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A TOOLKIT FOR STRUCTURED LIFTS

KRZYSZTOF KAPULKIN AND YUFENG LI

ABSTRACT. We develop a general framework for working with structured lifting prob-
lems, establishing closure and uniqueness properties of their solutions. In a subsequent
paper, we apply these results to axiomatize computation rules of cubical type theory.

Introduction

When working with categorical models of dependent type theory, one often models pattern
matching using compatible choices of solutions for a certain class of lifting problems,
with the canonical example being the J-eliminator for identity types [3]. This is true
verbatim for models such as contextual categories [7] and categories with families [9, 4],
and is typically imposed on weaker models, like comprehension categories [13], type-
theoretic fibration categories [19], and tribes [15], when describing their corresponding
strict analogues.

Such compatible families of lifts arise naturally in the context of algebraic weak fac-
torization systems [12, 10] and algebraic model structures [18], a replacement of weak
factorization systems and model structures that require that the factorizations and lifts
not merely exist, but rather be chosen in a suitably compatible (hence algebraic) manner
[6]. As a result, algebraic weak factorization systems have been used to supply models of
dependent type theory [5, 2]. When working with the category of all models, however,
their usefulness is limited due to the fact that the identity type factorization is in general
not functorial [11]. In other words, the problem with using algebraic weak factorization
systems for axiomatizing the structure present in the models is the “factorization” part
of the weak factorization system.

One could in principle try to build a new algebraic weak factorization system on a
model of dependent type theory, but two problems arise. First, the standard tool for
constructing algebraic weak factorization systems, the algebraic small object argument,
requires the base category to admit certain colimits [10], which general models of type
theory do not possess. Second, even if it were possible to run the algebraic small object
argument on the set of reflexivity maps, the resulting right class would not in general
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recover dependent projections. All of this to say that algebraic weak factorization systems
are simply too strong a framework to speak of models of dependent type theory.

In the present paper, we address these issues by developing the theory of structured
lifts without the corresponding factorization requirements, and with minimal assumptions
on the base category. This is in contrast with more “heavy duty” conditions required to
get the framework of algebraic weak factorization systems off the ground: for example,
requiring that the two classes be given by (co-)algebras for a suitable (co-)monad on the
base category.

We prove several closure properties of these lifts, for example, their compatibility with
base change, composition, and Leibniz transpose. We further investigate the uniqueness
properties of these lifts. All of these are done with an eye towards understanding compu-
tation rules of dependent type theory in general, and of cubical type theory in particular
[8, 1]. Indeed, for the three operations mentioned above: base change corresponds to
the stability of eliminators under substitution, while composition and Leibniz transpose
describe the compatibility between the filling operation and dependent sums and path
types, respectively. The uniqueness properties ensure that the computation rules hold in
their expected (propositional) form.

By keeping track of exponentiable objects, all of our constructions can be formulated
not only in the framework of universe category models of dependent type theory [21, 17],
but also in the framework of Uemura’s categories with representable maps [20].

This paper is organized as follows. In Section 1, we introduce the requisite notions of
lifts, structured lifts, and restricted lifts. We also explain the relation between structured
lifts and categorical models of type theory, formulated as Uemura’s categories with repre-
sentable maps. In the subsequent four sections, we investigate different closure properties
of structured lifts. Specifically, in Subsection 2, we show that structured lifts can be re-
stricted and composed; in Subsection 3, we prove their closure under base change; and in
Subsection 5, we establish their closure under Leibniz transposes. As a preliminary step
towards Subsection 5, in Section 4, we design a way of speaking about pushout-product
without appealing to any cocompleteness properties of the base category. Finally, in Sec-
tion 6, we describe a general framework for showing that two lifts are related, and we
instantiate our results in a model category.

1. Structured Lifts

In this section, we will introduce the notion of uniform lifts. At a high level, they are the
uniform versions of lifting properties, where the uniformity arise from functoriality of the
product. Throughout the rest of this paper, we fix a finitely complete category C whose
internal-Homs, when they exist, we denote by [—, —| and whose internal-Homs, when they
exist, in each overslice €/c we denote by [—, —]¢. The main example we have in mind are
Uemura’s categories with representable maps (CwRs).
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We first start by recalling what is a lifting problem and its associated solution.

1.1. DEFINITION. A lifting problem of U — V against E — B is a pair of dashed maps
(u,v) as below making the square commute. A solution to the lifting problem (u,v) is a
diagonal filler F' to the square making the entire diagram commute.

U--%+>F
N
V '—'.——U——> B

For ease of viewing, we color code by depicting lifting problems in red, the maps being
lifted against each other in blue, and lifting solutions in green. Therefore, we would draw
the above lifting problem and solution pair as

Lifting solutions are dependent on the supplied lifting problem. Therefore, given a
family of lifting problems satisfying some form of compatibility conditions, we can require
the corresponding family of lifting solutions to also be compatible. In this paper, we are
interested in the case when the compatibility conditions arise from functoriality of the
product.

1.2. DEFINITION. Fiz mapsi: U — V and p: E — B. A family of lifts is an association
taking each object X € C and lifting problem (u,v) of X X i against p to a solution

Fx(u,v).

This family F is said to be uniform when one has Fy(u - (t x U),v - (t x V)) =
Fx(u,v)-(t x V) foranyt: Y — X.

Y x U U P X XU -ty B

Y xV— D A ;|

In the above definitions, the dashed horizontal maps u, v can be arbitrary. However,
we can also require that they factor through certain specific maps. This gives rise to the
notion of left-restricted and right-restricted lifts and their uniform versions.
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1.3. DEFINITION. A lifting problem of U — V against E — B left-restricted along
V — V' is a pair of dashed maps (u,v") as below making the square on the left commute.
A solution to this left-restricted lifting problem (u,v) is a diagonal filler F' to the square
making the entire diagram on the left commute.

Dually, lifting problem of U — V against E — B right-restricted along B' — B is a
pair of dashed maps (u,v) as above making the square on the right commute. A solution
to this right-restricted lifting problem (u,v) is a diagonal filler F' to the square making the
entire diagram on the right commute.

U-mmooes R—— Uommmmetones 2
| |
VeV - B Veys->B ——B

The primary reason for considering restricting along maps V' — V' on the bottom
left is due to modelling the filling operation for Path-types of cubical type theory, as we
consider in the following example.

1.4. EXAMPLE. When modelling cubical type theory, one has two classes of maps on C:
fibrations and trivial cofibrations as well as a distinguished object I equipped with two
endpoints {0},{1} = I so that when C is sufficiently cocomplete, one can put Ol =
{o}u{1} =1

Similar to model categories, the filling operation of cubical type theory manifests as
a choice of lifts of trivial cofibrations against the fibrations, as in choices of solutions to
lifting problems as follows, where U — V' is a trivial cofibration and £ — B is a fibration.

U B E
| 7]
V- > B

On the other hand, the Path-type of cubical type theory states that for each fibration
E — B, the restriction along local-Homs

[BX]I,E]B—)[BX@I,E]BQEXBEGC/B

is yet again a fibration. Thus, for cofibrations U — V', one has a choice of lifts

As we will observe in Corollary 5.11, as we are taking local Homs, applying the usual
Leibniz transpose argument to the immediately preceding lifting problem yields the lifting
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problem
UxITuV x 9ol B et E
V X _[ —> V _____ 5 B

which is an example of a left restricted lifting problem.

Parameterising over the choice of restricted lifting problems, we can similarly define
families of their lifting solutions and a corresponding uniformity condition.

1.5. DEFINITION. Fiz mapsi: U =V and p: £ — B.

A family of lifts left-restricted along j: V. — V' is an association taking each object
X € C and lifting problem (u,v") of X xi left-restricted along X X j against p to a solution
Fx(u,v"). This family F is said to be uniform when one has one has Fy(u- (t x U),v" -
(tx V") =Fx(u,v')-(txV) foranyt: Y — X.

Yl Y xU _
X XU oo i ./ XU i
XXV%XXV/”;}?B XXV*;{,:—éB’HB

Dually, a family of lifts right-restricted along q: B' — B is an association taking each
object X € C and lifting problem (u,v) of X X i right-restricted along q against p to a
solution Fx(u,v). This family is said to be uniform when one has Fy (u-(txU),v-(txV)) =
Fx(u,v)-(txV) foranyt: Y — X.

The set of all such left- and right-restricted uniform family of lifts, which we refer to
as lifting structures are respectively denoted by

U E U E
{ N} 1Y {
V—V' B V B—B

1.6. REMARK. The uniformity conditions of Definition 1.5 can be phrased in terms of
naturality conditions.

We first consider the left-restricted uniform case with a map U — V on the left
restricted along V' — V' against £ — B on the right. For each X € C, the set of all
unrestricted lifting problems of X x U — X x V against £ — B is observed to be the
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Hom-set of the arrow category C7(X x U — X x V, E — B). Letting X vary, we obtain
the presheaf of parameterised lifting problems.

c| ] .
<—><V B

Similarly, the set of lifting problems restricted along X x V' — X x V' is observed to be
the Hom-set C7(X xU — X xV — X x V', E — B) and letting X vary then gives rise
to the presheaf of parameterised restricted lifting problems.

