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COMMUTATIVITY AND KLEISLI LAWS FOR CODENSITY
MONADS OF PROBABILITY MEASURES

ZEV SHIRAZI

Abstract. Several monads of probability measures have been shown to have presen-
tations as codensity monads over small categories of stochastic maps. This paper studies
how three key properties of these probability monads, relevant to categorical approaches
to probability, can arise from their codensity presentations. We first derive the existence
of a Kleisli law into the Giry monad, which provides a formal connection to measurable
probability. In particular, from their codensity presentations, we prove a novel universal
property of several probability monads as terminal liftings of the Giry monad. This
generalises a result by Van Breugel on the Kantorovich monad, and proves the existence
of such Kleisli laws. We additionally provide sufficient conditions for a codensity monad
to be lax monoidal and affine, which provides a connection to the theory of Markov
categories. In particular, we introduce the condition for a codensity monad to be ex-
actly pointwise monoidal, which is then lax monoidal, and prove a characterisation of
this condition in terms of Day convolution. We show that the Radon monad is exactly
pointwise monoidal, and use our characterisation to give a description of the tensor
product of free algebras of the Radon monad in terms of Day convolution. Finally, we
show that the Giry monad is only exactly pointwise monoidal when restricted to stan-
dard Borel spaces, due to the existence of probability bimeasures that do not extend to
measures.
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1. Introduction

Monads have risen to become an important and versatile tool for probability theory, due
to the variety of probabilistic examples and results that can be described from a monadic
perspective [22, 18]. Monads for probability have been used in semantics of probabilistic
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programming languages [30, 25], and functional analysis [52, 54]. In the past ten years,
several new probability monads have been studied [21, 28] and have seen applications
in synthetic approaches to probability theory via Markov categories [17, 8]. A formal
categorical perspective on these monads has been developed, which shows that spaces
of probability measures are categorical limits, and that monads for probability can be
derived from this limit structure, called codensity monads [1, 56]. This paper builds on
the work of [56] by discussing when properties of probability monads can additionally be
derived from this limit structure. We focus on three properties of probability monads
which are relevant to synthetic approaches to probability [17, 28].

1. We provide basic conditions for codensity monads to be affine in Proposition 3.11.
This provides part of a condition for the Kleisli category of a codensity monad to
be a Markov category.

2. In Section 4, we show the existence of a Kleisli law [49], or monad morphism, into the
Giry monad [22]. This connects the codensity monad presentation of probability [56]
to the historical measure-theoretic presentation of probability [23]. This is shown by
developing a connection between codensity presentations of probability monads and
a novel universal property as liftings of the Giry monad. This has been previously
studied for the Kantorovich monad [57], but we generalise the extent of this result
in Theorem 4.9 and provide similar characterisations for other probability monads.

3. It is well-known that monads with a lax monoidal structure [35, 37] are equivalent
to commutative monads [36]. In a programming language setting, commutative
monads model order-invariant effect usage. Probability provides an example of a
commutative effect, and in the measure-theoretic setting, this amounts to Fubini’s
theorem [51]. Furthermore, combined with affineness, this provides a condition for
the Klesli category of a probability monad to form a Markov category. In Section
5, we show when codensity monads have a lax monoidal structure, which allows
for analysis of bivariate probability distributions. In particular, we introduce the
notion of an exactly pointwise monoidal codensity monad, which is an analogue of
codensity monads in the setting of monoidal categories, and is related to the theory
of algebraic Kan extensions [19, 58]. We characterise this notion in Theorem 5.23,
which is the main result of this section.

1.1. Background on probability monads. If A and B are finite sets, a random
function f : A 7→ B, which given an input a ∈ A takes a value b ∈ B with some probability
f(b|a) ∈ [0, 1], can be reinterpreted as an ordinary function f̃ : A → DcB where DcB is
the set of discrete probability measures on B. Here, f̃(a) is taken to be the probability
distribution on B, defined by (f(b|a))b∈B. More generally, if A and B are measurable
spaces, a Markov kernel f : A 7→ B which, given an input a ∈ A takes a value in a
measurable subset E ⊆ B with a probability f(E|a) ∈ [0, 1], can be reinterpreted as a
measurable map f̃ : A → GB where GB is the set of probability measures on B with a
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suitable σ-algebra. Composition of random functions, given by

g • f(c|a) =
∑
b∈B

g(c|b) · f(b|a)

and of Markov kernels, given by the Chapman-Kolmogorov formula [40]

g • f(E|a) =

∫
B

g(E|−) df(−|a)

suggest these random functions can be understood as the Kleisli morphisms of a monad.
There are numerous examples of similar probability monads [22, 28], and we will describe
five running examples for this paper in Section 2. These monads, although defined on
different categories, tend to share a similar description in terms of integration operators,
shown in Table 1.

PX Space of probability
measures on X

Initial for maps∫
X
h d− : PX → [0, 1] for
h ∈ C(X, [0, 1])

Pf Pushforward of measures
along f : X → Y

Unique map such that∫
Y
h dPf(p) =

∫
X
hf dp

ηX Dirac measure of x ∈ X Unique map such that∫
X
h dηX(x) = h(x)

µX Average value of a measure
P on probability measures

in PX

Unique map such that∫
PX

h dµX(P) =
∫

(
∫
hX d−) dP

Table 1: Description of a probability monad P on C

This unified description can be explained by a presentation of probability monads as
codensity monads [56]. If K : D → C is any functor, then if the right Kan extension
T = RanKK exists, it has a monad structure, which is called the codensity monad of
K. In particular, if D is essentially small and C is locally small and complete, then this
Kan extension always exists. Furthermore, the Kleisli category of the codensity monad
T can be seen as a full subcategory of [D,Set]op [41], which gives us a formal setting to
interpret the Kleisli morphisms of the monad T. We will give an account of the theory of
codensity monads at the beginning of Section 3. We then recall the presentation in [56]
of probability monads as codensity monads of functors from the category FinStoch (or
cStoch) of finite (respectively countable) sets and random functions. Intuitively, a functor
KP : FinStoch → C defines a model of discrete probability in C, and its codensity monad
P can be viewed as giving the largest extension of this notion.

1.2. Measure-theoretic probability from codensity. Measure-theoretic proba-
bility has a monadic formulation via the Giry monad, G on the category of measurable
spaces, Meas [22]. If P is a probability monad on a category C described by Table 1, we
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expect a connection between P and G which allows us to formulate P using measure the-
ory. In Section 4, we develop this connection by showing that many probability monads
are universal liftings of the Giry monad. In particular, when C is a category of topological
or metric spaces, there is a faithful functor H : C → Meas which assigns a measurable
structure to objects of C. In this case, an endofunctor P : C → C with a natural trans-
formation HP → GH is an endofunctor of probability measures, since we can interpret
elements of HPX as probability measures on HX via this natural transformation.

Now suppose P is given by the codensity monad of a functor KP : FinStoch → C.
Then KP defines a model of discrete probability in C, P defines its largest admissible
extension, and H defines its measurable interpretation. Suppose H and KP satisfy certain
compatibility conditions, which ensure that the measurable interpretation of probability
in C corresponds to measure-theoretic probability. In that case, we show in Theorem 4.9
that codensity monads of KP have an additional universal property as the largest lifting
of the Giry monad. In particular, the natural transformation HP → GH will additionally
preserve the monad structure in this case. Theorem 4.9 also provides the converse; it
shows that universal liftings of a codensity monad inherit a codensity presentation.

Theorem 4.9 is shown to generalise a result in [57], which has a more limited universal
lifting property for the Kantorovich monad K on the category of compact metric spaces,
KMet. It also provides a novel characterisation of the Radon monad R on the category
of compact Hausdorff spaces, KHaus. The compatibility conditions for the functors H in
these examples are non-trivial and rely on results proven in Appendix A. This appendix
develops theory for the Baire functor H : KHaus → Meas, which is shown in Theorem
A.3 to be the unique functor (up to isomorphism) that preserves limits and such that
H[0, 1] ∼= [0, 1].

1.3. Monoidal structure of probability monads. Categorical descriptions of
probability theory rely on the additional structure of a lax monoidal monad [37] in order
to model concepts such as marginals and independence. Explicitly, this requires a map
χX,Y : PX ⊗ PY → P (X ⊗ Y ) that is coherent with the monad structure. In the case of
the probability monads described in Section 2, this is uniquely determined and sends a
pair of measures (p, q) to the product measure p ⊗ q. This can also be understood to be
the unique map satisfying, for maps h : X → [0, 1], k : Y → [0, 1],∫

X×Y

h · k d(p⊗ q) =

∫
X

h dp ·
∫
Y

k dq

This description of the monoidal structure in terms of integration operators motivates
us to introduce exactly pointwise monoidal codensity monads in Section 5. These are
codensity monads that satisfy additional conditions, appropriate for the monoidal setting.
In particular,

1. They have a lax monoidal structure, defined in terms of their limit presentation.

2. The main result of this section, Theorem 5.23, shows that a codensity monad is ex-
actly pointwise monoidal if and only if its Kleisli category can be seen as a monoidal
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subcategory of [D,Set]op in a suitable sense.

This theorem justifies our study of exactly pointwise monoidal codensity monads. It
extends the formal setting for interpreting Kleisli morphisms to monoidal categories, and
gives a description of the tensor product of free algebras of these monads in terms of Day
convolution.

In order to describe these additional conditions for probability monads, we develop
some theory of probability k-polymeasures. These are functions that take tuples of mea-
surable subsets (A1, . . . , Ak), which are measures separately in each variable. We show
that the exactly pointwise monoidal conditions require that the space of probability k-
polymeasures coincides with the space of measures on the product. In Example 5.15 we
prove that this condition holds for the Radon monad. In Example 5.16 we show that this
condition holds for the Giry monad when restricted to standard Borel spaces, but does
not hold for arbitrary measurable spaces.

1.4. Notation. Set denotes the category of sets in ZFC and functions. If A ⊆ X is
any subset, we denote its characteristic function by 1A : X → [0, 1], but if it is clear from
context, we may use 1A to denote the characteristic function valued in {0, 1}. Meas is the
category of measurable spaces and measurable maps. If X is a measurable space, BX is its
σ-algebra. If X is a topological or metric space, BX is its Borel σ-algebra. KHaus is the
category of compact Hausdorff spaces and continuous maps. If X,Y are topological spaces,
C(X, Y ) is the set of continuous maps X → Y and C(X) is the set of continuous maps
into R. KMet is the category of compact metric spaces and non-expansive maps, which
are f : X → Y satisfying dY (f(x), f(y)) ≤ dX(x, y). Cat denotes the 2-category of locally
small categories and MonCat denotes the 2-category of locally small monoidal categories,
lax monoidal functors, and monoidal natural transformations. If Xi are objects of a
monoidal category for i = 1, . . . , k then

⊗k
i=1Xi = (. . . (X1⊗CX2)⊗C . . . )⊗CXk is their k-

fold monoidal product associated to the left, and is defined similarly on morphisms. If k =
0, then denotes the monoidal unit I. SMonCat denotes the locally full sub-2-category of
symmetric monoidal categories and symmetric monoidal functors. If a definition references
a monoidal structure and the underlying category has finite products, then it is given by
the Cartesian structure unless otherwise stated.

1.5. Acknowledgements. I am grateful to the many people who have given helpful
feedback. In particular, I would like to thank Sam Staton and Bartek Klin for many
helpful discussions. I would also like to thank all of the people in Sam Staton’s group
with whom I’ve discussed this, with particular thanks to Ruben Van Belle, who talked
through the analytical issues with me and suggested the restriction to BorelMeas in
Example 5.16, and Paolo Perrone, who gave useful pointers and clarifications. I’m also
grateful to the anonymous reviewer, who gave many helpful suggestions.

2. Five probability monads

In this section, we define the five main examples of probability monads in this paper.
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2.1. Countable distribution monad Dc on Set. Define Dc : Set → Set by

DcX = {p : X → [0, 1] :
∑
x∈X

p(x) = 1}

and for f : Y → X by

Dcf(p)(x) =
∑

y∈f−1({x})

p(y)

Note that this definition implies that p ∈ DcX must have countable support. Now,
ηX : X → DcX, defined by

ηX(x)(y) = 1{x}(y)

and µX : DcDcX → DcX, defined by

µX(P)(x) =
∑

p∈DcX

P(p) · p(x)

provide the components of natural transformations that give Dc a monad structure.
Dc has a lax monoidal structure χX,Y : DcX ×DcY → Dc(X × Y ), defined by

χX,Y (p, q)(x, y) = p(x) · q(y)

Dc is affine.

