Theory and Applications of Categories, Vol. 44, No. 16, 2025, pp. 439-473.

AN ENRICHED SMALL OBJECT ARGUMENT OVER A
COFIBRANTLY GENERATED BASE

JAN JURKA

ABSTRACT. The small object argument is a method for transfinitely constructing weak
factorization systems originally motivated by homotopy theory. We establish a variant
of the small object argument that is enriched over a cofibrantly generated weak fac-
torization system. This enriched variant of the small object argument subsumes the
ordinary small object argument for categories and also certain variants of the small ob-
ject argument for 2-categories, (2,1)-categories, dg-categories and simplicially enriched
categories.

1. Introduction

Quillen [Qui67] introduced a way of transfinitely constructing weak factorization systems,
dubbed the small object argument. The original motivation for the argument comes from
the theory of model categories, which is a categorical approach to homotopy theory.
Moreover, later on various variants of the small object argument ([AR94, 1.37], [Gar09],
[Riel4, 13.2.1]) became an important tool in category theory itself and also in other areas
of mathematics such as model theory due to the connection between the argument and
ubiquitous notions of injectivity and orthogonality.

Enriched category theory is part of category theory that deals with “categories” in
which hom-sets are not necessarily simply sets anymore, but instead they are objects in
some monoidal category (a base of enrichment). It is the purpose of this paper to find
a variant of the small object argument in the context of enriched category theory. The
enrichment will be over a cofibrantly generated weak factorization system. As special cases
we obtain the classical 1-categorical small object argument for weak factorization systems,
the 1-categorical small object argument for orthogonal factorization systems, and certain
variants of the small object argument for 2-categories, (2,1)-categories, dg-categories and
simplicially enriched categories.

The basic idea of the construction is as follows. Recall that a morphism f: A— B
is said to have the left lifting property with respect to a morphism k: C'— D, which we
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denote f M k, if for each commutative square

A——C

Nt

there exists a diagonal d: B— C making the two triangles below commute.

A——>C

fl%lk

Given a V-enriched category K, there is an object Sq(f, k) in V (of “squares connecting f
to k) for each pair of morphisms f: A—B, k: C—D from the underlying category Ko,
and this makes the category of morphisms in the underlying category of IC a V-category
with Sq(f, k) serving as a hom-object. The object Sq(f, k) can be viewed as a pullback of
K(f,D), K(A, k), which leads to an induced map (f, k): K(B,C)—=Sq(f, k). This map
is an isomorphism if and only if f has the left lifting property with respect to k in the
enriched sense (explicitly defined in [LW14], implicitly defined in [Day74]). Generalizing
this, given a class J of morphisms in V), asking that each morphism from J has an
ordinary left lifting property with respect to (f, k) encodes a form of an enriched left
lifting property of f with respect to k that is relative to J. Our variant of the small
object argument then involves an enriched category K, a base of enrichment V), a class
J of morphisms in V), and a class Z of morphisms in Ky. In order to perform the small
object argument, we find suitable conditions on IC, V, J, and Z, and show that the small
object argument can be performed under these conditions.

In the ordinary 1-categorical small object argument, one constructs the first morphism
in the factorization by taking a (nested) transfinite composite of pushouts of morphisms
from Z, and the second morphism in the factorization by using the universal property of
a transfinite composite. In our enriched variant of the small object argument we replace
pushouts by “copowered pushouts”, which are relative to each morphism in J. As a
consequence of that, in each step of the transfinite construction we use |7 |-many different
kinds of “pushouts” and this is done by cycling through 7.

The paper is organized in the following way: In the second section we recall some
preliminaries, in the third section we mention an associativity of certain copowers that
we use in the small object argument, in the fourth section we apply the associativity
from the previous section to the enriched category of arrows, in the fifth section we define
the needed notions such as enriched liftings, in the sixth section we prove the required
stability properties, in the seventh section we prove a factorization lemma in the cate-
gory of morphisms, and in the eighth section we finally perform the small object argument.

Acknowledgements. I would like to thank my doctoral advisor John Bourke for sug-
gesting to me an interesting topic to investigate, for many fruitful discussions, for carefully
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reading drafts of the paper, and for many helpful suggestions on how to improve presenta-
tion. I am also grateful to the anonymous referee for many suggestions which substantially
improved the presentation. Furthermore, I would like to thank Simon Henry for a helpful
discussion on the broad picture of enriched small object arguments, and Nathanael Arkor
for telling me about locally graded categories.

2. Preliminaries
In this short section we recall some well-known preliminary notions.

2.1. DEFINITION. For a class J of morphisms in a category, "J denotes the class of all
morphisms that have the left lifting property with respect to all morphisms from J and
JM denotes the class of all morphisms that have the right lifting property with respect to
all morphisms from J. For the definition of J" recall that a morphism k is said to have
the right lifting property with respect to a morphism f if f k.

2.2. DEFINITION. A weak prefactorization system .# = (£, %) is a pair of classes of
morphisms in a category such that L™ = % and £ ="%.
Furthermore, a weak prefactorization system % is called a weak factorization system
if for each morphism f there exists a pair of morphisms g € £, h € Z such that f = h-g.
Moreover, a weak factorization system % is said to be cofibrantly generated if there
exists a set J of morphisms such that # = J".

2.3. DEFINITION. Suppose that \ is an ordinal and C is a category that has colimits that
are indexed by ordinals v < X\. Then a A-sequence D: A\—=C is a functor such that for
all limit ordinals o < X\ the induced morphism colimg., DB — Da is an isomorphism.
Furthermore, we call the colimit injection D0 — colim D the transfinite composition of
the A-sequence D.

2.4. REMARK. If (£, Z) is a weak prefactorization system, then it is well-known and
easy to see that Z is stable under pullbacks, transfinite cocomposites, and isomorphisms,
and dually .Z is stable under pushouts, transfinite composites, and isomorphisms. In
particular, both classes are stable under binary composites.

2.5. REMARK. If a functor F': C — D between categories is left adjoint to a functor
G: D—C, then the following equivalence holds for all morphisms f in C, g in D:

F(f) Mg if and only if f h G(g).

3. Copowers in categories of V-functors

Throughout the paper we will assume that V = (Vy, ®, 1) is a cosmos, i.e. a bicomplete
symmetric monoidal closed category, and that I is a V-category. Furthermore, in this
section we will assume that K is a copowered V-category admitting coends of the form
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(1). For objects V in V and K in K we will denote the copower by V' ® K. Recall that V
is a copowered V-category in which copowers U ® V' are given by the monoidal product
U ® V', and hence from now on we will use the copower notation instead of the monoidal
notation.

Let A be a small monoidal V-category. We are going to show that the underlying cate-
gory [A, K]o of the V-category [A, K] of V-functors A—=K is a copowered [A, V]-category.
This is a quite straightforward consequence of the theory of enriched actegories, and it
is the purpose of this section to explain this. Given two V-categories £ and £ we will
denote by L ® L' their tensor product [Kel05, p. 12]. Given two V-functors F,G: A—=V,
denote by F'® G the composite

Ao A 2% vyeoy 2.y

and by m: A ® A— A the monoidal product on A. Recall that the Day convolution
FxG: A—YV is defined [Day70, (3.1)] by:

a,bec A
(F+G)(z) = / (A(m(a,b),z) ® F(a)) ® G(b),

and can be characterized [MMSS01, Definition 21.4] as the V-functor part of the left Kan
extension of F'® G along m. Furthermore, recall that the Day convolution is a monoidal
product on the V-category [A, V], which follows from [Day70, Theorem 3.3]. Given a
V-functor X : A— K, we define the V-functor F x X: A— K by:

a,bec A
(F  X)(2) = / (A(m(a,b),z) ® F(a)) ® X(b), (1)

and again F'*x X can be equivalently characterized as the V-functor part of the left Kan

extension of

FOX: - Ao A 25 vyeork 25 K

along m. Note that this is a notion analogous to the Day convolution where we now use
copowers in K instead of the monoidal product in V.

3.1. DEFINITION. Suppose that (M, *, 1) is a monoidal V-category. A left M-actegory
is a V-category L equipped with a V-functor x: M & L — L together with V-natural
1somorphisms

aMﬁN,L:M*(N*L)i(M*MN)*L,
A I+ L5 L

satisfying coherence conditions [JKO01, (1.1), (1.2), (1.8)].
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3.2. PROPOSITION. Suppose that V' is a cosmos and IC is a copowered V-category admit-
ting coends of the form (1). Then

(i) the V-category [A, K] is a left A, V]-actegory such that the action on a fized object
of [A, K] always has a right adjoint, and

(1) the category [A, K]y is a copowered [A,V]-category.

