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ORBIFOLDS, HIGHER DAGGER STRUCTURES, AND
IDEMPOTENTS

NILS CARQUEVILLE, TIM LÜDERS

Abstract. The orbifold/condensation completion procedure of defect topological quan-
tum �eld theories can be seen as carrying out a lattice or state sum model construction
internal to an ambient theory. In this paper, we propose a conceptual algebraic descrip-
tion of orbifolds/condensations for arbitrary tangential structures in terms of higher
dagger structures and higher idempotents. In particular, we obtain (oriented) orbifold
completion from (framed) condensation completion by using a general stricti�cation
procedure for higher dagger structures which we describe explicitly in low dimensions;
we also discuss the spin and unoriented case. We provide several examples of higher
dagger categories, such as those associated to state sum models, (orbifolds of) Landau�
Ginzburg models, and truncated a�ne Rozansky�Witten models. We also explain how
their higher dagger structures are naturally induced from rigid symmetric monoidal
structures, recontextualizing and extending results from the literature.

1. Introduction

The study of topological quantum �eld theories has a plethora of applications in pure
mathematics and theoretical physics, and it has become a crucible for collaborations
and cross-pollination. The simplest non-trivial class of examples are lattice or state sum
models, which are generally expected to be fully extended TQFTs whose targets are vanilla
categori�cations of the category Vect of vector spaces. In two dimensions this is a theorem
for oriented theories: the non-extended state sum models of [24, 35] lift to extended TQFTs
with values in the 2-category of algebras, bimodules and intertwiners, see [50, 27]. In
three dimensions, the results of [19] strongly suggest that Turaev�Viro�Barrett�Westbury
models lift to fully extended TQFTs, with defects as described in [40, 10]. It is natural
to ask how this generalizes in various directions, including to tangential structures other
than orientations.

The standard state sum constructions can be formulated iteratively in the dimension,
as explained for example in [25] or [10, Section 1]. This can naturally be thought of as
internal to a speci�c defect TQFT which is trivial in the top dimension, and determined
by lower-dimensional state sum models on proper defects. We refer to this defect TQFT
as �trivial�. For example in dimension two, line defects of the trivial defect TQFT may be
arbitrary �nite-dimensional vector spaces, and point defects are linear maps. In general
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dimension, the oriented state sum construction proceeds in four steps for every bordismM :
(1) choose a decomposition of M into submanifolds (such as the dual of a triangulation),
(2) choose a defect label Aj for every j-dimensional submanifold that is compatible with
the chosen decomposition, (3) evaluate the thus-obtained defect bordism with the trivial
defect TQFT, and (4) take the colimit over all decomposition choices. The last step
imposes a �nite number of de�ning conditions on the data Aj.

In dimension one (where orientations and framings are equivalent), this amounts to
specifying an ordinary idempotent (in Vect) to describe one-dimensional closed state sum
models, and to the idempotent completion of Vect (which is Vect itself) to describe one-
dimensional defect state sum models. Similarly, in dimension two, the procedure leads to
the familiar algebraic input data of (∆-)separable symmetric Frobenius algebras for closed
oriented state sum models, and to their pivotal Morita 2-category to describe defect state
sum models.

Depending on the relevant tangential structure and/or semantic conventions, the gen-
eralization of the state sum construction to arbitrary defect TQFTs (as introduced in
[14], and not just the above �trivial� ones) goes by the name of �orbifold completion�
[13, 14] or �condensation completion� [25, 30]. The former has been developed for ori-
ented non-extended TQFTs in arbitrary dimension (see [7] for a survey), while the latter
is motivated by framed fully extended TQFTs. In either case, the construction naturally
amounts to a categori�cation of idempotent completion, namely of n-categories (with ex-
tra structure), where n is the dimension of the ambient defect TQFT. The objects of
these completed n-categories are categori�cations of idempotents themselves (for n = 2,
these are ∆-separable Frobenius algebras in the framed case, and ∆-separable symmetric
Frobenius algebras in the oriented case), while morphisms are appropriate bimodules and
their (higher) maps. In Section 3.1 we review more details for n = 1 and n = 2.

It is natural to ask for a variant of the orbifold or condensation completion construction
for arbitrary tangential structures. One option to address this question is topological
and combinatorial in nature, namely to systematically study the interactions between
the allowed cell decompositions (such as dual triangulations) and the chosen tangential
structure. We do not pursue this direction here. Another option is purely algebraic and
suggested by the cobordism hypothesis of [37]: the categorical algebra pertaining to the
framed case is in some sense fundamental, and for any other tangential structure one
should take appropriate homotopy �xed points. This together with the work [21] on �G-
volutive n-categories� (the name draws from the fact that for G = O(1) they are closely
related to involutive structures, see below), and [59] suggesting a relation between state
sum models of tangential structure G and �G-pivotal structures�, are three of our four
main inspirations for the present paper.

Our fourth inspiration is the fact that to an n-dimensional oriented defect TQFT one
expects to be able to associate a �pivotal n-category�. This is known to be true for n = 2
[18] and n = 3 [8], where in the latter case we take a pivotal 3-category to be something
that is equivalent to a Gray category with duals as introduced in [2]. On the other hand,
pivotal 2-categories can be understood as a strict version of �SO(2)-volutive� 2-categories,
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or SO(2)-dagger 2-categories, in a way made precise in Section 2.21 below, see also [43]
and [21, Example 5.10]. More generally, a �pivotal n-category� is expected to be a strict
version of an SO(n)-volutive n-category.

The cobordism hypothesis with singularities [37, Section 4.3] suggests the existence of
a canonical action O(n) → Aut(nCatadj) on the category of n-categories with adjoints,
see [21, Conjecture 5.3]. Given a map G→ O(n), a G-volutive n-category is de�ned to be
a homotopy �xed point with respect to the induced G-action on nCatadj. At least in low
dimensions, it turns out that there is a natural notion of higher non-invertible morphisms
between G-volutive n-categories, leading to an (n + 1)-category nCatG-vol. We expect
n-dimensional G-structured defect TQFTs (which have not yet been rigorously de�ned in
general) to give rise to strict1 G-volutive n-categories, or G-dagger n-categories, which
in turn are the objects of the (n+ 1)-category nCatG-† whose rigorous (and more subtle)
construction is outlined in [21, De�nition 2.6]. Instead of trying to directly construct a
completion procedure for nCatG-†, it seems more natural to work with nCatG-vol instead,
provided we are able to compare the two (n+ 1)-categories nCatG-† and nCatG-vol.

Thus we arrive at a program for how to systematically and algebraically approach
orbifold/condensation completion associated to a given tangential structure of type G.
We shall �rst give a broad sketch of this program, and then summarize to what extent we
implement it in the present paper. First, we expect there to be �trivial re-interpretation�
and �stricti�cation2� (n+ 1)-functors

TG : nCat
G-† // nCatG-vol , SG : nCat

G-vol // nCatG-† (1.1)

such that SG is right adjoint to TG, TG ⊣ SG. Next, we may ask for a �G-idempotent
completion� (n+ 1)-functor

IG : nCat
G-vol // nCatG-vol (1.2)

which endows the (framed!) idempotent completion of the underlying n-category of a
G-volutive n-category with a compatible G-volutive structure. This should itself satisfy a
universal property, namely that IG is left adjoint to the functor that forgets idempotent
completeness of G-volutive n-categories, and in particular IG ◦ IG ∼= IG. Finally, we may
go full circle and consider the composition SG ◦ IG ◦ TG, viewing it as a construction on
the G-dagger n-categories DZ associated to n-dimensional G-structured defect TQFTs Z .
In the oriented case with n ⩽ 3, both the TQFTs Z and their n-categories DZ can be
�orbifold completed� as well as �Euler completed� (see De�nition 3.31), where the latter
amounts to twisting the pivotal structure of DZ . These are compatible in the sense that

1What we call G-dagger is also called �agged G-dagger [21] or G-pivotal [59]. Moreover, O(1)-dagger
categories are classically called dagger categories, O(1)-volutive categories are called anti-involutive [54],
SO(2)-dagger 2-categories are called pivotal, and we expect SO(3)-dagger 3-categories to be what is called
Gray categories with duals [2].

2As explained in Section 2, G-dagger higher categories have less coherent structure than G-volutive
higher categories. We understand SG to be a stricti�cation in this sense, but we do not expect TG and
SG to be fully faithful in general.
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DZorb
∼= (DZ )orb and DZeu

∼= (DZ )eu holds. It is thus natural to ask how these completions
relate to SG, IG, and TG. In summary, we expect:

n-dim. G-structured

defect TQFTs
nCatG-† ⊥ nCatG-vol

Z 7−→ DZ

orbifold/condensation completion

Euler completion

TG

SG

IG ∼= IG◦IG

(1.3)

In the present paper we study this proposal mostly for n = 2, and for G being one
of the groups O(1), SO(2), O(2), Spin(2), and more generally the r-spin group Spin(2)r

(which is the r-fold cover of SO(2), thus recovering SO(2) and Spin(2) for r = 1 and
r = 2, respectively).