= —xU E
C ! -
- xV —-—-xV' B

Given a restricted lifting problem (u: X x U — E,v": X x V' - B) e C?(X x U —
XxV = XxV' E — B), we can always forget the restriction and produce an unrestricted
lifting problem (u: X xU — E,v': X x V' - B) e C*(X xU — X x V,E — B). This
operation is observed to be natural in X so once again letting X vary gives rise to a map
between the two aforementioned presheaves.

(0 e
—-xV —--—-xV'" B —xV B

On the other hand, a solution to each restricted lifting problem (u: X xU — E,v": X X
V- B)e C?(X xU —- X xV = X xV'|E — B) is some choice of diagonal map
X xV — E. Letting X vary, the set of parameterised solution candidates is given by the

presheaf
C ( )
—xV ’

Given such a diagonal map X x V — E, we can always recover the lifting problem it
solves by pre-composing with X x U — X x V' and post-composing with £ — B to obtain
amap from X xU — X xV to F — B. Therefore, we obtain a map taking each family of
lifting solution candidate to the corresponding family of lifting problems it tries to solve.

—xV —xV B

So, to say that a lifting solution candidate indeed solves the lifting problem which it
is assigned to, one requires a horizontal dotted map in the following. Therefore, the set
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of uniform left-restricted lifts is just the set of natural transformations in the following
slice category in C

—xU E
CH( j ’f) .................................................................... >@< j )
-xV — —-—xV' B - xV

Dually, given B" — B, denote the set of right-restricted families of lifting problems as
the presheaf

L [-xU E\ XxU--*+FE ~
- <_iv73/a\g> i (XXVU> Bl) l l €€
XxV -» B — B

Then, the set of uniform right-restricted lifts along B’ — B is the set of natural transfor-
mations in the following slice category in C.

@%(iU7 f) ............................................................. >@ﬁ< 7 E)
-xV B — B —xV

i

We observe that when C is locally cartesian closed, the set of uniform (restricted) lifts

can be internalised using representability arguments as in the following Lemmas 1.7 and
1.9.

1.7. LEMMA. Suppose one has mapsU — V and E — B andV — V' between exponential
objects. Then, one has representability of:

(1) Restricted lifting problems.

I

—xU
(C(—, [U E} X[U,B] [V/B]) > C7 ( 1

— XV — —xV/

=
~—
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(2) Unrestricted lifting problems.

x U

C(—, [U, E} X[U,B} [V, B]) —~3 C (i ,

—xV

o=
N——

(3) Lifting solutions.
C(=[V.E]) 2 C ( 7 )
- xV

PRrROOF. By continuity of the Yoneda embedding,

C<_7 [Ua E] ><[U,B] [Vla B]) = C(_v [Ua E]) ><(C(—,[U,B]) (C(_a [V/7 B])
= (C(— X U, E) X(C(—XU,B) C(— X V/,B)

This is exactly the commutative squares from — x U — — x V' to ' — B, so one has the
isomorphism in the first item. A similar argument gives the isomorphism in the second
and third items. n

1.8. COROLLARY. Suppose one has maps U —V and E — B andV — V' where U,V, V"’
are exponentiable objects. Then, the set of left-restricted uniform lifts is just the Hom-set
in the slice category.

Z Zf = Clu, B xw.m v, BI([U, E] X, [V', B], [V, E])

V=V B
PrOOF. Immediately by Lemma 1.7. n

Dually, we have an internalisation result on the right.

1.9. LEMMA. Suppose one has maps U — V and E — B and B" — B where U,V are
exponentiable objects. Then, one has representability of:

(1) Restricted lifting problems.
- xU
C(— U, E] X[y,p [V, B]) == C~ ( 1o f)
-xV B —B
(2) Unrestricted lifting problems.

C<_7 {Uv E] X[U,B] [‘/7 B]) = C7 ( _\L ) f)
—xV B
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E
- xV

PROOF. Identical argument by representability as in Lemma 1.7. n

(8) Lifting solutions.

C(—,[V, E]) == C~ (

1.10. COROLLARY. Suppose one has maps U =V and E — B and B' — B where U,V
are exponentiable objects. Then, the set of left-restricted uniform lifts is just the Hom-set
in the slice category.

E ~Y
Toa 12 SYuspnws(U E xpg [V, B, [V, E)
1% B — B

As an immediate consequence of internalisation, we obtain the following result on the
existence of stable lifting structures.

1.11. THEOREM. Let C a locally cartesian closed category model category in which the
pullback-power of (trivial cofibration, fibration)- or (cofibration, trivial fibration)-pairs
admit sections. Then, the sets of structured lifts

U FE U E
l N 14 l
V-V B V. B —B

and are non-empty as long as (U — V, E — B) is either a (trivial cofibration, fibration)-
or a (cofibration, trivial fibration)-pair.

Proor. By Lemmas 1.7 and 1.9. [

LIFTING STRUCTURES IN CWRS. In Uemura’s framework of categories with representable
maps (CwRs), a type theory is defined to be a CwR [20, Definition 3.2.3]. The internali-
sation results of Corollaries 1.8 and 1.10 now allows one to freely extend a CwR T with
a lifting structure.

In order to state this construction, we recall some preliminaries about CwRs from
20, 14].

1.12. DEFINITION. [14, Definition 2.3.1], cf. [20, Definition 4.2] A category with repre-
sentable maps (CwR) is a category C with finite limits equipped with a replete wide sub-
category of pullback-stable class Re of exponentiable maps called the representable maps.

A map of CwRs is a map between their underlying categories preserving finite limits,
representable maps, and pushforwards along representable maps.

Denote by CwR the 2-category of (small) CwRs, maps of CwRs, and natural transfor-
mations whose square at representable maps are pullbacks.
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1.13. DEFINITION. Denote by Cat,, the 2-category of (small) categories with marked maps
and squares.

That is, a marked category is a category C equipped with two specific choices of replete
wide subcategories Mc — C and S¢ — C7. A 1-cell between marked categories is exactly
a functor between underlying categories sending marked maps and squares to marked maps
and squares. A 2-cell between 1-cells of marked categories is a natural transformation
whose naturality square at marked arrows are also marked squares.

Often, we denote the marked maps by the arrow —.

The representable maps of a CwR gives it the structure of a marked category by
taking the marked maps as representable maps and marked squares as pullback squares.
Conversely, each marked category freely gives rise to a CwR due to the following result

by Jelinek.

1.14. THEOREM. [14, Corollaries 3.2.16 and 3.2.17] The forgetful 2-functor |—|: CwR —
Caty, has a left biadjoint (—): Caty, — CwR and CwR has all bicolimits.

We now use this result to freely extend CwRs with lifting structures, which amounts
to formally adjoining a map between objects in a slice category.

1.15. CONSTRUCTION. Let C be a CwR. Fix two maps I — J and 1T — |C| of marked
categories. Then, we write CUyJ for the following bipushout in CwR

(I) —— C

]

<J>—>CUHJ

where the map (I) — C in the top row is the ((—) - |—|)-transpose of the map I — |C|
and map in the left row is the image of T — J under (—), as per [1], Corollaries 3.2.16
and 3.2.17].

1.16. CONSTRUCTION. Let C be a CwR and fix maps U — V — V' between exponential
objects and E — B in C. Define the CwR obtained from C by freely extending with a
lifting structure of U — V against E — B restricted along V' — V' to be the following
CwR obtained by applying Construction 1.15

U . U, E] x 7.5 V', B] = [V, E]
Cly 21| = CUfesece 1
V=V B U, E] X[, [V, Bl

This bipushout freely adds a map (U, E| x5 [V, B] = [V, E] over [U, E] X, [V', B] to
C in CwR.
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Dually, if U — V is a map between exponentiable objects in C and one has maps
E — B along with B — B then the CwR with a formal lifting structure of U — V
against £ — B restricted along B' — B is obtained by the bipushout in CwR obtained by
Construction 1.15.

U E [[]7 E} X[U,B] [‘r”, B/} — [V. E}
C [¢ 2 ¢] = CUfeece 1

1% B — B [U7 E] X[U,B] [V, B]

1.17. THEOREM. Let C be a CwR and fit maps U — V — V' between representable
objects (i.e. objects whose maps into the terminal object are representable) and E — B
i C. Then, isomorphism classes of maps as on the left below correspond bijectively to
isomorphism classes of maps F': C — D € CwR equipped with a choice of a lifting structure
of FU — FV against FE — FB restricted along FV — FV'.

cl] wvi|—-DeR cliw [|—DewR
V=V B \%4 B — B

Dually, given B' — B in C, isomorphism classes of maps as on the right above correspond
to isomorphism classes of maps F': C — D € CwR equipped with a choice of a lifting
structure of FU — F'V against FE — F B restricted along FB' — FB.