2.2. Definition. [Affine monad] A monad T = (T, η, µ) on a category C with a terminal
object 1 is affine if T1 ∼= 1

A finitary variant of this monad is studied in [28], and its algebras are discussed in
[16] and originate in [47].

2.3. Giry monad G on Meas [22]. Define G : Meas → Meas by

GX = {p : BX → [0, 1] : p is a probability measure}

with the coarsest σ-algebra such that evA : GX → [0, 1], where evA(p) = p(A), is measur-
able for each A ∈ BX. Note that since every measurable function is a monotone limit of
simple functions, for any measurable h : X → [0, 1], the function evh : GX → [0, 1] sending
p 7→

∫
X
h dp is also measurable. Hence, the σ-algebra on GX is also initial for the maps

evh. For f : Y → X, define Gf to send p to its pushforward measure along f , defined by

Gf(p)(A) = p(f−1(A))

This is measurable since evhGf = evhf . Define ηX : X → GX to send x to its Dirac
measure, defined by

ηX(x)(A) = 1A(x)
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and define µX : GGX → GX to send P to its average value, defined by

µX(P)(A) =

∫
GX

evA dP

These are measurable since evhηX = h and evhµX = evevh , and they give G the structure
of a monad [22].

G has a lax monoidal structure χX,Y : GX×GY → G(X×Y ) given by χX,Y (p, q) = p⊗q,
the unique measure satisfying

evA×B(p⊗ q) = evA(p) · evB(q)

The commutativity of G then follows from Fubini’s theorem for product measures. G is
also affine.

2.4. Countable expectation monad Ec on Set. Define Ec : Set → Set by Ec =
UGD, where D : Set → Meas assigns a set its discrete σ-algebra and U : Meas → Set
is the forgetful functor. Explicitly,

EcX = {p : PX → [0, 1] : p is a probability measure}

where PX is the power set of X. In fact, it is consistent with ZFC that Ec = Dc [55] since
there are models of ZFC where the only measures on PX are given by discrete distribu-
tions [15, Chapter 54]. However, in other models of ZFC, Ec may not be commutative.

2.5. Proposition. The commutativity of Ec is undecidable in ZFC.

Proof. If Ec = Dc, it is clearly commutative. However, if Ec ̸= Dc then there exists a
smallest measurable cardinal κ [15]. Let βκ be the submonad of Ec of 0-1 valued measures,
explicitly

βκX = {p ∈ EcX : ∀A ∈ PX p(A) ∈ {0, 1}}

In fact βκ is isomorphic to the submonad of the ultrafilter monad [41, 34, 45] of κ-complete
ultrafilters. Now, if U is a non-trivial κ-complete ultrafilter on κ then the left and right
strengths of βκ induce two κ-complete ultrafilters on κ× κ given by

U ⊗r U = {M ⊆ κ× κ : {x ∈ κ : {y ∈ κ : (x, y) ∈ M} ∈ U} ∈ U}

and similarly for U ⊗l U . But the set ∆− = {(x, y) ∈ κ×κ : x < y} satisfies ∆− ∈ U ⊗r U
but ∆− /∈ U ⊗l U . Hence, βκ is not commutative and thus neither is Ec.

Intuitively, this is because the σ-algebra on the product of uncountable discrete spaces
is not discrete. If we let PX ⊗ PY be the σ-algebra generated by all rectangles, then in
general PX ⊗ PY ̸= P(X × Y ). A variant of this monad, which takes finitely additive
measures on the power set, was described in [28].
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2.6. Radon monad R on KHaus [52, 54]. For X a compact Hausdorff space, define

RX = {p : BX → [0, 1] : p is a Radon probability measure}

recalling that a Borel probability measure on a compact Hausdorff space is Radon [14] if

p(A) = sup{p(K) : K ⊆ A is compact}

for any Borel set A. Define the topology on RX to be the coarsest such that evh is
continuous for any continuous h : X → [0, 1].

2.7. Proposition. [52, 54] RX is a compact Hausdorff space.

Proof. Let C(X)∗ be the space of linear functionals on X with the weak-∗ topology. By
the Riesz-Markov representation theorem [51], RX is homeomorphic to

M+(X) ∩B1 ∩ {µ : evX(µ) = 1}

Here, B1 is the closed unit ball of C(X)∗, and M+(X) is the cone of positive measures,
given by

M+(X) =
⋂

f∈C(X),f≥0

{µ : evf (µ) ≥ 0}

In particular, M+(X) is closed, and so RX is homeomorphic to a closed subspace of
the unit ball B1. By the Banach-Alaoglu theorem, the unit ball is a compact Hausdorff
space [51], and so RX is also a compact Hausdorff space.

We then define R on morphisms via the pushforward measure, and its multiplication
and unit analogously to Section 2.3. That these maps are continuous is analogous to
Section 2.3. The pushforward of a Radon measure is also Radon, Dirac measures are
Radon, and the multiplication preserves Radon measures. Hence, R has the structure
of a monad on KHaus. The algebras of the Radon monad are compact and convex
subspaces of locally convex topological vector spaces [32].

2.8. Kantorovich monad K on KMet. For X a compact metric space, we define

KX = {p : BX → [0, 1] : p is a probability measure}

and

dKX(p, q) = sup{
∣∣∣∣∫

X

h dp−
∫
X

h dq

∣∣∣∣ : h : X → [0, 1] is non-expansive}

This is the Kantorovich metric (also known as the 1-Wasserstein distance) used in optimal
transport theory [3]. Note that every Borel probability measure on a compact metric
space is Radon (see Appendix A). Also, the topological space induced by dKX on KX
coincides with RX, when X is assigned its metric topology. Now, evh is non-expansive
for each non-expansive h : X → [0, 1], and a map f : Y → KX is non-expansive iff evhf
is non-expansive for each non-expansive h. Thus, we define Kf for f : Y → X, η and
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µ as in previous examples, and K has the structure of a monad on KMet. There is a
symmetric monoidal structure on KMet where (X, dX) ⊗ (Y, dY ) = (X × Y, dX⊗Y ) and
dX⊗Y ((x, y), (x′, y′)) = dX(x, x′) + dY (y, y′). Note that this monoidal structure is not the
cartesian monoidal structure. With this structure, the Kantorovich monad is shown to
have a lax monoidal structure in [20]. This monad was introduced in [57] and is further
studied in [21].

2.9. Remark. It is possible to extend some of these monads to monads of finitely additive
measures, subprobability measures, and other generalisations. However, this can be at the
cost of affineness and commutativity. In this paper, we restrict our view to the monads
of probability and subprobability measures, which we will study in Proposition 3.12.

3. Codensity monads and probability

In this section, we give an overview of the theory of codensity monads, and show how
the probability monads from Section 2 can be presented as pointwise codensity monads
of functors from essentially small categories of stochastic maps. In the final part of this
section, we give sufficient conditions for a codensity monad to be affine, which are satisfied
by the monads in Section 2. We then show that, under the same conditions, monads of
subprobability measures inherit limit descriptions from their probability counterparts.

3.1. Codensity monads.

3.2. Definition. [Codensity monad] Let K : D → C be any functor such that there is a
diagram

D C

C

K

K
T

ε

with (T, ε) as the right Kan extension of K along itself [43]. Then T alongside the unique
maps µ and η satisfying ε µK = ε Tε and ε ηK = 1K define a monad structure T, and
(T, ε) is called the codensity monad of K. In the case that the Kan extension is pointwise,
we call (T, ε) a pointwise codensity monad.

Pointwise codensity monads inherit a limit presentation from the limit formula for
pointwise Kan extensions [43]. Namely,

TA ∼= lim (A ↓ K)
UA−→ D K−→ C

where (A ↓ K) is a comma category. Written as an end, TA ∼=
∫
D K−C(A,K−), where if

A ∈ ob C and X is a set, AX denotes the Xth power of A in C. In particular, if C = Set
and K : D → Set we have TA ∼= [D,Set](C(A,K−), K), so T is, in a sense, a double
dualisation monad. We also obtain an explicit description of the unit and multiplication
from this limit presentation. Since TA is a limit over the comma category (A ↓ K), for
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any h : A → KX, there is a cone leg evh : TA → KX, where explicitly evh = εXTh.
Now, for f : B → A, Tf is the unique map satisfying evhTf = evhf , ηA : A → TA is
the unique map satisfying evhηA = h, and µA : TTA → TA is the unique map satisfying
evhµA = evevh . In the following setting, codensity monads are always guaranteed to exist
and be pointwise; hence the distinction between pointwise and non-pointwise codensity
monads is dropped under these assumptions:

3.3. Proposition. [41] If D is essentially small, C is locally small and complete, and
K : D → C is a functor, then there is a right adjoint to the functor K◦ : C → [D,Set]op

given by currying C(−, K=). This right adjoint factorises K through [D,Set]op.

D [D,Set]op

C

YD

K
RanYDKK◦ ⊣

Furthermore, the monad induced by this adjunction is the pointwise codensity monad of
K.

In particular, the Kleisli comparison functor gives a full and faithful embedding CT →
[D,Set]op. Hence, we can exhibit CT as the full subcategory of functors of the form
C(A,K−) for some A ∈ ob C.

It is also worth noting that every monad arises as a pointwise codensity monad of some
functor. If G has a left adjoint F , then the codensity monad of G is given by the monad
structure on GF induced by the adjunction. In this case, we have RanGG ∼= GRanG1,
and since the latter is an absolute Kan extension, the former is pointwise, so every monad
arises as a pointwise codensity monad in this way. For this reason, we do not consider
codensity monads as a particular class of monads, or even a construction of a monad, but
rather as a convenient presentation of a monad. When K : D → C is a functor from an
essentially small category to a complete locally small category, one can present T in terms
of simple data about the essentially small categories D and (A ↓ K) rather than complex
data about the categories C or [D,Set]op.

3.4. Codensity presentations of probability monads. One sensible aim, given a
monad T on C, might be to find an essentially small category D and a functor K : D → C
such that T is the pointwise codensity monad of K. This was done for the probability
monads in Section 2 in [56]. Given this data, we could then try to express additional
structure and properties of T in terms of its limit presentation, and the structure and
properties of K. It is sufficient to look at subcategories of the category of Eilenberg-
Moore algebras CT, since any such K must factor through the Eilenberg-Moore forgetful
functor GT : CT → C [41]. Furthermore, if T is the pointwise codensity monad of a functor
K : D → C, it is also the pointwise codensity monad of the inclusion of the smallest
subcategory containing all the morphisms Km for m ∈ mor D, and so one may consider
faithful K. Since T is also the codensity monad of the Kleisli forgetful functor GT, it is
reasonable to look at the restrictions of GT to subcategories of the Kleisli category CT.



COMMUTATIVITY AND KLEISLI LAWS OF CODENSITY MONADS 471

3.5. Definition. [Kleisli codensity presentation] Let I : D → CT be the inclusion of
a subcategory. T has a Kleisli codensity presentation over D if, for each A ∈ ob C,
(TA, µTXTh) is a limit cone over (A ↓ GTI).

If T has a Kleisli codensity presentation over D, then it additionally has a Kleisli
codensity presentation over the full subcategory of CT on objects in D. We now pro-
vide Kleisli codensity presentations, over essentially small categories, for the probability
monads we described in Section 2.

3.6. Definition. The category FinStoch has finite sets as its objects and random func-
tions as its morphisms [17]. It is the full subcategory of the Kleisli category SetDc on
finite sets. cStoch is the full subcategory of SetDc on countable sets.

Since Dc is a lax monoidal monad, both categories have a symmetric monoidal struc-
ture which is given on objects by the Cartesian product of sets. Additionally, there are
faithful, identity on object functors as in the following diagram

FinSet FinStoch

cSet cStoch

FDc,f

FDc,c

given by the restriction of the Kleisli left adjoint FDc , where cSet is the category of
countable sets.

3.7. Example. Giry monad on Meas.
There is a full and faithful functor cStoch → MeasG defined by assigning a countable

set its discrete σ-algebra. Let KG be the restriction of the Kleisli forgetful functor GG to
cStoch. It is shown in [56] that G is the pointwise codensity monad of the composite
functor KGFDc,c : cSet → Meas. Since FDc,c is a faithful, identity on objects functor, it
also follows that G is the pointwise codensity monad of the functor KG, and has a Kleisli
codensity presentation over cStoch. We now sketch the proof that the Giry monad is the
codensity monad of KGFDc,c [56].

