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CATEGORICAL ASPECTS OF CONGRUENCE DISTRIBUTIVITY

MICHAEL HOEFNAGEL AND DIANA RODELO

ABSTRACT. We study a categorical condition on relations, which is a categorical for-
mulation of Jonsson’s characterisation of congruence distributive varieties. Categories
satisfying these conditions need not be varieties; for instance, the dual of the categories
of topological spaces, ordered sets, G-sets, and the dual of any (pre)topos all provide us
with examples.

1. Introduction

A variety of universal algebras V is congruence distributive [30] if the congruence lattice
on any algebra in V is a distributive lattice. These varieties occupy an extremal situation
in universal algebra created by the modular commutator, namely, when it is as large
as possible. On the other end, when it is as small as possible, we have the abelian
varieties — a topic which categorical algebra is well suited for. However, there has been
comparably less attention given to congruence distributivity, from the categorical point of
view. One possible reason for this, is that there are several categorical conditions arising
from equivalent characterisations of congruence distributivity for varieties, each with their
advantages and disadvantages. Moreover, these categorical conditions are not necessarily
equivalent, as are their varietal counterparts.

Congruences in a variety of universal algebras are just internal equivalence relations
in the variety, so the most direct categorical distributivity condition is the notion of an
equivalence distributive category given in [14]: a finitely complete category C is called
equivalence distributive when the meet semilattice Eq(A) of equivalence relations on A is
a distributive lattice: for any R,S,T € Eq(A), we have

RASVT)=(RAS)V(RAT). (1)

However, this notion has several drawbacks. For one thing, its definition relies on the
existence of suprema of equivalence relations — a condition not guaranteed by familiar
categorical contexts such as finite completeness, regularity [1], or even Barr-exactness [1].

The authors would like acknowledge the financial support of the National Institute for Theoretical
and Computational Sciences (NITheCS), South Africa. The second author acknowledges partial financial
support by Centro de Matemdtica da Universidade de Coimbra (CMUC), funded by the Portuguese
Government through FCT/MCTES, DOI 10.54499/UIDB/00324,/2020.

Received by the editors 2024-01-11 and, in final form, 2024-05-07.

Transmitted by Gieuseppe Metere. Published on 2024-05-22.

2020 Mathematics Subject Classification: 08B05, 08B10, 18E08, 18E13.

Key words and phrases: Congruence distributivity, n-permutability, Mal’tsev condition, regular cat-
egory, trapezoid lemma, majority category.

(© Michael Hoefnagel and Diana Rodelo, 2024. Permission to copy for private use granted.

231



532 MICHAEL HOEFNAGEL AND DIANA RODELO

Moreover, the definition of equivalence distributive category excludes categories such the
variety of (distributive) lattices equipped with a term of countable arity (see [26]). How-
ever, this category is categorically quite similar to the category of lattices — the proto-
typical example of a congruence distributive variety.

A condition which does not involve such an inductive requirement as the existence
of suprema of equivalence relations, is a categorical version of the so called trapezoid
lemma [9]. This condition captures (and is, thus, equivalent to) congruence distributivity
in much the same way as H. P. Gumm’s shifting lemma captures congruence modular-
ity [15]. A variety of universal algebras V satisfies the trapezoid lemma if for every three
congruences R, S,T on any algebra A in V the following diagrammatic condition holds:

T

u (%

S S

RASST - (2)

TR Y
-

More precisely, if RAS < T and elements x, y, u, v of A are such that xSu, uTv, ySv, xRy,
then we can deduce that zTy. This condition on equivalence relations can be formulated
internally to any category using standard techniques involving the Yoneda embedding, so
that we can discuss categories satisfying the trapezoid lemma (see Definition 3.1). Then
a variety satisfies this categorical version of the trapezoid lemma if and only if it satisfies
the trapezoid lemma in the above sense. It is easy to prove that any regular equivalence
distributive category satisfies the trapezoid lemma (Proposition 3.2). We do not know if
the converse is true or not (supposing we are in a categorical context where suprema of
equivalence relations exist). The main disadvantage in the trapezoid lemma approach is
finding convenient equivalence relations R, S, T, with RAS < T, to which we can actually
apply the property of the diagram in (2).