Before outlining our results, we summarize what is known about the case n = 1 and
G = O(1). An O(1)-volutive structure on a category C is a functor d : C → C op together
with a natural isomorphism η : dop ◦ d ⇒ idC such that d(ηa) = η−1

d(a) for all a ∈ C . The
strict version is known as a dagger category, where d is the identity on objects, and η
is equal to the identity. The 2-functors SO(1), TO(1) of (1.1) were in this case constructed
and shown to participate in an adjunction TO(1) ⊣ SO(1) in [54]. A natural completion of

dagger categories (C , d) was introduced as the d-Karoubi envelope (C
d
, d) in [51], and

may be identi�ed with the completion situated on the left-hand side of (1.3). In Section
3.17 we construct a 2-functor IO(1) : Cat

O(1)-vol → CatO(1)-vol which basically lifts an O(1)-
volutive structure on a 1-category C to its (ordinary) idempotent completion IC . The
comparison is then made precise by showing (in Proposition 3.23) that there is a fully
faithful dagger functor (

C
d
, d
)

//
(
SO(1) ◦ IO(1) ◦ TO(1))(C , d

)
. (1.4)

These results suggests that, while the d-Karoubi envelope is (in the sense of a universal
property) the �minimal� dagger idempotent completion, our construction usually leads
to a larger object; this is motivated by our interest in Euler and orbifold completion,
cf. (1.6). In other settings it is of interest to impose additional conditions or structure,
such as unitarity in the context of higher Hilbert spaces, see e.g. [16]. We also remark
that SO(1) ◦ IO(1) ◦ TO(1) naturally has the structure of a monad in H om2Cat(Cat

†,Cat†),
but its multiplication need not be an equivalence.

For n = 2 and G one of the aforementioned groups we aim to obtain similarly clear
pictures based on the basic idea summarized in (1.3), which we achieve to varying levels
of completeness. For G = Spin(2)r for r ∈ Z+, we propose complete de�nitions of the
3-categories 2CatSpin(2)

r-† and 2CatSpin(2)
r-vol as well as the 3-functors SSpin(2)r , TSpin(2)r
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between them, which we prove (in Proposition 2.40) to be adjoint:

2CatSpin(2)
r-† ⊥ 2CatSpin(2)

r-vol.

TSpin(2)r

SSpin(2)r

(1.5)

We do not construct the 3-functor ISpin(2)r in general, but we do de�ne it object-wise,
i.e. to every 2-category B with Spin(2)r-volutive structure S (reviewed in Section 2.21)
we construct an associated Spin(2)r-volutive structure S ′ on the (framed) idempotent
completion IB, and we set ISpin(2)r(B, S) = (IB, S ′). For r = 1 we then show (in
Lemma 3.34 and Theorem 3.37) that the approach suggested in (1.3) recovers both the
Euler completion and the Euler completed orbifold completion in the sense that there are
equivalences(
SSO(2) ◦ TSO(2)

)
(B, S) ∼= (B, S)eu ,

(
SSO(2) ◦ ISO(2) ◦ TSO(2)

)
(B, S) ∼=

(
(B, S)orb

)
eu

(1.6)
for every SO(2)-dagger 2-category (B, S), i.e. for every pivotal 2-category. Hence SSO(2) ◦
TSO(2) is an idempotent. We expect, but do not prove, that ISpin(2)r is also an idempotent
for any r. Moreover, we expect that analogues of (1.6) hold in arbitrary dimension and
for arbitrary tangential structures.

For n = 2 and G = O(1) or G = O(2) we similarly propose the main ingredients of
the associated 3-categories, and we describe the 3-functors SG, TG on (at least) object
level. We also prove (in Lemma 3.39 and Proposition 3.41) that O(1)- and O(2)-volutive
structures on 2-categories lift to their (framed) idempotent completions, thus de�ning the
3-functors IO(1) and IO(2) on objects (which again we expect to be weak idempotents).
While (1.6) arguably shows that SSO(2) ◦ ISO(2) ◦ TSO(2) is the construction most relevant
from a TQFT perspective, we do not expect SG ◦ IG ◦ TG itself to be an idempotent in
general, see e.g. Remark 3.24.

Along the way of establishing the above results, we show how to produce G-volutive
2-categories from symmetric monoidal 2-categories with duals and adjoints. It was more
generally conjectured in [21, Statement 6.1] that any symmetric monoidal n-category
with duals on all levels admits a canonical O(n)-volutive structure. The canonical O(1)-
volutive structure based on the dualization functor was described before (see Example
2.12); the canonical SO(2)-volutive structure given by the Serre automorphism is described
in Example 2.30 and [43]. We further corroborate the general picture (1.3) by applying it
to several examples (obtained in this way), where we �nd agreement with results obtained
in the literature by other means.

The �rst examples we consider in Section 4.1 are two-dimensional state sum models,
where the underlying 2-category B is the delooping of the category of �nite-dimensional
vector spaces. For G one of the groups SO(2), Spin(2)r,O(2) we construct the G-dagger
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structures and compute the action of the operation SG ◦ IG ◦ TG. In all cases we �nd
precise agreement with the literature, and a slight generalization in the case of O(2).

The other examples we consider in Section 4 are the 2-categories of bundles gerbes,
of Landau�Ginzburg models, and of truncated a�ne Rozansky�Witten models. In each
case we construct G-dagger structures directly from the general theory. In the case of
G = SO(2) for Landau�Ginzburg and Rozansky�Witten models, this recovers the previ-
ously established pivotal structures, while in the case of G = O(2) for Landau�Ginzburg
models we identify a 2-categorical interpretation of the results of [28] on orientifold branes.

Acknowledgements. We especially thank Lukas Müller and Luuk Stehouwer for many
helpful discussion on higher dagger structures, as well as valuable feedback on an earlier
draft of this manuscript. We are also grateful to Lukas for collaboration on the rela-
tionship between Serre automorphisms and pivotal structures, summarized in Example
2.30, and to Aleksandar Ivanov for insightful discussions and comments. Tim Lüders is
supported by a scholarship of the Studienstiftung des deutschen Volkes e.V., while Nils
Carqueville acknowledges partial support from the German Science Fund DFG (Heisen-
berg Programme) and the Austrian Science Fund FWF (project no. P 37046).

Conventions. We refer to bicategories, pseudofunctors, etc. as 2-categories, 2-functors
etc., and we usually refer to equivalences in higher categories as isomorphisms. Occasion-
ally we call (monoidal, higher) categories with �xed choices of duals and adjoints on all
levels rigid. When �lling pasting diagrams, we allow some �exibility in the labeling, see
Remark 2.45. For conventions on higher dagger structures see Footnote 1.

2. Dagger structures and their generalizations

In this section we review and introduce higher categories of 1- and 2-categories that
come from coherent actions of the groups O(1), SO(2), O(2), as well as spin groups.
In particular, we present (or: give a detailed sketch of) the 3-categories of �G-volutive
2-categories� and their stricter/dagger variants, where G is one of the aforementioned
groups. These dagger 2-categories carry structure that is not preserved under equivalences,
as in the case of dagger 1-categories. We also describe (in part conjectural) stricti�cation
3-functors as right adjoints to forgetful 3-functors. Most examples are deferred to Section
4.

2.1. Dagger categories. In this section we review the 2-categories of dagger categories
and their non-strict variants calledO(1)-volutive categories. Following [54], we also exhibit
an adjunction between them, given by trivially interpreting dagger categories as O(1)-
volutive categories, and �strictifying� the latter to the former.

Let C be a category. We denote by C op the opposite category with the same objects
and morphisms given by homC op(a, b) = homC (b, a) for a, b ∈ C . We identify (C op)op = C .
If B is a 2-category, we denote by B1-op,B2-op, and B(1,2)-op the 2-categories with the
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same objects and only 1-morphism, only 2-morphisms, and both 1- and 2-morphisms
reversed, respectively. Taking the opposite category then extends to a 2-functor C at →
C at2-op where C at denotes the (strict) 2-category of categories, functors, and natural
transformations. For background on 2-categories we refer to [29, 36], and for 3-categories
to [26].

2.2. Definition. Let C be a category. A dagger structure on C is a functor d : C → C op

such that dop ◦ d = idC and d(c) = c for all objects c ∈ C . The pair (C , d) is called a
dagger category.

The second condition of the functor d is often referred to as being identity-on-objects.
A morphism u : a → b in a dagger category (C , d) is an isometry if d(u) ◦ u = ida. If
moreover u ◦ d(u) = idb holds, we call u unitary. We also recall that, by de�nition, an
automorphism f : a → a in a dagger category (C , d) is self-adjoint if f = d(f). A self-
adjoint automorphism f is positive if there is another object b ∈ C and an isomorphism
g : a → b such that f = d(g) ◦ g. This terminology comes from the following standard
example.

2.3. Example. Let hermC be the category of �nite-dimensional hermitian vector spaces
and linear maps. In particular, any object in hermC comes with a non-degenerate her-
mitian sesquilinear form ⟨−,−⟩. Taking the adjoint with respect to the pairings ⟨−,−⟩
equips hermC with a dagger structure.

2.4. Definition. Let (C , d) and (C ′, d′) be dagger categories. A dagger functor (C , d) →
(C ′, d′) is a functor F : C → C ′ that satis�es F op ◦ d = d′ ◦ F .

2.5. Definition. Let F1, F2 : (C , d) → (C ′, d′) be dagger functors. A dagger natural
transformation F1 → F2 is a natural transformation F1 ⇒ F2 whose components are
isometries.

We denote the (strict) 2-category of dagger categories, dagger functors, and dagger
natural transformations by Cat†.

2.6. Remark. As remarked in [54], the above notion of a dagger natural transformation
recovers the appropriate notion of equivalence between dagger categories [56]. Namely, a
dagger functor F is part of an equivalence of dagger categories if and only if it is fully
faithful and surjective on objects up to unitaries.

From a categorical point of view, dagger categories are ill-behaved in the sense that,
given a dagger category (C , d) and an equivalence of categories C ∼= C ′, the equivalence
does in general not induce a natural dagger structure on C ′. There is a more coherent
version of dagger categories that adresses this problem, which we will now recall; see [54]
for more discussion.

2.7. Definition. Let C be a category. An O(1)-volution on C consists of a functor
d : C → C op and a natural isomorphism η : dop ◦ d ⇒ idC such that d(ηa) = η−1

d(a) for all

a ∈ C . A category together with an O(1)-volution is called an O(1)-volutive category.
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2.8. Remark. Another name for O(1)-volutive is anti-involutive. We prefer �O(1)-
volutive� to emphasize parallels between the coherent version of dagger structures dis-
cussed here and their (higher) variants in the subsequent subsections � as well as their
homotopy-theoretic origins, see Remark 2.11.

