2) sits inside Hy = LkJHk via the inclusions ;k o A — Hy eventually for all k. In

particular, the above conditions commence when (mg, mgy1) and (i, ix11) start satisfying
the exchange relation.

PROOF. This easily follows from the exchange relation of mj and iy, and the definitions
of my, and 1. n

3.7. REMARK. We can obtain .}, C Hj, such that ) o0 = 1g,r,..rym, using Lemma
o€
2.16 and Equation (5).

4. Splitting of (Qe, M, ie)

In this section we will first construct a suitable 0-cell in UC using results from the
previous section. Then move on to construct a dualizable 1-cell X, from I'y to the newly
constructed O-cell. Subsequently we build a unitary from XX X, to Q, which intertwine
the algebra maps as well as satisfy exchange relations eventually.

Notation: Thoughout this section, given a finite dimensional C*-algebra A, we will use
the notation R4 for the category of finite-dimensional (as a complex vector space) right
A-correspondences. Note that R4 is a finite, semisimple C*-category.

4.1. NEw 0-CceELLS IN UC.
Let [ € N be as in Remark 3.1.

For each k > 0, consider the C*-algebra inclusions A, % Cr = End(Qyl'x - - - T'1my)

) 1
B

and Cp > 7 +— [ € Ciy1. Note that Q (Ax) C Sk C Cy, for all k > [. Consider

e oo !
\ l

the filtration of C*-algebras { By}, defined as follows:

L [H k>
"TAsne, iHo<k<i—1
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where the inclusion By < By is given by I for k > [, set inclusions for 0 < k£ < [—2 and

the remaining inclusion B, | — By is ¢§” ore 2 S N C—y — H; (where ¢§’) - S — H,
1NCi—1

is the isomorphism defined in Proposition 3.4).
Define Ay = o gl Biy1: R, — Rp,,, for k> 0. Each Ay is a bi-faithful functor
k

(which follows from the unital inclusion By < By of finite dimensional C*-algebra for
k > 0). Thus, we have a 0-cell (A,,Rp,) € UCy .
Similarly, using the unital filtration {Ax},-, (resp., {Cy},>,) of finite dimensional C*-
algebras, we define another O-cell 3, (resp. ¥,) defined by %, == oAIE Ar t Ra,, = Ra,
k—1

(resp., ¥y = .cx Cr : Re,_, = Re,) for k> 1.
k—1

4.2. CONSTRUCTION OF DUALIZABLE 1-CELL FROM (I'y, M,) TO (As, Rp,).

Our strategy is to build two dualizable 1-cells (F.,W.F) e — 2o and (A.,W.A) :
Ye — A, and define (X,, W,) to be their composition in UC as depicted in Equation (1)
of Definition 2.11 and thereby obtaining our desired dualizable 1-cell X, : I'y — A, in

UC. We first prove the following easy fact.

4.3. PROPOSITION. Given a finite semisimple C*-category M and an object m which
contains every simple object as a sub-object, the functor F':= M(m,e) : M — R4 is an
equivalence where A = End(m) and R4 is the category of right A-correspondences.

PROOF. For z € ob(M), F(z) becomes a right A-correspondence with the A-action and
A-valued inner product defined in the following way

F(z) x A3 (u,a) > ua € F(x) and (u,v) = v"u .

For f € M(x,y), F(f)(u) = fu € F(y) for each u € F(x). Indeed, F-action on any
morphism of M is adjointable (F(f)* = F(f*)) and A-linear. Clearly, F' is a faithful
functor.
Let T € Ra(F(x), F(y)). Since every simple appears as a sub-object in m, we can
find a finite set .7, C F'(x) such that Z uu* = 1,. Define f = Z T(u)u* € M(z,y).
UE.S ue.y
For v € F(z),we have,

Tw)=T <Z uu*v)
’U,Eyz
= Z T(u)u*v (since T is right A-linear)
’U,€<7z

= F(f)(v) (since F(f) = fo— and by definition of f)

