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THE SIERPINSKI CARPET AS A FINAL COALGEBRA

VICTORIA NOQUEZ, LAWRENCE S. MOSS

ABSTRACT. We advance the program of connections between final coalgebras as sources
of circularity in mathematics and fractal sets of real numbers. In particular, we are
interested in the Sierpinski carpet, taking it as a fractal subset of the unit square. We
construct a category of square metric spaces and an endofunctor on it which corresponds
to the operation of gluing eight copies of a given square metric space along segments,
as in the Sierpinski carpet. We show that the initial algebra and final coalgebra exists
for our functor, and that the final coalgebra is bilipschitz equivalent to the Sierpinski
carpet. Along the way, we make connections to topics such as the iterative construction
of initial algebras as w-colimits, corecursive algebras, and the classic treatment of fractal
sets due to Hutchinson.

1. Introduction

This paper continues work on fractal sets modeled as final coalgebras. It builds on a line
of work that began with Freyd’s result [8] that the unit interval [0,1] is the final coal-
gebra of a certain endofunctor on the category of bi-pointed sets. Leinster’s paper [12]
is a far-reaching generalization of Freyd’s result. It represents many of what would be
intuitively called self-similar spaces using (a) bimodules (also called profunctors or dis-
tributors); (b) an examination of non-degeneracy conditions on functors of various sorts;
(c) a construction of final coalgebras for the types of functors of interest using a notion
of resolution. In addition to the characterization of fractal sets as sets, his seminal paper
also characterizes them as topological spaces.

In a somewhat different direction, work related to Freyd’s Theorem continues with
development of tri-pointed sets [6] and the proof that the Sierpinski gasket SG is related
to the final coalgebra of a functor modeled on that of Freyd [8]. (Please note that the
gasket is different from the carpet.) Although it might seem that this result is but a special
case of the much better results in Leinster [12], the work on tri-pointed sets was carried
out in the setting of metric spaces rather than topological spaces (and so it re-proved
Freyd’s result in that setting, too). Work in the metric setting is unfortunately more
complicated. It originates in Hasuo, Jacobs, and Niqui [10], a paper which emphasized
algebras in addition to coalgebras, and proposed endofunctors defined using quotient
metrics. Following this, Bhattacharya et al. [6] show that for the unit interval, the initial
algebra of Freyd’s functor is also interesting, being the metric space of dyadic rationals,
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and thus the unit interval itself is its Cauchy completion. For the Sierpinski gasket, the
initial algebra of the functor on tripointed sets is connected to the finite addresses used in
building the gasket as a fractal; its completion again turns out to be the final coalgebra;
and while the gasket itself is not the final coalgebra, the two metric spaces are bilipschitz
equivalent.

In this paper, we take the next step in this area by considering the Sierpinski carpet
%. The difference between this and the gasket (or the unit interval) is that the gluing
of spaces needed to define the functor involves gluing along line segments, not just at
points. This turns out to complicate matters at every step. The main results of the paper
are analogs of what we saw for the gasket: we have a category of metric spaces with
additional structure that we call square metric spaces, an endofunctor M ® — which takes
a space to 8 scaled copies of itself glued along segments (the notation recalls Leinster’s
paper, and again we are in the metric setting), a proof that the initial algebra and final
coalgebra exist, and that the latter is the completion of the former, and a verification that
the actual Sierpinski carpet 5 is bilipschitz equivalent to the final coalgebra. Along the
way, we need to consider a different functor N ® — which is like M ® — but involves 9
copies (no “hole”). The final coalgebra of N ® — turns out to be the unit square with the
taxicab metric. Moreover, in much of this work we have found it convenient to work with
corecursive algebras as a stepping stone to the final coalgebra; the unit square with the
taxicab metric turns out to be a corecursive algebra for N ® — on square metric spaces.
The Sierpinski carpet $ turns out to be a corecursive algebra for the endofunctor M & —,
but it is not a final coalgebra for that endofunctor.

1.1. OUTLINE. The paper begins with a discussion of the Sierpinski carpet 5 in classical
terms, reviewing the results from Hutchinson [11] that we need. What we need most is
that 5 is the fixed point of certain contractive map o on the space of non-empty compact
subsets of the unit square. The first leading idea in the paper is that the action of o can
be generalized to give an endofunctor F': C——C on a category C. But it is not immediate
what that C and F' are. The category C is defined in Section 3; we call it the category
SquaMS of square metric spaces, and the functor F' in Section 4 is written X — M ® X.
A square metric space is metric space X together with a map Sy : My — X, where
My is the boundary of the unit square. In pictures, it would look like the space on the
left in Figure 1. The mapping Sx needs to be injective and satisfy some natural metric
properties.

For technical reasons, Met in this paper is the category of metric spaces with distances
bounded by 2 (not by 1, since we need M to be an object). On the right in the figure,
we indicate M @ X. We go into detail on this functor M ® — in Section 4, and this will
take a fair amount of preparation.

The second leading idea is that $ should be related to the final coalgebra of M & —.
Indeed, this explains the title of this paper. We have the intuition that this should be
so from previous work on the unit interval [9] and the Sierpinski gasket [6], and from
the general treatment of self-similar sets [12]. However, as we remarked above, this
paper involves a great deal more work than in those earlier works; we are not giving
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(a) X (b) M @ X

Figure 1

a straightforward generalization of them. For example, Section 5 constructs the initial
algebra of M ® —, and this already is more difficult than in previous work because the
morphisms of the initial-algebra chain of M ®— are not isometric embeddings. Still, M ®@—
does have an initial algebra, and its completion is the final coalgebra of this functor. This
and other results are proved in Section 6. We find it useful to bring in the concept of a
corecursive algebra, and so the results of that section should be of independent interest.
The paper ends in Section 7 with a proof that & is bilipschitz equivalent to the final
coalgebra of the functor M ® —.

The paper as a whole contains a mixture of geometric ideas that crop up in the study
of square metric spaces and our functor M ® —, and also very general facts about colimits
of chains in various categories and facts about corecursive algebras. We hope that readers
interested in one or the other of these kinds of work will come away from our paper
with interest in the other kind, and that the mixture of ideas here will be useful in the
category-theoretic treatment of other fractal sets.

Acknowledgment We would to thank to anonymous referee for their thorough reading
of our paper and helpful comments.

2. The Sierpinski carpet

The main object of interest in this paper is the Sierpinski carpet.

We will begin by recalling the definition of the Sierpinski carpet $ (shown above) in
terms of contractions of the unit square Uy, as in Hutchinson’s work [11].
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2.1. REVIEW OF HUTCHINSON’S THEOREM. Let (X, d) be a complete metric space, and
let Com be the set of non-empty compact subsets of X, with the Hausdorff metric dg.
Here is how this is defined. Given compact A, B C X, dy(A, B) is the supremum of
distances of points of one of the sets to the other one. This is defined by

dy (A, B) = max(sup d(a, B),sup d(A,b)). (2.1)

a€A beB

In both cases, the distance from a point to a set is given by infima:

d(a,B) = ggg d(a,b).

and similarly for d(A,b).

Let M be a finite index set and suppose that for each m € M, we have a contracting
map o,,: X — X. We extend each o, setwise to a function on (compact) sets by taking
images: for A C X, 0,(A) = {om(x) : € A}. This map o, is a contraction of
(Com, dy). Moreover, we define o: Com — Com by

o(4) = [ ou(4)

meM

Again o is a contracting map, and we let K be its unique (non-empty) fixed point. K is
called the invariant set determined by the family {o,, : m € M}.

2.1.1. DEFINITION. Fix A € Com and contractions o,, for m € M. For each finite
sequence m = mimsy---my of elements of M, we define a set A; by recursion on k,
starting with £ = 0 and the empty sequence e:

A, = A

Amlmg---mkmk+1 Uml (Am2m3“'mk+1)

2.1.2. PROPOSITION. [Hutchinson [11]] We have the following facts about the invariant
set K:

1. If A is a non-empty compact, then diam(Ap,. m,) — 0 as p — 0o, where diam(B) =
sup{d(z,y) : z,y € B}.

2. For every infinite sequence m = my, Mo, ..., My, ... in M,

Ke 2 Kml 2 Kmlmg DR Q Km1m2~~~mp 2

(2.2)

o0
and ﬂKml_._mp 1 a singleton whose member is denoted ky. K s the union of these

p=1
singletons.
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8. If A is a non-empty compact set, then d(Ap,..m,, km) — 0 as p — oco. In particular,
oP(A) = K as p — oo in the Hausdorff metric.

2.2. THE SIERPINSKI CARPET. Now we apply the general results in the last section to
define the Sierpinski carpet $ as a subset of Uy = [0, 1]2. Throughout this paper, we will
be working with (U, d1axi), where

draxi((2,Y), (x1,11)) = |z — 21| + |y — 1] (2.3)

is the taxicab metric.
Most typically, we would view & as a subset of Uy with the Euclidean metric, dg,c.
However, we will see that we can use the taxicab metric in our characterization of 5.

2.2.1. DEFINITION. Two metric spaces A and B are bilipschitz equivalent if there is a
bijection f: A— B and a number K > 1 such that

%dA(:p,y) S dB(f(m)a f(y)) S KdA(x7y)

for all x,y € A.
2.2.2. PROPOSITION. (Uy, dtaxi) is bilipschitz equivalent to (U, dguc)-

PROOF. Our bijection will be the identity map. Let K = 2 and let (x,y), (z1,y1) € Up.
Then

IA

(dewc((z, ), (71, 9)) + dewe((z1,9), (21, 91)))
(lz = 1| + [y — w1l)

< drail(2, ), (21,51))

= |z —a1|+ |y — il

V=212 +/(y — )’

V=21 +(y— )2+ V(@ —21)? + (y —)?
2deuc((7,y), (T1,91))

%dEuc<<x7y)> (z1,71)) %
3

IN

2.2.3. COROLLARY. C C Uy is a closed set with respect to drax if and only if it is a closed
set with respect to dg,c.

Let C denote the collection of non-empty closed subsets of Uy (with respect to either
metric). In order to apply Hutchinson’s work to define $, we need to recall the general
definition of the Hausdorff metric on compact sets from (2.1). In our setting, let us
introduce some notation:

dpe(A, B) = max(sup dguc(a, B),sup deuc(A,D))

a€A beB
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and
dpi(A, B) = max(sup draxi(a, B),sup draxi(A,b)).

a€A beB

2.2.4. PROPOSITION. (C,dg.) is bilipschitz equivalent to (C, dgy).

ProoFr. This follows from Proposition 2.2.2

tdue(A,B) = 1max(sup deuc(a, B),sup dew(A,D))
beB

acA
= max(sup sdeuc(a, B),sup tdeuc(A, b))
acA beB
S maX(Sup dTaxi(aa B)7 sup dTaxi(A> b))
eA beB

- dHt(A, B)

and similarly, dg(A, B) < 2dp.(A, B). =

So from here on, we will consider (Up, drax) and define 5 as a subset of Uy with respect
to the taxicab metric.
For the remainder of the section, we may write dy, or simply d to denote draxi-

2.2.5. DEFINITION.
1. Mis{0,1,2}*\ {(1,1)}.
2. For each m = (i,j) € M, let shrink(m) € Uy be given by

shrink(m) = (37, 3J).

3
3. For a subset A C U,, we define o,,,: Com — Com by

om(A) = shrink(m) + £(A).
Finally, let 0: Com — Com be o(A) = U om(A).

meM

Since we are scaling by a factor of %, it is routine to verify that ¢ is a contraction on
Com with respect to dg;. Indeed, it easy to verify that it is also a contracting map with
respect to dye.

2.2.6. DEFINITION. The Sierpinski carpet $ is the unique fixed point of o: Com—Com.
That is, it is the unique non-empty compact (with respect to dra) subset of Uy fixed by
o.

When we consider $ as a metric space, we primarily take the metric to be the one
inherited from (Up, dtaxi). For example, the distance between (0,0) and (1,1) is 2. But
because they are bilipschitz equivalent, if we had defined $ with respect to the Euclidean
metric, we would get the exact same fixed point.
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Indeed, $ is the unique non-empty compact (with respect to either metric) subset of
R? fixed by o. But this is not relevant for us, and we prefer to work with subsets of the
unit square Uj.

3. The category of square metric spaces

We start by defining SquaMS, the category of square metric spaces. Though some of the
arguments in the following sections will apply more generally, our work will primarily
focus on this category. Our goal is to find an endofunctor F' on this category and an
F-coalgebra which is bilipschitz equivalent to the Sierpinski carpet.

3.0.1. DEFINITION. Let

My ={(r,s):r€{0,1},s € [0,1]} U{(r,s) : 7 €[0,1],s € {0,1}} (3.1)

be the boundary of the unit square.

A square set is a set X with with an injective map Sy : My — X. The idea is that
Sx designates the 4 sides of the square. Let SquaSet denote the category whose objects
are square sets, and whose morphisms preserve Sx. That is, for square sets X and Y and
f:X =Y, for (r,s) € My, we must have f(Sx((r,s))) = Sy((r,s)).

3.0.2. EXAMPLE. Here are some examples of square sets:
o My with Sy, = id.
e X =0,1]% where Sy is the inclusion map.
e The Sierpinski carpet 5, where Sx is the inclusion map.

We are interested in square sets which are metric spaces.

3.0.3. DEFINITION. (X, Sx) is a square metric space if X is a metric space bounded by
2, and the boundary indicated by Sy satisfies the following:

(sQ;) For i € {0,1} and r, s € [0, 1],
dx (Sx((i,7)), Sx((i,8))) = |s = 7|

and
dx(Sx((r,1)), Sx((s,4))) = |s — .

That is, along each side of the square, distances coincide with distances on the unit
interval.

(sQy) For (r,s), (t,u) € My,

dX(SX«T’S))v SX((t’u))) > dTaXi(SMo((TJ S))? SMO((t7u))) = |T - t| + |S - u|
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This is a non-degeneracy requirement, which prevents our squares from “collapsing”.
For example, we want to avoid the case when opposite corners are less than distance
1 from each other.

Note that we do not require the metric on the boundary of the square to coincide
with the Fuclidean metric. Specifically, we are not requiring that opposite corners have
distance v/2. In fact, we will be interested in a path metric around the square. That is,
we will determine the distance between points by the shortest path around the square
(described in more detail below).

3.0.4. EXAMPLE. Here are examples of square metric spaces:
e The unit square ([0,1]2,S) where S is the inclusion map, with the taxicab metric.

e (My,id) with the path metric: for z,y € My, if they are on the same side, their
distance coincides with the unit interval, if they are on adjacent sides which share
a corner C, d(z,y) = d(z,C) + d(C,y), and if they are on opposite sides, d(x,y) is
the minimum (between the two sides) of d(z,Cy) + 1 + d(Cs,y) where Cy,Cy are
endpoints of a side not containing either z or y, with C'; on the side containing x
and C5 on the side containing y. Note that these distances are all bounded by 2
(the distance between opposite corners is 2). Unless otherwise stated, when we use
the notation My, it is for the boundary of the unit square with the path metric.

o (Mjy,id) with the taxicab metric (the metric inherited from ([0, 1], S) above). Note
that the distance between points on opposite sides in this metric is almost always
less than the distance in the path metric. It will be important to distinguish the
taxicab and path metrics on the set M,.

3.0.5. DEFINITION. Let X and Y be metric spaces. A map f : X — Y is short if for all
r1,T9 € X,
dy (f(z1), f(22)) < dx(21,22).

Other names for this notion are non-expanding or non-distance-increasing map. When
we consider metric spaces as a category MS, we are using short maps as the morphisms.

3.0.6. PROPOSITION. If (X, Sx) is a square metric space, then Sx : My— X is a short
map.

PROOF. Let z,y € M. If x and y are on the same side of My, then dx(Sx(z),Sx(y)) =
dar, (z,y), by (sQq). If  and y are on adjacent sides, let C' be the corner between them.
Then using the triangle inequality in (X, Sx) and what we have just seen,

dx(Sx(z),Sx(y)) < dx(Sx(x),Sx(C))+dx(Sx(C),Sx(v))
- dMo (ZL’, O) + dMo (Oa y)
= dMo('ray)'
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Finally, we have the case when x and y are on opposite sides of the square. Let C, Cs be
the endpoints of the side which provides the shortest path from x to y in M. Then

dx(Sx(x), Sx(v))

dx(Sx(x),Sx(Ch)) +dx(Sx(Ch), Sx(Cs)) + dx (Sx(Cs2), Sx(y))
dMo (QJ, Cl> -+ 1 + dM[) (CQ, y)

= dMo(]::y)

[ IA

3.0.7. DEFINITION. Let SquaMS be the category whose objects are square metric spaces
(bounded by 2) whose morphisms f : (X, Sx) — (Y, Sy) are short maps which preserve
S Sy = f O SX.

Proposition 3.0.8 provides a characterization of SquaMS.!

3.0.8. PROPOSITION. SquaMS is the full subcategory of the slice category My/MS deter-
mined by the objects (X, Sx : My— X) with the property that Sx is short and (X, Sx)
satisfies (SQ) and (5Qg). The initial object in SquaMS is (My,id) with the path metric.

3.0.9. PROPOSITION. Monomorphisms in SquaMS are the morphisms which are one-to-
one.

PROOF. Let f: X — Y be a monomorphism. Let Z = My U {z} be the boundary of the
unit square with the path metric and one extra point z such that dz(z, (r,s)) = 2 for all
(r,s) € My. This is an object in SquaMS. Let g,z € X and suppose f(xg) = f(z1).
Define g; : Z — X by (r,s) — Sx((r,s)) for (r,s) € My and z — x; for i = 0,1. These
clearly preserve Sz, and are short maps since

dx (9i((r,9)), 9i((t, u))) < dz(Sz((r,9)), Sz((t,u)))

for (r,s), (t,u) € My by the same argument as the previous proposition, and
dX(gi(Z)7 gi((ra S))) <2= dZ(Zv (7’, 8))

for (r,5) € My. Now fogo = fog, since f(gi((r,))) = Sy((r5)), and f(go(2)) =
f(zo) = f(x1) = f(g1(2)). So since f is a monomorphism, gy = g1, which means that
To = go(2) = q1(2) = 1.

For the other direction, suppose f is an injective morphism and gg,g; : Z — X are
morphisms from an arbitrary object Z such that fogy = fog,. Then for z € Z,
f(g0(2)) = f(g1(2)). Since f is injective, go(2) = g1(z). Hence, go = ¢1. n

3.0.10. PROPOSITION. SquaMS has no final object.

"'We are grateful to an anonymous referee for this observation.
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PROOF. As in the previous proposition, let Z be the boundary of the unit square, Mo,
with the path metric and a single point z defined to be distance 2 from every point in
M. This is an object in SquaMS, via the inclusion My — Z.

Let Y be an object in the category. Then consider fy : Z — Y defined by (r,s) —
Sy((r,s)) for (r,s) € My and z — Sy((0,0)), and f; : Z — Y defined by (r,s) —
Sy ((r,s)) for (r,s) € My and z — Sy((1,1)). As in the previous proposition, these maps
are both morphisms. So since there are two distinct morphisms from Z to Y, Y cannot
be a final object in SquaMS. ]

4. The functors M ® — and N ® —

In this section we will define a functor
M ® — : SquaMS — SquaM$S

which, when applied to the initial square metric space Mj (using the path metric), will
give us objects which correspond to iterations of the Sierpinski carpet. The idea is that
M will be a set of indices indicating positions to place scaled copies of X, and M ® X also
indicates identifications that turn the metric space M x X into a square metric space.
In detail, M ® X will contain 8 copies of X arranged in a 3 x 3 grid, but without the
central copy. We have mentioned this functor in the Introduction. In Figure 1 we showed
caricatures of square spaces and the action of M. For a square space X, we want M ® X
to look like eight copies scaled by a factor of % with appropriate gluings on edges of the
squares, and with a “hole” in the middle.

Later in the paper, we will iterate this functor in order to form a chain, beginning
with My, the boundary of the unit square. Then we take the colimit of this chain, and
finally take the completion of the colimit. As we shall see, we obtain a space bilipschitz
equivalent to the Sierpinski carpet; this is the main result in the paper. We will also define
a different functor N ® —. The difference between M ® X and N ® X is that N ® X uses
9 copies instead of 8; it has no central “hole.” This functor shares properties with M ® —.
To obtain the desired results about M ® — it is useful to also use results on N ® —.

4.1. A GENERAL DISCUSSION OF QUOTIENT METRICS ON SETS. In this section, we work
at a high level of generality so that we can obtain results which we then apply to the main
functors on SquaMS of interest in this paper.? As mentioned above, those functors are
called M ® — and N ® —, but they are not defined until Sections 4.2 and 4.5 respectively.

Let L be a finite set. We call the elements of L indices. The idea is that these will
indicate positions in which we will place scaled copies of a given square metric space X. We
shall endow the product set L x X with a metric space structure in (4.2). We subsequently
define L ® X using the quotient metric (Definition 4.1.4, via a certain equivalence relation

2We will do this work for the category SquaMS, though it should be noted that the results of this
section can be adapted to apply to a broad collection of categories, such as the bipointed or tripointed
metric spaces in [6, 8].
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E). Our work is rather general. We will give requirements on L and F which will
guarantee that L ® X is a metric space.

We are not, however, going to show that L ® — is a functor on SquaMS. Indeed, our
requirements on L and ~ will not guarantee that L ® X is in SquaMS, and they are not
enough allow us to define L ® f for morphisms f in SquaMS. The intention here is to
work at a level of generality such that we can use the metric space result towards showing
that M ® — and N ® — are functors.

Let E be an equivalence relation on L x M. Later in the paper, given an object X,
the pairs in F will identify places where we “glue copies of X” by a procedure which we
will specify shortly. Of course, the set F is defined independently of X it is simply an
equivalence relation on L x M.

For a fixed object X in SquaMS, define a relation ~ on L x X as follows: For m,n € L
and (1, s), (t,u) € My,

(m, Sx((r,s))) = (n,Sx((t,u))) if and only if ((m, (r,s)), (n, (t,u))) € E. (4.1)

Let ~ be the symmetric, reflexive, and transitive closure of ~ on L x X. In more
detail, if F is symmetric, then so is ~. If F is transitive, then again so is ~. But even if
E is reflexive, & need not be reflexive, since Sx is almost never surjective. So this is why
we must in general extend ~ to get the relation ~.

In the following definition, we wish to characterize equivalence relations which suit
our needs later on, but are sufficiently general to apply to a broader class of similar
constructions.

As we said, the big idea is that we will “glue copies of X together, specifically along
sides of the image of M, under Sy. We need to do this in such a way that we set ourselves
up to view the resulting object as a metric space.

4.1.1. DEFINITION. Let D = {B, ¢, R, T} be a set denoting the bottom, left, right, and
top sides of M,. That is,

B = {(r,0):7r<]0,1]}, R = {(1,s):s€]0,1]},
¢ = {(0,s):s€][0,1]}, T = {(r1):re]0,1]}.

An equivalence relation E on L x M is quotient suitable if the following data exist,
and if E is characterized in terms of them as mentioned below:
First, an injective partial function x : L x D — L x D such that

e Forallm € L and Y € D, there is no Z € D such that x(m,Y) = (m, Z).
e The domain and image of k are disjoint.

o If (m,Y) is in the domain of x and x(m,Y) = (n,Z), then for all (m,Y”) in the
domain of k with Y # Y, k(m,Y") # (n, Z’) for any Z’ € D.

Second, for each (m,Y’) in the domain of k, an isometry f,y : Y — Z (where
(n, Z) = x(m,Y)).
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Observe that we may view each side of My as an isometric copy of [0, 1], so the only
possible isometries f,,y are either the identity or the map r — 1 — 7.

So if k(m,Y) = (n, Z), we also have an isometry f, z : Z — Y where f, 7z = fn_%ly.

And our requirement about all of this is that E is the symmetric, transitive, and

reflexive closure of

U {((m,y), (n, frmy(y))) : y € Y, for some Z, k(m,Y) = (n,Z)}.

(m,Y)edom(k)

The big idea is that E comes from matching sides of M, to sides in different copies
of it. The first requirement on « tells us that in a single copy of My, none of the sides
are equivalent to each other. The second requirement along with the fact that x is an
injective function tells us that if we fix one copy and one side, it is matched with at most
one other side in one other copy. The third requirement tells us that between two copies,
we cannot have multiple sides which are equivalent. Geometrically, we may view the maps
fm,y as preserving a side, or reflecting it.

When E is a quotient suitable relation, we have a few nice properties of the induced
equivalence relation on L x X for an arbitrary X € SquaMS. When we refer to sides
in Sx[My], we mean the image of the corresponding sides in My under Sy. Since Sy is
injective, the sides are disjoint except at their shared corners.

4.1.2. LEMMA. Let E be a quotient suitable relation on L x My and let X € SquaMS.
Let ~ be the equivalence relation on L x X described below (4.1).

1. If (m,x) # (n,y) in L x X, then (m,x) ~ (n,y) implies that x,y € Sx[My].

2. ~ relates corners to corners. That is, if (r,s) € My is such that r,s € {0,1}, and
m,n € L and (t,u) € My are such that (m,Sx((r,s))) ~ (n, Sx((t,u))), then (t,u) is
a corner (that is, t,u € {0,1}).

3. Suppose x is in Sx[My| but is not a corner and y is on the same side of Sx|[My]. If
there are myn € L and 2’ € X are such that m # n and (m,x) ~ (n,2’), then there is
some y' € My on the same side as x' such that (m,y) ~ (n,y’).

Furthermore, dx(x,y) = dx(z',y').

4. Suppose x is not a corner in Sx|[My] and that there are m,n € L and 2’ € X such
that m # n and (m,x) ~ (n,z'). Suppose further that y is on the same side as x in
Sx[Mo] and is also not a corner, and that for some l € L withl # m and vy € X,
(m,y) ~ (I,y'). Then we must have l =n and y' is on the same side as =’ in Sx[My).

3. and 4. can be thought of as existence and uniqueness in some sense. The idea is
that if we have one point on a side related to another side in another copy, its entire side
1s related to that other side in that other copy as well, and furthermore, we cannot relate
any other sides between these two copies of X.
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PROOF.
1. Immediate from the definition of ~.

2. Follows from the fact that the only isometries between sides will map corners to corners,
and taking the symmetric, reflexive, and transitive closure will still only relate corners
to corners.

