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COMPLETION UNDER STRONG HOMOTOPY COKERNELS

ENRICO M. VITALE

ABSTRACT. For A a category with finite colimits, we show that the embedding of A
into the category of arrows Arr(A) determined by the initial object is the completion
of A under strong homotopy cokernels. The nullhomotopy structure of Arr(.A) (needed
in order to express the notion of homotopy cokernel) is the usual one induced by the
canonical string of adjunctions between A and Arr(A).

1. Introduction

Limits and colimits are a fundamental tool in category theory and its applications. How-
ever, these notions are not completely satisfactory in homotopical algebra, and the search
for a convenient notion of homotopy limit is a long story, see for example [1, 17, 19, 4, 5].

More recently, (strong) homotopy kernels and (strong) homotopy cokernels in the
context of categories equipped with a structure of nullhomotopies have been used in
20, 11, 12, 16] in order to internalize Gabriel-Zisman [6] and Brown [2] exact sequences,
and in [15] to define a general notion of homotopy torsion theory.

The aim of the present paper is to exhibit the free completion of a category A under
strong homotopy cokernels. For this, we consider the category Arr(.A) of arrows in A.
The canonical embedding of A in Arr(A) freely adds a factorization system to A (see
[14] and also [8, 18]). If we assume that A has an initial object (), we can consider another
embedding given by the functor I': A — Arr(.A) which sends an object X on the unique
arrow ) — X. We prove that, if A has finite colimits and if we put on Arr(.A) the structure
of nullhomotopies induced by the canonical string of adjunctions between A and Arr(.A),
then the functor I' is the free completion of A under strong homotopy cokernels. If A
is finitely complete, by duality we get the free completion of A under strong homotopy
kernels.

The layout of the paper is as follows. In Section 2, we recall the definition of category
with nullhomotopies and we complete it with the appropriate notions of morphism and
2-morphism. We introduce also the examples relevant for this paper. More examples can
be found in [15, 21]. Section 3 is devoted to homotopy cokernels and to the behavior of
colimits with respect to nullhomotopies. A particular attention is payed to the category
Arr(A). Part of the material in Sections 2 and 3 is borrowed from the companion paper
[15]. In Section 4, we state in a precise way and prove the universality of the full embedding
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COMPLETION UNDER STRONG HOMOTOPY COKERNELS 169

I'' A — Arr(A) mentioned above. In the last section, we discuss the denormalization
functor from the point of view of the universal property of Arr(A).

N.B.: The composition of two arrows A . B9 C will be written as f-g.

2. Categories with nullhomotopies

In this section, we fix the terminology and some basic facts concerning nullhomotopies.
As far as I know, the notion of category with a structure of nullhomotopies has been
introduced in [7]. I follow here the version, a bit stronger, adopted in [20, 11, 15].

2.1. DEFINITION. A structure of nullhomotopies © on a category B is given by the fol-
lowing data:

1) For every arrow g in B, a set O(g) whose elements are called nullhomotopies on g.

2) For every triple of composable arrows A '.p2.c-t.p , & map
fo—0oh:©O(g) —>O(f-g-h)
in such a way that, for every ¢ € O(g), one has

(a) (f'-flopo(h-h)= fo(fogpoh)oh' whenever the compositions f’- f and
h - h' are defined,

(b) idp o poide = ¢.
When f =idp or h = id¢, we write poh and f o ¢ instead of idgopoh and foypoide.

2.2. EXAMPLE. In this paper, the relevant examples of structures of nullhomotopies are
the first and the second example hereunder (and the dual of the first one). The third
example is added in order to make clear in which sense a category with a structure of
nullhomotopies can be seen as an intermediate notion between that of category and that
of 2-category. Some examples having a 2-categorical flavor are discussed in [21], where the
quite involved passage from nullhomotopies to 2-cells in a 2-category is analyzed. Other
examples are considered in [15], where structures of nullhomotopies are obtained from
generalized pre-(co)radicals, and where the link between structures of nullhomotopies
and ideals of arrows is explained.

1. Let A be a category with an initial object () and write Oc: ) — C' for the unique
arrow. We get a structure of nullhomotopies Oy on A by taking as set of nullhomo-
topies on an arrow g: B — C' the set

Oy(g9) ={@e:B—=0|p-0c =g}

Given arrows f: A — B and h:C — D, we put fopoh = f- for all p € Oy(g).
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2. Recall that, given a category A, the category Arr(A) has as objects the arrows

2.3.

b: B — By of A and as arrows pairs of arrows (g, go) in A such that

B—2-¢C

|k
By 90 Co

commutes. As set of nullhomotopies O (g, go) we take the set of diagonals:

Oa(g,90) ={p: By = C|b-p=g, p-c=go}

In the situation of the following diagram

the composition is given by the formula

(f, fo)owo(h,hg) = fo-@-h

In [15], it is shown that the structure © on Arr(.A) is the one induced by the string

of adjunctions
c
A—u——Arr(A) CAHUAD
D

where C is the codomain finctor, D is the domain functor and U is the full and
faithful functor which sends an object X on the identity arrow idy.

If the underlying category of a 2-category B has zero object, then B can be seen as a
category with nullhomotopies by taking as nullhomotopies the 2-cells with domain
a zero arrow (or the 2-cells with codomain a zero arrow). A relevant example which
fits into this situation is discussed in Section 5.