In this paper, we introduce and study another possible categorical generalisation of
congruence distributive varieties. This generalisation is motivated by B. Jénsson’s charac-
terisation of congruence distributive varieties [30], which states that a variety of universal
algebras V is congruence distributive if and only if there exist an n > 1 and ternary terms
D1, ---,Pn in the theory of V such that the equations

pi(z,y,7) = =, for all 4,
p1($7$,y) =T,

iy, x,x) = pir1(y, z,x), for i odd,
pi(“% x,y) = pi+1($,x,y), for i even,
Pl 2, y) =y, if n even,
pu(y,z,7) = 7, if n odd,

hold. This condition can not be directly formulated in a categorical way, since it is
a Mal’tsev condition, and the basic language of categories does not deal with terms.
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However, the existence of the n Jonsson terms above in a variety V is equivalent to the
requirement that for any three congruences R, .S, T on any algebra in the variety, we have

RA(SoT)<(RAS)o(RAT)o(RAS)o---. (3)

-

~~ -

(n+1) times
This property can be formulated categorically with respect to equivalence relations, and
in the context of a regular category. A regular category C is called a Jonsson category of
order n when any three equivalence relations R, .S, T on any object in C satisfies (3). The
advantages of this generalisation is that it does not require the existence of suprema of
equivalence relations and the property on equivalence relations (3) is easier to check than
that of the trapezoid lemma.

The aim of this paper is to show that several properties of congruence distributive
varieties extend to properties of Jonsson categories of some order n. We will also compare
other categorical properties which are associated to congruence distributive varieties, such
as the notion of a majority category [16, 18|, the notion of a locally anticommutative
category in the sense of [20], as well as a categorical counterpart of the trapezoid lemma
in the sense of [10] (see also [9]).

2. Preliminaries

In this section we recall the notions of subobject, internal relation, as well as the notion
of regular category and their properties. For the reader who is already familiar with these
notions, we recommend taking note of the notation and conventions described in 2.1.1
below and skipping to Section 3.

2.1. SUBOBJECTS AND RELATIONS IN CATEGORIES. If m : My — X and n : Ny — X
are monomorphisms in a category C, then we write m < n if m factors through n, i.e., if
there exists ¢ : My — Ny such that n¢ = m. This defines a preorder on Mono(X), the
class of all monomorphisms in C with codomain X. The posetal reflection of Mono(X)
is called the poset of subobjects of X, and is denoted by Sub(X). Explicitly, a subobject
S € Sub(X) is an equivalence class of monomorphisms with codomain X, where two
monomorphisms n,m € Mono(X) are equivalent if and only if n < m and m < n. If
s : Sy — X is a member of S, then we will say that S is the subobject represented by s in
what follows.

In any category C the pullback of a monomorphism along any morphism is again a
monomorphism, which is to say that if the diagram:
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is a pullback diagram in C, and m is a monomorphism, then so is n. Given that C
has pullbacks of monomorphisms along monomorphisms and A, B € Sub(X) are any
subobjects represented by a : Ag — X and b: By — X respectively, then we write A A B
for the subobject of X represented by the diagonal monomorphism in any pullback

(A AN B)OLAO

N

By

2.1.1. NOTATION AND CONVENTIONS. The notional conventions given here will be used
without mention throughout the rest of the text. Let A be a subobject of an object X
and consider a morphism z: S — X in a category C, then:

e if x factors through one representative of A, then it factors through all representat-
ives of A;

e we write x €5 A if x factors through a representative of A

)

S ........... > AO)

e if C has pullbacks and B is a subobject of X, then we have x g A A B if and only
if reg Aand reg B;

e if e: F — S is a regular epimorphism in C, then xe €g A if and only if x €g A. In
fact, this holds if e is a strong epimorphism, as it relies only on the diagonal fill in
property of strong epimorphisms.

2.2. DEFINITION. Let C be a category with finite products, then an (internal) n-ary rela-
tion R between objects X1, Xo, ..., X,, in C is simply a subobject of X1 x Xg x -+ x X,.

We will adopt a standard abuse of notation, namely, we will use the same R to denote
the domain of the monomorphism which represents the relation, i.e., a relation R as above
is denoted by R »— X7 x -+ x X,,. Also, if (r,73): R — X xY is a relation from X to Y,
the opposite of R, denoted R°P, is the relation from Y to X given by (r9,71): R — Y x X.
For a binary relation R, and morphisms z: S — X,y: S — Y in C, we will write xRy if
and only if (z,y) €s R.

The notation introduced above allows for a simple translation of the familiar properties
of binary relations. Given a relation R on an object A (i.e. a relation from A to A), we
say that R is:

e reflezive if for any morphism x : S — A in C we have x Rx. This is equivalent to the
requirement that Ay < R, where Ay is the diagonal relation on A, i.e., the identity
relation represented by the monomorphism (14,14): A — A X A;
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e symmetric when R°® < R,
e transitive when for any morphisms x,y, z if t Ry and yRz then zRz;
e an equivalence relation when it is reflexive, symmetric and transitive;

e an effective equivalence relation when it is a kernel pair equivalence relation, i.e., R
is the kernel pair of some morphism f, denoted R = Eq(f).

2.3. REGULAR CATEGORIES. Recall the definition and main properties of regular cat-
egories [1] which will be used throughout this work.

2.4. DEFINITION. A category C is called regular if:

(i) C has finite limits and coequalisers of kernel pairs.

(i) The class of reqular epimorphisms in C is pullback stable, i.e., if the diagram

s a pullback in C, and f is a regular epimorphism, then so is p.