3. Start with 2 € Sx[Mp] which is not a corner, and let y € Sx[M] be on the same side
as x. Let (r,s),(t,u) € My be such that Sx((r,s)) = x and Sx((¢t,u)) = y, and let
Y € D be the side containing (r, s) and (¢, u).

Suppose there are m,n € L and ' € X such that m # n and (m,x) ~ (n,2’). Then
by part 1., there is (r’, s") € M such that 2’ = Sx((+’, s)), and by part 2., (1, §") is not
a corner. So there is a single side Z € D containing (r/,s"). Then from the definition
of quotient suitable, we must have (1, s") = f,,v((r,s)), where f,,y : Y — Z is the
appropriate isometry.

Then by our definition of E, we know that ((m, (t,u)), (n, fmy((t,u)))) € E, so let
(t',u') = fry((t,u)), which is on the same side as (', s"). Thus, ¥ = Sx((t',u')) is
such that (m,y) ~ (n,vy), and is on the same side as x’.

Furthermore, since Sy is an isometry between points on the same side,

dX<x:y) = dX(SX((T7 5))73X((t7u))
dMo((rv 5)7 (t, u))

= dMo(fm,Y«T’S))vfm,Y((tvu))>
= dMo((TI7 3/)7 (tlv u/))

= dx(Sx((r', ), Sx((t',u)))
— dX(l’/, /)

4. Suppose z is not a corner in Sx[My] and there are m,n € L and 2’ € X such that
m # n and (m,z) ~ (n,2’). Then x = Sx((r,s)) for some (r, s) € My, and by part 1.,
' = Sx((r',s")) for some (r',s") € M.

Suppose further that y € Sx[My] is also not a corner and is on the same side as z, so
y = Sx((t,u)) for some (t,u) € My on the same side as (r,s). Assume for some [ € L
with | # m and ¥ € X, (m,y) ~ (I,3). Then by part 1., v = Sx((t',u’)) for some
(t/, 'U//) € Mo.

Let Y € D be the unique side containing (r, s) and (¢, ), and let Z € D be the unique
side containing (r’,s"). (Since neither (r,s) nor (¢,u) is a corner, each is only on one
side). Then since ((m, (r,s)), (n, (1, s"))) € E, by the definition of quotient suitable,
(rla S,) = fm,Y((rv S))

Even after taking the symmetric, reflexive, and transitive closures, the only elements of

the equivalence class of (m, (¢,u)) under E are itself and (n, f,,y ((t,u))). Thus, since
((m, (t,w)), (I, (¢, ) € E and I # m, we must have (n, fny ((t,u))) = (I, (t',u')), so
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Il =nand (t,u') = finy((t,u)) which is on the side Z. Thus, ¥’ = Sx((¢',«')) is on
the same side as .

The Quotient Space and Quotient Metric Recall that every object in SquaMS has
distances bounded by 2. Ultimately we will define L ® X, in which we will consider a
quotient of L x X, and show that this is a metric space. As a stepping stone, we consider
a metric d on L x X defined by

dmﬂmmmmw»:{ékmﬂ)ﬁm:”} (4.2)

otherwise

So the distance is scaled by % inside of each copy of X, and otherwise, it is 2 (the
maximum distance). The constant % comes from the particular sets M and N to which
we apply the construction in the next sections.

We see right away that dp«x is bounded by 2, since points in the same copy of X will
be at most % < 2 from each other, and points in different copies will be 2 away from each
other.

Fix a quotient suitable equivalence relation £ on L x Mj.

4.1.3. DEFINITION. Let X be a square metric space. The space L ® X is the quotient of
L x X by the equivalence relation ~ (described below (4.1)):

LoX = (LxX)/~
m ® x denotes the equivalence class of (m,z) in L ® X.

(Note that our notations L ® X and m ® = do not include ~, but this is to unburden
the notation. All our work uses ~.)
In order to define a metric on L ® X, we will need the following notions:

4.1.4. DEFINITION.

1. For (m,z),(n,y) € L x X, a path from (m,z) to (n,y) is a finite list of elements of
L x X, (mg, %), .., (mg, xx), such that (mo,zo) = (m,z) and (mg, x) = (n,y).

2. The score of the path (mq, xq), ..., (Mg, xx) is

o

-1

~

((mi, 2:), (Mig1, Tiy1))

I
o

where

- { 0 if (mg, i) ~ (Mit1, Tiy1) }

d((m“ xi)’ (mi+17 xi+1)) - dex((mi, [L’i), (mi+1, ZL‘,‘_H)) otherwise
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3. Form®xand n ®y let dpgx(m ® x,n ® y) denote the infimum over all paths from
(m,x) to (n,y) of the score. We will refer to this as the quotient metric.

Note that, as it is defined, drgx is a pseudo-metric: clearly dpgx is symmetric, the
distance between any point and itself is 0, and it will satisfy the triangle inequality since
the concatenation of two paths is a path. We will show that dgx is in fact a metric:
distinct points will have positive distance. To achieve this, we will show that the distance
is actually witnessed by the score of some particular finite path; it is not just an infimum
of the scores of an infinite set of paths.

4.1.5. DEFINITION. For (m, ), (n,y) € L x X, an alternating path in L x X from (m, x)
to (n,y) is a path from (m,x) to (n,y) such that every other element is related by ~,
and those elements not related by ~ are distinct and share the same first entry m;. The
relation by ~ can start with the first or second entry, and either the last pair is related
by ~ or the pair just before the last is related by ~. In other words, it is a sequence of
the form

(m’x) = (m0>$0)7 (mvaIO) ~ (m1,$1), (m17$,1) el (mp’xp)> (mp,:v;) = (n,y) (43)

where (mg, 7g) or (my,z;,) (or both) might be omitted. (If the first is omitted, then x

belongs to Sx[My|, and similarly with the last and y.)

4.1.6. REMARK. Note, if (m,z) and (n,y) have an alternating path between them in
which p = 0, either (m,z) = (n,y) or m = n. When we say that there is an alternating
path from m®x to n®y, we mean there is an alternating path from (m, z) to (n,y). Note
that the choice of representatives of the equivalences classes of m ® x and n ® y are not
important, since if we have an alternating path between two representatives, by adding
one more entry on each end with ~ or replacing the first or last entry as appropriate, we
have an alternating path between any two representatives of m ® x and n ® y respectively.

4.1.7. LEMMA. For (m,x) and (n,y) in L x X, either every path from (m,x) to (n,y)
has score 2, or for any path from (m,x) to (n,y) there is an alternating path from (m,x)
to (n,y) with smaller or equal score

PROOF. If it exists, take a path from (m,x) to (n,y), say

(m,x) = (Mo, o), (M1, 1), (Ma, xa), ..., (M, T,) = (N, Y) (4.4)

with score strictly less than 2.

If any adjacent pair on the path, say (my,zg) and (mgi1, 2gr1) has my # mygq and
the pair is not related by ~, then this pair contributes 2 to the score, which is impossible
since we assumed the score is < 2. We thus assume that this case does not arise in what
follows.

We may take our path (4.4) and shorten any chain of ~ relations. This is because ~
is transitive. Thus, we can assume that no three adjacent pairs are related by ~. In other
words, we never have (my, zx) ~ (Mgi1, Tpr1) ~ (Mir2, Thaz)-
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At this point, we argue by induction on p that for every path (4.4) which meets all of
the assumptions so far, there is an alternating path with smaller or equal score. If p = 0,
then (m,x) = (n,y) so (m,x) = (Mo, xg), (Mo, zy) = (n,y) is an alternating path with
score 0 (so, equal to the score of the original).

Assume our result for paths of length < p, and consider a path as in (4.4) of length p.
If this path is not alternating, then there must be (my, zx) % (Mgr1, Ter1) # (Mir2, Traz),
since we have assumed we cannot have 3 or more entries in a row related by ~. In this
case, what we said at the end of the first paragraph implies that my = my 1 = mygio.
So we may shorten our path by deleting (mg.1, zx+1). By the triangle inequality (in X)
and the definition of the metric on L x X in (4.2), the score does not increase with this
deletion. And then applying our induction hypothesis to the shortened path proves our
result. [

We need a few more technical lemmas about shortening alternating paths.

4.1.8. LEMMA. Consider an alternating path

(m,x) = (m0>$0)7 (m07x6) ~ (mlvxl)’ (m1,$,1) ~eee (mp’xp)a (mpvx;) - (n,y) (45)

with p > 0.
Just in the context of this lemma, say a bad configuration in an alternating path (4.5)
is a number k such that one of the following holds:

o k=0, x9 and z( are on the same side of Sx[My|, and z{, is not a corner,

o 0 <k <p, zx and x}, are on the same side of Sx[Mo|, and at least one of xy, or x),
18 mot a corner,

o k=p, z, and x; are on the same side of Sx[Mo], and x, is not a corner.

Note that if (mg, o) (or (my, x,)) is omitted because x (or respectively y ) is in Sx[Mo],
then the only possible bad configuration is the second of the three cases above.

Then: from (4.5) we can find an alternating path with strictly fewer entries, a smaller
or equal score than the original path, and with no bad configurations.

PROOF. First suppose our alternating path (4.5) has exactly one bad configuration. With-
out loss of generality, we will suppose the bad configuration is k& such that 0 < £ < p and
. is not a corner. The cases when k = 0 or p, as well as the case when 0 < k < p and xy,
is not a corner (but xj might be) are all similar.

This assumption tells us that ) and ), are on the same side of Sx [M]. Our hypothesis
in this lemma implies that (my, z}) ~ (Mgs1, Thi1)-

By Lemma 4.1.2(3), there exists Z) on the same side as xy41 such that (my,zg) ~
(my+1,Tx). (Note: when we say “on the same side”, there is no ambiguity. Since ) is
not a corner, ry,1 is also not a corner by Lemma 4.1.2(1), which means that there is in
fact only one side of Sx[My] containing it.) By the definition of the metric on L x X, the
triangle inequality in X, and Lemma 4.1.2(3),



THE SIERPINSKI CARPET AS A FINAL COALGEBRA 49

drxx (Mg, Th), (Mey1, Thyy))
3 (T, 241

%dX (Th, Tht1) + %dX(xk+17 x%ﬂ)
%dx(xk, ) + %dX(warla Thi1)

= drxx((mg, zr), (Me, 2)) + dixx ((Mig1s Trgr), (Mig1, Tyq))-

IN

Thus, we can replace this section of the path:

(mk—la'rk—l)v (mk—hx;c—l) ~ (mkyxk)a (mk,x;) ~ (mk+17xk+1)7 (mk+1jx;€+1)

with the path just below, which has strictly fewer entries:

(mk—la xk—l)a (mk—la :L‘;g—l) ~ (mk+17 /'T\k)7 (mk—‘rl? x?g-‘,—l)'

We are using that (my_1, 2} ;) ~ (myg, x) ~ (Mmgi1, Tk), and that ~ is transitive. Hence,
we get a path with fewer entries and a smaller or equal score. Furthermore, since we
assumed that there was only one bad configuration, we only need to make sure that z,
and ), are not on the same side, but we know this holds since 7}, is on the same side
as Tp41 and is not a corner, so it cannot be on the same side as zj_ ;.

Then we proceed by induction on the number of bad configurations in the alternating
path. Use the process described to “remove” the first (leftmost in the indexing) bad
configuration, then apply the induction hypothesis. [

On a related note, if we have two entries in our path which are strictly on the same
side of Sx[My] (that is, neither are corners) in the same copy of X, then we can replace
one of those entries with a corner such that we do not have two entries which are strictly
on the same side of M.

4.1.9. LEMMA. For (m,x) and (n,y) in L x X, either every path from (m,x) to (n,y)
has score 2, or for any path from (m,x) to (n,y) in L x X, there exists a path (4.6) with
shorter or equal score, and at most as many entries as the original,

(mv ZL') = (mOa xU)? (m07 1'6) ~ (mh xl) S (mpflv x;—l) ~ (mpv xp)v (mp7 $;) = (n7 Z/) (4'6)
such that
e The new path (4.6) is an alternating path,

o For 0 < i < p, if x; and z are on the same side of Sx[My], then they are both
corners,

e Forj and k with 0 < j <k <p, if mj = my, and x; and xy, are on the same side
of Sx[My)], then at least one of these points x; or xy is a corner.
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ProOOF. By Lemma 4.1.7 and Lemma 4.1.8 we may start with an alternating path
(m7 [E) = (mOa IL'(]), (m07 1'6) ~ (mla [El) s (mp—h 1';9_1) ~ (mm :Ep)a (mp7 1";7) = (n7 y) (47)

satisfying our requirements such that if z; and 2 are on the same side of Sx[My], then at
least one of them is a corner for 0 < i < p.

From here on, we will assume we have such a path.

Say a pair of indices j and k with 0 < j < k < p is a bad configuration (in this proof)
if

® m; = my,
e 1’ and x; are on the same side of Sx[M],
e Neither of x; and xj are corners.

Note that if our alternating path in (4.7) has a bad configuration, it will fail to satisfy
the third condition in our lemma.

We will prove by induction on the number of bad configurations that we may adapt
our path (4.7) such that it will satisfy all three requirements, and so that it has at most
as many entries as (4.7) and a score at most that of the original.

Suppose that we have exactly one bad configuration, so there are j and k& with 0 <
Jj < k < psuch that m; = my, and x; and x; are both not corners and are on the same
side of SX [Mo]

Suppose that 7 and k are only one index apart, that is, K = j+ 1. Then our path looks
like (my,x;), (mj, 2}) ~ (my, xx), (Mg, 73,). But then since m; = my, we may eliminate
(my, @) ~ (my, x1,), and still have an alternating path with less or equal score, and which
no longer has a bad configuration.

Otherwise, by Lemma 4.1.2(4), we must have m;,, = my,_1, and since z; and z}, are
not corners, ;1 and zj,_, are on the same side.

By assumption, there are no other bad configurations, which means that if 2, , and
xp_1 are both not corners, then they cannot be on the same side of Sx[My]. In other
words, they cannot both be non-corners and on the opposite side of ;1 and z}_,. So at
least one of them must be on an adjacent side.

To better understand the situation, assume without loss of generality that z;;; and
7,y are on the top of Sx[Mo], and that 2/, is on the left side. The other cases are
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similar. We have the following picture.

Yj Ty Tk

i+1 . W
/ :
Tj+1¢ :

In this picture, z; and z}, are actually somewhere on Sx[M,], but it is not important
where. We can replace z; with y} and x4, with y;,, the corner between z;,, and 2
since we assumed they are on adjacent sides. Note that (mj,y}) ~ (mji1, yj41)-

Currently, the portion of the path from (mj, x;) to (m;41,2},,) contributes

J+b

dpxx ((myg, x5), (my, 25)) + dpsx (Mg, 2j41), (M1, 254,))

to the score. So using the definition of the metric on L x X, we get

drxx((my, x;), (ma: 25)) + dpsx (M1, i), (Mg, 75 44)

= ldX(‘rjﬂ ) dx (1, ]+1)

> Sdx(xj,0) + 5dx (2500, Y1) + 3dx (Y1, 7o) (1)
= gdx (), 25) + 5dx (2, y5) + 5dx (Y1, 7)) (2)
> sdx(zj,y;) + 3 dX<y]+17 i) (3)

deX((mja ), (M, ¥5)) + drsx (M1, Yjv), (M1, 254q))

where (1) is by (SQ,) and Corollary 3.0.6, (2) is by Lemma 4.1.2(3), and (3) is by the
triangle inequality in X. Thus, we may replace (mj,z}) ~ (mji1,2;41) in our path
with (m;,y;) ~ (mj11,¥541) to obtain a path with the same number of entries, a score



52 VICTORIA NOQUEZ, LAWRENCE S. MOSS

which is shorter or equal to that of the original, and such that j and k£ are no longer
a bad configuration. Note that our new path is still an alternating path, and since the
replacement entry is a corner, performing this process cannot create a path which violates
the second or third points in the statement of the lemma.

Thus, we may proceed by induction on the number of bad configurations. Perform
the process described above to remove one instance of a bad configuration, then apply
the induction hypothesis. [

We have one more technical lemma involving elements of an alternating path sharing
sides of Sx[Mo].

4.1.10. LEMMA. Consider an alternating path from (m,x) to (n,y) in L x X,

<m7 .13) = (m07 I()), (mo, 136) ~ (mh 1:1)7 R (mp*h ‘xp*l) ~ (mpv xp)? (mzh l‘;) = (n? y)'
(4.8)
Suppose that there are © and j with 0 <1i < j < p such that m; = m;. Further suppose
that one of the following holds:

e z; and x; are on the same side of Sx[Mo] as each other, and x; and z; are on the
same side of Sx[My] as each other,

e x; and x; are on the same side of Sx[Mo] as each other, and x; and z; are on the
same side of Sx[Moy] as each other.

Then we can delete the entries strictly between (m;,x;) and (my,x}) in our alternating

path to obtain another alternating path with a smaller or equal score to that of the original.

PROOF. First, suppose z; and z; are on the same side of Sx[My]. Without loss of gener-
ality, suppose they are on the bottom and z; is to the left of x; (in case it is the opposite,
we may just reverse the order of the path).

We will consider the cases when x; and z; are on the left side of My (the right side is
similar) and when they are on the top of Mj.

In the first case, ¥; = Sx((0,s)) and 2 = Sx((0,5")) for some s,s" € [0,1]. Either
s < s or ¢ < s. First, suppose that s < s’. We consider the diagram on the left below.

y
xl.
b: ) g ST
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The entries in the path from (m;, x;) to (my, ;) contribute a + b+ ¢ to the score. Since
the metric on My is the path metric, and Sx acts isometrically on adjacent sides by (SQ)
and Corollary 3.0.6, e < ¢, so e < a + b+ ¢, meaning we can delete the entries between
(i, @), (mj, x;) to obtain an alternating path (since m; = m;) with a smaller or equal
score and with strictly fewer entries.

The case when s’ < s is similar. The picture is on the right above. The entries from
(mi, z;) to (my, x;) contribute a + b+ c to the score of the path. Again, since the metric
on M, is the path metric and Sx acts isometrically on points on adjacent sides of My,
e <c. Soe<a+b+c Thus, we can delete the entries between (my, z;), (m;, ) to get
an alternating path with strictly fewer entries whose score is less than or equal to that of
the original.

Finally, we consider the case when z} and z; are on the top of My. It does not matter
which is leftmost.

The entries from (m;, x;) to (m;, z}) contribute a+ b+ c to the score, and note that a > 1
and ¢ > 1 by (SQg). By the triangle inequality, e < f 4 ¢. Since z; and z; are strictly
on the bottom of the image of My under Sx, by (3Q;), f < 1. Soe< f+c<1+4+¢<
a+c < a+b+c Thus, we may delete the entries between (m;,x;) to (m;, x}) to get a
path with strictly fewer entries and a smaller or equal score than that of the original.

So this completes the first case.

Now suppose x; and xg are on the same side. Note that we cannot simply apply
Lemma 4.1.9 because x; and :1:3 could be corners.

As before, we will assume without loss of generality that x; and 2, are on the bottom
and consider the cases when x} and z; are on the left (the right is similar) and when they
are on the top.

Again, 2 = Sx((0,s)) and z; = Sx((0,5")) for some s,s" € [0,1]. Either s < s or
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s’ < s. First, suppose that s < s'. We consider the diagram on the left below.

The entries in the path from (m;, x;) to (mj, ;) contribute a + b + ¢ to the score. By
(8Q2), e < ¢, 80 e < a+b+c, meaning we can delete the entries between (m;, x;), (m;, 2’
to obtain an alternating path (since m; = m;) with a smaller or equal score and with
strictly fewer entries.

The case when s’ < s is similar. The diagram is on the right above. The entries from
(mi, z;) to (my,x}) contribute a + b + ¢ to the score of the path. Again, e < ¢ by (sQg).
Thus, we can delete the entries between (m;, 7;), (m;, 2)) to get an alternating path with
strictly fewer entries whose score is less than or equal to that of the original.

Finally, we consider the case when 2} and x; are on the top of My. It does not matter

which is leftmost. Here is a picture:

3 ]
a c
e
x; 2

The entries from (m;, x;) to (my, 2’;) contribute a+b+c to the score. Note that a > 1 and
c > 1 by (8Qp). Since z; and z; are on the same side, by (8Q;), e < 1. Thus, e < a+b+c,
so we may delete the entries between (m;, z;) to (my, x;) to get a path with strictly fewer
entries and a smaller or equal score than that of the original. [

4.1.11. LEMMA. There exists a positive integer K such that for every alternating path

(m,a:) = (m()’*ro)v (mo,x') ~ (m1,$1>, (mlvxll) ~ "'(mp7$P)7 (mmx;) = (n7y>
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with p > K, there ezists an alternating path from (m,x) to (n,y) with smaller or equal
score with strictly fewer entries.

PRroOF. Fix K = 36|L| + 1, which is finite since L is finite. We will see the justification
for this choice of K in the proof.

Suppose that we have an alternating path of the form above with p > K.

First, we may assume that it does not have any repetitions, since if there are two
entries which are equal (not just equivalent, but actually equal), then we can delete every
entry between those and one of the two repeated entries to obtain a path with strictly
fewer entries and a score which is less than or equal to that of the original.

By Lemma 4.1.2(1), all of the entries in an alternating path except for the first and
last must be of the form (m, Sx((r,s))) for some (r,s) € My. So by ignoring the first and
last entries (if necessary), we have a path

(m0,$6) ~ (mhxl)v (mlvx/1> ~o.. (m:mmp)’

where each x; and } are in the image of Sx[M].

Furthermore, by Lemma 4.1.8, we may assume that if z; and z} are not both corners,
then they are not on the same side of Sx[M;]. By Lemma 4.1.9, we may further assume
that if 0 < ¢ < j < p and m; = m;, then z} is not on the same side as z;.

Since p > 36|L| + 1, the list mq,...,m,_1 has at least 36|L| + 1 entries. So by the
pigeonhole principle, there is m € L such that for at least 37 many &k (with 1 < k < p—1),
mp = m.

Then consider the set {x) | my = m,1 < k < p— 1}. Since we assumed that there
are no identical entries in our path, every element of this set is distinct, so this set has
at least 37 elements. We use the pigeonhole principle again. Since Sx[My] has four sides,
there is a side of Sx[Mj] containing at least 10 of the z4’s from this set. Fix this side.
Again, since the x;’s under discussion are all distinct, at most two of these are corners,
so this side contains at least 8 x;’s which are not corners. Let zy,, ...,z be 8 of them.
Consider the corresponding points ;. ,...,z} . Since they are all distinct, there are at
least four which are not corners. By our assumptions about our path, they cannot be on
the same side as xg,,...,ZTr. Thus, we have 3 sides where these four entries can be, so
there must be one of the four sides such that some zj, and zj, = are on the same side (and
are both not corners). For ease of notation, we will just refer to these indices as i and
J. From here on out, we will assume without loss of generality that x; and z; are on the
bottom side of the image of M, under Sy, that is, {(r,0) : 0 <r < 1}.

Arrange z; and z; so that 7 < j. Then, by Lemma 4.1.10, we may delete some portion
of our path to obtain an alternating path with strictly fewer entries whose score is at most
that of the original path. n

We are ready to prove that the quotient metric can be calculated as the score of
some particular finite path, not just an infimum over a set of paths. The assumption in
Theorem 4.1.12 below is very mild; the idea is that the distance between points in the
same copy of X cannot be made shorter by going outside of X on some other path. It
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plays a key role in our connection of the Sierpinski carpet with iterations of a functor
on square sets.®> As an example of why we need to make this assumption (in addition to
our the requirement that F be quotient suitable), consider the following example: Let
L ={a,b,c} and let X = M. Then define E on L x Mj by

(a,(r;1)) E (b, (r,0))
(b, (0,7) E (¢, (L,7))
(¢, (0,r) E (a,(1—r,

for r € [0,1]. We can visualize this as in Figure 2.

0))

a

ANNAN>

Figure 2: Justification for the assumption in Theorem 4.1.12
Then (a,(1,0)), (a,((0,1)) would be an alternating path with score 2. In addition

(a,(1,0)) ~ (¢, (0,0)), (¢, (1,0)) ~ (a, (0,1))

is also an alternating path with score 1. The big idea is that with squares we do not need
to consider situations where we allow gluing which requires “twisting” copies of M. In
fact, gluing with a twist would create a situation where we could find shorter distances
by going through different copies of the square. We resolve this via the hypotheses in the
following theorem. (Incidentally, we have not defined the sets M and N yet to which we
shall apply all of this general theory, but when we do define them, we will see that the
hypotheses of the theorem just below are indeed satisfied by both M and N.) The reason
that we do not address this at the level of defining quotient suitability is that there may
exist other examples (such as triangles in the Sierpinski Gasket (see, e.g. [6])) where we
would need to allow for this.

4.1.12. THEOREM. Suppose that L is a finite index set and E is a quotient suitable
equivalence relation on L x My. Further, suppose that for any x,y € X and m € L, for

3To understand the assumption, it might help to look ahead to Sections 4.2 and 4.5 for the definitions
of L& X for the sets M and N that we want most to take for L and for the set E underlying an equivalence
relation ~.
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any path (m,x) = (mo, o), . .., (My, 2,) = (M, y),

-1

sdx(x,y) <Y dpwx ((mi, o), (Myr1, Tag)).
0

3

i

That is, given two points (m,x) and (m,y) in the same scaled copy {m} x X of X, their
distance in L ® X is at least %dX (x,y). (Equivalently, our assumption is that there is no
path in L x X from (m,x) to (m,y) with a score smaller than 3dx(x,y).) Then for all
m®x and n vy, either

1. dpgx(m®2x,n®y) =2, or
2. For some alternating path from (m,x) to (n,y),

p

dL®X(m RXr,n y) = ZdeX((mka :L‘k)v <m/€7 JZ;C)),
k=0

PROOF. Let m ® x and n ® y in L ® X be given. If every path between them has score
2, then drgx(m ® z,n ® y) = 2. Otherwise, consider an alternating path from (m,z) to
(n,y). Lemma 4.1.7 shows that the distance from m ® z to n ® y is the infimum of the
scores of alternating paths. The point is that any path which is not alternating gives rise
to a alternating path with score that is at most the score of the original.