2.9. Definition. Let (C , d, η) and (C ′, d′, η′) be O(1)-volutive categories. An O(1)-
volutive functor (C , d, η) → (C ′, d′, η′) consists of a functor F : C → C ′ and a natural
isomorphism α : F op ◦ d⇒ d′ ◦ F such that the following diagram commutes:

(d′)op ◦ F op ◦ d αop◦id +3

id ◦α
��

F ◦ dop ◦ d
id ◦η
��

(d′)op ◦ d′ ◦ F
η′◦id

+3 F

(2.1)

2.10. Definition. Let (F1, α1), (F2, α2) : (C , d, η) → (C ′, d′, η′) be O(1)-volutive func-
tors. An O(1)-volutive natural transformation is a natural transformation φ : F1 ⇒ F2

such that the following diagram commutes:

F op
1 ◦ d α1 +3 d′ ◦ F1

id ◦φ
��

F op
2 ◦ d α2

+3

φop◦id

KS

d′ ◦ F2

(2.2)

O(1)-volutive categories, O(1)-volutive functors, and O(1)-volutive natural transfor-
mations form a 2-category [54], which we denote by CatO(1) -vol.

2.11. Remark. Upon forgetting non-invertible 2-morphisms, that is, by passing to the
underlying (2,1)-category, CatO(1) -vol has a natural interpretation in terms of homotopy
�xed points. To review this, let G be a topological group and B a 2-category. A G-action
on B is a 3-functor

ρ : BΠ2(G) // 2Cat such that ρ(⋆) = B (2.3)

where 2Cat is the 3-category of 2-categories, 2-functors, 2-transformations, and modi�-
cations, and BΠ2(G) is the delooping of the fundamental 2-groupoid of G whose unique
object is denoted ⋆. The 2-category of homotopy �xed points with respect to the G-action
ρ is then de�ned to be the 3-limit of ρ, which is expected to be N at(∆, ρ) where ∆ is
the constant 3-functor BΠ2(G) → 2Cat whose image is the trivial 2-category, and N at
is the 2-category of 3-transformations between two 3-functors. See [27, Section 2.2] for
more details.

In our present setting, we have G = O(1) acting on the (2,1)-category3 of C at via
C 7→ C op. As (2,1)-categories, the (2,1)-category of homotopy �xed points with respect
to this action is precisely CatO(1) -vol. Similarly, as the group SO(1) is trivial, one could
de�ne SO(1)-volutive categories to be ordinary categories.

3Note that it is necessary to restrict to the (2,1)-category because taking the opposite is contravariant
on 2-morphism level.
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2.12. Example. Any symmetric monoidal category C with duals admits the struc-
ture of an O(1)-volutive category. Indeed, recall that any choice of dualization data
(a∗, ẽva, c̃oeva) for objects a ∈ C gives rise to a dualization functor (−)∗ : C → C op which
assigns a to its chosen dual a∗, and morphisms X : a→ b to

X∗ =
(
b∗

c̃oeva⊗id // a∗ ⊗ a⊗ b∗
id⊗X⊗id // a∗ ⊗ b⊗ b∗

id⊗ẽvb // a∗
)
. (2.4)

Recalling that any two choices of dualization data induce a natural isomorphism between
the associated dualization functors, the symmetric braiding β on C induces a natural
isomorphism χ : ((−)∗)op◦(−)∗ ⇒ idC . One then checks that ((−)∗, χ) is an O(1)-volutive
structure on C .

As shown in [53, Theorem 2.2.3], the above construction is functorial:

2.13. Proposition. The assignment described in Example 2.12 extends to a 2-functor

SymMonCatd // CatO(1) -vol (2.5)

from the 2-category of symmetric monoidal categories with duals to the 2-category of O(1)-
volutive categories

This provides a large class of examples of O(1)-volutive categories, O(1)-volutive func-
tors, and O(1)-volutive natural transformations between them. The following is a subex-
ample.

2.14. Example. Let vectk be the symmetric monoidal category of �nite-dimensional
vector spaces over some �eld k. By Example 2.12, it admits an O(1)-volutive structure
whose underlying functor assigns each vector space V to its dual V ∗ = homk(V, k) and
each linear map f : V → W to the linear map f ∗ : W ∗ → V ∗, ϕ 7→ ϕ◦f . The component of
the natural isomorphism η at V is given by the canonical isomorphism V ∗∗ ∼= V between
the double dual of V and itself.

In general, a category may admit several (inequivalent) O(1)-volutive structures. One
way of constructing new O(1)-volutive structures from old ones is by composition with
compatible (covariant) involutions, as the following demonstrates, cf. [54, Example 3.2].

2.15. Example. Consider vectC and the complex conjugation functor (−) : vectC →
vectC. The functor (−)∗ ◦ (−) : vectC → vectopC together with the natural isomorphism
((−)∗ ◦ (−))op ◦ ((−)∗ ◦ (−)) ⇒ id whose component at V is given by

V
∗∗ ∼= // V

∗∗ ∼= // V
∼= // V, (2.6)

constitutes an O(1)-volutive structure on vectC.

In the remainder of this subsection, we brie�y review the theory of [54] relating the
2-categories Cat† and CatO(1) -vol. First, any dagger category (C , d) can be trivially rein-
terpreted as an O(1)-volutive category (C , d, id). This assignment is in fact functorial,



872 NILS CARQUEVILLE, TIM LÜDERS

i.e. it extends to a 2-functor

TO(1) : Cat
† // CatO(1) -vol. (2.7)

Conversely, any O(1)-volutive category (C , d, η) gives rise to a dagger category (which
loosely speaking can be viewed as a �stricti�cation� of (C , d, η)) as follows. De�ne a
category SO(1)C whose objects are pairs (a, θa) consisting of an object a ∈ C and an
isomorphism θa : a→ d(a) satisfying

ηa ◦ d(θa)−1 ◦ θa = ida, (2.8)

and whose morphisms (a, θa) → (b, θb) are morphisms a→ b in C without further proper-
ties. We de�ne a dagger structure on SO(1)C by assigning a morphism X : (a, θa) → (b, θb)
to the morphism (b, θb) → (a, θa) given by

b
θb // d(b)

d(X) // d(a)
θ−1
a // a. (2.9)

One checks that this really de�nes a dagger structure by using the naturality of η and our
assumptions on θa, θb. This stricti�cation4 procedure in fact also extends to a 2-functor
[54, Lemma 3.13]

SO(1) : Cat
O(1) -vol // Cat†. (2.10)

2.16. Example. The image of the O(1)-volutive category (vectC, (−)
∗
) under the 2-

functor SO(1) is the dagger category hermC described in Example 2.3. The O(1)-volutive
category obtained from the dagger category hermC by applying TO(1) has the same un-
derlying category hermC and the O(1)-volutive structure whose functor is given by the
dagger structure on hermC and whose natural isomorphism is trivial.

2.17. Remark. The image of TO(1) lies in the full sub-2-category

CatO(1) -vol∃fix ⊂ CatO(1) -vol

of those O(1)-volutive categories in which every object a admits a �xed point structure
as above, i.e. an isomorphism θa : a → d(a) satisfying the coherence property (2.8). The
image of SO(1) lies in the full sub-2-category Cat†

pos ⊂ Cat† of those dagger categories, in
which every self-adjoint automorphism is positive.

2.18. Theorem. [54, Theorem 4.9] SO(1) is right adjoint to TO(1) in the 3-category of 2-
categories. Moreover, the respective restrictions of SO(1) and TO(1) induce an equivalence
of 2-categories

CatO(1) -vol∃fix ∼= Cat†
pos
. (2.11)

2.19. Example. As a consequence of the theorem, we have (SO(1) ◦ TO(1))(hermC) ∼=
hermC.

4Note again that TO(1) and SO(1) are in general not fully faithful. We do not stress this point further.
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2.20. Remark. Combining Proposition 2.13 with the 2-functor SO(1), we obtain a 2-
functor

SymMonCatd // Cat† (2.12)

assigning to each symmetric monoidal category with duals a dagger category. This 2-
functor is in fact symmetric monoidal with respect to the appropriate extensions of the
cartesian symmetric monoidal structure on C at.

2.21. Spin(2)r-dagger 2-categories. In this section we follow a similar program to
the one in Section 2.1 with 1-categories replaced by 2-categories and O(1) replaced by
Spin(2)r. More precisely, we introduce 3-categories of (both strict and non-strict versions
of) �Spin(2)r-volutive 2-categories�. We also describe an adjunction between both 3-
categories, given by �trivial re-interpretation� and �stricti�cation�. Speci�c examples of
Spin(2)r-dagger 2-categories are discussed in Section 4.

Volutive case. O(1)-volutive categories can be interpreted as homotopy �xed points
of an O(1)-action, cf. Remark 2.11. Analogously, there should be a Spin(2)r-action on
the 3-category 2Catadj whose homotopy �xed points are Spin(2)r-volutive 2-categories.
Recalling that BΠ3(Spin(2)

r) is equivalent to the 4-groupoid with precisely one object ⋆,
only identity 1-morphisms, and a Z's worth of 2-morphisms, to de�ne such an action
one in particular has to specify the image S of a generator of Z. This image should
be an invertible 3-transformation from the identity 3-functor on 2Catadj to itself. The
1-morphism component of this 3-transformation is generally expected to be the 2r-fold
power of the 2-functor (−)∨ : B → B(1,2)-op which takes right adjoints of (2- and) 1-
morphisms of B ∈ 2Catadj, see also [43].