PROOF. In the proof we omit the verification of coherence conditions, since it is not needed
for the purposes of our small object argument. We begin by proving the first part of the
theorem, the second part will then be a corollary of the first part.

Let F,G: A—V, X: A—K be V-functors. The action on |A, K] that we are looking
for is * from Definition (1). First we will show associativity of the action, i.e. that

(F+xG)x X =2 Fx*x(GxX). (2)

We will decorate isomorphisms that follow from the Yoneda Lemma by ). We have the
following chain of isomorphisms:

a,be A
(F*G)# X)(a) :/ (A(m(a,b),2) & (F  G)(a)) © X (b)

/ e (Alm(a,b),2) @ ( / e (A(m(e, d),a) © F(c) ©G(d)) ) @ X (b)
a,b,c,deA
(A(m(a ), ) ®
(((Alm(a,b),2) © A(m(c,d), a) © F(c) © G(d)) © X(b)
((Awm(m(c,d),b)

((Alm(e;m(d, b)), 2) © F(e) © G(d)) © X(b)

a,b,c,de A

I

0),2) © ((A(m(e, ). a) ® F(e) © G(d)) ) © X(b)

a,b,c,de A

1

b,c,de A

&2

mle,d),b),2) ® F(e)) ® G(d)) © X(b)

b,c,deA

R

(((AGm(c,0),2) © A(m(d,b), a)) © F()) © G(d)) © X ()

a,b,c,deA

I

(A(m(e,a),2) ® F(e)) © ((A(m(d,b),a) © G(d)) © X (b))

c,ac A

1%

12
— e S S S S

d,be A
(A(m(c,a),7) ® F(c)) ® ( / (A(m(d,b),a) © G(d)) © X(b))

c,acA

(A(m(c,a),2) © F(c)) © (G * X)(a)
= (F*(GxX))(x).

Note that the eighth line in the chain above uses the symmetry of the monoidal product
in V.
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Denote by ¢ the unit object of A. We will show that A(i,—): A—V is the unit of
the action *. This can be done in an analogous way as showing associativity by using
the coend definition of the action *, however we will show it by using the Kan extension
characterization of the action x:

[AKJ(AG,—) * X,Y) 2 [A® A K](AG, —) © X,Y -m)

12

bEA/c(A(z', a) ® X(b),Y (m(a,b)))

/&bEA V(A(z’, a), K(X(b),Y (m(a, b))))

I

e

[ K. i)
be A

=~ [ K(x0). Y ()
be A
= [A KX, Y),
and thus A(i, —) * X = X by the Yoneda Lemma. If XY : A—K are V-functors, define
V)= [ KXY (=) 3)
ac

In order to finish the proof, we will show that (X, —): [A, K]—=[A, V] is a right adjoint
to —x X: [A,V]—[A,K]. Indeed,

[A,IC](F*X,Y):/ K((F  X)(c), Y (6))

ceA

a,be A
g/CEA/c(/ (A(m(a,b),c) ® F(a)) @X(b),Y(c))
= [ v(Atn(ab).0 © Fl). KX (1), Y ()
a,b,ce A
~ / v(F(a),v(A(m(a,b),c>,lC(X(b),Y<c))))
a,b,ce A
=/ (F. /b’CGAV(A(m(a, 1), ). K(X(0).Y(0))))

2 LEAV(F(a),/beA/c(X(b),Y(m(a,b))D

- [ v xw)
=~ [AV](F, (X,Y)).

By [JKO1, 6. Appendix on tensored V-categories], the second part of the theorem follows
from the first part. We remark that copowers are given by the action * from Definition
(1) and the hom-object for X, Y : A— K is given by (X,Y’) from Definition (3). "
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3.3. REMARK. When V = Set with the cartesian monoidal structure, the enrichment
of [A,K]o over [A,Set] has been described by McDermott and Uustalu [MU22]. They
describe the enrichment directly in [MU22, Definition 10| using the language of locally
A-graded categories, which are an elementary formulation of [A, Set]-enriched categories
due to Wood [Woo76, Theorem 1.6]. For our purposes, the case of general V and the
copowers are essential.

4. The enriched category of arrows

We now specialise the results from the previous section to A = 2, where 2 is the free
V-category on the category with two objects 0,1 and a single non-identity morphism
0—1. Recall that this free V-category has as hom-objects the initial object and the unit
object if the corresponding hom-sets are the empty set and the singleton, respectively.
Furthermore, 2 can be equipped with the cartesian monoidal product m, which is given
on objects z,y € 2 by the formula m(z,y) := min(z,y).

As usual, we identify V with the underlying category of the V-category V. Then [2, V]
and [2, K] are the V-categories of morphisms in V, and Ky, respectively.

The fact that the category [2, K]o is a copowered [2, V]-category (i.e. part (ii) of Propo-
sition 3.2 for A = 2) and the explicit description of copowers and hom-objects appears in
[Sub21, 4.1.5] (note that this reference includes a local presentability assumption, which
we do not assume).

Hom-objects in [2, K] as a V-category are given by Sq(f, k) from the following defini-
tion.

4.1. DEFINITION. For each pair of morphisms f: A—B, k: C—D in Ky, define
Sq(f, k) to be the object of squares connecting f to k, i.e. the pullback-object in the
following pullback square.

Sq(f. k) —2—= K(A,0)

pzl lIC(A,k)

K(B, D) 557 K(A, D)

Note that since [2,K] is a V-category, we have the associated Vy-valued hom-functor
Sq(—, —): [2,K]? x [2,K]o—= Vo, and so in particular Sq(—,k): [2,K]" — Vo for a
morphism k in Ky. We will make heavy use of this in what follows, and so now record its
explicit description. If

A2 K

fl lf’

is a commutative square, i.e. a morphism (g,g'): f—=f" in [2,K]o, then there is a unique
morphism Sq((g, '), k): Sq(f’, k) —=Sq(f, k) in Vo that makes the two top squares in the
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following diagram commute, since (p1,p2) is a pullback.

4.2.

(1)

K(K,C) «“— Sq(f', k) —2 K(L, D)
iC(ng)l i Sa((g,9") k) l’C(g’,D)

K(M AD)
K(A, D)

EXAMPLES.

In the case V = Set, where Set is the monoidal category of sets in which the monoidal
structure is given by the cartesian product, we get that K is a category. The elements
of Sq(f, k) are commutative squares in K of the form:

A—L—C

fl lk (4)

We will call each such square a commutative (f, k)-square.

Suppose that ¥V = Cat, where Cat is the monoidal category of categories in which
the monoidal structure is given by the cartesian product. This means that K is a
2-category. Then the objects of Sq(f,k) are commutative (f,k)-squares, and the
morphisms in Sq(f, k) are pairs 0: r = 1/, ': s = s’ of 2-cells such that kx0 = 0"« f.

If V = Grpd, where Grpd is the monoidal category of groupoids in which the
monoidal structure is given by the cartesian product, then that means that I is
a (2,1)-category. The objects of Sq(f, k) are commutative (f,k)-squares, and the
morphisms in Sq(f, k) are pairs 0: r = ', 0': s = ' of invertible 2-cells such that
kx0=10"xf.

Suppose that V = Ch, where Ch is the monoidal category of chain complexes of
left R-modules over a ring R in which the monoidal structure is given by the tensor
product of chain complexes. This means that K is a dg-category and Sq(f,k) is a
chain complex

an 2 871 1 n Bn_l
2 Sq(f. k) = Sa(f K~ Sq(fK)uy =
whose n-th degree elements are pairs (r,s) € K(A,C), x K(B, D), that satisfy

k-r=s-fekK(A D), Theequality 0,(r,s) = (0n(r), 0x(s)) defines differentials on
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(5) In the case ¥V = SSet, where SSet is the monoidal category of simplicial sets
with monoidal structure given by the pointwise cartesian product, we get that IC
is a simplicially enriched category and Sq(f, k) is a simplicial set whose n-simplices
are pairs (r,t) € K(A,C), x K(B,D), such that k-r=t-f € K(A,D),. Face
maps and degeneracy maps on Sq(f, k) are defined by d;(r,t) = (d;(r),d;(t)) and
si(r,t) = (s;(r), s;(t)), respectively.

In the remainder of this section we will assume that K is a copowered V-category
admitting pushouts of the form dom(u O f) from the following definition.