By Lemma 4.1.11, since F is quotient suitable, there is a finite K such that we only
need to consider alternating paths (m,z) = (mqg, o) ... (my, ;) = (n,y) with p < K.
Since there are only finitely many tuples from L of length < K + 1, we need only show
that for each p < K and each fixed tuple m = mg, my,...,m, = n, the infimum of the
scores of paths involving this tuple (allowing the z’s to vary) is attained.

For0<i<p-—1,let

Ci = ({mi} x Sx[Mo]) x ({mig1} x Sx[Mo]).

Each C; is a compact set: My is compact, and Sy is continuous (since it is a short map by
Corollary 3.0.6), so the image Sx[My] is compact. And thus, so is each set {m;} x Sx[My].
So the following set C* is also compact:

C*={(m,z)} x Co x C1 x -+ x Cpy x {(n,y)}

Each element of C* is a tuple, and each gives us a path as in (4.3). In more detail, we
can write an element of C* as

((m(]? xo)? ((m07 1'6), (mla 1’1)), R ((mpflu x;—1)> (mpa xp))? (mp> x;)) (4'9)

where (mo, z9) = (m, ) and (m,, ;) = (n,y) Again, the m’s are the ones which we fixed
above, and the x’s belong to Sx[M))].
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The path corresponding to this is the one with the same notation as in (4.3). Moreover,
every path as in (4.3) comes from an element of our set C*. Consider the function which
takes an element of C* to the score of its corresponding path.

This function is continuous, so we have a continuous function C* — R. Since C* is
compact, this function indeed attains its minimum value at some point, just as we want. m

4.1.13. DEFINITION. Let m® z and n®y be points in L® X. A witness path from m®x
to n ® y is an alternating sequence of points

(m7 :L‘) = (m07 l’o), (mO’ IL‘B) ~ (mh xl)? (mh J’Jl) IR (mp7 xp)? (mpv x;)
such that

p
drex(m®@z,n®y) = ZdeX((mka 1), (M, 7,)).
k=0

Our previous work shows us that the distances in L ® X which are below the maximum
distance 2 are witnessed by a single finite path, not just an infimum of an infinite set of
paths. This gives us the following:

4.1.14. COROLLARY. Under the same assumption as in Theorem 4.1.12,
1. L ® X is a metric space.

2. For each m € L, the function z — m®x: X — L ® X is an injection.

Moreover, for x,y € X, dpgx(m®@x,mQy) = %dX(a:,y).

PROOF. For the first assertion, assume that drgx(m ® z,n ® y) = 0. Then there exists
a witness path whose score is equal to 0. The adjacent entries (my, xx), (Mgi1, Tpr1) nOt
related by ~ must then contribute 0 to the score. This only happens when m; = my.q
and xp = x541. In this case, the entire path is a sequence completely related by ~. So we
have (m,z) ~ (n,y). Thus, m®@z =n®Qy.

The second point is immediate from the assumption in Theorem 4.1.12. [

As mentioned at the beginning of this section, we are not aiming to show that L ® —
is a functor (indeed, for X € SquaMS, L ® X may not be a square set). However, we will
show here that for a morphism f : X — Y in SquaMS, that we may define a function
Lef:LeX - L®Y by f(lm®az) =m® f(x) and that this is well-defined. We want
to reiterate though that the function L ® f generally will not have the properties required
to be a morphism (e.g., it may not be a short map, and if there is a Square Set structure,
might not preserve it).

4.1.15. LEMMA. For XY € SquaMS and f : X — Y a morphism in SquaMS, the
function LR f: L®X - L®Y given by L® f(m®x) =m® f(x) is well defined.
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PROOF. Let X,Y € SquaMS and f : X — Y be a morphism in SquaMS. Let m®x = n®y
in L& X. Since m®@x = n®y, either (m, z) = (n,y), in which case f(m®zx) = f(n®y), or
(m,z) ~ (n,y). By Lemma 4.1.2 (1), z,y € Sx[My], so x = Sx((r,s)) and y = Sx((¢,u))
for some (r,s),(t,u) € My. Since E does not depend on X, since (m,Sx((r,s))) ~
(n, Sx((t,u))), we must have (m, Sy ((r,s))) ~ (n,Sy((t,u))) in L ®Y as well.

Since f is a morphism in SquaMS, it preserves Sx, so f(x) = Sy((r,s)) and f(y) =
Sy ((t,u)). Thus, L® f(m®z) = m® f(x) = m® f(Sx((r,s))) = m & Sy((r,s)) ~
n®Sy((t,u)) =n® f(Sx((t,u)) =n® fly) = L f(n®y).

4.2. DEFINING M ® — FOR SQUARE METRIC SPACES. The last section dealt with prop-
erties of the operation X +— L ® X which were presented in an abstract fashion. Now
it is time to be more concrete. We take L to be a particular set M in this section, and
also define a relation & on M x M, and show that it is quotient suitable. Then we will
verify the other hypotheses used in the results of the last section for this M and F. In a
subsequent section, we do the same thing for a different set N and a different relation F.

Let M = {0,1,2}*\ {(1,1)}. Each m = (4,5) € M will indicate a (column, row) entry
in the 3 x 3 grid, except that (1, 1) is missing.

0,2) (1,2) (2,2)

(0,1) (2,1)

(0,0) (1,0) (2,0)

The idea is that m € M will tell us where a scaled copy of an object X in SquaMS will
go. Our goal is to show that X +— M ® X is a functor on SquaMS. We will use the results
of the previous section to establish that M ® X is a metric space.

We will obtain M ® X as a quotient space of M x X. Let E be the equivalence relation
generated by the following relation on M x M, for r € [0, 1]:

((0,0), (r,1))  E((0,1),(r,0)) ((2,2),(,0)) E ((2,1),(r,1))
((0,1),(r, 1)) £ ((0,2),(r,0)) ((2,1),(r,0)) E ((2,0),(r,1)) (4.10)
((0,2), (L) E ((1,2),(0,r)) ((2,0),(0,r)) E ((1,0),(1,7)) '
((1,2), (L) E ((2,2),(0,r)) ((1,0),(0,7)) £ ((0,0),(1,7))

For any X in SquaMS we then define ~ using (4.1). Finally, we take the equivalence
relation generated by ~ and call it ~, just as in our more general work in the previous
section.

4.2.1. LEMMA. E on M x My is quotient suitable (Definition 4.1.1).
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PROOF. If we define k C (M x D)? by k((m,Y)) = (n, Z) if and only if there are y € YV’
and z € Z such that (m,y)FE(n, z) and m appears before n in the lexicographic order on
M, we see quickly that k satisfies the conditions in the definition of quotient suitable, and
that the relation F described in the definition coincides precisely with our relation E on
M x M,. m

Next, we will see that M ® X is a square set (and ultimately, a square metric space).
Recall that square sets come with a function Sy : My— X.
Define Syex : Mg— M ® X by

(0,0) ® Sx((0,3r)) 0<r<i

Suex((0,1) =1 (0,1) ® Sx((0,3r = 1)) 5<r<2 } (4.11)
(0,2) ® Sx((0,3r—2)) 2<r<1
(0,2) ® Sx((3r,1)) 0<r< %

Suex((r,1)) =< (1,2) @ Sx((3r—1,1)) s<r<2 } (4.12)
(2,2) ® Sx((3r—2,1)) 2<r<1
(2,0) ® Sx((1,3r)) 0<r<sz

Suex((Lr) =49 (2,1)®Sx((1,3r—1)) s <r<:2 } (4.13)
(2,2) ® Sx((1,3r —2)) 2<r<1
(070) & SX((?’T? 0)) 0<r< %

Swex((r,0) =< (1,0)® Sx((3r —1,0)) :<r<?2 (4.14)
(2,0) ® Sx((3r—2,0)) 2<r<1

The idea is that each new side consists of 3 copies of the corresponding side from X.
So far, (M ® X, Syex) is a square set (we know Spgx is well-defined because of the
identified segments in ~ on M x X). As before in (4.2), the metric dps«x is

dhpex((m.). ) = { 0 T (119

So the distance is scaled by % inside of each copy of X, and otherwise, it is 2 (the
maximum distance). Then we define the quotient metric on M ® X as we did in the
previous section, and so far, we know that it is a pseudo metric. To apply Theorem 4.1.12
and Corollary 4.1.14 to show that M ® X is a metric space, we need more details about
the quotient metric. In particular, we need to see that dyex(m @ z,m ®@y) = sdx(z,y)
for x,y € X and m € M. To achieve this, we will describe the paths in M ® X in more
detail.

4.3. CLASSIFICATION OF REGULAR WITNESS PATHS. Let X be a square metric space,
and let x,y € M ® X. Recall the definition of a witness path in Definition 4.1.13. Such
a path is an alternating path from x to y; it does not contain superfluous visits to any
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entry, and its score is minimal over all paths from x to y.

4.3.1. DEFINITION. We say that such a witness path is regular if, in addition, its length
(as a sequence of points) is minimal over all witness paths from z to y.

It will be helpful to have a classification of regular witness paths. But before that we
will consider a few illustrative examples.

4.3.2. EXAMPLE. Let 0 <7 < £ and § < s < 2, and let k& € [0,1]. Consider the following
path in M x X:

<(070> 5’ (( r,0))), ((0,0), Sx((1, %))
))), ((1,0), Sx((3s — 1,0))) (4.16)

We check that as k ranges over [0, 1], the score of this path is minimized when k = 0,
and the minimum score of such a path is |r — s|.

Here is the reasoning. Let us draw a picture and introduce some notation. In the
figure below, a, b, and k represent distances in M x X along the evident line segments.

/\ ((0,0), Sx((1, k))) ~ ((1,0), Sx((0, k)))

k

3r )1—37" 3s—1

((0,0), Sx((3r,0))) ((1,0),5x((3s — 1,0)))

-—

The path under discussion is shown. It has score a4+ b. Now the left endpoint of the path
and the midpoint have the same first component, (0,0). By (4.2), the distance between

them is
dMXX(((O7O)7SX((3T’ O)))a ((070)7SX((17k))>)
= %dX<SX((3T70))>SX((Lk)))
> s —r+ik

a

At the end we used the fact that X is a square metric space: by (SQ,), the distance above
is at least the taxicab distance in the unit square between the corresponding points, and
this is 1 — 3r + k.

Similar work shows us that b > s — % + %k Thus, the score of our path is > s —7r+ %k
As a function of k, this is obviously minimized when k = 0. When k£ = 0, the score is

1 =3r+383s =1 =3(1 =3r|+[3s = 1]) = 5|1 = 3r+3s — 1| = |r — s.
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4.3.3. EXAMPLE. Let 0 <r < % and % <s< %, and note that

SM®X((T70)) = (0’0)®5X((3T’0>>
Suex((s,0)) = (1,0) ® Sx((3s —1,0)).

Then we claim that

druex (Smex((1,0)), Suex((s,0))) = [r — s|.

Moreover, this same formula holds for points in the top (or bottom, or left, or right) edges
of suitably neighboring squares in M ® X.

Here is the reason. The points involved are shown as on the left above. To evaluate
the distance in M ® X, we return to M x X and consider paths between the points.
Since we want to minimize the score, by Lemma 4.1.7, we can consider alternating paths.
The most obvious such path would be as in the middle, where we add in a third point
as shown. Then the work we did in Example 4.3.2 shows that the score of such a path
is at least |r — s|, and moreover that we can get a path with exactly this score by taking
the third point to be the corner. But in this result, we need to consider other alternating
paths besides this “obvious one.” To have a path of minimal score, we should not repeat
points in the edges. Indeed, we will see in our proof of Lemma 4.3.4 below, we cannot
even repeat the elements of M.

One representative path would be the one shown on the right. In this path, the
elements of M (starting with the point in the bottom left) are

(0,0),(0,1),(0,2),(1,2),(2,2),(2,1),(0,1)

But the score of this path is greater than the score of the path in the middle: each time
one crosses a square from side to side, the score adds % by (8Qy). So the score is at least
2 And |r—s| < 2.

So in fact, the path (4.16) is a regular witness path, since it witnesses the distance,
and we would not be able to obtain a shorter path since they are in different copies (so
alternating path between them must have at least four entries).

Now we will prove the conditions required to apply Theorem 4.1.12.
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4.3.4. LEMMA. For any x,y € X and m € M, for any path

(m,x) = (Mo, xo), - - ., (My, ) = (M, y), (4.17)
we have -
%dx(x,y) < ZdeX((mkaﬂfk)y (Mkt1, Tht1))- (4.18)

PROOF. Fix m throughout this proof. By Lemma 4.1.7, since the path (m,z), (m,y) has
score < % < 2, we may assume that our path is an alternating path, and we write it as

(m7 l’) = (mOv xO)a (mOa x()) e (mpfla 3471) ~ (mpa xp)? (mp7 x;) = (ma y)

By Lemma 4.1.8, 4.1.9, and 4.1.10, we may also assume the following for ¢, such that
0<i<j<p:

o If z; and 2} are on the same side of Sx[My], then they are both corners,
o If 2/ and z; are on the same side of Sx[Mj], then at least one of them is a corner,

e If 7; and x; are on the same side of Sx[M], then z} and z are not on the same
side of Sx[Mo],

e If 7; and 7’ are on the same side of Sx[M], then 2} and z; are not on the same
side of Sx[Mo].

We show by strong induction on the natural number k£ > 1 that for every path as in
(4.17) between points whose first coordinate is m, if |{i : m; = m}| = k, then the estimate
in (4.18) holds. So we fix £ > 1, assume our result for numbers < k, and then show it
for k. We argue by cases on k. If &k = 1, we have p = 0, and the path from (m,z) to
(m,y) is just (m,x), (m,y). Its length is %dx(x,y), by (4.15). When k > 3, the path in
(4.17) has my; = m for some 0 < ¢ < p. We cut this path into two subpaths, the part
between (my, xo) and (my, x,), and the part from (my, z,) to (m,,x)). In both subpaths,
the number of j such that m; = m is < k. So the induction hypothesis applies to the
subpaths. By this and the triangle inequality, we show the desired inequality.

[y

o
sdx(z,y) < ddx(x,x0) + 3dx(2e,y) < ) darex ((ma, ), (Mg, Tig))

7

I
o

The remaining case is when k& = 2. Thus, we may assume that the only pairs (m;, x;)
in our path with m; = m are my and m,. By the conditions listed at the beginning of
the proof, zj, and x, can only be on the same side of Sx[My] if at least one of them is a
corner. However, by examining such a path, we can use a triangle inequality argument
with (SQ;) to shorten the path.
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As an example, we take m = (1,0) and consider the following path (where z,y are
arbitrary elements of X, not necessarily in Sx[My]):

((1,0),$),((1,0),5}(((1,1))) ~ ((271)?5)(((070)))7
((271)75)(((%70))) ~ ((270>’SX((%71)))7
((2,0),Sx((0,3))) ~ ((1,0),Sx((1,3))), ((1,0),y)

By (sQu),
darxx(((2,1), 8x((0,0))), ((2,1), Sx((5,0))))
= dx(((2,0),5x((0, 1)), ((2,0), Sx((3, 1))
Next, by the triangle inequality in X and the definition of dj;«x,

So we have the path pictured on the right above and shown below:

((1,0),$),((1,0),5}(((1,1))) ~ ((270) SX((O 1)))?
((270>>SX((07%))) ~ ((17()) SX(( )))7((170)73/)

It has fewer entries and score at most that of the original. And then we use the same
type of argument again. By (SQ,),

deX(((2’0)7SX((O>1)))7((270)uSX((07%))))
= duxx(((1,0), Sx((1,1 1,0 3

So using the triangle inequality twice, we get that dyr«x(((1,0),x),((1,0),y)) is less than
or equal to the score of the path, as required.

We also need to consider paths which enter and exit the m-copy of X on (strictly)
different sides. Such a path will have at least as many entries as one of the two following
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possibilities (up to rotation):

! /// \\ //

In both of these cases, due to (SQ,), each of these paths will have score > 1, since each
time we have a segment which goes between opposite sides of a copy of X, we contribute
at least % to the score. So the score of a path of this form will be at least 1 > %dx(x, y).m

We rephrase the result as follows:
4.3.5. COROLLARY. For any z,y € X and m € M, dyex(m @ z,m @ y) = 3dx(z,y).
PROOF. By Lemma 4.3.4 and the fact that (m,z), (m,y) is a path. m
4.3.6. COROLLARY. M ® X 1is a metric space.
ProOOF. This follows from Corollary 4.1.14. [
Now we turn our attention to understanding the quotient metric in more detail.

4.3.7. THEOREM. Let X be a square metric space. Let x,y € M & X. Then there exists
a reqular witness path between x and y, and every regular witness path between x and y
looks like one of the paths shown in Figure 3.

4.3.8. REMARK. Theorem 4.3.7 is stated somewhat loosely, but we believe that a patient
reader could make it completely precise, and also that it is more comprehensible to state it
the way we do. Here is a bit more about what we mean. We are aiming at a classification
of all of the regular witness paths between pairs of points in M ® X. The first case
is where x and y are in the same copy of X; that is, there is some m € M such that
r,yem®X = {m®z:x e X}, which is what we proved in Corollary 4.3.5. In this
case, our result is that every regular witness path stays inside m ® X. The second case
is when x and y are in adjacent copies. In this case, our result is very similar to what
was shown in Example 4.3.3. The next case is when = and y lie in diagonally connected
squares, such as (0,1) ® X and (1,0) ® X. In this case, the result is that the only regular
witness paths are the ones that go through the shared corner, as shown.

Continuing, we have pairs of points in squares related by “a move of the chess knight”.
In this case, there are two possible “shapes” that a regular witness path could have,
indicated by the two paths from z to y. Both go through the upper-left corner of the
“hole”, but they differ after that. For different X, x, and y, a regular witness path might
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Figure 3: Regular witness paths in M ® X.

look like one or the other of these paths; in general, we do not have enough information
to tell. And in some sense, we do not need to tell. We only need a classification of what
the minimal witness paths look like, and this is the topic of our theorem.

Then we have the case of squares on opposite sides, such as (0,0) ® X and (2,0) ® X,
or (1,0) ® X and (2,0) ® X. The interesting point here is that this case splits into two
subcases, depending on whether one must “navigate around the central hole” due to the
fact that (1,1) ¢ X. Finally, we have the case of squares on opposite corners: (0,0) ® X
and (2,2) ® X, or (2,0) ® X and (0,2) ® X. In this case, there is no need to indicate
another path around the hole, since we are only working “up to rotation/reflection”, and
the other path is a rotation of the path shown.

PRrROOF. First note that for any m ® z and n ® y in M ® X, there exists an alternating
path between then by the way that E is defined. Consider such a path,

(mvx) = (mOv'TO)a <m07x6> e (mlﬂxp)? (mmx;) = (nv y)

We will show by induction on p that there is a regular witness path of one of the forms
indicated in Figure 3 whose score is less than or equal to that of the path.
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For p = 0, by Remark 4.1.6, (m,z) = (n,y), or (m,x) = (mo, zo), (Mo, x5) = (n,y),
so by Corollary 4.3.5, the regular witness path is (m, z), (m,y), which is the first entry in
Figure 3.

Let us assume our result for p and prove it for p + 1.

Before we do this, we will check by inspection that in each of the cases in the figure,
if z or y is in m ® Sx[My| (that is, is on the boundary of its copy of X), and we add one
more point in an adjacent copy, then we obtain another case from Figure 3, or we can
obtain a path with a smaller score by replacing it with one of the other cases in Figure 3.

For example, in the first entry in the figure, if y = m ® (r,0), that is, it is on the
bottom boundary of its copy of X, and we add on z in the copy below, then we get an
instance of the second entry in Figure 3.

For a more involved example, in the bottom left entry, suppose y = (0,0) ® (1, %), SO
it is on the right boundary of its copy of X. Then suppose that we add on another entry
z=(1,0)® (%’ %)

Pl
Yy 2 c

We can replace the path on the left with the path on the right, and using an argument
similar to that in Example 4.3.3, we see that this has a smaller or equal score. The path
on the right is an instance of one of the paths in the top right entry of Figure 3. The rest
of the cases are similar.

From here, if we consider a path with p + 1 entries and remove one entry, by the
induction hypothesis, we can replace it with one of the paths from Figure 3 without
increasing the score. Then when we add it back, either we obtain one of the paths from
the figure, or, as we argued, we can find a path from Figure 3 with a shorter or equal
score. m

4.4. M ® X AS A FUNCTOR ON SQUARE METRIC SPACES. We restate Corollary 4.3.5
with a little more information which will be useful later on when we apply M ® — k many
times. We will always denote this repeated application by M* @ —, and similarly for IV,
defined later on in Section 4.5.

4.4.1. COROLLARY. For an object X in SquaMS, m € M, and z,y € X,

dysx(m @z, m®@y) = sdx(z,y).
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In particular, dygx(m @ x,m Q@ y) < %, and for all k,

de@X(m1®---®mk®l’,m1®...®mk®y)g3%_

Corollary 4.3.6 tells us that for every object X in SquaMS, M ® X is a metric space,
and we have defined Syex : My — M ® X ((4.11)-(4.14)). We next check that Syex
satisfies the non-degeneracy requirements.

4.4.2. LEMMA. M ® X with Sygx satisfies (SQ1) and (SQq).

PROOF. To show (sQ;), without loss of generality, we will examine Sygx((r,0)) and
Suex((s,0)) for r,s € [0, 1] (since all of the sides will behave the same way). We show

duox (Suex((r,0)), Suex((s,0))) = [s — 7. (4.19)

First, suppose that Syex((r,0)) and Sygx((s,0)) are in the same copy of X. (This
means that there is at least one m € M such that these points belong to m ® X. Our
result follows immediately from Corollary 4.4.1 and (4.15).

Next, suppose that Syex((r,0)) and Syex((s,0)) are in adjacent copies of X. One
way that this could happen would be when 0 < r < % and % < s < % In this case,
Example 4.3.3 shows that the distance is |r — s|. The details in all other cases are similar,
and we omit them.

It remains to check that this holds for Sygx((r,0)) and Syex((s,0)) in non-adjacent
copies of X (that is, 0 <r < % and % < s <1). We note again that we have a path with
length |s — r| via the bottom corners of the (1,0) copy of X. Another option that stays

“on the bottom” is shown below:

But then an argument using the fact that X satisfies (SQ) shows that the score on the
path shown above is at least as large as the score mentioned above, |r — s|.

If we go the other way around M ® X, our path will have score greater than 1 because
of the non-degeneracy requirement, and using a triangle inequality argument similar to
the adjacent copies case, we see that this is minimized by going through the corners.

Now to check (8Q,), let (r,s) and (¢,u) in My be given, and consider a witness path
between Syrgx((r,s)) and Syex((t,u)). First note that each pair of entries in the path
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contributing positively to the score will be on the sides of a copy of X, so we can take
advantage of (SQ,) in X. We will show that the sum of horizontal and vertical components
of each entry of our path will be at least the sum of the horizontal and vertical components
of the distance between (r, s) and (¢,u), and thus, our distance will be bounded below by
the taxicab metric.

The different cases for relative placement of (r,s) and (t,u) are similar, so we will
examine Syex((0,s)) and Syex((r,0)) with 1+ <r,s < 2 in detail.

Smex((0,s)) ‘\<
AN

SM®X ((T’, O))

By examining cases, we can show that a shortest path will be of the form pictured
(though we may have A = B = (0,0) ® Sx((1,1))). Then by (sQs) in X, we see that its
length is

dpex (Suex((0,5)), A) + duex (A, B) + duex (B, Suex ((1,0))).

Note that Syex((0,5)) = (0,1) ® Sx((0,3s — 1)) and Syex((r,0)) = (1,0) ® Sx((3r —
1,0)). Let

A = (0,1

B = (0,0)®Sx((1,u) = (1,
Then the distance is

5dx(Sx((0,3s — 1)), Sx((t,0))) + 5dx (Sx((t, 1)), Sx((1, u)))
‘|‘%dX<SX((O’u>)7 SX((BT - 17 O)))

1185 =1 = 0] + [t — 0] + |1 — | + |1 — | + |u — O] + [3r — 1 —0])

(3]s — 0]+ 3Jr —0])

s = 0] + |r =0,

I

as required. In the first inequality, we used the fact that X is an object in SquaMS. =

At this point we know that M ® X is an object in SquaMS. That is, we know how
the functor M ® — works on objects of SquaMS. Now let f : X — Y be a morphism in
SquaMS, and define M@ f - M@ X - MY by M® f(m®z) =m® f(x). By Lemma
4.1.15, we know that M ® f is well defined. To check that M @ f: M ® X - M ®Y is
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a morphism, first note that for (r,s) on the boundary of the unit square,

(M @ f)(Smuex((r,s))) = (M & f)(m @ Sx((r',s)))

for some m € M and (1, s") € My, by the definition of Syex. This equals

m @ f(Sx((r',)))

= m®Sy((r,¢)) since f preserves Sx
= Suey((r,s))

The last equality holds since Sy;gy is defined using the same scheme as Sy;gx. So M ® f
preserves Syex-

To see that M ® f is a short map, let m@x,n®@y € MX. If dygx(mRx,nQy) = 2,
then dygx(M@r,n®@y) =2 > dygy(M @ f(m®@x), M @ f(n ®y)). Otherwise, let

mRr=myRTg,...,Mp T, =NXRY

be a witness path between them (this is shorthand, each entry is the equivalence class of
adjacent entries which are related by ~).

Then if dygx (M ® T, Mpg1 ® Tppq) # 0, it is because My ® Ty = My @ 4 for
some 7, € X.

So

dyvex (M @ T, My1 @ Tpg)

darxx (M, ), (M, T4 1))

%dX(xkv x;c—l-l)

sdy (f(xe), f(@)4q)) since f is a short map
deY((mk7 f(xk))v (mk7 f(x;c-i-l)))

dyrey (M @ f)(me @ 1), (M @ f) (M1 @ Tx41))

IIAVART

Thus, since there is a path in M ® Y from (M ® f)(m®x) to (M ® f)(m ®y) whose
score is bounded above by the score of a shortest path in M ® X, M ® f is a short map.
Finally, note that M ® — preserves compositions and identity maps, as required.

4.4.3. THEOREM. M ® — is a functor on SquaMS.

Finally, we want to take advantage of the following lower bound on paths. Recall that

dv, (%, y), (z1,91)) = |2 — 21| + |y — 91 (4.20)

is the taxicab metric on the unit square.