The following are important consequences of Definition 2.4, and will be used without
mention in what follows:

e every morphism f : X — Y in C factors as f = me where e : X — (@ is a regular
epimorphism and m : () — Y a monomorphism. The factorisation f = me is
sometimes called an image factorisation of f. Note that such image factorisations
are unique up to isomorphism;

e the composite gf of two regular epimorphisms f: X - Y andg:Y - Zin Cis a
regular epimorphism;

e if the composite gf of two morphisms f: X — Y and g: Y — Z in C is a regular
epimorphism, then ¢ is a regular epimorphism.

Given a regular category C, it is possible to define the composition of relations in
C. Indeed, let R be a relation between objects X and Y, and S a relation between
objects Y and Z in a regular category C. Suppose that r = (r1,75) : R — X x Y and
s = (s1,82) : S —Y x Z. Consider the diagram:

P
RN
/R\ /S\\
X Y Z
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where (P, p1, p2) is a pullback of s; along 5. The composite RoS is the relation represented
by the monomorphism part of any image factorisation of (r1p1, sops) : P — X x Z as in
the diagram:

P—>(RoS)=">~X x Z.
\/
(r1p1,52p2)

It is well-known that the composition of relations in a regular category is associative (see
[1, 3]).

2.5. PROPOSITION. |7] Let R be a relation from X toY and S a relation from'Y to Z.
Given any morphisms x : S — X and z : S — Z then x(Ro S)z if and only if there exists
a reqular epimorphism e : E — S and a morphism y : E — Y such that xeRy and yS=ze.

From the proposition above it is easy to see that a relation R on an object A is
transitive if and only if Ro R < R.

2.6. n-PERMUTABILITY. Let Eq(A) denote the meet semilattice of equivalence relations
on an object A in a regular category C. Given R,S € Eq(A), we follow the notation
introduced in |7]
(R,S), =RoSoR---;
~

-~

~r
n

in particular, (R,S)o = Aa (the identity relation on A), (R,S); = R, (R,S)2 = Ro S,
(R,S)3 = RoSoR, and so on. The relation (R,S),, n = 2, is not an equivalence
relation in general (although it is always reflexive and it is symmetric when n is odd). It
is known from [7] that (R, 5), is an equivalence relation, for some n > 2, precisely when
the category C is n-permutable.

2.7. DEFINITION. A reqular category C is called n-permutable, where n = 2, when the
equivalence relations in C are n-permutable, that is, given any R,S € Eq(A), for any

object A of C, we have (R,S), = (S, R),.

A 2-permutable category is usually called a regular Mal’tsev category [8] and a 3-per-
mutable category is usually called a Goursat category |7] (a Goursat category is regular
by definition). It is easy to check that an n-permutable category is always k-permutable,
for any k = n; the converse is false (see [36]).

When C is n-permutable, C admits joins of equivalence relations on A: for R, S € Eq(A)

Rv S =(R,S)y; (4)

consequently, Eq(A) is a lattice, for any object A of C. There are several other nice
properties of (equivalence) relations in n-permutable categories (see |7], [29] and [31], for
example).
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3. Main results

We begin this section by exploring the link between equivalence distributivity and the
trapezoid lemma.

Recall from the Introduction that a variety of universal algebras V satisfies the trape-
zoid lemma if given congruences R, S, T on any algebra A in V, the diagrammatic condition
(2) holds. Categorically, we have the following:

3.1. DEFINITION. A category C is said to satisfy the trapezoid lemma when for any three
equivalence relations R, S, T on any object A in C with R A S < T, if morphisms x,u, v,y
are such that xSu, uTv, ySv, xRy, then we can deduce that zTy.

An alternative formulation of the trapezoid lemma, which makes use of the context
of a regular category C, is simply the following requirement on the equivalence relations
R, S, T on any object A in C:

RAS<T = RA(SoToS)<T. (5)

This follows easily from Definition 3.1 and Proposition 2.5.

Recall also from the Introduction, that an equivalence distributive category is a finitely
complete category in which the lattice of equivalence relations Eq(A) on any object A
forms a distributive lattice (see [14]).

3.2. PROPOSITION. Let C be a reqular equivalence distributive category. Then the trape-
zotd lemma holds in C.

PrROOF.  Given any equivalence relations R, S, T on the object A such that RA S < T,
we have

RA(SoToS8)<RASVT)L(RAS)V(RAT)<T,
which gives (5). "

Regular Mal’tsev or Goursat categories satisfying the categorical versions of the tra-
pezoid lemma and of the triangular lemma [10] were studied in [14]|. There the authors
explored the link between these lemmas and equivalence distributivity in the context of
regular Mal'tsev or Goursat categories. In what follows, we will establish some basic
properties of categories satisfying the trapezoid lemma.

