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TWISTED SEPARABILITY FOR ADJOINT FUNCTORS

JULIEN BICHON

Abstract. Twisted separable functors generalize the separable functors of Nastasescu,
Van den Bergh and Van Oystaeyen, and provide a convenient tool to compare various
projective dimensions. We discuss when an adjoint functor is twisted separable, obtain-
ing a version of Rafael’s Theorem in the twisted case. As an application, we show that
if R is Hopf-Galois object over a Hopf algebra A, then their Hochschild cohomological
dimension coincide, provided that the cohomological dimension of A is finite and that
R has a unital twisted trace with respect to a semi-colinear automorphism.

1. Introduction

Separable functors, introduced by Nastasescu, Van den Bergh and Van Oystaeyen [13],
provide an elegant and powerful categorical setting for proving various types of generalized
Maschke theorems. We refer to [8] for a systematic presentation and many examples in
the setting of generalized Hopf modules categories.

One nice feature of separable functors is that they reasonably preserve projective di-
mensions whenever these are defined: if F : C // D is an exact functor between abelian
categories having enough projective objects, then if F preserve projectives and is separa-
ble, we have pdC(V ) = pdD(F (V )) for any object V in C.

Motivated by the question of the monoidal invariance of the cohomological dimension
of Hopf algebras, the notion of twisted separable functor was introduced in [6]. Twisted
separable functors provide a flexible generalization of separable functors, having a similar
property of preservation of projective dimensions when these are finite. They were used
to show the following key result in [6] (Theorem 23 there): if A is a Hopf algebra and
and R is a Hopf-Galois object over A, then if A is cosemisimple and cd(A) is finite, we
have cd(A) = cd(R). Here cd(R) denotes the Hochschild cohomological dimension, i.e.
the projective dimension of R as an R-bimodule.

In this paper we develop some more theory on twisted separable functors. We are
particularly interested in Rafael’s theorem, a very convenient characterization of separa-
bility for functors that are adjoint functors, given in [14, Theorem 1.2]. We provide a
sufficient condition on a left adjoint functor to be twisted separable in the spirit of [14],
see Theorem 3.1, which enables us to replace the cosemisimplicity condition on A in the
above result by a condition on R, as follows.
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1.1. Theorem. Let A be Hopf algebra with bijective antipode and let R be a Hopf-Galois
object over A. If R has a unital twisted trace with respect to a semi-A-colinear automor-
phism of R and cd(A) is finite, we have cd(A) = cd(R).

The notion of twisted trace in the statement is the following one: a twisted trace on
R is a linear map φ : R // k for which there exists an algebra automorphism σ of R
such that φ(xy) = φ(yσ(x)) for any x, y ∈ R. The twisted trace is said to be unital if
φ(1) = 1. We refer to Section 4 for the notion of semi-colinearity for a twisted trace, but
notice that a trace in the usual sense (i.e. with σ above being the identity map) is always
semi-colinear.

The strategy to prove Theorem 1.1 is as follows. If A is a Hopf algebra and R is a left
A-comodule algebra, there is always an associated “canonical” functor FR : AM −→ RMR

sending the trivial A-module k to the R-bimodule R. Since the cohomological dimension of
A equals pdA(k), the projective dimension of k as an A-module (see [10] for example), the
comparison of cd(A) and cd(R) boils down to the question of the preservation of projective
dimensions by FR. The assumptions in Theorem 1.1 then ensure the twisted separability
of FR for R Hopf-Galois (see Theorem 4.9), and hence the statement will follow from the
preservation of finite projective dimensions by a twisted separable functor.

The paper is organized as follows. Section 2 recalls the notion of twisted separable
functor. In Section 3 we give the characterization of twisted separability for adjoint
functors. Section 4 is devoted to study the twisted separability of the canonical functor
FR : AM −→ RMR associated to a left Galois object R over a Hopf algebra A, which then
is used to prove Theorem 1.1. In the final Section 5 we discuss twisted separability in the
classical situation of functors induced by algebra maps between categories of modules.

Notations and conventions. We work over a fixed field k. The category of left modules
over an algebra R is denoted RM, the category of right R-modules is denoted MR, the
category of R-bimodules is denoted RMR. We assume that the reader is familiar with
the theory of Hopf algebras and their modules and comodules, as e.g. in [12], and with
the basics of homological algebra [17], and most notably projective dimensions. If A is a
Hopf algebra, as usual, ∆, ε and S stand respectively for the comultiplication, counit and
antipode of A. We use Sweedler’s notations in the standard way. The trivial A-module
corresponding to the counit of A is denoted k.

2. Twisted separable functors

In this section we recall the notion of twisted separable functor from [6], that we supple-
ment with some new additional vocabulary.

If C is category, in this paper we say that a subclass F of objects of C is generating
if for every object V of C, there exists an object P of F together with an epimorphism
P // V . Notice that the notion of a generating subclass we use is stronger than the
usual one (which only requires that for different morphisms f, g : V //W , there exists
an object P of F and a morphism p : P // V such that f ◦ p ̸= g ◦ p). The present
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stronger version is needed for the applications we have in mind (see [6, Proposition 15]).
Notice however, that if the category as coproducts, then the closure under coproducts of
a generating subsclass in the usual sense is generating in our sense. We thus feel that
there is no true need to introduce a (necessarily heavier) new terminology here.

2.1. Definition. Let C and D be some categories. A functor F : C // D is said to be
twisted separable if there exist

1. an autoequivalence Θ of the category D;

2. a generating subclass F of objects of C together with, for any object P of F , an
isomorphism θP : F (P ) //ΘF (P );

3. a natural morphism M−,− : HomD(F (−),ΘF (−)) //HomC(−,−) such that for any
object P of F , we have MP,P (θP ) = idP .