4.4.4. PROPOSITION. Let B be an object in SquaMS and consider m @ Sg((r,s)) and
n® Sp((t,u)) in M ® B. Then

dM®B<m ® SB((T’ 3))? n® SB((t7 u))) > dM®U0(m ® SU()((T? S))’ n® SUO((t7 u)))
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PrOOF. By Theorem 4.1.12 there is a witness path in M ® B of the form

m ® Sp((r,s)) = mo @ Sp((ro, 50)), Mo ® Sp((rg, $5)) ~ M1 @ Sp((r1, s1)),
ey My @ SB((rp—1, Sp-1)),
my-1 @ Sp((ry_1,5p-1)) ~ myp @ Sp((rp, sp)) = n @ Sp((t,u))

Then note that

v

dyen(mie @ Sp((rk; sk)), My @ Sp((1},, 51,)))
3dB(SB((rx, 1)), SB((r: 5%)))

506 (St (ks 58)), Suie (7, 5%)))

drrgue (M ® St ((Tk, $k))s Mk @ St (75 8%)))

71

where the inequality follows from (SQ,). So the score of the shortest path in M ® B

is bounded below by the score of the corresponding path in M ® Uy, which is an upper
bound of the distance between the corresponding points in M ® Uy. (But there may be a

shorter path in M ® Uy, and this is why our result has an inequality.)

4.5. DEFINING N ® — IN SquaMS. It will be useful for us to augment M in the following
way. Let N ={0,1,2}*> = M U{(1,1)}, which will correspond to the full 3 x 3 grid. We

aim to expand the work from the previous section to show that N ® — is also a functor.
We will use this in later sections.

0,2) (1,2) (2,2)

(0,1) (1,1) (2,1)

(0,0) (1,0) (2,0)

In our pictures of N ® X, we do not show an X over the square (1, 1) the way we did with

M®X.

First we want to apply Corollary 4.1.14 to see that N ® X is in fact a metric space
with the quotient metric. The majority of the work for us is done. The definition of Sy x
will coincide with Sy;4x, and we will need to expand E to include

((0,1), (1, 7)) ~ ((1,1),(0,7))
((1,2), (r,0)) = ((1,1), (r, 1))
((2,1),(0,7)) =~ ((1, 1), (1,7))
((1,0), (r, 1)) = ((1,1), (r,0))

for r € [0,1]. Call this relation E.

4.5.1. LEMMA. E is quotient suitable on N x My (Definition 4.1.1).
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The proof is the same as that of Lemma 4.2.1

4.5.2. LEMMA. Let X be any object in SquaMS. Let n € N and let z,y € X. Let
(no, o), - - -, (N, xp) be a path, where (ng,zo) = (n,x) and (ny, x,) = (n,y). (Notice that
the same n is used in both the start and end of the path.) Then

p—1

sdx(z,y) < ZdNXX((nk;Ik)7 (Mky15 Thy1)).
k=0

PROOF. Fix n throughout this proof. By Lemma 4.1.7, since the path (n,z), (n,y) has
score < % < 2, we may assume that our path is an alternating path,

(n, ) = (no, 20), (no, ) ~ - (M1, 2, 1) ~ (1, ), (M, 73) = (n, ).

By Lemma 4.1.8, Lemma 4.1.9, and Lemma 4.1.10, we may also assume the following
for 7,j such that 0 <i < j <p

o If z; and 2} are on the same side of Sx[My], then they are both corners,
o If 2/ and z; are on the same side of Sx[Mj], then at least one of them is a corner,

e If 7; and x; are on the same side of Sx[M], then z} and z are not on the same
side of Sx[Mo],

e If 7; and 7’ are on the same side of Sx[M], then z; and z; are not on the same
side of Sx[Mo].

As in Lemma 4.3.4, we will proceed by induction on the natural number k where
k=1|{i:m;=m}|

When k£ = 1, p = 0, and the path from (n,z) to (n,y) is just (n,z),(n,y), whose
length is %dx(x,y). When k£ > 3, our path has n; = n for some 0 < [ < p. We cut this
path into two subpaths, the part between (ng, z¢) and (n;, x;), and the part from (n;, z))
to (ny,2)). In both subpaths, the number j such that n; = n is < k, so the induction
hypothesis applies to the subpaths. By this and the triangle inequality, we show the
desired inequality.

p—1

1 1 1
gdx(iﬂ,y) < gdx(ff,l"z) + gdx(wjy) < dnax((niy i), (Rig1, i)

1=0

The remaining case is when k = 2. Up until this point, the proof as been the same as
Lemma 4.3.4, and the remaining part is similar, but we have a few more cases to consider
since we include the center copy of X. There are three possible cases we must consider,
up to rotation and reflection: when our two points are in a corner copy of X (a copy
indexed by (0,0), (0,2), (2,0), or (2,2)); when they are in a copy of X around the outside
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[ — [—

Figure 4: The first two figures in this proof, called (a) and (b) in this proof.

which is not a corner (a copy indexed by (0,1), (1,0), (2,0), or (0,2)); and when they are
in the middle copy of X (indexed by (1,1)).

First we will consider the case when both points are, without loss of generality, in the
(0,0) copy of X. Then we need not consider paths which contain points in the (0, 2), (1, 2),
(2,2), (2,1), or (2,0) copies of X, since any such path (like the one pictured at the end of
the proof of Lemma 4.3.4) would contribute % to the score by (SQg), by crossing two copies
of X (one going out and one coming back). So we need only consider the case which is
shown in Figure 4(a). (This case did not come up in the proof of Lemma 4.3.4 because we
did not have a middle copy of X.) Using the same argument as in Example 4.3.2, we can
find a path with lesser or equal score by moving the point A to the shared bottom corner
of the (0,1) and (1,1) copies of X as in Figure 4(b). But then the path (n,x), A, (n,y)
has score which is less than or equal to the score of this path, and again, by the triangle
inequality (since we are now entirely in the (0,0) copy of X), (n,x), (n,y) is a path with
smaller or equal score, which is %d x(z,y).

Next, without loss of generality, we consider the case shown in Figure 5(c), when
n = (1,0). Again, we need not consider paths which contain points in the (0,2), (1,2)
or (2,2) copies of X, since these will contribute 2 to the score. So we have two subcases.
The first subcase is the same as the case we examined when n = (0,0) (but shifted to the
right). The second subcase, shown in Figure 5(d), can be shorted in a similar fashion by
moving A and B to the respective corner points (see Figure 5(e)), as we saw in the proof
of Lemma 4.4.2. Again, this gives us a path with another point in (1,0) ® X, so we see
that the score is bounded below by the score of (n,x), (n,y), which is %dx(x, Y).

Finally, consider the case when n = (1,1). We can split this into two subcases. First,
when the path exits and enters the (1,1) copy of X from adjacent sides, say the top
and the right. The path contains points in eight of the nine copies of X, as shown in
Figure 6(f). In this subcase, by (5Qp), the score is greater than 2. So we do not have a
witness path in this case. The second subcase is when the path contains points in only
four copies of X, as shown in Figure 6(g). This is the same as the case we examined when
n = (0,0). So in both of these subcases, the score is bounded below by 1dx (z,y).

The final case is shown in Figure 6(h), when the path exits and enters the (1, 1) copy
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[— y AN

Figure 6: The last three figures in this proof, called (f), (g) and (h).

of X on opposite sides.

But this is essentially the same as the case we examined when n = (1,0).

By examining cases, we have shown that every path between points in the same copy
of X has a score which is bounded below by %dx(:v, Y). n

As with M, we have the following useful corollary for N ® —.
4.5.3. COROLLARY. For an object X in SquaMS, n € N, and =,y € X,

1
dyvex(N®@ T,n®@y) = ng(x,y).

In particular, dyex(n®@z,n®7Yy) < %, and if we apply N ® — to X k many times, we get

Adyrex(M @ ... QN @, M ®...0 N QY) < 3%

So by Corollary 4.1.14, N ® X is a metric space. The proof that N ® X satisfies (SQ;)
is the same as that for M ® X, and (sQ,) follows for N ® X from (sQy) in X, in the same
way as it does for M ® X in Lemma 4.4.2.



THE SIERPINSKI CARPET AS A FINAL COALGEBRA 75

Morphisms will be preserved by N ® — just as they are by M ® —. Hence, we have
the following:

4.5.4. PROPOSITION. N ® — s a functor on SquaMS.

We also have an analogous lower bound on distances between boundary points to
Proposition 4.4.4. The proof is the same.

4.5.5. LEMMA. Let B be an object in SquaMS and consider m @ Sg((r,s)) and n ®
Sp((t,u)) in N @ B. Then

dN®B(m ® SB((T’ S))? n SB((t7 u))) > dN®U0(m ® SUO((T7 S))’ n® SUO((t7 u)))

4.6. DISTANCES BETWEEN CORNER POINTS IN ITERATES OF N ® — ON My AND Uj.
In much of this paper, we are going to be interested in iterating the functor M ® — on
the unit square U,, or on the initial square space M, or more generally on square spaces
B which admit a morphism B— M ® B. But at this point, we need some results about
the iteration of N ® — on such spaces. In fact, results on M ® — often go through results
on N ® —, partly because this latter functor is easier to study.

4.6.1. DEFINITION. Let B be either M, or Uy. The set C P, of corner points of N* @ B
is defined as follows:

CPO = {(070)7(071>’(170)7(171)}
CPiy1 = {n®ax|neNxzeCP}

Let fi,: CPy—U, be (as expected): fo is the inclusion, and fr1(n®z) = sn+3 fi(z).
Later on in Definition 6.1.5, we will define ay : N ® Uy — U, similarly, so that

feri(n®@x) = an(n ® fi(z)).
We regard C' P, as a metric space with distances inherited from N* @ B.

The main result in this section shows that it does not matter whether we take B to
be My or Uy in Definition 4.6.1: the distances between corner points are the same.

4.6.2. DEFINITION. For any sequence of p numbers iy,...,4, € {0,1,2} and for any
r € [0,1], we define the number |iy,...,i,;7| € [0,1] in the following way.

7| =T

i1, 0, -y ips ] = i+ glin, .07

In a more explicit presentation,

T P
‘21,22,...,210;7“’:3—174- E 3_m

m=1
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4.6.3. LEMMA. For all iy,...,1, € {0,1,2} and all r € [0,1],

Snees((|i1,i2, ..., 1p;7],0)) = (11,0) ® ... ® (i, 0) @ Sp((r,0))
Snrep(([i1, i, .. yip; 7], 1) = (i1,2) ® ... ® (ip, 2) ® Sp((r,1))

PrOOF. We prove this by induction on p. For p = 0, the result is clear. Assume our
result for p, and fix 7 and iy, ...,4p,ip41. Let 7" = |ig, ..., ip;7|. By induction hypothesis,

Snrep((r,0)) = (i2,0) ® ... ® (ip+1,0) @ Sp((r,0)),

T

and similarly for Snrgp((r*,1)). To save on a little notation, write r** for |iy, ia, . .., p;

When i = 0, r** = 4r*. Using (4.14), (4.12), and the induction hypothesis,

Snewrep) ((r™,0)) = (0,0) ® Snres((r",0))
= (11,00 @ ... ® (ipt1,0) @ Sp((r,0))
Svewres) ((r™,1)) = (0,2) ® Syrep((r*,1))
(01,2) @ ... ® (ip4+1,2) ® Sp((r, 1))
If iy = 1, we have r** = 3r* + 5, and if i; = 2, 7 = zr* + 2. In all of these cases, the
verifications are similar. ]
Here is another fact about this notation.

4.6.4. LEMMA. For all p > 1 and all iy,... ipr, & < iy, ... iy < 251 The only
way to have iy, ... ;7] 0 is for iy, ...,ipr = 0,...,0;0. The only way to have

lit, ... ip;r| =1 s for iy, ... i r =2,...,2;1.

PROOF. By induction on p. When p = 1, this is clear from the definition of |i;;7|. Assume

our result for p, and take 4y, ...,7,+1;r. By induction hypothesis, 0 < |ig, ..., 4157 < 1.
. . . . . 1 . 1 . . .
So since i1, ..., ipr1;7| = 301+ 3ll2, .. ipp15 7],
0 < lig, s ipy1; 7] < 1
1y, C 1
0 < 3li2, g7 < 3
i1 i1 1] . . 11 1
5 < G4 glin o dprr] < §+—|1-§
1 y y . 1
3 S |217"'7Zp+17,r‘ S 3
The last assertions in our result are easy to check by induction on p. [

The last few definitions allowed 7 and s to be any numbers in [0, 1]. For the next main
results we need to restrict to corner points (see Definition 4.6.1). The key result in this
section, Lemma 4.6.7 below, is false without the restriction to corner points.

Next we turn our attention to the possible witness paths between elements of N ® X.
In Lemma 4.6.5, we will show that (up to rotation and reflection) we can always find a
path which goes “up and to the right” between copies of X. In it, we use an ordering < on
{0,1,2} x {0,1,2}. That ordering is the strict part of the product ordering determined



THE SIERPINSKI CARPET AS A FINAL COALGEBRA 7

by the natural order 0 < 1 < 2 on {0,1,2}. In other words, (7,7) < (k,¢) iff i < k and
7 < ¢ and at least one of these inequalities is strict.

Here is a preliminary observation on this notation. Consider {0, 1,2} x {0,1,2} as a
graph G, where there is an edge from (i, ) to (k,{) iff either (i = k and |j —¢| = 1) or
else (j = ¢ and |i — k| = 1). Suppose that (a,b) < (c,d). Then there is a geodesic (a path
of minimal length) in G from (a,b) to (c,d) consisting of points which “goes up” in the
order <. (For example, the distance in G from (0,0) to (2,2) is 4, and we have a path
which “goes up” in <: (0,0) < (1,0)<(1,1)<(1,2)<(2,2).)

Lemma 4.6.5 just below is an analogous fact, but not for the graph G but instead for
a square space of the form N ® B.

4.6.5. LEMMA. Let B be in SquaMS and z,y € N ® B. Suppose that v = my ® xg and
Yy = my ® yo with mo < my with respect to this partial order (we can rotate or reflect if
necessary). Then there is a witness path of the form

T =my ® xg, My ® Sp((ro, S0)), M1 ® Sp((r1,51)),-- .,

Mp—1 ® Sp((re—1, 5k-1)), Mk @Yo =y

where each for each 0 < i < k, m;@Sp((r;, i) = mi1®Sp((r], si)) for some (rl, st) € My,
and m; <myyq.

PROOF. We have several cases. The first is when mq and my are neighbors in G (for
example, (0,2) and (1,2)). In this case, the work which we did in the proof of Theo-
rem 4.3.7 adapts easily to give the result which we want. That theorem dealt with the
functor M ® — and not N ® —, but for this case the work there shows that the witness
paths from x to y look like
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The one case which we need to add is when we have a path that uses the middle square
and looks like the path from x to y in the picture on the left below:

Z Y o 1
&2

)

8
<
>

g
\s

xH

But here the part from x to z may be shortened: since x and z lie in neighboring squares,
this is the content of our previous observations. And once we shorten this path so that
it does not take the long trip by starting out going left from x, it is then isomorphic to a
path in M ® B, we are in a position to use our previous work to produce from it a witness
path with the appropriate feature: the first components go up in <.

Next, let us consider the case when mg and my have distance 2 in G. The classification
of regular witness paths for M ® — which we saw in Figure 3 applies except for small
changes. We need an addition for a situation as on the right above. We have a path from
x to y going through the middle square, as shown. It is x, ', 21, 29, ¥, y. This path is not
what we want because at the end we have a pair with —((1,2) < (0,2)). However, let us
consider the path x,w;,wy,y. This new path is increasing in <. We claim that its score
is at most that of the original path We have d(w;, ws) = %7 by (Q), and d(z1, z2) > %,
by (SQ,). Moreover,

d(l’, wl) < d<x7 1’/) + d(ajla wl) < d(l‘, I/) + d(xla Zl)a

using the triangle inequality and (SQ,). The same calculations apply on the other end of
the path, and we put things together to see that indeed the score of the new path is at
most the score of the old.

There are very similar arguments when mg and m; have distance 3 or 4 in GG. Indeed,
the cases which we have considered make the arguments short in these cases. We omit
the details. ]

The following is a lemma about distances between points in N ® B (where B is an
arbitrary square metric space) in different copies of B.

4.6.6. LEMMA. Let B be a square metric space and let x,y € B. Consider the points
(0,0)®z, (0,1)®y, (0,2)®y, and (1,1)®y in N ® B.

1. There is a witness path from (0,0) @ x to (0,1) ® y of the form

(0,0)®,(0,0) @ 5p((r, 1)) = (0,1) @ Sp((r,0)), (0, 1) @y,
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where r € [0, 1].

2. There is a witness path from (0,0) ® x to (0,2) @ y of the form

(0,0) ® z,(0,0) ® Sp((r1,1)) = (0,1) ® Sp((r1,0)),
(0,1) ® Sp((r2, 1)) = (0,2) © Sp((r2,0)), (0,2) @y,

where r1,ry € [0, 1].

3. There is a witness path from (0,0) ® x to (1,1) ® y of the form

(0,0) @, (0,0) @ Sp((1,1)) = (1,1) ® Sp((0,0)), (1,1) @ y.
4. More generally, by rotating or reflecting, we get the analogous results for copies of B
which are in the same row or column (1. and 2.), or which share a corner (3.).

PROOF. Parts 1. and 2. follow from Lemma 4.6.5. In part 3., we know from Lemma 4.6.5,
we know that there is a path of the form

(0,0) ®z,(0,0) ® Sp((r1,1)) = (0,1) ® Sp((r1,0)),
(0,1) ® Sp((1,s2)) = (1,1) ® Sp((0,s2)), (1,1) ®y

or of the form

(0,0) @ z,(0,0) ® Sp((L, 1)) = (1,0) ® Sp((0, 51)),
(1,0) @ Sp((r2, 1)) = (1,1) @ Sp((r2,0)), (1,1) @ y.

Without loss of generality, suppose it is the former. We are going to use the triangle
inequality and (SQ,) to show that the score of such a path is minimized when

(0,1) @ Sp((r1,0)) = (0,1) ® Sp((1,0)) = (0,1) ® Sp((1, 52)).
That is, our path has the smallest score when it is of the form
(0,0) ®,(0,0) ® Sp((1,1)) = (1,1) ® S((0,0)), (1,1) @y,

as required.
For ease of notation, let

a = dnes((0,0)®x,(0,0)®dp((1,1)))
b = dyes((1,1) ® Sp((0,0)),(1,1) @ y).

Our goal is to show that the score of the proposed path is > a + b. Let

= dngs((0,0) ® z,(0,0) @ Sp((r1,1))),
= dnes((0,1) ® Sp((r1,0)),(0,1) ® Sg((1, s2))),
f = dN®B((171)®SB((O752))7<171)7y)'

o O
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So we want to show c+e+ f > a+b. Observe that e > (1—171)+ 52 by (SQy). In addition,
c+ (1 —7y) >aand sy + f > b by the triangle inequality. Thus,

cte+f>a—(1—r)+(1—r)+ss+b—sy=a+b,

as required. n

4.6.7. LEMMA. Let B be a square metric space, and let p > 0.
1. Forall x,y € N? ® B of the form

z = (i1, J1) ® (iz,52) @ ... @ (ip, Jp) @ Sp((r, s))

4.21
y o= (b1, 0) ® (ko £2) @ ... @ (Fy b) ® S((t, ) (421)
we have the following distance formula:*
de®B<5U,Z/) > ’Z* - k*’ + ’j* - E*L (422)
where
i* = |i1,’i2,...,ip;T|, k‘* = |k’1,k’2,...,]€p;t|,
j* = ’jlaj?v"'?jp;sla f* = ’617627"'7€p;u|'

2. Assume that B is either My or Uy and that x and y are corner points. Then we may
improve (4.22) to a “tazicab-like” formula:

dyeep(e,y) = |i" = K[+ |7 =],

Proor. By induction on p.

The base case is p = 0. Part (1) is just the statement of (SQz). We turn to part
(2). This is where we use the assumption that we are dealing with corner points and the
overall space B is either My or Uy. That is, the distance among points (0, 0), (0,1), (1,0),
and (1, 1) may be calculated as if we were using the taxicab metric, even though the space
My uses the path metric; the formula in this lemma is in general false and holds mainly
for the corner points.

Let us check both (1) and (2) for p + 1, assuming them for p. The argument breaks
into cases depending on which copy of NP ® B our points x and y belong to.

The first case is when x and y are in the same copy of N?® B. That is, (k1,¢1) = (i1, j1)-
We are going to check (2); the argument for (1) is similar. So x and y are corner points,
and B is My or Uy. Let

¥ = (i, J2) ® ... ® (ip, Jp) ® Sp((r,5))
y, = (k%g?)@"’@(kpvgp)@SB((7“))

“The notation |iy, iz, ... ,i,;r| was introduced in Definition 4.6.2.
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So x = (i1,71)®2" and y = (i1, J1) ®y’. In this case, 2’ and y’ are corner points as well. By
induction hypothesis, dyrgp(2',y') = |i5 — k3| + |75 — 05|, where i = |ia, i3, ... ,4,; 7|, and
similarly for j3, k3, and {5 (note that these start with second entry of the non-subscripted
version, hence the 2). Now i* = %il + %i;, and similarly for the others. By Corollary 4.5.3,

L.

dNPJFl@B(may) = —dNP®B(9U ,y) = Py + ‘_j2 — ol = |@ —k | + |J -/ |

3 327

1., |1, 1
3723

using (k1,¢1) = (i1, 1) in the last step.

This concludes our work for (2) in this first case of the induction step, and as we said,
(not-necessarily-corner) is similar.

The other cases are when x and y are in different copies of N? ® B. We are going to
give full details for the case when x and y are in copies which share an edge. Concretely,
we shall work with the assumption (i1, ;) = (0,0) and (k1,l;) = (0,1). Let « and y be
as in (4.21), but with p 4 1 terms (¢, j) or (k,£) instead of p. Let 2’ and y' be as shown
below, where we reiterated x and y for convenience:

) @ (i2,J2) @ ... @ (ipy1, Jpr1) ® Sp((r, s))
)®(i272)®"'®(ip+172)®SB((T71))
) @ (i2,0) ® ... ® (ip+1,0) ® Sp((r,0))
) ® (k2 l2) ® ... ® (kps1, lpr1) ® Sp((t
) @ (k2,0) @ ... ® (kpt1,0) @ Sp((t,0))
)@ ( 1)).

8
I

<
Il
NN N N N

,u))

<
I

k2,2) @ ... @ (kpy1,2) ® Sp((t,

We check (1) first. For this, take any witness path from z to y.

It follows from Lemma 4.6.6 that we may find such a path consisting of x and y
connected by an element z = (0,0) ® 2/ = (0,1) ® 2", where 2/ = Syrgp((r’,1)) and
2" = Sneep((r',0)) for some 7' € [0, 1].

Before showing the full details, here is the idea. Consider the points z, 2/, and z. These
all lie in one and the same copy of N? ® B, and so we may drop the outermost (0,0) from
their expressions and apply part (1) of the induction hypothesis and also Corollary 4.5.3.
We can also take y, ¥/, and z and drop the outermost (0, 1) from their expressions and use
the induction hypothesis. Further, 2’ and vy’ each have two expressions, and we can use
the induction hypothesis. So in this way, we may get lower bounds on d(z, z), d(y, z), and
d(z',y"). Adding these gives a lower bound on the score of the path from x to y using z.
We will see that it is > |[i* — k*|+|j* — ¢*|. Part (2) in this lemma concerns the case when
all the points involved are corner points. In this case, we can make a judicious choice of
z (namely either 2’ or y') and match this lower bound. This is how we verify the exact
formula for d(z,y) in this case.
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4.6.8. CLAIM. We have i* = i3, j* = 55, k* = 3k, and ¢ = 1 + 305. Moreover, the
following hold:

de+1®B(I,ZE,) Z % — g%
dNP“@B(?J» yl) > ?@
dnvrigp(r',y) > 3li5 — k3| = | — k|

PRrROOF. The first assertions are easy from the definitions of the % notation; in the last
one, we use the fact that /; = 1. All remaining assertions are proved similarly, and so we
only go into details about the first assertion. Let w,w’ € NP ® B be as below, so that
x=(0,0) ® w, and 2’ = (0,0) @ w'.

w = (i2,72) ... (Ipt1, Jp+r1) @ Sp((r,9))
W= (i2,2) ® ... ® (ip41,2) @ Sp((r,1))

By our induction hypothesis on p,

dyrgp(w,w') > |i5 — 2§| + 175 — (3% + Zf:l%)’
= 0415 =1
= 1-j;.

The first inequality follows from the induction hypothesis and Definition 4.6.2. The
second line is because

1 &2 1 2(1—3%)_1 ¥—-1_,

¥ 311 3

3p+i21§ 3 3

Finally, j5 <1 by the same calculation, since j; < 2 and s < 1.
Because x and 2’ lie in the same copy of N? ® B, we may use Corollary 4.5.3 to get
the first inequality:

deJrl@B(JZ,ZL‘,) = %de(@B(w,w') Z %(1 —j;) = % —j*.
The proofs of the other two parts of this claim are similar applications of the induction
hypothesis. [

Using the claim,

50+ 50
(3+36)—J"
7" — €|

de+1®B (.I, 93’) + d]vp+1®B (ya y/)

v

(4.23)

At the end, we used Lemma 4.6.4: ¢* > % > %j;‘ = j*, which again uses the fact that
J3 < L.
Recall that we had a point z = (0,0) ® 2/ = (0,1) ® 2”. We need some estimates
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concerning d(z, z) and d(z,y). Let us introduce notation for 2’ and 2”:

7= (ug,2)® ... ® (upr1,2) @ Sp((v,1))
2 = (u2,0) ®...® (ups1,0) ® Sp((v,0))

Our induction hypothesis applies to w, 2/ € NP®B. Since z = (0,0)®@w and z = (0,0)®2’,
we have

d(z,z) = zd(w.2) = gluz—disl+ (53— 373).

Similarly, 1 1
d(y,z) > zlus — k3| + 305.

Recall that for any real numbers, |a — b| + |b — ¢| > |a — ¢|. We get a lower estimate for
the score of our witness path:

d(z,2) +d(z,y) > 3lis—k3|+ [ = 0] = | =k |+ |5 — 7).