Thus, F' is full.
Now, we show that F' is essentially surjective. Since F' is fully faithful by Schur’s
lemma, we have, F'(z) is simple if z is simple. We show that for simple H € R, there
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is a simple x in M such that F(z)s ~ H4. Choose, £ € H \ {0} such that (£,&)4 # 0.
By spectral decomposition of (£,&) , there is a minimal projection p in A such that
(€,&)ap € Cp\ {0}. Now ,since p is minimal, (£p,Epya = p(€, &) ap € Cp \ {0}. Without
loss of generality, we assume £p = . Now, H being irreducible, we have, H = £ A. Now,
by semi-simplicity of M there is a simple z € M and an isometry « : © — m such
that p = aa®. Observe that, a* € F(x) and F(z) = a*A. Define 7" : F(z), — Ha as
T'(a*a) = &a for all a € A. Clearly, T" is well-defined, right-A linear and onto. Thus, 7"
is an isomorphism. Hence, F'is an equivalence. [

4.3.1. CONSTRUCTION OF (F,,W[') € UC; (I, %.).
For each k > 0, setting m = I'y---I'ymg in Proposition 4.3, we obtain the functor
Fy = Mg(Ty---Tymg, ®) : My — R4, which is an equivalence.

4.4. PROPOSITION. Suppose C is a C*-2-category. Let X € Ci(a,b) be dualizable with dual
X € Cy(b,a) such that each component in the solution (R, R) to the conjugate equations

for (X,Y) are invertible. Then, there exists another solution <R’,}_%/) to the conjugate
equations for (X, 7) such that R and R are unitaries.

Proor. Without loss of generality, we may assume that C is strict. Since R and R*
are invertible, so R*R is also invertible. Let | == R*R € End(1;). Define R’ := Ro
72 € Cy(1,, X X X). Clearly, R’ is invertible and R*R’' = id;, which further implies
R'R™ = 1xX1%. In terms of graphical calculus, the last equality can be expressed as the
following identity using the conjugate equations satisfied by (R, R)

X\ L )

Now, define R = (1x+X I3 X 1x)R. It is easy to verify that <R’,}_%/> satisfy the conjugate
equations for (X ,7). Equation (6) ensures that Risa unitary:. [

4.5. REMARK. F} being an equivalence is a part of an adjoint equivalence [JY21], so
we may obtain an adjoint Fj of F}, and by Proposition 4.4, we assume evaluation and
coevaulation implementing the duality are both natural unitaries. Thus, for each £ > 0,
bi-faithfulness of Fj is immediate.

Before we describe the unitary connections for Fj’s, we digress a bit to prove some
results which will be useful in the construction.

Suppose N is a C*-semisimple category. For z,y € Ob(N) , consider the morphism
space N (z,y) and consider the C*-algebra A = End(z). Then, NV (z,y) becomes a right-A
correspondence with A-valued inner product, (u,v)s = u*v.

We proceed with the following lemma.
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4.6. LEMMA. Suppose M and N are finite, C*-semisimple categories. Let 'y : M — N
and Ty : N' — N be bi-faithful, *-linear functors. Then the map T : N(T'ymg,x) X

End(I'1mo)

N (Tymg, Tol'ymg) — N (Tymg, Taz) given by u X v SN is a unitary as a

right- End(T'ymyg)-linear map.
PROOF. Let A = End(I'ymg). Clearly, T" is middle A-linear. Now,

(T(ug Mwy), T(ug Mwg))a = = (vy, (U1, u2) ave) 4 = (ug X vy, ug K vg) 4.

Hence, T is an isometry. If we can show that T is surjective then we get our de-

Ty g .
sired result from [L95]. Now, let y € N(I'ymg,[ax). Then, = =
r,l!mg ;

End F 2F1m0 because of bi-faithfulness of I'y, I'y and mg contains all irreducibles of M.

Now, T’ Z g t# = y. Hence, T is surjective. So, T' is an unitary. [
acs

Akt

4.7. COROLLARY. The maps TF : Fy(x) ? AkﬂAkH — My(Tp1Dg - - Tymg, D)
k

|

) Tk L .
gwen by uka — are unitaries and they are natural in z, for each x € My

and k > 0.
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PRrOOF. Clearly, T¥ are right- Ay, linear. Unitarity of T* follows from Lemma 4.6. Natu-
rality of T* follows from the definition of F}, acting on morphism spaces as in Proposition

4.3. ]

We now define the unitary connections for {Fi},~o as Wi, = T : 4 Fp —
Fii1Tyy1 as defined in Corollary 4.7, for each k& > 0 . Pictorially we denote, for each

X )Ty
k > 0, Fy by T and I}, by J and for each k > 1, W[ by E;:/\Fk_l and (W,f)* by

Y\ JFr-1
F, \Fk . Hence, we have a 1-cell (F., W,F) e UC, (I, %,).