The cone (GA, evh) over (A ↓ KGFDc,c) with legs evh = µXGh, for h : A → KGFDc,cX,
is explicitly defined by evh(p)(x) =

∫
h(−)(x) dp. Here we implicitly use the isomorphism

KGFDc,cX
∼= {p ∈ [0, 1]X :

∑
x∈X

p(x) = 1}

with σ-algebra given as a subspace of the product of the Borel structure on [0, 1]. Now
if (C, λh) is any other cone, then for any B ∈ BA we can define hB = (1B,1Bc) : A →
KGFDc,c{0, 1} and λB = λhB

(−)(0) : C → [0, 1]. Then, for any c ∈ C, α(c)(B) = λB(c)
defines a probability measure on A, giving a unique factorisation of the cone maps, and
demonstrating that (GA, evh) is a limit cone.



472 ZEV SHIRAZI

3.8. Example. Countable expectation monad on Set.
First, we note that the restriction of Ec to cSet is isomorphic to the restriction of Dc

to cSet, since all countably supported measures are discrete. Thus, the subcategory of
SetEc with objects in cSet is (isomorphic to) cStoch. We write KEc : cStoch → Set for
the restriction of the Kleisli forgetful functor. Then Ec has a Kleisli codensity presentation
over cStoch, since it is the pointwise codensity monad of KEc . This can be shown by a
similar proof as used in Example 3.7. However, we will prove this in Example 4.16 as a
corollary of Theorem 4.9.

3.9. Example. Radon monad on KHaus, Kantorovich monad on KMet.
There is a full and faithful functor FinStoch → KHausR, assigning sets their dis-

crete topology. We write KR : FinStoch → KHaus for the restriction of the Kleisli
forgetful functor to this subcategory. Then, it is shown in [56] that the Radon monad
is the codensity monad of KRFDc,f . Hence, the Radon monad has a Kleisli codensity
presentation over FinStoch, since it is also the pointwise monad of KR. Similarly, by
analogous results in [56], the Kantorovich monad has a Kleisli codensity presentation over
FinStoch, and we write the restriction of the Kleisli forgetful functor as KK in this case.

3.10. Subprobability measures and affineness. All the probability monads we
have encountered are affine. There is only one probability measure on a singleton, since
the total probability of events is 1. One can also use the codensity presentation of these
monads to show this.

3.11. Proposition. Suppose C and D have terminal objects. If K : D → C is such that
!K1 : K1 → 1 is an isomorphism, and for every y : 1 → KX there is a unique x : 1 → X
with y = Kx !−1

K1. Then, if T is the pointwise codensity monad of K, η1 is an isomorphism.

Proof. Since 1 is terminal, !T1η1 = 11, so it is sufficient to show η1!T1 = 1T1. For each
y : 1 → KX, evyη1!T1 = y!T1 but y = Kx!−1

K1 by assumption, and !−1
K1!T1 = ev!−1

K1
: T1 → K1

so y!T1 = Kxev!−1
K1

= evy. Hence, η1!T1 = 1T1 by the uniqueness of cone factorisation.

For locally small categories D and C, the latter condition is equivalent to the map
D(1,−) → C(1, K−) being an isomorphism, but the argument above only relied on it
being epic. If T is an affine monad, and D is a full subcategory of CT containing 1, then
the restriction of GT to D satisfies this condition. In particular, the functors KG, KEc ,
KR and KK satisfy the conditions in Proposition 3.11, noting that the terminal object
in FinStoch and cStoch is the singleton set 1 since D is affine. However, applying this
argument to an individual monad is somewhat circular; if D is a full subcategory of CT
with a terminal object not of the form FT1, the latter condition may not hold (consider,
for example, the power set monad P on Set).

If C has a terminal object 1 such that 1 + X exists for each X, then for any monad
T on C there is a unique distributive law λ : 1 + T− → T (1 + −) [2] which induces a
monad structure on the endofunctor T (1+−) [57]. In the case of the probability monads
from Section 2, we call this the monad of subprobability measures. If p ∈ T (1 + X) then
p(X) = 1 − p(⊥) and so elements of T (1 + X) correspond to measures on X satisfying
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p(X) ≤ 1. In a programming language setting, we can view this monad as combining
probabilistic nondeterminism with possible failure, and p(⊥) can be interpreted as the
probability of an error. By allowing the cone maps evh to incorporate possible failure, we
can obtain a pointwise Kan extension expressing monads of subprobability measures:

3.12. Proposition. Under the conditions of Proposition 3.11, if binary coproducts with
1 exists in C and D, then T (1+−) is the pointwise right Kan extension of K(1+−) along
K

Proof. First, we define the limit cones. If h : A → KX, then [Kι1!
−1
K1, Kι2h] : 1 + A →

K(1 + X) and for any f : X → Y we have

K(1 + f)ev[Kι1!
−1
K1,Kι2h]

= ev[Kι1!
−1
K1,Kι2Kfh]

Hence the maps ev[Kι1!
−1
K1,Kι2h]

: T (1+A) → K(1+X) provide a cone over K(1+UA−) : (A ↓
K) → C with apex T (1 + A).

Now if (C, τh) is any cone over K(1 +UA−) and [y, h] : 1 +A → KX, there is a unique
map x : 1 → X such that y = Kx!−1

K1 by hypothesis. Hence, we can define (C, ν[y,h]) by
ν[y,h] = K[x, 1X ]τh and for any f : X → Y

Kfν[y,h] = K[fx, f ]τh

= K[fx, 1X ]τKfh (τ is a cone)

= νKf [y,h] (K(fx)!−1
K1 = Kfy)

Hence (C, ν[y,h]) is a cone over KU1+A : (1 +A ↓ K) → C, and thus there is a unique map
α : C → T (1 + A) such that ev[y,h]α = ν[y,h]. But α is also a map of cones over (A ↓ K),
since

ev[Kι1!
−1
K1,Kι2h]

α = ν[Kι1!
−1
K1,Kι2h]

= K[ι1, 1]τKι2h

= K[ι1, 1]K(1 + ι2)τh

= τh

Finally, if α′ is another cone map over (A ↓ K) such that ev[Kι1!
−1
K1,Kι2h]

α′ = τh, then

ν[y,h] = K[x, 1X ]ev[Kι1!
−1
K1,F ι2h]

α′

= ev[Kx!−1
K1,h]

α′

= ev[y,h]α
′

hence α = α′, and so the cone factorisation is unique.
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4. Probability monads as universal liftings and Kleisli laws

In this section, we discuss an alternative characterisation of the probability monads in
Section 2 and relate it to their codensity presentations. We begin by giving an informal
motivation. We can think of a terminal object in a category as the largest object satisfying
some conditions which arise from the uniqueness of the morphisms onto it. This gives an
interpretation of probability monads expressed as the codensity monad of K : cStoch → C
as the largest endofunctor on C extending the model of discrete probability given by K.

On the other hand, if an object of C can be assigned a measurable structure, we might
expect a probability monad T on C to give a space of probability measures with respect to
this structure. Explicitly, if H : C → Meas is a functor, we expect a map α : HT → GH
which assigns a measure on HX for each element of HTX. If (S, β : HS → GH) is any
endofunctor of this form, elements of HSA are probability measures on HA, and so (S, β)
can be viewed as an endofunctor of probability measures. If H and K define compatible
models of probability for C, there are two informal perspectives on a maximal probability
monad on C which we might expect to coincide:

1. T is the largest endofunctor extending discrete probability given by K and so should
be the codensity monad of K

2. T is the largest endofunctor of probability measures with respect to H and should be
terminal in the category of endofunctors of probability measures.

We make the connection between these notions precise in this section. In Theorem 4.9,
we show that if certain compatibility conditions between H and K hold, then these two
notions of maximal probability monads coincide.

4.1. Kleisli laws and monad liftings. In order to relate monads on different cate-
gories, we recall the definition of a Kleisli law.

4.2. Definition. [Kleisli Law [49]] If H : D → C and P (resp. T) is a monad on D (resp.
C), a Kleisli law λ : HP → TH is a natural transformation satisfying

1. ηTH = λHηP

2. µT
HTλλP = λHµP

If C = D and H = 1C, then a Kleisli law P → T is referred to as a monad morphism.

4.3. Proposition. [49] For H, P,T as in Definition 4.2, there is a bijection between
Kleisli laws λ : HP → TH and functors H̄ : DP → CT satisfying H̄FP = FTH. Further-
more, such a functor H̄ satisfies H̄f = λBHf for f : A → B in DT.

Now if T is a monad on C, and H : D → C, we write H∗ : [D,D] → [D, C] for the
functor that postcomposes with H. Then (H∗ ↓ TH) is the category with objects (P, α)
where P : D → D is an endofunctor and α : HP → TH is a natural transformation,
and morphisms β : (P, α) → (P ′, α′) are natural transformations β : P → P ′ satisfying



COMMUTATIVITY AND KLEISLI LAWS OF CODENSITY MONADS 475

α′Hβ = α. As suggested above, when C = Meas and T = G, we can interpret objects of
(H∗ ↓ GH) as endofunctors of probability measures, and its terminal object as the maximal
monad of probability measures, since it inherits a monad structure from G.

4.4. Lemma. If T is a monad on C, H : D → C and (P, α) is the terminal object of
(H∗ ↓ TH) then P has a unique monad structure making α a Kleisli law.

Proof. This immediately follows from

1. Monoids in (H∗ ↓ TH) coincide with monads admitting a Kleisli law into T, since
the forgetful functor U : (H∗ ↓ TH) → [D,D] is strict monoidal

2. Terminal objects have a unique monoid structure

However, for clarity, we spell out the proof. First, we have µT
HTααP : HPP → TH,

so there is a unique map µP : PP → P satisfying αHµP = µT
HTααP . Also, we have

ηTH : H → TH, so there is a unique map ηP : 1D → P satisfying αHηP = ηTH . Note that
these are exactly the equations for α to be a Kleisli law (assuming P is indeed a monad),
and so this is the unique possible structure. Now ηPP : P → PP satisfies

µT
HTααPHηPP = µT

HTαη
T
HP

= µT
Hη

T
THα

= α

so it is a morphism in (H∗ ↓ TH), and hence µPηPP = 1P , since (P, α) is terminal. Similarly
PηP satisfies

µT
HTααPHPηP = µT

HTαTHηPα

= µT
HTη

T
Hα

= α

so we also have µPPηP = 1P . Finally, µT
HTµ

T
HTTαTαPαPP : HPPP → TH defines an

object in (H∗ ↓ TH) and µP
P satisfies

µT
HTααPHµP

P = µT
HTαµ

T
HPTαPαPP

= µT
HTµ

T
HTTαTαPαPP

but PµP also satisfies

µT
HTααPHPµP = µT

HTαTHµPαPP

= µT
HTµ

T
HTTαTαPαPP

so both are morphisms in (H∗ ↓ TH), and hence associativity holds.
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4.5. Example. Countable expectation monad on Set.
If H : D → C has a right adjoint U , then (H∗ ↓ TH) ∼= [D,D]/UTH, which has a

terminal object given by UTH. Hence, let H be the functor D : Set → Meas which
assigns a set its discrete measurable space, as in Section 2.4. Then Ec and the map
DEc → GD with components the identity function form the terminal object in (D∗ ↓ GD).

Note that terminal objects of (H∗ ↓ TH) are exactly the right Kan lifts of TH against
H, written (P, α) = RiftHTH.

4.6. Codensity monads and liftings. In this section, we will show that the probabil-
ity monads from Section 2 are terminal in full subcategories of (H∗ ↓ GH), for appropriate
H in each case. A limited form of this universal property was observed in [57].

4.7. Example. [57] If H : KMet → Meas assigns the Borel σ-algebra to a compact
metric space, then HK = GH, and 1HK : HK → GH is a Kleisli law (or explicitly,
ηGH = HηK and µG

H = HµK). Furthermore, ev{0} : K2 → [0, 1] is an isomorphism in
KMet. Let T be a monad on KMet such that HT = GH, 1HT is a Kleisli law, and
ev{0} : T2 → [0, 1] is an isomorphism. Then the map T → K whose components are
the identity function (but is not necessarily an identity morphism in KMet) is a monad
morphism.

Note that if T : KMet → KMet is any endofunctor satisfying HT = GH then the
underlying set of TX is the set of Borel probability measures on X and for any f : Y → X,
Tf is given by sending measures to their pushforward along f . Also, since H is the identity
on morphisms, the condition that 1HT should be a Kleisli law uniquely determines a
monad structure on T , and this monad structure exists iff the functions ηX : X → TX
and µX : TTX → TX are non-expansive for each X. Hence, the result in [57] shows that
(K, 1HK) is terminal in a full subcategory of (H∗ ↓ GH) whose objects are (T, 1HT ) such
that ηX : X → TX and µX : TTX → TX are non-expansive for each X and such that
ev{0} : T2 → [0, 1] is an isomorphism in KMet.