We also used the calculations which we saw in (4.23). Since d(z,y) is the score of some
witness path, by Lemma 4.6.6 we see that indeed

d(a,y) > [i" = K[+ |77 = £, (4.24)

We continue with our work under the assumption (i, j;) = (0,0) and (ky,{;) = (0,1),
turning to part (2). In this case, x and y are corner points. It follows that 2’ and y’ are
also corner points. We restate Claim 4.6.8, adding to the assumptions that x, y, 2/, and v/
are corner points, and strengthening the conclusions by replacing < with = throughout.
The proof goes through because w and w' are again corner points, so we are entitled to
use (2) for p on them. In particular, d(z’,y') = |i* — k*|. We then infer an additional fact:
d(xz,z")+d(y,y') = |7* — ¢*|. This is shown exactly as in (4.23), but with the > assertion
replaced by equality. Then by the triangle inequality,

dz,y) < d(z,2')+d@"y)+dy,y)
= d(z, o) +d(y,y) +d(',y) = |i* =k*|+]|5* =]

By (4.24), we have equality. This shows part (2) in the case that (i1,71) = (0,0) and
(k1,01) = (0,1). Similar work applies in the other cases when x and y are in copies of
NP ® B which share an edge.

The other cases in this induction step are similar. [

We have the following proposition; it will be more important for us going forward than
the formula in Lemma 4.6.7.

4.6.9. PROPOSITION. For all k:

1. fr:CP, — Uy (below Definition 4.6.1) is an isometric embedding.
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2. Formy,....mg,ny,....,ng € N and x,y € My C Uy which are corner points,

dyrgns, (M1 @ ... M @z, @ ... Nk A Y)
= dyrey,(M1 @ ... OME@2,Mm @ ... NnE Y).

That is, corresponding corner points have the same distance whether we are viewing
them in N* @ My or N* ® U,.

4.7. THE NATURAL TRANSFORMATION ¢. Recall that as a set, M is a subset of N. We
are next interested in the relation between the two functors M ® — and N ® —.

4.7.1. PROPOSITION. There is a natural transformation v: (M @ —) — (N ® —).

PROOF. For a space X, tx is the inclusion of spaces M ® X — N ® X. This is a short
map because every witness path in M ® X between points is a path between the same
points in N ® X. Naturality is the assertion that the diagram below commutes:

MoX-2 ey

Lxl l‘y

For each m® x € M ® X, the upper passage gives m ® f(x), and this is exactly what the
lower passage gives. n

4.8. THE CAUCHY COMPLETION FUNCTOR. To obtain the final M ® — and N ® —
coalgebras, we will use the technique in [6] of using the completion of the initial algebra.
Here we recall some facts about C', the Cauchy completion functor.

Consider a category C of metric spaces whose morphisms are short maps, and for X
an object in C, let C'X be its Cauchy completion, where we identify equivalent Cauchy se-
quences (that is, (x;); and (y;); such that dx (z;, y;) tends to 0). For Cauchy sequences (x;);
and (y;); from an object X in C, dox((x:)i, (v:)i) = ili)rgodx(xi,yl-), which is well-defined

(as it will be 0 for equivalent Cauchy sequences). If (z;); and (y;); are not equivalent,
then dex ()i, (yi)i) > 0. For f: X — Y a morphism in C, let Cf : CX — CY be
defined by (z;); — (f(x;));. Since (x;); is a Cauchy sequence in X and f is a short map,
(f(x;)); is a Cauchy sequence in Y’; this, too, is well-defined. We assume that C is closed
under C' and that C'f is a morphism in C whenever f is. This defines C' as a functor on
C. Finally, each space X embeds in C'X by taking constant sequences, and we have a
natural transformation i : /d— C.
We specialize all of this to the case when C is SquaMS.

4.8.1. LEMMA. SquaMS is closed under C'. C may be considered as an endofunctor on
SquaMS. As such, i : Id— C' is a natural transformation.
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PROOF. Let X be an object in SquaMS and consider CX. C'X is a metric space bounded
by 2, since deox ((z:)i, (vi)i) = lim dx(x;,y;) < 2 since d(x;,y;) < 2 for all 4.

We endow the set CX wit}Zl toﬁe square set structure Sox = ix o Sx. Since iy and Sy
are injective, so is S¢x.

Since ix is an isometric embedding, C'X is not only a square set, it is a square metric
space.

For example, to verify the first requirement of (SQ;) in Definition 3.0.3, let i € 0,1
and r,s € [0, 1].

dox (Sox((i,7)), Sox((i ) = dox(ix(Sx((i,7))) @'X((SX(

dox ((Sx (. 7)))es (Sx (4, 5)) )
= hmdx(Sx((i7r))7SX((ias)))
= Tlx(S)T((Z,T))vsX((Z7S>>>

The other condition in (SQ;) and the requirements of (SQ) follow from a similar
argument.
If f: X—Y is a morphism of square spaces, then f o Sx = Sy. And so

CfoSecx =CfoixoSx =iyofoSxy =1tyoSy = Scy.

We are using the naturality of ¢ between endofunctors on C. Thus, C' is an endofunctor
on SquaMS. The same calculation shows that ¢ : Id — C' is a natural transformation
between functors on square spaces. [

We aim to show that up to isomorphism, M ® — and N ® — commute with C'. We
will show the result for M ® —, but the proof for N ® — is the same. For any object X
in C, consider

5M M
M®C(X) 25 oM@ X) 25 Mo C(X).
given by
Mm@ (vg,21,...)) = (MRro,m14,...)
PN ((my, @ k) = M Q (Thy, Thy, - - -)s

where m* is the first index in M (via some order of the finite set M) which occurs infinitely
many times in (my ® xy); and xg,, Tg,, . . . are the corresponding elements of X.

4.8.2. LEMMA. 6™ and p™ are natural isomorphisms.

PROOF. It is routine to check that for all X in C, 6% and p¥ are well-defined, that they
are inverse functions (modulo equivalence of Cauchy sequences), that they are short maps,
and thus, isometries.

We need to check that 63 and p{! preserve Sx. For 6%, let (r,s) € M, and con-
sider Syecx)((r,s)). Then for some m and (r',s’) which do not depend on C(X),
Suecx)((r,8)) = m @ Sex)((17,8"). Sex)((17,8")) can be viewed as the limit of the
constant sequence (Sx((r,5))). So 6% (Suscx)((r,s))) = ¥ (m @ (Sx((r,5)))) =
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(m ® Sx((r',s"))), which is equal to the constant sequence (Sygx((7,$))), whose limit is

C(M@X) ((r, s)), as required.

For p¥, if (r,s) € My, we can view Scuex)((r,s)) as the limit of the constant
sequence (Sygx((r,s))), which is equal to the constant sequence (m ® Sx((1’,s"))) for
some m € M and (r',s") € My only depending on (r,s). Then p¥ (Scmex)((r,s))) =
m® (Sx((r, ) = m & Sog(,5)) = Sarscio (1. 5)). .

We get analogous natural isomorphisms 6V and p”" for N ® — defined in the same way.
Thus, we have the following.

4.8.3. PROPOSITION. For X in SquaMS, §¥ : M @ C(X) — C(M ® X) and 6§ :
N ® C(X) — C(N ® X) are isomorphisms.

5. The initial algebra of M ® — obtained as the colimit of its initial algebra
w-chain

The overall message of this paper is that the Sierpinski carpet as a metric space is bilips-
chitz equivalent to a final coalgebra of the endofunctor M ® — on the category of square
metric spaces. However, to show this, we need a lot of material on a dual concept, initial
algebras. It turns out that in our setting the final coalgebra is the Cauchy completion of
the initial algebra.

5.0.1. DEFINITION. Let A be a category and F': A— A an endofunctor. An algebra
for F'is a pair (A, f), where A is an object, and f: FA— A is a morphism. We call A
the carrier and f the structure (morphism). A pre-fized point of F is an algebra whose
structure is a monomorphism.

Let (A, f) and (B, g) be algebras for F. An algebra morphism from (A, f) to (B, g) is
a morphism ¢ : A— B in A such that ¢ o f = go F¢:

FA—1 .4

W

This gives a category Alg F' of F-algebras, and an nitial algebra is an initial object in
Alg F'. As expected, if such an algebra exists at all, it is unique up to isomorphism in
Alg F'.

We recall a standard result in category theory, Lambek’s Lemma: if (A, f) is an initial
algebra, then f is an isomorphism in the base category A.

5.1. A PRE-FIXED POINT OF M ® —. The main result of this section is the existence
of an initial algebra M ® G — G in SquaMS. Before we start in on that, we exhibit a
pre-fixed point related to the topic of this paper. Let Uy = [0, 1]?, equipped with the
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taxicab metric dy,, where
du, ((2,9), (x1, 1)) = |2 — @1| + [y — -
Define ay, : M ® Uy — Uy by
(z’,j)@(r,s)r—)(%(i+r),%(j+s)). (5.1)

The following result is not immediate because the metrics are different in Uy and M ® U,.

5.1.1. LEMMA. The map ay - M @ Uy — Uy is a monomorphism of SquaMS. Thus,
(Uo,OéM . M® Uo — Uo)

1s a pre-fived point of M @ —.

PRrOOF. First, it is easy to verify using the equivalences in E that oy, preserves Sygu,-

We next show that «yy is injective. To begin, if ap((2,7) ® (1, 8)) = an((k, 1) @ (¢, u)),
when (7, j) = (k,1), we must have (r,s) = (t,u). Otherwise, by examining cases we check
that for any possible combination of (,7) and (k,[), this equality forces (r,s) and (¢, u)
to be such that (i, 7) ® (r, s) and (k,l) ® (t,u) are equal under the equivalence relation E.

We next check that ayy is a short map. Let x = (i,5) ® (r,s) and y = (k,1) ® (t,u)
in M ® Uy. Then z and y fall into one of the following cases (up to possible rotation and
reflection).

T x
Yy Yy
x T x
Y
Y Y

In each case it is reasonably routine to verify that dygu,(z,y) > dy, (am(x), an(y)),
but we will examine one of these cases carefully, the one indicated in the lower-left corner.



88 VICTORIA NOQUEZ, LAWRENCE S. MOSS
Suppose that (i,7) = (0,2) and (k,1) = (2,0), as shown. Note that
du(an(z), anr(y)) = 5l +7) = (k+ )| + 310+ 5) = (L + ).

Then, without loss of generality, the shortest path in M ® Uy between x and y is of the
following form:

x=1(0,2)®(r,s),(0,2) @ (r1,0) = (0,1) ® (rq, 1),
(0,1) ® (r3,0) = (0,0) ® (14,1),(0,0) ® (1,51) = (1,0) ® (0, s2),
(1,0) ® (1,s3) = (2,0) ® (0, 54), (2,0) ® (t,u) =y

)

We estimate the score of this path. First, we consider the horizontal components from
each scaled copy of Ujy. Their contribution to the score is

%|r1 —r|+ %|r2 — |+ %|1 —ro| + %|1 — 0] + %|t—0|
1

324+ (t—1)]

@ +r) = (k+1)]

v v

(The last equality holds because i = 0 and k£ = 2.) Similarly for the vertical components.
Thus, dM®U0 (J}, y) > dUo (aM<‘T>7 aM(:U))

The other cases are similar.

To conclude the proof, we recall that by Proposition 3.0.9, injective functions give rise
to monomorphisms in SquaMS. ]

5.2. COLIMITS OF w-CHAINS. We apply Theorem 5.2.2; a well-known result in category
theory, to construct an initial algebra by taking the colimit of a certain w-chain and
verifying that the functor preserves this colimit. We thus begin with a review of the
definitions. Even though we are mainly interested in square metric spaces, we find it
convenient to work somewhat more generally and also to study the situation in several
related categories.

Let A be a category. An w-chain in A is a functor from (w, <) as a category into .A.
It is determined by an infinite sequence of objects and morphisms of A indexed by w:

AoLAlL}"' Aki)AkJrl (52)

To turn this into a functor from (w, <), we must specify connecting morphisms ay, for
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kE < £. We obviously take ay ; = id4,, and then for & < £ we take a; ¢ to be the composition
Qg—1 0 Qg2 0+ 0 ay.

A cocone of (5.2) is a pair (B, (b)) consisting of an object B together with morphisms
by Ap— B so that that by, = byoay, when k < /. Sometimes we abuse notation slightly
and write a cocone as by : A — B, but technically a cocone is an object together with a
family of morphisms. A colimit of the chain (5.2) is a cocone (C, (¢)x) with the property
that for every cocone (B, (bg)x) there is a unique morphism f: C'— B so that by = focy
for all k € w.

5.2.1. DEFINITION. Consider an w-chain as in (5.2) with connecting morphisms ay .
Let (C, (ck)r) be a colimit. We say that F' preserves this colimit if the chain F'Aj with
connecting morphisms Fay, has (FC, (Feg)x) as a colimit.

Here is the reason that this is of interest in this paper.

5.2.2. THEOREM. [Addmek [1]] Let A be a category with initial object 0. Let F : A — A
be an endofunctor. Consider the initial-algebra chain

0 - Fo Y pro 2L pkg I pRiig (5.3)

Suppose the colimit G = colimy,F*0 exists, and write g, : F*0 — G for the cocone
morphism. Suppose that F' preserves this colimit. Leta : FG — G be the unique morphism
so that a o Fgy = gry1 for all k. Then (G, a) is an initial algebra.

We are especially concerned with the case A = SquaMS, 0 = My, and ! = Syen, -
My— M ® M. We shall show that with those choices, the colimit of the initial algebra
w-chain exists, calling on much more general results. Then we shall prove that the functor
M ® — preserves this colimit.

At various points in this paper we are going to need colimits of other w-chains in
SquaMS. For every M & — coalgebra (B, 3), we need the chain below and its colimit.

B MeoBY 2o B Y . Mo B M g B (5.4)
We need the same colimit with N replacing M, too. We shall prove that the colimit of
(5.4) exists and that it is preserved by the functor. For this, we combine general facts
about colimits in pseudo-metric spaces with facts about the functors M ® — and N ® —
which we have already seen.

We thus make a digression to study colimits of w-chains in greater generality. We
want to explore the colimits in sets, pseudo-metric spaces, metric spaces, square sets, and
square metric spaces. In each case, we characterize colimits of w-chains.

5.3. COLIMITS OF w-CHAINS IN SETS. Suppose that we have an w-chain in Set
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with connecting maps ays: Apr—>Ay. Suppose that we have a set C' and a cocone (¢ )kew,
where ¢;: Ay — C. Assume the following two properties:

(Setl) C' = U, cx[Ax], and

(Set2) Given k € w and elements z,y € Ay with ¢ (z) = cx(y), there exists £ > k in w
such that ay¢(x) = age(y).

Note that (Set2) implies a stronger form of the same statement: if z € Ay and y € A,
with k£ < ¢ and ci(x) = ¢o(y), then there is p > max (¢, k) such that ay ,(x) = as,(y). Here
is how we see this. Notice that age(z) € As. Apply (Set2) to ax(z) and y as elements of
Ay to get some p > € so that agp(ar(z)) = arp(y). But agp,(ag(z)) = ag ().

We claim that C' with the morphisms ¢, : A, — C' is a colimit. Indeed, suppose that
we are given a cocone by: A — B. We need to define a cocone morphism f: C'— B
and to prove that it is unique. We define f(cx(x)) = by (z) for all k € w and = € Aj. This
is a well-defined function due to our observation in the previous paragraph. It is defined
on all of C, by (Setl). It is a cocone morphism by definition. And it is the unique such,
since the condition f o ¢, = by gives the definition of f.

Construction To prove the existence of a colimit of (5.5), we only need to find a set
C and a cocone (cj), with (Setl) and (Set2). Take the disjoint union ), Ay, then take
the relation = given by

(k) = (y,0) iff  arp(z) = arp(y) for some p >k, ¢

In fact, this relation is an equivalence relation. The quotient C' = (), Ay)/= is then the
colimit, with maps ¢, = Ay— >, Ay—C. Conditions (Setl) and (Set2) are immediate.

5.4. COLIMITS OF w-CHAINS IN PSEUDO-METRIC SPACES. A pseudo-metric on a set
X is a distance function d : X x X — [0, 00] with the following properties: d(z,z) = 0,
d(z,y) = d(y,z), and d(z,2) < d(z,y) + d(y,z). However, d(z,y) = 0 need not imply
xr =1vy. A 2-bounded space has all distances bounded by 2. Let us consider the category
Pseu of 2-bounded pseudo-metric spaces. As with the metric space categories in this
paper, we take the morphisms in Pseu to be the short maps (also called non-expanding
functions). Let U : Pseu— Set be the forgetful functor. As mentioned in [3] for the case
of 1-bounded spaces, Pseu is also cocomplete. That is, it has all colimits, not just colimits
of w-chains. We only need a special case of this, the result for colimits of w-chains.
Characterization of colimits of w-chains in Pseu. Consider a chain

(Ao, do) — (A1, di) — -+ (5.6)

with connecting short maps ay¢: Ay — Ay. Suppose that we have a Pseu-object (C,d¢)
with short maps ¢ : A, — C. Assume the following three properties:

(Pseul) As sets, C' = J,, cx[Ax], and
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(Pseu2) Given n € w and elements x,y € Ay with ¢x(z) = cx(y), there exists £ > k in w
such that ay¢(x) = age(y).

(Pseu3) For all k and all x,y € Ay, do(cp(z), cr(y)) = 1§£ dp(agp(z), agp(y)).
p>

We claim that (C,d¢) is the colimit of (5.6) in Pseu. Due to (Pseul) and (Pseu2), the
underlying set C' is a colimit of the w-chain in Set obtained by forgetting the pseudo-
metric. So, given a cocone by: Ay — B in Pseu, we have a Set map f: C'— B (from
above) given by f(cx(z)) = bg(z). We need only check that this map is short. First take
a fixed k and elements z,y € A,. We want to show that

d(f(cx(x)), f(er(y))) < de(cx(x), cr(y))-

This means that we want
dp(br(),br(y))) < Ilgg dp(arp(2), arp(y))-

For this, we can show that for all p > k,

dp(br(7), bk(y))) < dp(arp(2), arp(y)).

Now b,: A, — B is short, and b, o a;, = b, due to the cocone property. So

dy(arp(2), arp(y)) = dp(by(ary(x)), by(arp(y))) = dp(br(), be(y)).

More generally, we need to consider ¢ < k and elements x € A, and y € A,. In this case,
apr(y) € Ag. So by what we just did,

dp(f(cr()), fler(ark(y)))) < de(ck(z), crlank(y)))-

But ¢ 0 agy = ¢;. So we have

dp(f(cr()), flee(y))) < de(ex(z), co(y))-

Construction To prove the existence of a colimit of (5.6), we need only find a space
with properties (Pseul) — (Pseu3) above. Take the colimit C' in Set. This ensures (Pseul)
and (Pseu2). Endow this set with the pseudo-metric

d*(z,y) = inf{dp (2", 9) : k <w, 2,y € Ay, cr(2)) =z, and (') = y}.

This ensures (Pseu3).

5.5. COLIMITS OF w-CHAINS IN METRIC SPACES. Let MS denote the category of 2-
bounded metric spaces with short maps as morphisms, and suppose we have a chain in
MS:

(Ag,do) — (A1, dy) — - - (5.7)
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with connecting short maps ay ¢: Ax— A,. Suppose that we have a metric space (C,d¢)
with short maps ¢;: Ay — C. Assume the following properties:

(MS1) As sets, C' = U, cx|Ax, and

(MS2) For all k and all z,y € Ay, de(ck(x), cx(y)) = II>1£ dp(agp(z), agp(y)).
p=

We claim that (C,d¢) is the colimit of (5.7) in MS. Suppose that we have a cocone
bp: Ay — B in MS. We want to define f: C'— B as before, by f(ck(z)) = bi(z). To
prove that f is well-defined in Set or Pseu, we had used a condition that we do not assume
here, so the argument is different.

Suppose that we have k and z,y € Ay with cx(z) = cx(y). We want to show that
be(z) = bi(y). (The more general case of having ¢, k and © € Ay, y € Ay with ¢ (z) = ¢(y)
is treated similarly.) By condition (MS2),

inf dy(arp (), 0 (4) = 0 = do{en(z). cx(y)

Fix ¢ > 0. There is some p > k so that d,(ax,(z),ar,(y)) < €. Since b,: A,— B is
short,

dp(bi(2), bk(y)) = dp(bp(arp(2)), bplar,p(y))) < dplary (@), arp(y)) < e

This holds for all € > 0. So dg(bx(z), br(y)) = 0. Since B is a metric space, bi(x) = bi(y).
This proves that f is well-defined. The same argument which we gave for Pseu shows
that it is the colimit map in MS.
Construction To prove the existence of a colimit of (5.7), we need only find a metric
space with properties (MS1) and (MS2) above. Take the colimit C' in Set, and endow it
with the same pseudo-metric from before

d*(d/’?y) = il’lf{dk(l’/,y/> k< Wal‘/y?/ € Ak’lk(‘r/> =T, and Zk<y,) = y}

Then let  ~ y iff d*(x,y) = 0. This is an equivalence relation, and so we can take the
quotient C'/~. This quotient is (importantly) a metric space. The natural map C—C'/~
does not change any non-zero distances. From this, (MS1) and (MS2) follow easily.

5.5.1. EXAMPLE. Let X,, = {u,,v,} be the space with two points and d,, (u,,v,) = 27"
Let a, : X,, — X,,41 be the short map given by a,(u,) = t,41, and a,(v,) = V1. We
thus have an w-chain of metric spaces, and we take the colimit in Pseu and in MS. In Pseu,
the colimit is a pseudo-metric space consisting of two points of distance 0. This is not a
metric space. In MS; the colimit is a single point. These examples motivate the difference
between the three conditions (Pseul) —(Pseu3) and the two conditions (MS1)—-(MS2).

5.6. COLIMITS OF w-SEQUENCES IN SquaSet. Suppose that we have a chain

Ag—— Ay — -~
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in SquaSet. Suppose that we have a cocone ay: A — C in SquaSet, and assume (Setl)
and (Set2). Then we claim that our cocone is the colimit in SquaSet. To see this, we
need only endow C with a square set structure S¢: My— C and also show that given a
cocone by : A, — B in SquaSet, the colimit map f: C'— B preserves this structure.

We define S¢ by cg o Sy, : Mg— Ag— C. To see that this works, note that since
by: Ag— B is a square space map, by o Sy, = Sp. Thus

JoSc=focgoSs =byoSs =SB

Since Sp is injective and f o S¢ = Sp, S¢ is also injective.

5.7. COLIMITS OF w-SEQUENCES IN SquaMS. Consider next a chain
(Ao, do) — (Ay,dy) — -+

in SquaMS. Suppose that we have a cocone a;: Ay — C' in SquaMS, and assume (MS1)
and (MS2). Then we claim that our cocone is the colimit in SquaMS.

We know how to take the colimit C' in SquaSet, endowing C' with a SquaSet structure.
We also know how to take the colimit in MS. So the only remaining point is to check
the non-degeneracy requirements (sQ;) and (sQp). To check (sQ;), let r,s € [0, 1] and
consider S¢((r,0)) and Sc((s,0)) (the other cases are similar). Then

de(Sc((r,0)), Sc((s,0))) = mfdi(Sa,((r,0)), Sa,((s,0))) = [r — s,

since each Ay is an object in SquaMS. Similarly, to check (sQy), let (r,s), (t,u) € M.
Then

dC(SC((T’ S))? SC((tau))) = ]iI<l£ dk(SAk((r7 S))7 SAk((t7u))) > |T - t| + |S - u|7

5.8. M ® — PRESERVES COLIMITS OF w-CHAINS. We next show that the functor M ® —
preserves colimits of w-chains. This result is used in Section 5.9, where we apply Adamek’s
Theorem 5.2.2 to construct the initial algebra of this functor.

5.8.1. LEMMA. The endofunctor M & — preserves colimits of w-chains.

Proor. Consider a chain
(A(), do) — (Al, dl) —_ e

in SquaMS, and let its colimit be the space (C,d¢) with colimit cocone (c)r, where
¢, A, — C. We are going to show that the colimit of

(M®A0adM®Ao)—>(M®AlvdM@JAl)—) o (58)

is (M®RC,(M®ck)i). To begin, we already know that the cocone (C, (¢x)x) has properties
(MS1) and (MS2) for the original chain. We need only check that (M & C, (M ® c;)j) has
these same properties (MS1) and (MS2) for the chain in (5.8).
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For (MS1), it is clear that as sets,

M®C=Me| oA = U(M ® ck[Ak]) = JM @ )ALl

k k

For (MS2), we want to show that for all £ € w and all z,y € Ay, and all m,n € M,

dygo(m @ cy(z),n @ cr(y)) = zl)I>1£ dpea, (M @ agp(T),n @ apyp(y)). (5.9)

We first consider the case when n = m. In this case,

dyec(m @ cp(z),m@cp(y)) = 3do(c(w), ci(y))

~ 1 g; dp(arp(7), arp(y))

o1
— Iljgf]; gdp(ak,p(l')7 ak,p(y))

= Ilgg dM®Ap (m & ak,p(x)7 m& ak,p(y))'
With this special case done, we consider the general case. We use the fact from Theo-
rem 4.1.12 that in M ® C, there is a fixed path that attains the distance between our
points m® ¢, (x) and n® ¢ (y). This path has finitely many sub-paths (at most 5 in fact),
and each subpath is in one and the same copy of C. It follows from our first observation
that (5.9) holds.

This concludes the proof. [

We also have a result exactly like Lemma 5.8.1 but for the functor N ® —. The details
are basically the same.

5.9. USING COLIMITS TO OBTAIN THE INITIAL ALGEBRAS OF M ® — AND N ® —. At
this point, we recall Addmek’s Theorem (Theorem 5.2.2), and apply this to SquaMS, with
F either M @ — or N ® —. As we know, colimits of all w-chains exist in our category.
We are of course interested in the colimit of the initial-algebra chain (5.3). The functors
preserve this colimit, since they preserves all colimits of w-chains. Thus, there is are initial
algebras. We write these as

(G,n: M ®G—G)

(WA N@W —W) (5.10)

In both cases, the algebra structures are isometries, by Lambek’s Lemma.
Further, the colimit morphisms are given by the natural equivalence relations. For
example, consider M (the functor where we need this remark). We have

g M* @ My — G (5.11)
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given by gx(z) = [z], where the equivalence relation involved here relates, for [ < m,
y € M*® My with z € M™ ® My iff ay,,(y) = z, where ag,,: M*® My— M™ ® M is
the evident map.