ProoOF. We show the case for left restricted lifting structures. By the universal property
of the bipushout, isomorphism classes of maps

U, E] 1.5 [V, B] = [V, E]
C U{.H.H.} 1 / — D e CwR

[U7 E] X[U,B] [Vv B}

correspond uniquely to isomorphism classes of maps F': C — I equipped with a choice
of a map F([U, E| xp [V', B]) = F([V, E]) over F([U, E] Xy, [V, B]). But F is left
exact and preserves all pushforwards along representable maps, so F' sends the cospan

U, E) xw,p [V', B] = [U, E] xu,p [V, Bl+ [V, E] € C
to
[FU, FE)] X pv.pp [FV', FB] — [FU, FE] x(pv.r5 [FV, FBl« [FV, FE] € D

Because F': C — D is a map of CwRs and U — V — V' are maps between representable
objects the map FU — FV — FV’ is again a map between representable, and thus
exponentiable, objects. Thus, the lifting structures of FU — FV against FE — FB
restricted along F'V — FV' are exactly maps [F'U, FE| X(py pp) [F'V', FB| = [FV, FE|
over [FU, FE| Xpy,rp) [F'V, FB] by Corollary 1.8. =
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2. Restricting and Composing Structured Lifts

We now give various ways of restricting lifting structures to construct new lifting structures
from old. We first fix the left map and put on various restrictions on the right map in
Constructions 2.1 and 2.2. We also show that structured lift against composable pairs of
right maps induce structured lifts against the composite in Construction 2.3. Then, we

fix the right map and put on various restrictions on the left map in Constructions 2.4 and
2.6.

First, we show that restricting an existing structured lift on the right gives a restricted

structured lift.

2.1. CONSTRUCTION. Fixz maps U —V and E — B and q: B' — B. We define a map
as on the left

X XU v Ly E
U_E U E | e |
AR b B,T)é XXV -y B —> B

where each structured lift F' of U — V against E — B is taken to the structured lift that
solves each lifting problem (u,v) with the solution F(u,qv).

We next note that the restriction on the right can be removed simply by pulling back
the right map.

2.2. CONSTRUCTION. Suppose one has a map U — V along with a pullback E' — B’ of
E — B along q: B' — B.

E/ Jql \ E
B’ —q B
Then, we define a bijection as follows
U B ~ U F
v Lf— 191
V. B —»B V B
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It sends each restricted ' of U — V' against E — B restricted along B' — B to the lifting
structure which solves lifting problems (u,v) with the solution (v, F(q'u, qv)).

XxU-—-tsp — 94 P
T | T
(0. F(qu.qv)) ‘F,<q/u7q7v')‘
1
XxViioposB —— 5B

In the next construction, we show how structured lifts against composable pairs of
right maps induce structured lifts against their composite.

2.3. CONSTRUCTION. Fiz maps U — V and a composable pair of maps E' 5 E 2 B.
Then, we define a map

El

U F U FE U W
lzip’ X iZJP E— iZE
V F V B |
B

that sends a pair F' € (U —- V) (E' — E) and F € (U — V) (E — B) to the lifting
structure which solves lifting problems (u,v) with the consecutive lift F'(u, F(p'u,v)).

"':‘]7‘(])’/11.’11)".‘ lp
XXV -y 3B

We now fix the right map and put on various restrictions on the left map. First, we
show the left analogue of Construction 2.1.

2.4. CONSTRUCTION. Fixz maps U — V and i: V — V' and E — B. We construct a
map as on the left

XXxU---------1 oo e -3 B
U FE U E l F.(_,u,_,ul,(xxi')'j l
N N X o /
vV B V-V B XV s XX Vi B

where the image of F € (U — V) (E — B) solves each lifting problem (u,v’) with the
solution F(u,v" - (X X 1)).

We also have a left analogue of Construction 2.3.
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2.5. CONSTRUCTION. Fiz a composable pair of maps U’ YU LV and a map E — B.
Then, we define a map

U/
U _E U_E Wl E
AL ldvL | —— 1 uv¥l
U B V B i B

v

that sends a pair F' € (U - U)@(E — B) and F € (U — V)A(E — B) to the lifting
structure which solves lifting problems (u',v) with the consecutive lift F(F'(u/,v - (X X

i)),v).

D L e Y

o] ey

XxU ‘ »
lF(F'(u’,?J‘(XX'IZ)),v)

X1 o

XXV o . B

We next show the structured version of the fact that the left maps to lifting problems
are closed under retracts.

2.6. CONSTRUCTION. Suppose one has a retract of composable pairs of maps.

Uy 22— s Uy

Lol

Vo —s—=V —r— 1)

Vo o s V7 — > Vo

Then, we define a map

U E Uo E
l ap)—11 4y

V—V' B Vo—Vy B
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sending each lifting structure F from the left to the lifting structure that solves each lifting
problem (ug, vg) as below with the solution F(ug - (X X n),vy- (X x 1)) - (X X s).

X x Uy 22my X x U 220y X x U,

~
~
~
~

Xx\/()QXXS+XxV—2§xr+Xx% \é

\ \ ” F('”'ll‘(XX\W)(r(XX"')) ' ‘
B

! !/ !
XX Vo s XXV 5 X XV

~
~

\\
Vo AN

By chaining Construction 2.1 and 2.2, we can observe that if U — V' lifts uniformly on
the left against £ — B then U — V also lifts uniformly on the left against any pullback
E'" — B’ of E — B. Dually, one may wonder if one can induce uniform lifting structures
on pullbacks of the left map U — V.

First, recall that an exponentiable map p: C' — D is a map where the pullback functor
p*: €/p — C/c admits both the left and right adjoint, respectively given by postcomposi-

tion and pushforwards.

P
RN

C/p —p > Cfc
Kpo
We also recall the result from model category that if fibrations are stable under pushfor-
wards along fibrations then trivial cofibrations are stable under pullback along fibrations.

By reproducing this result in a structured setting, we provide a construction that induces
uniform lifting structures on pullbacks of the left map.

2.7. CONSTRUCTION. Fiz a left map i: U — V and a right map E — B along with an
exponentiable map t: W — V and a pullback t*i: t*U — W of U — V along t.

t*U —— U

_
o)
We construct a map
U _ (W xE) U _E

V(W x B) V' B
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That s, we show that the pullback t*U — W lifts uniformly against a right map E — B
when the left map U — V lifts uniformly against the map t.(W x E) — t.(W x B) obtained
from right map E — B € C/1 by applying the polynomial functor of 1 < W — V — 1.

Let F be a lifting structure of U — V against t,(W x E) — t,(W x B). Now assume
that we are given a lifting problem (u,v) of X x t*U — X x W against E — B as in the
curved back face.

X X t*U =272 (t*i-projo,u)----3> W X [} ———————"7====== s B
Y
\ F((t*z’~pro‘j2,u)Jf.(i-[‘).rbojg.u)f)T
X XU = (t"i-projy,u)1 {-===== s £, (W x E)
B

Then, we produce the required lifting solution by the following procedure:

(1) Induce a lifting problem given by ((t*i - proj,, u), (proj,, v)) of X X t*U — X x W
against W x E — W x B.

(2) Because X x — preserves pullbacks, the pullback of X x U — X x V € C/v under
t: W = Vis Xxt*U - XxW € C/w. So we can transpose ((t*i - proj,, u), (projy, v))
to get a lifting problem ((t*i - projy, u)', (proj,, v)1) to get a solution.

(3) By the original solution I, we obtain a solution F((t*i - projy,u)", (projy, v)).

(4) Transposing it back we obtain the required solution F'((t*i - projy, u), (projy, v)")T.

Because the transpose operation is natural, the uniformity structure of I shows that this
indeed induces a structured [ift.

As a consequence, we obtain the following by combining various constructions above.

2.8. THEOREM. Fiz a pullback t*U — W € €/c of a map U — V € €/c along a map
t:W—=VeCl.
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U ——U t.(W xc E) —— E
17 [
W——>V to(W x¢c B) —— B

If U — V € C lfts uniformly against a map E — B € C and the pushed forwards
map t.(W x E) — t.(W x B) occurs as a pullback of E — B then t*U — W € C lifts
uniformly against E — B € C as well.

Proor. By Constructions 2.7, 2.1 and 2.2. n

3. Rebasing Lifting Structures

We now work with lifting structures in slice categories and show that they are stable
under the pullback and post-composition change of base operations.

We begin with spelling out what it means to be a lifting structure in a slice category.
3.1. DEFINITION. Fiz an object C € C. Given maps U -V andV — V' and E — B

in the slice C/c, the set of structured lifts in C/c of U — V restricted on the left along
V — V' against E — B is denoted as on the left below.