. The last item of Example 2.2 justifies the fact that, in a category with nullhomo-

topies (B,©), when a nullhomotopy ¢ € ©(g) is involved in a diagram, it will be depicted

as

g

. T
B~ (%) _C

0
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even if the category B does not have zero arrows. For example, here there are the two
ways to depict a nullhomotopy ¢ € ©a(g,go) in Arr(A):

(gago)
—_—
B—%. or (B,b, By) o (C. ¢, Cy)

By —~ Co

2.4. DEFINITION. (The 2-category of categories with nullhomotopies) Let (A, © 4) and
(B,O5) be two categories with nullhomotopies.

1) A morphism F: (A,0©4) — (B,05) is a functor F: A — B equipped, for every arrow
g:B — Cin A, with a map

Fq:0.4(g9) = 05(F(9))

such that Fr.yn(fopoh) = F(f)o Fy(p)oF(h) forall f:A— Band h:C — D.

2) If G: (A, ©4) — (B,0p) is another morphism, a 2-morphism o: F = G is a natural
transformation such that, for every g: B — C in A and for every ¢ € ©4(g), one
has ag 0 Gy(p) = Fy(p) 0 ac.

(I will always omit the suffix g in the map F, with the only exception of point 2) in the
proof of Proposition 4.1.)

2.5. REMARK. Since morphisms compose as functors and since 2-morphisms compose
vertically and horizontally as natural transformations, categories with nullhomotopies to-
gether with their morphisms and 2-morphisms form a 2-category. Observe also that, if a
2-morphism is invertible as a natural transformation, then the inverse natural transfor-
mation is automatically a 2-morphism.

2.6. EXAMPLE. If A is a category with an initial object (), we get a morphism of cat-
egories with nullhomotopies I': (A4, 0y) — (Arr(A),Oa) defined on objects, arrows and
nullhomotopies by
D = 0——=0
AYe
By == Co By —= Co

The functor I' is full and faithful. Moreover, for every arrow go: By — Cy, the map
L40:00(g0) = ©a(I'(g0)) is bijective.



172 ENRICO M. VITALE

2.7. CONDITION. Here we recall a condition crucial in this paper, but which is not always
satisfied by a category with nullhomotopies. It has been isolated in [9] under the name
of reduced interchange. We say that the reduced interchange holds in a category with
nullhomotopies (B, ©) if, in the situation

f g

/\ /\
AT fta BT 48 >C

— -~ —

0 0

one has that «og = f o .

2.8. EXAMPLE. The reduced interchange holds in the examples of categories with null-
homotopies needed in this paper (see below). A more detailed analysis of this condition
can be found in [21], where a simple counterexample is also given.

1. In (Arr(A),O4) the reduced interchange holds true. Indeed, given
At-pt.c

|

AOTBOTOO

one has o (g,90) =a-g=a-b-8=fo-8="(f, fo)op.

2. Since the reduced interchange holds true in (Arr(A),©a), the same happens in
(A, ©yp). This follows from the fact that the morphism I' of Example 2.6 is bijective
on nullhomotopies.

3. Let me notice here that, if the structure of nullhomotopies © in a category B is the
one induced by the unit of an idempotent monad or by the counit of an idempotent
comonad on B (see [15]), then the reduced interchange holds true in (B, ©). The easy
proof is left to the reader. The case of (Arr(A),O,) fits into this general remark
because O, is induced by C 4U or by U 4D, as already recalled in Example 2.2.

3. Homotopy cokernels and strong colimits

A category with nullhomotopies does not have the 2-dimensional structure needed to
express notions like 2-limits or bilimits. The convenient notions in the context of cate-
gories with nullhomotopies are those of (strong) homotopy kernels and (strong) homotopy
cokernels. We copy the definition and the notation from [15].
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3.1. DEFINITION. Let g: B — C' be an arrow in a category with nullhomotopies (B, ©).
1. A homotopy cokernel of g with respect to © (or ©-cokernel) is a triple
C(g) € B,cy:C = C(9),7, € ©(g - ¢4)

such that, for any other triple (D, h,¢ € ©(g - h)), there exists a unique arrow h’
such that ¢, - h' =h and 7,0 h' = ¢

o - -=C(9)

2. A ©-cokernel (C(g), ¢y,7,) is strong if, for any triple (D, h, ¢ € ©(c, - h)), such that
g o @ =1, o0 h, there exists a unique nullhomotopy ¢’ € ©(h) such that ¢, 0 ¢’ = ¢

g ¢ h
B - cC— C(g) D
\\\\"ygﬂ’///’f \\f/—,ﬂ.//‘f
0 0

3.2. REMARK. We list here some remarks on the ©-cokernel of an arrow in a category
with nullhomotopies (B, ©).

1. Uniqueness: the ©-cokernel of an arrow is determined by its universal property
uniquely up to a unique isomorphism. Moreover, if an arrow has two (necessarily
isomorphic) ©-cokernels and one of them is strong, the other one also is strong.

2. Functoriality: in the situation of the following commutative solid diagram

A—1 .
y j L AN
/ a b AN
/ \
0y 2 Ao B0 2 o
AN 7/
A #
Cle) gy =0

there exists a unique arrow C(f, fy): C(a) — C(b) such that ¢, - C(f, fo) = fo - c» and
Va0 C(f, fo) = o
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3. Behavior with respect to nullhomotopies: in the situation of the following commu-
tative diagram

A f B

///aj /l\
|

o

o

N
AN
\

fo By e /\ 0
Cp , /

c(f, #

~_fe@ 7
0

if the ©-cokernel of the arrow a is strong, then there exists a unique nullhomotopy

C(d) € ©(C(f, fo)) such that ¢, o C(d) = d o .
4. Cancellation properties:

(a) In the situation

if c;-g=cy-handyrog=~ysoh,then g=h.
(b) Assume now that the reduced interchange 2.7 holds in (B, ©). In the situation

0
. T el by ~oL
. B—Lc(f) C

g

if the ©-cokernel is strong and if the nullhomotopies ¢, 1) € O(g) are such that
crop =cyo), then p = 1.