4.3. DEFINITION. Suppose that u: U —=V is a morphism in Vy and f: A— B is a
morphism in Ky. Then v O f: dom(u O f)—=V ® B is the induced morphism depicted
in the following diagram, where (i1,i3) is a pushout of U ® f and u ® A.

vof

UoA »UOB
/

u®A dom(u O f) u®B
ulf Sy

VoA Vo >V OB

4.4. REMARK. Proposition 3.2 gives us that the category [2, K]y of morphisms in Ky is
a copowered [2, V]-category whose copower action x* is given by [J from Definition 4.3.

4.5. REMARK. The existence of coends of the form (1) is equivalent to the existence of
pushouts of the form dom(u O f) from Definition 4.3, since for A = 2 these coends are
of the form (5). The fact that [J is the copower action * follows from the formula

wen@ = [ @onla.b).0) o u(a) © 1) )

4.6. REMARK. Since V is a copowered V-category, it makes sense to also consider Sq(u, v)
and v [ v for morphisms u, v in V.

Now from Equation (2) we obtain
vO@O )= EDwO f, (6)

which will be useful for the purposes of our small object argument. Moreover, the
hom-object (f, k) for [2, K] as a [2, V]-enriched category becomes (f, k) from the following
definition, which will later be used to express enriched lifting properties.
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4.7. DEFINITION. Suppose that f: A— B, k: C — D are morphisms in Ky. Then
define (f, k): KK(B,C)—=Sq(f, k) to be the induced morphism depicted below.

K(B,C)

K(£,0)

\ﬁsq( f k) —5 K(A,0) (7)

le l}C (Ak)

K(B, D) 575t K(4, D)

4.8. REMARK. We will denote by —* the bijective correspondence assigning to each mor-
phism U —K(A, B) in Vy a morphism U ® A— B in Ky, and by —, its inverse.

4.9. REMARK. The fact that (f, k) is the hom-object for [2, K] as a [2, V]-enriched cat-
egory follows from the functor — O f: [2,V]o —[2, K]y being left adjoint to the functor
(f,—):[2,K]o—=[2,V]o and the uniqueness of right adjoints. The adjunction is given as
follows, in both cases given a commutative square on the left we obtain the commutative
square on the right:

(w,(p1-v)7)

U —"— K(B,C) dom(uv O f) ———='C
ul l(f,k) uﬂfl k
and '
dom(u O f) —L— C U kB, 0)
VoB T> D |4 (Gia)eh) Sq(f, kf)

5. Enriched lifting properties

From now on in the paper we will assume that the cosmos V is equipped with a weak
prefactorization system % = (£, %) on V,. The purpose of this section is to define basic
notions needed for our small object argument: Enriched lifting properties, enriched weak
factorization systems, and the notion of a class of morphisms in V, being stable under
corners.

5.1. DEFINITION. Suppose that f: A—= B, k: C— D are morphisms in KCy. Then we

F
write f ik if (f, k) € Z, where (f,k): K(B,C)—=Sq(f, k) is the induced morphism
from Definition 4.7.
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F
Furthermore, if f Mk, then we say that [ has the left Z-lifting property with respect

to k, or equivalently that k has the right .%-lifting property with respect to f. Moreover,
if T is a class of morphisms in KCy, then we define

z F
" ={ke€[2,K]|VfeT: fhk},
HofI:: {f€2,K]|VkeI: fﬁ?k}

5.2. EXAMPLES.

(1)

In the case V = Set, .# = (injective, surjective), we capture the ordinary (weak)
7
M

lifting property, i.e. f m k iff f M k. Note that .# is cofibrantly generated by

J =A{u: )—1}.
If we instead choose the following J = {u: ) —1,v: 2— 1} we capture the strong

lifting property in which the diagonal is required to be unique because .# becomes
(all functions, bijections).

Suppose that V = Cat, .# = (injective on objects, surjective equivalences). Then

f rI/w k iff (f, k) is a surjective equivalence, which happens iff for each pair of 1-cells
r: A—C, s: B— D satisfying k-r = s f there exists a diagonal d: B—C such
that d-f = r, k-d = s, and furthermore if d,d’': B—C are 1-cells,and 0: d-f = d'- f,
0. k-d=k-d are 2-cells such that k * 0 = 6 % f, then there exists a unique 2-cell
¢:d = d such that px f =0 and k x ¢ = #'. Note that .% is cofibrantly generated
by J ={u: 0—1,v: 2—=2,w: 2'—2}, where 2 is the discrete category with two
objects, 2 is the category with two objects 0,1 and a single non-identity morphism
0—1, and 2’ is the two-object category with two objects 0,1 and two non-identity
morphisms 0 —1.

We remark that .Z#-liftings offer a lot of flexibility in specification: For example if we
want to get rid of the uniqueness assumption on the 2-cell ¢ we can simply omit w
from J.

If V = Grpd, % = (injective on objects, surjective equivalences), then the .Z-lifting
property is almost the same as in Example (2) with the only difference being that all
the 2-cells are invertible. Note that the weak factorization system .# is cofibrantly
generated by the set J = {u: 0 —1,v: 2—2,,w: 2/ —2,} that is almost the
same as in Example (2) with the only difference being that to each non-invertible mor-
phism in 2 and 2’ we freely add its inverse, and in this way we obtain the groupoidal
reflections 2, and 2.

If V = Ch, then we can choose J = {S" ' — D" |n € Z}, # = ("(J"), TN,

F
in which case f th k if and only if (f, k) is a surjective quasi-isomorphism. See
[Hov99, Proposition 2.3.4, Proposition 2.3.5].
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Suppose that V = SSet and let J = {0A" — A" | n > 0}, F = ("(J"),J"). Then
F
f ik iff (f k) is both a Kan fibration and a weak homotopy equivalence.

In this example we will show that the enriched lifting property in [LW14] can be
obtained as an .#-lifting property. Consider .# = (all maps, isomorphisms), which is

F
obviously a weak factorization system on Vy. Then f M k iff (f, k) is an isomorphism.

Now we will show that under some assumptions on V, we can cofibrantly generate
the weak factorization system .%#. Assume that A is a regular cardinal and V, is
a locally A-presentable category with a set V), of A-presentable objects that form a
strong generator. Consider

T =Auy: 0—V|VeW,}U{Vy: V+V—=V |V eV}

where () is the initial object and Vy = (idy,idy). Since V, is a strong generator, a
morphism v in V, is an isomorphism iff Vy(V,v) is an isomorphism in Set for each
V € V,. Now it suffices to notice that uy th v iff Vo(V,v) is surjective, and Vy h v iff
Vo(V,v) is injective.

Suppose that Z is the class of split epimorphisms in Vy and .Z is the class of retracts
of binary coproduct injections in Vy. By [RT07, Proposition 2.6], . = (£, %) is a
weak factorization system. Then the .Z-lifting property coincides with the V-enriched
lifting property in the sense of [Riel4, Definition 13.3.1]. Finally, we remark that
all the previous examples were cofibrantly generated, whereas this example is not
necessarily cofibrantly generated.

. DEFINITION. An enriched weak .Z-factorization system on K is a pair (L,R) of

classes of morphisms in ICy such that each morphism h: A—=B in Ky has a factorization

F F
h=g-f suchthat f € L, g € R, and furthermore L= "R, R = L™.

5.4

. DEFINITION. We say that a class . of morphisms in V, is stable under corners if

whenever u,v € ., then w Jv € 7. (Recall Remark 4.6.)

In the remainder of this section we will assume that I is a copowered V-category

admitting pushouts of the form dom(u [J f) from Definition 4.3.

5.5

. REMARK. The following equivalence holds:

w (f, k) if and only if w O f i k,

where v is a morphism in Vy and f, k£ are morphisms in Ky. Indeed, this follows from
Remark 2.5 and Remark 4.9.

5.6

. REMARK. From Remark 5.5 we immediately conclude that for all morphisms f, &

in ICy the following equivalence holds:

F
w O f ik holds for all uw € . if and only if f M k.
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5.7. LEMMA. Suppose that J is a class of morphisms in Vy, and that the following im-

plication holds:
If up,ug € J, then uy O ug is in m(Jﬁ”).

Then ™(J™M) is stable under corners.

PROOF. Suppose that u; € "(JM), uy € J, v € J". By assumption we know that for
each v € J: u O uy h v, which is equivalent to u M (uy,v) by Remark 5.5. Since this
holds for all u € J, we get that u; th (us,v), and thus uy O us h v.