U F U FE
1 Bl 17
V-V B V B — B

Dually, given U —V and B' — B and E — B in the slice C/c, the set of structured lifts
in C/c of U — V restricted on the right along B — B against E — B is denoted as on
the right above.

Because lifting structures are inherently a limiting, or a “right-sided concept”, it is
unsurprising they are stable under pullback.

3.2. CONSTRUCTION. Fiz a map ¢: D — C along with maps U — V — V' € C/c and
E — B € CJc where U, V,V' are exponential objects in the slice over C so that by the
Beck-Chevalley condition, o*U, ¢*V,©*V" are exponential objects in the slice over D. We
define a map

U E U p B

l dL)—{ ! AN

V-V B oV — o'V ©*B
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by nothing that the pullback functor ¢*: C/c — C/p preserves limits and exponentials so,
one has the pullbacks

[W*U: @*E]D X[e*U,*Blp [QO*V/:S@*B]D > [U7 E}C X[U,Bl¢ [VC,B}C
_
l / [0V, 0 E]p l / V. Elc
_
[p*U, " Elp X o0 B)p [¢"V, " Blp » [U, Ele ¥w.p)e [V Ble
{ - {
D 5 > C

The required map is then given by Lemma 1.7.

Similarly, for maps U =V and B — B + E where U,V are exponentiable objects in
Cle, we can construct a map

U E U p'E
19 L] L g 1
V B — B OV p*B'— ©o*B

We next proceed to show that the rebasing by post-composition also preserves certain
forms of lifting structures. To do so, recall that the pushforward realises the external
left adjoint to the pullback functor as also the internal left adjoint, made precise in the
following sense.

3.3. LEMMA. Fix an exponentiable map p: C — D. Then,

(1) For any X — C € CJc and Z — D € ©/p, one has p(X xXcp*Z) = pX xXp Z,
where py is the left adjoint to the pullback functor.

(2) For any exponentiable X — C' € €/c and Y — D € €/p, one has p,|X,p*Y]c =
(X, Y]p, where p, is the pushforward (i.e. right adjoint the pullback) along p.

PROOF. ((1)) is directly by the pullback lemma:

((2)) is now by ((1)) and representability, because for each Z — D € €/p, one has

C/o(Z,p[X,p"Y]e) = /e Z,[X,p"Y]c)
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3.4. CONSTRUCTION. Fixz a map p: C — D. Let there be maps U — V and V — V' in
C/c along with a map E — B € €/p, where U, V, V' are exponentiable in the slice category
over C. We construct a map

U pE nU E
l a1 )1 4 )
V-V pB pV —pV'" B

by Lemma 3.3, which states that right adjoint p,: ©/c — €/p maps
[U,p*Elc XjupBl [V, p*Blc

[U,p*Elc X{upB)e [Vsp*Blo [nU, Elp Xppu,8), V', Blp
1
C X [mV, E]lp
) (nU, Elp Xppu,B)p 2V, Blp
1
D

For the same reason, if there are maps U — V in C/c where U,V are exponentiable in
the slice over C' and maps B — B and E — B in ©/p then one also has a map

U P'E pU E
14 L] 1F5 1
V. p*B'— p*B pV B — B

We also show a local version of Construction 2.7. Because Construction 2.7 men-
tions about pushforwards, we need to recall that pushforwards in slice categories are just
computed as pushforwards in the ambient category.

3.5. LEMMA. Fiz C € C and a map t: U — V € CJc. Then the pushforwards along t in
Clc is the pushforwards along t in the ambient category C.

PRrooF. This is because pullbacks in the slice category are exactly pullbacks in the ambient
category. ]
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Therefore, we have a local version of Construction 2.7.

3.6. CONSTRUCTION. Fiz an object C' € C and a left map i: U — V € CJc and a right

map E — B € C/c, where U,V are exponentiable in the slice, along with an exponentiable
map t: W —V and a pullback t*U — W € CJc of U — V along t.

Then, we construct a map

U t(W x¢E) t+U E
14 i — | 1 49y
V. t.(W x¢ B) V' B

by applying Construction 2.7 and using Lemma 3.5 to note that pushforwards in the slice
Clc is just the pushforwards in C.

As a consequence, we obtain the following local version of Theorem 2.8.

3.7. THEOREM. Fiz an object C € C and a pullback t*U — W € CJc of a map U — V €
Clc between exponentiable objects along an exponentiable map t: W — V € C/c.

U —— U t,( W x¢ E) —— E
|7 [
W——>V t,(W xo B) —— B

If U = V € Clc lifts uniformly against a map E — B € C/c and the pushed forwards
map t.(W x¢ E) — t.(W x¢ B) occurs as a pullback of E — B then t*U — W € CJc
lifts uniformly against E — B € C/c as well.

Proor. By Constructions 3.6, 2.1 and 2.2. n

SLICE LIFTING STRUCTURES IN CWRS. In order to categorically axiomatise pattern
matching operations such as J-elimination in the framework CwRs, we require the con-
struction of CwRs freely extended with a formal lifting structure in slice categories. The
idea is the same as Construction 1.16.

3.8. CONSTRUCTION. Let C be a CwR and fix maps U — V — V' between exponential
objects and E — B the slice over a fized object C' € C. Define the CwR obtained from C by
freely extending with a lifting structure of U — V' against E — B restricted along V. — V'
in the slice over C' as the following bipushout in CwR using Construction 1.15.

U, Elc Xw,B) Vs Ble = [V, Elc
= (C U{.H.%.} \b ‘
U, Elc Xv,B)¢ [Vs Ble

U E
Cly 24
V=V B
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Dually, if U — V is a map between exponentiable objects in ©/c and one has maps E — B
along with B — B in C/c then the CwR with a formal lifting structure of U — V' against
E — B restricted along B' — B in the slice over C' is obtained by the following bipushout
in CwR using Construction 1.15.

U E U, Elc X,p)c V. B'le = [V, Elc
Clig 1| = CUpecsy 1
V. B —=B U, Ele X8 [V, Ble

3.9. THEOREM. Let C be a CwR and fix maps U — V — V' between representable
objects (i.e. objects whose maps into the terminal object are representable) and E — B
i C. Then, isomorphism classes of maps as on the left below correspond bijectively to
isomorphism classes of maps F': C — D € CwR equipped with a choice of a lifting structure
of FU — FV against FE — FB restricted along FV — FV' over the slice FC.

C — D e CwR C — D e CwR

U E U E
4 a1 % ¢
V=V B Vv B —B
Dually, given B" — B in C, isomorphism classes of maps as on the right above correspond
to isomorphism classes of maps F: C — D € CwR equipped with a choice of a lifting
structure of FU — FV against FE — FB restricted along FB' — FB over the slice

FC.

PROOF. Identical to Theorem 1.17. m

4. Structured Approximations of Pushout-Product

In preparation for the structured version of Leibniz transposes in the subsequent Subsec-
tion 5, we first motivate and introduce a structured approximation of the pushout-product.

As motivation, suppose we are given two maps, which we think of as “boundary
inclusions” and denote their domains and codomains using the boundary symbol, 0V — V
and 0L — L. Usually, the boundary 0(V x L) of the product V' x L is constructed by
the pushout-product 0V x LUV x 0L — V x L. However, because the pushout-product
relies on the left concept of pushouts, and we only assume our universe of discourse C to
be locally cartesian closed, these pushouts may not exist in the first place. Therefore, we
would like to have a concept of maps that behaves sufficiently like such a pushout-product.

The usual product boundary 0V x L UV x 0L, being a pushout, has the universal
property that maps 0V x LUV x 0L — FE are in bijective correspondence with pairs of
maps OV x L — E and V x 0L — E. But because in a cartesian closed category, products
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are left adjoint to exponential, taking products preserve pushouts. This means that for
each X € C, one in fact has X x (OV X LUV x 0L - E) = X x 0V x LUX xV x OL.

Therefore, we would like to say that an object E believes an object O(V x L) behaves
like the product boundary when, for each X € C, one has a natural bijective correspon-
dence between maps f and undercones (f|xxovxr, flxxvxar) as follows.

X x0O0Vx0L—— X xV x 0L
XxoVxL)LE | Flxxveor

+

Such parameterised beliefs can be packaged into the following definition using cartesian
closeness.