PrROOF. We check point 4.(b) because this is the first place where we use the reduced
interchange. Put o = cfo¢. By the reduced interchange, we have y;o0g = f-cop = foa.
We can apply the universal property of the ©-cokernel and we get a unique nullhomotopy
o’ € ©(g) such that c;oa/ = a. Clearly, we can take o/ = ¢ but, because of the hypothesis
cpop =cyo1), we can take also o = 9. By uniqueness of o/, we are done. ]

3.3. REMARK. Let us analyze here objects, arrows and nullhomotopies in (Arr(A),Ox)
from the point of view of ©a-cokernels. In fact, the following simple remarks are the
starting point to see that (Arr(A),0,) is the completion of A by strong homotopy
cokernels, as we will see in Section 4.
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1. Assume that the category A has an initial object () and consider the embedding
I A — Arr(A) described in Example 2.6. For any arrow a: A — Ag in A, the
following diagram is a (©a-kernel | ©a-cokernel) diagram in (Arr(A),Oa):

)——=0)—=A that is

pu— —0— —_—
l id % e
A FAO (A7 a, AO)

A—a>AOTAO Ta (0a,iday)

In other words, each object (a: A — Ap) of Arr(.A) is the ©-cokernel of an arrow
coming from A (and each arrow of A, once embedded in Arr(.A), becomes the arrow
part of a ©-kernel).

2. More is true: each arrow (f, fo): (A, a, Ag) — (B,b, By) of Arr(A) is the unique
extension to the ©a-cokernel (in the sense of Remark 3.2.2) of a commutative square
coming from A, as in the following diagram:

TA Y I'B
- L j N
s Ta '

/ \
O’\l% I'A, /o I'B, @)O
\\ L(@A,idAO) (@B,idgo)l //
N ya
(A7 0/7 AO) (f,fO) (B7 b? BO)

3. Finally, each nullhomotopy ¢ € ©Oa(f, fo) is the unique extension to the ©a-cokernel
(in the sense of Remark 3.2.3) of a diagonal coming from A, as in the following

diagram:
TA Y I'B
% ’ FaL / jrb b N
/ \
O‘\ldé FAO /o FBO éQ_B/\O
AN l(@A,idAO) (0B,idp, )l L/
S (.f0) <
(A7a7A0) (B7b7 BO)
~ _ %) _ 7

0

The following proposition appears in [15], where it is deduced from some general results
on the existence of homotopy cokernels.

3.4. PROPOSITION. If a category A has pushouts, then Arr(A) has strong © a-cokernels.



176 ENRICO M. VITALE

3.5. . Even if Proposition 3.4 does not need a proof, I wish to share with the reader the
guiding idea to construct ©a-cokernels in Arr(.A) because it seems to me quite easy and
instructive in order to understand the arguments behind the proof given in [15]. The
following description already appears in [20, 10].

The ©a-cokernel of an arrow (f, fo) in Arr(A) must be universal among all diagrams of
shape

AOTBOTCO

where the following diagrams commute

A-1-p Ao, 4 _B
{ b
AOTC C BO

So, just replace these two diagrams by the corresponding colimits. We get

A ! B Ao 1 . B
! 2 =
Ay — Ao +a,5 B Ag+ar B By

By

where Ay 4, ¢ B is the pushout of a and f. Finally, the ©a-cokernel of (f, fo) is

A—7L . p Y Ay +as B
b
al I l[fo,b}

The interplay between nullhomotopies and colimits will enter in the statement and
in the proof of the universal property of Arr(A). This is why we need the following
definitions.
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3.6. DEFINITION. Consider two functors F,G: D — B, where (B,0) is a category with
nullhomotopies. A natural nullhomotopy

is given by a family of arrows and a family of nullhomotopies indexed by the objects of
D

)

T={r}:F(D)—G(D), 75 €6(1})}pep
such that the family of arrows is a natural transformation and the family of nullhomotopies
is such that 775 0 G(g) = F(g) o 73, for all g: D — D’ in D.

3.7. DEFINITION. Consider a functor F: D — B, where (B, 0) is a category with nullho-
motopies, and write

{iDZ F(D) — COhmF}DeD
for its colimit. We say that the colimit of F is strong with respect to nullhomotopies (or
O©-strong) if, for every object X € B and for every natural nullhomotopy

KX

/\
D (e B
\_/
f
(kx is the constant functor of value X) there exists a unique nullhomotopy t" € ©(t%)
such that ipot”™ = 77 for all D € D, where t*: colimF’ — X is the unique arrow such that

ip-t*=r7f for all D € D.

3.8. REMARK. Let us make explicit two special cases of Definition 3.7. The second one
appears also in [15]. Let (B, ©) be a category with nullhomotopies.

1. An initial object () is ©-strong if, for every object X € B, there is a unique nullho-
motopy on the unique arrow Ox: 0 — X.

2. Consider the factorization of a commutative square f-x = g-y through the pushout
of f and ¢ as in the following diagram:

A g
|
g/
B B+, C

The pushout is ©-strong if, given two nullhomotopies ¢ € O(z) and ¢ € O(y) such
that f o = g o1, there exists a unique nullhomotopy [p,?] € O([z,y]) such that

g olp, Y] =¢and folp, Y] =1.
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3. Clearly, a ©-strong colimit has a cancellation property with respect to nullhomo-
topies. Here is the one for a ©-strong pushout (with the notation of the previ-
ous point): given an arrow h: B 47, C' — D and nullhomotopies «, 8 € O(h), if
Joa=gofand ffoa= fof, then a = f.

