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DRAZIN INVERSES IN CATEGORIES
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This paper is dedicated to Bill Lawvere, a great mathematician, a mentor, and a friend.

ABSTRACT. Drazin inverses are a fundamental algebraic structure which have been
extensively deployed in semigroup theory, ring theory, and matrix theory. Drazin inverses
can also be defined for endomorphisms in any category. However, beyond a paper by
Puystjens and Robinson from 1987, there has been almost no further development of
Drazin inverses in category theory. Here we provide a survey of the theory of Drazin
inverses from a categorical perspective. We introduce Drazin categories, in which every
endomorphism has a Drazin inverse, and provide various examples including the category
of matrices over a field, the category of finite length modules over a ring, and finite set
enriched categories. We also introduce the notion of expressive rank and prove that a
category with expressive rank is Drazin. Moreover, we not only study Drazin inverses in
mere categories, but also in additive categories and dagger categories. In an arbitrary
category, we show how a Drazin inverse corresponds to an isomorphism in the idempotent
splitting, as well as explain how Drazin inverses relate to Leinster’s notion of eventual
image duality. In additive categories, we consider core-nilpotent decompositions, image-
kernel decompositions, and Fitting decompositions. We also develop the notion of Drazin
inverses for pairs of opposing maps, generalizing the usual notion of Drazin inverse
for endomorphisms. As an application of this new kind of Drazin inverse, for dagger
categories, we provide a novel characterization of the Moore-Penrose inverse in terms of
being a Drazin inverse of the pair of a map and its adjoint.
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1. Introduction

In a semigroup S, a Drazin inverse of z € S is a P € S such that: [D.1] thereisa ke N
(called the Drazin index) such that a**1zP = 2*; [D.2] 2PzaP = 2P; and [D.3] 2Px = zzP.
While a Drazin inverse may not always exist, if a Drazin inverse exists then it is unique,
so we may speak of the Drazin inverse. The term Drazin inverse is named after Michael P.
Drazin, who originally introduced the concept of Drazin inverses in rings and semigroups
under the modest name “pseudo-inverse” [12]. The “inverse” part in the term “Drazin
inverse” is justified since it is a generalization of the usual notion of inverse, that is, if S
is a monoid and u € S is invertible, then its inverse is also its Drazin inverse, u? = u71,
and conversely elements of S with Drazin index zero are precisely the invertible elements
of S. Drazin inverses have an extensive literature and have been well studied in both ring
theory and semigroup theory [8, 12, 14, 19, 22, 24, 30], and are deeply connected to strong
m-regularity [1, 3, 11, 25, 30] and Fitting’s results [15, 18, 20] (sometimes called Fitting’s
Lemma or Fitting’s Decomposition result). Moreover, they have also been extensively
studied in matrix theory, and have been found to have many important applications as it
is a useful tool in various computations [5, 6, 7, 26, 28, 31, 32, 33].

At the time Drazin first introduced the concept of Drazin inverses in [12], category
theory was still in its infancy. Thus, the theory of Drazin inverses was not developed from
a categorical perspective nor, conversely, did the notion of a Drazin inverse become widely
known in the categorical community. To the best of our knowledge, the only discussion
of Drazin inverses in category theory appears in a section of a paper by Puystjens and
Robinson [27] from 1987, where they develop the properties of Drazin inverses in additive
categories.

The purpose of this paper is, thus, to develop Drazin inverses from a categorical
perspective and to make their theory more readily available to a categorical audience. In
order to achieve this we have tried to make the exposition as self-contained as possible and,
in particular, we have included complete proofs. We do, however, acknowledge that many
of the proofs below are available in the extensive ring theory and semigroup literature
and we have tried to document this. Having said that, inevitably, there is new material
in our exposition including, of course, new definitions, new examples, new constructions,
and new proofs. These arise largely because the categorical perspective allows one to
consider a broader range of settings which are not directly related to semigroups or rings.
For example, without the categorical perspective, one might not have known how Drazin
inverses relate to idempotent splittings or the idempotent completion. Nor would one have
noticed that having a Drazin inverse implies having eventual image duality in the sense
of Leinster [21]. Even more fundamentally, one might not see the point of considering
Drazin inverses for arbitrary maps, not just endomorphisms.

We suspect this just scratches the surface of novel applications for Drazin inverses that
the categorical perspective uncovers. This paper was never meant to be the final word
on the subject of Drazin inverses in category theory. Rather our hope is that it can be a
useful entry point for others into what is a fundamental algebraic structure. So we will
be happy if we have left loose ends which others can pursue.
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Conventions: For an arbitrary category X, we denote objects by capital letters
A, B, XY, etc. and maps by lowercase letters f,g,x,y, etc. Homsets are denoted by
X(A, B) and maps as f : A— B. Identity maps are denoted as 14 : A— A. Composition
is written in diagrammatic order, that is, the composition of a map f: A— B followed
by g: B—C' is denoted fg: A—C.

2. Drazin Inverses, Drazin Objects, and Drazin Categories

In this section, we discuss Drazin inverses in a category and introduce the notions of
Drazin categories and Drazin objects. We also provide examples of these concepts.

2.1. DrAzIN INVERSES. The concept of Drazin inverses in an arbitrary category was
first considered by Puystjens and Robinson in [27, Sec 2], though they were particularly
interested in studying Drazin inverses in additive categories — which we discuss in Section
6. The notion of Drazin inverses in a category X corresponds to the notion of Drazin
inverses in the semigroup of endomorphisms, X(A, A), of each object A. Explicitly:

2.2. DEFINITION. In a category X, a Drazin inverse [27, Sec 2] of v : A— A is an
endomorphism xP : A— A such that:

[D.1] There is a k € N such that' x*+'aP = 2,
[D.2] 2Pzl =aP;
[D.3] zPx = xaP.

If v : A— A has a Drazin inverse 2P : A— A, we say that x is Drazin, and call the
least k such that x**'axP = x* the Drazin index of x, which we denote by ind(x) = k.

For the remainder of this section, we work in an arbitrary category X. An important
fact is that Drazin inverses, if they exist, are unique. Before proving this, here are some
useful basic identities.

2.3. LEMMA. Let x : A— A be Drazin with Drazin inverse xP : A— A:
(i) For all n >ind(z), an*leP = an = gPyn+l;
(i) For all n >ind(z) and m e N, gm+m(gP)m = gn = (gP)mgn+m;

(111) For alln e N, zn(zP)+! = P = (xP)n+ign,

!By convention, 20 = 14.
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PROOF. (i) Let ind(z) = k. Then for all n > k, using [D.1] we compute that:

l’n+1[ED _ xn—k+k+1$D _ l‘n_k$k+13§'D — [En_kllj'k — xn—k+k =

So x™lgP = zn. By [D.3] it follows that zPz"*! = 2" as well.

(ii) We prove this by induction on m. For the base case m = 0, we clearly have that
z"(zP)? = 2. Now suppose that for all 0 < j < m, 2" (2P)/ = 2”. Then using the
induction hypothesis and (i), we compute that:

xn+m+1 (:L,D)m+1 —

So grtml(gD)ym+l = gn_ Therefore all m, ™™ (zP)™ = 2" as desired. By [D.3] it follows
that am = (zP)mamm as well.

(iii) We prove this by induction. For the base case n =0, we clearly have that 202 = «P.
Now suppose that for all 0 < j <n, z7(xP)7*! = P, Then using the induction hypothesis,
[D.2], and [D.3], we compute that:

an+1({L‘D)n+2 — ZL’{L‘n(l‘D)n+1$D — l‘CCD.I'D — IDfL’[ED — CL’D
So xn*1(zP)+2 = xP. Therefore all n, 27 (zP)"*! = zP as desired. By [D.3] it follows that
(zP)r+lgn = 2P as well. "

2.4. PROPOSITION. [12, Thm 1] If x : A— A has a Drazin inverse, it is unique.

PRrROOF. Suppose that = : A— A has two possible Drazin inverses y : A— A and
z: A— A. So explicitly, there is a k € N such that x*zy = 2%, and also that yzy = y and
xy = yx, and there is a k' € N such that 2*'zz = 2%, and also that 2z = zx and zzz = 2.
Now set j = max(k, k"). First observe that by Lemma 2.3.(i) we have that z7*'y = 27 and
zad*t = 7 while by Lemma 2.3.(iii) we have that y = z7y/*! and z = z7*'aJ. Then we
compute that:

Yy = xjy]Jrl — ngJrly]Jrl — Z$$Jyj+1 = 2y = Z]Jrlxxjy — Z]+1x]+1y — Zj+1$] =z

So y = z, and we conclude that the Drazin inverse is unique. [

From now on we may speak of the Drazin inverse of an endomorphism x (if it exists
of course) and denote it by zP.

2.5. DRAZIN CATEGORIES. We call a category in which every endomorphism has a Drazin
inverse a Drazin category. Since Drazin inverses are unique, being Drazin is a property
of a category rather than a structure.

It is always possible to construct a Drazin category from any category by considering
the full subcategory determined by the objects whose every endomorphism is Drazin: we
call these Drazin objects.
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2.6. DEFINITION. An object A is a Drazin object if every endomorphism x: A— A is
Drazin. Then define D (X) to be the full subcategory of Drazin objects of X.

2.7. LEMMA. D (X) is a Drazin category. Moreover, X is Drazin if and only if D (X) = X.

PROOF. Every endomorphism in D (X) is Drazin, so D (X) is Drazin. Also, clearly X is
Drazin if and only if every object is Drazin, which means that D (X) = X. [

Thus, an equivalent way of describing a Drazin category is as a category in which every
object is Drazin. Here are now some examples of Drazin inverses, Drazin categories, and
Drazin objects.

2.8. COMPLEX MATRICES. Arguably, the best-known (and most applied) examples of
Drazin inverses are those of complex matrices. So let C be the field of complex numbers
and let MAT(C) be the category of complex matrices, that is, the category whose objects
are natural numbers n € N and where a map A:n—m is an n x m complex matrix.
Composition given by matrix multiplication and the identity on n is the n-dimensional
identity matrix. Endomorphisms in MAT(C) correspond precisely to square matrices: so
an endomorphism A:n—n is an n x n square matrix A It is well-known that every
complex square matrix has a Drazin inverse [6, Chap 7] making MAT(C) Drazin. To
compute the Drazin inverse, first recall that every n xn complex matrix A can be written

in the form [6, Thm 7.2.1]:
a-rlg ]

0 N

for some invertible n x n matrix P, an invertible m x m matrix C' (where m < n), and a
nilpotent n—m xn—-m matrix N (that is, N* = 0 for some k € N). See [6, Algorithm 7.2.1]
for how this form is computed. The Drazin inverse of A is the n x n matrix AP defined

as follows: 1
c1t o
D _ -1
AP = P[ 0 O] P

The Drazin index of A corresponds precisely to the index of A [6, Def 7.2.1], that is the
least k € N such that rank(A**1) = rank(A*).

In fact, it is well-known [5] — and, as we shall shortly show in Section 4 — that a square
matrix over any field has a Drazin inverse. Thus, for any field k, its category of matrices
MAT (k) is always a Drazin category. Moreover, as explained in Corollary 3.15 below, a
category which is equivalent to a Drazin category is certainly itself Drazin. So k-FVEC,
the category of finite-dimensional k-vector spaces and k-linear maps between them, is
Drazin as well.

2.9. MODULES. Let R be a ring and let R-MOD be the category of (left) R-modules
and R-linear morphisms between them. In general, R-MOD is not Drazin. Indeed, when
R = 7Z, consider the Z-linear endomorphism f : Z — 7Z given by multiplying by two,
f(x) =2x. Now if f had a Drazin inverse fP : Z——7, it must be of the form fP(x) =nx
for some n € Z. Then by [D.1] we would have that for some k € N, 2¥Inz = 2k for all
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x € Z. This would imply that 2n = 1, which is a contradiction. So Z-MOD (which recall
is equivalent to the category of Abelian groups) is not Drazin.

That said, while R-MOD may not always be Drazin, there are various characteriza-
tions of Drazin R-linear endomorphism — see for example [30, Lemma 2.1]. In particular,
an R-linear endomorphism f : M — M has a Drazin inverse if and only if f is strongly
m-regular — which will be discussed in Section 3.2 below. Alternatively, an R-linear endo-
morphism f: M — M is Drazin if and only if M = im(f*) @ ker(f*) for some k > 1 [30,
Lemma 2.1.(4)], and this decomposition is sometimes called Fitting’s decomposition
20, Lemma 2.4]. Then an R-module M is said to satisfy Fitting’s Lemma [2, Page 665]
if every endomorphism has a Fitting’s decomposition (or equivalently if R-MOD(M, M)
is strongly m-regular [2, Prop 2.3]). As such, the Drazin objects in R-MOD are precisely
the R-modules which satisfy Fitting’s Lemma, or in other words, D (R-MOD) is the full
subcategory of R-modules which satisfy Fitting’s Lemma. For more on modules which
satisfy Fitting’s Lemma, see [1, 2, 25], and also see [2] for classes of rings for which all
finitely generated modules satisfy Fitting’s Lemma and are therefore Drazin.

Famously, “Fitting’s Decomposition Theorem” says that for every endomorphism of
a finite length R-module has a Fitting’s decomposition [18, Page 113]. This implies
that every R-linear endomorphism of a finite length R-module is Drazin, and thus finite
length R-modules are Drazin. Therefore the full subcategory of finite length R-modules is
Drazin. It is important to note that while every finite length R-module is Drazin, there are
modules which do not have finite length which are Drazin. Indeed, consider the rationals
Q seen as a Z-module. Every Z-linear endomorphism f : Qq—Q is also Q-linear, therefore
f(x) = Lz for some fixed 2 € Q. Therefore, every Z-linear endomorphism f: Q—Q is
either zero or an isomorphism. If f is zero, then as we will see in Lemma 6.10, f is Drazin
with fP =0. On the other hand if f is an isomorphism, so f(z) = Lz with p,q # 0, then as
we we will see in Lemma 3.6, f is Drazin with f”(z) = f~!(z) = Z2. So it follows that Q
is Drazin. Modules of finite length are always finitely generated, while Q is famously not
finitely generated as a Z-module, and therefore cannot be of finite length as a Z-module.
So @Q is a Z-module which is Drazin but not of finite length. As such, the category of
finite length Z-modules is a proper subcategory of D (Z-MOD).

2.10. FINITE SETS. Let SET be the category of sets and functions between them, and
let FinSET be the full subcategory of finite sets. Not all Drazin inverses exist in SET.
As an example, consider the successor function s : N— N, s(n) = n+ 1. Suppose
that s had a Drazin inverse s : N— N. By [D.3], we would have that s”(n) =
sP(sm(0)) = s7(sP(0)) = sP(0) + n. Now if ind(s) = k, by [D.1] we compute that
k= s(0) = sP(s¥1(0)) = sP(k+1) = sP(0) + k + 1. This implies that 0 = sP(0) + 1
— which is a contradiction since s”(0) € N. So the successor function does not have a
Drazin inverse, and therefore SET is not Drazin.

On the other hand, FinSET does have all Drazin inverses. In fact, every finite set
enriched category is Drazin. Recall that a category is finite set enriched if and only if
every homset is finite.
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2.11. LEMMA. Fvery finite set enriched category is Drazin.

PROOF. Let X be a finite set enriched category. Let x : A— A be an endomorphism in X.
Since X(X,X) is a finite set, of cardinality |X(X, X )|, we have that 2% = 14,2, 22,23,
and XXX are not all distinct. So as explained in the proof of [21, Prop 6.3], there is a
m >0 and a k> 1 with m + k < [X(X, X)|, such that ™ = z™**. Moreover, z"*"* = z" for
all n>m and r > 0, and so in particular ™ = 2% implying ™ is an idempotent. We
now consider the following cases:

(i) If m = 0, then z is an isomorphism with inverse z*='. Then as we will review in
Lemma 3.6, x is Drazin with P = 251,

(i) If £ = 1, then 2™ = z™*! and 2™ is an idempotent. So setting x” = x™, we check
that three Drazin identities hold:
[D.].] Im+1$D — xm+lxm = gMym = pm
[D.2] zPxal = amgam™ = gmtigm = gmgm = gm
[D.3] zPx =amz = 2™+ = gg™ = xaP
So zP is the Drazin inverse of x.
(iii) If m > 1 and k > 2, then mk -1 >m > 0. So setting xP = ™1 we show that the
three Drazin axioms hold:
[D.l] pmk+1.D — pmk+lpmk-1 — pmk+l+mk-1 _ -2mk _ ,mk
[D.Z] Py D = pgmk—1ppmk-1 = pmk-1+1+mk-1 _ pmk-1+mk — mk-1 _ 1.D
[D.3:| P = fL’.ka_l — x1+mk‘—1 — xmk—l-%—l — fL’mk_ll’ =Dy
So zP is the Drazin inverse of x.

So, every x : A— A is Drazin, and therefore X is Drazin. [
2.12. COROLLARY. FinSET is a Drazin category.

When X is a finite set, another way of understanding the Drazin inverse of a function
[+ X— X, is to consider the inclusion of subsets X 2 im(f) 2 im(f?) 2 ---, which
must eventually stabilize after at most |X| steps. So there is a smallest k& such that
im(f*¥) =im(f**1) =-... Then f becomes an isomorphism on im(f*¥), which we denote as
flim(sey 1 im(f¥)—=im(f*). The Drazin inverse of f is defined as fP(z) = f|i‘ni(fk)(fk(x)),
and its Drazin index is ind(f) = k.

On the other hand, while SET may not be Drazin, we may still ask what are the
Drazin objects in SET. It turns out that they are precisely the finite sets.

2.13. LEMMA. A set X is Drazin in SET if and only if X is a finite set. Therefore
D (SET) = FinSET.
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Proor. By Corollary 2.12, we know that finite sets are always Drazin. So, it remains to
show if a set is infinite, that it cannot be Drazin. So suppose that X is an infinite set,
then there is an injection ¢ : N— X. Writing ¢,,: = ¢(n), define the function f: X — X
as f(x) =z if x ¢ im(¢@), otherwise if z = ¢,, then set f(x) = ¢,11 — which is well-defined
since ¢ is injective. So in particular, f*(¢m,) = Gmen. If X is Drazin, f would have a
Drazin inverse fP: X — X and, if ind(f) = k, then by [D.1] we would have that:

Ok = f*(¢0) = [P (d0)) = [P (Pr1)
So fP(prs1) = ¢r. Now consider fP(¢pg). There are two possible cases:

(i) Case 1: fP(¢p) ¢ im(¢). By definition of f, we have that f*1(fP(¢pg)) = fP (o).
However by [D.1] and [D.3]:

fP(d0) = PP (00)) = P (d0)) = 5 (¢0) = én
So fP(¢o) = ¢p which means fP(¢pg) € im(¢), which is a contradiction.

(i) Case 2: fP(¢g) € im(¢). So there is some n € N such that fP(¢g) = ¢,. But by
[D.2], we get that:

O = [P (dri1) = F2(FH(0)) = FFH(FP(00)) = 51 (0n) = Pnikin

Since ¢ is injective, this would imply that k£ = n + k + 1. In turn, this implies that
0 =n+ 1, which is a contradiction since n € N.