A triple (Θ,F , θ−) as above is said to be a twisted separability datum for F .

The naturality condition above means that for any morphisms α : V ′ // V , β :
W //W ′ in C and any morphism f : F (V ) //ΘF (W ) in D, we have

β ◦MV,W (f) ◦ α = MV ′,W ′(ΘF (β) ◦ f ◦ F (α))

The isomorphisms θP in Definition 2.1 are not assumed to be natural in P . However, they
are natural in all the examples we have considered so far.

A twisted separable functor F : C //D with twisted separability datum (idC, ob(C), id)
is a separable functor in the sense of [13].

2.2. Example. Let G a finite group and let Ω : Rep(G) //Veck be the forgetful functor
from the category of k-linear representations of G to the category of vector spaces. A
version of the classical Maschke theorem is that Ω is separable if and only if |G| ≠ 0 in k.

Before presenting an example that shows indeed that twisted separability is indeed
less restrictive than separability, we introduce some more vocabulary.

The twisted separability data considered in [6] were of a special type. For future use
and convenience, let us formalize this. Let φ : A // B be an algebra automorphism.
Then φ induces the restriction functor

φ∗ : BM //
AM (2.1)

sending the left B-module M to the left A-module φ∗(M) having M as underlying vector
space and A-module structure given by a ·m = φ(a).m, for m ∈M and a ∈ R.

If θ : R // R is an algebra automorphism, and P is a free R-module, there is a
canonical R-module isomorphism

θP : P // θ∗(P ) (2.2)
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defined as follows. Fix an R-module isomorphism f : P //R⊗ V for some vector space
V , and define θP = f−1 ◦ (θ ⊗ idV ) ◦ f . It is immediate to check that θP is an R-linear
isomorphism and is independent of the choice of f .

Of course similar considerations can be done by replacing left modules by right mod-
ules.

2.3. Definition. Let F : C //
RM be a functor. We say that F is twisted separable of

standard type if F is twisted separable with separability datum (Θ,F , θ−) satisfying the
following condition: there is a generating subclass F0 of F such for any object P of F0

the object F (P ) is a free R-module, the free R-module R is isomorphic to F (P ) for some
object P of F0, and there exists an algebra automorphism θ : R // R such that Θ = θ∗
and θP is as in (2.2) for any object P of F0.

There is of course a completely similar definition for functors with values into right
R-modules.

2.4. Example. Let A be a Hopf algebra. Recall that a (right-right) Yetter-Drinfeld
module over A is a right A-comodule and right A-module V satisfying the condition,
∀v ∈ V , ∀a ∈ A,

(v · a)(0) ⊗ (v · a)(1) = v(0) · a(2) ⊗ S(a(1))v(1)a(3)

The category of Yetter-Drinfeld modules over A is denoted YDA
A: the morphisms are the

A-linear and A-colinear maps. The forgetful functor ΩA : YDA
A

//MA is separable if and
only if A has an ad-invariant integral [1, Theorem 3.12], if and only ifA is cosemisimple and
S4 = id [6, Theorem 33], while ΩA : YDA

A
//MA is twisted separable if A is cosemisimple

by [6, Proposition 30]. More precisely, the twisted separable functor ΩA : YDA
A

//MA

for A cosemisimple is of standard type, with

1. the corresponding class F being the class of free Yetter-Drinfeld modules, i.e. the
Yetter-Drinfeld modules that are images of the left adjoint functor to the forgetful
functor ΩA : YDA

A
//MA;

2. the corresponding algebra automorphism θ being defined by θ = ψ∗2 ∗ idA, where ψ
is a modular functional of A.

See [6, Section 6] for details.

The notion of twisted separable functor is motivated by the following result, which
proved useful to compare various projective dimensions in [6]. The first statement is [6,
Proposition 14], and the second one is the well-known preservation of projective dimension
by separable functors, for which we do not have a reference, but whose proof can be
deduced from that of [6, Proposition 14], using [6, Lemma 16].

2.5. Proposition. Let C and D be abelian categories having enough projective objects,
and let F : C //D be a functor. Assume that F is exact and preserves projective objects.
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1. If F is twisted separable and F , the corresponding class of objects of C, contains a
generating subclass F0 consisting of projective objects, then, for any object V of C
such that pdC(V ) is finite, we have pdC(V ) = pdD(F (V )).

2. If F is separable, then, for any object V of C, we have pdC(V ) = pdD(F (V )).

2.6. Other variations on separability. There exist several variations on the notion
of separable functor in the literature, among which we mention semiseparable functors [2],
heavily separable functors [3], and separable functors of the second kind [7]. Among those
variations, the one that could be close to the present notion of twisted separable functor
is that of separable functor of the second kind, because it involves a second functor as
well. However, we could not find a conclusive relation between the two concepts.

3. Twisted separability criterion for adjoint functors

In this section we give a characterization of twisted separability for adjoint functors,
generalizing Rafael’s theorem [14, Theorem 1.2]. Our characterization is once a twisted
separability datum as been prescribed, while of course, it would be desirable to have a
necessary and sufficient condition without such a constraint. However we do not really
see how to reach this, and we think that probably this a price to pay for the flexibility of
twisted separability.

3.1. Theorem. Let F : C //D and G : D //C be some functors. Assume that F is left
adjoint to G, hence that G is right adjoint to F , and denote η : 1C //GF , ε : FG // 1D
the respective unit and counit of the adjunction.