3.9. EXAMPLE. Let (B,0) be a category with nullhomotopies and let () be a ©-strong
initial object in B. If, for an object X € B, we call vx € O((x) the unique nullhomotopy
on (x, then the following diagram is a ©-cokernel:

0x idx
Here is the interplay between nullhomotopies and colimits in Arr(.A).
3.10. PROPOSITION. Let A be a category with finite colimlits.
1. Finite colimits in A are ©g-strong.
2. Arr(A) has finite colimits and they are © a-strong.
3. The functor I': A — Arr(A) preserves finite colimits.

PROOF. The first point is an easy exercise. Moreover, colimits in Arr(.A4) are constructed
level-wise from those in A and obviously I" preserves colimits. Let me check, for example,
that pushouts in Arr(A) are ©a-strong. Consider the following diagrams in Arr(.A), the
first one being a pushout and the second one being commutative :

A d C A z C
v v v
B L B+4;,C . B * . D o
‘ (o-g.c-54] \ W |
b 0 % 0 b AO CO
f{) Yo
By By +,.40 Co Bo m Do

/
0

Consider also the unique factorization of the commutative diagram through the pushout:

B4, 0 D
[b-g5,c-f5) l td
By +y.90 Co Dy

[z0,Y0]



COMPLETION UNDER STRONG HOMOTOPY COKERNELS 179

Given two nullhomotopies
B—-D<Y_C

| N |

Bo =77 Do =57~ Co

the compatibility condition (f, fo)op = (g, go)ot) means that fy-¢ = go-10. Therefore, there
exists a unique arrow [, ]: By + 7,40 Co = D such that gj - [¢, 9] = ¢ and f{ - [¢,¢] = .
It remais to check that [p, ] is a nullhomotopy:

B4y, 8. [z,9] D

[b-gé,c-fé]l W Ld

By + fo.90 Cy Dy

[x07y0}

The commutativity of the two triangles follows precomposing with the canonical arrows
of the pushout. [

4. Universality of Arr(A)

In this section we show that, if A has finite colimits, the embedding I': A — Arr(A) is
the completion of A by strong homotopy cokernels. We put on Arr(A) the structure of
nullhomotopies © introduced in Example 2.2. The main point is to extend a functor

F: A — Balong I': A — Arr(A).

4.1. PROPOSITION. Consider a category A with finite colimits, a category with nullho-
motopies (B,©) satisfying the reduced interchange, and a functor F: A — B. Assume
that

(a) the image by F of finite colimits are ©-strong finite colimits, and
(b) the image by F of any arrow in A has a strong ©-cokernel in B.

Under these conditions, there erists an essentially unique morphism of categories with
nullhomotopies F: (Arr(A),Oa) — (B,0) sending ©a-cokernels to strong O-cokernels

~

and such that ' - F ~ F.

A—> Arr(A)
P
B

Moreover, the image by F of finite colimits are ©-strong finite colimits.
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PROOF. We split the proof into seven steps.
1) Construction of F: start with two objects, an arrow and a nullhomotopy in Arr(A):

A—f>B
| )
AO?BO

their images by F are depicted in the following commutative diagram, where both columns
are ©-cokernels:

FA &l FB

e g }“ll / l]'—b A AN
ol 1 FAy T FBy T
\ l l /

\{C}"a ~ C]-‘b‘/

ﬁ(Aa a, AO) ]:(f,\f " f(Ba b? BO)

S 4Fa 7
0

The arrow ]-/:(f, fo) is the unique arrow such that cz, - ]?(f, fo) = Ffo-cr and vz, 0
F (f, fo) = F foryzp, see Remark 3.2.2. The nullhomotopy Fa is the unique nullhomotopy
such that cx, o Fa=Fao vrp, see Remark 3.2.3. It is easy to check that F is indeed a
morphism of categories with nullhomotopies.

2) Uniqueness of F under the assumptions that F preserves homotopy cokernels and
extends F along I': consider once again a nullhomotopy in Arr(.A4)

A-—L.p
e
a b
AOTBO

Following Remark 3.3, we can present it as

rA I'B
// Fat e I'b \\

/ \
Ol\gPAQ 7o FB(];E’/\O
\\ CFal Crp //
N .o ~
(AaaaAO) ( ) ( 7b7 BO)

Tl fe -7
0

We have to compare what necessarily is the image by F of this diagram with the con-
struction depicted in the first point of the proof.
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(i) On objects: the first equality is due to the fact that F preserves homotopy cokernels
and the second one to the fact that F extends F along I

= FAO =

F(TA)
(Ta a
/; f(m)\A % VR >ﬁ) / * m\

777777777 ~F(Aa,A) FTA)-----—--——>C(FTa) FA-—-—§5-—>C(Fa)

(i) On arrows: we have to verify that our assumptions of F force the equations

cra- F(fsfo) = Ffo-crm and  yrq 0 F(f, fo) = Ff oym

From Remark 3.3, we know that cr, - (f, fo) = T'fo - crp and v o (f, fo) = T'f o vp.
Therefore, by applying F and using the conditions of Definition 2.4, we get

CFa - (f fo) = (CFa) ']?(fa fo) = (Ffo) (CFb) Ffo-cro
V70 © F(f. fo) = Fraer, (1ra) © F(f: Jo) = Fraer, (5.0 (vra © (£, o)) =
= ]?Ff-rb-crb(rf o) = F(Lf) o ]?Fb-cm, (Yrs) = Ff ovre
(iii) On nullhomotopies: we have to verify that our assumptions of F force the equation
cFa © Fis.0)(#) = Fp 0 vm