4.1. DEFINITION. Given maps OV — V and OL — L between exponentiable objects in C,
a product boundary approximation structure on an exponentiable object O(V x L) relative
to an object E is an isomorphism

[0V x L, E] Xy oz [V x OL, E] = [8(V x L), E]

Next, suppose E and B both believe (V' x L) behaves like the product boundary.
Then, E thinks that each map f: X x 9(V x L) — E is completely determined by
the two components f|yxovxr and f|xxvxor. Now, given a map p: E — B, we can
post-compose to obtain a map pf: X x d(V x L) - E — B. Then, B also thinks
pf is completely determined by the two components (pf)|xxovxrz and (pf)|xxvxar. We
want to say that composing with p does not destroy the hallucinations £ and B have
about (V' x L) — V x L when the hallucinated component restrictions (pf)|xxavxr
and (pf)|xxvxar of B are respectively obtained by composing p with the hallucinated
component restrictions f|xxavxr and f|xxvxar of E.

X xO0VxOL —— X xV x 9L

. N
: ~ ~
: ~ ~o
: AN ~
: ~
N
~

v N AN
XXOV XL > X X O(V X Liflxxvxor ~PDIxxvxor=p(flxxvxor)
NS~ ~ \\ \\
\\ \\\\\ \\\ \\ \\
T N, N

e flxsovxo______ 7 4 E N\

~ |
\\\\ K\\
(Pf)\anvXL=P(f\anv><L)\‘\\\ Ay

T > B

We once again can package such hallucinogenic maps using internal-Homs.
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4.2. DEFINITION. Fiz maps OV — V and OL — L between exponentiable objects in C.
Suppose that an exponentiable object O(V X L) is equipped with product approximation
structures sg and sg respectively relative to E and B. A map p preserves boundary
approximation structures when the following diagram commutes.

[0V x L, E] Xjpvxor,g [V x OL, E] «+= [0(V x L), E|

! J

[0V x L, B] Xjpvxar,p [V X OL, B] +—=— [0(V x L), B|

We have now defined what is means for an object (V' x L) to behave like the boundary
object of V' x L. In the usual pushout-product definition, such boundary objects OV x
LUV x 0L are equipped with inclusions into the actual product object V' x L. We can
also say that a map (V' x L) — V x L behaves like a pushout-product inclusion, but
again only relative to some object B in a state of delusion. When we have such a map
O(V x L) — V x L like this, given any map ¢g: X x V x L — B, we can restrict it to
get a map g|xxawxr): X x d(V x L) = B. By hallucinations, g|xxaxz) is completely
determined by its further restrictions (g|xxa(vxr))|xxovxr and (g|xxawxr))|xxvxar. On
the other hand, we could have just gotten to these restrictions in one step using g|xxavxr
and g|xxvxor without passing through X x 9(V x L) — X x V x L. A sufficiently
well-crafted fake (V' x L) — V' x L should deceive B to make it into thinking these two
ways of restricting and amalgamation are the same.

X xOVxO0L —— X xV x9L

|

Once again, using internal-Homs we have a very concise definition of the above phe-
nomenon.

4.3. DEFINITION. Fix maps OV — V and OL — L between exponentiable objects. A
map O(V x L) — V X L between exponentiable objects realises a product boundary struc-

ture [0V x L, B] Xayxor.e [V x OL, B] = [0(V x L), B] on 8(V x L) relative to B as a
pushout-product approximation structure when the following triangle commutes

[0V x L, B] Xavxor,p |V x 0L, B] = » [0(V x L), B]

\ /

[V x L, B]
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We can now combine everything together to say when a map thinks another map
behaves like the pushout product.

4.4. DEFINITION. Given maps OV — V and OL — L and E — B where OV, V,0L, L are
exponentiable objects in C.

A (OV — V) X (0L — L)-approximation structure on d(V x L) — V x L relative to
E — B consists of product boundary approximation structures sg and sg on the object
O(V x L), which has to be exponentiable, relative to E2 and B such that

e [ — B preserves the product boundary approximation structures; and

e O(VxL)—V xL realises sp as a (0V — V) x (0L — L) approzimation structure
relative to B.

In other words, one requires black isomorphisms as below making the diagram commute.

[0V x L, E] Xjgvxor,p [V x OL, E] === [0(V x L), E]

! l

[0V x L, B] Xjpvxor,p) [V x OL, B] <~== [0(V x L), B]

I I

[V x L, B] < = > [V x L, B]
(PUSHOUT-PRODUCT-APPROX)

Throughout the rest of this section, we establish analogues of constructions from
Subsection 3. Specifically, we construct, like in Construction 3.2, that structured ap-
proximations of the pushout-product are stable under pullback. We also construct, like in
Construction 3.4, that certain forms of structured approximations of the pushout-product
are stable under the left adjoint to the pullback functor (i.e. the post-composition map).

We start with the analogue of Construction 3.2.

4.5. LEMMA. Fiz map p: D — C along with maps 0J — J and OV — V and E — B
all in C/c, where 0J, J,0V,V are exponentiable objects in C/c.

Suppose
8(J><CV)—>J><CV
has a (OV = V) X¢ (0J — J)-approzimation structure relative to E — B in C/c. Then,
the pullback
I(J xc V)= " J xp eV
has a (©*(OV) = V)X p(p*(0J) = ¢*J)-approzimation structure relative to the rebased
map p*E — ¢*B in C/p.

PRrooF. This follows from the fact that the pullback functor preserves both limits and
internal-Homs, much like in Construction 3.2. [
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We also have an analogue of Construction 3.4.
4.6. LEMMA. Fiz map ¢: C — D along with maps 0J — J in C/c and OV — V and
E — B in /b where 0.J, J,0V,V are exponentiable in their respective slice categories.

Suppose
8(V ch*J) —V X¢ p*J

has a (OV — V) X¢ (p*(0J) — p*J)-approzimation structure relative to p*E — p*B in
Clc. Then, under the p; postcomposition functor

POV xcp™J)) = p(V %o p™J)
inherits a (p(OV) — pV) Xp (0J — J)-approzimation structure relative to E — B in

C/p.

PrROOF. Much like Construction 3.4 by using Lemma 3.3. For example, by assumption,
one has that [0V x¢ p*J, p*B] Xjgvxap@a)p8) [V X p*(0J),p*B] = [0(V x¢ p*J),p*B],
and the image of this isomorphism under the right adjoint p,: ¢/c — €/p is [p(0V) Xp
J, B] X{povyxpasp) [V x 0J, B] = [pd(V x¢ p*J), B]. L

We finish by showing that approximations of pushout-products are associative.

4.7. THEOREM. Suppose that one has three maps OU — U and OV — V and OW — W
between exponentiable objects along with two approximations of pushout-products (U x
V) = UxV approzimating (OU — U)X (OV — V) and O(V xW) — V xW approzimating
(OV = V) X (OW — W) with respect to a map E — B between exponentiable objects.

A map (U x (VxW)) —= U xV x W approzimates the pushout-product
(U - U)X (0(VxW) =V x W)
relative to E — B if and only if it also approximates the pushout-product
OUXxV)=UxV)X (W = W)
relative to E — B.

PRrROOF. The = and <= directions are symmetric. We show the = implication.

By assumption, one has horizontal isomorphisms

[O(U x V) x W, E] Xgwxvyxow,g] (U x V x OW, E] === [0(U x V) x W), E]

|

[O(U x V) x W, B] Xgwxvyxow,p) [U x V x OW, B] <—== [0((U x V) x W), B|

I I

[U xV x W, B [U xV x W, B]
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and we must show there exists dashed isomorphisms

[OU x V x W, E] Xauxawvxw),g) [U x OV x W), E] <-=-= [0(U x V) x W), E]

|

[OU x V x W, B] xjguxawxw),p) (U x OV x W), B] <-2-= [0(U x V) x W), B]

I I

U xV x W, B] [UxV xW,B|

We show that the left columns of the two diagrams above are isomorphic. Because
O(U x V) — U x V approximates (OU — U) X (OV — V) and 9(V x W) = V x W
approximates (OV — V) X (OW — W) with respect to E — B, we have that

[G(U X V),B] = [3U X V, B] X[0U %8V, B] [U X 61/, B]
O(V x W), B] 2 [0V x W, B] X oy xow.p [V x OW, B]

Thus, applying [ X, —] for any X € C, we have

[O(U x V) x X,B| = [0U xV x X, B] Xjguxavxx,p U x 0V x X, B]
(X x9(V xW),B] = [X x 0V x W, B] Xixxavxow,p| [X x V x OW, B]

SO, [8U xV x W, B] X[oUx8(V xW),B] [U X 8(V X W), B] and [8((] X V) X W, B] X[O(UxV)xdW,B|
[U x V x OW, B] are both limits of the following diagram.