1. Assume given an autoequivalence Θ : D //D and a generating subclass F of objects
of C together with for any object P of F , an isomorphism θP : F (P ) // ΘF (P ).
Then F is twisted separable with twisted separability datum (Θ,F , θ−) if and only if
there exists a natural transformation ν : GΘF // 1C such that for any object P in
F , one has νP ◦G(θP ) ◦ ηP = idP .

2. Assume given an autoequivalence Θ : C // C and a generating subclass F of objects
of D together with for any object P of F , an isomorphism θP : G(P ) // ΘG(P ).
Fix a quasi-inverse equivalence Θ−1 to Θ together with natural isomorphisms u :
1C //ΘΘ−1 and v : Θ−1Θ // 1C forming an adjoint equivalence. Then G is twisted
separable with twisted separability datum (Θ,F , θ−) if and only if there exists a
natural transformation ξ : 1D // FΘ−1G such that for any object P in F , one has
εP ◦ F (vG(P ) ◦Θ−1(θP )) ◦ ξP = idP .

Proof. (1) Assume first that F : C // D is twisted separable with twisted separability
datum (Θ,F , θ−), so that we are given a natural morphism

M−,− : HomD(F (−),ΘF (−)) // HomC(−,−)
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such that for any object P of F , we have MP,P (θP ) = idP . Define, for an object X of C,
νX : GΘF (X) //X by

νX = MGΘF (X),X(εΘF (X))

For a morphism β : X // Y , we have, using the naturality of M−,− and of ε,

β ◦ νX = β ◦MGΘF (X),X(εΘF (X)) = MGΘF (X),Y (ΘF (β) ◦ εΘF (X))

= MGΘF (X),Y (εΘF (Y ) ◦ FGΘF (β)) = MGΘF (Y ),Y (εΘF (Y )) ◦GΘF (β)
= νY ◦GΘF (β)

This shows that ν above indeed defines a natural transformation GΘF // 1C. For an
object P of F , we have, using the naturality of M−,−, of ε, the adjunction property and
our assumption,

νP ◦G(θP ) ◦ ηP = MGΘF (P ),P (εΘF (P )) ◦G(θP ) ◦ ηP = MP,P (εΘF (P ) ◦ FG(θP ) ◦ F (ηP ))
= MP,P (θP ◦ εF (P ) ◦ F (ηP )) =M(θP ) = idP

This shows that ν satisfies the announced condition.
Conversely, start with natural transformation ν : GΘF //1C such that for any object

P in F , one has νP ◦G(θP ) ◦ ηP = idP , and define for objects V , W of C,

MV,W : HomD(F (V ),ΘF (W )) −→ HomC(V,W )

f 7−→ νW ◦G(f) ◦ ηV

Consider morphisms α : V ′ //V , β : W //W ′ in C and a morphism f : F (V ) //ΘF (W )
in D. We have, using the naturality of η and ν,

β ◦MV,W (f) ◦ α = β ◦ νW ◦G(f) ◦ ηV ◦ α = νW ′ ◦GΘF (β) ◦G(f) ◦GF (α) ◦ ηV ′

= νW ′ ◦G(ΘF (β) ◦ f ◦ F (α)) ◦ ηV ′ = MV ′,W ′(ΘF (β) ◦ f ◦ F (α))

and this shows that M−,− is natural. We also have, by our assumption, MP,P (θP ) =
νP ◦G(θp)◦ηP = idP , and we conclude that F is twisted separable with twisted separability
datum (Θ,F , θ−).

(2) Assume that G : D // C is twisted separable with twisted separability datum
(Θ,F , θ−), so that we are given a natural morphism

M−,− : HomC(G(−),ΘG(−)) // HomD(−,−)

such that for any object P of F , we have MP,P (θP ) = idP . Define, for an object X of C,
ξX : X // FΘ−1G(X) by

ξX = MX,FΘ−1G(X)

(
Θ(ηΘ−1G(X)) ◦ uG(X)

)
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For a morphism β : X // Y , we have, using the naturality of M−,−, of η and u,

FΘ−1G(β) ◦ ξX = FΘ−1G(β) ◦MX,FΘ−1G(X)

(
Θ(ηΘ−1G(X)) ◦ uG(X)

)
= MX,FΘ−1G(Y )

(
ΘGFΘ−1G(β) ◦Θ(ηΘ−1G(X)) ◦ uG(X)

)
= MX,FΘ−1G(Y )

(
Θ(ηΘ−1G(Y )) ◦ΘΘ−1G(β)) ◦ uG(X)

)
= MX,FΘ−1G(Y )

(
Θ(ηΘ−1G(Y )) ◦ uG(Y ) ◦G(β)

)
= MY,FΘ−1G(Y )

(
Θ(ηΘ−1G(Y )) ◦ uG(Y )

)
◦ β

= ξY ◦ β

and this shows that ξ is a natural transformation. We have, for P ∈ C,

εP ◦ F (vG(P ) ◦Θ−1(θP )) ◦ ξP
= εP ◦ F (vG(P ) ◦Θ−1(θP )) ◦MP,FΘ−1G(P )

(
Θ(ηΘ−1G(P )) ◦ uG(P )

)
= MP,P

(
ΘG(εP ) ◦ΘGF (vG(P )) ◦ΘGFΘ−1(θP ) ◦Θ(ηΘ−1G(P )) ◦ uG(P )

)
= MP,P

(
ΘG(εP ) ◦ΘGF (vG(P )) ◦Θ(ηΘ−1ΘG(P )) ◦ΘΘ−1(θP ) ◦ uG(P )