Since both cases lead to a contradiction, we conclude that X cannot be an infinite set.
Therefore, if X is Drazin, X must be a finite set. So D (SET) = FinSet as desired. =

3. Properties of Drazin Inverses

In this section, we review some well-known properties of Drazin inverses from ring theory
literature, as well as providing some new properties of Drazin inverses with a more cate-
gorical flavour. In particular, we show that many basic categorical constructions behave
nicely with respect to Drazin inverses. Thus, when applying these constructions to Drazin
categories, we obtain new Drazin categories. Again, throughout this section we work in
an arbitrary category X.

3.1. DRAZIN MAPS WHOSE COMPOSITE IS NOT DRAZIN. We begin with the important
observation that, unfortunately, Drazin inverses do not behave well with respect to com-
position. So here we take the opportunity to exhibit two Drazin endomorphisms whose
composite is not Drazin. We first observe that a function f : N—— N which is strictly
increasing (i.e. f(n) > n) and order-preserving (i.e. if m <n then f(m) < f(n)) cannot
be Drazin. Indeed, suppose that there is a Drazin inverse f? with index k, then by [D.1]
and [D.3] we get that:

FR0) = fPF(F1(0))) = F(FR(FP(0))) > FH(FP(0)) 2 f4(0).



DRAZIN INVERSES IN CATEGORIES 463

So f*(0) > f*(0), which is a contradiction, and so f does not have a Drazin inverse. Now
consider the two idempotents:

e(n) - n+1 if nis even ¢'(n) = n if n is even
| n otherwise | n+1 otherwise

As these are idempotents they certainly have a Drazin inverse: namely, themselves (as we
will explain in Lemma 5.3). Their composite is the function:

(e(n) - {

which is strictly increasing and order-preserving, and therefore not Drazin.

n+2 if nis even
n+1 otherwise

3.2. STRONG m-REGULARITY. In ring theory, an important equivalent way of describing
being Drazin is in terms of a being strongly m-regular [3, Sec 2] and there is a extensive
literature on strongly w-regular rings. This characterization of being Drazin is also valid
for maps and objects in a category as we now explain.

3.3. DEFINITION. = : A— A is strongly w-regular if there exists endomorphisms
y:A— A and z: A— A, and p,q € N such that yxP*' = 2P and 291z = 29. An object
A is said to be strongly m-regular if every endomorphism of A is strongly mw-reqular.
Similarly, a category X is said to be strongly m-regular if every endomorphism of X is
strongly m-regular (or equivalently if every object is strongly m-regular).

3.4. LEMMA. [12, Thm 4] x : A— A is Drazin if and only if it x is strongly w-regular.
Moreover, an object (resp. category) is Drazin if and only if it is strongly w-regular.

PROOF. For (=), suppose that x is Drazin with ind(z) = k. Then set y = z = 2P and
p=q=k By Lemma 2.3.(i), we get 2971z = 29 and yxP*! = 2P as desired.

For (<), let k = max(p, ¢) and define 2P:= z¥z*+1. We show that =P satisfies the three
Drazin axioms:

[D.1] First observe that for all n € N, by assumption it follows that zk+n+izn+l = gk,
Therefore, we compute that:
k+1,.D _ L k+1,.k k+1 _ k+k+1 _k+1 _ .k

AR T AR AR T
[D.3] First observe that ya*+! = 2% = 2k+1z and so
ynl.k — yn+1xk+1 — [Ek+12’n+1 — IL'an

for all n € N. As such, we also have that 2P = y**1z*. Using this, we compute that:

D _ gk kel _ kil ok _ ok ok k 1_ k+l k D

Tx iz = aF ok = yFak = yRyahtl = Mgk y = 2Py

[D.2] Using [D.3] and [D.1], we have:

QZDSL’ID — ZZJDSCl’ka+1 — xka+IZk+1 — xk+1xDZk+1 — xkzlwl — SCD

So we conclude that 2P is the Drazin inverse of x. From this it is immediete that either
an object or a category, being strongly m-regular is equivalent to being Drazin as well. =
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We will revisit strong m-regularity in an additive category in Section 6.1.

3.5. IsoMORPHISMS. What are the endomorphisms whose Drazin index is zero? It turns
out that they precisely correspond to isomorphisms. So every isomorphism is Drazin and
its Drazin inverse is precisely its inverse. Thus the notion of a Drazin inverse is a true
generalization of an inverse. This implies that identity morphisms are Drazin and their
own Drazin inverse. Furthermore, it provides another basic source of Drazin categories
as any groupoid is immediately Drazin.

3.6. LEMMA. 2 : A— A is Drazin with ind(x) = 0 if and only if x is an isomorphism.
In particular, the identity 14 : A— A is Drazin and its own Drazin inverse, 15 =1,4.

PROOF. For (=), suppose that x is Drazin with ind(z) = 0. In particular, [D.1] can be
rewritten as zzP = 1,4. It follows from [D.3], that we also have that Pz = 1,4. Therefore
x is an isomorphism with inverse x”. For (<=), suppose that x is an isomorphism. Then its
inverse x~! satisfies the three Drazin axioms: [D.1], zz=! =14 = 2% [D.2] x~lzx~t = 271
and [D.3] za™t =14 =27 'z. So z7! is the Drazin inverse of . Moreover, [D.1] holds for
k =0, thus ind(x) = 0. "

3.7. GrROUP INVERSES. Another special case to consider is when the Drazin index is less
than or equal to 1. In the literature, this is better known as having a group inverse [6,
Def 7.2.4]. In other words, a group inverse is the Drazin inverse for endomorphisms with
Drazin index less than or equal to 1. Puystjens and Robinson described group inverses in
an arbitrary category in [27, Sec 2].

3.8. DEFINITION. A group inverse [27, Sec 2] of x : A— A is an endomorphism
P A— A such that the following equalities hold:

[G.1] x2Pz = 2; [G.2] 2P xal = 2P, [G.3] 2Pz = xaP.

3.9. LEMMA. x: A— A is Drazin with ind(x) < 1 if and only if © has a group inverse.

PRrROOF. For (=), suppose that z is Drazin and ind(z) < 1. We show that its Drazin
inverse x” is a group inverse. Note that [G.2] and [G.3] are the same as [D.2] and
[D.3]. Since ind(z) < 1, by Lemma 2.3.(i), we have that 222 = 2, which using [D.3] can
be rewritten as xzPx = x, so [G.1] also holds. Therefore P is a group inverse of x. For
(<), suppose that = has a group inverse z”. Again, note that [D.2] and [D.3] are the
same as [G.2] and [G.3]. Now using [G.3], we can rewrite [G.1] as x!'*!'zP =z, so [D.1]
holds for at least k = 1. Therefore, z is Drazin with Drazin inverse x” and ind(z) <1. =

Since group inverses are special cases of Drazin inverses, they are unique. A special
case of an endomorphism with a group inverse is an idempotent. Later, in Lemma 5.5,
we will provide an alternative description of an endomorphism with a group inverse as a
commuting binary idempotent.
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3.10. THE DRAZIN INVERSE OF A DRAZIN INVERSE. A Drazin inverse is always Drazin,
and in fact its Drazin inverse is a group inverse, meaning that the Drazin index of the
Drazin inverse is less than or equal to one. The Drazin inverse of a Drazin inverse is called
its core and will play an important role in Section 6.

3.11. LEMMA. Let x: A— A be Drazin. Then:
(1) [12, Thm 3] xP is Drazin where 2PP:= zaPx and ind(zP) < 1;
(i1) [12, Cor 4] xPP is Drazin where xPPP = gD
(111) If ind(x) < 1, then PP = .
PROOF. We begin by checking that xPP:= xaPx satisfies the three group inverse axioms.

[G.1] By [D.2] twice, we compute that:

DxDD D D,..D,., D D,...D D

T T =T TTr ITTr =T ITTx =X

[G.2] By [D.2] twice, we compute that:

.I'DD{L’DxDD = $$D$$D$$Dl' = x:cDa:xD:L’ = $$D£L' = l’DD

[G.3] By [D.3] we get that:

2P aPP = oPraPr = xaPra? = 2PP2P

So PP is a group inverse of . By Lemma 3.9, 2P is Drazin with Drazin inverse PP
and ind(2?) < 1. Now by applying (i) to PP, we have that PP also has a Drazin inverse
given by xPPP = pPgPDyP  Expanding this out and applying [D.2] twice again, we
compute that:

JIDDD = .TD.Z’DDLL’D = JIDJIZ’D.TJID = LUDIID = .TD

So xP is the Drazin inverse of PP or in other words, xPPP = 2P, Lastly, if ind(z) < 1,
then by Lemma 3.9, 2P is a group inverse of x. So by [G.1], we have that PP = xaPx = .
"

3.12. DRAZIN INVERSES ARE ABSOLUTE. We now turn our attention to other properties
of Drazin inverse that are more categorically flavoured. We first observe that Drazin
inverses are absolute, that is, every functor preserves Drazin inverses on the nose.

3.13. PROPOSITION. Let F: X—Y be a functor and let x : A— A be Drazin in X.
Then F(x): F(A)—F(A) is Drazin in Y where F(z)P = F(2P) and ind (F(z)) <ind(x).
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PROOF. We show that F(z)P:=F(2) satisfies the three Drazin inverse axioms.

[D.1] Let ind(z) = k. By [D.1] for z, we compute that:

F(2)*1F(2)? = F(a* )F(2P) = F(2*2P) = F(a*) = F(2)*

[D.2] By [D.2] for x, we compute that:

F(2)PF(2)F(2)? = F(2P)F(2)F(2P) = F(aPz2?) = F(2?) = F(2)?

[D.3] By [D.3] for z, we have:
F(z)PF(z) = F(2?)F(2) = F(2Px) = F(22?) = F(2)F(2?) = F(2)F(x)”
So we conclude that F(x?) is indeed the Drazin inverse of F(z). Moreover, by the calcu-

lation for [D.1], we have that ind (F(x)) <ind(z). =

Being Drazin is, furthermore, a property that is preserved by categorical equivalence.
To see this, we first show that conjugation by an isomorphism preserves being Drazin.

3.14. LEMMA. If x : A—A is Drazin, then for any isomorphism p : B—A, the composite
prp~t: B— B is also Drazin where (prp=t)P:= pzPp1.

PROOF. We show that (pxp=)P:=paxPp! satisfies the three Drazin inverse axioms.

[D.1] Suppose that ind(z) = k. Now note that (pxp=')" = pz"p~! for all n € N. So by
[D.1] for x, we have:

:Ek+1:L‘D

(prp ™) (pap™)P = paFptpaPpt = p pt=pafpt = (papt)E

[D.2] By [D.2] for z, we compute:

(prp™)Ppap™ (pap™)? = paPp~ pap~ papt = prPuapt = pPp7t = (pap™)P
[D.3] By [D.3] for z, we have:

(pxp™")Ppap™t =paPp~tpap™t =paPap t =paPap™t =prp~pxPpt = prp (pap~t)P

So we conclude that (pxp~!)P is indeed the Drazin inverse of prp~! as desired. n
3.15. COROLLARY. If Y is Drazin and X is equivalent to Y, then X is Drazin.

PROOF. Suppose that F : X— Y and G : Y — X form an equivalence with natural
isomorphisms 74 : A— GF(A) and eg : B— FG(B). Now for every endomorphism
x: A—Ain X since Y is Drazin, we have that the endomorphism F(z) : F(A)—F(A) is
Drazin. Then by Proposition 3.13, we have that GF(x) : GF(A)——GF(A) is Drazin. Then
by Lemma 3.14, we have that 74GF(x)n;! : A— A is Drazin. Of course, x = n4aGF(z)n3!,
so x is Drazin, and therefore X is also a Drazin category. ]
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3.16. COMMUTATIVE SQUARES. Drazin observed that the Drazin inverse of an endomor-
phism commutes with everything with which that endomorphism commutes [14]. Here
we generalize this observation and show that the idea applies to commutative squares:

3.17. PROPOSITION. Let x: A— A and y: B—— B be Drazin. If the square on the left
commutes, then the square on the right commutes:

A—2 A A—2 A
fl f = fl f
BT>B B—D>B

Y

PROOF. Let k = max (ind(z),ind(y)). By Lemma 2.3.(i), we have that y**'yP = y* and
P+t = % Moreover, by the left square, we have that z*f = fy*. So we first compute:

kf «Tny _ foylﬁl D ka+1fyD — xkfyD — fykyD

So xPzkf = fykyP. From this, we also get that (zP)k+lzkf = fyk(yP)*!. Now by
Lemma 2.3.(iii), recall that we also have that (zP)*1zk = 2P and y*(yP)#! = yP. Then
we compute that:

{L‘Df — (I‘D)k+1ZL‘kf — fyk(yD)k+1 — fyD
So the square on the right commutes as desired. n

Proposition 3.17 will be quite useful for constructing new Drazin categories.

3.18. ITERATION. A basic operation on an endomorphism is to iterate it. The iteration of
an endomorphism which is Drazin is again Drazin, and the Drazin inverse of that iteration
is just the iteration of the Drazin inverse.

3.19. LEMMA. [12, Thm 2] If x : A— A is Drazin, with ind(x) = k, then for each n € N,
x™ is Drazin where (z™)P = (zP)" and ind(z") < k.

PROOF. When n = 0, by Lemma 3.6, we know that 20 = 14 is Drazin with (2°)? = (2P)° =
14 and ind(2%) = 0 which is less than or equal to k. So now assume that n > 1. We show
™ has Drazin index k with (z7)P:= (2P”)" by checking the three Drazin axioms:

[D.1] First observe that, from [D.1] for z, we have that z¥*"(zP)" = 2% and thus:

(2")E 1 (2m)P = g (DY = =Dk (DY 2 g (n=Dkegh gk _ (g
[D.2] By [D.2] and [D.3] for z, we compute that:
(#)Pa(a")P = (@) (27)" = (P = (aP) = (")
[D.3] By [D.3] for x we have:
()P = (2P)'a” = 2" (aP)" = 2"(")”

So we conclude that ™ is Drazin. n



468 R. COCKETT, J-S LEMAY, P. SRINIVASAN

More surprisingly, we use Proposition 3.17 to show that if a non-trivial iteration of an
endomorphism is Drazin then the original endomorphism must have been Drazin.

3.20. LEMMA. z: A— A is Drazin if and only if there is a k € N such that z%+1: A— A
15 Drazin.

PROOF. For (=), this is immediate by Lemma 3.19. For (<), suppose that for some k € N,
x**1is Drazin with ind(z¥*!) = p. Define aP:= (2F*1)Pak. We show that = satisfies the
three Drazin axioms:

[D.1] Using [D.1] for z**!, we compute that:

l,kp+k+p+1xD — (:Ek+1)p+1(xk+l)D:Ek — (J}k+1)pl'k — mkp+k+p

[D.2] Using [D.2] for 2%, we compute that:
Z‘DJ}I‘D — (l’kH)kal‘(ka)DIk — (xk+1)DIk+1(xk+1)ka — (Ik+1)ka — ID

[D.3] Since xzk+! = ¢+l by Proposition 3.17 we get that x(x*1)P = (2F1)Pz. So we
get that a#(zF+1)P = (x#+1)Pxk = 2P, Then using [D.3] for zF*1, we get that:

ID:L’ — (:Ek+1)DJ}kJ} — (Ik+1)ka+1 — J}k+1(xk+1)D — :L’xk(xk+1)D — IID

So we conclude that x is Drazin. m

3.21. SLICE CATEGORIES. We now turn our attention to constructing Drazin categories
from other Drazin categories. As a first example, we apply Proposition 3.17 to show
that slice and coslice categories of a Drazin category are again Drazin. Indeed, for a
category X and an object X, consider the slice category X/X and the underlying functor
U: X/X—X. Now by Proposition 3.13, we know that if z: (f : A—X)—(f : A—X)
has a Drazin inverse in X/X then U(z) = z : A— A will have a Drazin inverse in X where
U(z)P = U(z”). Now U not only preserves Drazin inverses, U also reflects them. This
follows immediately from the following concrete observation:

3.22. LEMMA. Let x : A— A be Drazin. Then if the diagram on the left commutes, then
the diagram on the right commutes:

A r A A zP A
=
X X

PROOF. Apply Proposition 3.17 by setting y = 1x, which recall is Drazin by Lemma 3.6.m
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3.23. COROLLARY. If X is a Drazin category then for every object X € X, the slice
category X/ X (respectively, the coslice X [X) is Drazin.
More generally it is not hard to see that the same is true for comma categories.

3.24. COROLLARY. For functors F: Y—X and G: Z—X, if Y and Z are Drazin, then
the comma category F|G is Drazin.

PROOF. An endomorphism on @ in F/G is a pair of maps f: X— X and g: Y —Y such
that the left diagram below commutes. As F(fP) = F(f)P and G(g”) = G(g)” then by
Proposition 3.17 we have:

X F(X)—=G(Y) Y X F(X)—=G(Y) Y
fl F(f)l lG(y) lg = fDl F(f)Dl lG(y)D lgD
X F(X)——G(Y) Y X F(X)——G(Y) Y

3.25. FINITELY SPECIFIED STRUCTURES. We can also use Proposition 3.17 to show that
for any Drazin category, finitely specified structures and their morphisms will also form
a Drazin category.

3.26. LEMMA. When X is a Drazin category, if (S,F,L) is a sketch which involves only
finitely many objects, then the category of models Mod((S, F, L), X) is Drazin.

PROOF. The Drazin inverse of a natural transformation (morphism of models) must be
taken pointwise. Thus Proposition 3.17 assures us that this will result in a morphism
of the models. In order to have an index which works globally for all the objects of F,
we must ensure that there is an index which works at each component of the natural
transformation. To obtain this we have to take the maximum of the indices at each
component, however, this is only guaranteed to be defined if there are only finitely many
objects — hence the caveat. [

As such, the category of any finitely specified structure over a Drazin category is itself
Drazin. For example, the arrow category of a Drazin category is Drazin, and the category
of directed graphs and graph morphisms of a Drazin category is Drazin. Many algebraic
structures have a finite specification so this provides many examples: thus, monoids and
rings (with respect to products) in a Drazin category form a Drazin category.

3.27. ALGEBRAS OF ENDOFUNCTORS. Another interesting application of Proposition
3.17 is that an endomorphism of an algebra of an endofunctor has a Drazin inverse when-
ever the underlying endomorphism has a Drazin inverse (and similarly for coalgebras).
Recall that for an endofunctor T : X— X a T-algebra is a pair (A, ) consisting of an ob-
ject AeX and a map v: T(A)— A, and that a T-algebra morphism [ : (A,v)— (B, V')
is a map f: A— A such that T(f)v' =vf.
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3.28. LEMMA. Let z: (A,v)— (A,v) be a T-algebra endomorphism. If x: A— A is
Drazin, then xP : (A,v)— (A,v) is a T-algebra endomorphism.