[OU x V x W, B] — [0U x V x OW, B] == [0U x V x 0W, B] [0U x V x W, B|

| | H |

[OU x OV x W, B] — [0U x 0V x OW,B] <— [0U x V x OW,B]  [0U x 9(V x W), B]

[ [ [ [

[U x 0V x W,B] —= [U x 9V x OW, B] +— [U x V x 0W, B [U x 0(V x W), B]

[O(U x V) x W,B] = [0(U x V) x OW,B| +— [U x V x 0W, B]

So [8U x V x VV, B] X[8U><6(V><W),B] [U X 8(\/ X W), B] = [8(U X V) X I/V, B] X[@(UXV)XQW,B]
[U x V x OW, B]. The same argument applies to show the required isomorphism with B
replaced with F. n

4.8. REMARK. Associativity of approximations of pushout-products are also the reason
that in Definition 4.4 we do not require do not require that (V' x L) be part of a cocone
under OV x L <= 0V x 0L — V x 0L and that the horizontal maps of (PUSHOUT-
PRODUCT-APPROX) are those induced from composing with the cocone legs, as one might
expect.
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Had we required this, then in the context of Theorem 4.7, one would have that 9(U x
(V x W)) is part of a cocone square as follows

OU X O(V X W) ——Ux9(V x W)

| |

OU x (VxW)—— (U x (VxW))

and one must show that one has the following dotted maps giving rise to a cocone square

as follows
OU X V)X OW —— (U X V) x oW

AU XV) X W >6(U><(\Ir/><W))

However, as we lack the usual universal colimiting properties of the boundaries of
products, to actually the induce the required dotted maps, we would further require that
O(U x (V. x W)) itself thinks that d(U x V') and 9(V x W) behave like boundaries of
products, thus leading to further technicalities.

5. Structured Leibniz Transpose

Recall the result from Joyal-Tierney calculus [16, Appendix]| that given maps 0V — V
and 0L — L, the pushout-product 0V x LUV x 0L — V x L lifts against a map F — B
exactly when 0V — V lifts against the pullback-power [L, E] — [0L, E| x a1, 5) [L, B].

OV x LUV x OL -2 E (1‘/ = L E]
VX L oee s B V iy [OL, E) X or. ) (L, B]

In the previous Section 4, we defined a notion of approximations of pushout-products,
and in Section 1, we defined a notion of structured restricted lifts. Therefore, we would
like to apply these concepts for Joyal-Tierney calculus, by replacing the pushout-product
OV x LUV x 0L — V x L with an approximation 0(V x L) — V x L and the lifting
problem above with structured restricted versions. This arrives us at the following result.

5.1. THEOREM. Let there be maps OV — V and OL — L and E — E and L — L' where
OV, V,OL,L,L" are exponentiable objects.

Suppose that O(V x L) — V x L structurally approximates the pushout-product (OV —
V) X (0L — L) relative to the map E — E. Then, we have a bijection

d(V x L) E . v L, E]
| a1 1" |
VxL—VxL E V. [0L,E] xjpr,p [I', E] — [0L, E] X[a1,5) [L, E]
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Proor. We set 0,{L',E} — 0;{L,E} < [L,E] as the span [0L, E] Xjpp [L', E] —
[OL,E] Xpr,g |L, E] < [L,E] on the right above. Then, by Lemmas 1.7 and 1.9, it
suffices to show that we have the horizontal isomorphisms as below.

[O(V x L), E] Xjg(vxy,m [V X L', E] === [0V, {L, E}] X{av,0, (1,5} [V, {L, E}]

| l

[0(V x L), E] X{a(vx1),m) [V % L, E] $—=—= [0V, {L, E}] X (av,0, (1,5} [V>8,{L, E}] (LTRANS)
[V x L, E] = [V, {L, E}]

By the assumption that (V x L) — V x L approximates (0V — V) X (0L — L)
relative to £ — E, in the diagram below, the limit of each row is isomorphic to the object
on the right of the corresponding row; and the maps between the objects on the right are
induced by the maps between their respective rows.

)% XHLE\‘—> oV ><HBL, B & —— [V x L‘?L,E] (Vv ><L),E]\J
\. BN . VAN . \ .
\ NN/ N \
BV x L, E] = \ [0V x 0L, EAN——— [V x 0L, E] [B(V x L), E]

]\,\\ N

. [V x L', E] [V x L', E]

‘ [VXL,E]\\‘ \J [V X L, E] J
VX LE| == [0V XL, E]$— [V x L, E] [V x L,E]

Applying the exponential transpose to each object of the diagram above, one observes
that the above diagram is isomorphic to the following diagram.

[oV, [HL%‘—> [V, [JL, 2/ N— L [3HL7 E]]
\ 7

\ [ ] ,R\ [ ] \ [ ]
\\ NN/ N
OV, (L, E]] oV, [BL,Ey —— [V, [0L 5]
\. AN . N i
A\ / \
VAL B} \__ l
[0V, [L, )] —— [V, [L, B]] 4——————— [V, [L, E]
° ° V,o0,.{L,E}]

|

OV [L, E]] ———————— [0V, 9 {L, B} <= [V, 9, {L, E}]

M ——

V. [L, E]]
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But the internal-Hom functor is continuous, so one observes that the limit of each column
is isomorphic to the object on the front of the corresponding column; and the maps be-
tween the objects on the front are induced by the maps between their respective columns.

The result then follows because the limits of the top, middle and bottom layer objects
in the of the previous two diagrams are exactly the objects in the corresponding layer in
(LTrRANS). In other words, the result follows because when viewed as objects of C*7*<*
the left and right cospans on the left and right columns of (LTRANS) are both the limits

e — 0<— 0

{

of the same £_> ° <_£ -shaped diagram in C*7**. ]

T T 7

e —e0<— o

The above proof gives a procedure for transposing structure lifts.

5.2. CONSTRUCTION. Using representability and examining the use of the exponential

AV x L
transpose in the proof of Theorem 5.1, we see that given a structured lift F' € ( f ) K
VXL—VxL
E S . § v (L, E]
4 its transposed pointwise structured lift F* € | 1
E % [OL, E] X(o1,) [, E] = [0L, E] X (oL, [L, E]

solves a lifting problem

by the following procedure:

(1) Take the exponential transposes f1: X x OV x L — E and g': X xV x 0L — E
and h': X xV x L' - E

(2) Because E believes X x O(V x L) is the product-boundary X x 0V x LUX xV x 0L,
one has a common extension {fT,g"): X x O(V x L) — E of f1 and g'.

(8) By commutativity of the original lifting problem and the fact that E also thinks
X xO(VxL)is X xdV xLUX xV xJL, we can form the transposed lifting
problem, whose commutativity stems from the fact that E — E preserves the belief
of product-boundary approximation.

X XV X L) o Vd)oo 3
l "FX«fTvgw’hTS l
XXVXL — s XXV XL s E
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(4) F provides a solution Fx({fT,g"),h"): X x V x L — E to this lifting problem,
whose exponential transpose is taken to be the solution to the original lifting prob-
lem.

F(f. (g, 1) = Fx((f1, '), b1

We then next try to use Construction 2.2 to get rid of the restriction on the right of
Theorem 5.1. For this, we need to first compute the following pullback.

5.3. LEMMA. Let there be maps OL — L — L' and E — E where OL, L, L' are exponen-
tiable objects. One has the following pullback

(L E] X pp [ B] ————— [L, E]
(0L, E] Xjorp [L', E] — [OL, E] X, [L, E]
PRrROOF. The objects in the above diagram are the limits of the cospans as follows while

the maps above are the maps between the limits induced by the maps of the respective
cospans. The result then follows by the fact that limits commute with limits.

[L,E] ——— [L,E] = [L, E] (L, E]
Z Z | A —
[L,E)| ———F—— [L,E] < [L, E] H (L, E] X(p,g) [L', E] l

> l > l > >
l [OL, E] —l—> [OL, E] <_H (L, E] l [OL, E] X[s1,E) [L, E]
Z =~ A _—
OL,E) ———— [0L,E] «— [L, E] [OL, E] X (a1, [L', E]

5.4. PROPOSITION. Let there be maps OV — V and OL — L and E — E and L — L’
where OV, V, 0L, L, L' are exponentiable objects.

Suppose that O(V x L) — V x L structurally approzimates (OV — V) X (0L — L)
relative to E — E. Then, we have a bijection

OV x L) E ov L El xppg (L, E]
% = %

| L= l

VxL—VxL E V. [0L,E] Xjpr.m L', E]

PRrROOF. Apply Theorem 5.1, Construction 2.2 and Lemma 5.3. [
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5.5. COROLLARY. Let there be maps E — E € C and OL — L — L' € C where OL, L, L'
are exponentiable.