For each k > 1, define

—F Fk
k f—
sz Frq
F Fk 1

(W5>* = \zk

Since the evaluation and coevaluation are chosen (in Remark 4.5) to be unitaries,
therefore I/V,C s are also so. We claim that F, is a dualizable 1-cell in UC with dual
<F.,Wf). For this, we verify that solutions to conjugate equations (as in Remark 4.5)
satisfy exchange relations for & > 0, which is equivalent to the equations by which W}"s
and Wﬁ’s become unitaries.

4.8. REMARK. Observe that by Proposition 4.3, we have an adjoint equivalence Gy :

M, = R, using the fact that Q' - - - I'ymg contains every simple of M}, as a subobject

Grt1
Mk—i—l E— Rck-H

for each & > 0. Further, the square ka T HCr commutes up to a natural

Mk T Rck
unitary, say chip which can be proven exactly the same was done for F}’s, and thereby
yeilding a dualizable 1-cell (G., W,G) in UC from I', to ¥,.
Picking a dual G, € UC; (¥,,T,) of G., we set (R., WF) = F,KG, € UC; (¥,,%,).
That is, Ry = F,Gk : Re, — Ra, for k > 0 which along with the unitary connections are
compatible with the >;’s and W,’s.
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4.8.1. CONSTRUCTION OF (A,, W) € UC; (3., A.) AND ITS DUAL.
Observe that in Section 4.1, for each k& > 0, we have unital inclusions A; < Bj, of
C*-algebras; in particular, for & > [, this is given in Lemma 3.5. As a result, the functor

A = o ;‘E By : Ra, — Rp, turns out to bi-faithful for each k& > 0. Next, we need to
k

define the ,unitary connection for A,. We acheive this using the following easy fact.

4.9. FAcT. Suppose A, B,C, D are finite dimensional C*-algebras such that we have a

C ——D
square of unital inclusions ] ] . This induces a square of categories and functors
A—— B
.%D
RC E— RD
.CT To%D. Corresponding to this last square, there exists a unitary natural

Ra —gr R
A
transformation between the functors e % B % D and e %l C % D.

For 0 < k <[ —1, the unitaries Wé\ﬂ may be obtained by applying Fact 4.9 to the

Api1
RAk+1 7 RBk+1

squares EIMT TAHI
Ray —x— Ry

We now explicitly describe the unitaries W : AgAj_; — A3y for each k > [+1 . For
V € Ob (RAk71)7 define (W,;\)V : VA® Hi_ HX Hypy, — VAEI A ? Hyp, as follows :
k—1 k—1 k

k—1

(wit),
VA& Hk_lHiEilHkBinEilng%lfQ — inEil 1Ak§c§1'§2 for each qEV

k—1

It is easy to see that each (Wé\)v is a unitary and natural in V| and (W,?)*V is given as
follows:

(Wh)y,
VA& AkEHkBinEila?if — qAﬁllHk71§£1~£2 for each ¢V .

k—1
Thus, we get a 1-cell (A, Ws) : 3¢ — A, in UC .
We now define (K.,Wf) € UC, (A, X.) so that it becomes dual to (A., W,) in UC.
For 0 < k <1—1, define Ay, :== R, o og C’k) : Rp, = Ra, where Ry : Re, = Ra, is
k

the equivalence given in Remark 4.8.
For k > [, define A, == o ? Hy : Ry, — Ra,. Here the right action of A; on Hj, is given
k

by the inclusion A — Hj (as in Lemma 3.5) and the multiplication in C*-algebra Hy;
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however, the right Ag-valued inner product is the one defined in Equation (4) (and not
the one coming from conditional expectation).

4.10. REMARK. Although the functors A; may not be adjoint to Ay for 0 < k <1 — 1,
we will need these functors to define an adjoint of (A.7 W,A) in UC .