As remarked in [57], this universal property shows that the Kantorovich distance is
maximal among a class of admissible metrics for the topology of weak convergence of
probability measures. In Example 4.12, we use the codensity presentation of K to show
that K is terminal in a wider subcategory of (H∗ ↓ TH). Hence, we can conclude that the
Kantorovich distance is maximal among a larger class of possible metrics for probability
measures.

4.8. Example. Radon monad on KHaus.
Let H : KHaus → Meas send a compact Hausdorff space to its Baire measurable

structure, the σ-algebra generated by zero sets f−1({0}) for f ∈ C(X, [0, 1]) (see Appendix
A). As shown in Corollary A.4, there is an isomorphism res : HR → GH, with res[0,1] an
identity morphism. However, it is not clear that (R, res) is terminal in (H∗ ↓ GH). If
β : HS → GH factors through res, we must have β[0,1] = Hλ for some (necessarily unique)
λ.
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This motivates the following result, which we will use in Example 4.11 to show that
this condition is the only impediment to terminality.

4.9. Theorem. Consider the following lax square

F D

E C

F

I

K

H

γ

Let (T, ε) be the codensity monad of K and suppose that

(i) H and I are faithful, and γ is monic

(ii) (TH, εITγ) = RanFKI

Then for P : E → E, the following are equivalent

1. There is a ρ : PF → F making (P, ρ) the codensity monad of F

2. There is a map α : HP → TH making (P, α) the terminal object in the full monoidal
subcategory of (H∗ ↓ TH) of objects (S, β) where εITγβF = γHν for a (necessarily
unique) ν : SF → F

Furthermore, the monad structures induced on P by these universal properties coincide.

Proof. We first verify that this is indeed a monoidal subcategory (by which we mean
that the inclusion should be strict monoidal). We note that if (S, β) and (R, δ) are
objects in (H∗ ↓ TH), their monoidal product is given by (SR, µT

HTδβR), and if we have
εITγβF = γHν and εITγδF = γHκ then

εITγµ
T
HFTδFβRF = εIµ

T
KITTγTδFβRF (naturality)

= εIT [εITγδF ]βRF (definition of µT)

= εITγTHκβRF

= εITγβFHSκ (naturality)

= γH(νSκ)

The unit in (H∗ ↓ TH) is given by (1E , η
T
H) and εITγη

T
HF = γ.

Now, given any S : E → E and ν : SF → F there is a unique map β : HS → TH such
that εITγβF = γHν, since (TH, εITγ) = RanFKI. Also, if λ : S → R, κ : RF → F , and
δ : HR → TH is such that εITγδF = γHκ then

ν = κλF ⇐⇒ γHν = γHκHλF

⇐⇒ εITγβF = εITγδFHλF

⇐⇒ β = δHλ
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Let F ∗ : [E , E ] → [F , E ] be the precomposition functor. There is a full, faithful, and
injective on objects functor L : (F ∗ ↓ F ) → (H∗ ↓ TH) that sends (S, ν) to (S, β),
and acts as the identity on morphisms. Furthermore, since the monoidal product of
(S, ν), and (R, κ) in (F ∗ ↓ F ) is (SR, νSκ) and the unit is (1E , 1F ), L is strict monoidal.
Now, a terminal object (P, ν) in (F ∗ ↓ F ) is sent by L to an object (P, α), which is
then the terminal object of the image of L. Furthermore, since L is full and faithful, if
L(P, ν) = (P, α) is terminal in the image of L, then clearly (P, ν) is terminal in (F ∗ ↓ F ).
Finally, since L acts as the identity on morphisms and is strict monoidal, the monad
structures on P coincide.

One immediate consequence of this result is that we can construct Kleisli laws of
probability monads from their codensity presentations.

4.10. Corollary. In the setting of Theorem 4.9, if (P, ρ) is the codensity monad of F ,
then there is a Kleisli law α : HP → TH.

4.11. Example. Radon monad on KHaus continued.
We apply Theorem 4.9 to show that, for the Baire functor H, the Radon monad is

terminal in the full subcategory of (H∗ ↓ GH) of objects (S, β) such that β[0,1] : HS[0, 1] →
G[0, 1] is continuous (so that β[0,1] = Hλ for some λ). We let F = KR, K = KG, and I,H
be the functors in Example 4.8. Since the isomorphism res : HR → GH from Corollary
A.4 is such that resRX is the identity for finite discrete spaces X, we let γ = 1HKR . In Ap-
pendix A it is verified that GH = RanKRKGI, and the remaining hypotheses of Theorem
4.9 also hold. Since R is the codensity monad of KR, Theorem 4.9 shows that (R, res) is
terminal in the full subcategory of (H∗ ↓ GH) on (S, β) such that µG

XβRX is continuous at
finite discrete space X (we are using X to both denote a discrete measurable and topolog-
ical space). Now, if X is a finite discrete space, µG

XβKRX is continuous iff G1{x}µ
G
XβKRX

is continuous for each x ∈ X, where 1{x} : X → {0, 1} is the indicator function. Further-
more, by naturality we have G1{x}µ

G
XβKRX = µG

{0,1}β[0,1]HSR1{x}. Hence, since µG
{0,1} is

continuous, it is sufficient for β[0,1] to be continuous, and we saw this is also necessary in
Example 4.8.

4.12. Example. Kantorovich monad on KMet.
We apply Theorem 4.9 to show that, for the Borel functor H : KMet → Meas, the

Kantorovich monad is terminal in the full subcategory of (H∗ ↓ GH) of objects (S, β)
such that β[0,1] : HS[0, 1] → G[0, 1] is non-expansive.

First we note that the functor H : KMet → Meas that assigns a compact metric
space its Borel σ-algebra preserves any limits that exist in KMet. We prove this by first
noting that the functor T : KMet → KHaus which assigns a metric space its induced
topology preserves any limits that exist, since in the commutative triangle

KMet KHaus

Set

T

KMet(1,−)
KHaus(1,−)
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the functor KMet(1,−) preserves any limits that exist, and KHaus(1,−) creates all
limits in KHaus. Hence T must preserve any limits that exist, and combining this
with [12, Theorem 7.1.1], which states that the Baire σ-algebra of a metric space coincides
with its Borel σ-algebra and Theorem A.3, it follows that H preserves limits that exist.
Thus, if I : FinStoch → cStoch is the inclusion, HKX = limJ HKK = limJ KGI and
thus GH = RanKKKGI.

Hence, we can apply the same argument as in Example 4.11. This generalises the
terminality result in [57], discussed in Example 4.7, which also required a monad structure
on objects (S, 1HS) such that µ, η are non-expansive. Intuitively, this shows that if we
can prove that an inequality of metrics of probability measures holds for X = [0, 1], we
can derive it for any compact metric space X.

As an illustrative example, we now recall that if X is a metric space and p, q are Borel
probability measures on X, their Prokhorov distance is defined by

dPX(p, q) = inf{α > 0 : ∀A ∈ BX p(A) ≤ q(Aα) + α}

where Aα = {x : dX(x,A) ≤ α} when A ̸= ∅ and ∅α = ∅ [50, 4]. Let PX be the
space of Borel probability measures with the Prokhorov metric, then as shown in [4], if
X is separable then PX has the topology of weak convergence; it has the initial topology
for evh : PX → [0, 1] for h ∈ C(X, [0, 1]). In particular, if (X, dX) is a compact metric
space, so is (PX, dPX). Furthermore, if f : X → Y is non-expansive, we can define
Pf : PX → PY to send p to its pushforward along f , defined by Pf(p)(A) = p(f−1(A))
Then Pf is also non-expansive since

dPX(p, q) = inf{α > 0 : ∀A ∈ BX p(A) ≤ q(Aα) + α}
≥ inf{α > 0 : ∀B ∈ BY p(f−1(B)) ≤ q(f−1(B)α) + α}
≥ inf{α > 0 : ∀B ∈ BY p(f−1(B)) ≤ q(f−1(Bα)) + α}
= dPY (Pf(p), Pf(q))

In the penultimate line we used that f is non-expansive to conclude that f−1(B)α ⊆
f−1(Bα). Hence, P defines an endofunctor on KMet with HP = GH. In [57] it is
suggested that we might use this in conjunction with a terminality result for K to show
that dPX ≤ dKX . However, our result does not apply (and this inequality cannot hold)
since the identity function id[0,1] : P [0, 1] → K[0, 1] fails to be non-expansive. For example,
if we define p = 3

5
η[0,1](0) + 2

5
η[0,1](1) and q = 3

5
η[0,1](

1
2
) + 2

5
η[0,1](1), then dKX(p, q) = 3

10
,

but dPX(p, q) = 1
2
. We do have the inequality d2

PX ≤ dKX for any complete separable
metric space X [26, Corollary 4.3].

4.13. Example. Expectation monad on Set.
Suppose H : Set → Meas assigns the discrete measurable structure, I = 1cStoch

and γ = id: HKEc → KG has components the identity function. Then the subcategory
specified in Theorem 4.9 is the entire category (H∗ ↓ TH).
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4.14. Codensity presentations from the lifting property. We conclude this
section by showing another consequence of Theorem 4.9; that we can derive a Kleisli
codensity presentation for a universal lifting of a codensity monad. In particular, this
gives a new method to derive codensity presentations of probability monads that have a
universal property as a lifting of the Giry monad. Suppose now that (P, α) is terminal
in (H∗ ↓ TH). By Proposition 4.3, if α is monic and H is faithful, there is a faithful
functor H̄ : DP → CT. We will show that, under suitable conditions, P and T share a
Kleisli codensity presentation over a small subcategory of DP, via the functor H̄.

4.15. Corollary. Suppose T is the codensity monad of K : D → C, and (P, α) is the
terminal object in (H∗ ↓ TH) for a faithful functor H : E → C. If there is a faithful
functor J : D → EP such that αJ is pointwise monic and K = GTH̄I, where H̄ is the
lifting induced by α, then P and T both have a Kleisli codensity presentation over D.

First, H̄J is faithful by Proposition 4.3 and so T has a Kleisli codensity presentation
over D. Now, in Theorem 4.9, we let F = GPJ , I = 1D and γ = αJ (at least component-
wise). Then it suffices to show that (P, α) is an object of the full subcategory specified
in Theorem 4.9, since it is terminal in all of (H∗ ↓ TH). But this is demonstrated by the
Kleisli law equation αHµP = µT

HTααP . Hence, by Theorem 4.9, P has a Kleisli codensity
presentation over D.

4.16. Example. Countable expectation monad on Set continued.
Let H be the functor D : Set → Meas which assigns a set its discrete σ-algebra, as

in Example 4.5. One can verify that all the conditions of Corollary 4.15 hold, and so Ec
has a Kleisli codensity presentation over cStoch. In this case, D has a right adjoint U ,
and so this can also be directly shown via the isomorphisms

U(RanKGKG)D ∼= RanU(RanKGUKG) ∼= RanUKGUKG

and using that UKG = KEc . But Corollary 4.15 can be applied more generally, when the
functor H does not necessarily have a right adjoint.

5. Commutativity of codensity monads and probability bimeasures

The definition of a codensity monad in Section 3 can be generalised to any 2-category,
by requiring that the diagram in Definition 3.2 is a Kan extension in that 2-category.
In this section, we begin by giving sufficient conditions for a codensity monad to receive
a lax monoidal structure, making it the codensity monad in the 2-category MonCat of
monoidal categories, lax monoidal functors, and monoidal natural transformations. In
Proposition 5.6, we give a simplified condition for the probability monads considered in
Section 2. Verifying this condition will rely on the theory of probability bimeasures, and
we provide a basic overview of this in Section 5.8. We then show that the Radon monad
and the restriction of the Giry monad to standard Borel spaces satisfy the condition in
Proposition 5.6, but the other monads from Section 2 do not. In fact, the Radon monad
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and restriction of the Giry monad satisfy much stronger conditions, making them exactly
pointwise monoidal codensity monads, and we study these conditions in Section 5.18. The
main result of this subsection is Theorem 5.23, which provides a characterisation of the
monoidal codensity monads that are exactly pointwise, and gives a description of their
Kleisli category.

5.1. Conditions for commutativity. We begin by providing sufficient conditions for
a codensity monad to be lax monoidal. These are similar to conditions found in [19] for
lifting left Kan extensions to MonCat, and are closely related to the general results in
[39, 58] on lifting Kan extensions to 2-categories of algebras for 2-monads.