Let C be a regular category. Recall from [11]| Freyd’s modular law: given relations

R—AxB,S— Bx(CandT»— A x C we have
(RoS)AT < (RA(ToS%))o0S. (6)

3.3. PROPOSITION. Let C be a reqular category satisfying the trapezoid lemma. Given any
equivalence relations R, S, T on any object A in C such that SoT < RoS and RAS < T,
then T permutes with S.
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PROOF. Given the relations as in the statement, we have

SoT < (RoS)a(SoT) (assumption)
(6)
S (RA(SoToS%P)) oS
=(RA(SoToS)oS (S is symmetric)
(2 TolS.

Recall that a regular category C is called factor permutable [12] if for any equivalence
relation £ on an object A we have E o Eq(p) = Eq(p) o E where p: A — X is a product
projection of A.

3.4. PROPOSITION. A regular category C satisfying the trapezoid lemma is factor permut-
able.

PROOF. Given any product diagram
X&EABY

we note that Eq(p;) A Eq(p2) = A4 and Eq(p1) o Eq(p2) = V4, which denotes the largest
equivalence relation on A. Now given any equivalence relation £ on A and applying
Proposition 3.3 in the case R = Eq(p;) and S = Eq(pz) and T' = E, we get the desired
result. ]

3.5. JONSSON CATEGORIES. In this subsection we introduce the notion of a Joénsson
category of order n as a categorical generalisation of varieties admitting n Jonsson terms
for n = 1. A usual procedure to obtain such kind of generalisation is to consider a
characteristic property on relations of the variety being studied, when such a property
can be expressed categorically. We note here that a general class of properties which allow
for the translation of Mal’tsev conditions into their corresponding categorical conditions
has been given in [28]. In particular, it was shown in that paper how the linear Mal’tsev
conditions (see [37]) can be interpreted as a property determined by an extended matrix
of variables.

3.6. DEFINITION. A regular category C is said to be a Jonsson category of order n (where
n € N) if for any equivalence relations R, S, T on any object A of C, we have

RA(SoT)<(RAS,RAT)ps1- (7)

3.7. REMARK. A variety of universal algebras V admits n Jonsson terms if and only if it
is a Jonsson category of order n. The proof of this is implicitly in [30], and for this reason
we omit it.

3.8. REMARK. A Jonsson category of order 1 is precisely a regular majority category
(see Theorem 3.1 in [18]). Note also, that the notion of majority category [16] does not
require the base category to be regular and has been defined as a property which may be
formulated with respect to any category.
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3.9. THEOREM. Let C be a regular category. The following statements are equivalent for
n=1:

(i) C is a Jonsson category of order n;

(ii) Given an equivalence relation R and reflexive relations S, T on any object A of C,
we have
RA(SoT)<((RASP)o(RAS),(RAT)o (RAT®)), - (8)
The property (ii) in the theorem above has been extracted from [30] (see equation (4)
therein). The proof of the implication (ii) = (i) is straightforward by using the symmetry
of S an T, and the transitivity of R A S and R A T. Moreover, for n = 1, the implication
(i) = (ii) follow from Theorem 3.1 in [18]. The proof of the implication (i) = (ii) for the
general case when n > 2 is a bit technical. For this reason, we decided to postpone its

proof to the end of this work (Section 3.20), while focussing now on the nice consequences
and properties that can be extracted from Theorem 3.9.

3.10. COROLLARY. If C is a Jonsson category of order n, then it is a Jonsson category
of order k, for any k = n.

PROOF. This follows immediately from Definition 3.6 and the fact that (RAS, RAT )41 <
(RAS,RAT)1,since R, S and T are reflexive relations. n

Under the assumption that the base category C is n-permutable (so that suprema of
equivalence relations on a same object A exist in C, and hence Eq(A) is a lattice), we shall
prove in Proposition 3.12 that the notion of equivalence distributive category coincides
with that of a Jonsson category (of order n — 1).

3.11. PROPOSITION. Let C be an n-permutable category (n = 2) and a Jonsson category
of any order. Given equivalence relations R, S, T on any object A of C, we have

RA(ST); < (RAS)V(RAT), forany j = 1.

PROOF. Suppose that C is a Jonsson category of order £ > 1. We can suppose that
k = n — 1 by Corollary 3.10. Since k = n — 1, then C is also (k + 1)-permutable. For
J = 1, the inequality is obvious. We prove the above inequality by induction on j > 2.
For 7 = 2, we have

RA(S,T)y =RA(SoT)
RAS,RAT )i (by Definition 3.6)

(
(RAS)V(RAT) ( (k + 1)-permutability).