6. Final coalgebras for N ® — and M ® —

This section discusses final coalgebras for the two main functors in this paper, N ®
—: SquaMS——SquaMS, and M ® —: SquaMS——SquaMS. The main results are that the
unit square Uy with the taxicab metric is a final coalgebra for N ® —: SquaMS——SquaMS,
and that this coalgebra is the Cauchy completion of the initial algebra. Turning to M ® —,
we show that again the Cauchy completion of the initial algebra is the final coalgebra. It
would have been pleasing if this final coalgebra had been the Sierpinski carpet 5. But
this is not to be: the bijective map $ — M ® 5 is not a short map. Nevertheless, we
shall prove later than 5 is bilipschitz equivalent to the carrier of final coalgebra of M ® —.
In a different direction, forgetting the metric, $ is the final coalgebra of our functor on
SquaSet.

6.0.1. DEFINITION. Let H: A— A be an endofunctor on any category. A coalgebra for
H is a pair (A, a), where a: A— HA. Given two coalgebras (A, a) and (B,b) for this
functor, a coalgebra morphism is a morphism h: A— B in A such that boh = Hho a:

A—2 S HA

| [mn

(A,a) is a final coalgebra if for every coalgebra (X, e) there is a unique coalgebra
morphism ef : X — A. Equivalently, it is a final object in the category of coalgebras.

Final coalgebras need not exist, but when they do, they are unique up to isomorphism.
Moreover, if (C,7) is a final coalgebra, then by Lambek’s Lemma (the dual of the form
that we stated earlier), v is an isomorphism in the base category A.

6.1. CORECURSIVE ALGEBRAS. Our work on final coalgebras involves a secondary notion:
corecursive algebras. We bring corecursive algebras into the paper because they generalize

final coalgebras and because the Sierpinski carpet turns out to be a corecursive algebra
in SquaMS.

6.1.1. DEFINITION. Let H: A — A be an endofunctor on any category. An algebra
a: HA— A is corecursive if for every coalgebra e: X — H X there is a unique coalgebra-
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to-algebra morphism e': X — A. This means that ef = ao Hel oe:

X——HX

1 e

A(THA

The map e’ is also called the solution to e in the algebra (A, a).
The following is the dual form for Proposition 7 in [7].

6.1.2. PROPOSITION. If a corecursive H-algebra (A, a) has an invertible structure map
a, then (A,a™') is a final coalgebra for the same functor. If (A,a) is a final coalgebra,
then (A,a™"') is a corecursive algebra.

6.1.3. LEMMA. Lete: X— HX and f: Y — HY be coalgebras, and let h: X —Y be
a coalgebra morphism. Let a: HA— A be a corecursive algebra. Then e' = fT o h.

The proof of this may be found in Example 3.2 in [5].

Recall that N = {0, 1,2}?, and that Uy = [0, 1]2. We are going to consider the functor
HyX = N x X on Set.

Recall from the previous section our definition of oy, : M ® Uy — Uy, which we proved
was an injective morphism in Lemma 5.1.1. Here we will introduce some notation towards
defining an analogous morphism ay : N ® Uy — U,.

Let shrink: N — Uy be given by

shrink(i, ) = (54, 37)-
We have an Hj-algebra structure ag: N x Uy — Uy given by

ao((i,5), (z,y)) = shrink(i, ) + 5 (2, y).
6.1.4. LEMMA. (Up, ag: N x Uy—Up) is a corecursive algebra for Hy on Set.

ProoF. Although it is possible to give a self-contained elementary proof, this result also
follows from Corollary 2.11 in [4] (see also [2, Example 7.3.10]). We must check a few
hypotheses to apply that result. We discuss these one-by-one.

Let CMS be the category of complete metric spaces with distances bounded by 2. We
have a forgetful functor U : CMS — Set.> We verify three hypotheses.

First, the functor Hy = N x X : Set— Set lifts to CMS. This has nothing to do with
our specific set N, it holds for all sets N. Here is what this means. Consider NV as a discrete
space with distance 2 between all points. Then we have a functor H;: CMS——CMS given

5A forgetful functor is standardly denoted by U. For us, this has an unfortunate clash with our
notation Uy for the unit square. Bringing this to the reader’s attention should help avoid any confusion.
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by Hi1 X = N x X, with the metric defined as follows:
a0 o). (M = Sy o e )

H, works as expected on morphisms. The lifting property is that U o H; = Hyo U, and
this is easy to check.

Second, this lifted functor Hj is locally contracting. Indeed, for all “parallel pairs” of
CMS-morphisms f,g : X —Y, d(H,f, Hig) = %d(f, g). This is a routine verification
using the supremum metric on function spaces and the distance formula above.

Finally, the Set-morphism ag: N x Uy— Uy also is a CMS-morphism «q: HUy—Uj.
This means that «q is short. To check this, take two elements of H,U,, say p =
((2,7), (x,y)) and p" = ((¢, 7)), (2", y)). If (i,7) # (¢,j"), then their distance in N is
2, and hence the distance between p and p’ is also 2. But the distance between a(p) and
a(p') is at most 2. In the other case, (i,7) = (¢/,j'). In this case,

dHon(a(p)v a<p/)) = %dU()(('r? y)? (xlv y/)) = dUo(%('r? y)7 %(xlv y/))
These hypotheses then imply that (U, ag) is a corecursive algebra for Hy on Set. [

Lemma 6.1.4 was a preliminary result; the main point is Lemma 6.1.8, its adaptation
for the category SquaSet of square sets.

6.1.5. DEFINITION. Let ay: N ® Uy— Uy be given by
an(n®z) = shrink(n) + 3(2).

Notice that n € N here is a pair; earlier we had written it as (7, j). Similarly, z € Uy;
earlier we wrote it as (r,s). It takes quite a few routine elementary calculations to
check that ay is well-defined. That is, we must check that if (n,z) ~ (n,2’), then
shrink(n) + 3(z) = shrink(n’) 4 5(2'). For example, we have ((0,0), (r,1)) = ((0,1), (r,0)).
And

shrink(0,0) + £(r, 1) = (%, 3) = shrink(0,1) + (r, 0).

Furthermore, it is easy to verify that oy preserves Sygu,, 0 ay is a SquaSet morphism.

6.1.6. LEMMA. In SquaMS, ay: N ® Uy— Uy is an isomorphism: it maps N ® U,
one-to-one onto Uy, and it is an isometry.

PROOF. Clearly ay is surjective: given (r,s) € Uy, let (i,7) € N be the greatest in the
lexicographic order such that %z < rand %j <'s. Then ay((i,7)® (3r—i,3s—7)) = (1, s).
To see that ay is injective, we will show that it is an isometry.
First, let us check that oy is a short map. Taking p =1 and B = Uy in (4.22), we
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dN®U0<<i7j) ® SUO((T7 S))7 (k7 f) ® SUO((t7 u)))
jisr] = [kt — [l7: s = |6 ul|

[2(i+7r)—2(k+0)| =[2G +s) — 5(
draxi((3(i+7), 50 +5)), Gk +1), 5(
dTaXi(OéN((i,j) ® (T’, S)), OKN((]C,£> ® (t

Now to see that this is an isometry, consider ay(z) and ay(y) in Uy. The idea is
that we can introduce a grid to Uy which corresponds to the boundaries of copies of Uy in
N ® Uy, and look at the intersections of a segment between ay(x) and ay(y) with that
grid. We then use this to construct a path in N ® Uy between x and y whose distance
is equal to that between ay(x) and ay(y) in Uy, and this will be an upper bound of the
distance between x and y in N ® Uj.

Rather than work through the thick notation of a general case, we will present the
following illustrative example.

We consider

AB\

QD
/

D

N
N\

These are points in N ® Uy, shown explicitly on the left below. The column on the right
gives their images under ayy, as elements of Uj.

T QW

o~~~

N R = = OO

S O = NN N
N — —

DRIV RR

,.7) an(A) = (.267,.9)
38) = (1,2)®(0,.38) an(B) = (.333,.793)
375,0) = (1,1)® (.2375,1) an(C) = (.4125,.667)
625,0) = (1,0)® (.8625,1) an(D) (.621,.333)
78) = (2,0)®(0,.78) ay(E) (.667,.26)
,.3) an(F) = (.767,.1)

The way we got these was to find the line between ay(A) and ax(F), then to find the
intersection points of this line with the relevant grid lines, and finally to find the preimages
under ay. For B, C, D, and E, we have two preimages.
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We are going to verify that
du,(an(A), an(F)) > dyeu, (A, F).
Recall, we are using the taxicab metric in Uy (2.3). So
du,(an(A),an(F)) = |.767 — .267| +|.1 — .9 = .5+ .8 = 1.3.

To show that dygu, (A, F)) > 1.3, we find an alternating path (a sequence of points in
N x Uy as described in Definition 4.1.5) from A to F' and check that the score of this path
is again 1.3. The alternating path we want is suggested by A, ..., F. It is

((0,2),(:8,.7)), ((0,2), (1,.38)) ~ ((1,2), (0, .38)),
((1,2), (.2375,0)) ~ (1, 1), (:2375,1)),
((1,1), (8625 0)) ~ ((1,0), (8625 1)),
((1,0), (1,.78)) ~ ((2,0),(0,.78)), ((2,0), (3, 3))-

The score of this alternating path is
%(.2 + .32+ .2375 4 .38 4+ .625 + 1 + .1375 + .22 + .3 + .48).

The relationship between this and our calculation of dy,(an(A), ay(F)) is clarified if we
separate the horizontal and vertical contributions. Our score above is

$((.2+.2375 4 .625 + .1375 4 .3) + (.32 + .38 + 1 + .22 + .48))
= %(1 542.4)
1.3

This is as desired. This all is merely an example, but the general case is similar. We
conclude that dygu, (z,y) < dy,(an(x), an(y)).
Thus, ay is an isometry, so it is injective, and hence an isomorphism in SquaMS. =

For every SquaSet B there is a canonical quotient map in Set, vg : N x B— N ® B.
It is given by ax((n,x)) =n® x.

6.1.7. PROPOSITION. For every SquaSet morphism f : B— C the evident “naturality
square” commutes: (N ® f)ovg =vgo (N x f).

PROOF. The for (n,z) € N x X,

(ny o (N x f))((n,2)) =n & f(z)(N @ f)onx)(n,z).

6.1.8. LEMMA. (U, an: N ®@ Uy—Uy) is a corecursive algebra for N @ X on SquaSet.

PROOF. We are given a coalgebra e: B— N ® B, and it is our task to show that there
is a unique e’ : B— Uy in SquaSet such that el = ay o (N ® ef) o e. We first make a
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diagram in Set:

5
My 22 N M,

SB\L NXSB\L

B—% s NxB—"*“3sN®B

eTl N XeTl lN@eT

Uy ¢ N x Uy —2= N@ U

aN

Sp and apy are SquaSet morphisms, and so what we mean above is the same maps in Set.
The maps vp and vy, are the ones we saw in Proposition 6.1.7. We will discuss the map
N ® e later, after we define ef and verify that it is a square set morphism.

__ Please note that we have changed the notation on the one of the “hat” map, writing
Snem, instead of Snen N&Mo -

The morphisms e and S NeM, are defined in a canonical way, as follows. Fix an ordering
< on N, say the lexicographic order. First, consider e. Let e(b) be any pair (n,0') € N x B
such that e(b) = [e(b)] and n is <-least in N such that some b exists with this property.
This defines n uniquely, and it is easy to see that b is also unique. This is because if
(n,b) ~ (n, ), then b = /. We see easily that ¢ =i o¢. The morphism Sygny, is similar.
As an example, Syear, (1/3,0) = ((0,0), (1,0)). By the way, despite the notation, Syga
is a morphism in Set here.

By Proposition 6.1.4 applied to ¢, we get (€)', making the square in the corner com-
mute. We will shorten this to e, as this will turn out to be the SquaSet morphism
we want. The definitions of € and Syga, and the fact that e is a SquaSet morphism
imply that the square in the upper-left commutes. For example, consider (%,0) € M.
Now (N x Sg) o Syewm,((5,0)) = N x Sp(((0,0),(1,0))) = ((0,0),S5((1,0))) because
((0,0), S5((1,0))) is the first representative of the class Syep((3,0)) according to the lex-
icographic order on N. Similarly, €0 Sg((3,0)) = e(Sz((35,0))) = ((0,0), Sp((1,0))) since
(0,0)®Sp((1,0)) is the first representation of Sygp((3,0)) according to the lexicographic
ordering on N (as opposed to (1,0) ® SB((O 0))) So we get a coalgebra morphism for
the functor N x —. By Lemma 6.1.3, SN®M =efoSp.

We claim that S]TV® M, = Su,- That is, we claim that Sy, satisfies the corecursive

algebra condition which uniquely defines §;rv® Mo

Sty = g o (N X Sty) 0 Snes,
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We verify an example. For example, for 1/3 < r < 2/3,

(a9 0 (N x Spiy) © Swen)(1,0) = ago (N x Si,)((1,0), (3
70) SUO(( >0
0

~1
); (3r = 1,0))

,0))

)))

[
—
522

o= o0

All of the other cases are similar. By uniqueness of solutions, Sy, is the solution. The
upshot is that at this point we know that e o Sp = §JTV® M = Suo, and hence that ef is a
SquaSet morphism.

Now that we know that e' is a SquaSet morphism, we use the functor N ®— on SquaSet
to get N®el: N® B— N ® Up; recall that this is defined by (N ®el)(n®@b) = n®e'(b).
The square in the bottom commutes by Proposition 6.1.7. The region on the bottom
commutes: ay o v = ag. Recalling that ¢ = v o €, a diagram chase shows that we have
the desired equality e’ = ay o (N ®el)oe.

We also check that ef is the unique solution of e in SquaSet. Suppose that we have a
SquaSet morphism e* so that e* = ay o (N ® e*) o e. We show that e* = ef. Consider the

diagram below:

B¢ NxB-"sN®B

e*l N x e*l lN@e*

Up ¢o— N x Uy —2 N @ Uy

anN

Since e* is a morphism in SquaSet, we are entitled to write N ® e*, as shown. But the
diagram above is in Set. The top and bottom commute, as we have seen. The square on
the right commutes, easily. The verification here is similar to what we saw in the first
part of the proof. And now a diagram chase shows that the square on the left commutes
as well. But this means that e* is a solution to the N x — coalgebra (B,€). And so by
uniqueness of solutions in (Up, ap), €* = el. n

The next main result is that (U, ay') is a final N ® —coalgebra in square metric
spaces. Here the metric on Uy is the taxicab metric. We need a few preliminary lemmas.
In these, we fix an (N ® —)-coalgebra in SquaMS, (B, : B — N ® B). We already know
that there is a unique SquaSet morphism 37: B — U such that 7 = ay o (N ® 1) o 5.
Also, ay is an isometry (see Lemma 6.1.6) hence aj' is short. Our main work in this
section shows that 37 is short (on all of B), of course using that 3 is a short map. The
surprising feature of our proof is that we must consider other coalgebras in order to prove
the shortness of 37. Notice that (N® B, N®}) is also an (N ® —)-coalgebra. Furthermore,
B: B— N ® B is a coalgebra morphism.
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6.1.9. LEMMA. (N ® 8)7 = ay o (N ® 7).

PRrROOF. Consider the diagram below in SquaSet. It makes sense because ay is invertible
(see Lemma 6.1.6).

T (03
N®B— N N@Uy—N 1),

o | e o

N®N®B%EﬁN®W®MJW@7N®%

The triangles commute. The square on the right (rotated 90° and reflected) then shows
that (N ® ay')’ = ay. The square on the left commutes because when we remove N and
turn the arrow on the right around (from ay' to ay), we have the definition of 3. That
square thus shows that N ® 37 is a coalgebra morphism. Applying Lemma 6.1.3 to it, we
see that

(N®B) = (N®@ay) o (N® B =ayo (N ah.

6.1.10. DEFINITION. Let Z C B. We say that 8! is short on Z if for all b,c € Z,

dUo(ﬁT(b)aﬁT(C)) < dB(b7 C).
Also, we write N ® Z for {n®0b:n € N and b € Z}.

6.1.11. LEMMA. Let Z C B be any set that includes the image Sg[My]. If B is short on
Z, then (N ® B)" is short on N ® Z.

PRrROOF. Let b,c € Z and ny,ny € N. We may assume that n; # ns, since if ny = no
this follows easily from the fact that oy is a short map and S is short on Z. There are
(r1,81), (r2, 82) € My such that a witness path in N ® B from n; ® b to ny ® ¢ contains
n1 ® Sp((r1, 1)) and ne ® Sp((r2, s2)). We are going to write S for Sg to save on some
notation. We have

dnep(n1 ® b,ny @ ¢)

= d(ng ®b,ny ® S((r1,s1))) +d(n1 ® S((r1,$1)),n2 @ S((ra, 82)))

+ d(ny ® S((rq, $2)),ne ® c) (1)
= 2dg(b,5((r1,51))) + dyep(n @ S((r1,51))), n2 @ S((r2, 52))

+ 3d5(S((r2, 52)), ) (2)
> %dUo(ﬁT(b)v (Tlv Sl)) + dN®U0<n1 ® (Tlu 51)777'2 ® (TQ; 52))

+ %dU()((T?ﬂSQLﬁT(C)) (3>
> dy,(shrink(ny) + £37(b), shrink(ny) + 3(r1, 51))

T
+ dy, (shrink(ny) + (71, s1), shrink(na) + 5 (r2, s2))
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+ dy, (shrink(na) + £(rq, s2), shrink(nz) + £ 87(c)) (4)
> dy,(shrink(n,) + 37(b), shrink(n2) + 358%(c)) ()
= dy,(an((N ® B7)(n1,0)), an((N ® 1)(nz, c))) (6)
= dy,(N® B)'(n1 @), (N @ B)(n2 ® c)) (7)

In (1), the distances are in N ® B. (1) holds by the choice of (r1,s1) and (73, s9)
(such that n; ® Sg((r1,s1)) and ny @ Sp((re, $2)) are on a witness path from n; ® b to
ny ® ¢). In (2), we are using Corollary 4.1.14, the result on distances in a single copy
of X inside of N ® X. (3) uses the assumption that ' is short on Z, and the fact that
BT o Sp((r:,8:)) = (i, 8:). It also uses Lemma 4.5.5 in the middle.

(4) uses two facts about distances in Uy. Let x,y, z € Uy. First, c-d(x,y) = d(c-z,c-y)
when 0 < ¢ < 1. Second, d(z,y) = d(x + z,y + 2), provided x + z and y + z belong to Uj.
And in the middle summand of (4), we used the fact that an: N ® Uy— Uy is a short
map, and the definition of ay.

(5) uses the triangle inequality in Uy. (6) uses the definition of ay and N ® 87, (7) is
by Lemma 6.1.9.

This completes the proof. [

6.1.12. LEMMA. Let (B,f: B— N ® B), and let k € w. There is a coalgebra
(C,v:C—N®CO),

a coalgebra morphism g: B— C, and a set Z C C' so that

1. Sc[My) € Z.

2. 1 is short on Z.

2

5%, and also

3. For every ¢y € C there is some ¢y € Z such that do(cq,ca) <
duy (71 (1), 7 (e2)) < -

PROOF. By induction on k. For k = 0, we take (C,v) = (B, 3), g = idp, and Z = Sg[My].
Every point in B is at a distance < 2 from Sg((0,0)), and every point in Uy is distance
at most 2 from every other point. v = 37 is short on Z = Mj because of (sQ,), which
requires that distances on the boundary are bounded below by the distances determined
by the taxicab metric.

Assume our result for k, and fix (C,7), g, and Z with the required properties. The
map 7 is a coalgebra morphism v: C — N ® C. Consider (N ® C, N ® 7), v o g and
N®Z.

We check that Sygco[Mo] € N ® Z. Let (r,s) € My. Recall the SquaSet structure
Snemy: Mo— N ® M. It is a general feature of how N ® — works as a functor that the



104 VICTORIA NOQUEZ, LAWRENCE S. MOSS

diagram below commutes:

SNeMg

M0—>N®M()

Snec
Sc N®Sc

C———N&C
Write Syeng ((r,8)) as n® (17, s"), where (1, s") € My and n € N. Then
Snec((r,s)) = (N@Sc)(n® (1,s) =n® Sc((r',s') € N® Sc[My] C N ® Z.

By Lemma 6.1.11, (N ® )" is short on N @ Z.
Finally, We verify the last point. Fix a point n®c; € N ® C. Let co € Z be such that
d(cy, ) < %, and dy, (v'(c1),7'(c2)) < . Thenn® ¢, € N ® Z, and

2
dygc(n ®c1,n ® cg) = %dC’(CI; c2) < ShHL
(We are using the same n as chosen at the start of this paragraph.) Recall that (N @)t =
ay o (N @~'") by Lemma 6.1.9. And

1),(N®7) (n @ cs))

@ar), a0 (N @7 (n@ )
( ®7'(c2)))

1), shrink(n) + $77(c2))

|
.
S
o)
=
o
®
=
3

(I
- QL
SS
w
S.Q
=
5/—\
=
/\
V\Q
+ =
C»ol)—l,sb
~
\—/—I—}//—\Q
Q
\_/2

IA

3k+1
This completes the proof. [
6.1.13. LEMMA. 8T: B— U is short.

PROOF. Fix € > 0. Let by,by, € B. Let k be large enough so that 2/3% < ¢/4. Let C,
g, Z, ¢; and ¢z be as in Lemma 6.1.12 so that ¢;,¢0 € Z, de(g(bi),¢;) < /4, and also
du, (v1(9(8:)), 7" (ci)) < e/4 for i = 1,2. Then dc(e1, e2) < de(g(br), 9(b2)) + /2. And

dUo(ﬂT(bl)a/BT(bQ))
= du, (7 (g(b1)), 7' (g(b2))) (1)
< du, (Y1 (g(b1)), ¥ (1)) + duy (Y (1), 7T (€2)) + duy (Y (e2), 7T (9(D2)))
< e/d+de(er, ) +€/4 (2)
< 2/24 (dolglbr), g(b)) + £/2)
S E+dB(b1,b2) (3)

Point (1) uses Lemma 6.1.3. Point (2) uses the shortness of 47 on Z. Point (3) uses the
shortness of g. This for all € > 0 proves our result. n
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6.1.14. THEOREM. (Uy, ax) is a corecursive algebra for N®— on SquaMS, and (Up, ay')
1s a final coalgebra for this same functor.

PROOF. We already know that if we forget the metric, (Uy, auy) is a corecursive algebra for
N ®— on SquaSet. In the case that we have a short coalgebra structure, (B, ), the unique
SquaSet map 3T is short, by Lemma 6.1.13. The forgetful functor SquaMS — SquaSet
is faithful, and so 8" is the unique coalgebra-to-algebra map in SquaMS. This shows the
first assertion in our result. The second follows since ayy is invertible (see Lemma 6.1.6). m

6.2. Uy IS ISOMORPHIC TO THE COMPLETION OF THE INITIAL ALGEBRA FOR N ® —.
Recall from (5.10) that the initial algebra of N ® — on SquaMS is denoted (W, A: N ®
W —W). Recall also that in Definition 6.1.5 we saw an algebra ay: N ® Uy— Uy. By
initiality there is a unique (N ® —)-algebra morphism

1/}2 W—)UO

In addition, for the same functor N ® —, A\~! is a coalgebra and Uy is corecursive, and
therefore (A\™1)T = ¢). This discussion is in SquaMS, and so 9 is a short map. Recall also
that W is the colimit of the initial sequence

=S
My 250 NeoMy Y3 N*oM, Y N oM, T2 - N oM, T8 N oM, -+ (6.1)

We write wy,: N¥ ® My—— W for the colimit injection.

For all k, let ¢;,: N* ® My— Uy be given by £}, = 1 o wy.

Recall the sets C'P;, from Definition 4.6.1, and also the maps f;: C' P, — Uy, which
satisfy the equations fy((r,s)) = (r,s), and fri1(n ® ) = an(n ® fi(x)).

6.2.1. PROPOSITION.
1. The family (1), is a cocone of the inital sequence: for all k, £y = {41 0 (N*®!).

2. For all k, the diagram below commutes:

Nk ® M Nk—i—l ® M
l% Je
NoW

3. fi is the restriction of the map {;: N* @ My— Uy to CP,.
PROOF.

1. This is a consequence of the general fact that if we post-compose all maps in a given
cocone by the same morphism, we again have a cocone.
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2. The triangles commute because W is the colimit of the initial-algebra chain and N ® —
preserves the colimit. So the square commutes.

3. We show by induction on k that for ;s € {0,1}, and ny,...,np € N,

le(n ®...0nE R (r,s)) = fr(n1 ® ... @1 ® (1, 5)).

For k=0, {y((r,s)) = (r,s) = fo((r,s)), since £y = 1) 0wy = 1 o Sy, is a morphism in
SquaMS and thus preserves M.

Assume our result for k, and fix r, s, and nq,...,ng, nry1 € N. To save on notation,
write & for no ® ... @ Nk @ (r,8). (In case k = 1, x is (r,s).) This point x belongs
to C'P,. Then

€k+1(n1 ® iL‘)

= Y(wpr1(n @ 7)) by definition of ¢;
= (Yo AN)((N®@wg)(n ®x)) by part (2), Ao (N ® wy) = wyy1
= (ayo(N®Y)) (N ®@w)(ny ®x)) 1 isan (N ® —)-algebra morphism
= ay(n ® Y(wk(x))) by definition of N ® 1) and N & wy,
= ay(n ® lg(x)) by definition of ¢y
= an(n ® fr(x)) by induction hypothesis
= frrn(n®x) by definition of fj 1
This completes the proof. [

In the result below and in the sequel, we use the notation w;; when j < k for the
connecting morphism of the initial-algebra chain (6.1):

wi: NV ®@ My— N* @ M.

In a more general setting (using different notation) we discussed these below (5.2).

6.2.2. PROPOSITION. Concerning the maps w; when j < k and the sets of corner points:
2. The restriction of wjy to CP; is an isometric embedding.