From Remark 3.3, we know that cr, o ¢ = I'p o 41y Therefore, by applying F and using
the conditions of Definition 2.4, we get

cra © F(1.10) () = Flcra) © Fi1.10)(0) = Ferg(f.40)(Cra 0 ) =
= ﬁFcp-Fb-CFb(F(p °Yrp) = f(Fw) ° ]?rb-crb (7re) = Fp o vr

3) F preserves homotopy cokernels: consider a ©a-cokernel in Arr(.A) as in 3.5

A—7L . p Y Ay +as B
b
al I’ l[fo,b}

and its image by F (the three columns are ©-cokernels, but I omit from the picture the
corresponding structural nullhomotopies vr,, vrs and Yr(s, 4):

FA il FB Fa F (Ao +a.r B)
f“j g 7 lf[fmb]
FA, - FB, _ FB
C]—'al C}'bl lcf[foyb]
F(A a, Ag)—250) _ F(B b, By) — 2@ - Flfor b
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We have to prove that the bottom row is a ©-cokernel. For this, consider a nullhomotopy
in B:

~ A~

F(A, a, Ag) F(B,b, By) —=C

]:(fvfo)

We can construct two nullhomotopies in B

Cra© 9 € Olcra F(f, fo) 9) =O(Ffo-cr-g) and ymog€ O(Fb-cry-g)
which satisfy the following condition (use Condition 2.7 for the first equality):

Fa-craop =770 F(f, fo) - 9g=Ffoymoyg
Since, by assumption, the image by F of a pushout is a ©-strong pushout, we can apply
Remark 3.8.2 and we get a unique nullhomotopy ¢ € ©(F|fo, b]-czp-g) such that F f'op =
cra0p and Fa'op = yr,0g. Now, the existence of ¢ combined with the universal property
of F|fo,b] (which is the ©-cokernel of F[fy,b]) gives a unique arrow ¢": F|fo, b] — C such
that crife - ¢ = crp - g and Yrpp5 © ¢ = @. We have to prove that the arrow ¢ is
the required factorization of (g, ¢) through (F(d’,id), Ff’), that is, F(a,id) - ¢' = g and
Ffog = . We use, for both equations, Remark 3.2.4. For the first one, precompose
with cr, and yrp: R
Crb 9 = CF[fo,b] * g =cr- F(d,id) - ¢
YFb©O g :]:a/o@:]:a’ov]:[fo,b] Og/ :'y;bo}"(a/,id) 'gl
For the second one, precompose with cz,:
craop=Ff 0op=Ff ovrpyog =craoFfog

It remains to prove that the factorization ¢’ is unique. For this, assume that there is an
arrow g: F|[fo,b] — C such that F(d',id) - g = g and Ff' o g = . To prove that g = ¢’

we have to prove that crs, 4 - § = cro - g and vz, 5 © § = @. The verification of the first
equation is direct:

cry-g=cr - F(d,id) - g = CFlfot] 9

For the second equation, we go back to the conditions which define ¢:
FF ovmpn0d = crao Ff 0§ = cra0p

Fa oyripp 09 =m0 F(d,id) - g=ymoyg
4) The image by Fofa O a-cokernel is a strong O-cokernel: consider once again a ©Oa-

cokernel in Arr(A) and its image by F as at the beginning of point 3) of the proof.
Consider also a nullhomotopy in B

A~

‘F(B7ba BO)

F(d',id) 9
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and assume that ¢ is compatible with J’-A"f’, that is, .7-A"f’ og= ]?(f, fo) 0. We get a new
nullhomotopy

~

crp 0 ¢ € Oery - F(d',id) - g) = Oz - 9)
In order to prove that cryo¢ is compatible with vy, 4, that is, F[fo, b]-crvop = vr15.509,
we use Remark 3.8.3, because F sends pushouts to ©-strong pushouts:
Ff' - Flfo,bl-crmop = Ffo-cryop = cra-F(f, fo)op = crao Ff og =Ff ovrippog
Fa' - Flfo,b] - crrop=Fb-crop= 7;bo.7?(a’,id) -g=Fd oyrpp 0y

Now, the universal property of the ©O-cokernel F [fo,b] gives a unique nullhomotopy
¢’ € O(g) such that cripp 0 ¢ = cm 0 p. We still have to check that ¢ is the re-

quired factorization, that is, F(a,id) o ¢’ = . Thanks to Remark 3.2.4, it is enough to
precompose with czp:
cry - Fld,id) o' = cripp 0’ =cmop

It remains to prove that the factorization ¢’ is unique. For this, assume that there is a
nullhomotopy ¢ € O(g) such that F(da’,id) o » = ¢. To prove that ¢ = ¢’ we go back to
the condition which defines ¢’

CFipob ©P = Crp- F(d,id) 0 g = crp0 ¢
5) F extends F along I': by applying I" to an arrow f: X — Y in A, we get

id

) ——0
N
X—f>Y

and we have to compare the two diagrams hereunder, the first one giving the image of I'f
by F. If we can prove that the second one satisfies the conditions defining the first one,
we can conclude that I' - F = F.

Fo—" T e
/// lf@x ]:@yl/ \\\ /// l@]:x Q}_YL \\\
o/ X FX — T Fy RN o mEx Ty
\\ LCJ-‘O)X CFV)yL // \\ lid idl //
S R ~ N ~
F0X) — ——F(IY) FX —7—FY

Since, by assumption, F sends the initial object of A into a ©-strong initial object in B,
we can use Example 3.9 and get that the columns of the second diagram are ©-cokernels.
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The equation id - F f = F f -id is trivial. Finally, the equation vrx o F f = id o yzy follows
once again from the fact that the initial object in B is ©-strong.