PROOF. Suppose that  : A— A is Drazin. By Proposition 3.13, T(z): T(A) — T(A)
is also Drazin where T(z)P = T(2P). By definition of being a T-algebra endomorphism,
the diagram below on the left commutes. Then by Proposition 3.17, the diagram on the
right commutes:

TA) — 2 1(4) T T T
A . A A _ A

However, the diagram on the right is precisely the statement that z? : (A,v)— (A, v) is
a T-algebra endomorphism. [

Therefore, it follows that the category of (co)algebras of any endofunctor on a Drazin
category is again Drazin. For an endofunctor T : X — X, we denote ALG(T) (resp.
COALG(T)) to be the category of T-(co)algebras and T-(co)algebra morphisms between
them.

3.29. COROLLARY. If X is Drazin, then ALG(T) and COALG(T) are Drazin categories.

It follows that the (co)Eilenberg-Moore category of a (co)monad on a Drazin category
is also a Drazin category.

3.30. CHU CONSTRUCTION. Surprisingly, another important construction that behaves
well with Drazin inverses is the Chu construction, which is a construction for building
star-autonomous categories from monoidal closed categories [4]. We will show that if a
monoidal category is Drazin, then its Chu construction is Drazin as well. In particular,
we can apply the Chu construction to the category of finite sets or the category of finite-
dimensional vector spaces to yield examples of Drazin star-autonomous categories.

For a monoidal category X, we denote the monoidal product by ® and the monoidal
unit by /. For the rest of this section we work in a monoidal category X. We first observe
that the monoidal product preserves Drazin inverses:

3.31. LEMMA. Ifx: A— A and y: B— B are Drazin, then x ®y: A® B— A® B s
Drazin where (xr ® y)P = 2P @ yP.

PROOF. It is straightforward to see that if  and y are Drazin in X, then (z,y) is also
Drazin in X x X with (z,y)P = (2P, y?). Then since the monoidal product is a functor
® : X x X— X by Proposition 3.13 we get that ®(x,y) = x ® y is Drazin with Drazin
inverse ®(xz,y)P = ®(xP,yP), which is precisely that (z ® y)P = 2P ® yP. n
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Now for each object Z € X, define Chu(X,Z7), to be the category whose objects are
triples (X, Y, a) consisting of objects X and Y and a map a: X ® Y —7, and whose maps
are pairs (f,g): (X,Y,a)— (X'",Y’,a’) consisting of maps f: X — X'and g: Y'—Y
such that (f ® 1y)a = (14 ® g)a’. Identities are (1x,1y) : (X,Y,a) — (X,Y,a), and
composition is (f,g)(h,k) = (fh,kg). Tt is well known that if X is a monoidal closed
category with finite limits that Chu(X, 7) is a star-autonomous category.

3.32. PROPOSITION. (z,y) : (X,Y,a) — (X,Y,a) in Chu(X,Z) is Drazin whenever x
and y are Drazin in X.

PROOF. Let (z,y) : (X,Y,a)— (X, Y, a) be an endomorphism in Chu(X,7), so we have
(r®1y)a=(lx ®y)a. Also, suppose that z and y are Drazin in X. We first show that
(zP,yP): (X,Y,a)— (X, Y, a) is also an endomorphism in the Chu construction. So let
j =max(ind(x),ind(y)). Using Lemma 2.3 we compute that:

(zP e ly)a=((zP)Y " e ly) (2 ®1y)a= ((zP)Y " ®1y)(1x ® 1y )a
=((z”) " ely)(Ix @(y”) ) (Ix @y a=((2")" @ 1y) (2" @ 1y)(1x ® (y”)*")a
= (@ ely)(Ix® (y7) " )a=(1x oy )(1x & (y") " a=(1x ®y")a

So (2P ® 1y)a = (1x ® yP)a, and therefore (zP,y”) : (X,Y,a) — (X,Y,a) is indeed
a map in Chu(X,Z). From here, by the definition of composition in Chu(X,Z7), it is
straightforward to see that (zP,yP) is a Drazin inverse of (x,y). =

3.33. COROLLARY. If X is a monoidal category which is Drazin then Chu(X, Z) is Drazin.

4. Rank

For a complex square matrix A, an intuitive way of finding its Drazin inverse is to iterate A
until the rank does not change (which is always guaranteed to happen), that is, rank(A*) =
rank(A¥*1) = rank(A**2) = ... When this happens, one can reverse any later iterations and
thus build a Drazin inverse. The same principle holds true for linear endomorphisms on
a finite-dimensional vector space or endomorphisms on a finite set. The purpose of this
section is to make this procedure rigorous. This involves, in particular, making precise
what is meant by “rank”. As such, we introduce the concept of expressive rank for an
arbitrary category and show that any category with expressive rank is Drazin.

4.1. EXPRESSIVE RANK. In linear algebra, the rank of a matrix or a linear transformation
is the dimension of its image space. We wish to generalize this in a category by associating
every map to a natural number which represents its rank. We express this in terms of a
colax functor into a 2-category which we call Rank?. To help with notation, for n,m € N
we denote n Am = min(n,m). Rank is the 2-category defined as follows:

[0-cells]: n e N;

2Steve Lack pointed out to us that Rank is precisely the span category for the natural numbers.
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[1-cells]: m : ny —>ny where m € N with m < ny A ngy, the identity on n is n: n—mn,
and composition of m : ny —ny and ms : N —ng is My A Mo 1 Ny —N3;

[2-cells]: m; = my if and only if my < ms.

For a category X, by a colax functor rank : X — Rank, we mean a mapping which
associates objects A of X to 0-cells rank(A) € N, maps f : A— B of X to 1l-cells
rank(f) : rank(A) —rank(B), so in particular rank(f) < rank(A) and rank(f) < rank(B).
We also ask that a colax functor preserves identities, rank(14) = rank(A), while for compo-
sition we only require that rank(fg) < rank(f) Arank(g). For objects, we think of rank(A)
as the dimension of A, while for maps we think of rank(f) as the rank of f.

The notion of expressive rank is defined on a category with a factorization system?,
and we ask that the colax functor into Rank be compatible with the factorization system
as well as reflects isomorphisms. To this end, we note that the only 1-cell isomorphisms
in Rank are the identity 1-cells n: n——n. Moreover, given any 1-cell r : n——m we may
factorize the map as n——r——m. Thus setting £ = {r : n—r| Vn,r e N,;r <n} and
M={r:r—sn|V¥n,r e N;r <n}, we get a factorization system on the 1-cells.

4.2. DEFINITION. A category X is said to have expressive rank if:
[ER.1] X comes equipped with a colax functor rank : X— Rank;

[ER.2] X has a factorization system (£, M) which expresses rank, that is, for every
map f: A— B, if the diagram on the left is a factorization of f with ey e & and

my € ./\/l,
A rank(A)
¥ im(f) rank(f) rank(im(f)
/ rank(m )
B rank(B)

then rank(f) = rank(es) = rank(my) = rank(im(f)).

[ER.3] rank reflects isomorphisms, that is, if f : A— B and rank(f) = rank(A) =
rank(B), then f is an isomorphism.

In a category X with expressive rank, we call rank(A) the dimension of an object A, and
we call rank(f) the rank of a map f.

Here are now some examples of expressive rank.

3In this paper, by a factorization system we mean an orthogonal factorization system.
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4.3. MATRICES. For a field k&, MAT (k) has expressive rank, where the factorization sys-
tem is the usual surjection-injection factorization system, rank(n) = n, and for a matrix
A, rank(A) is the usual rank of the matrix.

4.4. FINITE-DIMENSIONAL VECTOR SPACES. Slightly generalizing the above example,
for a field k, k-FVEC also has expressive rank, where the factorization system is the
usual surjection-injection factorization system, for a finite-dimensional vector space V,
rank(V) =dim(V'), and for a linear transformation f, rank(f) = dim(im(f)), which recall
is called the rank of f.

4.5. FINITE SETS. FinSet has expressive rank, where the factorization system is the

usual surjection-injection factorization system, for a finite set X, rank(X) =|X|, and for
a function f, rank(f) = [im(f)|.

4.6. FINITE LENGTH MODULES. Let R be a ring. Recall that for an R-module M, a
composition series of M is a finite chain of submodules 0 = My c My c My<c--c M, =M
such that the quotients M;,;/M; are simple. Then M is said to be of finite length n
if it has a composition series of length n, and we call length(M) = n the length of M.
The Jordan-Holder theorem [18, Page 108] says that this length of decompositions and
the factors are unique. Equivalently, M has finite length if and only if M is Artinian
and Noetherian [18, Theorem 3.5]. So let R-FLMOD be the category of R-modules of
finite length and R-linear morphisms between them. Then R-FLMOD has expressive rank,
where the factorization system is again the usual surjection-injection factorization system,
for a finite length R-module M, rank(M) = length(M), and for an R-linear morphism f
between finite length R-modules, rank(f) = length(im(f)). It is clear that this gives a
colax functor rank : R-FLMOD — Rank and that the factorization system expresses rank,
but it is not immediately clear why it reflects isomorphisms. So here is an explanation for
why rank indeed reflects isomorphisms. It is well-known that if 0— M; Mo—M3—0
is a short exact sequence of R-modules, then M, has finite length if and only if M; and
M3 have finite length, and in this case length(M,) = length(M;) + length(M3). So in
particular if f: M — N is a R-linear morphism between finite length R-modules, then
since 0— M — N—N/im(f)—0 is a short-exact sequence and N has finite length, as
do im(f) and N/im(f), and moreover length(N') = length(im(f)) +length(N/im(f)). Now
suppose that rank(f) is an isomorphism. This means that rank(f) = rank(M) = rank(N),
so M, N, and im(f) all have the same length. However if length(NN) = length(im(f)),
then we must have that length(N/im(f)) = 0. The only R-module of length zero is 0, so
N/im(f) = 0. This gives us that N =im(f), and so f is surjective. Finally, when f is
surjective we have, similarly, length(ker(f)) + length(M) = length(NN) so the kernel is 0
and the map is also injective and so is an isomorphism. Thus, rank reflects isomorphisms.

4.7. FROM EXPRESSIVE RANK TO DRAZIN. We now prove the main result of this section.

4.8. THEOREM. A category which has an expressive rank is Drazin.
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PRrROOF. Let X be a category with expressive rank, so with colax functor rank : X——Rank
and factorization system (£, M). We will first show that for every endomorphism = :
A—— A, there is a k € N such that the rank of z* is equal to x**!. First observe that
by colaxity, for any suitable maps we get the inequalities: rank(g) > rank(f) A rank(g) A
rank(h) > rank(fgh). As such, for any endomorphism = : A— A we get a descending
chain of inequalities: rank(A) = rank(z") > rank(z!) > rank(2?) > ---. As the natural
numbers are well-ordered there is an r € N which is the minimum of all these ranks, so
r = mingen(rank(z™)). So set k to be the least natural number such that rank(2*) = r. Once
the sequence hits this rank, all subsequent ranks are equal, so 7 = rank(z*) = rank(z**1) =

Now consider a factorization of z* : A—A via g6 : A—im(a*) and m . : A—im(2¥),
so % = e emye with e, € £ and myr € M. In order to define the Drazin inverse, we
will first show that the composite m rex is an isomorphism, and so is the unique map
Yk 1 im(zF) — im(2*) induced by the factorization system which makes the following
diagram commute:

X = X
Je |

o | im(zF) - - S im(zF) |z*
T
X X

Now since z¥+! = e xy,6m k, by colaxity and [ER.2], we get:
rank(z"*) =rank(im(z"*)) 2 rank (7, ) > rank (& xY,e Mk ) =rank(2**1) =rank(2*) = rank(im(2*))

So we get that rank(7,+) = rank(im(2*)). Then since rank reflects isomorphism, by [ER..3]
we get that v, is an isomorphism. Now note that by transposing the above diagram we
also get that the following diagram commutes as well:

im(a*) Lﬂm(xk)
mﬁkl lmk
X X

im(xk)T)im(xk)

Moreover, by definition of v,» we also get that:

k. .k

So egu7,me = 22%. Also by [ER.2], since rank(im(z*)) = rank(m,«) = rank(e,x), we of
course have that rank(im(z*)) = rank(m ) Arank(e,«). Then using colaxity and rank(z*) =
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rank(z2*), we have that:

rank(im(z"*)) = rank(mgx ) A rank(e k) > rank(m e k) > rank (e s ke e myr)
= rank(2%*) = rank(z") = rank(im(2*))

Thus rank(im(z*)) = rank(mge,x), and by [ER.3], we obtain that mgre e is also an
isomorphism. Moreover, we also compute that:

vgljk = ’Y;Ckmxkgxk(mxk&‘xk)_l = mxka'kEmk (mxkgxk)_l = mmkkamxkgxk(mxkgxk)_l = MykEpk

So ka = MmyrEyke. SO in particular, Y empre r = %’j,jl.

Finally, setting xP:= e, (7,1 )** 1, , we show that 2P satisfies the Drazin axioms:

[D.1] Using v smgrer = 5, we compute that:

k+1,.D -1\k+1 k+1/.-1\k+1 k
T = ek Yk Mgk €4k (Y )" Mgk = eyl (Vpr )T Mgk = £k Mk = T

[D.2] Again using ysmgre r = 571, we compute that:

D,....D

_ -1\k+1 -1\k+1 _ -1\k+1 -1\k+1
TTT" = Eyk (’Yxk ) MMk TE gk (,yxk ) Mgk = Egk (’sz ) Yok Mgk € gk (’yzk ) Mgk

_ —“1\k+1. k+1 (. —-1\k+1 _ —-1\k+1 _ D

= Egk (’Yxk) Yk (ryxk) Mgk = Egk (/yxk Mgk =T
[D.3] Here we use that v,smgren = 75 = myre ry,s, so we compute that:

D, _ —1\k+1 _ —1\k+1 _ “1\k
7T = (V0 Mk @ = €4k (Vi )™ Yk Mg = €4 (Yo ) Mg
-1\k+1 -1\k+1 D
= Yok (V5 ) Mgk = e (70 )Y Mgk = 2

Thus z is Drazin with Drazin inverse z”, and so we conclude that X is Drazin. [

4.9. DRAZIN INVERSES IN PROPER FACTORIZATION SYSTEMS. The proof of Theorem
4.8 suggests that having a factorization system allows for an equivalent description of an
endomorphism x being Drazin in terms of v,» and mgre x being isomorphisms. We show
that this is true for a proper factorization system, that is a factorization system in which
all the &-maps are epic and all the M-maps are monic.

4.10. PROPOSITION. In a category X with a proper factorization system (M,E), an en-
domorphism x : A— A is Drazin if and only if there is a k € N for which z**1: A— A
has a factorization via ey : A—im(x*1) € £ and mgra = (2¥1) — A € M for which
Mgk Egrsr 2 iM(xF+ 1) —im(2F*1) is an isomorphism.
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PROOF. For (=), Suppose = : A— A is Drazin and let ind(x) = k. Then for zF*1 : A— A,
let z#*1 factor via e ue1 1 A——im(2F*1) and myra : A—im(aF*1), so a¥*! = g pimyra with
g0 € E and myra € M. Denote [ r1:= myrnera. Now observe that by the factorization
system, [ x+1 is the unique map which makes the below diagram on the left commute. On
the other hand by [D.3], we have that (z?)kz* = 2% (2P)k. Therefore, define 871, as the
unique map induced by the factorization system which makes the below diagram on the
right commute:

(xD)kJrl

A—m— — A
lg k+1 € k+1 5 2k+1 € k+1l
Bk+1 k+1
| im(ahrl) = 2 - |m(x"“+1) |m(x’“+1) - 2= sim(akl) Jarn
lm k+1 m k+1 m 2k+1 m k+1l
A (ID)IH'I A
Now by Lemma 2.3.(iii), we compute that:
E ke Bphe1 B Myhs1 = 2" e imgee (2P)FH1
— xk+1$k+1(l_D)k+1 — xk+1+k+1 (mD)lﬁl — ml<;+1 = € e Mgk

Since € k41 is epic and m,r+ is monic, we get that [,k ﬁ;,}H = Lim(gr+1y- Similarly, we can
also show that 5;;3+15mk+1 = Limz#+1) as well. So we conclude that [ xe1:= mgrag e is an
isomorphism as desired.

For (<=), suppose that there is a k € N such that for z#+!1 : A— A, and a factorization
Ephr1 : A—>im(2F*1) € £ and mgen : A—im(zF+1) € /\/l, that Syre1i= Mygka1&pher 18
an isomorphism. Now consider the unique map induced by the factorization system
Yget im(zF) — im(2F+1) defined as in the proof of Theorem 4.8. Recall that in that
proof we needed v,x+1 to be an isomorphism to build the Drazin inverse, and we achieved
this with an argument involving expressive rank. However, we will now show that from
Byr+1 being an isomorphism, it follows that 7,r+1 is also an isomorphism. So by definition
of v k1, we first compute that:

8xk+1’7i,€;:—}1 myk+1 = J/’kHEwku Myk+1 = Epk+1Mpk+1E k1M pk+1 = € pk+1 ﬁxkﬂ mpk+1

Since e k41 is epic and mgra is monic, we get that fyk,j L = B,ea. However, this implies
that 7,x+1 is an isomorphism with inverse V‘M 7 i1 me = B;,}Hy w1- Then setting
xPi=¢ k(v “D)Elme, using the same calculations as in the proof of Theorem 4.8, we get

that 2 is a Drazin inverse of z. m

5. Drazin Inverses and Idempotents

An important class of endomorphisms in any category are the idempotents, that is, en-
domorphisms e : A— A such that e? = e. In this section, we explore the connection
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between Drazin inverses and idempotents. In particular, we will show how to characterize
Drazin maps in terms of isomorphisms in the idempotent splitting of a category — this
displays an aspect of Drazin inverses which is categorically inspired. Moreover, this allows
us to relate the notion of a Drazin inverse to Leinster’s concept of an eventual image [21].
Throughout this section, we work in an arbitrary category X.

5.1. IDEMPOTENTS. We begin by observing that every Drazin endomorphism induces an
idempotent by composing it with its Drazin inverse.

5.2. LEMMA. Let 2 : A—A be Drazin. Define the map e,:= xPx: A—A (or equivalently
by [D.3] as e, = xxP ). Then e, is an idempotent.

PROOF. This is immediate by [D.2] since: e e,:=zPraPr = 2Px = e,. n

On the other hand, every idempotent is Drazin and, indeed, is its own Drazin inverse.
Moreover, every idempotent has Drazin index at most one, meaning that it is its own
group inverse as well. The only idempotents with Drazin index zero are the identity
maps. Thus, non-trivial idempotents have Drazin index one.

5.3. LEMMA. An idempotent e : A— A is Drazin, its own Drazin inverse, eP = e, and
ind(e) < 1. Moreover, ind(e) =0 if and only if e = 14.