Now suppose that u; € "(J™), us € "(JM), v € J". By the previous paragraph, we
know that for each v € J: wy O u h v, which is equivalent to u M (u;,v) by Remark 5.5.
Since this holds for all u € J, we get that uy h (uy,v), and thus u; O us M v. Note that
we used the symmetry of the monoidal structure on V. [

5.8. REMARK. Stability under corners forms part of the definition of a monoidal model
category [Hov99, Definition 4.2.6], and thus cofibrations and trivial cofibrations in a
monoidal model category are stable under corners. The definition of a monoidal model
category also involves a unit condition, and for our purposes of the enriched small object
argument we do not need to assume any kind of a unit condition. However, the follow-
ing interesting proposition characterizing self-enrichment of weak factorization systems in
terms of a unit condition was suggested to the author by the anonymous referee.

5.9. PROPOSITION. Suppose that £ is stable under corners. Then F is an enriched
weak F -factorization system on V if and only if \;: ) —= I belongs to L.

PROOF. Suppose that |; € Z. We know that " = #Z, ¥ = "%, and we want to show
F F
that & = "%, # = £". We will show the first equality, the verification of the second

z
equality is analogous. Suppose that v € "%, ie. for al w € Z, v € £: v O v th w.
Thus in particular !; (0 v h w. Now it suffices to notice that !; 0 v = v and we conclude

F
"% C £. Suppose that v € Z. We want to show that « D v hw for all u € £, w € Z.
This in fact follows immediately from stability of . under corners, and thus we conclude

F
that & C "%.
On the other hand, suppose that .# is an enriched weak .%-factorization system on V.
We will show that !; € .Z. We know that uw h w for all u € ., w € #Z. Since u 0 !; = u,

z
we obtain w O !; M w for all uw € £, w € Z. Using £ = "%, we conclude |; € Z. n

6. Stability properties

Here we establish the stability properties that are required in order to conclude that our
small object argument generates an enriched weak .#-factorization system. Throughout
the section we will assume that Z is a class of morphisms in Ky. We will be considering
pushouts and transfinite composites in K as a V-category: This means colimits in /g that
are sent by each representable functor K(—, K): Kg° —=V, to a limit in V.
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F
6.1. PROPOSITION. The class "7 is stable under pushouts in K.

PROOF. Suppose that the following square is a pushout in K.

A2 K

fl lf’

g

F

F
We will show that if f € "Z, then f' € "Z.
Let k: C'—= D be in Z. We have induced morphisms (f, k), (f', k) in the notation
of Definition 4.7. By assumption, (f,k) € #Z. We want to show that (f' k) € Z
Recalling Definition 4.1, there exists a morphism Sq((g,¢'), k): Sq(f’, k) —=Sq(f, k) such
that p1 - Sq((g,9'),k) = K(g,C) - p| and py - Sq((g9,9'),k) = K(¢', D) - py. Now we will
show that the square

K(L,0) 299 kB, o)

(f’Je)l l<f7k>

Sq(f/ )—> (f7 )

a((g,9")
is a pullback and this will finish the proof because Z is stable under pullbacks.
Consider the following rectangle.

Sa(f', k) — K(L, D) 22 (B, D)

pal l’C(f’,D) l/C(f,D)

K(K.C) e KUK D) st K(A, D)

The left square is a pullback by definition of Sq(f’,k). The right square is a pullback,
since KC(—, D): Kg? —= V), preserves limits in K£°P. Thus, the rectangle is a pullback by
the pasting law for pullbacks.

Now consider the following rectangle.

Sq(f/’ k) Sa((g,9"),k) Sq(f, kf) p2 ’C(B, D)

p'll lpl l’C(f,D)

K(K,C) = K(A,C) <57 K(A, D)

The right square is a pullback by definition of Sq(f, k), and the rectangle is a pullback,
since ps - Sq((gag/)7 k) = IC(g/a D) ’ p,2 and K(Av k) ) ’C(g7 C) = K(ga D) ’ }C(K> k) Hence,
by using the pasting law, we get that the left square in the rectangle is a pullback too.
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Finally, consider the following rectangle.

K(L,C) L5, sq(f, k) —2 K(K, )
’C(g’,C)l lsq((g,g’%k) l’C(be)

The right square was shown above to be a pullback. Moreover, the rectangle is a pullback
because by composing the horizontal sides we get the square

K(L,C) "9 k(i 0)

/C(g’ﬁC)l l’C(QC)

K(B,C) a1 K(A,C)

and this square is a pullback, since KC(—, C): Kg°—=)V, preserves limits in K°P. Therefore,
from the pasting law, we conclude that the left square in the rectangle is a pullback. =

F
6.2. PROPOSITION. The class "I is stable under transfinite compositions in K.

PROOF. Suppose that o« > 0 is an ordinal. We will show that if fggi1: Ag — Agi,
B < a, are morphisms coming from a functor A_: oe—K; such that each fz .1 belongs

F
to "Z, and for each limit ordinal v < a the induced morphism 4. : colims.., A5 —= A, is
an isomorphism, then their transfinite composition fy,: Ag — A, = colimg, Ag also

F
belongs to 7.
The proof is by transfinite induction.

F F
Base Case: If a = 1, then the statement clearly holds: fo; € ™Z implies that f5, € "Z.
Successor Step: Suppose that @« = e +1 > 1 and that the result holds for all non-
zero ordinals less than «. By inductive hypothesis we know that fy.: Ag — Ac belongs

F

o "Z. Let k: C — D be in Z. To simplify notation, denote A = Ay, A := A,
B = A,, [ = foe, [' = feer1. Note that fy, = f' - f. We have induced morphisms
(f, k), (f', k), (f' - f, k) from Definition 4.7 whose respective pullback projections will
be denoted p;, p;, p!, where i € {1,2}. We know that (f k) € Z, (f', k) € Z, and
we want to show that (f' - f,k) € #. Recalling Definition 4.1, we have a morphism
Sa((f.idp), k): Sa(f’, k) —=Sq(f" - f, k) such that py - Sq((f,idp), k) = K(f,C) - p} and
Py -Sq((f,idg), k) = p4, and also a morphism Sq((id, f'), k): Sq(f’- f, k)—=Sq(f, k) such
that po - Sq((ida, f'), k) = K(f', D) - p§ and py - Sq((ida, f’), k) = p{. Now note that

py - Sa((f,idg) k) - (f', k) = py - (f', k) = K(B, k) = p5 - (f"- [, k)
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and

K(f' - 1.0)
Therefore (f' - f, k) = Sq((f,idg), k) - (f’, k), since (p{,p5) is a pullback. We will show

that Sq((f,idg), k) € Z and this will finish the proof of the successor step, since Z is
stable under compositions. In order to do that, we will show that the square

Sq(fla k) p—l1> ,C(Al> C)
Sq((fuidB)JC)l l<f7k>

%

ida,f).k
is a pullback and this will imply Sq((f,idg), k) € Z, since Z is stable under pullbacks.
Indeed, the following diagram commutes.

Sq(f', k) —As KA, 0)
Sq«f,idB),k)l l<f7k>
Sa(f'- £, k) D Sq( . k) — K(4,C)

pg{l lpz lIC(A,k)

!/
K(B,D) <7D K(A’, D) <G K(A, D)

Moreover, the horizontal rectangle is a pullback and the right square in the horizontal
rectangle is a pullback, thus, by the pasting law, the left square in the horizontal rectangle
is a pullback. Finally, the vertical rectangle is a pullback and the bottom square in the
vertical rectangle is a pullback, hence, by the pasting law, the top square in the vertical
rectangle is a pullback.

Limit Step: Suppose that o > 0 is a limit ordinal such that the result holds for all
non-zero ordinals less than «. Let k: C'— D be in Z. We know that for each § < « the
induced morphism (fz 541, k) from the following diagram belongs to Z.

K(Ap41,0) .
N . .
\<.fﬁ,5+1,k‘> (f8,6+1:C)
~A
K(Agt1,k) SQ(f,B,ﬂH, k) W /C(Aﬁ, C)

P
lpg’ﬂ“ l’C(A/%k)

K(Ag+1, D)Km)K(Aﬁ, D)
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Let (fga: Ag— Aa)s<a be a colimit of the diagram {fs s11: Ag—= A1 | B < a}. For
simplicity, we will write the diagram as follows.