6) F preserves finite colimits: the preservation of the initial object follows from I"- F~F
because both I' and F preserve the initial. Consider now a pushout in Arr(A) (see
the proof of Proposition 3.10) and its image by F (I have omitted from the picture the
structural nullhomotopies of the four columns, which are ©-cokernels):

FA s FC
/ Fr
Fa
FB 79 F(B+1,C) Fe
F(b+c)
Fb FAo _ FCo
Ffo
CFa ]-—g/ ]:fé
F By 0 F(BO + fo.90 Co) CFe
N CF (b+c)
. F(A, a, Ao) 719:90) F(C,e,Cy)
];:W M
’J 0O
ﬁ(B, b, BQ) — ]—:(B ‘I'f,g C, b+ ¢, BO +f0,90 CO)
F(9',90)

We have to prove that the ground floor is a pushout in B and we know, by assumption
on F, that the first and the second floor are ©-strong pushouts. For this, consider two
arrows

h: F(B,b, By) — X < F(C,c¢,Co): k
such that F(f, fo) - h = F(g, go) - k. Therefore
FfO'C]-'b‘h:C]-'a'ﬁ(ﬁfO)'hcha'ﬁ<gago)'k:fQO‘C}'c'k

so that there exists a unique arrow z: F(Bg +,,4, Co) — X such that Fgj-x = cp - b
and Ff{ - v = cr. - k. We can now costrcut two nullhomotopies

Yoo h € O(Fb-crp-h) =O(Fb- Fgy-x)=0O(Fg - F(b+c)-x)

Yreok € O(Fc-cre k) =0 (Fc- Ffy-x)=0(Ff - F(b+c)-x)

which are compatible, indeed

ffOVbehZVfaOJ?(f,fo)'hZVfaO]?(gago)'kz]:gowfcok
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Since the pushout F(B +, C) is O-strong, we get a unique nullhomotopy 1 € O(F (b +
¢) - x) such that F¢g' oy = vz, 0 h and F f' 01 = vx. 0o k. By the universal property of the
O-cokernel, the nullhomotopy % produces a unique arrow

2 : F(B+74Cob+¢,By+44 Co) = X

such that crpqe) - 2" = 2 and Yr@pye) © 2" = 1. We have to prove that z is the required

factorization, that is, F(¢/, gp) - ' = h and F(f', f)) -2’ = k. We check the first condition
(the second one is similar) using Remark 3.2.4:

cry F(990) 7' = Fgh - crore) @’ =Fgo-x=cr-h

Wfbof(9,796) = ]:glo'V]-'(b—i-c) oz’ = ]:9,01? = 0h
It remains to prove that the factorization ' is unique. For this, let

~

Zi‘f(B +f,g C, b+ C, B() +f0790 CQ) — X

be an arrow such that F (¢, gp) - T = h and F(f, fo) = k. In order to prove that z = ',
we have to prove that crpic) - T = 2 and yrpyc) = 1. For the first equation, we check
the conditions which define z:

-7:96'Cf(b+c) ‘T = C]-'b'f(g/agé))'j =crp-h

‘Ff(l)'c]:(b+c)'jchc'ﬁ<f,7f(;>'fzc}—c'k

For the second equation, we check the conditions which define :
Fg 0 VF(bre) © T = Yrp 0 ]?(gl,gé) "T="9r0h

‘Fflofyf(bJrC)O'f:’)/fcoﬁ(fo(l))'f:'y}'cok

7) The image by F of finite colimits are O-strong finite colimits: the case of the initial
object is clear, so we pass to pushouts. We keep the same notations as in point 6). We
have to prove that the pushout in B

.;—'\'(A, a, A()) 19.90) ﬁ(C, Cy OO)

f(ﬁm)l lf(fﬁfé)

F(B,b, By) - F(B +74 C,b+ ¢, By +,,40 Co)
F(g',90)

is ©-strong. For this, consider two nullhomotopies o € O(h) and B € O(k) such that
(f fo)oa = (g go) o (. It follows that

ffo'CbeOé:Cfa]?(f,fo)OOéICfa'-7?(9;90)052}—90'0&05
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Since the pushout F(By+f, 4, Co) is ©-strong, we get a unique nullhomotopy [a, §] € O(x)
such that Fgj o |a, 8] = crpoa and F fjo[a, f] = cr.0 . Let us check that vz 02’ =
F(b+ c) o [a, B]: since the pushout F(B +;, C) is ©-strong , we can use Remark 3.8.3
and precompose with Fg' and F f':

Fg orrprgoa’ = Fg ot = ymoh = Fb-cmoa = Fb-Fgyola, ] = Fg'- F(b+c)ofa, f]

Ff 0rrpie 0’ = Ff ot = yreok = Fercre0f = Fe Ffjola, f] = Ff' F(b+c)ola, f]
By the universal property of the ©-cokernel F(B + 7.0 C,b0+ ¢, By 44,40 Co), We get a

unique nullhomotopy [, 8] € ©(a’) such that crpie) o [, B] = [o, f]. We have to verify
that [a, (] is the required extension, that is, F(¢’, gj) o[, f] = a and F(f’, f})ole, 5] = B.
We check the first condition (the second one is similar) using Remark 3.2.4:

~ _

Crb* f<glvg(l)> © [Oé,ﬁ] = ‘Fg(/) * CF(b+c) © [aaﬁ] = ‘Fg(/J © [avﬁ] =CrpOow

It remains to prove that the extension [a, 8] is unique. For this, let ¥ € O(z') be a
nullhomotopy such that ]-A"(g’,g{)) o1 = « and ]?(f/, 1) o = B. To show that ¢ = [«, f]
it suffices to show that cz(.c) 01 = [o, ). For this, we apply once again Remark 3.8.3 to
the ©-strong pushout F(By + .4, Co):