PROOF. By Lemma 3.9, to show that e is its own Drazin inverse and ind(e) < 1, it suffices
to show that it is its own group inverse. Then setting e” = e, we clearly have that: [G.1]
eePe = e; [G.2] ePeel = eP; and [G.3] ePe = eeP. So e is its own group inverse, and
therefore also its own Drazin inverse with ind(e) < 1. Now if ind(e) = 0, then by Lemma
3.6, e is an isomorphism and its Drazin inverse is its inverse. This would mean that
el =¢eP =¢, so e is its own inverse. However, by idempotency, this would imply that
14 =ee ! =ee =e. So the only idempotent with Drazin index zero is the identity. n

The converse is not true: that is not every Drazin endomorphism with Drazin index
at most one is an idempotent. Instead, having a Drazin index less than or equal to one
can be equivalently described in terms of binary idempotents.

5.4. BINARY IDEMPOTENTS. A binary idempotent [29, Def 9.2] is a pair (f,g) con-
sisting of maps f: A— B and g: B— A such that fgf = f and gfg=g9. If (f,g) is a
binary idempotent, then fg: A— A and ¢f : B—— B are both idempotents. Now when
A = B, a commuting binary idempotent is a pair (z,y) consisting of endomorphisms
x:A— A and y : A— A such that (z,y) is a binary idempotent and zy = yz. For a
commuting binary idempotent (z,y) we denote its induced idempotent as e(, ) : A—A,
that is, e(,y) = 7y = yx.

5.5. LEMMA. z: A—A is Drazin with ind(x) < 1 if and only if there is an endomorphism
xP: A— A such that (z,2P) is a commuting binary idempotent.

PROOF. Recall that by Lemma 3.9, = is Drazin with ind(x) < 1 if and only if x has a group
inverse x”. However, the requirements for (z,2”) being a commuting binary idempotent
are precisely the same as saying that zP is a group inverse of z. [
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While not every Drazin endomorphism and its Drazin inverse form a commuting binary
idempotent, we can always obtain one involving the Drazin inverse.

5.6. COROLLARY. If x : A— A is Drazin, then (zP,2PP) is a commuting binary idem-
potent. Moreover, the resulting idempotent is precisely eyp zppy = €.

PRrROOF. By Lemma 3.11.(i), if # is Drazin, then 2 is also Drazin and ind(z”) < 1. Then
by Lemma 5.5, it follows that (P, 2PP) is a commuting binary idempotent. Now recall
that PP = xzoPz. Then using [D.2], we have that:

€(zD zDDY) = 2PaPP = 2PuaPy = aPr = e,

S0 e(zp 400y = €, as desired. n

5.7. DRAZIN spLIT. We can also consider the case when the induced idempotent of a
Drazin endomorphism is split. Recall that an idempotent e : A— A splits (or is a split
idempotent) if there are maps r: A— B and s: B— A such that rs=e and sr = 14.

5.8. DEFINITION. x : A— A is Drazin split if it is Drazin and the induced idempotent
epi=xxl : A— A splits.

We can alternatively characterize Drazin split endomorphisms as follows:

5.9. LEMMA. x: A— A is Drazin split if and only if there is an idempotent e : A— A,
with splittingr: A— B and s: B— A, a k € N, and an isomorphism o : B— B such
that the following diagram commutes:

A xT

— A

= |
A BT>B
X , JS
Afnﬁl

PROOF. For (=), suppose that z is Drazin split where e, splits via r : A— B and
s: B— A, and with ind(z) = k. For the required split idempotent we take e,, and for
the natural number we take ind(z) = k. For the isomorphism, define the map o: B— B
as the composite a:= sxr, and define the map a~! : B—— B as the composite a~1:= sz Pr.
We first check that these maps are inverses of each other. To do so, we use [D.2], [D.3],
and the splitting:

O[Oé_1 = SCL’TSCCD’I“ = S$6$JJD7‘ = S!EZED(L’JZDT = SZE.%‘DT = S€,T = STrsr = ]-B

O[_laé = SJZD’I“SI'T = SI’DGxI'T = SI’DZL‘Z'DJZT = S[EDZL‘T = S€,T = STrsr = 1B

So « is indeed an isomorphism. Now we show that the diagram commutes. By [D.1], the
triangle on the left commutes:

2Frs = afe, = aFxal = £F a2l = oF
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By [D.2], [D.3], and the splitting, we can show that both the top and bottom squares
comiute:

Ir = ZL"f’Oé_l()é = $7"SQ§'D7"O,/ = QTBJ;I‘D’I“Oé = [L’ZEDZIZ'!L'DTOé = ZL‘[L’DTOZ =Er =TSra=ro

ST = aa‘lsx = O./SQTD’I“SQT = OéSzDexl’ = OéS$DZL‘{L’D$ = OéSZEDCL' = Q0S€e;y = ASTrS = As

So we conclude that the desired identities hold.
For (<), define 2 : A— A as the composite z”:=ra~ls. We show that = satisfies
the three Drazin inverse axioms.

[D.1] Using the k € N in the assumptions, and that z*e = e and r = zra~! we have:

:r;k”:cD = xerc(ls = kaS = xke = xk

[D.2] Using sz = as, we compute that:

D,....D

2PraP = ralszra™ls = ra tasra s = rsrals = rats = 2P

[D.3] Using both sz = as and zr = ra, we have:

2Pr=ratsx=ratas=rs=raa's = zra~ts = zz?

So z is Drazin with Drazin inverse x”. Next, observe that the induced idempotent e, is
e since:

€r = Pr=ralsr=ralas=rs=e

So the induced idempotent is precisely the idempotent with which we started. Since e
was assumed to be split, we conclude that = is Drazin split. [

Recall that a category is idempotent complete if all its idempotents split. Similarly,
we can consider categories in which every Drazin endomorphism Drazin splits:

5.10. DEFINITION. A Drazin complete category is a category in which every endo-
morphism Drazin splits.

5.11. LEMMA. A category is Drazin complete if and only if it is Drazin and idempotent
complete.

PROOF. For (=), by definition of being Drazin complete, every endomorphism is Drazin
split, so in particular Drazin, and therefore the category is Drazin. Moreover, again by
definition of being Drazin complete, every idempotent is Drazin split and therefore since
by Lemma 5.3 it is its own induced idempotent, every idempotent also splits. For (<),
by definition of being Drazin and idempotent complete, every endomorphism is Drazin
and the induced idempotent splits. Therefore, every endomorphism is Drazin split and so
the category is Drazin complete. [
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Every Drazin category embeds into a Drazin complete category via the idempotent
splitting construction. Indeed, recall that every category X embeds into an idempotent
complete category Split(X) called its idempotent splitting. The objects of Split(X) are
pairs (A, e) consisting of an object A and an idempotent e : A— A, and where a map
f:(Ae)—(B,e') is amap f: A— B such that efe’ = f (or equivalently ef = f = fe').
Composition in Split(X) is defined as in X, while the identity for (A, e) is the idempotent
e, that is, 1(4¢):=e: (A,e)— (A, e). To show that the idempotent splitting of a Drazin
category is Drazin complete, we first show that for any endomorphism in the idempotent
splitting, whose underlying endomorphism in the base category is Drazin, has its Drazin
inverse also an endomorphism in the idempotent splitting.

5.12. LEMMA. If x: (A,e)— (A, e) is an endomorphism in Split(X) and x: A— A is
Drazin in X, then 2P : (A,e) — (A, e) is an endomorphism in Split(X), and moreover,
x:(A,e)— (A, e) is Drazin with Drazin inverse xP : (A,e)— (A, e).

PROOF. Since z : (A,e) — (A, e) is a map in the idempotent splitting, we have that
exe = x. Then using [D.2] and [D.3], we compute that:

€ZL‘D€ = GJIDZL’ZEDG = QJIDJZDZL'G = GIDCL’DZE = €ZE$D$D$ = .%'CL’DZL'D = .Z’DJZZED = CL’D

So exPe = 2P, and therefore we have that 2P : (A4,e)— (A, e) is indeed an endomorphism
in Split(X). Since the composition in Split(X) is the same as in X, we get that =P :
(A,e)— (A, e) is also the Drazin inverse of z: (A,e) — (A, e) in Split(X). n

5.13. PROPOSITION. If X is a Drazin category, then Split(X) is Drazin complete.

PROOF. Since we know that Split(X) is idempotent complete, to show that it is also
Drazin complete, by Lemma 5.11 we need only show that it is also Drazin. So consider
xz:(Ae)— (A, e) in Split(X). Since X is Drazin, z: A— A is Drazin. So by Lemma
5.12, we have that x : (A,e) — (A, e) is also Drazin. So Split(X) is Drazin, and so we
conclude that Split(X) is Drazin complete as well. n

5.14. INTERTWINING IDEMPOTENTS. We now begin to build up towards showing that
Drazin inverses give rise to isomorphisms in the idempotent splitting. Toward this goal, we
first introduce a useful intermediate notion. Let (e, e’) be a pair of idempotents e : A— A
and e’ : B— B. We shall say that a map f: A— B is (e,e’)-intertwined if ef = fe/,
so the below diagram on the left commutes. We say that an (e,e’)-intertwined map f
has an (e, e’)-intertwined inverse in case there is a map g: B— A such that e’ge = g
(or equivalently if e'g = g = ge), and fg =e and gf = €', that is, the diagram on the right
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below commutes.

A—71 B A—7L B
- 7
d I |
-7 s

A ——B A & B

I

Y -~

A= B

(e, e’)-intertwined (e, e’)-intertwined inverse

5.15. LEMMA. Let f: A— B be a (e, e’)-intertwined map in X. Then:
(i) fe':(A,e)—(B,e') is a map in Split(X);

(it) If f has an (e,e’)-intertwined inverse g : B— A, then fe': (A,e)— (B,€’) is an
isomorphism in Split(X) with inverse g: (B,e’)— (A4, e).

PROOF. For (i), since f is (e, e’)-intertwined, we have that:

efe’e’ =eefe' =efe’ =eef =ef = fe'
So fe':(A,e)— (B, e') is indeed a map in Split(X). For (ii), by definition of an (e, e’)-

intertwined inverse, we have that e’ge = g. So we get that g: (B,e’)— (A, e) is indeed a
map in Split(X). Using that fg =e and gf = ¢/, we can show that fe’ and g are inverses
in the idempotent splitting:
fe'g=efg=ee=e=1(a, gfe' =e'e' =€ =15,
So we conclude that fe’:(A,e)— (B,e’) is an isomorphism in Split(X). m
We can now characterize being Drazin in terms of being idempotent intertwined.

5.16. LEMMA. x: A— A is Drazin if and only if there is an idempotent e : A— A and
a k €N such that z¥e = ¥ and x is an (e, e)-intertwined map with an (e, e)-intertwined
inuverse.

PROOF. For (=), suppose that = is Drazin with ind(x) = k. Take the idempotent e to be
the induced idempotent e,. Then by [D.1], we have that:

afe, = aFwal = 2F 1P = oF

So z*e, = z¥. Now by [D.3], we have that:
e.x = 12’1 = e,
So z is (e, e, )-intertwined. Next, by [D.2], we have that:

e,xl = xPra? = 2P
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Moreover, by definition, we also have that za? = e, and 2Pz = e,. So we conclude that x
has a (e, e, )-intertwined inverse and it is zP.

For (<), let P be the (e, e)-intertwined inverse of x. We show that z? satisfies the
three Drazin inverse axioms.

[D.1] Using that zz” = e and z*e = z*, we compute that:

$k+1(L’D — ZEkZEZ‘D — xke — (L’k

[D.2] Using that zzP = e and 2Pe = 2, we compute that:

LCD.ZCJZ'D = :cDe = .CCD

[D.3] By definition of being an (e,e)-intertwined inverse, we have that zaP = e and
zPr=e. So zxP =2Px.

So we conclude that x is Drazin with Drazin inverse z2. =

We can therefore completely capture the requirements of a Drazin inverse with the
following commuting diagram:

S
\I

Moreover, by Lemma 5.15, we see how being Drazin induces an isomorphism on its induced
idempotent:

/z
fD/ A e
/a:

/
-

DM—EM—EB-
’Y

AR

5.17. COROLLARY. Let ©: A— A be Drazin in X, then ze, : (A,e;) — (A, e;) is an
isomorphism in Split(X) with inverse xP : (A e,) — (A, e.).

PROOF. In the proof of Lemma 5.16, we showed that x is (e, e, )-intertwined and z? is its
(es, €, )-intertwined inverse. Applying Lemma 5.15.(ii), we get that ze,: (A, e,) — (A, e,)
is an isomorphism in Split(X) with inverse P : (A, e,) — (A, e,). n

5.18. MUNN’S POWER THEOREM. We now generalize Drazin’s [12, Thm 7] to the cate-
gorical context using idempotent splitting. In the context of semigroups, this result was
expressed particularly succinctly by Munn as “An element x of a semigroup S is pseudo-
invertible if and only if some power of x lies in a subgroup of S” [24, Thm 1]. We can
understand this statement categorically using the idempotent splitting, that is, a map =
is Drazin if and only if some positive power of x underlies an endo-isomorphism in the
idempotent splitting.
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5.19. THEOREM. x : A—A is Drazin in X if and only if there is an idempotent e : A— A
such that for some k e N, x%+1: (A, e)— (A, e) is an isomorphism in Split(X).

PROOF. For (=), let x : A— A be Drazin with ind(xz) = k. By Lemma 3.19, we know
that x**1 is also Drazin. Therefore by Corollary 5.17, zF+le ki : (A, eppe1 ) — (A, egre1)
is an isomorphism in Split(X). Now recall that (z#+1)P = (xP)**1. Then by using [D.3],
we compute that:

Cphe1 = (xk+1)(xk+1)D — xk+1(xD)k+1 — ($$D)k+1 — el;+1 =e,

So ek = €,. Moreover, using [D.1] we compute that:

l‘k+lex — l‘kHLEDSE — Ll?kiL‘ — Ik+1
So zkF+le, = x%*1. So we conclude that z%+! : (A, e,) — (A, e,) is an isomorphism in
Split(X) as desired.
For (<), this direction requires more work. So suppose that there is some k such that
xF*l o (Aje) — (A, e) is an isomorphism in Split(X) with inverse v : (A,e) — (A, e).
Explicitly this means that the following equalities hold:

ea’;k+1 = ij+1 = $k+1€ ev =v =ve xlﬁ—lv = 1(A,e) =e ,leﬁ—l = 1(A18) =€

We will first show that % and v commute with each other. To do so, we use the above
identities:

xFv = 2Fev = 2R ow = ¥ ko = e ko = ek ov = exFev = exFo
= v Ry = vk = vake = vexFe = vorF Tt ake = vorF ke
= vk ekl = porF ek = vexk = v®

So vk = zFv. Then define zP:= vak = xFv. We show that xP satisfies the three Drazin
inverse axioms.

[D.1] Here we use that zF*1v = e and aF+le = xF+1:

x(k+1)+1xD — xk”x:ckv — xk+1xk+lv — $k+1€ — $k+1

[D.2] Here we use that zF*1v = e and ve = v:

JZDZE$D = ZL’kU(L’I'kU = J]k’l}l‘k+17j = xkve = xkv = JID

[D.3] Here we use that zFtlv = e = vah+l:

xa? = xabv = 2 = e = Mt = vafr = 2P

So we conclude that z is Drazin. n
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5.20. EVENTUAL IMAGE DuALITY. In [21], Leinster introduced the concept of the even-
tual image of an endomorphism in a category. Naively, the idea is that after iterating
an endomorphism enough times, it will eventually stabilize, and this is the eventual im-
age. Since this concept of iterating an endomorphism until it stabilizes is also closely
linked to Drazin inverses, it is natural to ask what the relationship is between Drazin
inverses and Leinster’s eventual image. Here we answer this question by using the results
relating Drazin inverses to idempotents. In particular, we show that every Drazin split
endomorphism has an eventual image which is absolute.

Let Z be the set of integers. Then 2 : A— A in X has eventual image duality [21,
Definition 2.1] in the case the diagram El(z) : Z— X given by the doubly infinite chain:

has both a limit cone (7m; : L — A);cz and a colimit cocone (o; : A— M),z such that
the canonical map Z:= m;0; : L— M (which is independent of the choice of i € Z) is an
isomorphism. Of course, we can arrange for this isomorphism to be the identity, so we
can obtain:

im®(z)
SN
=y

o r— A — A —f=3 A

SN T AT

\im“’(x)/
where m;0; = 1jme~(,) making m; a section of the retraction o;. This induces the idempotent
x®:=o;m; : A— A, which is independent of the choice of i € Z.

In an arbitrary category, not all endomorphisms have eventual image duality, see for
example [21, Example 2.2] which explains why most endomorphisms in SET do not have
eventual image duality. Furthermore, eventual image duality need not be absolute, that
is, eventual images are not necessarily preserved by all functors. However, there is a class
of endomorphisms which do have absolute eventual image duality, and this class includes
the ones induced by being Drazin.

5.21. DEFINITION. For x : A— A, we say that (s;: E— A, r; : A— F),cz eventuates
z with index k € N in case:

[ev.1l] For allieZ, s;ri=1g;

[ev.2] For alli,jeZ, r;s; =1;S;j;

[ev.3] For allieZ, s;x = S;11 and xripq =T;;
[ev.4] For allie€Z, risjzh+! = xh+l = ph+lp;s,.

We first show that if an endomorphism has a family of maps which eventuates it, then
it has an absolute eventual image duality.
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5.22. LEMMA. If (s;: E— A,1;: A— E);ez eventuates x : A— A with index k, then
x has an absolute eventual image duality.

PROOF. Note that by [ev.3], (r;: A— F);z is a cone and (s; : E— A);ez a cocone over
the diagram El(z). So we need to show that they are respectively a limit and a colimit.
So let’s show that (s;)z is a universal cone over El(x). So suppose that (z;: Z— A)ez,

is a cone over El(z):
A
VN

Zi+1Ti41 = 23T 341 = 2475

Then we first observe that:

So for any 1, j € Z, we have that z;r; = z;r;. So define the map h: Z—F as the composite
h:= zyr; (for any i € Z). Next note that by the cone, we have that z; = z;_,a" for all n € N.
In particular by [ev.4], we get that:

hs; = ziris; = Zi—(k+1)xk+lri3i = Zi—(k+1)xk+l =%
So we get that the following diagram commutes:

A

[\

A——7>——A

Zi+1

Now by [ev.1], each s; is monic. Therefore it follows that h is necessarily unique, and
therefore we get that (s;);ez is a limit cone. Similarly, by dual arguments, we also get that
(7)iez is a colimit cocone. By [ev.1], the canonical map is & = s;7; = 1g. So we have that
x has eventual image duality. Finally, this (co)limit is clearly absolute as the reasoning
only uses constructs which are preserved by all functors. [

We now show that if an endomorphism is Drazin split, then we can build a family
which eventuates it:

5.23. LEMMA. If x: A— A is Drazin split where e, splits viar: A—FE and s: E— A,
then (s;: E— A,r;: A— F) ez eventuates x with index ind(z) = k where:

[Z = 0] S0-=8, Tp-=T;
[i >0]: s;:=sx? and ri:= (xP)ir;

[i <0]: * s;:=s(xP) and r; = x7'r.

4Notice in the last case since i < 0 that —i is positive so that the definitions of s; and r; make sense.
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PRroor.