2.22. Remark. Recalling that B2Z ∼= BSO(2) ∼= CP∞, in order to de�ne a 4-functor
ρ : BΠ3(SO(2)) → 3Cat with ρ(⋆) = 2Catadj one also needs to specify the image of the
4-cell of CP∞. If such a 4-functor is given, one may consider its homotopy �xed points,
i.e. the 4-limit of ρ which, similar to the discussion in Remark 2.11, is expected to be
N at(∆, ρ) where ∆ is the constant 4-functor BΠ3(SO(2)) → 3Cat whose image is the
trivial 3-category, and N at is the 3-category of 4-transformations between two 4-functors.
In upcoming work, we will discuss the image of the 4-cell, as well as its consequences for
the de�nition of SO(2)-homotopy �xed points, which essentially amounts to the condition
that the dimension of S is trivial, see also [49, Section 18]. In particular, the proper notions
of Spin(2)r-volutive and O(2)-volutive 2-categories satisfy an additional condition, while
Spin(2)r-dagger and O(2)-dagger 2-categories are as described below. We will pick up
on this technical detail in future work, while for this paper we work with a conceptually
similar but preliminary version of Spin(2)r-volutive and O(2)-volutive 2-categories.

As the theory of 4-categories and 4-limits is not very well developed at the time of
this writing, the above comments are more of a guiding principle, rather than a recipe
for constructing the 3-category of Spin(2)r-volutive 2-categories. Motivated by examples,
such as those in Section 4, as well as we the work of [43, 21], we arrive at the following.
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2.23. Definition. Let B be a 2-category with right adjoints, and let r ∈ Z⩾1. A Spin(2)r-
volutive structure on B is an invertible 2-transformation S : idB ⇒ ((−)∨∨)r. We call
the pair (B, S) a Spin(2)r-volutive 2-category.

2.24. Remark. Since for r = 1 we have Spin(2)r = SO(2), we also speak of SO(2)-
volutive structures in this case. Similarly, for r = 2, we may speak of Spin(2)-volutive
structures.

2.25. Definition. Let (B, S) and (B′, S ′) be Spin(2)r-volutive 2-categories. A Spin(2)r-
volutive 2-functor (F, η) : (B, S) → (B′, S ′) consists of a 2-functor F : B → B′ and an
invertible modi�cation

η :

S
��B

((−)∨∨)r
//

F
��

idB

��
B

F
��∼=

t|
B′

((−)∨∨)r
// B′

≡≡⇛

B
idB //

F
��

B

F
��
F
��

∼=

t|
B′ idB′ //

((−)∨∨)r

AA
S′
��

B′ . (2.13)

Here we used the fact that every 2-functor automatically commutes with the adjunction
2-functor up to an invertible 2-transformation.

2.26. Definition. Let (F, η), (F̃ , η̃) : (B, S) → (B′, S ′) be Spin(2)r-volutive 2-functors.
A Spin(2)r-volutive 2-transformation α : (F, η) → (F̃ , η̃) is a 2-transformation α : F ⇒ F̃
such that

F ◦ ((−)∨∨)r

∼=

$,
η

�

F ◦ idB

α◦id
��

∼=
+3

id ◦S
3;

idB′ ◦F
S′◦id

+3

id ◦α
��∼=r�

((−)∨∨)r ◦ F

id ◦α
��∼=q~

F̃ ◦ idB ∼=
+3 idB′ ◦F̃

S′◦id
+3 ((−)∨∨)r ◦ F̃

=

F ◦ idB

α◦id
��

id ◦S +3 F ◦ ((−)∨∨)r
∼= +3

α◦id
��

∼=
r�

((−)∨∨)r ◦ F

id ◦α
��

∼=
q~

F̃ ◦ idB
id ◦S +3

∼= "*

F̃ ◦ ((−)∨∨)r
∼= +3

η̃

�

((−)∨∨)r ◦ F̃

idB′ ◦F̃
S′◦id

2:
.

(2.14)

Here we used the interchange law as well as the naturality of the 2-transformations ex-
pressing compatibility of arbitrary 2-functors with the adjunction 2-functor.

2.27. Definition. Let α, β : (F, η) → (F̃ , η̃) be Spin(2)r-volutive 2-transformations. A
Spin(2)r-volutive modi�cation ξ : α⇛ β is a modi�cation ξ : α⇛ β.

Let (F, η) : (B1, S1) → (B2, S2) and (F ′, η′) : (B2, S2) → (B3, S3) be Spin(2)r-volutive
2-functors. The composition (F ′, η′) ◦ (F, η) consists of the 2-functor F ′ ◦ F : B1 → B3



ORBIFOLDS, HIGHER DAGGER STRUCTURES, AND IDEMPOTENTS 875

and the invertible modi�cation

F ′ ◦ F ◦ ((−)∨∨)r
∼= +3

idF ′ ◦η

�

F ′ ◦ ((−)∨∨)r ◦ F
∼=

%-
η′◦IdF

�

F ′ ◦ F ◦ idB1

∼= %-

id ◦ id ◦S1

19

((−)∨∨)r ◦ F ′ ◦ F.

F ′ ◦ idB2 ◦F ∼=
+3

id ◦S2◦id

6>

idB3 ◦F ′ ◦ F
S3◦id ◦ id

19

(2.15)
The composition of Spin(2)r-volutive 2-transformations is the usual composition of 2-
transformations and similar for Spin(2)r-volutive modi�cations. It is straightforward to
check that the above structures comprise a 3-category (see e.g. [26] for background on
3-categories).

2.28. Definition. The 3-category of Spin(2)r-volutive 2-categories, Spin(2)r-volutive 2-
functors, Spin(2)r-volutive 2-transformations, Spin(2)r-volutive modi�cations and compo-
sitions as above is denoted 2CatSpin(2)

r -vol.

2.29. Remark. We stress again that 2CatSpin(2)
r -vol is only conjecturally the 3-category

of homotopy �xed points of a Spin(2)r-action on the 3-category 2Catadj. We do not claim
completeness of the de�nitions above. In particular, we emphasize that we have not
considered the 4-cell of BSpin(2)r as discussed in Remark 2.22; we believe that adding
the additional condition this imposes on object level is the only necessary modi�cation to
our de�nitions.

2.30. Example. Let B be a symmetric monoidal 2-category with duals (−)∗ and ad-
joints (−)∨. For symmetric monoidal structures on 2-categories we refer to [50, 38], while
for duals and adjoints in monoidal 2-categories we refer to [46] for more details. The Serre
automorphism of an object a ∈ B is the 1-automorphism

Sa := (id⊗ eva) ◦ (βa,a ⊗ id) ◦ (id⊗ ev∨a ) : a // a (2.16)

where β denotes the braiding. Extending results of [37] (restricting to the maximal sub-
groupoid of B) and [15] (assuming the presence of a pivotal structure), there is an in-
vertible 2-transformation S : idB ⇒ (−)∨∨ whose 1-morphism components are given by
the Serre automorphisms (2.16). The construction of the 2-morphism components of S is
formally analogous to the graphical one in [15, Proposition 3.2] if one omits the pivotal
structure or the one given in [27, Proposition 4.9] if one omits the invertibility assumption
and keeps track of adjoints. Concretely, for every 1-morphism X : a → a′ the associated
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2-morphism component of S is

SX =

β1a,X

β∨∨X,1a′

X

∨∨X

a∗

a′

a′∗

a
a

a′

a′

(∨∨X)∗ Ω̃∨
(∨∨X)∨

Ω̃∨∨X
: X ◦ Sa // Sa′ ◦ ∨∨X (2.17)

where Ω̃X : 1a⊗X∗ → X⊗1a′∗ is the 2-isomorphism determined by the cusp isomorphism
which is part of the duality data of a′ ∈ B, and we identify left and right duals thanks to
the braided structure. Here we employ the graphical calculus of [2] with the conventions
of [5]; in particular, we have Ω̃X = ΩX∗ for Ω as in [5, Equation (2.24)]. Thus SX is
manifestly invertible.

The (appropriately de�ned) r-th power of S gives rise to an invertible 2-transformation
Sr : idB ⇒ ((−)∨∨)r whose 1-morphism components are given by the r-th powers of the
Serre automorphisms.

The following is a subexample of Example 2.30.

2.31. Example. Recall that the category vectk is symmetric monoidal and rigid. In
consequence, Bvectk also carries a symmetric monoidal structure; moreover, Bvectk has
duals and adjoints. Here the former are trivial while the latter are given by the dual vector
space construction. Computing the invertible 2-transformation S described in Example
2.30 yields the following. Since there is only one object in Bvectk, the 1-morphism
component of S is trivial. The 2-morphism component of S at a 1-morphism V : ⋆ → ⋆
is given by the canonical isomorphism V → V ∗∗ from V to its double dual. Similarly,
the invertible 2-transformation Sr has trivial 1-morphism components and 2-morphism
components given by iterated trivialization of the double dual. We note that the Spin(2)r-
volutive structure on Bvectk described here is in fact strict in the sense of De�nition 2.33.

2.32. Remark. We expect that Example 2.30 can be extended to a 3-functor

SymMon 2Catdadj // 2CatSpin(2)
r -vol (2.18)

from the 3-category of symmetric monoidal 2-categories with duals and adjoints to the
3-category of Spin(2)r-volutive 2-categories. The compatibility of the 2-transformation S
with symmetric monoidal 2-functors is proved in [42, Proposition B.12] for the maximal
subgroupoid. An extension of this argument should then yield the assignment of the 3-
functor on 1-morphism level, while for the assignment on 2-morphism level one only has
to check a condition, and on 3-morphism level there is nothing to show.
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Dagger case. In the following, we will introduce the appropriate strict versions of
Spin(2)r-volutive 2-categories and their higher morphisms, and relate them to pivotal
structures.

2.33. Definition. Let B be a 2-category with right adjoints, and let r ∈ Z⩾1. A Spin(2)r-
dagger structure on B is an invertible 2-transformation S : idB ⇒ ((−)∨∨)r whose 1-
morphism components are identities, i.e. Sa = ida : a → a. We call the pair (B, S) a
Spin(2)r-dagger 2-category.