)
= MP,P

(
ΘG(εP ) ◦Θ(ηG(P )) ◦Θ(vG(P )) ◦ uΘG(P ) ◦ θP

)
= MP,P (θP ) = idP

where we have used naturality of M−,− and the adjoint properties.
Conversely, assume we are given a natural transformation ξ : 1D //FΘ−1G such that

for any object P in F , one has εP ◦ F (vG(P ) ◦Θ−1(θP )) ◦ ξP = idP . Define for objects X,
Y of D,

MX,Y : HomC(G(X),ΘG(Y )) −→ HomD(X, Y )

f 7−→ εY ◦ F
(
vG(Y ) ◦Θ−1(f)

)
◦ ξX

We have MP,P (θP ) = idP for any object P in F , by assumption. Consider morphisms
α : X ′ // X, β : Y // Y ′ in D and a morphism f : G(X) // ΘG(Y ) in C. We have,
using the naturality of ε, ξ and v,

β ◦MX,Y (f) ◦ α = β ◦ εY ◦ F
(
vG(Y ) ◦Θ−1(f)

)
◦ ξX ◦ α

= εY ′ ◦ F
(
G(β) ◦ vG(Y ) ◦Θ−1(f) ◦Θ−1G(α)

)
◦ ξX′

= εY ′ ◦ F
(
vG(Y ′) ◦Θ−1ΘG(β) ◦Θ−1(f) ◦Θ−1G(α)

)
◦ ξX′

= εY ′ ◦ F
(
vG(Y ′) ◦Θ−1 (ΘG(β) ◦ (f) ◦G(α))

)
◦ ξX′

= MX′,Y ′ (GΘ(β) ◦ f ◦G(α))

This shows thatM−,− is natural, and we conclude that G is twisted separable with twisted
separability datum (Θ,F , θ−).
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3.2. Remark. The above characterization of twisted separability is more technical for
right adjoint functors than for left adjoint functors, but this is not surprising because of
the asymmetry in the definition of twisted separability.

4. Application to Hopf-Galois objects

In this section we apply the twisted separability criterion of Section 3 to Hopf-Galois
objects, which will lead to the proof of Theorem 1.1 in the introduction.

We begin by associating a functor to any left comodule algebra, as follows.

4.1. Definition. Let A be a Hopf algebra and let R be a left A-comodule algebra. The
canonical functor associated to R is the functor

FR : AM −→ RMR

V 7−→ V ⊙R

where V ⊙R is V ⊗R as a vector space, and has R-bimodule structure given by

x · (v ⊗ y) · z = x(−1) · v ⊗ x(0)yz, x, y, z ∈ R, v ∈ V

4.2. Remark. If R and S are algebras, any R-S-bimodule M defines the induction
functor SM //

RM, X 7→ M ⊗S X. The referee pointed out that the above canonical
functor is of this type, for the (R⊗Rop)−A-bimodule R⊗A having the regular right A-
action and left R⊗Rop-action given by (r⊗ s).(r′⊗ a) = r(0)r

′s⊗ r(−1)a. Since in general
the induction functor has a right adjoint given by classical Hom-tensor relation, it is
thus possible to use any Rafael type theorem to get a characterization of its separability
or twisted separability. However we have not been able to find this characterization
concretely useful in our setting, and we will restrict to the case of Hopf-Galois objects in
what follows.

Recall that if A is a Hopf algebra, a left A-Galois object is a (non-zero) left A-comodule
algebra such that the canonical map

can : R⊗R −→ A⊗R

x⊗ y 7−→ x(−1) ⊗ x(0)y

is bijective. See [15] for a general overview of the theory of Hopf-Galois objects, which in
particular serve to construct monoidal functors between categories of comodules.

The map κ : A // R ⊗ R defined by κ(a) = can−1(a ⊗ 1) defines then an algebra
map A // R ⊗ Rop, for which we use a Sweedler type notation κ(a) = a[1] ⊗ a[2]. By
construction of κ, the following identities hold, for x ∈ R and a ∈ A:

x
[1]

(−1) ⊗ x
[2]

(−1) x(0) = x⊗ 1, a
[1]
(−1) ⊗ a

[1]
(0)a

[2] = a⊗ 1 (4.1)
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The above algebra map defines in the usual way the restriction functor

κ∗ : AM //
RMR

that associates to an R-bimodule M the left A-module κ∗(M) having M as underlying
vector space and left A-action, called the Miyashita-Ulbrich action, defined by a · x =
a[1].x.a[2]

The following result is well-known.

4.3. Proposition. Let A be a Hopf algebra and let R be a left A-Galois object. Then
(FR, κ∗) form a pair of adjoint functors, the unit and counit of the adjunction being given
by the following morphisms, for V a left A-module and M an R-bimodule

ηV : V 7−→ κ∗(V ⊙R) εM : κ∗(M)⊙R //M

v 7−→ v ⊗ 1 m⊗ x 7−→ m · x

Proof. That ηV and εM are morphisms respectively in AM and RMR follow directly
from the identities (4.1), and the adjunction identities are immediate to check.

Using Rafael’s theorem, We thus can characterize when the canonical functor of a left
Galois object is separable, as follows

4.4. Theorem. Let A be a Hopf algebra and let R be a left A-Galois object. Then the
canonical functor FR : AM → RMR is separable if and only if there exists a linear map
ψ : R // k such that ψ(1) = 1 and ψ is A-linear with respect to the Miyashita-Ulbrich
action on R, i.e. ψ(a[1].x.a[2]) = ε(a)ψ(x), for any x ∈ R and a ∈ A.