[ev.1] Recall that sr=1g. When i =0, sorg = sr = 1g. If i > 0 then by [D.3] and that e,
is idempotent:

s;ir; = sxt(xP)or = s(xaxP)ir = selr = seyr = srsr =1
while if ¢ < 0 then similarly:

siri = s(aP) iyt = s(2Px) i = sej'r = se,r = srsr=1p

[ev.2] When i =0, 799 = rs = e,. When ¢ >0, by [D.3] and that e, is idempotent, we
compute that:

riS; = (a:'D)irs:ci — (mD)iemZCi — (SCD)iLEDxl'i — (xD)i+1xz‘+1 — (:ED:IZ')HI — 6?1 =e,

When 7 < 0, we compute that:

ris; = 2 rs(2P) 7 = a7, (2P) 7 = a7 lwaP (2P) 7

— x—i+1(1,D)—i+1 — (:pr)_”l — 6;”1 =e,
So for i € Z, r;is; = e,.

[ev.3] When i =0:

So = ST = 851
xry=zaPr=er=rsr=r=r
When 7 > 0:
s;x = sxlx = sx'tt = 554
o1 = 2(@P) = (2P awPr = (2P)e,r = (aP)rsr = (2P)r = 1
When 7 < 0:

S;x = S(ZED)_ix':SQSZL‘D(xD)_(Hl) — Sex(SBD)_(Hl) — S?“S(:L‘D)_(Hl) — S(xD)—(Hl) = Siv

xrig =z = g7 =y

[ev.4] As shown above, for all i € Z we have that r;s; = e,. Now in the proof of The-
orem 5.19, we showed that x**1 : (A,e,) — (A,e,) was a map in the idempo-
tent splitting. Recall this means that e,zF*! = a**1 = zF+le,. So we get that
7aisixlﬁl — CIZkJ'l — xkﬂrisi-

So we conclude that (s;,7;):z eventuates x. n
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Then by applying Lemma 5.22 to a Drazin split endomorphism, we get that:

5.24. COROLLARY. An endomorphism that is Drazin split has eventual image duality.

This raises the question when if (s;,7;);cz eventuates x, whether x is Drazin. In general,
this does not appear to be the case. We now add what is missing:

5.25. LEMMA. x : A— A is Drazin split if and only if there exists a family of maps
(si: E— A,1r; : A— E);z, which eventuates x with index k and s;xr; : E— E is an
1somorphism for some i € 7.

PROOF. For (=), suppose that z : A— A is Drazin split where e, splits via r : A—FE and
s: E—— A. Then in Lemma 5.23, we showed that the family (s;: E— A,r;: A— A);ez
eventuates x. Now in the proof of Lemma 5.9, we showed that o = sxr was an isomorphism.
However recall that sqg=s and rg =r. So sgxrg is an isomorphism.

For (<=), suppose that (s;,7;):z eventuates x with index k and s;x*r; is an isomorphism
for some i € Z. To show that x is Drazin split, we will apply Lemma 5.9. By [ev.1] and
[ev.2], we get a split idempotent e = 7;,15;41 with splitting = ;1 and s = s;,1. Moreover,
we also have our isomorphism by setting a = s;xr;. Lastly, take the natural number to be
k+1. Now note that by [ev.3], we get that x"r;,, =r; and s;2" = s;.,, for all j € Z and
n € N. From these and [ev.4], we compute that:

TO= TS = TS e = T8 g = 28 e = xaFrie = ar = o

S = S§;Xr;S; = Si_kaCL’T‘iSi = Si_kxlﬁ—l’f’ié‘i = Si_kl’lﬁ—l = si_kxkx =85, =S

Moreover, by [ev.4] we get that x**1rs = zk*1. So the diagram in Lemma 5.9 commutes,
and therefore we conclude that z is Drazin split. [

6. Drazin Inverses in Additive Categories

In this section we consider Drazin inverses in additive categories, following Robinson and
Puystjens’ work in [27]. In this paper, by an additive® category, we mean a category X
which is enriched over Abelian groups, that is, every homset X(A, B) is an Abelian group
and composition, X(A, B) @ X(B,C)—X(A, (), and composition units, Z— X(A, A),
are Abelian group homomorphisms.

6.1. RIGHT/LEFT m-REGULARITY IN ADDITIVE CATEGORIES. In Section 3.2, we re-
viewed how being Drazin was equivalent to being strongly w-regular. The definition of
being strongly m-regular can be split into two parts: being left w-regular and being right
m-regular. Dischinger showed that for a ring, being left w-regular was equivalent to being
right w-regular® [11, Thm 1]. Unfortunately the same is not true for an arbitrary category

®Additive categories are sometimes called “ringoids” (a many object ring), or Ab-enriched categories.

5Dischinger only states and proves that for a ring, being right m-regular implies being left 7-regular.
However, by dualizing the proof, it is clear that for a ring, being left m-regular also implies being right
m-regular.



488 R. COCKETT, J-S LEMAY, P. SRINIVASAN

(in fact Dischinger even remarks that his proof does not extend to semigroups). Here we
show that Dischinger’s result generalizes to the setting of an additive category. There-
fore, for an additive category, being Drazin is equivalent to being left 7w-regular or right
m-regular.

We first define the notions of left /right m-regularity for an arbitrary category.

6.2. DEFINITION. In a category X, v : A— A is said to be:

(i) right m-regular if there is an endomorphism xzf: A— A and a k € N such that
aFlgR = ok The k €N is a called a right T-indez.

(it) left w-regular if there is an endomorphism x* : A— A and a k € N such that
xlaxk+l =gk The k e N is a called a left T-index.

An object A € X is said to be right (resp. left) m-regular if every endomorphism of
type A— A is right (resp. left) w-reqular. Similarly, a category X is said to be right
(resp. left) m-regular if every endomorphism in X is right (resp. left) m-regular.

Of course, by definition, we have that an endomorphism which is strongly m-regular is
both right m-regular and left m-regular. Now recall from Section 3.2 that being strongly
m-regular was equivalent to being Drazin. So we may state:

6.3. LEMMA. In a category X, if v : A— A is Drazin, then x is both right w-reqular and
left m-reqular. Moreover, if X is a Drazin category (resp. if A is a Drazin object), then X
(resp. A) is both right w-reqular and left w-reqular.

We work towards showing that in an additive category, the converse is also true. To
do so, we first make the following useful observation:

6.4. LEMMA. In a category X, x : A— A is right (resp. left) w-regular if and only if there
is a k € N such that x**1 is right (resp. left) w-reqular with a right (resp. left) m-index 1.

ProoOF. We prove the statement for right m-regularity — the left w-regular statement is
proved in dual fashion. For (=), suppose z is right w-regular with right m-index k € N,
that is, there is an endomorphism zt : A—— A such that z*¥+*12® = ¥, We first prove by
induction that for all m e N, x**m(zR)™ = 2k The base case m = 0 is trivial. So suppose
that for all 0 < j <m, x¥*7(2f)7 = 2%. Then for m + 1 we compute that:

$k+m+1 (xR)mﬂ — xwk+m($R)me — l‘IkIR — kaIR — xk

So zk+m(xR)™ = z* holds for all m € N. Then setting (z#+1)% = (/)1 we compute:
($k+1)2($k+l)R — $1’k+k+1(l‘R)k+1 _ :L‘[L'k — $k+1

Therefore, 2+ is right m-regular with a right 7-index of 1.

For (<), Suppose that for some k € N, x%*1 is right 7-regular with a right 7-index of 1.
So there is an endomorphism y : A— A such that (z**1)%y = 2%+, Now define z = yx*.
So we compute:

k+1 .k _ .2k+1

yok = gk = o

x%”*lxR — ($k+1 )2

So x is right m-regular. n
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We are now in a position to prove our desired result for additive categories. The proof
follows the same steps as in [11], however, we fill in some gaps and provide some of the
details which were omitted.

6.5. THEOREM. In an additive category X, an object A is right w-reqular if and only if
A is left w-reqular. Therefore, an additive category X is right w-reqular if and only if X
18 left m-regular.

PROOF. For (=), suppose that A is right 7-regular. Then every endomorphism z : A— A
is right m-regular. As such by Lemma 6.4, there is a k € N such that z¥+! is right 7-regular
with a right 7-index of 1. So let y : A—A be an endomorphism such that (x#+1)2y = zF+1,
Now y is also right w-regular, so there is a j € N such that y**! is right 7-regular with
a right 7-index of 1. Setting b = y/*!, that means we have an endomorphism ¢: A— A
such that b%c = b. Now setting a = (z*+1)7*1 we compute that:

a2b — (($k+1)j+1)2yj+1:($k+1)2j+2yj+1 — ($k+1)j(xk+1)1+j+1yj+1 — (xk+1)j$k+1 — ($k+1)j+1 =a

So a is right m-regular with a right m-index of 1, and in particular a?b = a. Now from
a?b = a and b%c = ¢, we compute the following equalities:

abc = a*b’c=d’b=a
ac = a*bc=a(abe) = a®
(c-a)? = *-ac-ca+a’=c*-ca=c(c-a)
ab(c-a)* = abc(c-a)=a(c-a)=ac-a*=0

b(c-a) = b’c(c-a)=b*(c-a)’

The last equation can be iterated to give b(c—a) = b"*1(c—a)™**! for all n € N. Now, as
(¢ —a) is also right m-regular, we have a d and a p € N such that (¢ - a)P*'d = (¢ - a)P.
From this, we get that:
ab(c—-a) = ab?*(c - a)P™! = abP*(c - a)P*2d* =

ab?*'(c-a)P" (c-a)d?* = ab(c - a)(c-a)d® = ab(c - a)*d* = 0

So from ab(c—a) =0 we get that a = abc = aba. This gives us the following:
ab— ab*a = ab’c — ab’a = ab*(c - a) = abb(c - a) =
abb?(c - a)P*! = ab?*?*(c - a)P*?d? = ab(c - a)d® = 0
As such we get that ab = ab®a. Finally, we have that:
ab’a® = ab*aa = aba = a

Therefore a = (x#+1)7*1 is left m-regular with index 1. Then by Lemma 6.4, x is left
m-regular. For (<), the proof of this direction is dual to that of the previous direction.
Now a category is a right (resp. left) m-regular if and only if every object is right
(resp. left) m-regular. Then since we have shown that for an additive category, an object
is right m-regular if and only if it is left m-regular, it follows that an additive category is
right 7-regular if and only if it is left m-regular, as desired. ]
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The above theorem immediately gives us an equivalent characterization of being Drazin
for an additive category:

6.6. COROLLARY. In an additive category X, an object A is Drazin if and only if A s
right (or left) m-regular. So X is Drazin if and only if X is right (or left) w-regular.

6.7. NEGATIVES AND SCALAR MULTIPLICATION. In an additive category, we can ask
how the Drazin inverse interacts with the sum and the negation. As for usual inverses,
the Drazin inverse does not necessarily behave well with sums. Indeed, the sum of Drazin
endomorphisms x and y is not necessarily Drazin, and even if x +y was Drazin, then the
Drazin inverse (x + y)P is not necessarily the sum of the Drazin inverses z” + y”. On
the other hand, the negation of a Drazin endomorphism is Drazin with Drazin inverse the
negation of the original Drazin inverse.

6.8. LEMMA. In an additive catgory X, if x : A—— A is Drazin, then —x : A— A s
Drazin where (—z)P = —xP and ind(-z) = ind(z).

PROOF. We show that (—x)? = —zP satisfies the three axioms of a Drazin inverse.
[D.1] Suppose that ind(x) = k, then applying [D.1] for x we compute that:
(—2)F 1 (—2)P = (o) (—aP) = (~1)F2h 12D = (“1)kah = (—gz)F
So ind(-z) < k.
[D.2] Applying [D.2] for x we compute that:

(-2)P(-2)(-2)” = (=) (-2)(=2") = (-1)’z"z2” = —2" = (-2)"

[D.3] Applying [D.3] for x we compute that:
(-2)P(-2) = (=2P)(-2) = (-1)*2"2 = (-1)*z2” = (-2)(-2)"

So —x is Drazin with Drazin inverse (-x)P = —zP. Now if ind(-z) = j < k = ind(z), then
the above calculation would tells us that [D.1] for —(-x) = x holds for j, which contradicts
that k is the Drazin index. So ind(-z) = ind(z). n

Similarly, if we happen to be in a setting where we can scalar multiply maps by
rationals £ € Q, then if z is Drazin so is 2z where (22)” = £2” when £ # 0. In particular,
in such a setting, for m > 1, we would have that if x is Drazin, then mx =x+z +--+x
is also Drazin with (mz)P = LzP. More generally, if R is a commutative ring, then in a
category X which is enriched over R-modules, for any unit u € R, if x is Drazin then ux
is Drazin where (uz)? = u~'zP. The case of scalar multiplying by 0 is discussed in the
next section.
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6.9. NILPOTENTS. Recall that in an additive category, an endomorphism n: A— A is
said to be nilpotent if there is a k € N such that n* = 0, and the smallest such k is called
the nilpotent index of n. It turns out that nilpotent endomorphisms are precisely the
Drazin endomorphisms whose Drazin inverse is zero. In this case, the Drazin index and
the nilpotent index coincide.

6.10. LEMMA. In any additive category X, n : A— A s nilpotent if and only if n is
Drazin with n® = 0. In particular, the zero morphism 0: A— A is Drazin and its own
Drazin inverse, 0P = 0.

PROOF. For (=), suppose that n is nilpotent with nilpotent index &, so n* = 0. We must
show that n” = 0 satisfies the three axioms of a Drazin inverse. However, note that [D.2]
and [D.3] trivially hold since 0n0 = 0 and n0 = 0 = On. On the other hand, [D.1] also
holds since n**10 = 0 = n*. So n is Drazin with Drazin inverse 0. Now we know that
ind(n) < k. But if ind(n) < k, then there would be a j < k such that n/ = n/*10 = 0, which
contradicts k being the nilpotent index. So we have that ind(n) = k as desired.

For (<), suppose that n is Drazin with Drazin inverse n” = 0 and ind(n) = k. Then
[D.1] tells us that n* = n*+10 = 0. So n is nilpotent. If there was a j < k such that n/ =0,
then we would also have that n/ = n/*10 = 0, which contradicts k being the Drazin index.
So we have that the nilpotent index of n is its Drazin index. [

6.11. CORE-NILPOTENT DECOMPOSITION. For matrices, an important concept in re-
lation to the Drazin inverse is the notion of the core-nilpotent decomposition [23, Thm
2.2.21]. The core [6, Def 7.3.1] of a matrix is defined as the Drazin inverse of its Drazin in-
verse, while its nilpotent part [6, Def 7.3.2] is the matrix minus its core. The core-nilpotent
decomposition is the statement that a matrix is equal to the sum of its core and nilpotent
parts. Drazin later generalized this concept for elements in a ring [13, Sec 1], and showed
that having a core-nilpotent decomposition was equivalent to being Drazin [13, Prop 3.1
& 3.2]. Here, we discuss core-nilpotent decompositions of endomorphisms in an additive
category, in other words, core-nilpotent decomposition in the ring X(A, A).

6.12. DEFINITION. In an additive category X, a core-nilpotent decomposition of
x: A— A is a pair (¢,n) of endomorphisms ¢: A— A and n: A— A such that:

[CND.1] ¢ is Drazin with ind(c) <1 (so ¢ has a group inverse);
[CND.2] n is nilpotent with nilpotent index k € N (so that n* =0);
[CND.3] en=0=nc;

[CND.4] z=c+n.

Before we revisit the proof that having a core-nilpotent decomposition is equivalent to
being Drazin, it will be useful to explicitly define the core and nilpotent parts of a Drazin
endomorphism.
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6.13. DEFINITION. In any additive category X, for a Drazin endomorphism v : A— A,
(i) The core” of x is the endomorphism ¢, : A— A defined by c,:= PP = zaPx.
(i) The nilpotent part of x is the endomorphism ng:=x —c, : A— A.

6.14. THEOREM. [13, Prop 3.1, 3.2, & 3.3] In an additive category X, x : A— A is
Drazin if and only if x has a core-nilpotent decomposition. Moreover, when x is Drazin,
(ceyny) is its unique core-nilpotent decomposition.

PROOF. For (=), Suppose that x is Drazin with index k. We show that (c,,n,) satisfies
the four axioms of a core-nilpotent decomposition.

[CND.1] This is the statement of Lemma 3.11.(i).

[CND.2] Using the binomial theorem (which recall holds in any additive category),
[D.3], and Lemma 2.3.(ii), we compute that:

k= - = S (e - S (D)ot
:Zk:(_l)i(i)mk—i 2i . ]il( 1) ( ) k=i+2i . D"

2(1)(k) ki D ZZO( 1)( )x (- 1)k =0

So n, has nilpotent index less than or equal to k.

[CND.3] Using [D.2] and [D.3], we have:
Caly = (T = ¢;) = €t — ¢y = xxPxx — 2P raala

=32l — 30 Pra? = 232 - 232P =0

So c;n, =0, and similarly n,c, = 0.
[CND.4] From the definition of n, it follows that x = ¢, + (z — ¢;) = ¢z + 1.

For (<), Suppose that x has a core-nilpotent decomposition (¢,n). Let k > 1 be the
nilpotent index of n so that n* = 0. Using [CND.1], we set zP:= ¢ and show that ="
satisfies the three Drazin inverse axioms.

[D.1] First note that, for m >0, 2™ = (c+mn)™ = ¢™ + n™ as the cross-terms vanish using
[CND.3]. So, in particular, for j > k, we have that 2/ = ¢/ using [CND.2]. Now
since ind(c) <1<k, by Lemma 2.3.(i) we compute that:

l’k+1l’D — (C + n)k;+1cD — (ck+1 + nk;+1)cD — Ck+1CD

k k

=ct=cF+nf=(ctn)k=2a"

So ind(x) < k.

"Note that by Lemma 3.11.(i), the core can in fact be defined in an arbitrary category.
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[D.2] By [CND.3], we have that cn =0 = 0c. So by Lemma 3.17, we have that ¢”n = 0cP,
so ¢Pn = 0. Using this and [D.2], we compute that:

wPra? = cP(c+n)cP = cPec? + PncP =cP + 0= cP = 2P

[D.3] By [CND.3], we have that ¢n = nc. So by Lemma 3.17, we have that ¢”n = ncP.
Using this and [D.3], we have:

2P = (c+n)cP = cc? +ne? =cPe+cPn=cP(c+n) = 2Px

So x is Drazin with Drazin inverse 2P:= ¢ and ind(z) < k.

It remains to show that a core-nilpotent decomposition is unique. So let  be Drazin.
Suppose that x has another core-nilpotent decomposition (¢,n). Then we have that
cP = 2P = cP. Since ind(c) < 1 and ind(c,) < 1, by Lemma 3.11.(iii) we have that
c=(cP)P = ()P =¢,, so c=c¢,. By [CND.4], c+n =x = ¢, +n,, so subtracting ¢ = ¢,
from both sides gives us n = n,. So we conclude that (¢, n;) is the unique core-nilpotent
decomposition of x. n

Therefore, we obtain another characterization of when an additive category is Drazin:

6.15. COROLLARY. An additive category X is Drazin if and only if every endomorphism
has a core-nilpotent decomposition.

6.16. KERNEL-COKERNEL COINCIDENCE. In [27, Thm 2], Robinson and Puystjens pro-
vide conditions for being Drazin in an additive category in terms of kernels and cokernels.
Here we revisit their result and show how their setup is in fact equivalent to being Drazin
such that the complement of the induced idempotent is split.