Note that the 2-morphism components of a Spin(2)r-dagger structure need not be iden-
tities. Any Spin(2)r-dagger 2-category (B, S) can be trivially reinterpreted as a Spin(2)r-
volutive 2-category (B, S). We will come back to this after de�ning appropriate notions
of (higher) morphisms between Spin(2)r-dagger 2-categories.

2.34. Remark.There is another, equivalent way of thinking about Spin(2)r-dagger struc-
tures on a 2-category with right adjoints, namely, in terms of left adjoints. Let X : a→ b
be a 1-morphism in a Spin(2)r-dagger 2-category (B, S). We can de�ne the left adjoint
of X to be ∨X := ((−)∨)2r−1(X) with left adjunction 2-morphisms

evX =
(

∨X ◦X
id ◦S−1

X // ((−)∨)2r−1(X) ◦ ((−)∨)2r(X)
ẽv((−)∨)2r−1(X)// ida

)
(2.19)

and

coevX =
(
idb̃

coev((−)∨)2r−1(X)// ((−)∨)2r(X) ◦ ((−)∨)2r−1(X)
SX◦id // X ◦∨ X

)
(2.20)

where ẽv and c̃oev denote right evaluation and coevaluation maps, respectively. One
veri�es that evX and coevX satisfy the Zorro moves. In the case r = 1 we have ∨X = X∨,
hence an SO(2)-dagger structure is precisely the same as a pivotal structure on a 2-
category with right adjoints, see e.g. [10, Section 2.1] and [12, Section 2.3].

2.35. Definition. Let (B, S) and (B′, S ′) be Spin(2)r-dagger 2-categories. A Spin(2)r-
dagger 2-functor F : (B, S) → (B′, S ′) consists of a 2-functor F : B → B′ such that

S
��

B
((−)∨∨)r

//

F
��

idB

��
B

F
��∼=

t|
B′

((−)∨∨)r
// B′

=

B
idB //

F
��

B

F
��
F
��

∼=

t|
B′ idB′ //

((−)∨∨)r

AA
S′
��

B′ . (2.21)
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2.36. Definition. Let F, F̃ : (B, S) → (B′, S ′) be Spin(2)r-dagger 2-functors. A Spin(2)r-
dagger 2-transformation α : F → F̃ is a 2-transformation α : F ⇒ F̃ such that

F ◦ idB

α◦id
��

∼= +3 idB′ ◦F S′◦id +3

id ◦α
��

∼=
s�

((−)∨∨)r ◦ F

id ◦α
��

∼=
r�

F̃ ◦ idB ∼=
+3 idB′ ◦F̃

S′◦id
+3 ((−)∨∨)r ◦ F̃

=

F ◦ idB

α◦id
��

id ◦S +3 F ◦ ((−)∨∨)r
∼= +3

α◦id
��

∼=
r�

((−)∨∨)r ◦ F

id ◦α
��

∼=
q~

F̃ ◦ idB id ◦S
+3 F̃ ◦ ((−)∨∨)r ∼=

+3 ((−)∨∨)r ◦ F̃

.

(2.22)

2.37. Definition. Let α, β : F → F̃ be Spin(2)r-dagger 2-transformations. A Spin(2)r-
dagger modi�cation ξ : α→ β is a modi�cation ξ : α⇛ β.

One checks that the above structures together with ordinary compositions comprise a
3-category:

2.38. Definition. The 3-category of Spin(2)r-dagger 2-categories, Spin(2)r-dagger 2-
functors, Spin(2)r-dagger 2-transformations, and Spin(2)r-dagger modi�cations is denoted
2CatSpin(2)

r - †.

Strictification.Clearly, any Spin(2)r-dagger 2-category (B, S) can be trivially reinter-
preted as a Spin(2)r-volutive 2-category (B, S). Similarly, any Spin(2)r-dagger 2-functor
F between Spin(2)r-dagger 2-categories can be reinterpreted as a Spin(2)r-volutive 2-
functor (F, id) in which the modi�cation η is trivial. Extending this argument and recall-
ing our de�nition of the composition of Spin(2)r-volutive 2-functors, one �nds that this
assignment is in fact functorial, i.e. it extends to a 3-functor

TSpin(2)r : 2Cat
Spin(2)r - † // 2CatSpin(2)

r -vol. (2.23)

Conversely, any Spin(2)r-volutive 2-category (B, S) gives rise to a Spin(2)r-dagger 2-
category as follows. De�ne a 2-category SSpin(2)rB whose objects are pairs (a, λa) where
a ∈ B and λa : Sa → ida is a 2-isomorphism, whose 1-morphisms X : (a, λa) → (b, λb)
are 1-morphisms X : a → b in B, and whose 2-morphisms f : X → Y are 2-morphisms
in B. We also de�ne a Spin(2)r-dagger structure SSpin(2)rS on SSpin(2)rB as follows. The
2-morphism component of SSpin(2)rS at X : (a, λa) → (b, λb) is given by the composition

X∨∨ ∼= X∨∨ ◦ ida
id ◦λ−1

a // X∨∨ ◦ Sa
SX // Sb ◦X

λb◦id // idb ◦X ∼= X. (2.24)

One checks that this de�nes a Spin(2)r-dagger structure on SSpin(2)rB. This is analogous
to the discussion leading up to (2.9), and analogously we have:

2.39. Lemma. The assignment (B, S) 7→ (SSpin(2)rB, SSpin(2)rS) extends to a 3-functor

SSpin(2)r : 2Cat
Spin(2)r -vol // 2CatSpin(2)

r - †. (2.25)

between the 3-category of Spin(2)r-volutive 2-categories and the 3-category of Spin(2)r-
dagger 2-categories.
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Proof. Let (F, η) : (B, S) → (B′, S ′) be a Spin(2)r-volutive 2-functor. We construct a
Spin(2)r-dagger 2-functor SSpin(2)rF : (SSpin(2)rB, SSpin(2)rS) → (SSpin(2)rB

′, SSpin(2)rS
′) by

sending an object (a, λa) to the object consisting of F (a) ∈ B′ and the 2-isomorphism

S ′
F (a)

η−1
a // F (Sa)

F (λa) // F (ida) ∼= idF (a) (2.26)

and 1- and 2-morphisms to their images under F . To check that this is functorial, let
(F, η) : (B1, S1) → (B2, S2) and (F ′, η′) : (B2, S2) → (B3, S3) be Spin(2)r-volutive 2-
functors. Noting that we only have to consider the respective assignments on object level,
we compute

(SSpin(2)rF
′ ◦ SSpin(2)rF )(a, λa) = SSpin(2)rF

′(F (a), F (λa) ◦ η−1
a )

= (F ′F (a), F ′(F (λa) ◦ η−1
a ) ◦ η′−1

F (a))
(2.27)

and recognize that F ′(η−1
a ) ◦ η′−1

F (a) is precisely the component of the modi�cation de�ned
in (2.15) at a, which yields the claim. Describing the assignment on 2- and 3-morphism
level and proving functoriality there is simpler, and we omit the details.

Recall that in order to describe an adjunction in a higher category, one has to give
unit and counit, as well as higher isomorphisms that trivialize the Zorro compositions of
unit and counit. In the following, the latter will be particularly simple, which allows us
to carry out the argument rigorously. (For adjunctions in higher categories we refer to
[47, Chapter 2].)

2.40. Proposition. SSpin(2)r is right adjoint to TSpin(2)r in the 4-category of 3-categories.

Proof. We divide the argument into four parts.
Step I: We start by constructing the unit of the adjunction, which is a 3-transformation

U : id2CatSpin(2)
r - † // SSpin(2)r ◦ TSpin(2)r . (2.28)

As a 3-transformation, U has three layers of structure; we start by describing the 1-
morphism component of U at some strict Spin(2)r-volutive 2-category (B, S), which is
a Spin(2)r-dagger 2-functor (B, S) → (SSpin(2)r ◦ TSpin(2)r)(B, S). Consider the 2-functor
U(B,S) : B → (SSpin(2)r ◦ TSpin(2)r)B with a 7→ (a, idida), X 7→ X and f 7→ f on objects, 1-
and 2-morphisms, respectively. We claim that this 2-functor is Spin(2)r-dagger. Indeed,
this is true because the Spin(2)r-dagger structure on (SSpin(2)r◦TSpin(2)r)B has components
given by (2.24) which simpli�es on the image of our 2-functor to the Spin(2)r-dagger
structure we started with.

Next, we want to describe the 2-morphism component of U at some Spin(2)r-dagger
2-functor F : (B, S) → (B′, S ′), which is a Spin(2)r-dagger 2-transformation (SSpin(2)r ◦
TSpin(2)r)(F ) ◦ U(B,S) → U(B′,S′) ◦ F . To do so, we spell out the assignments of the source
and the target of our 2-transformation on object level. Explicitly, we have

(((SSpin(2)r ◦TSpin(2)r)(F ))◦U(B,S))(a) = ((SSpin(2)r ◦TSpin(2)r)(F ))(a, idida) = (F (a), ididF (a)
)

(2.29)
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and
(U(B′,S′) ◦ F )(a) = U(B′,S′)(F (a)) = (F (a), ididF (a)

). (2.30)

This together with the fact that the assignments of the source and target on 1- and 2-
morphism level coincide by de�nition allows us to de�ne the 2-transformation U(B,S) to
be trivial, hence Spin(2)r-dagger. By a similar argument, we may set the 3-morphism
component of U also to be trivial. This �nishes the construction of the unit of the
adjunction.