Proof. By Rafael’s theorem and Proposition 4.3, the separability of FR is equivalent to
the existence of a natural transformation

ν : κ∗(• ⊙R) // 1
AM

such that νV ◦ ηV = idV for any left A-module V . If such a ν exists, put ψ = νk for the
trivial object k. It is immediate that ψ satisfies the above conditions. Starting with an
A-linear map ψ satisfying the above conditions, define νV = idV ⊗ψ. We have, for a ∈ A,
v ∈ V and x ∈ R,

νV (a · (v ⊗ x)) = νV (a
[1].(v ⊗ x).a[2]) = νV

(
a
[1]
(−1).v ⊗ a

[1]
(0)xa

[2]
)

= νV

(
a(1).v ⊗ a

[1]
(2) xa

[2]
(2)

)
= ψ(a

[1]
(2) xa

[2]
(2) )a(1).v

= ψ(x)a.v = a.νV (v ⊗ x)

where we have used the identity [16, Remark 3.4]

a
[1]
(−1) ⊗ a

[1]
(0) ⊗ a[2] = a(1) ⊗ a

[1]
(2) ⊗ a

[2]
(2) (4.2)

Hence νV is A-linear, and since νV ◦ ηV = idV and ν defines a natural transformation, we
conclude that FR is separable.
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We now want to generalize Theorem 4.4 to the twisted separable context. While its
proof essentially only needed the identities (4.1) and (4.2), the proof of our generalization
will need some more involved ones, and it will be convenient to move to the context
of cogroupoids that we recall now from [5] (the referee pointed out that the notion of
cogroupoid appears under the name “dual k-linear Hopf category” in the more recent
paper [4]).

First recall that a cocategory (of algebras over k) C consists of:
• a set of objects ob(C);
• For any X, Y ∈ ob(C), an algebra C(X, Y );
• For any X, Y, Z ∈ ob(C), algebra morphisms

∆Z
X,Y : C(X, Y ) −→ C(X,Z)⊗ C(Z, Y ) and εX : C(X,X) −→ C

such that some natural coassociativity and counit diagrams, dual to the usual associativity
and unit diagrams in a category, commute. In particular C(X,X) is a bialgebra for any
object X.

A cogroupoid C consists of a cocategory C together with, for any X, Y ∈ ob(C), linear
maps

SX,Y : C(X, Y ) −→ C(Y,X)

such that natural diagrams (dual to the invertibility diagrams in a groupoid) commute.
In particular C(X,X) is a Hopf algebra for any object X. A cogroupoid is said to be
connected if for any X, Y ∈ ob(C), the algebra C(X, Y ) is non-zero.

Let us now write down the axioms using Sweedler’s notation for cocategories and
cogroupoids. Let C be a cocategory. For aXY ∈ C(X, Y ), we write

∆Z
X,Y (a

XY ) = aXZ
(1) ⊗ aZY

(2)

The cocategory axioms are

(∆T
X,Z ⊗ 1) ◦∆Z

X,Y (a
XY ) = aXT

(1) ⊗ aTZ
(2) ⊗ aZY

(3) = (1⊗∆Z
T,Y ) ◦∆T

X,Y (a
XY )

εX(a
XX
(1) )a

XY
(2) = aXY = εY (a

Y Y
(2) )a

XY
(1)

and the additional cogroupoid axioms are

SX,Y (a
XY
(1) )a

Y X
(2) = εX(a

XX)1 = aXY
(1) SY,X(a

Y X
(2) )

It is known [5, Theorem 2.11] that if A is a Hopf algebra and R is a left A-Galois object,
there exists a connected cogroupoid C with two objects X, Y such that A = C(X,X) and
R = C(X, Y ). In this setting, we have for a = aXY ∈ C(X, Y ) = R,

κ(a) = a[1] ⊗ a[2] = aX,Y
(1) ⊗ SY,X(a

Y X
(2) ),

and Identities (4.1) are, for aXY ∈ C(X, Y ) = R, aXX ∈ C(X,X) = A,

aXY
(1) ⊗ SY,X(a

Y X
(2) )a

XY
(3) = aXY ⊗ 1, aXX

(1) ⊗ aXY
(2) SY,X(a

Y X
(3) ) = aXX ⊗ 1
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while (4.2) is, for a = aXY ∈ R,

a
[1]
(−1) ⊗ a

[1]
(0) ⊗ a[2] = aXX

(1) ⊗ aXY
(2) ⊗ SY,X(a

Y X
(3) ) = a(1) ⊗ a

[1]
(2) ⊗ a

[2]
(2)

We also record the following useful facts [5, Proposition 2.13]: for X, Y, Z ∈ ob(C), the
map SX,Y : C(X, Y ) // C(Y,X) is an algebra anti-morphism, and for aY X ∈ C(X, Y ), we
have

∆Z
XY (SY,X(a

Y X)) = SZ,X(a
ZX
(2) )⊗ SY,Z(a

Y Z
(1) ) (4.3)

We now come to twisted traces, with the following classical definition, already evoked
in the introduction.

4.5. Definition. Let R be an algebra. A linear map ψ : R // k is said to be a twisted
trace if there exists an algebra automorphism σ : R //R such that ψ(xy) = ψ(yσ(x)) for
any x, y ∈ R. In that case ψ is said to be a twisted trace with respect to σ. A trace is a
twisted trace with respect to the identity. A twisted trace ψ is said to be unital if ψ(1) = 1.

We also will need the following definition.

4.6. Definition. Let A be a Hopf algebra and let V,W be left A-comodules. A linear
map f : V //W is said to be semi-A-colinear if there exists a Hopf algebra automorphism
ρ : A // A such that ρ(v(−1)) ⊗ f(v(0)) = f(v)(−1) ⊗ f(v)(0) for any v ∈ V . In that case
we say that f is left semi-A-colinear with respect to ρ.