Then ((fs.a,ida,): fa.a —=1d4, )s<a is a colimit of the following diagram in [2, K], since
it is a colimit in each component.

fo,1 fi,2 f2,3 f3,4

AO >A1 >A2 )Ag > e

fO,al fl,al f2,al fS,Ql

\ \ \ \
N 7 N 7 . 7 N 7
ida,, o ida,, o id 4, o ida,,

(67

Recall from Definition 4.1 that [2, K] is a V-category with Sq(g, h) being the hom-object
for each pair g, h € [2,K]. Thus,

(Sq((fﬁ,ow idAa)? k) : Sq(idAav k) - Sq(fﬁ@v k))g<a

is a limit of the diagram

q((fo,1,idag ),k) q((f1,2,idag ),k a((f2,3,idag ),k)
% PR

(fOOév ) (flom ) (f2a7 )

in Vy because Sq(—, k): [2, K]g” —Vp preserves limits in [2, K]°P. Also, note that there
exists an isomorphism ¢: C(A,, C)—=Sq(id,,, k) that makes the following diagram com-
mute because the second component is uniquely determined by the first component via
composition with k.

K(A,, C)
ldx(y l \Aa,

IC(AQ,O) <p—1 SQ(ldAa,k> T) IC(AO“D)

Thus, the transfinite cocomposition Sq((fo.a,ida,),k): Sq(ida,, k) —= Sa(fo.a, k) is iso-
morphic to a morphism Sq((fo.a,ida, ), k) - t: K(Aa, C)—=Sq(fo.a: k), and this morphism
is the induced map (fya, k) in the following diagram by the uniqueness of the induced
map.

K(A,, C)

N

N\, Salfoar k) == K(4y,C)

Py
l,,g,a l’C(AoJf)

K(A,, D) K—>(f0’mD)IC(A0, D)
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Indeed,
P - SA((fo.m idan ), k) -t = K(fou, C) - p1 - t = K(fo,0, C) - idi(a.,0) = K(fo.a, C)

and

" - SA((fosida,), k) -t =ida, - pa-t = py -t = K(Aa, k).
Therefore, Sq((fo.a,ida,), k) -t = (fo.a, k). In order to finish the proof we need to show
that (fo.«, k) belongs to Z. To achieve that, recall that & is stable under transfinite

cocompositions and isomorphisms, and thus it suffices to show that for each § < « the
morphism Sq((fss+1,ida, ), k) belongs to Z. Let § < o. We will show that the square

pf+1 N
SA(fp+1,0: k) ————— K(Ap11,0)
Sq((fﬁ,6+1aidAa)7k)l l<fﬁ,ﬁ+1ak>
(fﬁ (3] )Sq (ldA f5+1 ) k‘ Sq(fﬁ7/8a+17 k)

is a pullback and this will imply that Sq((fss+1,1da,), k) belongs to #Z because Z is
stable under pullbacks. Indeed, the following diagram commutes.

B+1,a

SA(fs1 1.0, k) ——— K(Agy1,C)

l(fﬁ g1,k)
q((idag,fa+1,0).k pPhtl

Sq(fs.as ) — SQ(fMHJf) ——— K(45,0C)

pg’al lpf’ﬁﬂ lIC(A[;,k)

K(Aa, D) e KlAps1, D) gr——3 K(Ap, D)

Sa((fs,+1,1day), k)l

Moreover, the horizontal rectangle is a pullback and the right square in the horizontal
rectangle is a pullback, thus, by the pasting law, the left square in the horizontal rectangle
is a pullback. Finally, the vertical rectangle is a pullback and the bottom square in the
vertical rectangle is a pullback, hence, by the pasting law, the top square in the vertical
rectangle is a pullback. [

In the remainder of this section we will assume that I is a copowered V-category
admitting pushouts of the form dom(u OJ f) from Definition 4.3.

6.3. PROPOSITION. Suppose that £ is stable under corners. Moreover, suppose that we
F F
have u: U—V in L and f: A—= B in Ky such that f € "Z. Thenw O f € "T.

F
PROOF. In order to show that « O f € ™ it suffices to show that v O (v f) € "T
for each v € £, see Remark 5.6. From Equation (6) we know that v O (v O f) is
isomorphic to (v O w) O f. Note that v O u is in &, since .Z is stable under corners.
F

Furthermore, f is in "Z. Hence, recalling Remark 5.6, we obtain (v O u) O f € "Z, and
thus v O (u O f) € "T. =
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6.4. COROLLARY. Suppose that £ is stable under corners. Moreover, suppose that we

have a span
(h g)

dom(u O f) —

qul

n Ko, where u: U—V isin ¥, frA—B, g:VOA—K, and h: U ® B— K are

morphisms in Ko, and that the following square is a pushout in IC.

hg)

K

dom(uO f) —— K
u[lfl lf/ (8)

F

F
If fe T, then f'c ™
F F
PROOF. From Proposition 6.3 we get that « O f € "Z. Now it suffices to recall that T
is stable under pushouts, see Proposition 6.1. m

6.5. DEFINITION. We call the pushout (8) a copowered pushout of f, g, h relative to u.

Furthermore, recall that that T is a class of morphisms in Ky and suppose that J is a
class of morphisms in Vy. Then we say that a morphism f' in Ky is a copowered pushout
of a morphism from Z relative to J if there exist morphisms u € J, f € I and morphisms
g,h,g" in Ko such that the square (8) is a pushout in K.

6.6. REMARK. Note that all of the information concerning the span from Corollary 6.4
is encoded in the following diagram

- V@@:::\\\\\\\\
- U@B//

whose colimit is the copowered pushout as displayed below.

VoA
w
B h

UoA
Uo
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The rephrasing, together with the bijective correspondence from Remark 4.8, is useful for
understanding Examples 6.7.

6.7. EXAMPLES. In the following examples we will describe the part of the universal
property of a copowered pushout that takes place in ICy. In each example we assume that

F = ("JT"),T").
(1) In the case V = Set, J = {u: ) —= 1}, a copowered pushout of f,g,h relative to u
is the same as a pushout of f,g. Note that h is the unique morphism () — K.

Moreover, in the case V = Set, J = {u: § —1,v: 2—=1}, a copowered pushout of
f, g, h relative to v takes as input the following diagram

A5 K

h
fl%
B

in which h-f = h'- f = g and returns a morphism c¢: K—L such that ¢-h = ¢-h’ with
the following universal property: For each morphism d: K—D satisfying d-h = d-h’
there exists a unique morphism p: L — D such that p- ¢ = d. Note that c is the
coequalizer of h and I'.

2) Suppose that YV =Cat and J = {u: ) —1,v: 2—2, w: 2’ —2}.
(

(a) A copowered pushout of f, g, h relative to u is the same as a pushout of f, g.

(b) A copowered pushout of f, g, h relative to v takes as input cells in K depicted in
the diagram below

N

K

Sy

in which h- f = g, h- f = §, and returns a cocone j,j: B—=L, §: j = J,
i: K—=Lsuchthat j-f=i-g, j-f=i-G,j=i-h,j=i-h,and 0% f =i%~
with the following universal property: For each other such compatible cocone
r: K—D,s,s§: B—D, e: s = § there exists a unique 1-cell p: L — D such
that pxd =eand p-i=r.

(¢) A copowered pushout of f, g, h relative to w takes as input cells in K depicted



(3)

(4)
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in the diagram below

inwhichh-f =g, h-f=g,7%f=~, 7*f =, and returns a 1-cell ¢: K —L
such that ¢ x 7 = ¢ % 7/ with the following universal property: For any 1-cell
d: K — D satisfying d x 7 = d = 7’ there exists a unique 1-cell p: L — D such
that p - ¢ = d. Note that c is the coequifier of 7 and 7'

IfV =Grpd, J = {u: 0 —1,v: 2—= 24, w: 2) —= 24}, then copowered pushouts
are almost the same as in Example (2) with the only difference being that all the
2-cells are invertible.

In the case V = Ch, J = {u,: S" ! < D" |n € Z}, a copowered pushout of f, g,h
relative to u, takes as input an n-chain g € (A, K),, a morphism f: A— B in
Ko, and an (n — 1)-cycle h € K(B, K),_1 such that h- f = 0,(g), and it returns a
morphism f: K — L in Ky and an n-chain ¢’ € K(B, L),, such that f'-h = 0,(¢)
and f'-g=¢ - f € K(A, K), with the following universal property: For each other
such compatible pair consisting of a morphism r: K — D in Ky and an n-chain
s € K(B, D), there exists a unique morphism p: L — D in K such that p- f' = r
and p- ¢ = s.