Fgo - croe 0¥ =crp - Fg',g90) 0¥ = croa = Fgyo o, 5]

Fly-crwra 0w = cre- F(f fo) o0 = cre0 = Ffyola, ]
The proof is now complete. [

4.2. . We restate now Proposition 4.1 in terms of an equivalence between hom-categories.
Consider a category A with finite colimits and a category with nullhomotopies (B, ©)
satisfying the reduced interchange. Assume that B has ©O-strong finite colimits and strong
O-cokernels. We are going to establish an equivalence between the following categories:

- Colim[A, BJ: objects are functors preserving finite colimits, arrows are natural trans-
formations,

- HoCok[Arr(A), B]: objects are those morphisms (Arr(A),Ox) — (B,0) of Defi-
nition 2.4.1 which preserve finite colimits and homotopy cokernels, arrows are the
2-morphisms of Definition 2.4.2.

4.3. PROPOSITION. Under the assumptions and with the notation of 4.2, there is an
equivalence of categories

HoCok[Arr(A), B] Colim[A, B]

)
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—

PROOF. We are going to prove that the functors I'- (—) and (—) are one the quasi-inverse
of the other.

1) Definition of I' - (—): by Proposition 3.10, I": A — Arr(.A) preserves finite colimits, so
that I" - (—) is well-defined on objects. Its definition on arrows is obvious.

2) Definition of (/—\): from Proposition 4.1, we already know how (/—\) is defined on objects.
As far as arrows are concerned, consider a natural trasformation A\: F = G in Colim[A, B]
and a nullhomotopy

A—L.p
| )
AOT‘BO

in Arr(A). The next diagram describes the construction of A: F = G in HoCok[Arr(A), B]:

FA az GA
s g l]—'a gal] b N
//’Y}"a Adg 'Yga\\
0\ - fA() ng — /0
N l l y
N CFa CGa /
N ~
‘F<A7 a, AO) ~ g<A7 a, AO)
A(A,a,Aq)
In other words, :\\(A,G,Ao) is the unique arrow such that cz, - /):(A,a,Ao) = A4, - Cgo and

VFa © X( Aa,Ag) = A4 © Yga- To check the naturality of \, precompose with ¢z, and VFa:
cra F(f J0) Mg = Flo - er- M = Ffo- Ay - ey =
= Ao - Gfo gy = Aay, * Cga - é\(fv fo) = cra - Maa,n0) - é(ﬂ fo)
YFa © ﬁ'(fv f()) . :\\(B,b,Bo) = ff O YFb© /):(B,b,Bo) = ff ' )‘BO ° Y6y =

=Xa-Gfoyg =Aa07g 0 é(f, fo) = Vra OX(A,(L,AO) 'gA(f, fo)

To check that_ \is compatible with nullhomotopies in the sense of Definition 2.4.2, that
iS, A(4,0,40) © G = F 0 A\(Bp,B,), Precompose with cr,:

CFa - X(A,a,Ao) © gASO = Adg " Cga © 580 = A4, - Gpoyg =
=Fo-Apoyg = F©ovr0NBpBy) = CFa © F PO NBp,Bo)

3) Composition Colim[A, B] iHoCok[Arr(A),B] R Colim[A, B] : from point 5) of

the proof of Proposition 4.1, we already know that I' - F = F for any functor F €
Colim[A4, B]. Consider now a natural transformation A\: F = G in Colim[A, B]. We have
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to prove that the restriction along I' of X is . This is because, if we start with an object
X € A, the definition of Arx reduces to the following diagram (use Remark 3.8.1):

0 0
LQ)]-'X Q’ng AN
Effx GX X
\\ Lid 1dj ///
EN 2
FX gx
Ax

4) Composition HoCok[Arr(A), B] L_)>Colim[.,4, B iHOCOk[AI‘I‘(A), B] : we start
with the construction, for any functor M € HoCok[Arr(.A), B], of an invertible 2-morphism
m:I'- M — M. Its component at (A,a, Ay) € Arr(A) is depicted in the following dia-
gram:

-

_MTI'A_

0~ MFaj N 0
/
ldA) \

/7 AmMD
/ = MFAO \

/ \
/ / \
y CMra M(04idag v

F/'T\/l(A7a7A0) M(A,CL,A())

M(A,a,Ag)

The triangle on the left is a ©-cokernel by definition of F/-/\\/l, the triangle on the right is
a ©-cokernel by Remark 3.3 and because M preserves ©a-cokernels. So, 1m4,4,4,) is the
unique arrow such that carq - M(a6,40) = M(04,id4,) and Yurae - M(a,0,4,) = M(ida).
Moreover, m4,q,4,) is an isomorphism by Remark 3.2.1. We have to prove that the family

m = {m(A,&AO) | (A, a,AO) € AI'I'(.A)}

is a 2-morphism in the sense of Definition 2.4. For this, consider a nullhomotopy

A—t . B

1)

Ao e By
in Arr(A). To check the naturality, precompose with ¢y, and yarq:
CMTa " M(Aa,40) - MU, fo) = M(04,1dn,) - M(f, fo) = MI fo - M(0p,idp,) =

= MT fo - cpry - MBpv,By) = Cmra - 1 M, fo)-m (B b, By)
YMmra © M(4,0,40) - M([, fo) = M(ida) o M(f, fo) = MT' f o M(idp) =
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= ML f o ypry © MyBp,By) = Ymra © L' - M(f, fo) - MyBb,By)