Fiz an object C € C along with a map OV — V € Cjc and assume that O(L x
V) = L xV € Clc approzimates (OV — V) X¢ (OL x C — L x C) € C/o relative to
ExC—ExCeCc. Then,

AV x L) ExC ov  (LE] xpg[L,E])xC
| 2 | [=|]® |
VxL—VxL ExC V' ([OL,E] Xpr.g (L, E]) x C

PRroOOF. By Proposition 5.4 we have that

AV x L) ExC ov L xC,ExClc Xxcexcle [L' x C,Ex Clo
7 = 7
| 2 | | % |
VxL—VxL ExC V. [OL x C,E x Cl¢ Xgrxc,pxcle L' x C,E x Clo

The result then follows from the fact that limits commute with limits and pullbacks
preserve exponentials. [

STRUCTURED LEIBNIZ TRANSPOSES FOR PATH OBJECTS. We now focus on a specific
case of structured Leibniz transposes involving interval and path objects. In cofibrantly-
generated model structures, one often makes use of an interval object to generate the
trivial cofibrations. In particular, an interval object I is some good cylinder object for
the terminal object and the trivial cofibrations are usually generated in such a way that
the pushout-product of the interval boundary inclusion 01 < I with a trivial cofibration
K — L is remains a trivial cofibration. Then, by the Leibniz transpose operation, this
allows one to construct fibred path objects as the pullback-power.

In model categories, being a fibration requires the mere existence of lifting solutions
and one has access to colimiting concepts such as pushout-product. However, in our
setting, we wish to use the framework developed in Section 1 to enforce some sort of
uniformity on the lifts, and we wish to use the framework developed in Section 4 to
reduce dependency on colimiting concepts for applicability in type-theoretic settings.

Therefore, to reproduce the path object construction via the Leibiniz transpose in a
structured manner amenable to type-theoretic applications, the idea is to use Proposition
5.4 and the associated Corollary 5.5 to phrase this structured version of the path object
construction by way of the Leibiniz transpose involving the interval object. The formal
statement of this is expressed in Corollary 5.11.

However, to build up to this, we need to first axiomatise the fibred path object con-
structed from an interval object.
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5.6. DEFINITION. Let 0I — I € C be a map between exponentiable objects. For each X,
we denote its I-path object as the ezponential PL(X) == [I, X] and the coboundary of the
I-path object is the exponential OPL(X) =[0I, X] so that there is a endpoint evaluation
map evy: PL(X) — dPL(X).

Given a map E — B € C, we also write PL(E — B): PL(E) — OPL(E) X gp1 ) PEL(B)
for the pullback-Hom of 01 — I with E — B.

For each E — B € €/c and a map 01 — I € C we write PL(E) and OPL(E) and
PL(E — B) to mean the respective constructions P(é/XCC(E) and 8Pé/xg(E) and Pé/xg(E —
B) in the slice category.

We observe that the local exponential used in defining I/-path objects in slices occur
as pullbacks of I-path objects in the ambient category. This follows from the following
more general fact.

5.7. LEMMA. For any E — B € €/, and an exponentiable A € C, the local exponential
[A X B,E]p = B xa,p [A, E] is just the pullback-Hom of A — 1 with E — B in C.

[A X B, Elp —— [A, F]
|

B—[A, B

PROOF. We argue using representability, by showing that [A x B, E]p — B € ¢/ and
B xa,5 [A, E] = B € ©/B represent the same presheaf over C/s.

We notice that, in the diagram on the left, for each z: X — B € C/p, the local Hom-
set €/B(A x X, E) are precisely those maps A x X — FE whose post-composition with

E — Bisexactly A x X LN QN , which one observes as follows.

Therefore, we have the constructive pullback squares as follows.
C/B(Ax X,E) = C(X,B xap5 [4, E]) > C(Ax X,E) 5 C(X, [A4, E])

[ TR T !
1 - »C(X,B) ——— C(A x X,B) = C(X,[A, B))

Analogously, the fibre of C(X, B x4 5[A, E]) = C(X, B) over z is exactly ¢/B(X, B X[ p
[A, E]) as well. This proves ©/B(Ax X, E) = C/B(X, B xa,5][A, E]) so that [Ax B, E]p =
BX[AXB] [A,E] | |
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As from the name, we wish to take the I-path objects as a path object construction in
slices. They indeed serve this goal in model categories when [ is chosen to be an interval.
Our notion of an interval is made precise using the notion of good cylinder objects, which
we now recall.

5.8. DEFINITION. In a model category C, a good cylinder object for an object A 1is the
middle object Cyl(A) of any factorisation of the codiagonal AUA — A as AUA —
Cyl(A) = A into a cofibration followed by a weak equivalence. It is very good when
Cyl(A) = A is a trivial fibration.

5.9. THEOREM. Let C be locally cartesian closed and equipped with a model structure in
which I is a good, but not necessarily very good, cylinder object for the terminal object
and the pullback-power of a cofibration with a fibration is a fibration.

Then, by taking 0 = 1 U1, for any E — B € C/B fibration, the pullback-Hom
PL(E — B): PL(E) - OPL(E) XopL(B) OPL(B) is a fibration.

ProOF. Using Lemma 5.7 four times and yet another 3-by-3 argument

B— B

N

‘ 1.8

B——
<

—— 5% [0I, B]

|

|

T rE— \ 91, E|
; l |

]
_

PL(B) ————— OPL(B)

we see that the pullback of the front face OP,(E) X opL(B) OPL(B) can be computed by
first taking the pullbacks of each layer B — [I, B] <= [I, B] X[o1,5) [01, E] then taking
the limit. Thus, the map P5(E — B): P4(E) — OPL(E) Xyp1 () OPL(B) fits into the
following cube whose top, bottom and right face are pullbacks.

PL(E) » B

l \{IE]

S “

|1, B] xja1,) |01, E] —— [I, B]
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This means that, ﬁé(E — B) occurs as a pullback of [I, E] = [I, B] Xa1,5) [01, E]. The
result then follows by the pullback-power assumption. [

In view of Theorem 5.9, we now axiomatise the structures of an interval object so that
Theorem 5.9 can be reproduced in a type-theoretic setting in Corollary 5.11.

5.10. DEFINITION. A pre-interval structure on an exponentiable object I consists of two
points {0}, {1} = I along with a map OI — I between exponentiable objects such that for
the pullback {0} N {1} defined as the pullback on the left, one has a factorisation on the
right.

{0y n{1} —— {0}
{0y n{1} —— {0} j j

j J j {1} —— JI

R Qa[

A pre-interval structure on an object I becomes an interval structure relative to a set
of objects B when for each B € B, one further has that [{0} N {1}, B] = 1 and that
B = [{0}, B] — [0I, B] < [{1}, B] = B is a product span (i.e. [01,B] = B x B).

5.11. COROLLARY. Fiz a map E — B along with an exponentiable object I equipped with
an interval structure ({0}, {1} = 1,01 — I) relative to {E, B}.

Further take maps OV — V € C/c between exponentiable objects in a slice and a map
OV x 1) =V x1 € Clc between exponentiable objects that structurally approximates
OV = V) X¢ (0 x C — I x C) relative to the map E x C — B x C € Cc. Then, we
have a bijection

oV x 1) ExC oV PL(E) x C
Y = Y
| 7| le |
VxI—V BxC V. (ExpE)xC
ProOOF. Immediate by Corollary 5.5 and Lemma 5.7. ]

In anticipation of working with slice categories, we note several base change properties
for interval structures. These are analogues of Lemma 4.5 and Construction 3.2 but for
interval and path objects.
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5.12. LEMMA. Let there be a map p: D — C. Then, a pre-interval structure ({0}, {1} =
1,0 — I) on an exponentiable object I — C' € C/c gives rise to a pre-interval structure

({0}, {1} = "1, 0*(0I) — ¢*I) on ¢*I — D € CJc.

If further this pre-interval structure on I — C' is an interval structure relative to an
object B — C € CJc then the pre-interval structure on ¢*I — D s also an interval
structure relative to p*B — D.

Likewise, for maps E — B,0I — I € Cjc, the image under the pullback functor
©*: Clc — C/p of the fibred path object, the endpoint evaluation maps and the pullback-
Hom constructed from 0I — I € CJc as on the left column are respectively isomorphic
to the fibred path object, the endpoint evaluation maps and the pullback-Hom constructed
from the interval object *(0I) — ¢*I € C/p as on the right column.

Cjc o /o
Fe/c(E) ~ FEp(#"B)
Pl (B) - PE (9" B)

(PLe(B) = 0PL,(B)) = (PEL(E) » OPE 5 (B))

(PL,o(B) = 0PLo(B)) v (PEH(B)—0REL(B))

Cc/D C/D
~ SO
PL,o(E — B) > PE)o(¢"E — ¢*B)

PRrROOF. Straightforward by using the fact that the pullback functor preserves internal-
Homs and limits. n

6. Relating Lifts

In orthogonal factorisation systems, lifts are unique and in model categories, these lifts
are homotopically unique. In other words, two lifts to the same lifting problem in these
systems are related in some way: by the equality relation in the former case and by
the homotopy equivalence relation in the latter. On the other hand, in Section 1, we
introduced the concept of lifting structures as specific choices of lifts to lifting problems
satisfying some uniformity conditions. Therefore, we would like to combine these two
concepts of relating two lifts and uniform choices of lifts to talk about two uniform lifts
being uniformly related to each other. In particular, we show in Theorem 6.5 that in
certain model categories, the homotopies involved in the homotopy uniqueness of lifts can
be chosen in a suitably uniform manner.