Our next job is to define the unitary connections {Wﬁ} for A,. This will be divide
k>1

into three different ranges for k, namely {1,...,1 — 1}, {I} and {I+1,1+2,...}; the choice
of the natural unitaries in the first two ranges could be arbitrary
Case 0 < k < [ — 2 : For the unitary connection WQH, we look at the following
horizontally stacked squares of functors.

o X Ck+1

Brt1 Ri41
RBk+1 7 R0k+1 7 RAk+1

Ak+1T T'EC’“'H TZ}C-H :

R,

Both the squares are commutative up to natural unitaries; the left one follows from Fact

4.9 and the right comes from Remark 4.8. W£ 41 is defined as the appropriate composition
of above two natural unitaries. N B B
Case k = [: To define the natural unitary W, : ¥; A\ — A; Ay, it is enough to

.ng
H
RHZ _— RAZ
Ay
check whether the square *,8 Bi|a, = |48 A commutes up to a natu-
A
—_—
RSlﬂCl,l RAlfl

Ri_jo|le X Ci_1
( Bi1

ral isomorphism; let us call this square S. Consider the horizontal pair of squares

X ()
Sl \ Rl \
RSZ 7 RC; 7 RAZ
.Slm%l—lslT T\yl Tzl referred as Sy ; the first square of
— _
72’5'1001—1 e X O, Rcl—l R, RAl—l
$,NC)_q

S commutes by Fact 4.9 and the second follows from Remark 4.8. Note that the bottom
and the right sides of S matches with that of S;.
We next claim that the top side of S; is naturally isomorphic to e ? S;:Rs, = Ra,.
l



1140 MAINAK GHOSH

'R,Cl <i ./\/ll
To see this, consider the square .gql lFl referred as So. For x € Ob (M;), the

RSZ RAZ

o&S

map

is Sj-linear and natural in x. To show that the map is surjective, pick a basic tensor
C|CE le, € Gi(2) @ C7; note that it can be expressed as the image of Z (oo & ng ( )
l

0ES]
where .¥ is as in Remark 3.7 and gbl : H — 5; is the isomorphism mentioned in
Proposition 3.4. This concludes natural commutativity of So. Now, the adjoint of the
functors e X Ci: Re, = Rg, and e XI S; @ Ra, — Rs, (appearing in the square S)

are given by ° & C; : Rs, = Re, and %Al : Rs, — Ra, respectively; this can be
achieved by solvmg the conjugate equations using the set .#; again and the conditional
expectations. Thus, dualizing the square Sy, we get F; o <o % SlA,) ~ @G o (o |§ Cl(},)-
Now, using the fact that Fj is an adjoint equivalence and using R; = F;G;, we get R; o

(0 ? Clcl> = (o I§ S Az)- Using this natural isomorphism and natural commutativity
l l

Finally, using the isomorphism gbél) : S — H; (as in Proposition 3.4), we get our desired

natural commutativity of S. Set WZ\ to be a natural unitary implementing commutativity
of S.

Case k > [: To define W? 41, we will need the solutions to conjugate equations for Ay
and A, for each k > [. We will use the following pictorial notations:

Ay = and Ay = for each k£ >0

4.11. DEFINITION.
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(i) : ]dRHk — AR\, is the natural transformation defined as:

V=2V X H, X H, is given b — X o X ot where VeR
v ¥ Hy, B Hy, is given by q U;yquk X Hy,

and % is as in Remark 3.7.

(1) C AN, — ldg,, s the natural transformation defined as :

v VI%Hk%Hk — V' is given by q%&?i& —> q.(&1- &) where V € Ry, .
(111) Dldg, — Ay, is the natural transformation defined as :

v :V—)V%Hkl%Hk 1S given byqr—>q% 1H,€I§I€1Hk where V € Ry, .

(1v) s AN, — ldg, is the natural transformation defined as :
VX H X H, — V is given by qRE K Ey — q.(&,ﬁDAk where V€ Ra, .
Ap H;, A~ Hg

4.12. LEMMA.

(i) , , , satisfy conjugate equations for Ay, Ay, for each k > 1 .
(i1) Also, ( ) = and( ) —
(ZZZ) - idIdRHk .

PROOF. (i) We have, for every V € Ry,, g € V and £ € Hy,

(4m¢) = (1R ER 1y, W1y, ) =gRE
Vv Vv
Therefore, we get _ . We have, for every V € Ry,, ¢ € V and £ € Hy,
_ T
bgd= 7 (Zenenon)
\% cES

=2 (o Bol =) R (oo =g

ocE€ES, oeSy,
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The last equality follows from Equation (4). Therefore, we get . The other

equations can be proved similarly.
(ii) The proof is similar to that of (i).