Suppose that V = SSet and J = {u,: 0A" — A" | n > 0}. A copowered
pushout of f, g, h relative to w, takes as input an n-simplex g € K(A, K),, a mor-
phism f: A— B in Ky, and (n — 1)-simplices hq, hy, ..., h, € K(B, K),_1 such that
hi-f =d;(g) for alli € {0,1,...,n}, and it returns a morphism f’: K—L in Ky and
an n-simplex ¢’ € K(B, L),, such that f'-g=¢ - f € K(A,K), and f'- h; = d;(¢) for
all i € {0,1,...,n} with the following universal property: For each other such com-
patible pair consisting of a morphism r: K—D in Ky and an n-simplex s € K(B, D),
there exists a unique morphism p: L — D in Ky such that p- f'=r and p-¢ = s.

7. Factorization lemma

In this section we prove a technical result (Lemma 7.1) about existence of a certain
factorization in the category of morphisms that will be used in our enriched small object
argument. The lemma has an easier proof under stronger assumptions, however, we do
not assume these in our enriched small object argument, and thus we first present the
more difficult proof of the lemma. Afterwards in the proof of Lemma 7.2 we illustrate the
easier proof under the stronger assumptions.
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7.1. LEMMA. Suppose thatV is a cosmos, K is a copowered V-category that has pushouts
and transfinite composites, g: X —=Y is a morphism in ICo, u: U —V is a morphism
in Vo, A is a reqular cardinal, D: \—=IKCq is a A-sequence, (9o Da—=L),<y is a cocone
in Ko, the colimit of D in K is preserved by the following three functors:

Vo(V, K(X, =), Vo (U, K(X, =), Vo (U, K(Y, =) : Ky —= Set, (9)

and m: colim,yDa—L is the morphism in Ky induced by the universal property of the
colimit. Furthermore, suppose that we have the following commutative square.

dom(u O g) —— colima.y Da

umgl lm (10)

Then there ezists an ordinal & < X\ and a morphism ¢': dom(u O g) — D such that the
following diagram commutes.

dom(u O g) y colimy\ Do
X
Vovy - > L

PRrROOF. Denote by p; and ps the following projections.

K(Y, colim, <) Da)

= K(g,colimg, < Do)
(g:m) _
~3

Sq(g,m) —2— K(X, colima.y Da) (12)

K(Y,m)
le l’c(x’m)
Let
U —— (t4n). — K(Y, colim,<y Da)

l l<g,m> (13)

V Gy S a(g, m)

be the adjoint transpose (recall Remark 4.9) of the commutative square (10). To simplify
notation, define w := (¢ -41), and v := ((¢ - i2)4, h.). By assumption, we know that

(Vo(V. (X, 19)) - Vo (V. K (X, DB)) —= Vo (V, K(X, colimay D))

B<A
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is a colimit in Set, and thus, by the characterization of directed colimits in Set, there
exists £ < A and a morphism v”: V—K(X, D&) such that the following square commutes.

vV — s K(X, DE)
Ul l’C(X’Lg) (14)

Sa(g, m) —5— K(X, colima<y Da)
Furthermore, again by assumption, we know that

(Vo(U K(Y,1)) : Vo(U, (Y, DB)) —= Vi (U, K(Y, colimgr Da)))

B<A

is a colimit in Set, and thus, by the characterization of directed colimits in Set, there
exists an ordinal & < XA and a morphism w'": U—K(Y, D¢’) such that w = (Y, ter) - w'.
By using min{¢, ¢’} — max{¢, £’} we can assume that ' = £, and thus the following
triangle commutes.

K(Y, D¢)
w lzqy,%) (15)
U —— K(Y, colimy<y Da)

Using the fact that Sq(g, ¢¢) is a pullback we get a unique morphism v’ making the two
triangles in the following diagram commute.

AN

Sa(g, pe) —— K(X, DE) (16)

ﬂ'Ql llC(X,(pg)

Indeed,

K(g.L) - ps-v 2 KX m) - pr-v B K(X,m) - K(X, 1) 0" = K(X, ) - 0",

where the last equality follows from the definition of m. We will now show that the
following square commutes.

U —“~ K(Y, D¢)

il Jea (1)

V. —— Sa(g, ¢¢)



462

Indeed, note that
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K(X, ) -m -0 - u(1:6)IC(X, L) v

Therefore, since by assumption

(Vo(U, K (X, 19)) : Vo(U, K(X, DB)) —= Vo (U, K(X, colimg.r D)) )

is a colimit in Set, using the characterization of directed colimits in Set, we get that

B<A

there exists € such that A > & > €,

K(X,D(—=&))-m v - u=K(X,D(E—=E)) m (g, 0¢) -0,

and morphisms Ué’ = K(X, D(6—=£))-v", w: = K(Y, D(§—=¢€))-w', and vé satisfying the
analogues of (14), (15), and (16) for £, respectively. Thus we obtain the following chain

of equalities:

3

Now we can replace the previous & by & (while still denoting it ) and we obtain

v =y (g, pe) - W'
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Furthermore,

; (16)
Ty 0V - U="Pg-V- U

(E)pz (g,m) - w

: K(Y,m) w

(Y,m) - K(Y, ) - w'
(Y, ¢) - w’

(7
= T - <g7¢§> : U)/.

—~
Y
~

(1)

IR=

K
K

Since (my,my) is a pullback, we obtain that the square (17) commutes. Consider the
adjoint transpose of (17), which gives us the following commutative square.

= |+ (19)

To-v

Note that (7 - v')* = (pg - v)* = (hi)* = h, and thus we can define ¢/ := ((w')*, (71 - v')*)
and then the commutative square (19) demonstrates that the bottom-left square in the
diagram (11) commutes. Furthermore,

e U= 1e - ()", (m - v)") 2 oe - (W), (0)") (W, (p1 - 0)) = (g, £ i) = £,

and hence the morphism ¢ makes the diagram (11) commute. n

(14)&(15)

A simpler proof (which was suggested to the author by the anonymous referee) of
Lemma 7.1 can be given under the following additional assumption: On top of as-
suming preservation by the three functors (9), assume also preservation by the functor
Vo (V, K(Y, —)) : Ko — Set. In fact, with this additional assumption one can obtain an
even stronger conclusion (which, however, is not needed for our small object argument).
For simplicity of phrasing, let us illustrate the simpler approach by proving the following
lemma that uses the language of presentability.

7.2. LEMMA. Suppose that V is a cosmos, k s a reqular cardinal, K is a copowered
V-category that has pushouts and k-directed colimits, g: X —=Y is a morphism in Ky,
w: U—=V 1is a morphism in V,, the objects X and Y are k-presentable in the enriched
sense [Kel82, 2.1], and the objects U and V' are k-presentable in the unenriched sense.
Then v O g is k-presentable in [2, K]y in the unenriched sense.

PROOF. Suppose that D: [ —[2, K]y is a k-directed diagram. For each i € I, we will
denote D(i) by fi: A;— B;. We wish to show that

COhmiEI[za IC]O(U 0 g, fz) = [27 IC]O(U 0 g, COhmiEI fl)
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in Set. By Remark 4.9, this is equivalent to showing that
COhmiEI[27 V]O(“’? <gv fl)) = [2’ V]O(u7 <ga COhmiEI fz>)

in Set. By definition, a morphism u— (g, colim,c; f;) consists of two components that
make the obvious square commute, and thus we obtain the following pullback in Set.

2, V]o(u, (g, colim;e; f;)) —— Vo (U, K(Y, colimes A;))
”2l lvo(U,(g,cohmiE[ i)
Vo(V, Sq(g, colimie; f;)) —— Vo(U,Sq(g, colimie; f;))

Vo (u,Sq(g,colim;er fi))

Using the fact that k-directed colimits commute with pullbacks in Set we see that it
suffices to show the corresponding isomorphisms in Set for the three other objects in
the pullback square. Let us begin with the object VO(U,IC(Y, colim;e; Ai)), since that
case is the easiest. By assumption, Y is s-presentable in the enriched sense and U is
r-presentable in the unenriched sense. Therefore,

VO(U, (Y, colime; Al)) =~ (U, colim;e; (Y, AZ)) = colim;er VO(U, K(Y, AZ))

The two remaining cases are analogous to each other, and thus we will describe only the
case of the object VO(V, Sq(g, colim;ey fl)) By definition of Sq(g, colim;¢; f;), we have the
following pullback

Sa(g, colimie; f;) —— K (X, colimye; A;)

P2l llC(X,COlimieI fi)
,C(Y, Colimig Bz) e IC(X, Colimig Bz)

K(g,colim;cs B;)

and thus, since Vy(V, —): Vy — Set preserves limits, we obtain the following pullback in
Set.