5.2. Theorem. Suppose (K,κ, ι) : D → C is a lax monoidal functor and that (T, ε) is
the codensity monad of K. Then if

(i) εITι : TI → KI is monic

(ii) ε-⊗-Tκ : T (K− ⊗ K−) → K(− ⊗ −) makes T (− ⊗ −) the right Kan extension of
K(−⊗−) along K ×K

(iii) ε(-⊗-)⊗-T (κ-⊗-,- κ⊗ 1K) : T ((K−⊗K−) ⊗K−) → K((−⊗−) ⊗−) makes T ((−⊗
−) ⊗−) the right Kan extension of K((−⊗−) ⊗−) along (K ×K) ×K

then there is a unique monoidal structure χ on T making (T, ε) the codensity monad of
K in MonCat.
If furthermore K is symmetric monoidal, then so is T , and (T, ε) is the codensity monad
of K in SMonCat.

Proof. First, by (ii), κ(ε ⊗ ε) : TK− ⊗ TK− → K(− ⊗ −) has a unique factorisation
χ : T− ⊗ T− → T (− ⊗ −) such that ε-⊗-TκχK×K = κ(ε ⊗ ε). We claim that (T, χ, ηI)
is a monoidal structure on T . Since K is lax monoidal, TλχI,-(ηI ⊗ 1T ) : I ⊗ T− → T
satisfies

ε TλK χI,K-(ηI ⊗ 1TK) = ε TKλTκI,-T (ι⊗ 1K)χI,K-(ηI ⊗ 1TK)

= KλεI,-TκI,- χKI,K-(Tι ηI ⊗ 1TK) (naturality)

= KλκI,-((εITι ηI) ⊗ ε) (definition of χ)

= KλκI,-((εIηKIι) ⊗ ε) (naturality)

= KλκI,-(ι⊗ 1K)(1I ⊗ ε) (definition of η)

= λK(1I ⊗ ε) (K lax monoidal)

= ε λTK (naturality)

and so, by the uniqueness of factorisation, TλχI,-(ηI ⊗ 1T ) = λT . Dually, the other unitor
square commutes. This calculation also shows εITι ηI = ι, which is one of the conditions
for ε to be monoidal.
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Next, Tαχ-,-⊗-(1T ⊗ χ) : T−⊗ (T−⊗ T−) → T ((−⊗−) ⊗−) satisfies

ε(-⊗-)⊗-T [κ-⊗-,- (κ⊗ 1K)]TαK,K,KχK-,K-⊗K-(1TK ⊗ χK,K)

= ε(-⊗-)⊗-T [Kακ-,-⊗-(1K ⊗ κ)]χK-,K-⊗K-(1TK ⊗ χK,K) (K monoidal)

= Kαε-⊗-⊗(-)Tκ-,-⊗-χK-,K(-⊗-)(1TK ⊗ TκχK,K) (naturality)

= Kακ-,-⊗-(ε⊗ ε-⊗-)TκχK,K) (definition of χ)

= Kακ-,-⊗-(1K ⊗ κ)(ε⊗ (ε⊗ ε)) (definition of χ)

= κ-⊗-,-(κ⊗ 1K)αK,K,Kε⊗ (ε⊗ ε)) (K monoidal)

= κ-⊗-,-(κ(ε⊗ ε) ⊗ ε)αTK,TK,TK (naturality)

= κ-⊗-,-(ε-⊗- ⊗ ε)(TκχK,K ⊗ 1TK)αTK,TK,TK (definition of χ)

= ε(-⊗-)⊗-Tκ-⊗-,-χK(-⊗-),K-(TκχK,K ⊗ 1TK)αTK,TK,TK (definition of χ)

= ε(-⊗-)⊗-T [κ-⊗-,-(κ⊗ 1K)]χK-⊗K-,K-(χK,K ⊗ 1TK)αTK,TK,TK (naturality)

Thus, by the uniqueness of factorisation, T is lax monoidal. Also, ε : TK → K is monoidal
since the coherence relating to κ and χ is the defining equation for χ. Finally, suppose
δ : GK → K is a monoidal natural transformation, where (G, ξ, γ) is a lax monoidal
endofunctor on C. Then there is a unique natural transformation φ : G → T satisfying
ε φK = δ. We show that φ monoidal.

εA⊗BTκA,BφKA⊗KBξKA,KB = εA⊗BφK(A⊗B)GκA,BξKA,KB (naturality)

= δA⊗BGκA,BξKA,KB (definition of φ)

= κA,B(δA ⊗ δB) (δ monoidal)

= κA,B(εAφKA ⊗ εBφKB) (definition of φ)

= εA⊗BTκA,BχKA,KB(φKA ⊗ φKB) (definition of χ)

Hence, φA⊗BξA,B = χA,B(φA ⊗ φB) follows by the uniqueness of factorisation of the Kan
extension in (ii). Next,

εITι ηI = ι

= δIGι γ (δ monoidal)

= εIφKIGι γ (definition of α)

= εITι φIγ (naturality)

Hence, since εITι is monic by assumption, it follows that φ is monoidal.
If χ′ is another lax monoidal structure making (T, ε) the codensity monad in MonCat,

then since ε is monoidal we must have ε-⊗-Tκχ
′
K×K = κ(ε⊗ ε). Hence by the uniqueness

of factorisation of the Kan extension in (ii), χ = χ′.
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Finally, if K is also symmetric monoidal, then TγB,AχB,A : TB ⊗ TA → T (A ⊗ B)
satisfies

εA⊗BTκA,BTγKB,KAχKB,KA = εA⊗BTKγB,ATκB,AχKB,KA

= FγB,AεB⊗BTκB,AχKB,KA (naturality)

= KγB,AκB,A(εB ⊗ εA) (by definition of χ)

= κA,BγKB,KA(εB ⊗ εA) (K symmetry)

= κA,B(εA ⊗ εB)γTKB,TKA (naturality)

= εA⊗BTκA,BχKA,KBγTKB,TKA (definition of χ)

Hence, TγB,AχB,A = χA,BγTB,TA by the uniqueness of factorisation through the Kan
extension in (ii) and so T is symmetric monoidal.

If T and the Kan extension in condition (ii) are pointwise, then for h : A → KX,
k : B → KY we will write evh,k : T (A⊗B) → K(X ⊗ Y ) for the cone maps of the limits
in (ii). We then have

ev1KX ,1KY
= εX⊗Y TκX,Y

= evκX,Y

Then, for f : A′ → A and g : B′ → B, we have evh,kT (f ⊗ g) = evhf,kg and so

evh,k = evκX,Y
T (h⊗ k)

= evκX,Y (h⊗k)

The lax monoidal strength χ is the unique map satisfying evκX,Y (h⊗k)χA,B = κX,Y (evh ⊗
evk). Note that in this setting, condition (i) states that the map evι should be monic.

5.3. Remark. If condition (i) holds and ι is an isomorphism, then since εITιηI = ι, εITι
is an isomorphism, and hence ηI is too. Next, note that if the conditions of Proposition
3.11 hold, then εITι is an isomorphism, so is certainly monic, and we can drop condition
(i). Finally, if D is a monoidal category which is a subcategory of CT, T has a Kleisli
codensity presentation over D, and ι : I → GTI = TI is given by ηI , then that εITι = 1TI

is one of the unit identities for a monad, and so in this case we may also drop condition
(i).

It will be convenient to have simpler assumptions than those of Theorem 5.2 for the
settings in which we apply it. We have already seen that in many situations we can
drop condition (i). The following results will show that for the probability monads from
Section 2, condition (iii) can also be dropped.

5.4. Definition. [Concrete pointed (monoidal) category] A locally small category C with
a terminal object 1 is concrete pointed if C(1,−) is faithful. A (symmetric) monoidal
category C is concrete pointed if furthermore C(1,−) is strong (symmetric) monoidal with
respect to the Cartesian structure on Set.
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The categories in Section 2 are all concrete pointed as symmetric monoidal categories.
It is shown in [48] that any endofunctor on a concrete pointed monoidal category has a
unique strength, if it exists. The result provides a mild generalisation, by dropping the
associativity coherence axiom for strengths.

5.5. Lemma. [48] If C is a concrete pointed monoidal category, and F : C → C has maps
θA,B : A⊗ FB → F (A⊗B) natural in A,B such that FλAθ1,A = λFA, then θ is a unique
left strength for F .

Proof. First, if C is concrete pointed monoidal, then the unit 1 is terminal and any map
f : 1 → A ⊗ B factors as (f1 ⊗ f2)λ

−1
1 : 1 → 1 ⊗ 1 → A ⊗ B for unique f1, f2. Now if

a : 1 → A, h : 1 → FB, then

C(1, θA,B)((a⊗ h)λ−1
1 ) = C(1, θA,B(a⊗ 1FB))((11 ⊗ h)λ−1

1 )

= C(1, F (a⊗ 1B)θ1,B)((11 ⊗ h)λ−1
1 ) (by naturality)

= C(1, F [(a⊗ 1B)λ−1
B ]λFB)((11 ⊗ h)λ−1

1 ) (by hypothesis)

= C(1, F [(a⊗ 1B)λ−1
B ])(h)

and hence since C(1,−) is faithful, θ is uniquely defined. One can then verify that this
does indeed satisfy the associativity coherence law, using the fact that C(1,−) is strong
monoidal. Hence, θ is the unique left strength as desired.

This lemma shows that for concrete pointed monoidal categories, the associativity co-
herence law for strengths is determined by the other axioms. We thus obtain associativity
of (symmetric) monoidal monads for free in these categories.

5.6. Lemma. If C is a concrete pointed (symmetric) monoidal category and T is a monad
on C with χA,B : TA⊗ TB → T (A⊗B) natural in A,B such that the following diagrams
commute

I ⊗ TA TA

TI ⊗ TA T (I ⊗ A)

λTA

ι⊗1TA

χI,A

TλA

TA⊗ I TA

TA⊗ TI T (A⊗ I)

ρTA

1TA⊗ι

χA,I

TρA

A⊗B TA⊗ TB

T (A⊗B)

ηA⊗ηB

ηA⊗B
χA,B

TTA⊗ TTB T (TA⊗ TB) TT (A⊗B)

TA⊗ TB T (A⊗B)

χTA,TB

µA⊗µB

TχA,B

µA⊗B

χA,B

Then T is a (symmetric) lax monoidal monad. In particular, the coherence laws for χ
with the associator and symmetry additionally hold.
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Proof. Define θA,B = χA,B(ηA⊗1TB) : A⊗TB → T (A⊗B) then θ satisfies the conditions
of Lemma 5.5 and so θ is the unique left strength of T . Similarly ϑA,B = χA,B(1TA ⊗ ηB)
is the unique right strength, and T is a (symmetrically) bistrong monad. Hence,

χA,B = χA,B(µATηA ⊗ µBTηB)

= µA⊗BTχA,BχTA,TB(TηA ⊗ ηTB) (by coherence for µ)

= µA⊗BTχA,BT (ηA ⊗ 1TB)χA,TB(1TA ⊗ ηTB)

= µA⊗BTθA,BϑA,TB

But this is the derived monoidal strength from the left and right strengths, which will
satisfy the associativity coherence law, and so χ satisfies it too. The symmetry coherence
law also follows when C is concrete pointed symmetric monoidal.

In particular, in Theorem 5.2, if C is a concrete pointed (symmetric) monoidal category,
then we can drop condition (iii) since this was only used to prove the associativity of χ.
All the conditions of Lemma 5.6 hold since the existence of χ and its unit laws were derived
from condition (ii). That the Kan extension factorisation map φ : GK → K is monoidal
was also derived from conditions (i) and (ii), and did not rely on the associativity of the lax
monoidal strength ξ of G. Hence, the proof of Theorem 5.2 shows that under conditions (i)
and (ii), (T, χ) is the codensity monad of (K,κ, ι) in the 2-category of monoidal categories,
lax monoidal functors that may not satisfy the associativity coherence law, and monoidal
natural transformations between such functors. Hence, µ and η are monoidal, and by
Lemma 5.6 T is (symmetric) monoidal,even if K was not assumed to be symmetric.

5.7. Proposition. Suppose C is a concrete pointed (symmetric) monoidal category and
T is a monad on C with a Kleisli codensity presentation over D. Let KD be the restriction
of the Kleisli forgetful functor GT : CT → C to D. If there is a monoidal structure on D,
and a lax monoidal structure (κ, ηI) on KD, such that condition (ii) of Theorem 5.2 is
satisfied, then T is a (symmetric) lax monoidal monad.