PRrROOF. The first part is an easy induction.
For the second part, let z and 2’ belong to C'P;.

d(z,2")
= du,(f(2), f3(#))
= du,({;(2), ¢ (’))
= dUo(ékowyk(Z)»fkowgk( Z'))
= dUo(szowjk( ,fkow]k( )
= d(wjr(2), wjr(2))

N =

NN N N N
t w
— — — N
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Lines (1) and (5) hold by Proposition 4.6.9 applied to both f; and f;. (2) and (4)
hold because f; is the restriction of ¢;, and (3) is proved by an easy induction on k > j,
using Proposition 6.2.1. [

With these preliminaries done, we now return to the topic of this section.

Recall from (5.10) that (W, A\: N @ W — W) is an initial N ® — algebra and that
A is an isomorphism. With C' the Cauchy completion functor on the category, we have
another algebra which we will call (V,6: N®@V —V), where V' = CW is a square metric
space whose underlying metric is complete, and 6 is an isomorphism. (The map 6 is
CXo&f, where 6}.: N @ CW — C(N @ W) is the isomorphism which we have seen in
Proposition 4.8.3.)

6.2.3. LEMMA. Let CP = |, wi[CFy).

1. For z,y € CP, let j be such that there are x',y € NI @ My with w;(z') = z and
w;(y') =y. Then dyign, (@', y') = dw(z,y).

2. CP is a dense subset of W.

3. The restriction of ¢ to C'P is an isometry.

4. 1 1s an isometry.

5. 1 extends to an isomorphism 1 V — Uy.

PROOF.

1. First note that such a j exists, since if x € w[CP)| and y € w;[CF;] for some | < j,
then let ¥ € C'F, be such that w;(Z) = = and let 2’ = w;;(Z). Then w;(z') = z, as
required.

By Proposition 6.2.2(2), for any k& > j, dyrgu, (Wjk(2"), wik(y')) = dyiga, (2, Y').

So dw (w,y) = inf dyrns, (win(2), wir(y) = dnvism (@', y)-

2. Let € > 0 be given and choose K such that :,%K < e Letx € W and let k£ > K be
such that there is 2’ € N¥ @ My with wy,(2') = 2. Then there are ny,...,n; € N and
(r,s) € My such that 2’ =n1 ® ... ®@n, & (r,s). Let c=n1 ® ... ®@n, ® (0,0) € CFy,
and note that wy(c) € CP. Then dyig, (2, ¢) < 5 < € by Corollary 4.5.3, so since
dw is the infimum of the distances in N* @ My, dw (z,wi(c)) < dyren, (@, c) < €.
Hence, C'P is dense in W.

3. Let x,y € CP and let k be such that there are 2’3/ € CP, with wi(2’) = = and
wi(y') = y. Note that (x) = owy(s’) = (u(a') = fy(x') and similarly, ¥(y) = f(y).

Then
du,(¥(2),¥(y)) = du,(fu(@), fr(y))
= dyreu, (2, Y) by Proposition 4.6.9

= dw<l‘,y) by L.
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4. This follows from parts 2 and 3.

5. For this it will be enough to show that the image of C'P is dense in Uy. Let (z,y) € Uy
be given. It is a standard fact that every real number has a ternary representation;
see also [2, Example 7.3.10(2)] for a corecursive algebra proof of the related fact that
real numbers have binary representations. We can choose (i, jr) in N such that

(z,y) = <Z%7 Z%) For € > 0, choose K such that 3% < e. Let
k=0 k=0

c= (io,jo) X...Q (Z'K—lng—l) ® (0,0) e CP,,

and note that fi(c) = £(c) = ¥(wi(c)) = P(wi(c)). So since wy(c) € CP, this is in
the image of C'P. Then

o0

> 3

k=K+1

> 3n

k=K+1

<2
_3—K<E.

duy (fx(¢), (x,y)) =

+

Thus, the image of C'P under ¢ is dense in Uy, as required.

6.2.4. THEOREM. (V,0: N @ V— V) is a corecursive (N ® —)-algebra, and therefore
(V,071: V—N®YV) is a final (N ® —)-coalgebra.

PROOF. Let (B,3: B— N ® B) be a coalgebra. Consider the metric space V', and
note that since V' is complete, V' is also complete. The subspace of V¥ of short maps
which preserve the square space structure is a closed subset since limits of structure-
preserving short maps will be short and will preserve the structure. Crucially, the set of
such maps is non-empty. This is because we have SquaMS morphism Sf: B — U, by
Lemma 6.1.13 (this map has nothing to do with £ in this proof) and an isomorphism
@_1 : Up—V by Lemma 6.2.3. We also have a 3-contracting map ®: V¥ — V7 given
by ®(f) =00 (N ® f)® p.

Thus, ® has a unique fixed point. The fixed points of ® are exactly the coalgebra
to algebra morphisms B — V. Thus, there is a unique such morphism from B — V.
This proves that (V,6) is a corecursive algebra. Since 6 is invertible, (V,07!) is a final
coalgebra; see Proposition 6.1.2. m

6.2.5. COROLLARY. V, the Cauchy completion of the initial (N ® —)-algebra, is isomor-
phic to Uy with the taxicab metric.

PROOF. Since V' and Uy are both final (N ® —)-coalgebras (Theorem 6.1.14 and Theo-
rem 6.2.4), they are isomorphic. [
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6.3. THE SIERPINSKI CARPET IS A CORECURSIVE M ® — ALGEBRA. For our next result
on this topic, recall that we have an isometry ax: N ® Uy— Uy (see Lemma 6.1.6).

Let 7 be the restriction of ay to M ® 5. Recall the maps ¢, from Definition 2.2.5,
and also . Then note that for m® s € M ® 5,

7(m ® s) = shrink(m) + %s =on(s) €. (6.2)

And for s € 5 =0(3) = U om(8), there are s € $ and m € M such that s = 0,,(s) =

meM
Tm®s'). SoT: M®% — $ is a bijection.

This map 7 is not an isometry, so it has no inverse in SquaMS, but it still is an
isomorphism in SquaSet.

6.3.1. PROPOSITION. The diagram below commutes in SquaMS:

M@y —F— S

i Ik

P ——
M®UO QN =QNOLY UO

Here i is the inclusion, and the natural transformation v is from Proposition 4.7.1.

PROOF. Let m® x € M ® 5 be given. Then io7(m ® z) = i(axy(m ® z)) = ay(m ® x)
and apyo M @ i(m®@x) =ay(m®x) =ayo,(m®z) =ay(me ). "

Let (B,8: B— M ® B) be a coalgebra. By postcomposing with the inclusion ¢p :
M ® B— N ® B, we get an N ® — coalgebra tgo 3 : B - N ® B. So we have
(tpo )T : B—Uy. We aim to show that for all b € B, (1po3)7(b) € $. Before presenting
the proof, we will walk the reader through the ideas. We will assume that B is enumerated
without repeats as by, by, ..., bg, ..., and also that our coalgebra f is given by

B(b;) = m; ® b1

(Please note that we are not saying that all coalgebras look like this; we are only making
an example. In fact, a general coalgebra for this functor would be a family of an arbitrary
set of disjoint versions of this example, together with an arbitrary set of finite coalgebras;
these would be eventually periodic. None of this really matters in this paper.) The m;
can be chosen in M, not just in N. Then the solution (15 o 3)": B—— U corresponds to
elements rq, 79, ... in Uy such that

o= OéN(m1 ® 7”2)
Ty = an(me®13)
rs = aN(m3 X 7“4)
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Again, we would like to show that each r; belongs to $. It is clear that
r e aN(m1 X Uo) = Uml(U())

The notation m; ® U, and similar notation below is from Remark 4.3.8. A little more
thought shows that

r1 € an(mi ®@ an(mg ®@ Up)) = 0y (0m, (Un))

and then
1 € an(my ® an(me @ an(ms @ Uy))) = 0m, (Omy (0ms (Un)))

In the notation of Hutchinson’s Theorem (Proposition 2.1.2), 71 € (Up)mimgms..m, for
all p. Since all of the m’s belong to M, Proposition 2.1.2 parts (2) and (3) tell us that
71 € Spym,... C 8. Similarly, we can argue for each 4, 7; = (13 0 3)1(b;) € Simmiir.. C 5.

Most of the work in the proof of our next result is in managing the notation (and
changing it a little) and then filling in the details in the sketch above.

6.3.2. PROPOSITION. For allb € B, (tgo B)'(b) € S.

PROOF. As in the proof of Lemma 6.1.8, fix an associate B\: B— M x B. Define maps
up: B—Bfork>0and v,: B— M for k > 1:
Blun(®) = (nea(b), ups (b))

We claim that for all & > 0: wug(uq(b)) = ugy1(b). The proof is by induction on k. For
k = 0, our result is clear. Assume that ug(u1(b)) = ugy1(b). Then

-~ -~

(Vk41(ur (D)), upg1 (ua (b)) = Blur(ur(0))) = Burs1(b)) = (Vk42(b), urs2(b)).  (6.3)

So ugs1(u1(b)) = ugs2(b). This establishes our claim. And from this claim we repeat (6.3)
to see that for all & > 1, vy (u1(b)) = vg11(D).
For each b € B, we have an infinite sequence of elements of M

v1(b), v2(b), ..., vk (D), . .. (6.4)

Moreover, we will show by induction on k that

(tBo 5)%) S (UO)m(b),vg(b) ,,,,, v (b) (6.5)

for all b € B. For k = 0, (tp o B)T(b) € Uy = (Up)e. Fix k > 0, and assume that for
all b € B, (tg o B)1(0) € (Uo)uyv),...n(v)- Now fix b. So B(b) = (v1(b),u1(b)). To save on

notation, we will write b’ for u;(b). By our assumption,

(50 B)V) € (U)o ), on) = (U0) s (b)sons ()
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(Notice that we used a fact from above to write v;(b') = v;(u1(b)) = v;1+1(b).) And then

(g o B)1(b) = an(vi(b) @ (tp o B)(Y)) € 0oy 1) (Uo)usit)sinsr®) = (U0)or()0m(b)ssvnss (b)-

This completes the induction. Since the sequence in (6.4) comes from M, by (6.5) and
Proposition 2.1.2, we get that (1p 0 3)7(b) € . "

As a result of Proposition 6.3.2, we regard (15 o 8)' as a morphism with codomain $.
That is, (tp o 3)T: B— U, factors through the inclusion i: $— Uj. So we have a map
£*: B—% such that

(tpop)f =iop". (6.6)
6.3.3. THEOREM. (8,7) is a corecursive algebra for M & —: SquaMS — SquaMS.
PROOF. Let (B, 3) be a coalgebra. Consider the following diagram in SquaMS:

B— s MoB—-"3NeoB

5* M®B*l
S — MRS | Me(pop)T
(tgoB)t M@i N&(tgop)t
i M ® U,
LUO
~ ALUO \ ~
UO < Py N & UO

We need to show that the top left corner commutes. We are using the natural transfor-
mation ¢ : (M ® —)— (N ®—) from Proposition 4.7.1. We get (t50f3)" by Theorem 6.1.14,
and the outside of the diagram commutes. We have seen in (6.6) that the small region in
the center commutes.

The region on the far right commutes by the naturality of ¢.

The region in the lower-left commutes by Proposition 6.3.1. The bottom commutes
trivially. Thus, all of the inside parts commute. A diagram chase shows that ¢ o §* =
ioTo (Mo f*)o . Since i is monic, * = 70 (M o 3*) o §. This shows that 5* is a
coalgebra-to-algebra map.

For the uniqueness of §*, suppose that **: B——$ satisfies §** = 70 (M o **) o 5.
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Consider the diagram below:

B— s MeB—23sNoB

B** M®B**l
S (T M X S M®(iof*)
ioB** M@ni N®@(ioB**)
i M ® Uy
Ly,
B %LUO \ <
U() < N N ® UO

At first glance, the maps are different from those in the previous diagram. All of the inside
parts of this diagram commute: the part on the left by definition, the part on the right
by naturality, and the remaining parts for the same reasons as in the previous diagram.
Thus, the ouside commutes. This implies that ¢ o ** is a coalgebra-to-algebra morphism
for 15 o 8. By the uniqueness part of Theorem 6.1.14, i o 3** = (13 0 3)T =i o 8*. Since i
is monic, g** = §*. [

Unfortunately 771 is not a short map, so it is not a morphism in SquaMS. However,
it is an isomorphism in SquaSet, so we do get the following.

6.3.4. COROLLARY. (3,77 1) is a final coalgebra for M @ —: SquaSet — SquaSet.

PROOF. First, let us show that (%, 7) is a corecursive algebra for M ®—: SquaSet—SquaSet.
Let (B, 3) be a coalgebra. Endow B with the following metric: For (r,s), (t,u) € My, let

dB(SB((T7 S))? SB((t’ u))) = dUo((r7 S), (t7 u))v

and for x,y ¢ Sp[My], let dp(z,y) = 2 and dp(z, Sp((r,s))) = 2. It is easy to verify that
this is an object in SquaMS.

Then /3 is automatically short. By Theorem 6.3.3, there is a unique solution 3'. This
same morphism is a solution in SquaSet, of course. For the uniqueness, note that every
morphism from the discrete space B to % is automatically short.

The morphism 7 is a bijection, and so it is invertible in SquaSet. So we are done by
Proposition 6.1.2. [

6.4. THE FINAL (M ® —)-COALGEBRA (Q,7:Q — M ®Q). Recall (G,n: MG — G),
the initial algebra. By Lambek’s Lemma, n is an isomorphism. Let () = CG, the Cauchy
completion. Consider the map below:

ViQ o M®Q Q=G OMeG) L MoCG=MoQ. (6.7)

The morphism p¥ is the isomorphism from Proposition 4.8.2. In this section we will show
that (@,~) is the final (M ® —)-coalgebra.
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For the remainder of the paper, let
1:G—=Q (6.8)

denote the inclusion map from G into (), and note that G is dense in Q).

Let (B,3: B— M ® B) be a coalgebra. The main task at this point is to exhibit a
short map h: B — Q. We will use the short map (tpo8)": B—Uj in our definition, but
our use will not be what one might at first expect. Instead, to get h we will need to go
via M"™ ® Uy (in some appropriate sense that we shall discuss). Even if we wanted to use
(tp o B)T directly, there is an issue which arises in considering a map from $ (as a subset
of Up) to @: the most natural and direct map will not be short. For example, consider
points (3,3) and (3, %) in Up. These have distance 3 in the taxicab metric. However,
these correspond to the top and bottom of the “hole” at (1,1) in @, that is, if we view
Q as M ® Q, the points are (1,0) ® Sg((3,1)) and (1,2) ® Sg((3,0)), so their distance
under the quotient metric will be % (to navigate around the hole). So the obvious bijective
correspondence between a subset of Uy and () will not be a short map, and indeed, not
an isometry. However, we navigate around this difficulty, going a different way. We will
consider corner points as we did for N ® —, but note that the density of corner points in
the relevant subset of Uy is not going to help us: again, the map from the appropriate
subset of Uy to () is not a short map.

Corner Points for (M ® —) We will start by adapting the definition of corner points
for the (V. ® —) functor.

6.4.1. DEFINITION. The set CPM of corner points of M* @ My is defined as follows:

CPM = {(0,0),(0,1),(1,0),(1,1)}
CRY, = {m®z|meMuxeCP}

We can also refer to corner points in M* @ Uy via the inclusion M* ® Sy, (CPM), and
this is a bijective correspondence. Right away we see that the distance between corner
points in CPM (as a subset of M* ® M) is bounded below by the distance between their
images in M* ® Uy, because M* @ Sy, is a short map.

In the next lemma and corollary, we will prove that M* ® Sy, restricted to CPM is in
fact an isometry.

6.4.2. LEMMA. Let x and y be corner points in M* ® Uy. Then there exists a witness
path from x to y consisting entirely of corner points in M* @ U,.

PRrOOF. The idea is to take any path p from x to y and to modify p, obtaining a path
p' from x to y with a score at most that of p and with at least one fewer node which is
not a corner point. (The score of a path was defined near the beginning of Section 4.1.)
So in effect we are arguing by induction on the number of non-corner-points that the
score can drop by replacing such a point by a corner point, and perhaps making further
modifications.
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Our path may be written as a path in the 8% copies of Uy. That is, a witness path
(see Definition 4.1.13) in M* ® Uy is most naturally presented as a path of “segments”,
each from M*~! ® U,. But this is not the way we want to view it here. We want to say
that our path is a path of length < 8% in copies of U, with the taxicab metric. We know
that 8% is an upper bound on the number of segments in our path, since if a copy of Uy is
visited twice, then by Corollary 4.4.1 we could find a smaller score by removing the cycle.

The first thing to do is to modify p on behalf of all edges which connect two non-corner
points. In the picture on the left below is a suggestive example. We are going to work
with this rather than the general case. The edges that connect two non-corner points are
the ones shown, except for the first and last.

a b ¢ d e f 9

~—"T\U ~

/ | —

Every edge which connects two non-corner points is part of a maximal sub-path ¢ of such
edges. This is because the first and last points on p are corner points, and p itself is finite.
Then we replace the sub-path ¢ as on the right above. It is important to note that making
this replacement still gives us a path in M* ® Uy. (That is, we do not step out of M* ® U,
into N* ® Uy by making it. This is because we remain within the copies of Uy used in the
original path, so none of our new segments will fall in one of the “holes” determined by
M.) And different maximal sub-paths may be replaced simultaneously. We check that
the bold path on the left represents a longer subpath than the one on the right. Let the
coordinates of a be (z4,y,), and similarly for b, ¢, ..., g. Then the length of the path on
the left is
|25 — Tal + [Ys — al + -+ + |zg — 24+ |yg — vyl
> 6+ Yo — Yal + [Ya = vel + |y — vel + [yg — vyl
> 64+1=7

The idea is that each |z, — .| is at least 1 since they are on opposite sides of a copy
of Uy, so these will cumulatively contribute at least 6 to the score. Similarly, in order to
transit from y, to yy, we must contribute at least 1 to the score, since they are on opposite
sides (of a row of adjacent copies) of Uj.

The length of the bold path on the right is 7. The same argument would work for
a sub-path which was like this but rotated 90°. There is a second kind of replacement
which is similar to what we just saw but where the sub-path’s two endpoints have the
same y-coordinate. This second kind is easier to handle, since a sequence of horizontal
segments works.

After these two kinds of replacements our path p might contain non-corner points, but
edges which contain non-corner points also contain a corner point. These edges come in
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pairs of three possible forms:

Then each of these sub-paths may be replaced by one using only corner points, with the
overall score not increasing, as shown below:

In each case, it is clear that the new sub-path has a length at most that of the old; this
is most interesting in the middle case, where we use the fact that the metric in Uy is the
taxicab metric.

In this way, we have taken a path p in M* ® Uy between corner points and modified
it to a path between the same points in M* ® M, without increasing the length. [

Throughout the remainder of this section, we will adopt the following notation: for
meMFandre X, m@rism ®@...0m, @z € M*® X, where m = (mq,...,my).

6.4.3. COROLLARY. Let 7,s,t,u € {0,1}. Then for m,n € M*,

de@U()(m ® SUO((T7 S))vﬁ ® SUO((t7 u))) = dM’“®Mo(m ® SM0(<T7 5))7ﬁ ® SMO((t7 u)))

That is, the distance between corners in M* @ Uy coincides with the distance in M* ® M.

PROOF. By the previous lemma, there is a witness path in M* ® U, such that every entry
is a corner. So for each pair contributing positively to the score, if they are adjacent
corners, they contributes (%)k , and if they are opposite corners, they contribute (%)k to
the score.

So consider the corresponding path in M* ® M. This score will be the same. Thus,
the distance in M* ® U, is bounded above the distance of the corresponding points in
M*® M,. However, we know that the distance in M* ® M, is bounded above by its image

in M* @ Uy under M* ® Sy, since this is a short map. Thus, these distances are equal. m

The map h Let (B, 5: B—M ® B) be a coalgebra. Our final task is to find a morphism
h : B — @ in SquaMS: once we know that the set of morphisms from B to () is non-
empty, we can use a fixed-point argument like the one we saw in Theorem 6.2.4 to show
that (Q,v: Q — M ® Q) is the final M ® —coalgebra in SquaMS.

We will start by defining functions hy, : B — M* @ M, which are not short maps, but
are approximately short in some technical sense described below. We will need our work
on corner points and the short map M*® (1po )" : M*® B — M* ® Uy to show that the
hyr maps satisfy our approximate shortness property. Then for a fixed x € B, this gives a
sequence [hg(x)]; in G, which we will show is a Cauchy sequence, and thus, has a limit in
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. This limit is what A will map x to. Furthermore, we will show that h preserves Spg,
and thus, is a SquaMS morphism.

For z € B, define infinite sequences m(z), mo(z),... € M and by(z),bi(x),... € B
as follows: let by(x) = z, and for k > 1, given by(x),...,bx_1(x) and mq(z),...,my_1(x),
choose my(x) € M and by(z) € B such that

B(bg-1(x)) = my(z) @ by(z). (6.9)

Note that there may be more than one choice for my(x) and by(x). The point is that we
are fixing a particular selection.
Here is how our notation works:

B—" s veB Mep >M2®B...%Mk®gm>...
x my(x) ® by (z) my(z) @ ma(x) @ ba(x) m(z) ® by(x)

For a given x € B, we have indicated notation for the images of x under the maps
shown. When the context is clear, we abbreviate m;(z) ®...®@mg(x) by m(z). (However,
we should be careful to note that 7 is not the name of any function.)

Let hy, : B — M* ® M, be given by

hi(z) =my(z) ® ... @ mg(z) ® (0,0).

Note that hj is not a short map. The idea is that as &k increases, the distances between
elements of M* ® B (and indeed, M* ® M;) depend less and less on the element of B (or
My) and more on m; ® ... ® my, so we will use these hy’s to approximate h, the main
map in this section. Even though each hy is not short, we do have an approximate notion
of shortness which it satisfies.

6.4.4. DEFINITION. A map f: X — Y is e-short if for x,y € X,

dy (f(z), f(y)) < dx(z,y) +e

6.4.5. LEMMA. h; : B — M* ® M, is gik—short.
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PROOF. Let x,y € B be given, and for ease of notation, let m(z) = my(z) ® ... @ mg(x),
m(y) =mi(y) @ ... @ my(y), v’ = b(x), and y' = by(y). We have:

de®Mo<hk($)a hi(y))
= dyrem, (M(2) ® (0,0),m(y) @ (0,0)) (1)
= durgy, (M(2) @ (0,0), m(y) @ (0,0)) (2)
< dyrgu,(M(z) ® (0,0),m(x) @ (15 0 f)(2)) (3)
+d g, (M) @ (g 0 B)(2), M(y) @ (L o B) ()
+darrau, M(Y) @ (tp o B (y), m(y) ® (0,0))
< daprg, (M(2) @ (1 0 B)1(2),m(y) @ (tp 0 B)(¥)) + 5 (4)
< daprgp(m(z) @ 2, m(y) @Y) + 5 (5)

Equality (1) is by the definition of the maps h; and the values m(z) and m(y). (2) is by
Corollary 6.4.3. (3) is by the triangle inequality. (4) is by Corollary 4.4.1. That is, for a
fixed m* € M*, dypgp,(m* @ u,m* @ v) < 3% for all u,v € Uy. In particular,

2

darsr, (M(7) @ (0,0),7(2) ® (15 0 B)(2')) < =1,

and similarly for y. (5) follows from the fact that (1go )" : B — Uy is a short map, which
implies that M* ® (10 B)T : M* ® B — Uy is also a short map. Finally, (6) is because
(M*'®@!)o...olis a short map, and because (as indicated in our diagram below (6.9)),
(M@ o. .. ol(z) =m(xr) ® 2’ (and similarly for y). =

6.4.6. LEMMA. Let x € B be given. [hy(2)]r is a Cauchy sequence in G, the initial
(M ® —)-algebra.

PRrROOF. Let € > 0 be given and choose K sufficiently large so that 31,{ <e Letk,j>K
be given, and suppose k > j. We use m ® (0,0) as an abbreviation for m;(z) ® ... ®
my(z) ® (0,0), and T @ (0,0) as an abbreviation for m;(z) ® ... ®@ m;(x) ® (0,0).

With this notation,

(0,0) € M* @ My,
(0,0) € M7 @ M.

>
.
=

\
(]

= &
Since £(0,0) = (0,0) ® (0,0), we see that

k—j+1

.

(M* @ B)o...0B(h;(b) =m®(0,0)® ... (0,0),

This belongs to the equivalence class [h;(b)] in G. So since d¢ is the infimum of distances
between representatives coming from the sets M* @ M,
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de([hw(2)], [hs(2)])
de®M0(m ® (0,0),m® (0,0) ®...® (0,0))

33

3_K‘

VAVANVAN

We are using Corollary 4.4.1. [

Since @ is the completion of G, we can define h : B — @ by letting h(z) be the limit
of the Cauchy sequence [i(hg(z))]x-

6.4.7. PROPOSITION. h : B — @) is a short map.

PROOF. Let z,y € B be given. For ease of notation, let m; = m;(x), z; = b;(x), n; = m;(y)
and y; = b;(y). That is, for all k,

hi () = m®...0m® (0,0)
(M1 ®B)o...0B(x) = M ®@...Qmy @ xy

We have similar equations for gy, but using the elements n; € M instead of m;.
Let € > 0 be given. Our aim is to show that dg(x,y) + € > dg(h(z), h(y)). This, for
all € > 0 will yield our result. Choose k sufficiently large so that

(6.10)

and

[da (), hu(y)) = dg(h(x), h(y))] < 5. (6.11)

This is possible, since h(z) and h(y) are limits of the sequences [hy(x)]x and [hg(y)]k
respectively. Then

do(h(z), h(y)) < da(hw(z), hi(y)) +5 by (6.11)
< dp(@,y) + 35 + 5 by Lemma 6.4.5
< dpl(a,y) +e by (6.10)
as required. -

6.4.8. LEMMA. h : B — @ is a morphism in SquaMS.

PROOF. Since we know that A is a short map, it only remains to show that it preserves
Sp to see that it is a SquaMS morphism.
Let (r,s) € My be given, and first note that

Sq((r;s)) = i(Sa((r; s))) = i([Suren, (7 5))]) (6.12)

for all k, where i : G — Q@ is the inclusion in (6.8), since the morphisms M*®! preserve
M.
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Let m; = m;(Sp((r,s))) € M and x; = b;(Sp((r,s))) € B. (Here b; is from (6.9), with
i for k.) For all k,

((Mk_1 ®B)o...oB8)(Sp((r,s))) =mi @ ... my ® xy.