Vo (V, Sa(g, colim;e; fz)) M) Vo (V, K(X, colim;ey Az))
Vo(Vypz)l lVO(VIC(XyCOHmiez fi))

Vo (V, K(Y, colime; Bz)) — VWV (V, K(X, colim;e B,))
Vo(V,K(g,colim;er Bi))

Therefore, in order to conclude that colim;c; Vo (V, Sq(g, fz)) =V (V, Sq(g, colim;ey f,)), it
suffices to show the corresponding isomorphisms for the three other objects in the pullback,
since k-directed colimits commute with pullbacks in Set. Indeed, by the x-presentability
assumptions on X, Y, V we obtain the following isomorphisms

Vo (V,/C(X, colim;ey Al)) =Y (V, colim;e; (X, Al)) = colimger VO(V,/C(X, Ai)),
Vo (V, KC(X, colim;e; Bl)) =Y (V, colim;e; (X, Bl)) = colim;er Vo (V, K(X, Bi)),
Vo (V, K (Y, colim;e; Bl)) =V (V, colim;e; K(Y, BZ)) = colimyer Vo (V, K(Y, Bl))
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Note that the last line corresponds to the aforementioned preservation assumption that’s
not assumed in Lemma 7.1. [

8. Emnriched small object argument

Here we finally state and prove the small object argument. We prove the small object
argument in the special case when .7 is a cofibrantly generated weak factorization system.
Thus, in this final section we assume that ) is a cosmos, K is a copowered V-category
that has pushouts and transfinite composites, Z is a set of morphisms in Iy, J is a set of
morphisms in Vy, and F = (£, %) is a weak factorization system on V, that’s cofibrantly
generated by J. Before stating and proving the theorem we give two definitions concerning
smallness and relative cell complexes.

8.1. DEFINITION. Suppose that S is a class of morphisms in Ky, U and V' are objects in
V, X and Y are objects in KC, and Kk is a cardinal. We say that (U, V,X,Y) is k-small
relative to S if for all k-filtered ordinals A\ and all A-sequences D: \—= Ky such that for
each B+ 1 < X the morphism D(B—=p+1): DB—=D(B+ 1) belongs to S, it is the case
that the colimit of D in K is preserved by the following three functors:

Vo(V, K(X, =), Vo (U, K(X, =), Vo (U, K(Y, =) : Ky —= Set.

Furthermore, we say that (U,V,X,Y’) is small relative to S if there exists a cardinal k
such that (U,V,X,Y) is k-small relative to S.

8.2. EXAMPLE. If V = Set, then smallness of (), 1, X,Y) relative to S from Definition
8.1 is the same as the ordinary smallness of X relative to & [Hov99, Definition 2.1.3].
Subsequently, this means that the enriched small object argument (Theorem 8.5) that
we prove below includes the ordinary small object argument as a special case. We will
explain this later on in more detail in Example 8.9.(1).

8.3. REMARK. Intuitively, the smallness condition on (U,V,X,Y’) in Definition 8.1 in-
volves an enriched smallness condition on X and Y and an unenriched smallness condition
on U and V. The presentable case (Remark 8.7) will be particularly illustrative for this
intuition.

8.4. DEFINITION. By (Z rel J)-cell we denote the class of all transfinite composites of
copowered pushouts of morphisms from I relative to J .

8.5. THEOREM. Suppose that V is a cosmos, K is a copowered V-category that has
pushouts and transfinite composites, I is a set of morphisms in Ko, J is a set of mor-
phisms in Vo, F = (L, XZ) is a weak factorization system on Vy that’s cofibrantly gener-
ated by J, £ is stable under corners, and for each morphism u: U—V in J and each
morphism g: X—=Y in T it is the case that (U, V, X,Y) is small relative to (Z rel J)-cell.

Then for each morphism f: K — L in K there exists a factorization f = m - e such

F
that e and m are morphisms in Kq satisfying e € (T rel J)-cell and m € T".
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PRrROOF. Let k be a cardinal such that for each morphism w: U —V in J and each
morphism ¢g: X —Y in Z it is the case that (U, V, X,Y’) is k-small relative to the class
(Z rel J)-cell. Furthermore, let A be a k-filtered regular cardinal such that the cardinality
of J is less than \.

We will transfinitely define a diagram D: A — Ky such that D0 = K, the morphism
D(a—=a+1) is a transfinite composition of copowered pushouts of morphisms from
7 relative to J for each ordinal o < A, and Da := colim¢.,D( for each limit ordinal
a < A. Then we will define e to be the injection ty: D0 — colim,.)Dc«. Furthermore,
we are going to construct a cocone (¢, : Da—=L),<) in Ky, and then we can define the
morphism m: colim,.yDa — L to be the induced morphism obtained from the universal
property of the colimit.

Base Case: Define D0 := K and ¢, := f.

Limit Step: Suppose that o < A is a limit ordinal such that we’ve already performed the
construction for all ( < a. Then define Do := colim¢., D¢ and let ¢,: Dao— L be the
morphism induced by the cocone (¢¢: D{— L)¢<q.

Successor Step: Suppose that @ < A is an ordinal such that we’ve already performed the
construction for each ( < a. Enumerate the set J by its cardinality, which means that
J ={uw: Uy —=Vy | & < az}, where a7 is the cardinality of J viewed as an ordinal
number. Let F': Ord— Ord be the ordinal function defined via transfinite induction as
follows: F'(0) := 0, if F' is defined on +, then

Fy+1) = F(y)+1 ifF(v)+ 1< ayg,
K 00 ifF(y)+1>ag,

and finally if v is a limit ordinal, then we consider two cases:
e if a7 is a finite ordinal, then F'(y) := 0, and

e if a7 is a limit ordinal, then

F(y) = sups, £'(0) if sups, F'(6) < ag,
0 if sup;., F'(6) > ag.

Briefly, we can think of F' as being defined via the modulo operator in the following way
F := — mod ay. Consider the set J, of all triples (g, v, w) of morphisms such that g € Z
and that make the following square commute.

dom(up O g) —— Do

uF(a) Dgl l@oa

Vi) ©codg —— L

Now we are going to use transfinite induction again. Well-order the set J,, which means
that Jo = {(gy, vy, W) | ¥ < Yo}, where 7, is an ordinal. We define Dy(a + 1) := Do
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and Qo410 1= @o. If B < 74 is a limit ordinal such that we've already performed the
construction for all the ordinals less than 3, then define Dg(av+ 1) := colims. 3 Ds(a + 1)
and define @o415: Dg(aw + 1) — L to be the morphism that’s induced by the cocone
(Pat16: Ds(a + 1) — L)s<p. Finally, suppose that 5 < 7, is an ordinal such that we’ve
already performed the construction for all the ordinals less or equal to 5. Denote by
fo3: Da—=Dg(a+ 1) the morphism coming from the construction in the previous steps.
Define Dgi1(a + 1) to be following pushout in £.

Fogw
dom(uF(a) 0 gﬂ> M Dg(oz + 1)

uF(a)Dgﬁl lfllwﬂ

Vi) © codgg —-— Dgii(a+1)
5

Furthermore, define @441 11: Dpi1(o + 1) —= L to be the morphism induced by the
following commutative square.

fo.gw
dom(ury O gs) e Ds(a+1)

uF(a)Dgﬁl l@aﬂﬂ

Vi) © cod gg ——— L

The square indeed commutes, since @ai1,6 - fo 5 Ws = Yo - ws = Vg - (Up@) O gs).
The “inner” transfinite construction is now finished. Define D(ae—=a + 1) to be the
transfinite composition of all the morphisms f; 5., where § < 7,, and define the morphism
Yat1: D(a+1)—L to be the map induced by the cocone (po41,5: Do+ 1) —= L) g<r, -

F
Now that we’ve finished the construction let us show that m € Z™. Suppose that
g: X —Y is in Z. We want to verify that (g,m) € J", where (g, m) is the induced
morphism below.

K(Y, colim,y Do)

< K(g,colim, < » Do)
(g:m) _
T3

Sq(g,m) —2= K(X, colimacy Da)

le l’C(X,m)

K(Y,m)

Suppose that we have a commutative square

Uy —— K(Y, colimy<y Da)

ua/l l<gvm>

Vor ——— Sq(g,m)
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in which u, € J. We want to show that there exists a diagonal V,,,—=/K (Y, colim, ) Da)
that makes both triangles commute. By Remark 4.9, this is equivalent to showing that
there exists a diagonal V, ® Y — colim,.) Da that makes the two triangles in the
following square commute.

dom (uy O g)(w)colima@\ Do

| lm
> L

Va/ oY

(p2v)*

Thus, let us show the existence of such a diagonal V,, ©® Y — colim,.) Da. By Lemma
7.1 we get that there exists £ < a and w': dom(u, O g) — DE such that the following
diagram commutes.