5.8. Spaces of probability k-polymeasures. We now give a review of the basic
theory of bimeasures, and more generally k-polymeasures. We use this to show that for
the probability monads studied in Section 2, the limit condition in Proposition 5.6 requires
that the space of bimeasures coincides with the space of bivariate probability measures.
We show that this holds for the Radon monad, but fails for the Giry monad unless it is
restricted to standard Borel spaces.

5.9. Definition. [Probability k-polymeasure] A probability bimeasure γ on measurable
spaces X,Y is a function γ : BX × BY → [0, 1] that is separately countably additive in
each component and satisfies γ(X, Y ) = 1. More generally, a probability k-polymeasure
on measurable spaces X1, . . . , Xk is a function γ :

∏k
i=1 BXi → [0, 1] that is countably

additive in each component and satisfies γ(X1, . . . , Xk) = 1.

5.10. Example. If p is a probability measure on
∏k

i=1Xi, then p defines a probability

k-polymeasure γ on X1, . . . , Xk by γ(A1, . . . , Ak) = p(
∏k

i=1Ai). In this case, we say the
polymeasure γ extends to p.
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5.11. Example. If p is a probability measure on X and q is a probability measure on
Y , then γ(A,B) = p(A) · q(B) defines a bimeasure on X, Y . More generally, if γ1, . . . , γn
are polymeasures of arity k1, . . . , kn, there is a (k1 + · · · + kn)-polymeasure given by∏n

i=1 γi(Ai1, . . . , Aiki)

5.12. Example. [31]
This example shows that there is a probability bimeasure on measurable spaces X, Y

which does not extend to a measure on X × Y . Let m be the Lebesgue measure on [0, 1]
and pick two disjoint sets X, Y ⊆ [0, 1] of first category with outer Lebesgue measure
1. Now we let BX = {A ∩ X : A ∈ B[0, 1]} and define BY analogously. Define γ on
X, Y by γ(A′, B′) = m(A ∩ B) when A′ = A ∩X, B′ = B ∩ Y , A,B ∈ B[0, 1]. If we let
En

i = [ i
2n
, i+1

2n
] ∩X and F n

i is defined analogously, then if Qn =
⋃2n−1

i=1 En
i × F n

i , we have∑2n−1
i=1 γ(En

i , F
n
i ) = 1 and m(Qn) = 1/2n. Also

⋂
n∈N Qn = ∅ so γ cannot extend to a

σ-additive measure.

While not all probability bimeasures extend to a measure, Theorem 2.8 of [31] shows
that under weak conditions on measurable spaces X and Y , probability bimeasures on
X, Y will extend to probability measures on X × Y . In particular, well-behaved k-
polymeasures on compact Hausdorff spaces will always extend to measures on the product.

5.13. Definition. [Radon probability k-polymeasure] If γ is a Borel probability k-poly-
measure on compact Hausdorff spaces X1, . . . , Xk (a probability k-polymeasure on the Borel
σ-algebras), we say that γ is Radon if it is Radon separately in each variable. This means
that for each i, γ(A1, . . . , Ai, . . . , Ak) = sup{γ(A1, . . . , Ki, . . . , Ak) : Ki ⊆ Ai is compact}.

5.14. Proposition. Every Radon probablity k-polymeasure on compact Hausdorff spaces
X1, . . . , Xk extends to a Radon probability measure on

∏k
i=1Xi.

Proof. The bimeasure case is [31, Corollary 2.9]; see also the historical article [46]. The
k-polymeasure case follows from [6, Theorem 3.3].

If γ is a k-polymeasure on X1, . . . , Xk and fi : Xi → [0, 1] are measurable maps
for i = 1, . . . , k, there is a standard notion of integration with respect to γ, denoted∫

(f1, . . . , fk) dγ. This is defined analogously to integration with respect to a probabil-
ity measure. It is defined such that it is multilinear, preserves monotone limits in each
variable and

∫
(1A1 , . . . ,1Ak

) dγ = γ(A1, . . . , Ak) [11].
We can define measurable spaces of k-polymeasures in analogy to the space of prob-

ability measures defined in Section 2.3. If X1, . . . , Xk are measurable spaces, we de-
fine Gk(X1, . . . , Xk) to be the set of k-polymeasures on X1, . . . , Xk with the coarsest
σ-algebra such that the function evA1,...,Ak

: Gk(X1, . . . , Xk) → [0, 1] defined by γ 7→
γ(A1, . . . , Ak) is measurable for each (A1, . . . , Ak) ∈

∏k
i=1 BXi. Furthermore, for fi : Xi →

[0, 1], i = 1, . . . , k, we can define evf1,...,fk : Gk(X1, . . . , Xk) → [0, 1] by evf1,...,fk(γ) =∫
(f1, . . . , fk) dγ. Then the σ-algebra on Gk(X1, . . . , Xk) is equivalently the coarsest such

that evf1,...,fk is measurable for each measurable f1, . . . , fk. Note that G1 = G and G0 is
the terminal object in Meas.
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We could also define compact Hausdorff spaces of Radon k-polymeasures, but the
following example shows that this is not necessary, in addition to verifying that the Radon
monad satisfies the conditions of Proposition 5.6.

5.15. Example. Radon monad on KHaus.
Let K = KR and D = FinStoch as in Example 3.7. KHaus is concrete pointed

monoidal, and since multiplication is continuous, it makes KR lax monoidal. Hence, to
verify the conditions of Proposition 5.6, it remains to show that for any compact Hausdorff
spaces A and B we have R(A×B) = lim(A↓KR)×(B↓KR) KR(UA × UB).

Let γX : X × {0, 1} → X + 1 be the function defined by γX(x, 0) = x, γX(x, 1) = ⊥
for any countable set X. If (C, τh,k) is a cone over (A ↓ KR)× (B ↓ KR), then for a fixed
k : B → KR{0, 1}, we have that (C,RγXτh,k) forms a cone over KR(UA+1): (A ↓ KR) →
KHaus. Hence, by Proposition 3.12, there is a unique map pk : C → R(A+ 1) such that
ev{(0,0)}τh,k(c) =

∫
ev{0}h dpk(c) for any h : B → KR{0, 1}. This extends to a continu-

ous positive linear functional C(A) → R. By the Banach-Steinhaus theorem, the map
Bc : C(A) × C(B) → R given by the linear extension of Bc(h, k) = ev{(0,0)}τev−1

{0}h,ev
−1
{0}k

(c)

for h : A → [0, 1], k : B → [0, 1] defines a continuous bilinear functional. By Proposition
5.14, there is a unique Radon measure p(c) on A×B such that Bc(h, k) =

∫
h · k dp(c).

We now show the function p : C → R(A × B) defined by this unique measure is
continuous. First, evh·kp = ev{(0,0)}τh,k is continuous. Now, define R2(A,B) to be the
space of Radon probability bimeasures on A,B with the coarsest topology such that the
function evh,k : R2(A,B) → [0, 1] (which sends γ 7→

∫
(h, k) dγ) is continuous for each

continuous h : A → [0, 1] and k : B → [0, 1]. Then Proposition 5.14 shows there is a
continuous bijection from R(A×B) to the set of bimeasures R2(A,B). Furthermore, the
space R2(A,B) can be seen to be a closed subspace of the closed unit ball of (C(A) ⊗π

C(B))∗ with the weak ∗-topology, where ⊗π denotes the projective tensor product [7,
Theorem 2]. Hence, by the Banach-Alaoglu theorem, R2(A,B) is a compact Hausdorff
space, and so the continuous bijection defined by Proposition 5.14 is a homeomorphism.
Thus, the topology on R(A×B) is the coarsest such that evh·k is continuous for each h, k
as above, and so p is continuous.

Finally we have, for h : A → KRX, k : B → KRY , that

evh,kp(c)(x, y) =

∫
ev{x}h · ev{y}k dp(c)

=

∫
ev{0}R1{x}h · ev{0}R1{y}k dp(c)

= ev(0,0)τR1{x}h,R1{y}k(c)

= τh,k(c)(x, y)

Additionally, if τh,k = evh,kp
′ then we must have ev(0,0)τh,k(c) =

∫
ev{0}h · ev{0}k dp′(c)

when X = Y = {0, 1}. Thus, by the uniqueness of the Radon measure above, p′ = p.
Hence, R(A×B) is the desired limit, and so R is lax monoidal.

An identical argument shows that R(
∏k

i=1Ai) = lim(Ai↓K)KR(
∏k

i=1 UAi
).
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5.16. Example. Giry monad on Meas and BorelMeas.
Consider the diagram KG(UA × UB) : (A ↓ KG) × (B ↓ KG) → Meas from Theorem
5.2. When h : A → KGX, k : B → KGY , the maps evh,k (defined by evh,k(γ)(x, y) =∫

(ev{x}h, ev{y}k) dγ) form a cone over (A ↓ KG) × (B ↓ KG) with apex G2(A,B). A
similar argument to the one in Example 5.15 shows that this is the limit cone. Example
5.12 demonstrates that the spaces G2(A,B) and G(A× B) are not generally isomorphic,
and so condition (ii) of Theorem 5.2 fails in this instance. This argument also shows that
Gk(A1, . . . , Ak) = lim∏k

i=1(Ai↓KG)
KG(

∏k
i=1 UAi

).
Let BorelMeas be the full subcategory of Meas whose objects are standard Borel

spaces [5]. These are measurable spaces X such that there is a admissible metric dX

on X (so that BX is the Borel σ-algebra of (X, dX)) making X a complete separable
metric space. If X is any standard Borel space, and dX is an admissible metric on X,
then the Prokhorov metric is an admissible metric for GX and makes it a complete and
separable metric space [4, Theorem 6.8]. Hence, there is a monad GB on BorelMeas
given by the restriction of G [22]. All countable discrete measurable spaces are standard
Borel, so we can define KGB

: cStoch → BorelMeas in the same way as KG, and then
GB is the pointwise codensity monad of KGB

. If A1, . . . , Ak are standard Borel spaces,

then the morphism of cones G(
∏k

i=1Ai) → Gk(A1, . . . , Ak) is an isomorphism by applying
Kuratowski’s theorem, which gives a classification of standard Borel spaces [12, Theorem
13.1.1].

These examples show that, for a probability monad P , the limit lim∏k
i=1(Ai↓KP ) KP

(
⊗k

i=1 UAi
) often coincides with the space of probability k-polymeasures. When this

space coincides with the space of probability measures on
⊗k

i=1Ai, we can conclude from
Theorem 5.2 that P is a monoidal codensity monad. These are not necessary conditions,
since we can directly verify that the Giry monad on Meas is the codensity monad of
KG in SMonCat, despite not satisfying this condition. We will characterise when these
conditions hold for monoidal codensity monads in Section 5.18. In our examples so far,
whether these spaces coincide has been closely related to the extension of probability
k-polymeasures to probability measures, but this is not the only condition that needs to
be met. In the case of the Kantorovich monad, every probability bimeasure extends to a
probability measure, but the metric we obtain on the space of probability bimeasures is
strictly smaller than the metric on the space of joint probability measures, and so these
spaces are not isomorphic in KMet. In the case of the expectation monad, bimeasures
can lift to measures, but not necessarily uniquely. Suppose κ is a measurable cardinal,
and U is a free κ-complete ultrafilter on κ. Then, as Section 2.4 showed, the ultrafilter
U × U defined on the boolean algebra generated by the rectangles in κ × κ extends to
P(κ× κ), but not uniquely.

5.17. Remark. The limit formula Gk(A1, . . . , Ak) = lim∏k
i=1(Ai↓KG)

KG(
∏k

i=1 UAi
) ex-

hibits the functors Gk : Meask → Meas as a pointwise right Kan extension, where
Gk(f1, . . . , fk) is the unique map satisfying evh1,...,hk

Gk(f1, . . . , fk) = evh1f1,...,hkfk . Explic-
itly, we have Gk(f1, . . . , fk)(γ)(A1, . . . , Ak) = γ(f−1

1 (A1), . . . , f
−1
k (Ak)). Together these
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functors organise into a functor G : Meas∗ → Meas. Here Meas∗ is the free strict
monoidal category on Meas, with objects finite lists [X1, . . . , Xk] of measurable space
Xi and morphisms finite lists [f1, . . . , fk] : [X1, . . . , Xk] → [Y1, . . . , Yk] of measurable maps
fi : Xi → Yi. As noted in Example 5.10 and Example 5.11, the functor G has additional
structure. For example Example 5.11 gives maps:

n∏
i=1

G[Xi1, . . . , Xiki ] → G[X11, . . . , Xnkn ]

In fact, the additional structure of G can be completely captured by unit maps

η[X1,...,Xn] :
n∏

i=1

Xi → G[X1, . . . , Xn]

satisfying evh1,...,hnη[X1,...,Xn](x1, . . . , xn) =
∏n

i=1 hi(xi), and multiplication maps

µ[[X11,...,X1k1
],...,[Xn1,...,Xnkn ]]

: G[G[X11, . . . , X1k1 ], . . . ,G[Xn1, . . . , Xnkn ]) → G[X11, . . . , Xnkn ]

satisfying evh11,...,hnkn
µ[[X11,...,X1k1

],...,[Xn1,...,Xnkn ]]
= evevh11,...,h1k1

,...,evhn1,...,hnkn
. This gives the

functor G a structure we call a ∗-monad, which we intend to elaborate further on in future
work. We will say here that any lax monoidal functor from a small category to a complete
category induces a ∗-monad in a similar manner.