/Al
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Suppose now that R A (S,T); < (R A S) v (RAT), for some j = 2. When j is odd

RA(S,T)je1 = RA((S,T); 0T)

(B A(S.T)) 0 (B AST),), RAT s (S.T)P = (S,1);, T = T)
S((RAS)V(RAT)o((RAS)V(RAT)),RAT )is1 (mductlon assumption)
=((RAS)V(RAT),RAT ) ((RAS)V(RAT) transitive)
=(RAS)V((RAT)Vv(RAT) ((k + 1)-permutability)
=(RAS)V(RAT).

When j is even

R/\(S T);41 =R A ((S,T);0S)

RA(T,8)j)o(RA(S,T);),RAS )i, (S, T)* = (T,5);, S° = S)
(((R ASYVIRAT)o((RAS)V(RAT)),RAS )1 (mductlon assumption)
((RAS)V(RAT),RAS )k ((RAS)v(RAT) transitive)
=((RAS)V(RAT)) v (RAS) ((k + 1)-permutability)
(RAS)Vv (RAT).

—
—~

3.12. PROPOSITION. Let C be an n-permutable category (n = 2). Then C is equivalence
distributive if and only C is a Jonsson category (of order n —1).

PROOF. Note that for n = 2, the statement claims the known fact: a regular Mal'tsev
category is equivalence distributive if and only if it is a majority category (Corollary 3.2
in [18]).

Let R, S, T be equivalence relations on any object A of C. Suppose that C is a Jonsson
category (of any order, in this implication). By Proposition 3.11 we get

R/\(SvT)@R/\(S,T)n< (RAS)v (RAT).
Conversely, if C is equivalence distributive, then

4)

RA(SoT)<RA(S,T), =RA(SvV T) (R/\S) (R/\T) (R/\SR/\T)

By Definition 3.6, C is a Jonsson category of order n — 1. [

3.13. PROPOSITION. If C is a Jonsson category of any order, then C satisfies the trapezoid
lemma.

PROOF. Suppose that C is a Jonsson category of order n. Let R,S,T € Eq(A), for some
object A of C, such that R A .S < T. We may apply (7) to get that

RA(SoT)<(RAS,RAT)py1 <T,
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the last inequality following from the property that both R A .S and R A T" are contained
in 7. Similarly, we have that R A (T o S) < T. We prove (5)

RA((SoT)oS)
S((RA(ToS)o(RA(SoT)),RAS)ni1 (by (8), (SoT)® =ToS, S =039)
<T.

Recall from [15] that a variety of universal algebras V satisfies the shifting lemma if for
every three congruences R, S, T on any algebra A in V the diagrammatic condition similar
to that of (2) holds, where uT'v is replaced with u(R A T)v. Finitely complete categories
satisfying (the categorical version of) the shifting lemma are called Gumm categories, and
were introduced in [6]. Any regular Mal’tsev or Goursat category satisfies the shifting
lemma [8, 7], so they are examples of Gumm categories. Furthermore, it is shown in [13]
that regular Mal'tsev or Goursat categories can be characterised by stronger variations
of the shifting lemma. The shifting lemma is implied by the trapezoid lemma (even for
finitely complete categories), so that every Jonsson category C is necessarily a Gumm
category (by Proposition 3.13). It then follows from Proposition 2.12 in [17]| that binary
products commute with coequalisers locally (in the sense of [17]) in C, and that C is
locally anticommutative in the sense of [20] (see Corollary 2.18 and Remark 2.17 of [20]).

3.14. REMARK. There are examples of Gumm categories that are not Jonsson categories.
Indeed, any regular Mal’tsev category which is not equivalence distributive, is not a
Jonsson category of any order. This follows from the proof of Proposition 3.12. As
examples, we have the (quasi)varieties Ab of abelian groups, Grp of groups or Rng of
rings.

3.15. DEFINITION. Let A be an object in a category C, then a factor relation F' on A is

any equivalence relation on A of the form Eq(p) where X < A Y isa product diagram.
The factor relation F' = Eq(p’) will be called a complementary factor relation of F.

3.16. PROPOSITION. For any Jonsson category C of any order, given equivalence relations
F. S, T on any object A of C, where F is a factor relation, we have

(FoS)A(FoT)=Fo(SAT).

PROOF. Suppose that C is Jonsson of order n for some n > 1. Note that since C is factor
permutable, the relation F o S is an equivalence relation, so that we have

(FoS) A (FoT)

S((FoS)AF (FoS)AT)psr (by (7))

< (F,(FAT,SAT)pt1)ns1 (FoS)AF <F,(7) applied to (FoS)AT)

< (F (F,S AT)ns1)nt1 (FAT<F)

=Fo(SAT), (Fo(SAT)=(SAT)oF and F is transitive)
The inclusion F'o (S AT) < (FoS) A (FoT)is trivial. "
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3.17. PROPOSITION. If C is a Barr-exact Jonsson category of any order, then the set of
factor relations F(A), for any object A of C, forms a Boolean algebra under n and o.