*,(p1-v)*)

dom(uy, > colimgyy Do

Dg\ /
e

Va’QY s L

(p2-v)*

u,/Og

Furthermore, since the cardinality of 7 is less than A, there exists an ordinal & such that
A> ¢ > ¢ and F() =, and thus we can assume that F/(§) = . The commutative
square

dom(ue O g) =2 D¢

ua/Dgl l‘pﬁ

VoY —— L
(p2-v)*

is one of the squares from the construction, and thus there exists f < 7. such that
(g, (p2 - v)*,w") = (gp, v, wgz). Define the diagonal that we are looking for to be the
following composite.

H+1

Vo oY —2s Dgir(€+1) 25 D(E+1) =5 colimgey Da
This diagonal indeed makes the two triangles commute, since

Mo legr Uy P = Qer1 gy - g = werr 1 - hiy = vg = (p2 - v)7,
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and
be41 - L’5+1 : h/ﬁ (uer O g) = tey1 - L}3+1 : ff/i,/3+1 : fé,ﬁ T Wp
= tg41 Uy fog - Wp
= lep1 " Ly Wp
= (w", (p1-v)).
F
Thus, the proof of m € Z™ is finished. m

F F F F
8.6. REMARK. Note that Z C "(Z™) and Z C ("Z)™. In fact, this holds for any binary

F

relation and rh is a binary relation. Therefore, from the stability properties in Section
6 and the fact that Z C ??(Iﬁf), we obtain an enriched weak .%-factorization system
(L”f(Iﬁ),IHf) by Theorem 8.5.

8.7. REMARK. The smallness assumption in Theorem 8.5 holds in particular if

(i) the domains and codomains of morphisms in Z are presentable in the enriched sense,
and

(ii) the domains and codomains of morphisms in J are presentable in the unenriched
sense.

8.8. REMARK. By inspecting the construction in the proof of Theorem 8.5 we see that
instead of assuming the existence of all pushouts and transfinite composites in K it suffices
to assume that K has the following special types of pushouts and transfinite composites
in order to conclude that Theorem 8.5 holds:

(i) pushouts of the form dom(u O g) from Definition 4.3, where u € J, g € Z,
(ii) pushouts of morphisms of the form u [0 g, where u € J, g € Z, and
(iii) transfinite composites of morphisms from (Z rel J)-cell.

8.9. EXAMPLES. In all of the following examples (see Examples 5.2.(1)-(6) for the cor-
responding .Z-lifting properties) Theorem 8.5 holds. In Examples (1)-(5), V is indeed a
cosmos, and in Example (6) it is assumed to be. In all examples we will assume that

F =T, T").

(1) V = Set, J = {u: 0 —1}. The stability of .Z under corners follows from the fact
that v 0 v = v and from Lemma 5.7. Thus, from Theorem 8.5 we obtain the classical
small object argument [Hov99, Theorem 2.1.14] for weak factorization systems, since
the domains of morphisms in Z being small relative to Z-cell [Hov99, Definition 2.1.9]
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corresponds precisely to the smallness assumption in Theorem 8.5. Note that instead
of assuming the existence of all colimits in K it suffices to assume that K has pushouts
of morphisms in Z and transfinite composites of morphisms in Z-cell, see Remark 8.8.

If we instead choose J = {u: ) —=1,v: 2— 1}, then the stability of £ under cor-
ners follows from the fact that % is the class of all functions, since & is the class
of all bijections. If K is locally presentable, then by Theorem 8.5 we obtain a vari-
ant of the small object argument that gives us an orthogonal factorization system
(H(Z1),Z+) (where L denotes the corresponding .Z-lifting property), which forms
part of [FR0O8, Theorem 2.2|. Note that in order to apply Theorem 8.5 to obtain such
an orthogonal factorization system it suffices to assume, instead of local presentabil-
ity of IC, that K has certain special types of pushouts, coequalizers, and transfinite
composites (Remark 8.8), and that the domains and codomains of morphisms in Z
are small relative to (Z rel J)-cell.

V=_Cat, J ={u: 0—1,v: 2—=2,w: 2'—=2}. Note that 0, 1, 2, 2, 2’ are finitely
presentable as objects of Cat, J has cardinality less than Ry, and £ is stable under
corners. The stability of .Z under corners follows from [Rez96, Theorem 5.1].

V=Grpd, J = {u: 0 —1,v: 2—2,,w: 2, —2,}. Note that 0, 1, 2, 2,, 2}
are finitely presentable as objects of Grpd, J has cardinality less than ¥y, and £
is stable under corners. The stability of . under corners can be shown completely
analogously as in Example (2).

The small object argument for (2,1)-categories that we obtain in this way differs
from the the small object argument for (2,1)-categories in [Kan21, Section 5|, since
the .Z-lifting property that we are considering has a 2-dimensional aspect that’s not
present in the aforementioned paper. Even if we remove the previously mentioned
2-dimensional aspect by omitting v and w from J, then the arguments are still dif-
ferent, since the one in the aforementioned paper has homotopical aspects that are
not present in our argument.

YV = Ch, J = {S"! — D" | n € Z}. Note that for each n € Z, S"! and
D™ are finitely presentable (and hence W;-presentable) as objects of Ch, and J has
cardinality less than N;. The stability of the class . under corners follows from
[Hov99, Proposition 4.2.13].

Y = SSet, J = {0A™ — A" | n > 0}. Note that for each n > 0, 9A™ and A"
are finitely presentable (and hence Nj-presentable) as objects of SSet, and J has
cardinality less than N;. The stability of the class .Z under corners follows from
[Hov99, Proposition 4.2.8].

)y is a locally A-presentable category with a set V) of A-presentable objects that form
a strong generator, where X is a regular cardinal. Consider

T={uy: 0—V |VeWVIU{Vy: V+V —=V |V eW}
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Let p be a regular cardinal greater than max{\,|J|}. Then all the domains and
codomains of morphisms in J are p-presentable and 7 has cardinality less than pu.

The stability under corners follows from the fact that .Z is the class of all morphisms
in V.

8.10. EXAMPLE. In every example in Examples 8.9 the morphism !;: ) — I belongs
to .Z, which is the condition that appears in Proposition 5.9. However, Theorem 8.5
doesn’t require !y € .Z to hold. We mention a simple example that demonstrates this:
Let V = Set and J = {v: 2—=1}, i.e. # = (surjective, injective). Note that 2 and 1
are finitely presentable in Set and J has cardinality less than X,. The stability of .Z
under corners follows from Lemma 5.7 and the fact that .Z is the class of all surjections.
Indeed, the codomain of v [J v is 1 and the domain of v [J v is non-empty, since it is a

pushout of non-empty sets. We also remark that f i k if and only if for each commutative
(f, k)-square (4) it is the case that if d,d': B—C" are two diagonals making the triangles
inside the square commute, then d = d’. Note that existence of the diagonal is not
required.

8.11. EXAMPLE. Every example in Examples 8.9 involves a locally presentable cosmos
V. In some cases it is also possible to apply the Theorem 8.5 when V is not locally
presentable. We illustrate this by the following example: Let ¥V = Top be the cosmos
of compactly generated topological spaces with the standard cartesian closed monoidal
structure and let K = [2, Top] be the Top-category of arrows in Top. Furthermore, let
J = {in: S 1 < D" | n > 0} be the standard generating cofibrations on Top and
let Z = {id;,: ig —= 1o, i, : idg —=ip}. We now explain what Z consists of in terms of
commutative squares. We denote the empty topological space by () and the one-point
topological space by 1. Recall that S~ = () and D° = 1, i.e. iy is the unique morphism
() —=1. Thus Z consists of the following two commutative squares.

D —2 0 —2y g
iol 10 id@l lio
1 — 1 ) ——1
1d1 10

Then .Z is stable under corners [Hov99, Proposition 4.2.11]. Moreover, every topologi-
cal space is small relative to closed Tj-inclusions [Hov99, Lemma 2.4.1], and thus every
object of [2, Top]y is small relative to componentwise closed Tij-inclusions. Note that
in Oid;, =1id;, and i,, O l;; = !; . Therefore, each morphism in (Z rel J)-cell is a com-
ponentwise closed Tj-inclusion according to [Hov99, Lemma 2.4.5]. Thus, we can apply
Theorem 8.5 to obtain the small object argument for the projective model structure on
2, Top] from [Hov14, Theorem 3.1].
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