Step II: The next piece of the adjunction is the counit, which is a 3-transformation

K : TSpin(2)r ◦ SSpin(2)r
// id2CatSpin(2)

r -vol . (2.31)

Again, K has three levels of structure; we start by describing the 1-morphism com-
ponent of K at some Spin(2)r-volutive 2-category (B, S), which is a Spin(2)r-volutive
2-functor (TSpin(2)r ◦ SSpin(2)r)(B, S) → (B, S). Consider the 2-functor K(B,S) : (TSpin(2)r ◦
SSpin(2)r)(B) → B with (a, λa) 7→ a, X 7→ X and f 7→ f . Spelling out the Spin(2)r-
volutive structure of (TSpin(2)r ◦ SSpin(2)r)(B, S), which has identity 1-morphism compo-
nents, we �nd that, in order to enhance K(B,S) to a Spin(2)r-volutive 2-functor, we need
to provide natural 2-isomorphisms ida → Sa for each (a, λa) ∈ (TSpin(2)r ◦ SSpin(2)r)(B).
The evident choice for such 2-isomorphisms is λ−1

a : ida → Sa, which is in fact natural.
The functor K(B,S) together with the invertible modi�cation Λ(B,S) whose 2-morphism
component at (a, λa) is λ−1

a then forms a Spin(2)r-volutive 2-functor.
By a similar argument as in the construction of the unit of the adjunction, we �nd

that the 2- and 3-morphism component of K can be chosen to be trivial. This �nishes
the construction of the counit of the adjunction.

Step III: We compute the Zorro compositions of counit and unit. Consider �rst the
composition

TSpin(2)r
id ◦U // TSpin(2)r ◦ SSpin(2)r ◦ TSpin(2)r K◦id // TSpin(2)r (2.32)

which is again a 3-transformation. As argued before, only the 1-morphism components
of this 3-transformation are of interest here. In particular, we wish to compute the 1-
morphism component of (K ◦ id) • (id ◦U) at some Spin(2)r-dagger 2-category (B,S),
where �•� denotes the horizontal composition of 3-transformations. This requires us to
study the composition of Spin(2)r-dagger 2-functors

TSpin(2)r(B, S)
T (U(B,S)) // (TSpin(2)r ◦ SSpin(2)r ◦ TSpin(2)r)(B, S)

KTSpin(2)r (B,S)
// TSpin(2)r(B, S).

(2.33)
On object level, we have (KTSpin(2)r (B,S) ◦ T (U(B,S)))(a) = KTSpin(2)r (B,S)(a, idida) = a,
while on 2- and 3-morphism level the assignment is again trivial. This shows that the
1-morphism component of the composition (K ◦ id) • (id ◦U) and hence the whole 3-
transformation is trivial.

Consider now the second Zorro composition

SSpin(2)r
U◦id // SSpin(2)r ◦ TSpin(2)r ◦ SSpin(2)r

id ◦K // SSpin(2)r (2.34)
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of which we wish to compute the 1-morphism component at some Spin(2)r-volutive 2-
category (B, S). On object level, we have

(SSpin(2)r(K(B,S)) ◦ USSpin(2)r (B,S))(a, λa) = (SSpin(2)r(K(B,S)))(a, λa, idid(a,λa)
) = (a, λa).

(2.35)
The second step requires slightly more elaboration. Namely, we note that the assignment
of the 1-morphism component of id ◦K on object level is given by (a, λa, ψa) 7→ (a, ψa◦λa)
where λa : Sa → ida and ψa : ida = id(a,λa) → id(a,λa) = ida are 2-isomorphisms. We
conclude that the 2-functor underlying the 1-morphism component of (id ◦K) • (U ◦ id)
is trivial. It remains to check that the invertible modi�cation underlying the 1-morphism
component of (id ◦K)•(U◦id) at (B, S) is also trivial. This is also true, by de�nition of the
invertible modi�cation underlying the 1-morphism component of (id ◦K)(B,S) restricted to
the image of USSpin(2)r (B,S), as well as the triviality of the invertible modi�cation underlying
(U ◦ id)(B,S). This shows that the whole 3-transformation is trivial.

Step IV: Noting that both Zorro compositions are strictly trivial, we may complete the
given data to an adjunction in the 4-category of 3-category by chosing trivial higher
coherence morphisms. This �nishes the proof.

2.41. Remark. Under the assumption that there is a 3-functor SymMon 2Catdadj →
2CatSpin(2)

r -vol as in Remark 2.32, post-composition with the 3-functor SSpin(2)r yields
a 3-functor

SymMon 2Catdadj // 2CatSpin(2)
r - † (2.36)

from the 3-category of symmetric monoidal 2-categories with duals and adjoints to the
3-category of Spin(2)r-dagger 2-categories.

2.42. Remark. There is a natural notion of the full sub-3-category

2CatSpin(2)
r -vol∃fix ⊂ 2CatSpin(2)

r -vol (2.37)

of those Spin(2)r-volutive 2-categories (B, S) which admit 2-isomorphisms λa : Sa → ida

for all objects a ∈ B. Clearly, the essential image of TSpin(2)r is contained in 2CatSpin(2)
r -vol∃fix

.
A coherent version of this is proposed in [21]. A notion of positivity in 2CatSpin(2)

r - † anal-
ogous to the O(1)-case is less obvious.

2.43. O(1)-dagger 2-categories. In this section we follow a similar program to the
one in Section 2.21 with Spin(2)r replaced by O(1). We give some (but not all) details
on the associated 3-category of �O(1)-volutive 2-categories�, as well as the 3-category of
O(1)-dagger 2-categories, and on a stricti�cation 3-functor between them; see also [54, 21].

Volutive case.
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2.44. Definition. Let B be a 2-category. An O(1)-volution on B is a triple (d, η, τ)
consisting of a 2-functor d : B → B1-op, an invertible 2-transformation η : d1-op◦d⇒ idB,
and an invertible modi�cation τ : (η1-op)−1 ◦ idd ⇛ idd ◦η such that the following equality
of modi�cations holds:

d1-op ◦ d
id

!)

η

�$
(τ1-op)−1◦id 
�

∼=
�

d1-op ◦ d ◦ d1-op ◦ d
id ◦(η1-op)−1◦id +3

id ◦ id ◦η *2

η◦id ◦ id
,4

id ◦τ 
�

d1-op ◦ d
η +3

∼=
�

idB

d1-op ◦ d
id

5=

η

:B
=

d1-op ◦ d
η

 (
∼=


�

d1-op ◦ d ◦ d1-op ◦ d

id ◦ id ◦η $,

η◦id ◦ id
2:

idB

d1-op ◦ d
η

6>

(2.38)

A 2-category together with an O(1)-volution is called an O(1)-volutive 2-category.

2.45. Remark.When �lling pasting diagrams, we allow for some �exibility in the label-
ing, for instance, letX, Y : a→ b be invertible 1-morphisms and f : X ⇒ Y a 2-morphism.
Then, we denote the following two 2-morphisms by the same symbol:

a

X

  

Y

>> bf

��
and b

Y −1

!!

X−1

==a.f

��
(2.39)

Of course, by the right-hand side diagram we mean the 2-morphism

Y −1
∼= // Y −1 ◦X ◦X−1 id ◦f◦id // Y −1 ◦ Y ◦X−1

∼= // X−1. (2.40)

2.46. Example. Let (C , d, η) be an O(1)-volutive 1-category as in De�nition 2.7. Con-
sidering C as a 2-category with only identity 2-morphisms, d as the induced 2-functor,
η as the induced 2-transformation, and the trivial modi�cation yields an O(1)-volutive
2-category (C , d, η, id).

2.47. Example. Let B be a symmetric monoidal 2-category with duals and adjoints.
Given any choice of dualization data, consider the dualization 2-functor (−)∗ : B → B1-op

whose assignment on object and 1-morphism level is described in Example 2.12, and which
assigns to a 2-morphism f : X → Y the 2-morphism f ∗ : X∗ → Y ∗ de�ned via

b∗
c̃oeva⊗id //

id
��

a∗ ⊗ a⊗ b∗
id⊗X⊗id //

id
��id

rz

a∗ ⊗ b⊗ b∗
id ◦⊗ẽvb //

id
��id⊗f⊗idpx

a∗

id
��

idrz
b∗

c̃oeva⊗id
// a∗ ⊗ a⊗ b∗

id⊗Y⊗id
// a∗ ⊗ b⊗ b∗

id ◦⊗ẽvb

// a∗.

(2.41)

The rest of the data of the 2-functor (−)∗ can also be constructed from the dualization
data. As expected from the 1-categorical case discussed in Example 2.12, one may com-
plete the functor (−)∗ to an O(1)-volutive structure on B. In particular, the invertible
2-transformation ((−)∗)1-op ◦ (−)∗ → idB is constructed from the symmetric braiding.
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2.48. Definition. Let (B, d, η, τ) and (B′, d′, η′, τ ′) be O(1)-volutive 2-categories. An
O(1)-volutive 2-functor (B, d, η, τ) → (B′, d′, η′, τ ′) consists of a 2-functor F : B → B′,
an invertible 2-transformation α : F 1-op ◦ d ⇒ d′ ◦ F , and an invertible modi�cation Ξ
�tting into the diagram

(d′)1-op ◦ F 1-op ◦ d

id ◦α
��

α1-op◦id +3 F ◦ d1-op ◦ d
id ◦η
��

Ξoz
(d′)1-op ◦ d′ ◦ F

η′◦id
+3 F

(2.42)

which satis�es a compatiblity condititon with τ, τ ′ that involves the threefold product of d,
namely,

Fd1-opdd1-op

id ◦η◦id
08

id ◦ id ◦(η1-op)−1

&.

(α1-op)−1◦id +3

τ1-op


�

d′ 1-opF 1-opdd1-op

∼=
�
id ◦ id ◦(η1-op)−1

&.

id ◦α◦id +3 d′ 1-opd′Fd1-op

Ξ1-op


�

id ◦(α1-op)−1

+3 d′ 1-opd′d′ 1-opF 1-op

Fd1-op
(α1-op)−1

+3 d′ 1-opF 1-op

id ◦η′ 1-op◦id

08

=

Fd1-opdd1-op

id ◦η◦id
&.