PROOF. Let C be Jonsson of order n > 1 and suppose that F,G € F(A). Then we show
that F' A G and F’ o G are complementary factor relations. By (7), we have

(FAGYA(F' oGYS(FAGAF FAGAG) w1 S(FAF,GAG )1 =An,

since ' A F' = Ay = G A G, as complementary factor relations. Moreover, applying
Proposition 3.16 we have

(FAG)o(F'oG)=(FAG)oF)oG = ((FoF')A(GoF')oG' =GoF' oG =V,

since F'o " =V, = G o', as complementary factor relations. Therefore we have that
F A G and F' o G’ complementary factor relations, so that F(A) is closed under A and o,
and then by Proposition 3.16 it is a complemented distributive lattice under these terms. m

3.18. REMARK. The above proposition shows that in any Barr-exact Jonsson category,
every object with global support is projection coextensive in the sense of [19].

3.19. EXAMPLES OF JONSSON CATEGORIES. Any regular majority category is a Jonsson
category of order 1 (see [16] for details). We also know that a regular Mal'tsev (=2-
permutable) category is a majority category if and only if it is equivalence distributive
(Proposition 3.12 for n = 2). We have the following list of examples, where we also add
whether the category is a Mal’tsev category or an equivalence distributive category, or not,
when such is known. Note that, in the varietal context equivalence distributive is usually
called congruence distributive. Also, a Mal’tsev and congruence distributive variety is
called an arithmetical variety and a Barr-exact Mal’tsev equivalence distributive category
is called an arithmetical category [5] (dropping the existence of coequalisers given in the
original definition [35]).

Varietal examples:

e Lat, the variety of lattices (it is not a Mal’tsev category, but it is congruence dis-
tributive);

e |Grp, the variety of lattice-ordered groups (it is an arithmetical variety [2]);
e Heyt, the variety of Heyting algebras (it is an arithmetical variety);
e Bool, the variety of Boolean algebras (it is an arithmetical variety);

e any Mal'tsev variety equipped with a k-ary near unanimity term, & > 1 (it is an
arithmetical variety [33]).

Non-varietal examples:

e any quasivariety of those listed above;



CATEGORICAL ASPECTS OF CONGRUENCE DISTRIBUTIVITY 543

e the variety of distributive lattices equipped with an additional term of countable
arity (it is not Mal’tsev nor an equivalence distributive category [26]);

e ((pre)topos)°P, the dual of any (pre)topos (it is an arithmetical category [7, 34]);

e Top°, the dual of the category of topological spaces (it is not a Mal’tsev cat-
egory [38]);

e (Mety)°P, the dual of the category of (extended) metric spaces (it is not a Mal’tsev
category [38]);

e NReg, the category of von Neumann regular rings (it is an arithmetical category [16]);

e NReg(Top), the category of topological von Neumann regular rings (it is a regular
Mal’tsev and congruence distributive category [18]);

e Bool(Top), the category of topological Boolean rings (it is a regular Mal'tsev and
congruence distributive category [18]);

e the category of topological lattices [16].

A Goursat (i.e. 3-permutable) category is a Jonsson category of order 2 (but not of
order 1) if and only if it is equivalence distributive (Proposition 3.12 for n = 3). For
example, the variety Imp of implication algebras [32] since it is known that such a variety
is 3-permutable (not 2-permutable) and congruence distributive. As shown in [33] every
variety which admits a k-ary near unanimity term [33| will be an example of a Jonsson
category of order 2k — 5 (see [33]).

Finally, if C is a Joénsson category of order n and X is an object in C, then so are
the comma categories C/X, X/C, the category Ptx(C) of points over X [4] or the functor
category CP, for any category D (see [16] for details when n = 1; similar arguments hold
for n = 2).

3.20. PROOF OF THEOREM 3.9. We prove the implication (i) = (ii) of Theorem 3.9
when n > 2.

Let a,c: X — A be morphisms such that (a,c) ex R A (SoT). From (a,c)ex SoT
there exists a regular epimorphism e;: E; — X and a morphism b: E; — A such that
(aey,b) €g, S and (b, cey) €g, T and also (aeq, ce) €g, R. We define a ternary relation D
on A as the image p(1W), where W is the quaternary relation on A represented by w as
in the diagram

D 2 w SxRxT

_
d / T sxrx(t2,t1)
A3 At R x A? AS.

p=(m1,73,7m2) X142 w=(r171,73,72,73,7271,73)
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Each 7; denotes an i-th product projection. In set-theoretical terms, p(x,z,y,w) =
(x,y,2) and m(xRz,y,w) = (z,w,y,w, z,w).
Given z,y,z,w: B — A, we have

(x,z,y,w)ep W < (x,2)€p R, (y,w) € R, (x,w)ep S,(w,z)ep T,
(x,y,z) ep D < Ju: C — B,v: C — A such that
(x,z) €p R, (yu,v) €c R, (zu,v) €c S, (v, zu) ec T.