4.7. Example. Let C be a cogroupoid and let X, Y ∈ ob(C). It follows from (4.3) that
SY,XSX,Y : C(X, Y ) // C(X, Y ) is left semi-colinear with respect to S2

XX .

Twisted traces are related with a twisted version of Miyashita-Ulbrich invariance in
Theorem 4.4, as follows.

4.8. Lemma. Let A be a Hopf algebra with bijective antipode, let R be a left Hopf-Galois
object over A and let ψ : R //k be a linear map. The following assertions are equivalent:

1. ψ is a twisted trace, with respect to an automorphism σ : R //R;

2. There exists and algebra automorphism θ : R // R such that for any a ∈ A and
x ∈ R, we have ψ(θ(a[1])xa[2]) = ε(a)ψ(x).

In this case, if C be a connected groupoid with objects X, Y such that A = C(X,X) and
R = C(X, Y ), the automorphisms σ and θ are related by σθ = SY,XSX,Y , and σ is semi-
A-colinear if and only θ is.
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Proof. Let C be a connected groupoid with objects X, Y such that A = C(X,X) and
R = C(X, Y ), so that for a = aXX ∈ A, we have a[1] ⊗ a[2] = aXY

(1) ⊗ SY,X(a
Y X
(2) ).

Assume first that ψ is a twisted trace with respect to an automorphism σ : R // R,
and let θ = σ−1SY,XSX,Y : R //R. We have, for x ∈ R and a = aXX ∈ A

ψ
(
θ(a[1])xa[2]

)
= φ

(
θ(aXY

(1) )xSY,X(a
Y X
(2) )

)
= ψ

(
σ−1(SY,XSX,Y (a

XY
(1) ))xSY,X(a

Y X
(2) )

)
= ψ

(
xSY,X(a

Y X
(2) )SY,XSX,Y (a

XY
(1) )

)
= ψ

(
xSY,X(SX,Y (a

XY
(1) )a

Y X
(2) ))

)
= εX,X(a

XX)ψ(x) = ε(a)ψ(x)

Conversely, start θ satisfying the above condition in (2) and let σ = SY,XSX,Y θ
−1. For

x = aXY ∈ R and y ∈ R, we have

ψ(θ(x)y) = ψ(θ(aXY )y) = ψ
(
θ(aXY

(1) )ySY,XSX,Y (a
XY
(3) )SY,X(a

Y X
(2) )

)
= εX,X(a

XX
(1) )ψ

(
ySY,XSX,Y (a

XY
(2) )

)
= ψ (ySY,XSX,Y (x))

and hence
ψ(xy) = ψ(θ(θ−1(x)y) = ψ(ySY,XSX,Y θ

−1(x)) = ψ(yσ(x))

which indeed shows that ψ is a twisted trace with respect to σ. Clearly our construction
relates σ and θ as in the statement, and the last assertion follows from Example 4.7.

4.9. Theorem. Let A be a Hopf algebra with bijective antipode and let R be a left A-
Galois object. Assume that R admits a unital twisted trace with respect to a semi-A-
colinear automorphism of R. Then the canonical functor AM //

RMR is twisted sepa-
rable.

Proof. Let C be a connected groupoid with objects X, Y such that A = C(X,X) and
R = C(X, Y ), so that for a = aXX ∈ A, we have a[1] ⊗ a[2] = aXY

(1) ⊗ SY,X(a
Y X
(2) ). Let

ψ : R // k be a unital twisted trace with respect to a left A-semi-colinear automorphism
σ : R // R, and let γ : A // A be the corresponding Hopf algebra automorphism :
∆X

X,Y ◦ σ = (γ ⊗ σ) ◦∆X
X,Y . We put, as in the proof of Lemma 4.8, θ = σ−1SY,XSX,Y , so

that ψ
(
θ(a[1])xa[2]

)
= ε(a)ψ(x) for any a ∈ A and x ∈ R. Define also the Hopf algebra

automorphism ρ : A //A by ρ = γ−1S2 (with S2 = S2
X,X), so that ∆

X
X,Y ◦θ = (ρ⊗θ)◦∆X

X,Y .
We have to construct a twisted separability datum (F ,Θ, δ−) for FR. We take F the

class of free A-modules and Θ = (θ ⊗ idR)∗, where we identify RMR and R⊗RopM in the
usual way. For a free A-module P = A⊗ V , we define

δP : (A⊗ V )⊙R −→ (θ ⊗ id)∗(P ⊙R)

aXX ⊗ v ⊗ x 7−→ ρ(aXX
(1) )⊗ v ⊗ θ(aXY

(2) )SY,X(a
Y X
(3) )x

The map δP is the unique one making the following diagram commutative:

(A⊗ V )⊙R
δP // (θ ⊗ id)∗((A⊗ V )⊙R)

R⊗ V ⊗R

can

OO

θ⊗idV ⊗idR // (θ ⊗ id)∗(R⊗ V ⊗R)

can

OO
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where can is the obvious adaptation the canonical map, inserting V in the middle. Hence,
since all the involved map are R-bimodule isomorphisms, so is δP .