In an additive category, the complement of an idempotent e : A — A is the en-
domorphism e¢:= 14, —e : A— A. Note that since e is an idempotent, we have that
ee¢ = 0 = e‘e. Moreover, the complement of an idempotent is again an idempotent, so
we may consider when it splits. In an additive category, we say that an idempotent e is
complement-split if e¢ is split. In particular, we may consider a Drazin endomorphism
whose induced idempotent (from Lemma 5.2) is complement-split.

6.17. DEFINITION. In an additive category X, x : A— A is Drazin complement-split
if x is Drazin and its induced idempotent e, : A—— A is complement-split.

We now show an endomorphism x is Drazin complement-split precisely when some
power of x has a kernel and a cokernel which are isomorphic. In particular, this means
that we can describe the Drazin inverse of x in terms of the splitting of the complement
of the induced idempotent.
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6.18. THEOREM. In an additive category X, v : A— A is Drazin complement-split if and
only if there is a k € N such that 2% has a kernel and cokernel:

k+1

ker(xF+l) ——=—— A A——2 5 coker(z+1)
0

such that KX is an isomorphism and x*+! : (A,e§ ) — (A €5 ) is an isomorphism in
Split(X), where €5 . is the complement of the idempotent ey , = A(KA) k.

PROOF. For (=), suppose that z is Drazin complement-split where ¢ splits via ¢ : A— K
and s¢: K— A. Let ind(z) = k. We first show that s¢: K— A is the kernel of z**1 and
that 7¢: A— K is the cokernel of z¥*2. Starting with the kernel, we first compute using
Lemma 2.3.(i) that:

$k+16§ — ZL’k+1(1A _ 6:7;) — [L‘k+2 _ xk+16$ — ZEk+1 _ Jik+1$$D — ZL’k+1 _ J]k+1+ll‘D — ZL’k+1 _ J]k+1 =0
So zF+le¢ = 0. Since eSre¢ = s¢, post-composing both since by 7¢ gives us that x*+1s¢ = 0.
Now suppose that we had a map f : B— A such that fzF*! = 0 as well. Now observe
that using idempotency and [D.3], we have that:

fex — f(er)kﬂ — f(:U:ED)k+1 — ka+2($D)k+1 — 0($D)k+1 =0

Since fe, =0, it follows that fe¢ = f. Then define f¥: B— K as ff:= fr¢. Since r¢s® = €¢,
it follows that f's¢ = f. Since s¢ is monic (since sr¢ = 1), it follows that f! must be
unique. So we conclude that s¢: K — A is the kernel of z¥+! as desired. By similar
arguments, one can also show that r¢: A—— K is the cokernel of z¥*1. Now setting x = s¢
and A\ = r¢, trivially kA = 1 is an isomorphism. Moreover:

exn = AMKN) = Ak =15 = ¢

So ey, = €S and e =e,. Now as was shown in the proof of Theorem 5.19, we have that
bl (A, ew)—>(f’l, e;) is an isomorphism in the idempotent splitting, or in other words,
ahh:(Asef ) — (A, €5 ;) is an isomorphism in Split(X) as desired.

For (<), By Theorem 5.19, since z*+! : (A, €5, ) — (A, €5 ,.) is an isomorphism in
Split(X), we get that x is Drazin. So it remains to explain Wh}7/' its induced idempotent
is complement-split. Recall that in the proof of Theorem 5.19, we had showed that the
Drazin inverse of x is xP:= va¥ = z7v, where v : (4, ¢5,) — (4, ¢€5 ) is the inverse of
bt (Ages ) — (A e ) in Split(X). So its induced idempotent is e, = 2%*'v. However
zhly = 1(Av€§,n) = eiﬁ. So e, = eiﬁ and thus e = e, .. However, clearly e = ey, splits
via X : A—coker(2#*1) and (k\) ™'k : coker(z#*1)— A. So we conclude that x is Drazin
complement-split. [



DRAZIN INVERSES IN CATEGORIES 495

In [27, Thm 2], rather than asking that z**! is an isomorphism in the idempotent
splitting, Robinson and Puystjens ask that z**!+e, ,, be an actual isomorphism. However,
the following lemma shows that these statements are equivalent.

6.19. LEMMA. In an additive category X, f : (A,e) — (A, e) is an isomorphism in
Split(X) if and only if f + e is an isomorphism in X,

PROOF. Assume that f: (A,e)— (A, e) is a map in Split(X), which recall means that
ef = f = fe. So for (=), suppose that f: (A,e)— (A, e) is an isomorphism in Split(X)
with inverse g : (A,e) — (A, e). Recall that this means that: eg = g = ge and also that
fg=e=gf. Now note that this implies that fec=0= fe¢ and ge® =0 = e¢g. Then define
(f +e°)li=g+e°. So we compute that:

(f+e)(f+e)t=(f+e)(g+e)=fg+ fef+e‘gree=e+0+0+e=e+e=1y

(f+e) (f+e)=(g+e)(f+e)=gf +ge+ef +ee=e+0+0+c=e+e =1y
So f + €€ is an isomorphism.

For (<), suppose that f + e¢ is an isomorphism. Our goal is to find the inverse of
f:(Ae)— (A, e) in Split(X). So consider the map e(f +¢e¢)~1)e. We clearly have that
e(f+e)te: (Ae)— (A, e) is a map in Split(X), so it remains to show that it is the
inverse of f:(A,e)— (A, e). So we compute:

fe(f+e) Ne=ef(f+e) )e=(ef +0)(f+e) e
=(ef +eef)(f+e) Ve=e(f+e)(f+e) e=ce=e
So fe(f+e¢)1)e =e, and similarly we can show that e(f +e¢)™1)ef = e as well. n

The reader may notice that in the statement of the lemma, we started with a map in
the idempotent splitting, while in [27, Thm 2] this is not stated. However, this is not an
issue. Indeed, if 2%*! has a kernel and cokernel as above, such that s\ is an isomorphism,
then we can compute that:

a*es = M (La = AM(RA) T R) = M - 2PN (RA) TR = 2R - 0 = 2

So aF+les | =M1 and similarly a*e | = 2%+ So a#1: (A€ ) — (4, €5 ) is amap in
the 1demp0tent splitting. Then under the other conditions of the above theorem or [27,
Thm 2|, by applying the above lemma, the statement that z**!: (A, eS ) — (A5 ) is
an isomorphism is equivalent to saying that z**1+e, , is an 1somorphlsm Finally, we also
recapture the formula for the Drazin inverse in [27, Thm 2] in terms of the complement
of the induced idempotent (recalling that we showed that e , = e and €S = )

6.20. COROLLARY. In an additive category X, if v : A—— A is Drazin complement-split
and ind(z) =k, then P = x*(2F+1 + eS)™1 = (aF+! + e8) 1k,

PROOF. As shown in the proof of Theorem 5.19, zF*! : (A)e,) — (A, e,) is an iso-
morphism in Split(X). In the same proof, we also showed that zP = va* = z*kv, where
v: (Ae,)— (A, e,) is the inverse of zF+! : (A e,) — (A, e;) in Split(X). However,
by Lemma 6.19, we have that x**1 + ¢¢ is an isomorphism and that v = e, (zF*! + €¢)e,.
Therefore, we get that xP = zF(ab+1 + e¢)~1 = (a¥+1 + e¢) -1k as desired. "
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6.21. FIiTTING DECOMPOSITION. In Section 2.8, we reviewed how to compute the Drazin
inverse of a matrix, we first decomposed that matrix as a block diagonal matrix, involving
an invertible matrix and a nilpotent matrix, conjugated by another invertible matrix. This
approach generalizes to finite-dimensional vector spaces thanks to Fitting’s Decompo-
sition Theorem [20, Lemma 2.4]. Here, we generalize this decomposition to additive
categories with finite biproducts, and call it a Fitting decomposition. Moreover, we show
that having a Fitting decomposition is equivalent to being both Drazin split and Drazin
complement-split, which we call being Drazin decomposable.

6.22. DEFINITION. In an additive category X, x: A— A is Drazin decomposable if
x 18 both Drazin split and Drazin complement-split.

We now work in an additive category with finite biproducts: we denote the biproduct
by &. To help understand Fitting decompositions, it will be useful to recall the matrix
representation for maps between biproducts. A map of type F': A1&---®A,—B1®---®B,,
is uniquely determined by a family of maps f; ; : A;—B;. As such, F' can be represented
as an n x m matrix:

fl,l f1,2 fl,m
= f2:,1 f2:,2 f2:,m
fn,l fn,2 fn,m

Moreover, composition corresponds to matrix multiplication, and identities correspond
to the identity matrix. See [17, Sec 2.2.4] for details of the matrix representation of
biproducts.

We now define a Fitting decomposition of an endomorphism by turning [6, Thm 7.2.1]
into a definition:

6.23. DEFINITION. In an additive category X with finite biproducts, a Fitting decom-
position of x : A— A is a triple (p,a,n) consisting of an isomorphism p: A— I & K,
an isomorphism o : I — I, and a nilpotent endomorphism n : K — K such that the
following equality holds:
_o e 0] 4
r=p 0 n p

6.24. THEOREM. In an additive category X with finite biproducts, v : A— A is Drazin
decomposable if and only if x has a Fitting decomposition.

PROOF. For (=), suppose that = is Drazin decomposable, where e, splits via r: A—1
and s : I — A, and e¢ splits via r¢: A— K and s¢: K — A. We first show that
p= [7" rc] : A— I ® K is an isomorphism. So define p~': [ @ K — A as follows:
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Now using that e, = rs and e¢ = r¢s¢, we first compute that:
pp !t = [7“ 7“0] [;;l =rs+1r8°=e,+es=e,+1la—e, =1y

On the other hand, since ee¢ = 0 = e®e, it follows that sr¢ =0 and sr = 0. So by using
that sr=1; and s°r¢ =1k, we compute that:

1 |s g st s |1 0]
p p_[scl[r T]_[SCT scrc]_lo IK]_h@K

So p is indeed an isomorphism. Now define o : [ — [ and n : K — K as «a = szr
and n = s°n,r° respectively, where recall that n, is the nilpotent of the core-nilpotent
decomposition of z. In the proof of Lemma 5.9 we have already shown that « is an
isomorphism as well. On the other hand if ind(z) = k, then in the proof of Theorem 6.14
we showed that n, was indeed nilpotent and that n**! = 0. Moreover, recall that in the
proof of Theorem 6.14 we also showed that P = ¢? and n,c? = 0. So it follows that
e;n,; = 0 and similarly we also have n, e, = 0. Therefore, we get that en, = n, = n,es.
Then using this and e = r¢s¢, we compute that:

k+1 _ _c c.C c c c _ o€ c c c _ SCcok+l,.c _ .cnaC —
N = 8 Nr s N8N, e = Stngeing e ngrt = sy ¢ = s0r =0

So 7 is nilpotent as desired. Now recall that by Lemma 5.9, it follows that ras = ze, =
xxPx. In other words, ras = ¢,. On the other hand, from en, = n, = n,eg, it also follows
that rns¢ = n,. Therefore, by the core-nilpotent decomposition, we finally compute that

p |fx O]p_l = [7’ T’C] [a O:| Li] = [7’04 rcn] l;c] =ras+rns‘=c,+n, =

0 n 0 n

and conclude that that (p,«,n) is a Fitting’s decomposition of = as desired.
For (<), we first show that = is Drazin by showing that z” satisfies the three Drazin
inverse axioms.

[D.1] First note that for all m € N, we have that:
= am™ 0] 4
Now let k be the smallest natural number such that n¥+! = 0. Then we compute:
k+1+1 -1 k+1 -1
k+1+1,.D _ | & 0 -1, | & Of 4 _ o a Offa 0] -
o ‘p[ 0 nk+1+1]p p[o o]p ‘p[ 0 0“0 of”

_ |aFtaa™t 0 o faRt 0 | L
_p 0 0 p _p 0 /),’k'«}»l p =T
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[D.2] We easily compute that:

_Jat Of|la Of|at Of .,  foalawar O 4 ot 0l 4 p
“Plo ollo pllo off TPl o ogol? TPlo off TF

. e easlly compute that:
D.3] W il h
p_ o 0] 4 ot Of ; fa Ofjat Of o, |oatla O]

et 0 4 |at Olfa Of o, fat O ; |a O 1 _ D,
Plo ol TPl o oflo pl? TPlo olP Plo glP T

So x is Drazin. Next, we compute its induced idempotent:

1; O 1; 0f s S

_ D _ I -1 _ c 1 _ —

€y = TX —plo O]p —[r r]lo O][SC]_[T 0][56]—7"5

So e, =rs. We compute its complement to be:
c -1 S c.C c.C c.C
e, =1la—e;=pp :[r TC] g —€, =TSs+1r8°—e,=e,+1°8"—€, =78

So e =r°s¢. Now note that we also have that:

Ir 0]_ 1 |s | sr osre
lO 1K] =l =P p= [SC:| [r r ] B lscr SCTC]
In particular, this gives us that sr = 1; and s°r¢ = 1. So both e, and €S split, and we

conclude that x is Drazin decomposable as desired. [

6.25. COROLLARY. In an additive category X with finite biproducts, if v : A— A has a
Fitting decomposition (p,c,n), and is therefore Drazin, then the core and nilpotent-part
of x are determined by:

a 0] 0 0] 4
Ca:‘=p0 Op n$::p0 77p

PROOF. We compute:

 p. a0 4 lat 0] 4 |a Of o, fa Oflat Ofa O
1

_Jaamtae 0| 4 |a O] 4

So the desired equality holds. By the definition of n,, the other equality holds as well. =



DRAZIN INVERSES IN CATEGORIES 499

Theorem 6.24 also implies that if an additive category with finite biproducts is also
idempotent complete, then an endomorphism is Drazin if and only if it has a Fitting
decomposition. Therefore:

6.26. COROLLARY. An additive category X with finite biproducts is Drazin complete if
and only if every endomorphism has a Fitting decomposition.

6.27. IMAGE-KERNEL DECOMPOSITION. In Section 2.9, we mentioned that for a ring R
and an R-module M, an R-linear endomorphism f : M — M was Drazin if and only if
f had a “Fitting decomposition” in the sense that M = im(f*) @ ker(f*) for some k > 1
[30, Lemma 2.1.(4)]. We generalize this sort of decomposition in an Abelian category and
show that it is indeed equivalent to being Drazin. In an Abelian category X, denote the
kernel and image of an endomorphism x: A— A, as follows:

im(x)

where recall that x and ¢ are monic, and ¢ is epic. Now define ¢ as the canonical map:

) = [2] rim(z) @ ker(z) — A

6.28. DEFINITION. In an Abelian category X, a map x : A— A has an image-kernel
decomposition in case the map 1 as defined above is an isomorphism.

6.29. THEOREM. In an Abelian category X, x : A— A is Drazin if and only if there is
some k € N such that z¥*' has an image-kernel decomposition.

PROOF. For (=), suppose that x is Drazin with ind(z) = k. Our objective is to show that
W s im(zF1) @ ker(2**1) — A is an isomorphism. To construct its inverse, we need to
first construct maps A—im(x**1) and A— ker(2**1). First note that by idempotency
and [D.3], we get that e, = ef+! = (zP)*+1gk+1. So by using the universal property of
the image, there is a monic map im(e;) — im(z**1), which then allows us to build a
map ¢ : A—im(2¥*1) such that ¢1e = e,. On the other hand, recall that in the proof
of Theorem 5.19, we showed that e,z**! = 2%+, Then it follows that e¢z**! = 0. So by
the universal property of the kernel, let ¢9 : A— ker(2#*1) be the unique map such that
P2k kar = €5. Then define ¢ as:

o= [gbl ng] : A—im(2F1) @ ker(2*t1)
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So we first compute that:

oY = [¢1 4152] l;] =Lt gar=e,+e; =1y

To prove that ¢ is the identity, we must work out what v, 19, Ko, and k¢, are.
First, recall again in the proof of Theorem 5.19, we showed that z¥+le, = x%*1 which also
implies that z#+te¢ = 0. So we first compute that:

eLpie =k le, = aFl = ¢

Lok = el =0 = eOr

Since ¢ is epic and ¢ is monic, it follows that 1) = Tink+1y and tgo = 0. Next, using
idempotency and [D.3], e, = z*+1(xP)**1 then we have that ke, = 0. So we compute:

Kot = Kke, =0=01

Kook = kes =k(la—e€,)=k—Ke,=k-0=K

Since ¢ and k are monic, it follows that kg1 =0 and K@a = Ly (gr1y. So finally we get that:

w¢ = [;] [¢1 ¢2] = [L¢1 Lqﬁgligbl /{(bQ] — 1im(6ck+1) 0 = 1im(xk+1)®ker(mk+l)

1ker(xk+1)

So we conclude that ¢ : im(z*+!) @ ker(z*+!) — A is an isomorphism.

For (<), suppose that ¢ : im(a**1) @ ker(x**1) — A is an isomorphism. To show
that x is Drazin, we will show that ¢ is part of a Fitting decomposition of z. So let ¢ :
A—im(a**1) and ¢ : A—ker(z**1) be the components of =1 : A—im(zF+1)@ker(x#+1).
Then from ¢! = Tinuk+1)gker(zr+1y and P71 = 14, we get the following equalities:

L¢1 = 1im(az’“+1) Lgbg =0 l€¢1 =0 K¢2 = ]-ker(xk*l) gblb + ¢2/€ =1y

Now for the isomorphism part of our decomposition, define « : im(z**1)—im(z**1) to be
the composite a:=tx¢p;. To show that « is an isomorphism, we will use the fact that in
an Abelian category, a map is an isomorphism if and only if it is monic and epic. To show
that « is monic and epic, we will need to first compute some useful identities. To start
with, e = 271 and ¢y = 1j,#+1) together imply that 2%*1¢, = €. Moreover, from er = z*+1
and xzF*! = 0, since ¢ is monic, it follows that ke = 0. From this and ¢t + ok = 14 we
also get that ¢ite = €. On the other hand, we also get:

k+1

ze = a1y = ¥ wgy = evxdy = ea

So, from ze = ea, we have:

k+1 _ k+1

EQL = TEL =TT T T = €elx
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Then since € is epic, we get that ar = tx, which also tells us that tx™ = o™ for all n € N.
Then from 1@y = Linzre1y, We get that o™ = " ¢y.