(iii) It follows easily from Definition 4.11(i) and Definition 4.11(ii). n
\VANDY AVANDAI VS ~
Pictorially, we denote Wi b k// ' (WA)* b, D Wi b B /8
Y k PY Ak Ak—l ) k Y Ak \Zk ) k PY Zk/ kal
—A\* Zk\ kal A —A
and <Wk) by T \ A for each £ > 1 . We have already defined all W;’s and W,
k k

for 1 < k <[ in the above two cases. Now, for £ > [, we define

Ak+l Ek+1

—A Apii' JAria —A O\ * Sre1\ Ay, )
Wi = ' v~ = and (Wk+1> = — \ =
Y1l VA J P PAVES

k1
Y1

which turn out to be natural unitaries by the following remark.
4.13. REMARK. Foreach k >l and V € Ry,, q€ V, € € Hy, a € Apy1, 0, ¢ € Hgqq the
element <W£ +1> <q XX oz) can be expressed as

\% Hy = Ag

Ak¢+1 A)H»l
X ¢ X ) - K ( ReRa B 1y K1 )
% <q Hy, ¢ Ay « v 1 Hy, ¢ Ay « A4 Hiet Hyy1 Hi
Dkt1 Yks1
AVA)
- (1B ¢RI B o B Lu.)
v

=q.t X X 1
ngkaHk+1 it
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and <W£+1)* (q X n & C) can be expressed as

k+1

Ek,+1 2k:+1
) ¢Mn M ()= ) Zq&a&a*&n&g
( V Hrin ( V \oeS He+1
Ak+1 A/c+1
Ykl
= XokX1 X |Z
y (U;kq Hy, 7 Ay, Akt Ak+1 N Hy1q C)

_ T,
= ZQEU%<C7U U>Ak+1 :

ocES
It is a straightforward verification that each <Wk +1) is a unitary and natural in V.
v

Thus, we have defined a 1-cell (K.,Wf) in UC from A, to ¥,. We need to prove

that (K., Wf) is dual to (A., W,A) . In order to define the solution to conjugate equation
(which is in fact a pair of 2-cells in UC), we have the liberty to ignore finitely many terms
and define them eventually (by Remark 2.14).

By Lemma 4.12, we see that there are solutions to conjugate equations for Ay and
Ay, for each k > [ . So, we are only left with showing exchange relations of solutions
eventually.

We now verify that and satisfy exchange relations for £ > [ .

4.14. REMARK. The solutions to conjugate equations for Ay and Ajy; (as in Definition
4.11) satisfy exchange relation eventually for all k& with respect to W2 and Wf . This

directly follows from the fact W/’s and Wﬁ’s are unitaries. Nevertheless, we still furnish
a proof below. Note that

Apr1 /54
A
Kk k+y AA = et Ak+l = Zk+l
+1 A \
ket P

DYE) Ay
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and

A\

Xk'-%—l/A]H_l 2
ZH% — k41

AVS]
Apyr Ak

AV} Ax

Hence, (A.,WA) : Yo — A4 1s a dualizable 1-cell in UC with dual <K.,Wi\> as

described above.
We are now in a position to describe our desired dualizable 1-cell (X,, W,) which will

split (Qe, M, 1s) as Q-system.

( A, F. Ty )
Define (X.,W.) = Ay B Fy = | {AcFi}ig $ [ € UC, (., Ad).
Ay A B
\ 7 k>1
o XX L A\ J Xk
Pictorially, we denote X}, byw , Xk byJ , Wi by Ak/ X, and W} by X, \Fk
JAVS Ly
_ xaA K L num )
Define W, = k\<_k = and (W) = _ \\ A
Fk/ X1 \ Xt VA

I k
Thus, we arrive at our desired 1-cell (X,,W,) € UCy(I's,A,). We list some of the

properties of (X,, W,).
4.15. LEMMA.
(i) (Xe, Ws) is a dualizable 1-cell in UC .
(7i) (X, W) has a unitarily separable dual in UC .

PROOF. (i) (X,, W,) being a composition of two dualizable 1-cells (A., W,A) and (F., wk )
concludes the result .
(ii) This is immediate from Remark 2.14 and (iii) of Lemma 4.12 . n

4.16. ISOMORPHISM OF ()-SYSTEMS.
In this subsection, we build an isomorhpism between X, X X, and ),. We construct
unitaries 7("7) : X X — Qy for each £ > [ which intertwines the mutliplication and unit
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maps. In the next subsection, we verify the exchange relation of 4*) for each k > [, thus
implementing isomorphism of the aforementioned @-systems in UC.