Define for any left A-module V ,

ψV : V ⊗R −→ V

v ⊗ x 7−→ ψ(x(0))S
−1(x(−1)) · v

We wish to show that ψV : κ∗((θ⊗ idR)∗(V ⊙R)) //V is left A-linear. Let a = aXX ∈ A,
v ∈ V and x = bXY ∈ R. We have

ψV (a
XX · (v ⊗ x)) = ψV

(
θ(aXY

(1) )(−1) · v ⊗ θ(aXY
(1) )(0)xSY,X(a

Y X
(2) )

)
= ψV

(
ρ(aXX

(1) ) · v ⊗ θ(aXY
(2) )xSY,X(a

Y X
(3) )

)
= ψ

(
θ(aXY

(3) )x(0)SY X(a
Y X
(4) )

)
S−1

(
ρ(aXX

(2) )x(−1)SXX(a
XX
(5) )

)
· ρ(aXX

(1) ) · v
= ψ

(
θ(aXY

(3) )x(0)SY X(a
Y X
(4) )

)
aXX
(5) S

−1(x(−1))ρ(S
−1
XX(a

XX
(2) ))ρ(a

XX
(1) ) · v

= ψ
(
θ(aXY

(1) )x(0)SY X(a
Y X
(2) )

)
aXX
(3) S

−1(x(−1)) · v
= ε(aXX

(1) )ψ(x(0))a
XX
(2) S

−1(x(−1)) · v = aXX · ψV (v ⊗ x)

Hence ψV is A-linear, and clearly this defines a natural transformation. For a free A-
module P = A⊗ V and a = aXX ∈ A and v ∈ V , we have

ψP ◦ δP ◦ ηP (a⊗ v) = ψP

(
ρ(aXX

(1) )⊗ v ⊗ θ(aXY
(2) )SY X(a

Y X
(3) )x)

)
= ψ

(
θ(aXY

(3) )SY X(a
Y X
(4) )x)

)
S−1
XX

(
ρ(aXX

(2) )SXX(a
XX
(5) )

)
ρ(aXX

(1) )⊗ v

= aXX ⊗ v

Hence we have ψP ◦ δP ◦ ηP = idP , and the properties of the natural transformation ψ
allow us to apply Theorem 3.1 to the left adjoint functor FR, to conclude that it is indeed
twisted separable.

4.10. Corollary. Let A be a Hopf algebra with bijective antipode and let R be a left
A-Galois object. If R admits a unital trace, then the canonical functor AM //

RMR is
twisted separable.

Proof. A trace on R is a twisted trace with respect to the identity of R, which is semi-
colinear with respect to the identity of A, hence the result follows from Theorem 4.9.

4.11. Example. The Weyl algebra

A1(k) = k⟨x, y | xy − yx = 1⟩

is a Hopf-Galois object over k[x, y], and the canonical functor k[x,y]M //
A1(k)MA1(k)

is

not separable . However, if k has characteristic zero, it is twisted separable
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Proof. Let C be the cogroupoid having {0, 1} as objects, with for i, j ∈ {0, 1}

C(i, j) = k⟨xij, yij | xijyij − yijxij = i− j⟩

and structural maps defined by

∆k
ij(xij) = 1⊗ xkj + xik ⊗ 1, ∆k

ij(yij) = 1⊗ ykj + yik ⊗ 1

εii(xii) = 0 = ε(yii), Sij(xij) = −xji, Sij(yij) = −yji
We have k[x, y] = C(1, 1) and A1(k) = C(1, 0). Since SijSji = id, we see from Theorem 4.4
and Lemma 4.8 that the separability of the canonical functor would imply the existence
of a unital trace on A1(k), which is impossible since xy − yx = 1.

However, by [9, Corollary 2.4], there exists a unital twisted trace on A1(k) = C(1, 0),
with respect to the automorphism defined by αt(x) = t−1x and αt(y) = ty for t ∈ k∗,
t ̸= 1. It is easily seen that αt is semi-C(1, 1)-colinear with respect to the automorphism
of C(1, 1) defined by the same formula as αt, and hence the twisted separability of the
canonical functor follows from Theorem 4.9.

4.12. Application to cohomological dimension. We now prove Theorem 1.1. Let
A be a Hopf algebra with bijective antipode and let R be a left A-Galois object that
admits a twisted trace relative to an algebra automorphism of R which is left A-semi-
colinear. The canonical functor FR : AM //

RMR is twisted separable by Theorem 4.9,
with the corresponding class F consisting of free A-modules, and it is obvious that FR

is exact, and preserve projective objects since it is a left adjoint functor. Assuming that
cd(A) is finite, we therefore apply Proposition 2.5 to obtain

cd(A) = pdA(k) = pd
RMR

(FR(k)) = pd
RMR

(R) = cd(R)

which finishes the proof of Theorem 1.1.

4.13. Remark. Let A be a finite-dimensional Hopf algebra and let R be left A-Galois
object. If the base field k has characteristic zero, then R always has a unital trace since it
is a finite-dimensional algebra, so it follows from Corollary 4.10 that the canonical functor

AM //
RMR is twisted separable. However, if A is not semisimple, then cd(A) = ∞

(this is because Hopf algebras are self-injective algebras), and if R is semisimple, we have
cd(R) = 0 < cd(A). Such a situation holds, for example, for Taft algebras, which have
matrix algebras as Galois objects, see [11]. Thus the assumption that cd(A) is finite is
necessary to get the conclusion in Theorem 1.1.

5. Functors between module categories

In this section, as a second application of Theorem 3.1, we discuss twisted separability in
the classical situation of functors between module categories that are induced by algebra
maps, which was the very first example studied in [13].
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Let φ : A // B be an algebra map. Associated to φ are the restriction functor φ∗ :

BM //
AM (already mentioned in Section 2) and the induction functor φ∗ : AM //

BM,
M 7→ B ⊗A M . The pair (φ∗, φ∗) form a pair of adjoint functors whose respective counit
and unit are given by

ηV : V 7−→ φ∗(B ⊗A V ) εM : B ⊗A φ∗(M) //M

v 7−→ 1⊗A v b⊗A x 7−→ b · x

5.1. Proposition. Let φ : A //B be an algebra map.

1. The following assertions are equivalent.

(a) The induction functor φ∗ : AM //
BM is twisted separable of standard type

with the free A-module A in the corresponding class F .