(α1-op)−1◦id +3 d′ 1-opF 1-opdd1-op

Ξ−1


�

id ◦α◦id +3 d′ 1-opd′Fd1-op

∼= 
�

id ◦(α1-op)−1

+3

τ ′ 1-op


�

d′ 1-opd′d′ 1-opF 1-op

Fd1-op

η′−1◦id ◦ id

08

(α1-op)−1

+3 d′ 1-opF 1-op

η′−1◦id ◦ id
08

id ◦η′ 1-op◦id

?G

.

2.49. Definition. Let (F, α,Ξ), (F̃ , α̃, Ξ̃) : (B, d, η, τ) → (B′, d′, η′, τ ′) be O(1)-volutive
2-functors. An O(1)-volutive 2-transformation (F, α,Ξ) → (F̃ , α̃, Ξ̃) consists of a 2-
transformation β : F ⇒ F̃ and an invertible modi�cation Ω �tting into the diagram

F 1-op ◦ d α +3

Ω

".

d′ ◦ F
id ◦β
��

F̃ 1-op ◦ d
α̃

+3

β1-op◦id

KS

d′ ◦ F̃

(2.43)
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which satis�es a compatibility condition with Ξ, Ξ̃ that involves the twofold product of d,
namely

Fd1-opd

Ξ−1

�

(α1-op)−1◦id

#+

β◦id +3

Ω1-op

�

F̃ d1-opd
id ◦η

�'

(α̃1-op)−1◦id

s{

Ξ̃ 
�F

id ◦η−1
7?

η′−1◦id �'

d′ 1-opF 1-opd
id ◦α

s{
Ω 
�

d′ 1-opF̃ 1-opd
id ◦β1-op◦idks

id ◦α̃

#+

F̃

d′ 1-opd′F
id ◦β

+3 d′ 1-opd′F̃

η′◦id

7?

=

Fd1-opd
β◦id +3

∼= 
�

F̃ d1-opd
id ◦η

�'
F

β +3

id ◦η−1
7?

η′−1◦id �'
∼= 
�

F̃

d′ 1-opd′F
id ◦β

+3 d′ 1-opd′F̃

η′◦id

7? .

2.50. Definition. Let (β,Ω), (β̂, Ω̂) : (F, α,Ξ) → (F̃ , α̃, Ξ̃) be O(1)-volutive 2-transform-
ations. An O(1)-volutive modi�cation (β,Ω) → (β̂, Ω̂) is a modi�cation Λ: β ⇛ β̂ satis-
fying a compatibility condition with Ω, Ω̂, namely,

F 1-op
1 ◦ d α1 +3

Ω

�)

d′ ◦ F1

id ◦β

��

id ◦β̂

v~

id ◦Λ
*4

F 1-op
2 ◦ d α2 +3

β1-op◦id

KS

d′ ◦ F2

=

F 1-op
1 ◦ d α1 +3

Ω̂

�)

d′ ◦ F1

id ◦β̂

��

*4Λ1-op◦id

F 1-op
2 ◦ d α2 +3

β̂1-op◦id

KS

β1-op◦id

6>

d′ ◦ F2

.

(2.44)

Let (F, α,Ξ): (B1, d1, η1, τ1) → (B2, d2, η2, τ2) and (F ′, α′,Ξ′) : (B2, d2, η2, τ2) → (B3,
d3, η3, τ3) be O(1)-volutive 2-functors. The composition (F ′, α′,Ξ′) ◦ (F, α,Ξ) := (F , α,Ξ)
consists of the 2-functor F := F ′ ◦ F , the 2-transformation

α :=
(
F ′1-op ◦ F 1-op ◦ d1 id ◦α +3 F ′1-op ◦ d2 ◦ F α′◦id +3 d3 ◦ F ′ ◦ F

)
(2.45)
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and the modi�cation Ξ obtained by �lling the diagram

F ′Fd1-op1 d1

id ◦η1

��

d1-op3 F ′1-opF 1-opd1

id ◦α

��

α1-op◦idks

id ◦ id ◦α

x�

α′1-op◦id ◦ idnv
F ′d1-op2 F 1-opd1

id ◦ id ◦α
��

id ◦α1-op◦id
ck

F ′d1-op2 d2F

id ◦η2◦id

s{

d1-op3 F ′1-opd2F
α′1-op◦id ◦ idks

id ◦α′◦id

%-

F ′F d1-op3 d3F
′F

η3◦id
ks

.

(2.46)
Here, the left square is �lled by Ξ, the lower square is �lled by Ξ′, the upper and right
triangles commute by de�nition, and the middle square commutes by the interchange law.
One checks that the coherence properties of Ξ and Ξ′ imply the correct coherence property
for Ξ in the sense that we have an O(1)-volutive 2-functor (F , α,Ξ): (B1, d1, η1, τ1) →
(B3, d3, η3, τ3). The composition laws for O(1)-volutive 2-transformations and O(1)-
volutive modi�cations, respectively, are simpler and we omit the details.

2.51. Remark.We expect thatO(1)-volutive 2-categories, O(1)-volutive 2-functors, O(1)-
volutive 2-transformations, andO(1)-volutive modi�cations form a 3-category 2CatO(1) -vol.
To prove this, one would have to check the necessary coherences a 3-category satis�es,
which is rather tedious. Extending Example 2.46, we then expect there to be an inclusion
3-functor

CatO(1) -vol // 2CatO(1) -vol (2.47)

where CatO(1) -vol is CatO(1) -vol thought of as a 3-category with only identity 3-morphisms,
which assigns to each O(1)-volutive category the O(1)-volutive 2-category described in
Example 2.46.

2.52. Remark. Under the assumption that there is a 3-category 2CatO(1) -vol, we expect
there to be a 3-functor

SymMon 2Catdadj // 2CatO(1) -vol (2.48)

assigning to each symmetric monoidal 2-category with duals and adjoints the O(1)-
volutive 2-category with the same underlying 2-category and the O(1)-volutive structure
indicated in Example 2.47.

Dagger case.

2.53. Definition. Let B be a 2-category. An O(1)-dagger structure on B is a pair
(d, η) consisting of an identity-on-objects 2-functor d : B → B1-op and an invertible
2-transformation η : d1-op ◦ d ⇒ idB whose 1-morphism components are identities, and
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(η1-op)−1 ◦ idd = idd ◦η holds. A 2-category together with an O(1)-dagger structure is
called an O(1)-dagger 2-category.

In the context of Q-system completions for C∗-categories, O(1)-dagger 2-categories are
called �† 2-categories�, see e.g. [17]. Any O(1)-dagger 2-category (B, d, η) can be trivially
reinterpreted as an O(1)-volutive 2-category (B, d, η, id). We come back to this after
introducing (higher) morphisms between O(1)-dagger 2-categories.

2.54. Definition. Let (B, d, η) and (B′, d′, η′) be O(1)-dagger 2-categories. An O(1)-
dagger 2-functor (B, d, η) → (B′, d′, η′) consists of a 2-functor F : B → B′ and an
invertible 2-transformation α : F 1-op ◦d⇒ d′ ◦F whose 1-morphism components are iden-
tities, and (id ◦η) • (α1-op ◦ id) = (η′ ◦ id) • (id ◦α) holds.

2.55. Definition. Let (F, α), (F̃ , α̃) : (B, d, η) → (B′, d′, η′) be O(1)-dagger 2-functors.
A O(1)-dagger 2-transformation (F, α) → (F̃ , α̃) is a 2-transformation β : F ⇒ F̃ such
that (id ◦β) • α • (β1-op ◦ id) = α̃ holds.

2.56. Definition. Let β, β̂ : (F, α) → (F̃ , α̃) be O(1)-dagger 2-transformations. A O(1)-
dagger modi�cation β → β̂ is a modi�cation Λ: β ⇛ β̂ satisfying id ◦Λ = Λ1-op ◦ id.

2.57. Remark.We expectO(1)-dagger 2-categories, O(1)-dagger 2-functors, O(1)-dagger
2-transformations, and O(1)-dagger modi�cations to form a 3-category 2CatO(1) - †. To
prove this, one needs to describe the various compositions and coherences in this 3-
category, which is expected to be slightly easier than the corresponding discussion in
the volutive case.

It is clear that any O(1)-dagger 2-category (B, d, η) can be trivially reinterpreted as
an O(1)-volutive 2-category (B, d, η, id), and we expect that this assignment is functorial
in the sense that there is a 3-functor

TO(1) : 2Cat
O(1) - † // 2CatO(1) -vol. (2.49)

Strictification. Conversely, any O(1)-volutive 2-category (B, d, η, τ) gives rise to an
O(1)-dagger 2-category, which we will describe in the following. Let SO(1)B be the 2-
category whose objects are tuples (c, θc,Πc) where c ∈ B is an object, θc : c → d(c) is a
1-isomorphism, and Πc : ηc ◦ d(θc)−1 ◦ θc ⇒ idc is a 2-isomorphism satisfying

Πc �%

d2(c)

ηc

  

d2(θc) // d3(c)
ηd(c)

""

∼=
z�

d(c)

d(θc)
−1

<<

c
θc

//

∼=
z�

d(c)

idd(c)||
c

θc

bb

idc

>>

θc

// d(c)

=

d2(c)
d2(θc) //

d(Πc)
−1

x�

d3(c)
ηd(c)

""d(ηc)
−1

||
d(c)

idd(c)

//

d(θc)
−1

<<

∼= �&

d(c)
idd(c)

""

d(c)

idd(c)||

τcks

c

θc

bb

θc

// d(c)

.