In order to do so, we first fix an abstraction of a “relation” and a “witness” of said
relation, which is an internalisation of a binary relation to slice categories.
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6.1. DEFINITION. Let there be a map E — B. A fibrewise relation is a map Rp(E) —
E xg E. Giwen C — B and two maps fi, fo: C — E over B, we say H witnesses
that f; and fo agree up to relation Rg(E) when H: C — Rg(FE) is a factorisation of
(fi,f2): C — E xp E via Rg(E) - E xp E.

6.2. EXAMPLE. Our two main sources of fibrewise relation are those giving rise to an
equality and a right homotopy equivalence.

(1) If one takes Rp(E) to be the diagonal £ — E xp E witnesses H are unique and
f1 agrees with f5 precisely when they are exactly equal.

(2) In model categories, if Rp(FE) is taken to be the path object of E as an object of
the slice over B then a witness H is precisely a right homotopy between f; and

Jo-

We will now try to motivate how these fibrewise relations are used to uniformly relate
lifts. Consider a map U — V and a map of spans (e, b, ') and two lifting structures F;
fori=1,2

E,
N
Es U E;
Fielz l
li
Bl\—”?l\b l V B — B,
2 X

By —— B,

Then, for X € C fixed, given two lifting problems (u,v) of X x U — X x V against F; —
By restricted along B} — By as below, one can produce a solution F(u,v). On the other
hand, one can also induce a new lifting problem (eu, b'v) against Ey — Bj restricted along
B} — Bs and get a solution Fy(eu, b'v). This gives two maps u - Fy(u,v), Fy(eu, b'v): X X
U = E5 over By as on the left below, where the triangle involving the lifts and the map
e does not necessarily commute.
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E1¢>E2

l ‘ Fl(zu)“ l K Fy (u,v) T T

X><V——v >B’—>31

N X xV H (u,v) > Rp,(E»)
el v %) | M\.b/ l e
b B/ _>\ FE F2(61;;l)’{;.)' Tl l
2 B,

A witness H(u,v) that u - Fy(u,v) and Fy(eu,b'v) are related up to relation Rp,(FE>) —
E5 x g, Fs is then a factorisation H as on the right above.

Instantiating with Example 6.2, we see that if Rp,(Fy) — E2 X, Ey is the diagonal
then such a map H(u,v) exists precisely when e - F (u,v) = Fy(eu,b'v) and if Rp,(Fy) —
Ey x g, Es is the fibred path object then H(u,v) is a right homotopy H (u,v): e- Fy(u,v) ~
Fy(eu,b'v) over Ey. As a further special case, if (e, b, b') are taken to be all identities, then
Fy, F5 both solve the same lifting problems, so the above two cases reduce respectively
to saying Fi, F, produce the same lifting solution or right homotopically identical lifting
solutions.

Now fix another map ¢: Y — X so that uniformity condition gives

Fi(u,v)-(txV)=F(u-(txU),v-(t xV))
Fy(eu,b'v) - (t x V) = Fyleu- (t x U),b'v- (t x V))

Then, using H (u,v), one can produce a witness H(u,v)- (t x V') saying that e- Fy(u- (t x
U),v-(txV))and Fyleu- (t x U),bv- (t x V).

Therefore, if we let (u,v) vary and associate a family of witnesses H (u,v), a natural
uniformity condition is to require that

H(u,v) - (txV)=H(u-({txU),v-(txV))

In view of the internalisation results of Lemma 1.9, we see that the uniformity condition
of witnesses can be formalised as follows using the locally cartesian closed structure.

6.3. DEFINITION. Fiz a map U — V between exponentiable objects and (e,b,b’) a map
of spans and two lifting structures F; fori=1,2

E,
N
Fs U E;
EElZ l
B’ B
S
R by
2
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Let Rp,(Es) — Eo X, Ey be a fibrewise relation.

A structured Rp,(Es)-witness H from Fy to Fy via (e, b, V') is a witness H that the
top square of the following diagram commutes up to the fibrewise relation [V, Rp,(FE2)] —
[V, By X, Eb] = [V, Ey] X(v.py [V, Ea.

U, Er]| X,y |V, B

» (U, B Xu,B, [V, BS)

\
7

[VvEl}

— —

[U7 Eﬂ X[U,B1] [V, B1] > [U7 Ez] X[U,Ba) [V, 32]

~ ~

[V, Bl} > [V, BQ}

If (e,b, V') is the identity then we simply say H is a structural Rp,(F2)-witness between
F1 and FQ.

With this formal definition in place, we show that in model categories, when the fi-
brewise relation is taken to be the fibrewise path object and when the structured lifting
problem is either (trivial cofibration, fibration) or (cofibration, trivial fibration) then there
always exist structured lifting solutions and moreover any two such structured lifting solu-
tions are structurally homotopic. In other words, we will show in Theorem 6.5 structured
lifts are structurally homotopically unique if they exist. But for that we, first need the
following technical lemma.

6.4. LEMMA. Let C be locally cartesian closed and equipped with a model structure in
which:

o [ is a good, but not necessarily very good, cylinder object for the terminal object.

e The cofibrations are preserved by products.

Further fiz a map E — B and an object A along with a factorisation of [A, E] —
[A, B] into [A, E] =» C — [A, B] where the first map is a trivial fibration. Take PL(E) =
|1, E] x(1,8) B to be the fibred I-path object of E — B constructed from I so that one has
the endpoint evaluation map evyg: PL(E) — E xg E. Then, for any d: D — C and pair
of maps fo, f1: D — [A, B] over C' as below on the left we have a factorisation H as below
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on the right.

D = : (A, B
\ 0
d\ J/N/ D — (fo,f1) s [A,E x5 E]
f ¢ I —Theva
4, B]

PROOF. Because C is cartesian closed, products preserve colimits, so in particular 10U 1
is preserved by products. Also, by assumption, cofibrations are preserved by products.
Thus, the image of cofibration 1 L1 < [ under the product with D is the cofibration
DUD < D xI. But also because [A, E] =» C'is assumed to be a trivial fibration, we can
solve the following lifting problem by some solution ¢ as on the left so we get a diagram
on the right.

DUD (fo,f1) ; (A, E]

j T i Dx I —t— [AE]

DxIsD—usC |~ l l

\ | D—— [A4B
[A, B]

Because D x I — D is the pushout-product of 0 — D with I — 1, Leibniz transpose of
the right diagram above gives

0 > [A, E]
D W} [], [A, EH X[I,[A,B]] [A, B]

;
It follows that one may choose H: D — [A, PL(E)] as H == D LGN [, [A, E]] X{1,4,8]

[Av B] = [Av [[7 E]] X[A,[1,B]) [A7B] = [Av [[> E] X[1,B] B] = [AvP]_]%(E)]'

We conclude by verifying that this choice of H indeed factors (fo, f1): D — [A, EXgFE].
This follows because for ¢ = 0, 1 one has

lf fe > [A),\B]
[A, Pg(B)]

gi of eve
[Av []73] X[I,Q]ﬁ] \
1

[A,[1, Bl X(a,1.8) [A, Bl — [I,[A, B]] X148y [A, B] — [I, [A, B]]
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With the tools in place, we now show that structured lifts are structurally homotopi-
cally unique if they exist.

6.5. THEOREM. Let C be locally cartesian closed and equipped with a model structure in
which:

e [ is a good, but not necessarily very good, cylinder object for the terminal object.
o (ofibrations are preserved by products.

e The pullback-power of (trivial cofibration, fibration)- and (cofibration, trivial fibration )-
pairs are trivial fibrations.

Import the data U — V' and (e,b,b') and Fy, Fy from Definition 6.3 where the fibrewise
relation Rp,(Ey) — Eo Xp, Ea is taken to be the boundary evaluation map of the fibred
I—path Object PéQ (EQ) = [BQ X I, EQ]B2 — By X By Es.

Assume that (U — V, Ey — Bs) is either a (trivial cofibration, fibration) or (cofibra-
tion, trivial fibration) pair. Then, there exists a structured PéQ(Eg)—witness H from F} to
Fy via (e, b,V).

Proor. We must show that the top square below commutes up to the fibrewise homotopy
relation P} (E») with some witness H.

[U, B1] X(u,8,) [V, B » (U, B3] Xu,, [V, B3]
~ ~A
U, E4| X[U,B1] [V, By] > (U, Es] X[U,By] [V, By
[V, Bi] » [V, By

But the condition that (U — V|, Ey — Bs) is either a (trivial cofibration, fibration) or
(cofibration, trivial fibration) pair ensure that [V, Ea] =» [U, Es] X p,) [V, Bo] is a trivial
fibration, so the result follows by Lemma 6.4. [
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