In particular, since (M* ! ® B) o ... 0 3 is a SquaMS morphism, we have that z; =
Sp((rk, sg)) for some (rg, s;) € M.
We also have
he(Se((r,s)) =m1 ® ... ®@m; ® (0,0).

Next we need to show that Sysren, ((1,5)) = m1 ® ... @ my ® (g, sx). Note that the
following diagram commutes:

MO | M®MQ MR! M2 ®M0 M2®!> ”.Mlc—l(%!

lSB lM@SB lMQ@SB le(X)SB

2 k—1 k
B-—C s veB M, a2 p MO0 M 90 vk g MOSE

M’“®MOM>

Let ng, ..., ng € M and (t;,ux) € My be such that
n1®®nk®(tk7uk) :SMk(X)Mo((TvS))? (613>

and note that this is equal to (M*1®!) o ...0!((r,s)). We would get the same result
by starting with (r,s) in My and going across the top of the diagram and then down to
M* ® B via M* ® Sg, or by going down to B via Sp first and then across the bottom of
the diagram. Thus, we have

MF® Sp(m @ ... @ ® (tr,ug)) = 1 ® ... @0 @ Sp((te, ur))

= m®...0mE®Sp((rk, Sk)). (6.14)

So these must be equivalent under E. Since E does not depend on B, we must also
have
sl ®...® Mg & SMO((tk,uk)) =1 X...0 my X SM()((Tk, Sk))

Thus, Syreu, ((1,5)) =m1 ® ... @ mg @ (1k, Sk).
Now we will show that for all € > 0,

do(h(SB((7,5))), Sq((r; s))) <€,

and this gives our result. Let € > 0 be given and choose k sufficiently large so that 3% <

and
dq(h(Sp((r, ), ([ (SE((r, 5)))])) <

£
2

(6.15)

NN e



120 VICTORIA NOQUEZ, LAWRENCE S. MOSS

For this k,
do(h(SE((r,5))), So((r,s)))

< do(h(SE((r,$))),i([h(SB((r,s))]) + do(i([he(SB((r, $)))]), So((r,s))) (1)
< dg([h(Sp((r,9)))], Sa((r,8))) + § (2)
< de([h(Sp((r, 9)))] [Sarenr (1, 9))]) + (3)
< dargnn, (he(SB((7,8))), Sarrea, (1, ))) 5
= dyrgr, (M1 ® ... @M ®(0,0),m1 ® ... @ my @ (1k, 5%)) + 5 (4)
< 54§ (5)
< €

(1) is by the triangle inequality. (2) and (3) are by (6.15), (6.12), and the fact that
i : G — @ is an isometric embedding. (4) is by (6.13) and (6.14). (5) is by Corollary 4.4.1.
Thus, h(Sp((r,s))) = Sg((r,s)) for all (r,s) € My. So h is a SquaMS morphism. =

6.4.9. THEOREM. (Q,7: Qq— M ®Q) is the final M ®— : SquaMS — SquaMS coalgebra.

PROOF. The proof is the same as that of Theorem 6.2.4, except that Lemma 6.4.8 is used
to show that every coalgebra has a morphism into (), instead of Lemmas 6.1.13 and 6.2.3.
]

By the same proof as in Corollary 6.3.4, we get the following.

6.4.10. COROLLARY. (Q,v : Q@ — M ® Q) is the final M ® — : SquaSet — SquaSet
coalgebra.

7. Bilipschitz equivalence

Our concluding task in this paper is to show that even though the Sierpinski carpet S is
not isomorphic to (@, ), the final (M ® —)-coalgebra, the two are bilipschitz equivalent.
We begin by recalling the definitions. A function f : A—— B between metric spaces is
bilipschitz continuous if there is a number K > 1 so that

Eda(z,y) < dp(f(x), f(y) < Kda(z,y)

for all z,y € A. In addition A and B are are bilipschitz equivalent if there is a bilipschitz
continuous bijection f : A— B.

We remind the reader that the metric on $ is the metric induced from the taxicab
metric on Uy (see just above Definition 2.2.5). Recall that, by Proposition 2.2.4, $ with
the taxicab metric is bilipschitz equivalent to $ with the Euclidean metric, so we obtain
the result by considering $ with the taxicab metric.

As we have seen in Theorem 6.3.3, (3,7 : M ® $ — 3) is a corecursive algebra for
M ® — in SquaMS. By Corollary 6.3.4, (3,77' : $ - M ® $) is a final coalgebra in
SquaSet, and in particular, it is a coalgebra. In addition, since (Q,v: Q — M ® Q) is a
coalgebra, we have a unique coalgebra-to-algebra morphism 7' : Q — 8. And since (Q, )
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is a final M ® — coalgebra (see Corollary 6.4.10), there is a unique SquaSet morphism
(7717 : 8 — Q. By finality,

(t7Hl oyt = idg,

’yT ¢} (Tﬁl)T = IdS

Hence, ' is a bijection. However, the inverse of y' is not a short map, so ~ is not a
SquaMS isomorphism. We are going to prove that +' is a bilipschitz bijection.

Since 7' is a short map, we need only find K > 1 such that %dg(z,y) < ds(v'(z),7'(y)).
We shall show that K = 2 works. To accomplish this, we will first consider maps from
M*® My to Uy. The inclusion $ < Uy is an isometric embedding, by our definition of the
metric on 5. We prefer to use Uy in most of this section because it is easier to visualize
M ® Uy than M ® S.

Recall from (6.8) that we also have an isometric embedding i : G — Q. So for each
k < w, we have a morphism j; = vf oio gy : MF ® My — 8, as in the diagram below:

Mk+1 ® MO

M®gx
\ M@up=Me(~ oiogy)
Ik+1 1
n
> M @G
M@t
IMRG
PG

C(M @ G)

The top triangle commutes by the definition of the maps 1 and g (see (5.10) and (5.11)).
The square below it commutes since i is the component of the natural transformation
Id — C which we saw in Lemma 4.8.1. We set aside for a moment the commutativity
of the triangle next to this square. The map 7 was defined in (6.7) to be pg o Cn~!. The
bottom commutes by definition of 7.

It remains to consider the triangle in the middle of the figure. Consider m®x € M ®QG.
Using our definitions, we have the desired equation

pcliveg(m®@z)) = pem@r,mx,...)=m (x,z,...) = (M 1i)(m® x).
Thus the triangle commutes. The overall figure shows that for every k,
prir =70 (M @ py,). (7.1)

We will examine the relationship between distances in M* ® M, and between corre-
sponding points in $ C Uy, and then use this to obtain the result. We start with the
following fact about points in M* ® M, whose images under p;, are on a horizontal or
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vertical segment.
Throughout we will be using the fact that dg is the taxicab metric on $ as a subset
of Uy (see (2.3)).

7.0.1. LEMMA. Let k > 0 and x,y € M* ®@ My be such that uy(x) and px(y) share either
an x-coordinate or a y-coordinate. Then

drron, (T,y) < 2ds(pk(z), pr(y))-

PRrROOF. We will show this for #,y € M* ® M, such that ju(z) and ug(y) share a y-
coordinate; the other case is proved similarly. So we will show that for all & > 0, if
r,y € M* @ My and pi(z) = (r,s), ur(y) = (¢, s) for some (r,s),(t,s) € [0,1]?, then
dareon, (,y) < 2ds(pk(z), pu(y)). We prove this by induction on k.

If k =0, since pg is a SquaMS morphism, () = po(Sa, (z)) = Ss(x) = z (since Sy,
is the identity on My and Sg is the inclusion of My < %), and similarly, uo(y) = y. We
are going to consider the case r = 0 and ¢ = 1; the other cases are either similar or easier.
So x = (0,s) and y = (1,s). Recall, as in Example 3.0.4, the distance in M; is the path
metric. So the distance in My from x to y is 1+2s when s < 3, and it is 1+2(1—s) = 3—2s
when s > 1. In either case, this is < 2. By (SQq) ds(z,y) > [t — 7|+ |s — s| = 1, so we
have dy, (2, y) < 2ds(x,y) = 2ds(10(x), po(y))-

Now assume the result for k& and suppose z,y € M** @ M,. Let us write 2 = m ® 2’
and y = n ®1y’, where m and n belong to M, and 2/, € M* ® My. (We emphasize that
n denotes an element of M, not a number.) We argue by cases on m and n.

Our first case is when m = n. We thus assume that py(m ® 2') = (r,s) and
prp(m @ y') = (t,s). By (7.1), 7(m @ pi(a)) = (r,s) and 7(m @ pue(y')) = (¢, ).

Now 7 works the same way as ay (it is a domain-codomain restriction of a,y, see (6.2)
and (5.1)). And so we see easily that p(2’) and ug(y’) have the same y-coordinate. So

dprignr (T,y) = -de®Mo (=)

5 - 2ds(d(p ("), pe(y'))) by induction hypothesis
2dM®$(m ® ('), m @ pr(y’)) by (6.2)

2dgs(T(m @ pg(z)), 7(m @ puk(y'))) see below

IN

= 2ds (i1 (), prsa(y))

For the “see below” line, we use the fact that within a particular copy m ® %, the
restriction of 7 is an isometric embedding.
Indeed, for 21,20 € 5 and m € M,

dg(T(m® 21),7(M® 2)) = ds(zm+ 521, 35m + 322)
-dS(Z’l,ZQ)
= dyes(m® 21,m @ z).
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Our second case is when m and n are adjacent squares in M. (For example, we could
have m = (0,0), and n = (1,0) or n = (0,1).) The argument in this case is a small
elaboration of what we saw in the first case. Our work below on a more complicated
case subsumes this one, and so we shall pass over this particular case. The same holds
for our third case, when we have m = (0,0), and n = (0,2), or another pair which is a
rotation or reflection of this one. The main case which is not handled is when m = (0, 1)
and n = (2, 1), or some rotation or reflection of this. In such cases, the shortest path in
M*1' ® M, from z to y must “navigate around the central hole.”

Without loss of generality, suppose that s > % (see below, s < % is similar). Then
there is a path in M**! ® M, from z to y of the following form:

z=(0,1) @' . y=2,1)ey

1R

(O, 1) &® U1 (2, 1) X (%)

where v1 = Symren, ((1,3s — 1)) and ve = Sprgas, ((0,3s — 1)). Then g4 ((0,1) @ vy) =
(%7 8) and ,uk+1<<27 1) ® U2) = (%7 5)'

The picture suggests going around the top of the middle square: This is because we
assume s > % (If s < %, then we get an analogous shorter path going around the bottom
of the middle square.) Then since the distance in M*™! @ Mj is the score of the shortest
path, we have

darvions (1Y) < e, (@' 01) + (5 —8) + 5+ (5 = 8) + 5daman (v2,9)
< 3(daran, (2, v1) + 2+ daprang (v2,9))
since s > 3.
Let (r',s") = ug(z’) and note that ux(vq) = (1,s’). By the induction hypothesis,
daeonr, (2, v1) < 2(1 —7'). Further note that

<T7 3) - (%(T/>’ %(1 + 3,))'

Thus, dyrga, (@', v1) < 2(1 — 3r). Similarly, dymega, (v2,y") < 2(3t —2). So, using our
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calculation above,

$(2(1—3r) +2+42(3t — 2))
2(t —r)

2ds((r, s), (t,s))

2ds (px11(2), prs1(y))

deJrl(X)Mo (:L‘7 y)

I IA

as required.
This covers all of the possible cases in which p(x) and p(y) share a y-coordinate. m

Next, we need to show that the distance between the images v'(z) and v'(y) can be
calculated as the sum of horizontal and vertical segments between endpoints in the image
of . This is what will allow us to compare the distance in M* @ M, to the distance in

3.

7.0.2. LEMMA. Fork > 0, given z,y € M*® Moy, the distance between uy,(x) and pg(y) in
S is the sum of the lengths of at most four horizontal or vertical segments whose endpoints
are in the image of .

PROOF. Let x,y € M* ® M, be given, and let uy(z) = (r,s), ur(y) = (t,u). Without loss
of generality, suppose that r < t and s < u (the other cases are similar). Consider the
point (¢, s).

Case 1: (t,s) is in the image of M* @ My under puy : M* @ My — S, let 2 € M* @ M,
be such that p(z) = (¢,s). Then

ds (px (), p(y)) = ds (px(2), () + ds (1 (2), 41 (y))-

In this case, we are done.

Case 2: (t,s) is not in the image of M* @ My under jy;. That is, (,s) occurs in a
“hole” which we will need to navigate around. Again, we are restricting our attention to
the case when r <t and s < u (the other cases are analogous).

7.0.3. CLAIM. For every k >0, if v,y € M* @ My and p(x) = (r,s) and px(y) = (t,u)
and (t,s) is not in the image of uy, then there exist z, 2y, 20 € M* @ My such that

ds(pn(x), ue(y)) = darrgn, (e (), pr(21)) + darken, (e (21), e (2)) (7.2)
+  dargnm, (e (2), pr(22)) + dnrren, (e (22)5 () '

The idea is indicated in the picture below (which may not be to scale, the “hole”
may be much smaller and off to one side). The points z, 21, 20 € M* ® M, are such that
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p(21) = (vi,8), pe(z) = (v1,02), and pi(z2) = (¢, v2).

(,5)

Here is the relation of the picture to (7.2). On the right of (7.2), each term comes from
a horizontal or vertical segment in Up. In particular, p(z) and ug(z1) share y-coordinates,
pr(2z1) and pg(z) share z-coordinates, pux(z) and pg(z2) share y-coordinates, and iy (z2)
and i (y) share xz-coordinates.

Now we prove the claim by induction on k. When k = 0, we must have (r,s), (t,u) €
My, so since we have r <t and s < u, the only case in which (¢,s) ¢ M, is if r = 0 and
u = 1. But in this case, we can let z = z; = 25 = (0,1).

Assume the claim for some fixed k¥ > 0 and let x,y € M**! ® M,. We will consider
two cases for (¢,s): when it appears in the center “hole”, that is, in (é, g) X (%, %), and
when it does not.

First suppose it does not. We will consider the particular case when (t,s) € [%, 1] x
[0, 3], the bottom right corner. The rest of the cases are similar.

If ppy1(z) is also in this corner, let 2’ be such that z = (2,0) ® 2’. Otherwise, let
" = Syreu, ((0,3s)). Similarly, if 141 (y) is in this bottom right corner, let 3’ be such
that y = (2,0) ® y'. Otherwise let v/ = Symg, ((3t — 2,1)). Note that (3t — 2, 3s) is not
in the image of py, or else we could have z such that ug(z) = (3t — 2, 3s), and thus, we
would have

pri1((2,0) @ 2) =70 M @ ug((2,0) ® 2) = 7((2,0) @ (3t — 2,3s)) = (¢, 5),

a contradiction to our assumption. So by the induction hypothesis, there are 2y, z, 25 €
MP* ® My such that pg(21) = (v1,38), ux(2) = (v1,ve), and pg(22) = (3t — 2,v5). Then

1 ((2,0) @ 21) = (5(2+w1), )
e1((2,0)®@2) = (3(2+v1), 5(v2))
1 ((2,0) ® 20) = (¢, %(a))

These are as required since the successive segments they determine are horizontal or
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vertical; see the picture above.
Finally, suppose (¢, s) is in (

and /’Lk‘+1(y) € [%7 %] X [%7 1] Le

2) x (3, %). Then we must have 41 (2) € [0, 3] x [5, 2]

a = (0,1)® Sy, (1,3t — 1))
= (0,1)® Sy ((1,1))
5 = (1,2) @ Samens (3t — 1,0))

Then pups1(z1) = (5,8), p1(2) = (5,%), and pyi1(z2) = (¢,2). These again are as
required in our claim.

This concludes our induction proof of the claim. Applying it, we can express the
distance dg(pg(x), pr(y)) as the sum of the lengths of at most 4 horizontal and vertical
segments with endpoints in the image of puy. [

Putting the last lemmas in this section together, we get the following:

7.0.4. PROPOSITION. For k > 0 and x,y € M* @ M,,

dareanty (T, y) < 2dg(pn (), i (y))-

PROOF. Let x,y € M*® My, and let u(z) = (r,s) and px(y) = (t,u). Asin Lemma 7.0.2,
assume without loss of generality that r < ¢ and s < u (the other cases are similar).

If (¢, s) is in the image of M*® M, under py (as in Case 1 in the proof of Lemma 7.0.2),
let z be such that ux(z) = (¢, s), and let z; = 25 = 2.

Otherwise, if (¢, s) is not in the image of M* @ M, under py, let 21, 2, 20 € M* ® M,
be as in Claim 7.0.3 of Case 2 in the proof of Lemma 7.0.2. Then in either case,

daeonty (T, Y) < dyrgn, (2, 21) + dyrgng (215 2) + dyrga (2, 22) + dyegar, (22, y)-

We use the fact that these are each horizontal or vertical segments in 5, and also Lem-
mas 7.0.1 and 7.0.2 to see that

dprrant, (T, 21) + Ay (215 2) + dyrga, (25 22) + dyrgar, (22, Y)
2(ds (pn (), pr(21)) + ds(pn(21), pe(2)) + ds (1 (2), pr(22)) + ds(px(22), 12 (y)))
2ds (px (), 11 (y))

I IA

Next, we need a version of Proposition 7.0.4 for G. This comes almost immediately
from the fact that for any z € G, there exists k and 2’ € M* @ M, such that g.(z') =
(2] = x.

7.0.5. PROPOSITION. For x,y € G,

de(z,y) < 2ds(vF oi(z), 7" 0i(y)).
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PROOF. Let 2,y € G and ¢ > 0 be given. Choose k& > 0 sufficiently large and 2/, €
M* @ My with [2/] = z and [y] =y, and |da(z, y) — dyren, (2, y')] < 5. Then 4T oi(z) =
T oiogr(z') = pxp(2') and similarly for y. Hence

da(z,y) < dyrem, (T, Y) + 5
< 2(dg(pw(2"), px(y')) +5) by Proposition 7.0.4
= 2ds(y' 0i(w), 7* 0i(y)) + ¢
Since € > 0 was arbitrary, we get the required inequality. [

Finally, we will use the following very general fact along with the fact that G is dense
in @) to get our result.

7.0.6. PROPOSITION. Let f: A — B be a short map between metric spaces and let D be
dense in A. If K > 1 is such that

for all x,y € D, then this same inequality holds for all x,y € A.

PROOF. Let € > 0 and x,y € A be given. Choose 2,y € D such that ds(z,2’) < ;% and
da(y,y') < ;% Since f is a short map,

da(z,y) da(e',y') +2(5%)
Kdp(f(2), [(¥) + 5%

K(dp(f(2), /(y)) + 2(3%)) + 55 see below
Kdp(f(x), f(y)
Kdp(f(x), f(y)
In the line marked “see below”, we use the fact that f is short to see that dg(f(z), f(2')) <
17 and similarly for y. Slnce e > 0 was arbitrary, da(z,y) < Kdg(f(z), f(y)) for all
x,y € A, as required. n

(VAN R VAR VAN VAN

)
)
)+ + 5%
)+

7.0.7. THEOREM. The metric space () is bilipschitz equivalent to the Sierpinski carpet &
as a subset of the plane with the taxicab metric, and thus, the Euclidean metric.

PROOF. We use 7': Q— 8. This is a short bijection, it has the additional property that
do(z,y) < 2ds(v!(z),71(y)). In this last estimate, we use Proposition 7.0.6, taking A to
be @) and the dense set D to be the image of G under the isometric embedding i. We also
use Proposition 7.0.5. [

8. Conclusion

Stepping back, the main point of this paper has been to further the interaction between
the subject of coalgebra broadly considered (including corecursive algebras) and continu-
ous mathematics. The questions that we asked in this paper concerned the relationship
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between very natural and very concrete fractal sets on the one hand, and more abstract
ideas like initial algebras and final coalgebras on the other. We came to this work in
order to explore these general issues. What we found in the exploration was a set of ideas
connecting category-theoretic and analytic concepts such as colimits in metric spaces,
short maps approximated by non-short maps, and corecursive algebras as an alternative
to infinite sums. We hope that the results in this paper further these connections.

Here are two general next steps in this line of research. First, it would be desirable to
merge the ideas here with the general categorical framework for self-similarity developed in
Leinster [12]. This would mean taking assumptions on our category SquaMS (such as (SQ,)
and (SQg)) and also assumptions on the functor (see Theorem 4.1.12) and incorporating
them as additional assumptions in Leinster’s framework, in addition to the requirements
needed there, such as the non-degeneracy requirements. In a different direction, one would
want to know which aspects of the classical theory of fractals may be derived from the
universal properties which we have established.

References

[1] Jiti Adamek. Free algebras and automata realizations in the language of categories.
Commentationes Mathematicae Universitatis Carolinae, 15:589-602, 1974.

[2] Jiti Adamek, Stefan Milius, and Lawrence S. Moss. Initial Algebras, Terminal Coal-
gebras, and the Theory of Fixed Points of Functors. Cambridge University Press,
2025.

[3] Jiff Addmek, Stefan Milius, Lawrence S. Moss, and Henning Urbat. On finitary func-
tors and their presentation. Journal of Computer and System Sciences, 81(5):813—
833, 2015.

[4] Jiti Addmek, Stefan Milius, and Jifi Velebil. Elgot algebras. Logical Methods in
Computer Science, 2(5:4):1-31, 2006.

[5] Jiti Addmek, Mahdie Haddadi, and Stefan Milius. Corecursive Algebras, Corecursive
Monads and Bloom Monads. Logical Methods in Computer Science, Volume 10, Issue
3, September 2014.

[6] Prasit Bhattacharya, Lawrence S. Moss, Jayampathy Ratnayake, and Robert Rose.
Fractal sets as final coalgebras obtained by completing an initial algebra. In Horizon
of the Mind, A Tribute to Prakash Panangaden, volume 8464 of Springer LNCS,
pages 146-167. Springer Verlag, Berlin, 2014.

[7] Venanzio Capretta, Tarmo Uustalu, and Varmo Vene. Recursive coalgebras from
comonads. Information and Computation, 204(4):437-468, 2006.

[8] Peter Freyd. Real coalgebra. Post on the Categories mailing list, December 22, 1999,
available at www.mta.ca/~cat-dist, 1999.



THE SIERPINSKI CARPET AS A FINAL COALGEBRA 129

[9] Peter Freyd. Algebraic real analysis. Theory and Applications of Categories,
20(10):215-306, 2008.

[10] Ichiro Hasuo, Bart Jacobs, and Milad Niqui. Coalgebraic representation theory
of fractals. In Proc. Mathematical Foundations of Programming Semantics (MFPS
XXVI), volume 265, pages 351-368. Elsevier, 2010.

[11] John E. Hutchinson. Fractals and self similarity. Indiana University Mathematics
Journal, 30(5):713-747, 1981.

[12] Tom Leinster. A general theory of self-similarity. Advances in Mathematics,
226(4):2935-3017, 2011.

Department of Mathematics & Computer Science, St. Mary’s College of California
1928 St. Mary’s Rd., Moraga, CA 94575

Department of Mathematics, Indiana University
Rawles Hall, 831 Fast 3rd St., Bloomington, IN 47/05-7106

Email: vlnl@stmarys-ca.edu
Imoss@indiana.edu

This article may be accessed at http://www.tac.mta.ca/tac/



THEORY AND APPLICATIONS OF CATEGORIES will disseminate articles that significantly advance
the study of categorical algebra or methods, or that make significant new contributions to mathematical
science using categorical methods. The scope of the journal includes: all areas of pure category theory,
including higher dimensional categories; applications of category theory to algebra, geometry and topology
and other areas of mathematics; applications of category theory to computer science, physics and other
mathematical sciences; contributions to scientific knowledge that make use of categorical methods.
Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. Full
text of the journal is freely available at http://www.tac.mta.ca/tac/.

INFORMATION FOR AUTHORS I¥TEX2e is required. Articles may be submitted in PDF by email
directly to a Transmitting Editor following the author instructions at
http://www.tac.mta.ca/tac/authinfo.html.

MANAGING EDITOR. Geoff Cruttwell, Mount Allison University: gcruttwell@mta.ca
TEXNICAL EDITOR. Nathanael Arkor, Tallinn University of Technology.

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TEX EDITOR EMERITUS. Michael Barr, McGill University: michael.barr@mcgill.ca

TRANSMITTING EDITORS.

Clemens Berger, Université Cote d’Azur: clemens.berger@univ-cotedazur.fr

Julie Bergner, University of Virginia: jeb2md (at) virginia.edu

John Bourke, Masaryk University: bourkej@math.muni.cz

Maria Manuel Clementino, Universidade de Coimbra: mmc@mat.uc.pt

Valeria de Paiva, Topos Institute: valeria.depaiva@gmail.com

Richard Garner, Macquarie University: richard.garner@mgq.edu.au

Ezra Getzler, Northwestern University: getzler (at) northwestern(dot)edu

Rune Haugseng, Norwegian University of Science and Technology: rune.haugseng@ntnu.no
Dirk Hofmann, Universidade de Aveiro: dirk@ua.pt

Joachim Kock, Universitat Autonoma de Barcelona: Joachim.Kock (at) uab.cat

Stephen Lack, Macquarie University: steve.lack®Omq.edu.au

Tom Leinster, University of Edinburgh: Tom.Leinster®@ed.ac.uk

Sandra Mantovani, Universita degli Studi di Milano: sandra.mantovani@unimi.it

Matias Menni, Conicet and Universidad Nacional de La Plata, Argentina: matias.menni@gmail.com
Giuseppe Metere, Universita degli Studi di Palermo: giuseppe.metere (at) unipa.it
Kate Ponto, University of Kentucky: kate.ponto (at) uky.edu

Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini@unige.it

Michael Shulman, University of San Diego: shulman@sandiego.edu

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Tim Van der Linden, Université catholique de Louvain: tim.vanderlinden@uclouvain.be
Christina Vasilakopoulou, National Technical University of Athens: cvasilak@math.ntua.gr



	Introduction
	The Sierpinski carpet
	The category of square metric spaces
	The functors M- and N-
	The initial algebra of M- obtained as the colimit of its initial algebra -chain
	Final coalgebras for N- and M-
	Bilipschitz equivalence
	Conclusion