We have

e (aey,aeq,aer) €, D, since there exist 1g,: By — E; and ae;: F; — A such that
aeq, CL€1) eE1 R7 57 Tv

e (aey,b,ce) €g D, since there exist 1g,: £y — F; and b: E; — A such that

(
(
(
(aey,cer) €g, R, (b,b) €g, R, (aey,b) €g, S, (b,cer) €g, T
(
(

e (cey,aeq,cer) €p, D, since there exist 1g,: Fy — FE; and ce;: Fy — A such that
cei,cer) €Eg, R, (ae1,cer) €p, R, (cer,cer) €p, S, (cer,cer) €p, T.

We consider the equivalence relations on D defined by the kernel pairs of the pro-
jections d;: D — A: Dy = Eq(dy), Dy = Eq(d2) and D3 = Eq(ds). We can apply our
assumption to these equivalence relations

D2 A (Dl o D3) < (.D2 A Dl, D2 AN D3)n+1-

In what follows we use a slight abuse of notation. From (aey, aey, aeq), (aeq, b, ce),
(cey,aeq, cer) €Eg, D, there exist morphisms «, 3,7: Ey — D such that da = (aeq, aey, aey),
df = (aey,b,cer), and dy = (cep,aer,cer). Since doar = dyy, we may conclude that
(a,y) €g, Do. To be easier to keep track of the original morphisms, we shall write
((aey, aeq,aey), (cer, aeq, cer)) €g, Do instead. Similar notation will be used in the rest of
the proof. Accordingly, we have

((ae1, aer, aer), (cer, aer, cer)) €g, Do,
((aey, aeq,aer), (aeq, b, cer)) €g, D1 and ((ae, b, ceq), (cey,aeq, cer)) €p, Da;
it follows that ((aeq,aey,aeq), (cer,aer, cer)) €p, Do A (D1 o Dj3).

From the inequality above, we conclude that
((a’elv aeq, (l€1>, (0617 aer, 061)> €p (D2 N D17 Dy A D3)n+1- (9)

When n is odd, the sequence (9) ends with a Dy A D3. So, there exists a regular epimorph-
ism ey: Fy — E; and morphisms zq, - -+, 2,_1: Fy — A such that the relations on the left
part of the following table hold. Thus, there exist es: F3 — Fy and dy,--- ,d,: F3 > A
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such that the relations on the right part of the following table hold

1 (aeieq, aeres, 29) €g, D (aeieq, z9) €, R (aejeses, dy) €y R
(aejeses, dy) €Epy S (dy, 20e3) €Epy T

2 (21,aeie2,29) €Eg, D (21,22) €p, R (aejeses, da) €y R
(z1€3,d2) €R, S (dy, 20e3) €p, T
(21,24) €p, R (aerezes,ds) €py, R
(2163,d3) €p, S (d3,z463) €p, T

3 | (z1,ae1e9,24) €Ep, D

n—2|(z, 4,ae162,2, 1) €Eg, D (zn 4 zn 1) €p, R (CL€1€2€3, 2) €, R
(zn_a€3,dpn_2) €y S (dp_o, 2n_ 163) €p, T
n—11(z,_2,ae1€2,2,1) €g, D | (2, 2,zn 1) €p, R (aejeses,d,_1) €p, R
(zn—2€3,dn—1) €py S (dn—1, 2n— 163) €p, T
n | (zn_2,ae1e9,ce162) €g, D | (252, 06162) €p, R (aejeses, d,) €p, R
(2n_2€3,dp) Epy S (dn, cereqes) €p, T

We may deduce the following relations from the right side of the table
(a) (d;,dis1) €py R, Vi€ {l,--- ,n—1}, because (aejeqses, d;) €p, R, Vie {1,--- ,n} and

R is symmetric and transitive;

(b) (du Zi+1€3) €r, T (line Z) and (Zi+163, di+1) €p, Tep (line 1+ ]_), Vi e {1, R 2}
and 7 odd;

(c) (di, zi_1€3) Ep, S° (line i) and (z;_1e3,d;41) €g; S (line i + 1), Vie {2,--- ,n — 1}
and ¢ even.

Using the symmetry and transitivity of R we also get

(d) (di, zis1€3) €Ep, R and (z11€3,div1) €py R, ¥i € {1,--- ,n — 2} and i odd. For
example, when i = 1, we get (dy, z0e3) €g, R from the relations (dy, aejeqze3) €p, R
and (aejeses, z0e3) €p, R in the first line of the table above; also (20e3,d3) €p, R
follows from (zqe3,d;) €g, R (by the previously shown and symmetry of R) and
(dy,dy) €p, R from (a);

(e) (d;, zi—1e3) €gy R and (z;_1e3,div1) €, R, Vi € {2,--- ,n — 1} and i even. For
example, when ¢ = 2, we get (dq, z1€3) €g, R from the relations (da, 20¢3) €g, R,
when i = 1, and (2qe3, 21€3) €g, R which follows from the second line of the table
above; also (z1e3,d3) €p, R follows from (zje3,d2) €g, R (by the previously shown
and symmetry of R) and (ds,ds) €g, R from (a).