Now since we are in an Abelian category, to show that « is monic, it suffices to show
that if fa =0 then f =0. So suppose that fa =0. Then we have that:

fra®t = frzak = faua® = 0ua® = 0

Since fux**! = 0, by the universal property of the kernel, there exists a unique h such
that fu = hr. Post-composing both sides by ¢g, since kgy = lye(gr+1y and 1y = 0, we get
that A =0 and so fi =0. However, ¢ is monic, therefore f =0 as desired. So « is monic.
Dually, since we are in an Abelian category, to show that « is epic, it suffices to show
that if ag =0 then g =0. So suppose that ag =0. Then

€g = p1teg = pra g = prattg = pratag = grak0 =0

Since € is epic, it follows that g = 0, as desired. So « is epic. Therefore, we conclude that
« is an isomorphism.

For the nilpotent part of the decomposition, note that since kx**! = 0, we also have
that kxa**1 = 0. Therefore, by the universal property of the kernel, there exists a unique
map 7 : ker(z*+1) — ker(2#*!) such that nx = kx. However, since K@y = lyer(zk1y, We get
that n = kxgpo. Moreover, we compute that:

KT = KT (Q1L+ Q2K) = KTP1L + KX Dok = NEP1L + Kx Dok = 0 + KT Dok = KTPak

Since kx = Kr@ok, we can prove by induction that n™ = kz™¢p,. The base case m = 0
follows from K@y = lyer(z#+1). So suppose that for all 0 < j <n, n" = Kx" Py,

0=t = Ra" gg = KEgaRa" by = KTa"dy = KT o

So we do have that ™ = kx™¢s for all m € N. Now for m = k + 1, we get that:
T]k+1 — H$k+1¢2 — 0¢2 =0

So 7 is nilpotent as desired.
Lastly, we finally compute that:

P! [3‘ 2] v=[o1 6] [3 2] [ ;] =[10 ¢un] M
= praL + Gank = Prux + Gokx = (P11 + oK) T =

So we conclude that (7!, «,n) is a Fitting’s decomposition of x. So by Theorem 6.24,
we get that x is Drazin. [
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7. Drazin Inverses of Opposing Pairs of Maps

Arriving with categorical eyes to the subject of Drazin inverses it is natural to want to
have a Drazin inverse of an arbitrary map. However, to have a Drazin inverse of a map
f:+ A— B, one really needs an opposing map ¢g: B— A to allow for the iteration which
is at the heart of the notion of a Drazin inverse. The Drazin inverse of an opposing pair,
(f,q), is itself an opposing pair whose properties we develop in this section. Throughout
this section we work in an arbitrary category X.

7.1. THE DRAZIN INVERSE OF AN OPPOSING PAIR. We denote a pair of maps of dual
type f: A—Band g: B—Aby (f,g): A= B and refer to it as an opposing pair.

7.2. DEFINITION. A Drazin inverse of (f,g): A—= B is an opposing pair of dual
type (f%,g?) : B——= A satisfying the following properties:

[DV.1] There is a k € N such that (fg)kff% =(fg)* and (gf)kgg? = (gf)*.

D
f

D D D D D
[DV.2] foffa=fs and gTgg7 =g7;

[DV.3] ff5 =gTg and f7 f=gg7.

e

The map f€ : B— A is called the Drazin inverse of f over g, while the map g? :A—B
is called the Drazin inverse of g over f. The Drazin index of (f,g) is the smallest k € N
such that [DV.1] holds, which we denote by ind(f,g) = k.

There is a slight redundancy in the above definition in that, thanks to [DV.3], we do
not need to assume both equalities for [DV.1].

7.3. LEMMA. In a category X, if for (f,9): A=—=DB there is a (f%,g?):B:)A
which satisfies [DV.3], then the following are equivalent:

(i) [DV.1] holds;
(i) There is a p € N such that (fg)Pff% =(fg)?;

(11i) There is a q € N such that (gf)qggg =(gf)1.

PROOF. We prove that (i) = (i1) = (iii) = (i). Clearly, we already have that (i) = (i7).
D

For (ii) = (#i1), suppose that there is a p € N such that (fg)?ffs = (fg)?. Then using

[DV.3] and that (¢gf)P* = g(fg)Pf, we compute:

D
f

(9f)"" 997 = g(f9)"fag” = g(fa)ff7 f = g(f9)’f = (gf)""
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So (#ii) holds. For (iii) = (i), suppose that there is a ¢ € N such that (gf)qgg% = (gf)e.
D

Now that we also have that (¢gf)%1ggs = (gf)?**'. On the other hand, using [DV.3] and

that (fg)?*! = f(gf)%g, we compute:

(FO)™ fF7 = F(af)aff7 = f(af)?997 g = f(af)%g = (/)"

So [DV.1] holds. So we conclude that (i) < (ii) < (iii) as desired. "

Drazin inverses of opposing pairs share many of the same properties as Drazin inverses
of endomorphisms, such as the fact that they are unique (if they exist) and also absolute.
Before establishing these properties, we will show how Drazin inverses of opposing pairs
are linked to Drazin inverses of endomorphisms.

7.4. DRAZIN OPPOSING PAIRS. From an opposing pair (f,g): A—= B, we get two

endomorphisms fg: A— A and gf : B— B. Our objective is to show that (f,g) has
a Drazin inverse if and only if the composites fg and ¢gf both have Drazin inverses. To
do so, we first show that, surprisingly, if one of these composites is Drazin, then so is the
other one: this is sometimes known as the Cline’s formula [9].

7.5. LEMMA. For an opposing pair (f,q):A=—DB, fg: A— A is Drazin if and only
if gf - B— B is Drazin.

PROOF. For (=), Suppose that fg is Drazin. We show that (gf)P:= g(f9)P(f9)Pf
satisfies the three axioms of a Drazin inverse.

[D.1] Suppose that ind(fg) = k. Then using Lemma 2.3.(ii) for fg, we compute:

(9NN =g(f)" f(9N)P = 9(f9) ™ Fa(f9)P (F9)" f
=g(f9)"*((f9)°)f = 9(f9)"f = (9 )™

[D.2] Using [D.2] and [D.3] for fg, we compute that:

(9f)Paf(af)? =9(f9)°(f9)P Fafa(f9)P(f9)P [ =
g(fN " fa(fa)°(f) " fa(f9)P f=9(f)P(fa)" f = (9f)P

[D.3] Using [D.3] for fg, we compute that:

(9f)Paf =a9(f)P(f9)P faf = a(fa) fa(f9)Pf=agfa(fa)°(f9)°f=gf(gf)"

So we conclude that ¢f is Drazin.

For (<), suppose that gf is Drazin. By similar calculations as above, we can show
that (fg)P:= f(g9f)P(gf)Pg satisfies the three axioms of a Drazin inverse. So we conclude
that fg is Drazin. n
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This suggests the following definition:
7.6. DEFINITION. A Drazin opposing pair is an opposing pair (f,g): A— B such
that either fg or gf is Drazin (so, by Lemma 7.5, both are Drazin).

Below we will show that being a Drazin opposing pair is equivalent to having a Drazin
inverse for the pair. In order to prove this, it will be useful to establish the following
identities for Drazin opposing pairs:

7.7. LEMMA. If (f,g): A—= B is a Drazin opposing pair, then we have that (fg)?f =
f(gf)P and (gf)Pg=9(fg)".

PROOF. Suppose that (f,¢g) is a Drazin opposing pair. Then by Lemma 7.5 we have that

(9P =9(f9)P(fg)Pf and (fg)P = f(gf)P(g9f)Pg. Then using [D.2] and [D.3] for gf,
we compute that:

(fO)°f=FanHP N Paf = F(af)Paf(9f)” = fgf)P
So (fg)Pf = f(gf)P. Similarly, we can also show that (¢f)Pg=g(fg)". n

7.8. THEOREM. (f,g): A== B has a Drazin inverse if and only if (f,q) is a Drazin
opposing pair.

PROOF. For (=), suppose that (f,g) has a Drazin inverse (f%,g?) with ind(f,g) = k.
D D
We first show that (fg)P:= g7 fs satisfies the three axioms of a Drazin inverse.

[D.1] Note that (fg)*' = f(g9f)*g and also that f(gf)* = (fg)*f. Then using [DV.1],

we compute that:
(F9)"(f9)P=F(af) a(Fa)"=F(9F) 997 F7 = F(af)*f 7 = (f9)*FF 7 =(fg)"
[D.2] Using [DV.2] and [DV.3], we compute that:
(f9)°Fa(f9) =97 F fag7 F+ =97 997 99
[D.3] Using [D.3] for fg, we compute that:
(f9)°fa=g7 [ofg=g7997g=97g=FF7 =[5 [f7 = fagT [ = [g(fg)"

So we conclude that fg is Drazin with ind(fg) <ind(f,g). Then by Lemma 7.5, we also
get that ¢gf is Drazin, and it is easy to check that ind(gf) <ind(f,g) as well. Now using
the formula from Lemma 7.5, we can also check using [DV.2] and [DV.3] that:

D.D D D DD
(9P =9(f)"(f9)Pf=997Fr97997 =fog7
So we conclude that (f,g) is a Drazin opposing pair.
For (<=), Suppose that (f,g) is a Drazin opposing pair. Note by Lemma 7.7 that
setting f.%:: g(f9)P = (gf)Pg and g?:: f(gf)P = (fg)Pf is well-defined. So now we

D D
must show that (fs,¢7) satisfies the three axioms of a Drazin inverse. We start with
the third one:

D
!

|5
e}

D D
f

f =g7fs=(fg)"
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[DV.3] Using [D.3] for fg, we compute that:

£15 = F9(f9)” = (f9)"fa=g7g

D
!

So ffg = g?g, and similarly we can show that f%f =qg

[DV.1] Let k =max(ind(fg),ind(gf)). Then by Lemma 2.3.(i) for fg, we compute that:

(F9) 157 = (f0)*Fo(fa)” = (f)"(f9)" = (fo)
As such, since [DV.3] holds, by Lemma 7.3 we then get that [DV.1] holds.

[DV.2] Using [D.2] for gf, we compute that:

Faffe=(9h)Pgf(af)Pg=(gf)Pg=f7

D
!

So f%ff% = f%, and similarly we can show that g?gg =g as well.

So we conclude that (f,g) has a Drazin inverse and ind(f,g)<max(ind(fg),ind(gf)). =

Therefore, from now on we will simply say that an opposing pair (f,g9): A=—DB is
Drazin if (f,g) is a Drazin opposing pair or equivalently if (f, g) has a Drazin inverse.

7.9. PROPERTIES OF DRAZIN OPPOSING PAIRS. Now that we have related Drazin in-
verses of opposing pairs to usual Drazin inverses of endomorphisms, we can use this to
access properties of Drazin opposing pairs which are analogues for those of Drazin endo-
morphisms. We begin with the all-important property of uniqueness:

7.10. PROPOSITION. If (f,g): A== B has a Drazin inverse, then it is unique.

PROOF. Suppose that (f,g) has two Drazin inverses (h, k) and (p,q). By Theorem 7.8,
(f,g) is also Drazin, so fg and gf are both Drazin, and we may use (h,k) and (p,q)
to build their Drazin inverses. Since Drazin inverses are unique, we must have that
qp=(fg)P = kh and pq = (¢gf)P = hk. Now using [DV.2] and [DV.3], we compute:

k=kgk=khf=qpf=q99=q

So k = q, and similarly we can also show that h = p. So we conclude that Drazin inverses
of opposing pairs are unique. [
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This allows us to talk of the Drazin inverse of (f,g9): AZ—— B and to write it as:

(f,g)P:= (f%,g?) :BZ—— A . Moreover, this implies that the formulas of the Drazin
inverses in the proof of Theorem 7.8 are canonical, and the Drazin index of the opposing
pair is equal to the max of the Drazin indexes of the composites.

7.11. COROLLARY. If (f,g): A== B is Drazin then:

(i) (f9)P =g7 f7 and (¢f)P = f7g7;
(i) [ =g(f9)” = (9f)Pg and g7 = f(gf)P = (f9)"f
Moreover, ind(f,g) = max(ind(fg),ind(gf)).

It is also straightforward to see that if an opposing pair is Drazin, then its symmetric
pair will also be Drazin:

7.12. LEMMA. (f,9): A== B is Drazin if and only if (g,f): B— A is Drazin.

PROOF. By definition, (f,g) is Drazin if and only if fg is Drazin or gf is Drazin if and
only if (g, f) is Drazin. m

We can also recover the Drazin inverses of an endomorphism from the Drazin inverse
of the opposing pair consisting of the endomorphism paired with the identity.
7.13. LEMMA. x: A— A is Drazin if and only if (x,14): A——=A is Drazin, or equiv-

alently if (14,2): AZ=— A ‘s Drazin.

PROOF. For (=), Suppose that x is Drazin. Then trivially 14 = x = 142 is Drazin. So
(z,14) (or equivalently (14,z)) is Drazin. Applying Corollary 7.11, we get that ria =
14(142)P = 2P and 17 = 2(142)P = zaP. For (<), suppose that (z,1,4) is Drazin. So
21y = x =142 is Drazin. Applying Corollary 7.11, we compute that: x? = (1,2)P = 2ia12
and zP = (z14)P = 12277, =

Thus, we have yet another equivalent characterization of when a category is Drazin.

7.14. COROLLARY. A category is Drazin if and only if every opposing pair in it is Drazin.

PROOF. If X is Drazin, then for an opposing pair (f,g): A——= B, fg and gf are both
Drazin, so (f,g) is Drazin. Conversely, if every opposing pair is Drazin, then by Lemma
7.8, every endomorphism must be Drazin. [
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Drazin inverses of opposing pairs are also absolute:
7.15. PROPOSITION. Let F: X—Y be a functor and let (f,g): A—— B be Drazin in
X, then (F(f),F(g)):F(A)=—=F(B) is Drazin.
PROOF. Suppose that (f,g) is Drazin, which in particular means that fg and gf are
Drazin. By Proposition 3.13, Drazin inverses are absolute, so F(fg) = F(f)F(g) and

F(gf) =F(g)F(f) are also Drazin. As such, we get that (F(f),F(g)) is Drazin. Moreover,
applying Corollary 7.11, we compute that:

F(f)™ = F(9)F(fg)” = F(9)F((f9)”) = F(g(f9)P) = F(F(f 7))

So F(f)% = F(f%), and similarly we can also compute that F(g)% = F(g?). n

Much as before, the Drazin inverse of an opposing pair commutes with everything
with which the opposing pair commutes with:

7.16. LEMMA. Suppose that (f,g): Az=—DB and (v,w):A’=—= B’ are Drazin. Then
if the diagram on the left commutes, then the diagram on the right commutes:

A—o A— o
/| L] |-
B—2*" B = B—2"" ,p
A

A A A A

PRroOF. If (f,¢) and (v, w) are Drazin, we have that f¢g and vw are Drazin. So by Lemma
3.17, the outer square of the diagram on the left implies that (fg)Pa = a(vw)P. Now by
using this and Corollary 7.11, we compute that:

ggb = (f9)°fb=(fg9) av = a(vw)Pv = aw™

D D
So g7b= aw%, and similarly we can also show that f9a = buw. So the diagram on the
right commutes as desired. n

7.17. OPPOSING PAIRS OF IsoMORPHISMS. We now show that an opposing pair has a
Drazin index of zero precisely when it is a pair of opposing isomorphisms. The Drazin
inverse of an opposing pair of isomorphisms is the opposing pair of their inverses.

7.18. LEMMA. (f,9): A== DB is Drazin with ind(f,g) = 0 if and only if f and g are
1somorphisms.
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PROOF. For (=), Suppose that (f,¢) is Drazin with ind(f,g) = 0. Then [DV.1] tells
us that ff% = 14 and gg? = 1. Now [DV.3] gives us that f%f = gg? = 1p and
g?g = ff% =14. So f and g are isomorphisms with f~! = f% and g? =gl

For (<), Suppose that f and g are isomorphisms. Then the composites fg and gf are
also isomorphisms. By Lemma 3.6, we get that fg and gf are Drazin with ind(fg) =0
and ind(gf) = 0. As such, (f,g) is Drazin. Applying Corollary 7.11 and Lemma 3.6, we

compute that:

f5=9(f9)°=g(fo) " =gg f = f

So f% = f~!, and similarly we also get that g? = g~'. Moreover, we also have that

ind(f,g) =0. n

7.19. DRAZIN OPPOSING PAIRS AND IDEMPOTENTS. In Section 5 we saw how to equiv-
alently characterize having a Drazin inverse in terms of isomorphisms in the idempotent
completion. The objective of this section is to do the same for the Drazin inverse of
an opposing pair. We first recall from Lemma 5.2 that every Drazin endomorphism z
induces an idempotent e, = zx? = 2Px. Then for a Drazin opposing pair (f,g), we get
two idempotents ef, = fg(fg)? and eyr = gf(gf)P = (9f)Pgf. Moreover, we can also use
the Drazin inverse to get isomorphisms between these two idempotents.

7.20. LEMMA. If (f,g): A— B s Drazin, then:
D D D D
(1) efg=ff9s =g7g andegp=fsf=gg7 are induced idempotents;

(i1) ff%f (A, ery)— (B, egr) is an isomorphism in Split(X) whose inverse is given by
D
fo: (B’ egf) — (A7 €fg),'

(111) gg?g 1 (B,egr)— (A, epy) is an isomorphism in Split(X) whose inverse is given by
D
gf : (A,egf)—>(B,efg).

PROOF.

(i) Recall from Corollary 7.11 that f9 = g(f¢)? = (¢f)Pg and g7 = f(gf)? = (fg)Pf.

Then combining these with the definition of the induced idempotents, we immedi-
D D D D
ately get that efy = ffv =g7fgand ey = fof=ggF as desired.

(ii)) We must first show that ff g f and f ¢ are maps in the idempotent completion.
First by using (i) and [DV.2] we compute that:

D D D D D D D
egffg@fg:fgffgffg:fgffg:fg
So e,pf7esy = f. On the other hand,

erof [T eqp=FITFfaffaf=Ffoffof=Fforf
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So efgff%fegf = ff%f as well. As such, we get ff%f 1 (A epy) — (B, egr) and
f% 1 (B,egr)— (A, ey,) are indeed maps in Split(X). Now we must show that they
are inverses of each other in Split(X). However, using (i) again, we easily see that:

b D D D
Jroffe =eperg=epq= 1(A,efg) Joffof=egregr=egp= 1(B»egf)

So we conclude that ff%f 1 (A, erg) — (B, eg4r) is an isomorphism in Split(X) with

inverse fg 1 (B,egr)— (A, epy), as desired.

(iii) This is shown by similar argument.

We now prove the analogue of Theorem 5.19 for Drazin inverses of opposing pairs:

7.21. THEOREM. In a category X, (f,g9): A== DB s Drazin if and only if there are
idempotents eq : A— A and eg : B— B, and a k € N, such that both of the maps
(fo)rf:(A,ea)—(B,eg) and (gf)*cg: (B,eg)— (A, ea) are isomorphisms® in Split(X).