For k > [ and for each x € Ob(My,), define a map I AN Fr(z) — FrQp(x) as
follows :

(k)
Fk($)§ch§€HkAk 9U®€1®€2#L>

It is easy to see that, each @9“’ is an isometry. Since, 4, Hj, 1? Hy, 4, is unitarily isomorhpic
k

to a,Hya, and by application of Lemma 4.6, we see that ApApFi(7) and F.Qg(z) has
same dimension (as a vector space). Hence, surjectiveness will follow. Thus, each 5&) is
a unitary. Also, it easily follows that each ﬁ;k) is a natural in x. Thus, we get a unitary
natural transformation 8% : AyALF — FiQp -

Qk

(k) _
Define y*) = : Xt Xr — Q. We show that ) is an isomorphism of

Fy

Q-systems X ;X and Qy, for k& > . Each 4*® is a unitary because each 5 is so and
each F}, is an adjoint equivalence (see Remark 4.5). We need to show that +(*) intertwines

the multiplication and unit maps. We need to show that [V(k)][V(k)] - [ y® ] and

LTI LA

7( = for k > [. This is what we prove next.

4.17. PROPOSITION. For k > 1, v% : X X}, — Qy, is an isomorphism of Q-systems.



1146 MAINAK GHOSH

PROOF. It easily follows that, = if and only if
"

5(k)
Now the map, : Fr(r) X Hy X H, X Hy X H, — FrQr(z) given as
g(k)
follows:
5(k) o
<u&fl&£2&§3&f4> = - [(51 52) . (53 54)]
Bk ‘ ; ‘ ;

for every u € Fy(x) and &, &2,&3,&4 € Hy, . It is straightforward to show that

<u MEL B MG §4> - [(51 - (& '53‘)) '54] B [(51 &) - (és : 54)]
for every u € Fi(z) and &, &s,8&3,&4 € Hy . The last equality follows because of associa-

tivity of Hj as shown in Proposition 3.4. Thus, v*) intertwines the multiplication maps
for each k& > I.

(k)
(k) B
Also, it is easy to see that = J if and only if = . Now, the
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5(k)

map : Fi.(x) — FrQ(x) is given as follows :

Bk (u) =| " (Zu@o&]tﬂ) = = (u) for every w € Fy(x)

where .7, C H;, is as given in Remark 3.7 . Thus, 7*) intertwines the unit maps for each
k > 1 . This concludes the proposition. [

4.18. EXCHANGE RELATION OF ~()’g,

To achieve isomorphism in UC, we still have to show that 7*)’s satisfy exchange
relation for k& > [. This will establish ‘splitting’ of (Qs,ms,%) € UC;(T,Ts) by
(Xn Wo) € UCI(FM A.)

4.19. REMARK. In order to show that 7*)’s will satisfy exchange relation for k > [, it
is enough to show that 3*)’s also does so because solutions to conjugate equations for
F’s and F,’s satisfy exchange relations for each k > [. So instead of showing exchange
relation of 7¥)’s we will show that 5*)’s satisfy exchange relation for k > [.

(k)’s satisfy exchange relation for k > [.

We now proceed to show that
4.20. PROPOSITION. For k > 1, ¥ s satisfy exchange relation.

PRrROOF. For x € Ob(M},) the map,

Qr1 5(k+1

= D Fi() & Hy, & Hy, X' Api1 = Fien1Qpilisa ()

Ay

Dkl A, Mk Fr \ z

Y1

is given as follows:
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5(k+1) B(k+1)
(7 Gmepens)- (1660 8 )

EkJrl Ak'Jrl

5(k+1)

(G-&a]

imo | 1mg
Tpgr Ty I Tppr Ty Iy

(it Bt n.) -

Sk

for every u € Fy(x),&,& € Hy,a € Ay . Also, it will easily follow from the definition
of B%)’s that for every u € Fi.(x), &1, & € Hy, o € Apy1 we have,

Crya
x
Qrt1 m
Frv1 Qe Tep ‘
~ §1-&
B*) ‘
K¢ K& X ) —
(UAk&Hk&AkOé C
<[ Tmg
Pt Ay Ar F Fppr Ty Iy
Thus, 5*)’s satisfy exchange relation for k > [ . m

From Remark 2.14, Proposition 4.17, Remark 4.19 and Proposition 4.20 we get the
following theorem.

_ Xis1
Xii1 /Fk+1
4.21. THEOREM. (Q., W®,) is isomorphic to | {XXi}, ., x
a |
Xk Xk

k>1
as Q-systems in UC .
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