5.18. Exactly pointwise monoidal codensity monads. We saw in Example 5.15
that the Radon monad satisfies

R(
k∏

i=1

Xi) = lim∏k
i=1(Xi↓KR)

KR(
k∏

i=1

UXi
)

and in Example 5.16 that the Giry monad on standard Borel spaces satisfies a similar
condition. An informal view is that a pointwise codensity presentation of a monad T
is a convenient limit presentation of the objects TX. We can therefore interpret this
condition to say that R(

∏k
i=1Xi) has a convenient limit expression, and hence that R is

a pointwise codensity monad in MonCat in a strong sense.

5.19. Definition. [Exactly pointwise monoidal codensity monad] If (K,κ, ι) is a lax
monoidal functor and (T, ε) is its pointwise codensity monad, then T is exactly pointwise
monoidal in degree k ≥ 1 if for every A1, . . . , Ak we have

(T (
k⊗

i=1

Ai), evζX1,...,Xk

⊗k
i=1 hi

) = lim∏k
i=1(Ai↓K)

K(
k⊗

i=1

UAi
)

where ζX1,...,Xk
:
⊗k

i=1 KXi → K(
⊗k

i=1 Xi) is the map induced by the lax monoidal struc-
ture (see [13, 44]). It is exactly pointwise monoidal in degree 0 if evι : TI → KI is an
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isomorphism. Finally, it is exactly pointwise monoidal if it is exactly pointwise monoidal
in degree k for every k ≥ 0.

If (T, ε) is the pointwise codensity monad of a lax monoidal functor K, then it is
exactly pointwise monoidal in degree 2 (resp. 3) if and only if condition (ii) (resp. (iii)) of
Theorem 5.2 holds and is a pointwise Kan extension. Furthermore, if it is exactly pointwise
in degree 0, then condition (i) holds. Hence, exactly pointwise monoidal codensity monads
are monoidal codensity monads.

The condition for (T, ε) to be exactly pointwise monoidal is closely related to that of
an exact lax morphism as used in [53, 39, 58]. Suppose

C D

E

F

G
R

ε

is a (pointwise) right Kan extension and

H F

C D

K

H
α

L

F

is a lax square. Then the (pointwise) right Kan extension is preserved by pasting the square
of α if the composite natural transformation is a (pointwise) right Kan extension, which
means (RL, εHRα) = RanK(GH) (and is pointwise). Now, if K is a lax monoidal functor,
its pointwise codensity monad (T, ε) is exactly pointwise monoidal iff the pointwise right
Kan extension (T, ε) = RanKK is preserved by pasting the lax algebra morphism square
for K.

D∗ C∗

D C

K∗

mD
ζ

mC

K

Here, C∗ is the free strict monoidal category on C, whose objects are finite lists [X1, . . . , Xk]
such that Xi ∈ ob C, and morphisms are finite lists [f1, . . . , fk] : [X1, . . . , Xk] → [Y1, . . . , Yk]
where fi : Xi → Yi is a morphism in C. The functor mC is defined on objects by
[X1, . . . , Xk] 7→

⊗k
i=1Xi and similarly on morphisms, and ζ is the map induced by the lax

monoidal structure of K. More generally, if (K,κ, ι) and (G,χ, ν) are lax monoidal func-
tors, then we say that a pointwise right Kan extension RanKG in Cat is exactly pointwise
monoidal if and only if it is preserved by pasting with the lax algebra morphism square
of K. In [58] and [39], (K, ζ) is said to be exact if every pointwise right Kan extension
along K is preserved by pasting the lax algebra morphism square of K. In our terminol-
ogy, (K, ζ) is exact iff every pointwise right Kan extension along K is exactly pointwise
monoidal. Our notion of exactly pointwise monoidal codensity monads coincides with the
definition of f -exactness in [39, 38].
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The remainder of the section will build up to Theorem 5.23, which gives a characteri-
sation of when a monoidal codensity monad is exactly pointwise. Proposition 3.3 shows
that when D is small, and C is locally small and complete, the codensity monad of a func-
tor K : D → C has a resolution via the adjunction K◦ ⊣ RanYDK. The Kleisli category
of the codensity monad (T, ε) is then isomorphic to the full subcategory of [D,Set]op on
objects C(A,K−) for A ∈ ob C. We will show in Theorem 5.23 that this picture lifts
to MonCat precisely when the codensity monad (T, ε) is exactly pointwise monoidal.
Recall first that if D is a (symmetric) monoidal category and F,G : D → Set, their Day
convolution [9] is defined by the coend

F ⊗Day G (−) =

∫ (X1,X2)∈obD×D
D(X1 ⊗X2,−) × FX1 ×GX2

Explicitly,

F ⊗Day G(X) =
∐

X1,X2∈obD

{(x1, x2,m) : x1 ∈ FX1, x2 ∈ GX2,m : X1 ⊗X2 → X}/ ∼

where ∼ is the smallest equivalence relation such that for every f : X ′
1 → X1 and

g : X ′
2 → X2 in D, (x1, x2,m(f ⊗ g)) ∼ (Ff(x1), Fg(x2),m). We denote an equiva-

lence class under this relation by [x1, x2,m]. This monoidal product makes [D,Set] a
(symmetric) monoidal category, with unit D(I,−). Furthermore, there is an isomorphism
[D,Set](F ⊗Day G,H) ∼= [D × D,Set](F−1 × G−2, H(−1 ⊗ −2)) written α 7→ ᾱ where
ᾱX([x1, x2,m]) = HmαX1,X2(x, y) [42, Section 6.2]. For the remainder of the section, if
D is a monoidal category and we refer to a monoidal structure on [D,Set] (or [D,Set]op)
we will be referring to its Day monoidal structure.
We say that an adjunction F ⊣ G lifts to MonCat if there are lax monoidal structures on
F,G such that the unit and counit of the adjunction are monoidal natural transformations.
The following result shows that F must be strong monoidal.

5.20. Proposition. [27, 33] Let (F, κ, ι) : C → D be a lax monoidal functor. Then F is
a left adjoint in MonCat iff F ⊣ G in Cat and F is strong monoidal. In this case, there
is a unique lax monoidal structure on G so that η and ε are monoidal.

Proof. If F has a right adjoint (G,χ, ν) in MonCat, then F ⊣ G in Cat, and the maps
εFA⊗FBFχFA,FBF (ηA ⊗ ηB) : F (A⊗B) → FA⊗FB and εIFν : FI → I provide inverses
to κA,B and ι respectively.

Conversely, if F ⊣ G in Cat and F is strong monoidal, then ν = Gι−1ηI and χA,B =
G(εA ⊗ εB)Gκ−1

GA,GBηGA⊗GB define a monoidal structure on G such that η and ε are
monoidal, and this is the unique possible structure making η monoidal.

Hence, the adjunction K◦ ⊣ RanYDK does not immediately lift to MonCat, even if
(T, ε) is exactly pointwise monoidal, since K◦ is not generally strong monoidal. However,
it is always oplax monoidal.
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5.21. Lemma. Suppose D is small, C is locally small and complete, and K : D → C is
a lax monoidal functor, then K◦ : C → [D,Set]op is oplax monoidal. Furthermore, if
ξ(k) : K◦(

⊗k
i=1−) →

⊗k
i=1K◦(−) is the map induced by the oplax monoidal structure and

(T, ε) is the codensity monad of K, then it is exactly pointwise monoidal in degree k iff
RanYDK(ξ(k)) is an isomorphism.

Proof. Let ξ(0) : D(I,−) → C(I,K−) have components defined by ξ
(0)
X (x) = Kxι and

ξ
(2)
A,B : C(A,K−)⊗C(B,K−) → C(A⊗B,K−) be the natural transformation corresponding

to ξ̄
(2)
A,B defined by (ξ̄

(2)
A,B)X,Y (h, k) = κX,Y (h ⊗ k). Then, it is routine to verify that

this defines a lax monoidal structure for Kop
◦ : Cop → [D,Set], or equivalently, an oplax

monoidal structure for K◦.
Now, for k ≥ 1, the functor H :

∏k
i=1(Ai ↓ K) → (∗ ↓

⊗k
i=1 C(Ai, K−)) which is

defined on objects by

H((X1, h1), . . . , (Xk, hk)) = (
k⊗

i=1

Xi, [. . . [h1, h2, 1X1⊗X2 ], . . . , hk, 1⊗k
i=1 Xi

])

is cofinal. That is, (H ↓ X) is (non-empty and) connected for every X ∈ ob(∗ ↓⊗k
i=1 C(Ai, K−)). This can be seen for k = 2 since a map m′ : H((X ′

1, x
′
1), (X

′
2, x

′
2)) →

(X, [x1, x2,m]) is exactly an equivalence (x′
1, x

′
2,m

′) ∼ (x1, x2,m), by the equivalence rela-
tion defining C(A,K−) ⊗ C(A,K−)(X). An argument by induction shows this for larger
k. For instance, when k = 3, [[h1, h2, n], h3,m] = [[h1, h2, 1X1⊗X2 ], h3,m(n⊗ 1X3)].

Hence, we see RanYDK(ξ(k))(A1,...,Ak) : T (
⊗k

i=1Ai) → lim∏k
i=1(Ai↓K)K(

⊗k
i=1 UAi

) is the

unique morphism of cones from (T (
⊗k

i=1 Ai), evζX1,...,Xk

⊗k
i=1 hi

) and so is an isomorphism

iff this is a limit cone. Finally, RanYDK(ξ(0)) = evι so the result also holds for k = 0.

Now, let A be the full subcategory of [D,Set]op on objects C(A,K−) for A ∈ ob C.
This lemma suggests that if Ā is the smallest full monoidal subcategory of [D,Set]op con-
taining A, then when (T, ε) is exactly pointwise monoidal, A is a coreflective subcategory
of Ā. We will see that this indeed holds, and is part of the characterisation of exactly
pointwise monoidal codensity monads in Theorem 5.23. The following proposition, which
is a variant of Day’s reflection theorem [10], will be used to define a monoidal structure
on A.

5.22. Proposition. [10] If D is a reflective subcategory of a monoidal category C and
(L, η) : C → C is the idempotent monad induced by the reflection, then L has a lax monoidal
structure iff L(ηA⊗ηB) is an isomorphism for all objects A,B. Such a monoidal structure
on L is unique.

Proof. Uniqueness follows from L(ηA ⊗ ηB)κA,B = ηLA⊗LB. We will now show κA,B =
L(ηA ⊗ ηB)−1ηLA⊗LB defines a lax monoidal structure on L when L(ηA ⊗ ηB) is an iso-
morphism. First, L(ηA ⊗ ηB)−1ηLA⊗LB(ηA ⊗ ηB) = ηA⊗B follows from naturality, so η is
monoidal with respect to this structure. Also, we can show that under these conditions
L((ηA⊗ηB)⊗ηC) is also an isomorphism for any object C since L((ηA⊗ηB)⊗ηC)κA⊗B,C =
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κLA⊗LB,LC(L(ηA⊗ ηB)⊗LηC). Also, Lκ is an isomorphism, so LL((ηA⊗ ηB)⊗ ηC) is too,
and hence L((ηA ⊗ ηB) ⊗ ηC) is. Thus, we have:

LαA,B,CL(ηA ⊗ ηB⊗C)−1ηLA⊗L(B⊗C)(1LA ⊗ (L(ηB ⊗ ηC)−1ηLB⊗LC))

= LαA,B,CL(ηA ⊗ ηB⊗C)−1L(1LA ⊗ L(ηB ⊗ ηC))−1L(1LA ⊗ ηLB⊗LC))ηLA⊗(LB⊗LC)

= LαA,B,CL(ηA ⊗ L(ηB ⊗ ηC)ηB⊗C)−1L(1LA ⊗ ηLB⊗LC))ηLA⊗(LB⊗LC)

= LαA,B,CL(ηA ⊗ (ηB ⊗ ηC))−1ηLA⊗(LB⊗LC)

= L((ηA ⊗ ηB) ⊗ ηC)−1LαLA,LB,LCηLA⊗(LB⊗LC)

= L(L(ηA ⊗ ηB)ηA⊗B ⊗ ηC)−1L(ηLA⊗LB ⊗ 1LC)η(LA⊗LB)⊗LCαLA,LB,LC

= L(ηA⊗B ⊗ ηC)−1ηL(A⊗B)⊗LC(L(ηA ⊗ ηB)−1ηLA⊗LB ⊗ 1LC)αLA,LB,LC

Next, we have

LλAL(ηI ⊗ ηA)−1ηLI⊗LA(ηI ⊗ 1LA) = LλAL(ηI ⊗ ηA)−1L((ηI ⊗ 1LA))ηI⊗LA

= Lη−1
A LλLAηI⊗LA

= λLA

and dually for ρ.
Conversely, if L is monoidal, then LκA,BL(ηA ⊗ ηB) = LηA⊗B so L(ηA ⊗ ηB) is left

invertible. Furthermore, we have L(ηA ⊗ ηB)κA,B = ηLA⊗LB, using Lη = ηL. Hence, we
see that LL(ηA ⊗ ηB) is right invertible and so L(ηA ⊗ ηB) is an isomorphism.