PROOF. For (=), suppose that (f,g) is Drazin. So fg and ¢gf are Drazin. As our
idempotents, we take the induced ones ef,: A— A and e, : B— B. Now we first note
that by Lemma 2.3.(i) and using the same arguments as in the first half of the proof of
Theorem 5.19, we have that for a x : A—— A which is Drazin, for all ind(z) < j that
xi*l i (Ae,) — (A, e,) is an isomorphism in Split(X). So let k£ = max (ind(fg),ind(gf)).
Then we get that (fg)* : (A,es.) — (A,epg) and (gf)** ! : (A egr) — (A, eyp) are
isomorphisms. Now by Lemma 7.20, we also have that f% 1 (B,egr)— (A, epy) and g? :
(A, e,r)— (DB, ey,) are isomorphisms. So the composites, (fg)’”lg? :(Asegp)— (B, eyy)
and (gf)k“f% 1 (A, eyr)— (A, eqp) are also isomorphisms. However, applying Corollary
7.11 and Lemma 2.3.(i), we get that:

D
f

(f9)* g7 = (o)™ (fa)" f = (fa)'f

So (fg)""*lg? = (fg)*f, and similarly we can also show that (gf)’“lf% =(gf)*g. So we
conclude that (fg)*f : (A,ea) — (B,ep) and (gf)*g: (B,ep) — (A, e4) are isomor-
phisms in Split(X) as desired.

For (<), suppose for some e4 : A— A and eg : B— B, and a k € N, that both
(fg)ef:(Aea)—(B,ep) and (gf)*g: (B,ep)— (A, ea) are isomorphisms in Split(X),
with respective inverses v: (B,ep) — (A,e4) and u: (A,eq) — (B, ep). Explicitly this
means we have the following identities:

(f9)fes=(f9)kf=ea(f9)"f en(9f) g =(9f)"g="(9f) gea

81t is important to note that this statement does not say that (fg)¥f and (gf)*g are inverses in
Split(X)
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vey =V = egu e U =1U=UeR
(f9)fv=ea=u(gf)y v(f9) f=en=(g9f)qu

We will now prove that fg is Drazin. To do so, we will first show that (fg)**! is an
isomorphism in the idempotent splitting. Using the above identity, we first compute:

ea(f9) ™ =ea(f9) fa=(f9) fg=(fg)""

(f9)**tea=f(gf) gea=f(gf) g = (fg)*"
So we get that (fg)k*!: (A,es) — (A, ea) is indeed a map in Split(X). On the other
hand, since u : (A,ea) — (B,eg) and v : (B,eg) — (A, e4) are maps in Split(X), it
follows that u(gf)*v: (A,eq) — (A, ea) is also a map Split(X). To show that this map
is the inverse of (fg)**!, we first need to do some calculations:

(9£) v = (gf)epv=(9f)" (9f) guv = (9f) g(f9) uv = es(gf)"9(fg) uv
= ep(gf)*(gf)Fguv = ep(gf)esv = ep(gf)*v
So (gf)v = eg(gf)*v, and similarly we can also show that u(gf)* = u(gf)*es. With

these identities in hand, we can observe that:

(f9)"* ulgf)rv = flgf)rgu(gf) v = fes(gf)fv=f(gf)v=_f9) fv=ea=1(ae,

w(g /) o(fg)" ! =ulgf) v(fg) fg=u(gf) eag=u(gf)g=ea=1(ac,

So we get that (fg)*1 : (A,eq) — (A, e4) is an isomorphism in Split(X). Then by
Theorem 5.19, fg is Drazin. Therefore we conclude that (f,g) is Drazin. ]

7.22. DRAZIN OPPOSING PAIRS AND BINARY IDEMPOTENTS. Recall from Section 5.4
that a binary idempotent is, using the terminology from this section, an opposing pair
(f,9) : A— B such that fgf = f and gfg = g, and this implies that fg and gf are
idempotents. Here we explain how binary idempotents are linked to Drazin opposing
pairs. Moreover, binary idempotents will play a key role in the rest of the sections.

We first observe that similar to an idempotent being its own Drazin inverse, a binary
idempotent regarded as an opposing pair is its own Drazin inverse.

7.23. LEMMA. (f,g9): A== B is a binary idempotent if and only if (g, f) is its Drazin

inverse, so (f,9)? = (g, f) (so that f% =g and g? =f).

PROOF. For (=), Since (f,g) is a binary idempotent, fg and gf are idempotents, and
so by Lemma 5.3, are Drazin and their own Drazin inverses. Therefore (f,g) is Drazin.
Applying Corollary 7.11, we compute:

f7=9(f9)°=gfg=g

So f v = g, and similarly, we can also show that g% = f.
For (<), if (f,g) is Drazin with itself as a Drazin inverse, then [DV.2] gives us that
gfg=gand fgf = f. Thus, (f,g) is a binary idempotent. m
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On the other hand, from any Drazin opposing pair we get two binary idempotents.

7.24. PROPOSITION. If (f,g9): A= B 1is Drazin then:

(i) (f,g)P:= (f%,g?) is Drazin with the Drazin inverse (f,g)PP:= (ff%fa 99?9) and
ind((f,9)") <1;

(i) (f,g)PP:= (ff%f, gg%q) is Drazin with the Drazin inverse (f,g)P;

(111) (ff%f,f%) and (gg?g,g?) are binary idempotents.

PROOF. (i) Recall from Corollary 7.11 we have that gT 7 = (¢f)P and fogT = (fg)P.
D D D D
However by Lemma 3.11.(i), a Drazin inverse is always Drazin, so g7 f¢ and f9g7 are

Drazin. As such, (f %, g?) is Drazin. Now applying the formulas from Lemma 3.11.(i)
and Corollary 7.11, as well as using [DV.2] and [DV.3], we compute:

gT(feg )P =g7((gf)P)P =gTaf(gf)Paf =gTaffog7gf
ffaffaff = f = ff A e f=fff

So the Drazin i inverse of f 9 over gf is f f f. Similarly, we can also compute that the
D
Drazin inverse of ¢ 7 over f9is gg 7 g.

(ii) By (i), we know that (ff%f7 gg?g) is a Drazin inverse. So by (i) again, we get that
(ff%f, gggg) has a Drazin inverse, which by [DV.2] is precisely (f%,g?).

(iii) Using [DV.2], we compute that:

FFoNSFFaf) = Fo fFVFFofFo)f=F(foffo)f=Fffof

fa(ffaf)fo=(foffo)ffa=Ffaffo=fs
So (ff%fa fg) is a binary idempotent. Similarly we can also show that (gg?g,g?) is a

binary idempotent. n

Using binary idempotents, we can also characterize when an opposing pair is the
Drazin inverse of another opposing pair. To do so, it will be first useful to observe the
following;:

7.25. LEMMA. (f,g): A== B s a Drazin inverse if and only if there is an opposing

pair of dual type (f%,g?) :B=— A which satisfy [DV.1'] ff%f = f and gg?g =g,
[DV.2] and [DV.3].
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=[5

).

Then by Proposition 7.24.(1), we get that (f, g) is Drazin with Drazin inverse (f9,g7) =
(hh¥h,kk# k) = (hfh, kgk). This means that [DV.2] and [DV.3] hold. For [DV.1/],
since f =h* and f% = hh% h, using [DV.2] twice we compute that:

PROOF. For (=), suppose that (f,g) is the Drazin inverse of (h,k), so (f,g) = (h%, k
D

D
!

D D
k k

El[e]

Ffof=hThhThh® = hRhhT =¥ = f

So ff%f = f, and similarly we can also show that gg%g =g.

For (<=), we show that (fg , g?) is the Drazin inverse of (f, g). By assumption, [DV.2]
and [DV.3] hold, so it remains to show [DV.1]. Using [DV.1’] and [DV.3], we show
that [DV.1] holds for k = 1:

D
!

faff7=rfag7g="rg 9fggT =gffs f=gf

So (f,g) is Drazin. Now by [DV.1’] we have that (f,g) = (ffgf, gg%q). Then Proposi-
D D D D
tion 7.24.(i) tells us that (f,g9) = (ff9 f, 997 g) is the Drazin inverse of (fs,g7). ]

7.26. PROPOSITION. (f,g): A== B is a Drazin inverse if and only if (f,q) is Drazin
and both (f, f%) and (g%,g) are binary idempotents.

PROOF. For (=), this is simply Lemma 7.24. For (<), since by assumption (f,g) is
Drazin (so [DV.2] and [DV.3] hold), by Lemma 7.25 we need only show that [DV.1’]

holds. However this is immediate since (f, f %) and (g?, g) are binary idempotents. So
by Lemma 7.25 we get that (f,g) is a Drazin inverse. n

7.27. COROLLARY. If (f,g): A== B s a Drazin inverse if and only if (f,g) is Drazin,
ind((f,9)) < 1,and satisfies [DV.1'] ff%f =f and gg?g =g.

PROOF. For (=), by Proposition 7.24.(i), we get that (f, g) is Drazin with ind((f,g)) < 1.
While that (f,g) and its Drazin inverse satisfy [DV.1’] follows Proposition 7.26 that

(f,f%) and (g%g) are binary idempotents. For (<), since by assumption (f,g) is
Drazin (so [DV.2] and [DV.3] hold), and also that [DV.1’] holds, by Lemma 7.25 we
get that (f,g) is a Drazin inverse. m

7.28. BEING DRAZIN IN A DAGGER CATEGORY. In this section, we consider Drazin
inverses in dagger categories. In particular, in the next section we will relate Drazin
inverses to another sort of generalized inverse that arises in dagger categories, called the
Moore-Penrose inverse.

Recall that a dagger category is a category X equipped with a contravariant functor
7 : X — X which is the identity on objects and involutive. Explicitly, this means that
for every map f: A— B, there is a map of dual type ff: B—— A called the adjoint of
f such that (fg)t =g'f1, 1L =14, and f1f = f.
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For a more in-depth introduction to dagger categories, we refer the reader to [17].
There are plenty of examples of dagger categories: in particular, the category of opposing
maps itself is the cofree dagger category of a category [16, Definition 3.1.16]. Thus we
have already secretly been working with dagger categories!

Since the adjoint of an endomorphism is an endomorphism, it makes sense to ask
whether the adjoint of a Drazin endomorphism is Drazin. It turns out that the Drazin
inverse of the adjoint is the adjoint of the Drazin inverse:

7.29. LEMMA. In a dagger category X, if x : A— A is Drazin then xf : A— A is also
Drazin where ()P = (xP)T.

PROOF. Clearly, if x is Drazin in X then z is Drazin in X with P as its Drazin inverse.
Since Drazin inverses are absolute by Proposition 3.13, it follows that z! is Drazin and
(z1)P = (zP)t as desired. "

In a dagger category, for any arbitrary map f : A—— B, we get the opposing pair
(f, f1): A— B, which we call an adjoint opposing pair. When an adjoint opposing
pair (f, fg) is Drazin, it turns out that the Drazin inverse of the map over its adjoint,

that is f /7, is the adjoint of the Drazin inverse of the adjoint over the map:

7.30. LEMMA. In a dagger category X, if (f,f7): A== B has a Drazin inverse then:

D
(i) fI7 = ((ff)g)f and so (f, f1)P is an adjoint pair;
(i) The induced idempotents are f-idempotents, that is, e;ﬂ =eyppr and e;ff =€fif

PRrROOF. (i) If (f, fT) has a Drazin inverse, by Theorem 7.8 (f, f1) is Drazin, so ff! and
f1f are Drazin. Then using Corollary 7.11 and Lemma 7.29, we compute:

D

(N = (FUHPY = (NP = (FIONPF = (F1H)PfH = f7
So ffgT = ((fJf)?)T as desired.

D D
(ii) By Lemma 7.20.(i), we know that e, = (j‘”f)%ffiT and e, = fﬁ(ﬂ)% However by
D D D D
(i), we then get that esp = (fff) [ and epp = f17 (ff*) — which implies that e+
and ey, are -idempotents. [

We can also precisely say when an adjoint opposing pair is the Drazin inverse of
another adjoint opposing pair.

7.31. LEMMA. In a dagger category X, (f, f): A—= B s a Drazin inverse if and only
D
if (f, f1) is Drazin with ind(f, f7) <1 and ffiTf=f.

D
PROOF. For (=), this is immediate from Lemma 7.25. For (<«=), if ffsTf = f, then

D
Lemma 7.30.(i) tell us that the dagger of this identity is precisely fT(f77)Tff = ff. Then
by applying Lemma 7.25, we get that (f, f1) is a Drazin inverse. m
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7.32. THE MOORE-PENROSE INVERSE. The remainder of this section is dedicated to
discussing the relationship between Drazin opposing pairs and Moore-Penrose inverses.
For a more in-depth introduction to Moore-Penrose inverses and examples, we invite the
reader to see [6, 10].

In a dagger category X, a Moore-Penrose inverse [10, Def 2.3] of amap f: A— B
is a map of dual type f°: B—— A such that:

[MP.1] ffof=f;  IMP2] foffo=f [MP3](ff)'=ff [MP4](f°f)'=ff.

Like Drazin inverses, Moore-Penrose inverses are unique [10, Lemma 2.4]. Moreover,
if f has a Moore-Penrose inverse, then so does ff, where ff° = f°f [10, Lemma 2.5.(ii)].
We also observe that having a Moore-Penrose inverse gives a binary idempotent:

7.33. LEMMA. In a dagger category X, if f: A— B has a Moore-Penrose inverse if and
only if (f, f°) is a binary idempotent whose induced idempotents are f-idempotents.

Proor. [MP.1] and [MP.2] ensure that it is a binary idempotent while [MP.3] and
[MP.4] ensure that the induced idempotents are {-idempotents. [

Having a Moore-Penrose inverse can also be characterized in terms of Drazin inverses.
Specifically a map has a Moore-Penrose inverse if and only if its induced adjoint opposing
pair 2s a Drazin inverse.

7.34. THEOREM. In a dagger category X, f: A— B has a Moore-Penrose inverse if and
only if (f,f"): A== B is a Drazin inverse.

Note that being a Drazin inverse is a considerably stronger property than having a
Drazin inverse.

PROOF. For (=), we show that (ff%, (fT)?);: (fe, f°1) satisfies the requirements from
Lemma 7.25.
[DV.1] Using [MP.1], we have:
ST = ftt = Grent= 1
frvf=rrr=r
[DV.2] Using [MP.2], we have:
[T ===
DTFUNT = 1t = (o)t =1 = (7
[DV.3] Using [MP.3] and [MP.4], we have:

D

FF7
frf

FIo=(Ff) = forft = (f1)7 £t
fof=(fent=fiet= (7
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So by Lemma 7.25, (f, f1) is a Drazin inverse. In fact, (f, fT) is Drazin with Drazin
inverse (f°f, f°) and ind(f,g) < 1.

For (<), by Corollary 7.27, (f, f1) is Drazin. So we will show that f° = fJTDT satisfies the
four axioms of a Moore-Penrose inverse. However note that [MP.1] is precisely [DV.1/],
while [MP.2] is precisely [DV.3]. Now for [MP.3], using Lemma 7.30 and [DV.3], we
compute:

(FFo)T = ()Tt = () = (P T T = £ = ff°

While [MP.4] is shown using similar calculations. So we conclude that f has a Moore-
Penrose inverse. ]

In general, while not every map in a dagger category has a Moore-Penrose inverse, for
an adjoint opposing pair which is Drazin, the Drazin inverse of the map over its adjoint
always has a Moore-Penrose inverse.

D

7.35. LEMMA. In a dagger category X, if (f,f7): A—= B s Drazin then fi7 has a
D \° D
Moore-Penrose inverse, where (fff) =ffiTf.

D D
PRrROOF. If (f, f1) is Drazin, by Lemma 7.30.(i), we have that (f77,(fs7)") is its Drazin
D D
inverse. In other words, using Lemma 7.12, we get that ((f77)f, f77) is the Drazin inverse
D

of the adjoint opposing pair (ff, f). Then by Theorem 7.34, f77 has a Moore-Penrose
D \° D
inverse given by (ffT) =ffirf. n

Now a Moore-Penrose dagger category [10, Def 2.3] is a dagger category such
that every map has a Moore-Penrose inverse. Then by Theorem 7.34, we obtain a novel
equivalent description of when a dagger category is Moore-Penrose.

7.36. COROLLARY. A dagger category X is Moore-Penrose if and only if every adjoint
opposing pair s a Drazin inverse.

7.37. WHEN MOORE-PENROSE 1S DRAZIN. We conclude with the natural question of
when the Drazin inverse and Moore-Penrose inverse coincide. For complex square matri-
ces, this happens precisely when the matrix is an EP matrix [6, Thm 7.3.4], which means
that it commutes with its Moore-Penrose inverse [6, Def 4.3.1]. Here we show that the
same holds true in an arbitrary dagger category.

7.38. DEFINITION. In a dagger category X, a map f: A— B is said to be EP if it has
a Moore-Penrose inverse and it commutes with it, that is, ff° = f°f.

7.39. DEFINITION. In a dagger category X, an endomorphism x : A— A is said to be
Moore-Penrose-Drazin if x is Drazin such that its Drazin inverse is also its Moore-
Penrose inverse, xP = z°.
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7.40. THEOREM. In a dagger category X, for an endomorphism x : A— A, the following
are equivalent:

(i) x is Moore-Penrose-Drazin,
(11) x is Drazin with ind(z) <1 and the induced idempotent e, is a f-idempotent;
(i11) x is EP.
PRrROOF. For (i) = (ii), by definition x is Drazin. Using [DV.3] and [MP.1], we compute:

22aP = xaxx? = xaPr=axx’r =2

So ind(z) < 1. Now using [MP.3], we compute that:
el = (xaP)' = (z2°)T = 22° = ¢,

So e; is a f-idempotent.

For (ii) = (iii), we show that P satisfies the four Moore-Penrose inverse axioms.
However, note that since ind(x) < 1, 2P is a group inverse of z. Then [MP.1] and [MP.2]
are precisely the same as [G.1] and [G.2] respectively. Now since e} is a f-idempotent,
meaning e} = e,, which gives us precisely that (z2P)t = 2P and (zPx)t = 2Pz, which are
[MP.3] and [MP.4]. So z° = z? is a Moore-Penrose inverse of =, and by [D.3], we also
have that zz° = 2°x.

For (iii) = (i), we show that setting P = z° satisfies the three group inverse axioms.
However, note that [G.1] and [G.2] are the same as [MP.1] and [MP.2]. While [G.3]
is precisely the extra assumption xz° = x°z. So x° is a group inverse of x, which implies
that x is Drazin, whose Drazin inverse is its Moore-Penrose inverse. Thus, z is Moore-
Penrose-Drazin as desired. ]

In particular, for any map with a Moore-Penrose inverse, we always get two Moore-
Penrose-Drazin endomorphisms.

7.41. LEMMA. In a dagger category X, if f: A— B has a Moore-Penrose inverse, then
fff and ftf are Moore-Penrose-Drazin.

PROOF. By Theorem 7.34 and Corollary 7.27, (f, f) is Drazin with ind(f, f1) <1, which
tells us that ffT and fTf are Drazin with ind(ff1) <1 and ind(fTf) <1 (where the index
inequalities comes from the proof of Theorem 7.8). While Lemma 7.30.(ii) tells us that
eppt and es st are f-idempotents. So by Lemma 7.40, we conclude that ff1 and f1f are
Moore-Penrose-Drazin. [
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