(b) There exist an algebra automorphism θ of B and a linear map E : B // A
such that E(1) = 1 and for any a, a′ ∈ A and any b ∈ B, we have

E (θφ(a)bφ(a′)) = aE(b)a′

2. The following assertions are equivalent.

(a) The restriction functor φ∗ : BM //
AM is twisted separable with twisted sep-

arability datum (θ∗,F , δ−) for an algebra automorphism θ of A and the free
B-module B belongs to the class F .

(b) There exist an algebra automorphism θ of A, a linear isomorphism Γ : B //B,
and an element

∑
i bi⊗Aci ∈ B⊗Aθ

−1
∗ φ∗(B) such that for any a ∈ A and b ∈ B,

we have

Γ(φ(a)b) = φθ(a)Γ(b),
∑
i

bbi ⊗A ci =
∑
i

bi ⊗A cib,
∑
i

biΓ(ci) = 1

Proof. (1) Assume that we are given E : B //A and an automorphism θ of B with the
above properties, and let us construct a twisted separability (Θ,F , θ−) datum of standard
type for φ∗. We take Θ = θ∗ and F the class of free A-modules. Then φ∗(P ) = B ⊗A P
is a free B-module if P is a free A-module, and we take the isomorphism θP as in 2.2.
Since E(bφ(a)) = E(b)a for any ∈ B and a ∈ A, we can define, for any left A-module V ,
a linear map

νV : B ⊗A V −→ V

b⊗A v 7−→ E(b).v

Using our condition on E and θ, it is immediate that νV defines anA-linear map φ∗(θ∗(B⊗A

V )) // V , and clearly ν defines a natural transformation. Finally the verification that
for a free A-module P one has νP ◦ φ∗(θP ) ◦ ηP = idP is immediate, so we conclude from
Theorem 3.1 that φ∗ is indeed twisted separable, and is of standard type by construction.
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Conversely assume that φ∗ is twisted separable of standard type, with corresponding
twisted separability datum (θ∗,F , θ−) for an automorphism θ of B. Let

ν : φ∗θ∗(B ⊗A •) // •

be the natural transformation provided by Theorem 3.1. We consider

νA : φ∗θ∗(B ⊗A A) // A

and put E(b) = νA(b⊗A1A). The A-linearity of νA gives E (θφ(a)b) = aE(b) for any a ∈ A
and b ∈ B, while the naturality of ν, applied to the A-linear map A //A, a′ 7→ a′a, gives
E(b)a = νA(b⊗1A)a = νA(b⊗A a) = νA(bφ(a)⊗A 1A) = E(bφ(a)). We also have E(1) = 1
since νA ◦ φ∗(θA) ◦ ηA = idA, and hence E and θ satisfy all the required conditions.

(2) Assume that φ∗ is twisted separable, with twisted separability datum (θ∗,F , δ−)
for an automorphism θ of A and with B an object of F . We therefore have an isomorphism
of A-modules Γ = δB : φ∗(B) // θ∗φ∗(B) whose A-linearity gives, for a ∈ A and b ∈ B,
Γ(φ(a)b) = φθ(a)Γ(b). We also have, by Theorem 3.1, a natural transformation

ξ : • //B ⊗A θ
−1
∗ φ∗(•)

We put ξB(1) =
∑

i bi ⊗A ci. The left B-linearity of ξB, together with the naturality of ξ,
give for b ∈ B,

∑
i bbi ⊗A ci = ξB(b) =

∑
i bi ⊗A cib. Finally the identity

∑
i biΓ(ci) = 1

follows from the fact that the composition

B
ξB−→ B ⊗A θ

−1
∗ φ∗(B)

idB⊗AΓ−→ B ⊗A φ∗(B)
εB−→ B

is the identity of B (see Theorem 3.1, we can take the identity as adjoint equivalence
there since θ∗θ

−1
∗ = 1 = θ−1

∗ θ∗).
Conversely, assume given θ, Γ and

∑
i bi ⊗A ci ∈ B ⊗A θ

−1
∗ φ∗(B) as in the statement.

Let us construct a twisted separability (Θ,F , θ−) datum for φ∗. We take Θ = θ∗ and F
the class of free B-modules. We can see Γ as an isomorphism φ∗(B) // θ∗φ∗(B), and this
extends to an isomorphism δP : φ∗(P ) // θ∗φ∗(P ) for any free B-module P .

We define ξM :M //B⊗A θ
−1
∗ φ∗(M) by ξM(x) =

∑
i bi⊗A ci ·x for any B-module M .

It is clear that ξM is linear and that this defines a natural transformation ξ : • // B ⊗A

θ−1
∗ φ∗(•). The identity

∑
i biΓ(ci) = 1 implies that the composition

B
ξB−→ B ⊗A θ

−1
∗ φ∗(B)

idB⊗AΓ−→ B ⊗A φ∗(B)
εB−→ B

is the identity of B, and this is easily seen to hold for any free B-module. Hence Theorem
3.1 ensures the twisted separability of φ∗ with the announced twisted separability datum.
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5.2. Remark. As in Remark 4.2, the induction functor associated to an algebra map is
a particular case of the induction functor asssociated to a bimodule. Here again we have
found somewhat obscure the result obtained by applying Theorem 3.1 to this setting,
and we have preferred to stay within the context of an induction functor associated to an
algebra map.
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