Under the conditions of Proposition 5.22, D has a monoidal structure such that the
inclusion i : D → C is a right adjoint in MonCat. Explicitly, this is defined by A⊗DB =
L(A⊗C B) and ID = LIC, and η gives the lax monoidal structure of i. When D has this
monoidal structure, we say D is a lax monoidal reflective subcategory of C. Dually, Dop is
an oplax monoidal coreflective subcategory of Eop. Now, we can give the characterisation
of exactly pointwise monoidal codensity monads. First, we note that if B is any full
subcategory of [D,Set]op containing A, there is an adjunction K◦|B ⊣ RanYDK|B where
K◦|B is defined the same way as K◦ but with codomain B.

5.23. Theorem. Suppose D is small, and C is locally small and complete. Let (K,κ, ι) :
D → C be a lax monoidal functor, and (T, ε) be the codensity monad of K. Then (T, ε)
is exactly pointwise monoidal iff there’s a full monoidal subcategory E of [D,Set]op, and
an oplax monoidal coreflective subcategory B of E containing A

C B E
K◦|B

RanYDK|B

i

L

⊣ ⊣

such that

1. The adjunction K◦|B ⊣ RanYDK|B lifts to MonCat
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2. iK◦|B = K◦|E as oplax monoidal functors and RanYDK|BL = RanYDK|E as lax
monoidal functors

In particular, the Kleisli category of T is monoidally equivalent to an oplax monoidal
coreflective subcategory of a monoidal subcategory of [D,Set]op.

Proof. First, suppose (T, ε) is exactly pointwise monoidal, and let Ā be the smallest full
monoidal subcategory of [D,Set]op containing A. Explicitly, objects of Ā are of the form⊗Λ C(Ai, K−) where Λ encodes a binary bracketing of n ≥ 0 letters and special symbol I,
and

⊗ΛXi denotes substitution of the objects X1, . . . , Xn into Λ, for the binary operation⊗
.
Now, if F : D → Set then a natural transformation F → C(A,K−) corresponds

to a cone with apex A over KU : (∗ ↓ F ) → C, and thus there is an isomorphism
[D,Set](F, C(A,K−)) ∼= C(A, lim(∗↓F ) KU). In particular, by Lemma 5.21, for k ≥
0, [D,Set](

⊗k
i=1 C(Ai, K−), C(B,K−)) ∼= C(B, T (

⊗k
i=1 Ai)). Hence, by coherence of

monoidal categories [43], we see that Aop is a reflective subcategory of Āop where the
unit of the reflection has component ξ(k) at

⊗k
i=1 C(Ai, K−). This reflection satisfies the

conditions of Proposition 5.22, so A is an oplax monoidal coreflective subcategory of Ā
as desired. One can then verify that K◦|Ā is strong monoidal, and so by Proposition 5.20
this satisfies the desired conditions.

Conversely, suppose we have B, E , and L satisfying the conditions of the theorem.
By Proposition 5.20, K◦|B is strong monoidal. Hence, the maps

⊗k
i=1 C(Ai, K−) →

C(
⊗k

i=1 Ai, K−) induced by the oplax monoidal structure of i are given by ξ(k). By
Proposition 5.22, Lξ(k) are isomorphisms for k ≥ 0. Hence, RanYDK(ξ(k)) are also iso-
morphisms, and so by Lemma 5.21, (T, ε) is exactly pointwise monoidal.

5.24. Example. Giry monad on BorelMeas.
We saw in Example 5.16 that GB is exactly pointwise monoidal. BorelMeas is not

complete, so we cannot immediately apply Theorem 5.23, but the proof above still shows
that the Kleisli category of GB is an oplax monoidal coreflective subcategory of Ā, where
Ā is the submonoidal category of [cStoch,Set]op defined in the proof of Theorem 5.23.

An exactly pointwise monoidal codensity monad (T, ε) of a lax monoidal functor K
is said to be exactly pointwise symmetric monoidal if K is symmetric monoidal. Then
Proposition 5.20, Lemma 5.21, Proposition 5.22 and Theorem 5.23 remain true if you
substitute all instances of monoidal for symmetric monoidal [44, Theorem 5.48].

5.25. Remark. There are several definitions for when a Kan extension in a 2-category is
pointwise. [53] provides one for a 2-category with comma objects. These are lax squares
of the form

(H ↓ F ) E

C D

UH

UF
α

H

F
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that have a universal property that can be found in [53]. We refer to this square as a
comma square. In this setting, a right Kan extension along F is defined to be pointwise
if, for any H, it is preserved by pasting with this comma square. For example, if H,F are
functors, then the comma category (H ↓ F ) is a comma object in Cat, and this definition
recovers the notion of a pointwise right Kan extension in Cat. When (H,χ, ν) is strong
monoidal, and (F, κ, ι) is lax monoidal, we can give a monoidal category structure to
(H ↓ F ) defined on objects by (A,X, h) ⊗ (B, Y, k) = (A ⊗ B,X ⊗ Y, κX,Y (h ⊗ k)χ−1

A,B)
with unit (I, I, ιν−1). Then UH , UF are strict monoidal, α is monoidal, and this provides
a comma object in MonCat. Now, if RanFG is an exactly pointwise monoidal Kan
extension (is preserved by pasting the lax morphism square for F ), one can verify that
RanFG is preserved by pasting comma squares in MonCat for any strong monoidal H,
and that the resulting Kan extension is exactly pointwise monoidal. However, it is not
clear that these are the only Kan extensions preserved by pasting these comma squares,
and whether these are the only comma objects that exist in MonCat.
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A. Probability measures on compact Hausdorff spaces

In this appendix, we review some basic theory of Baire measures and prove some useful
properties of the functor H : KHaus → Meas, which assigns compact Hausdorff spaces
their Baire measurable structure.

A.1. Definition. [Baire σ-algebra [24]] If X is a topological space, its Baire σ-algebra
HX is the coarsest σ algebra such that each continuous h : X → [0, 1] is also measurable.

For a compact Hausdorff space X, HX is equivalently given by the σ-algebra generated
by the zero sets in X, which are sets of the form f−1({0}) for continuous f : X → [0, 1].
For any metric space X, we have HX = BX [12, Theorem 7.1.1]. However for general
topological spaces X, we only have HX ⊆ BX, and this inclusion can be strict. For
X = {0, 1}κ, when κ > ω the points of X are closed and are Borel measurable, but by
Theorem A.3 they are not Baire measurable. In fact, for a Stone space X, HX is the
σ-algebra generated by its clopen sets [24, Section 51].

For the remainder of this section, X will be a compact Hausdorff space. Let B :
KHaus → Meas be the functor assigning a space its Borel σ-algebra, and let H assign
the Baire σ-algebra as above (both are identity on morphisms). There is a natural map
B → H given by the inclusion HX ⊆ BX. This induces a measurable natural map
GB → GH which restricts Borel probability measures to Baire probability measures. For
the subspace of Radon measures in GBX, this map restricts to a bijection.

A.2. Proposition. [Theorem 7.3.1 [12]] If X is a compact Hausdorff space and p is a
probability measure on HX then there is a unique Radon measure on BX restricting to p.

Now, let A be the coarsest σ-algebra on the underlying set of GHX such that
evh : GHX → R is measurable for each continuous h : X → R. If B is the standard
σ-algebra on GHX, then A ⊆ B. Let V be the vector space of measurable functions
m : HX → R such that evm : (GHX,A) → R is measurable. Then C(X) ≤ V , and by
the dominated convergence theorem, V is closed under bounded pointwise limits, so V
contains all bounded measurable functions HX → R, and hence A = B. The function
resX : HRX → GHX that restricts Radon measures on BX to HX is therefore measur-
able. By Proposition A.2, resX is a bijection. To show it is an isomorphism, we use the
following characterisation of the Baire σ-algebra, which generalises results in [24, 29].

A.3. Theorem. H : KHaus → Meas is the unique functor, up to isomorphism, that
preserves limits and such that H[0, 1] ∼= [0, 1] (with its Borel σ-algebra).
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Proof. First, let X be a compact Hausdorff space and Y ⊆ X be a closed subspace.
Let HY be its Baire σ-algebra, and H′Y be the subspace σ-algebra of Y ⊆ HX. H′Y
is the coarsest σ-algebra such that h|Y : Y → [0, 1] is measurable for each continuous
h : X → [0, 1]. Since each such h|Y is continuous, H′Y ⊆ HY . Also, by the Tietze
extension theorem, for any continuous k : Y → [0, 1] there is an h : X → [0, 1] so that
h|Y = k. Hence, H′Y = HY and H preserves embeddings, so in particular preserves
equalisers.

Now, let Xi be compact Hausdorff spaces for i ∈ I and let X =
∏

i∈I Xi. Let HX
be its Baire σ-algebra, and H′X be the σ-algebra of the product

∏
i∈I HXi in Meas.

By definition, H′X ⊆ HX, and for the reverse inclusion, we need to show that any
continuous m : X → [0, 1] is measurable for H′X. Now, consider the subalgebra of C(X)
generated by finite products of continuous maps in one variable. Explicitly these are m
of the form m(x) =

∏k
j=1 hij(xij) where hij : Xij → R is continuous. Clearly each such m

is measurable for H′X, and by the Stone-Weierstrass theorem, this is a dense subalgebra
in C(X), so it follows that H′X = HX.

Conversely, suppose H ′ is any functor that preserves limits, and such that H ′[0, 1] ∼=
[0, 1]. For any compact Hausdorff space X, there is an embedding X → [0, 1]C(X,[0,1]).
Since all subspace inclusions are regular monic in KHaus, it follows that H ′ ∼= H.

A.4. Corollary. The map res : HR → GH is an isomorphism. Also if we let I :
FinStoch → cStoch be the inclusion, then we have GH = RanKRKGI.

Proof. Since R = RanKRKR is pointwise, H preserves limits and HKR = KGI, it
follows that HR = RanKRKGI. Thus, there is a unique map α : GH → HR satisfying∫
h dαX(p) =

∫
h dp for each continuous h : X → [0, 1]. But this determines p completely,

and α is an inverse to res.

As an illustrative example of the strength of this result, consider the functor Gf of
finitely additive probability measures [56] on Meas. There is a map µGf : GfKGI → GI,
and so Corollary A.4 produces a unique factorisation GfH → GH. This shows that the
space GHX is a retract of GfHX. Hence, for any finitely additive Baire probability
measure p∗, there is a countably additive Baire probability measure p such that

∫
h dp∗ =∫

h dp for every continuous h : X → [0, 1].

A.5. Example. Let X be a countable compact Hausdorff space, then both the Borel
and Baire σ-algebras of X are the entire power set PX. Now, let U be a non-principal
ultrafilter on X, which can be regarded as a finitely additive measure. Since X is a
compact Hausdorff space, U converges to a unique element x ∈ X. If f : X → [0, 1] is
continuous, then for every ε > 0 we have U = f−1(f(x)−ε, 1] ∈ U and the simple function
(f(x)−ε)1U ≤ f . Thus,

∫
f dU ≥ f(x), and the reverse inequality is similar. Hence, we

have
∫
f dU = f(x) =

∫
f dηX(x).
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Giuseppe Metere, Università degli Studi di Palermo: giuseppe.metere (at) unipa.it

Kate Ponto, University of Kentucky: kate.ponto (at) uky.edu

Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca
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