Note that (d) is equal to (b) by replacing 7" with R and (e) is equal to (c) by replacing
S with R. Combining the above we obtain the following relations (next we write - - - W - - -
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to denote (--- ,---) €g, W, for a relation W)

aejeses (R A SP) aejeses (RAS) di (RAT) ze3 (R ATOP) ds
ds (RASP)  zie3 (RAS) d3 (RAT) zge3 (R ATP) dy

dn_g (R AN SOP) Zn—4€3 (R 7AN S) dn_Q (R AN T) Zn—1€3 (R AN TOP) dn—l
doo1 (RAS®) z, 0635 (RAS) d, (RAT) ceieses (R ATOP) cejeges;
SO
(aejeqges, cereses) €py (RASP)Yo(RAS),(RAT)o(RATP) )pi1.

Since ejesez: B3 — X is a regular epimorphism, we obtain
(a,c)ex (RASP)o(RAS),(RAT)o(RAT®))pi1.

When n is even (n > 2), the proof is similar except that the sequence in (9) ends with
a Dy A Di. Now we get the table

aeieqses, di) €p, R
dyi, z2€3) €Ep, T
aeieses, ds) €p, R
dz, 2263) SIoR T
aeieqes, ds) €p, R
ds, z4e3) €Ep, T

aeies, z3) €p, R
aeieses, dy) €Epy, S
21,29) €g, R
z1e3,dg) €, S
21,24) €Eg, R
z1€3,d3) €, S

1 (aeieq, aeres, 29) €p, D
2 (Zl, aeies, 22) €r, D

3 (21,aeie9,24) €Eg, D

( (
( (
( (
( (
( (
( (

Zn—3; Zn— 2) €p, I aejezes, d,— 2) €p, R

Zn-3€3,d ) €Eq S n—2; Fn— 263) €py T’

n—2|(z,_3,ae1€3,2,_2) Eg, D (
(d
Zn_3, zn) €p, R (aejeses, dy 1) €y R
(d
(
(

n—11(z, 3,ae1e2,2,) €Eg, D
Zn—ge3, dp_1) €Egy S (dp_1, Znes) €p, T
06162,Zn) €p, R aeieses, d,) €p, R
6616263, ) €p, S dn, Zneg) €p, T

n | (cejes, aeres, 2,) €Ep, D

(
(
(
(
(
(

Similarly, we may deduce

o (di;dz‘+1) €F; R, Vi e {1, e, N — 1},

o (di,Zi+1€3) €F, (R A T) and (Zi+163,di+1) €r, (R A TOP), Vi € {]_, e, N — 1} and 7
odd;

o (d;,zi—1e3) €gy (R A S°P) and (z;_1e3,d;41) €p, (RAS), Vie {2,--- ,n—2} and i
even (these do not hold when n = 2).

Combining the above we obtain the following relations

aeci1€e9€s3 (R AN SOP) aeci1€9€3 (R AN S) dl (R AN T) Z9€3 (R 7AN TOP) d2
dQ (R AN SOP) Z1€3 (R AN S) d3 (R AN T) Z4€3 (R 7AN TOP) d4

dp o (RAS®) z,3e5 (RAS) dy1 (RAT) zpes (RATP) d,
d,, (R A S°P) cejeses (R AS) cejeses;
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SO

(aejeqges, cereses) €gy (RASP)Yo(RAS),(RAT)o(RATP) )pi1.

Since ejeses: F3 — X is a regular epimorphism, we obtain
(a,c)ex (RASP)o(RAS),(RAT)o(RAT®))pi1.
This completes the proof.

3.21. REMARK. Part of the proof of Theorem 3.9 follows the procedure introduced in [29].
In [29] the authors translate varietal proofs into categorical ones by using an appropriate
matrix property corresponding to the ground categorical context.

3.22. REMARK. As a general remark on the translation of varietal conditions into categor-
ical ones, we note a difference between the categorical conditions being studied here and
their varietal counterparts. A variety of algebras which admits a so-called near unanimity
term is always congruence distributive (see [33]). The translation of the condition that a
variety admits a near unanimity term is a closedness property of internal relations [27],
or a matrixz property for short. Finitely complete categories satisfying the near unanimity
matrix property (and implications between such conditions) have been introduced and
studied in [21] (see also [22, 23, 24, 25|) for the general study of implications between
matrix properties). Now, given a variety V of algebras which satisfies a near unanimity
matrix condition which is not the majority matrix condition, if V is Mal'tsev then V is
arithmetical. However, the corresponding statement for finitely complete categories is not
generally true (see Section 5 of [21] for the details).
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