To check the compatibility with nullhomotopies, precompose with cqrg:
CMTa * m(A7a7A0) (0] M()\) - M(OA, idAO) O M()\) - MP/\ o M(ldB) =

= MI'X o Yy © M(Bb,By) = CMra © F/'T\/l()\) © M(B,b,By)

It remains to prove that, if u: M = N is a 2-morphism in HoCok[Arr(A), B], then

—_

r-m—= M

o

r-N N

n

commutes. This means that, for any object (4, a, Ag) € Arr(A), we have to prove that
I (A0, 40) U (A a,A0) = V(A A0) " M(Aa,Ao)- By Remark 3.2.4, it suffices to chek this equation
by precomposing with car, and Yara:

—

Cmra - T Haia,a0) - (A0,40) = HDAg * CNTa * TV(Aa,A0) =

= piray - N(04,1da,) = M(04,1day) - fi(A,0,40) = CMTa * M(A,0,40) * F(A,a,Ao)

Ymra © '+ fiaq a0) - T(A0,40) = HTA © YNTa © N(Aa,A0) =
= pira o N (ida) = M(ida) 0 f(a,0,49) = TMPa © M(A,0,40) * [4(Aa,Ao)

The proof is now complete. [

4.4. . To end this section, let us point out that the assumptions on (B, ©) appearing in
4.2 are not independent. Indeed, we know from [15] that, if B has strong O-cokernels
of identity arrows and O-strong pushouts, then it has all the ©-cokernels and they are
strong. Moreover, in the fundamental case where the structure © is induced by a string
of adjunction

-~

A—u——B

-

with U full and faithful and if B has pushouts, then pushouts are ©-strong and B has
strong ©-cokernels.

5. The denormalization functor

5.1. . This short final section is completely devoted to illustrate, on a simple but relevant
example, the extension F of a functor F: A — B appearing in Proposition 4.1, as well as
the dual construction. As far as the dual constriuction is concerned, if we start assuming
that A has finite limits and we write * for the terminal object and *2: B — x for the unique
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arrow, the corresponding nullhomotopy structure on A is ©,(g) = {p:* — C | xB.¢ = g},
the embedding A: (A, ©,) — (Arr(A),O4) is defined by

B0 — B2

L2 T4

* X ——

and the extension along A of a functor F: A — B is denoted by F: Arr(A) — B.

5.2. . Starting from any category A, we can construct the category RG(.A) of reflexive
graphs in A. Objects and arrows are depicted in the following diagram

A—D B

Al

A0—0>BO

with the conditions ¢t -d=id=i-¢c, i- fi=fo-1,d-fo=f1-d, c- fo=f1-c
If we assume that the category A has a zero object and kernels, we can construct the
so-called normalization functor K: RG(A) — Arr(A) defined by

A—T B o Ker(d) 2 Ker(a)
1€ S I
Ay B, T ....... - T

Ao fo Bo

where K ( f1) is the unique arrow such that K (f1)-kq = kq- f1. A structure of nullhomotopies
© on RG(A) can be chosen in such a way that K is a morphism of categories with
nullhomotopies and it is bijective on nullhomotopies. Explicitly, a nullhomotopy on an
arrow (f1, fo) is an arrow ¢: Ag — By such that - d =0, ¢-c= fo, kq-c-p = K(f1) - ka.

5.3. . Now we construct two functors from A to RG(.A). The first one needs no assump-
tion on A. For the second one, the existence of a zero object 0 is needed. Here they
are:

I": A — RG(A) I'(By—2~Cy) = By—2 = (,
id Gdllid id Gd“id
BO go CO
A:A— RG(A) N(B—-1-(C) = B—7

I

00—
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5.4. . Assume now that A is additive. The main point is to observe that the images
by IV and A’ of any arrow a: A — Ay of A have, respectively, a ©-cokernel and a ©-
kernel in RG(.A). Moreover, the ©-cokernel of I”(a) coincide with the ©-kernel of A’(a).
All this is depicted in the following diagram, where the dotted arrows are the structural
nullhomotopies of the ©-cokernel (the one on the left) and of the ©-kernel (the one on
the right):

A L A, N A AT A < A,

. @}ddéﬂdy <T l l[d]d < l l< l l

a AO 0 0

We can therefore extend IV along I" and A’ along A, as explained in the proof of Proposition
4.1. In both cases, we get the so-called denormalization functor

D: Arr(A) — RG(A)

which sends an object (A,a, Ag) on the reflexive graph in the middle of the previous
diagram. It is well-known that D is an equivalence of categories (with nullhomotopies)
whose quasi-inverse is the normalization functor IC of 5.2. To prove this fact, it is enough
to check the following isomorphism between a reflexive graph and the denormalization of
its normalization:

(ds6)
A1 AO EB Ker(d)
[i5kq]
i<dll/c i1 <F1\H[id;kd~c]
id
0 AO
id

where 0: A; — Ker(d) is the unique arrow such that 0 - k; = —d - i + id.

5.5. . Finally, we know that RG(.A) is isomorphic to Grpd(.A), the category of internal
groupoids, because there exists a unique composition on the reflexive graphe D(A, a, Ag)
making it an internal category. It is given by

(see [3, 13] for a detailed discussion). Transporting the 2-categorical structure of Grpd(.A)
along Grpd(A) ~ RG(A) ~ Arr(A), we get a 2-categorical structure on Arr(A) which
extends the structure of nullhomotopies ©a: for any arrow (f, fo): (4, a, Ag) — (B, b, By),
the set of nullhomotopies ©a((f, fo)) coincides with the set of 2-cells from the zero arrow

(04,01 to (f, fo)-
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