(2.50)
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A 1-morphism (c, θc,Πc) → (c′, θc′ ,Πc′) in SO(1)B is a 1-morphism X : c → c′ in B, and
a 2-morphism X → Y SO(1)B is a 2-morphism f : X → Y in B. It is clear that SO(1)B
de�ned in this way becomes a 2-category.

Next, we de�ne an O(1)-dagger structure on SO(1)B. The identity-on-objects 2-functor
SO(1)d assigns to a 1-morphism X : (a, θa,Πa) → (b, θb,Πb) the 1-morphism (b, θb,Πb) →
(a, θa,Πa) given by

b
θb // d(b)

d(X) // d(a)
θ−1
a // a (2.51)

and to a 2-morphism f : X → Y the 2-morphism SO(1)d(X) → SO(1)d(Y ) de�ned by

b
θb //

id

��

d(b)
d(X) //

id
��idθbt|

d(a)
θ−1
a //

id
��d(f)s{

a

id

��
id

θ−1
at|

b
θb

// d(b)
d(Y )

// d(a)
θ−1
a

// a.

(2.52)

One routinely checks that this de�nes a 2-functor by using the respective properties of d.
Next, we de�ne the 2-transformation SO(1)η : SO(1)d

1-op ◦ SO(1)d ⇒ idSO(1)B. Its 1-
morphism components are identities. The 2-morphism component of this 2-transformation
at a 1-morphism X : (a, θa,Πa) → (b, θb,Πb) is given by

X ∼= idbX ida
Πb◦idX ◦Π−1

a // θ−1
b d(θb)η

−1
b Xηad(θa)

−1θa
id ◦η−1

X ◦id
// θ−1
b d(θb)d

2(X)d(θa)
−1θa.

(2.53)
One checks that this de�nes a 2-transformation by using the respective properties of η.
It is also clear by construction that η is an invertible 2-transformation. One deduces
from (2.50) that (SO(1)η

1-op)−1 ◦ idSO(1)d = idSO(1)d ◦SO(1)η holds.

2.58. Lemma. (SO(1)B, SO(1)d, SO(1)η) is an O(1)-dagger 2-category.

We expect that the assignment (B, d, η, τ) 7→ (SO(1)B, SO(1)d, SO(1)η) extends to a
3-functor

SO(1) : 2Cat
O(1) -vol // 2CatO(1) - †. (2.54)

In the following, we will describe the action of the conjectural 3-functor SO(1) on 1-
morphism level. Let (B, d, η, τ) and (B′, d′, η′, τ ′) be O(1)-volutive 2-categories and let
(F, α,Ξ): (B, d, η, τ) → (B′, d′, η′, τ ′) be an O(1)-volutive 2-functor. We construct an
O(1)-dagger 2-functor

(SO(1)F, SO(1)α) : SO(1)(B, d, η, τ) −→ SO(1)(B
′, d′, η′, τ ′) (2.55)

as follows. The 2-functor SO(1)B → SO(1)B
′ assigns an object (c, θc,Πc) to the tuple

consisting of the object F (c), the 1-isomorphism θ̃F (c) de�ned as

θ̃F (c) =
(
F (c)

F (θc) // F (d(c))
αc // d′(F (c))

)
(2.56)
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and the 2-isomorphism Π̃F (c) obtained by

d′(F (c))
d′(θ̃F (c))

−1

//

d′(F (θc))−1

&&α
θ−1
c

��

d′2(F (c))
η′
F (c)

**
α−1
d(c)

•d′(αc)

��

Ξc

��
F (c)

θ̃F (c)
//

F (θc) //

idF (c)

;;
F (d(c))

αc

99

F (d(θc))−1

,,

d′(F (d(c)))

d′(αc)−1
77

α−1
d(c)

''

F (Πc)

��

F (c)

F (d2(c))

F (ηc)

44

(2.57)
where the un�lled diagrams commute by de�nition. One checks that the triple (F (c), θ̃F (c),

Π̃F (c)) de�nes an object in SO(1)(B
′, d′, η′, τ ′) by using the coherence condition of Π. On

1- and 2-morphism level, the assignment of the 2-functor SO(1)B → SO(1)B
′ is trivial.

Next, we describe the 2-transformation SO(1)α : SO(1)F
1-op ◦SO(1)d→ SO(1)d

′ ◦SO(1)F . Its
1-morphism components are identities. Its 2-morphism component at X : (a, θa,Πa) →
(b, θb,Πb) is given by the 2-morphism

θ̃−1
F (a)d

′(F (X))θ̃F (b)
id ◦αX◦id // θ̃−1

F (a)αaF (d(X))α−1
b θ̃F (b) = F (θ−1

a )F (d(X))F (θb) ∼= F (θ−1
a d(X)θb)

(2.58)

where we again used the de�nition of θ̃ in (2.56). One checks that this de�nes an invertible
2-transformation and moreover that the pair (SO(1)F, SO(1)α) de�nes an O(1)-dagger 2-
functor. Similarly, one describes the action of SO(1) on 2- and 3-morphisms.

2.59. Remark. We expect that the 3-functor SO(1) is right adjoint to TO(1) in the 4-
category of 3-categories.

2.60. Remark. Let B be a symmetric monoidal 2-category with duals and adjoints.
Applying the construction described in Example 2.47 yields an O(1)-volutive 2-category
B, to which we may apply in turn SO(1), resulting in an O(1)-dagger 2-category B. The
objects in the underlying 2-category are by de�nition objects a ∈ B together with 1-
isomorphisms θa : a → a∗ and 2-isomorphisms Πa : ηa ◦ (θ−1

a )∗ ◦ θa ⇒ ida satisfying a
coherence property involving the triple dual, cf. (2.50). We say that an object a ∈ B is
coherently self-dual if it admits such data.

2.61. O(2)-dagger 2-categories. This section is analogous to Section 2.43, with O(1)
replaced by O(2). We propose the basic structure of 3-categories of O(2)-volutive 2-
categories, O(2)-dagger 2-categories, and we discuss stricti�cation.

Volutive case. Analogously to the motivation given at the beginning of Section 2.21,
there should be an O(2)-action on the 3-category 2Catadj whose homotopy �xed points
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are O(2)-volutive 2-categories. To construct this action, it seems helpful to realize O(2)
as the semidirect product 2-group SO(2) ⋊ O(1), cf. [42, Appendix B.3]. The problem
of describing O(2)-actions then decomposes into a study of SO(2)-actions, O(1)-actions,
and their compatibility. Carrying out the details of this construction and computing the
homotopy �xed points is again di�cult, and we propose instead the following de�nitions,
partially following [43]. As indicated, an O(2)-volutive structure should consist of an
O(1)-volutive structure, an SO(2)-volutive structure, and a compatibility between them.

Recall that if a 2-category B has right adjoints, then B1-op and B2-op have left adjoints.
Moreover, recalling that the adjunction 2-functor (−)∨ : B1-op → B2-op is an equivalence,
one may translate between di�erent conventions on which oppositization is used. The
following de�nition was originally proposed in [43].

2.62. Definition. Let B be a 2-category with right adjoints. An O(2)-volutive structure
on B consists of an O(1)-volutive structure (d, η, τ) on B, an SO(2)-volutive structure S
on B, and an invertible modi�cation Γ �tting into the diagram

∨∨(−) ◦ d
∼= +3

S◦Idd
��

d ◦ (−)∨∨

Γp{
Idd ◦S−1

��
idB1-op ◦d ∼=

+3 d ◦ idB

(2.59)

which satis�es a compatibility condition with η, namely, the equality of modi�cations

(−)∨∨

η−1◦id

�$

id ◦η−1

z�

S−1

��
id

η−1

��
(−)∨∨ ◦ d1-op ◦ d

∼= #+

d1-op ◦ d

id ◦S−1◦id
��

id ◦S +3S◦idks d1-op ◦ d ◦ (−)∨∨

∼=s{
d1-op ◦∨∨ (−) ◦ d

=

(−)∨∨

η−1◦id

�"

id ◦η−1

|�
(−)∨∨ ◦ d1-op ◦ d

∼= !)

d1-op ◦ d ◦ (−)∨∨

∼=u}
d1-op ◦∨∨ (−) ◦ d

.

(2.60)

Here on the left-hand side the upper two diagrams are �lled by the interchange law and
the lower two diagrams are �lled employing Γ, whereas on the right-hand side we use the
naturality of the 2-transformation exchanging a 2-functor with the double adjoint 2-functor
with respect to η.

2.63. Example. Let B be a symmetric monoidal 2-category with duals and adjoints. As
explained in Examples 2.47 and 2.30, there is an O(1)-volutive structure on B given by
the dualization 2-functor and an SO(2)-structure on B given by the Serre automorphism.
These structures in fact combine to an O(2)-volutive structure. The 2-morphism compo-
nents of the invertible modi�cation Γ are described in [43], see also [42, Appendix B.3].
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Restricting to the maximal subgroupoid B×, this O(2)-volutive structure is expected to
reduce to the canonical O(2)-action on B× induced by the cobordism hypothesis.

The following is a subexample of Example 2.63.

2.64. Example. We consider again the symmetric monoidal 2-category Bvectk, which
has duals and adjoints. By Example 2.63, Bvectk carries an O(2)-volutive structure which
we now spell out. Since we already described the underlying SO(2)-dagger structure
in Example 2.31 (for r = 1), we now focus on the underlying O(1)-volutive structure.
Since the single object of Bvectk is self-dual with trivial evaluation and coevaluation
morphism, the 2-functor d : B vectk → Bvect1-opk is trivial. The higher coherence data η
and τ belonging to the O(1)-volutive structure are trivial as well. Finally, we compute
the modi�cation Γ to be trivial. We note that the O(2)-volutive structure described here
is strict in the sense of De�nition 2.69 below.

Higher maps between between O(2)-volutive 2-categories have not been systemati-
cally constructed. The following de�nitions seem to be natural, but we take them to be
provisional:

2.65. Definition. Let (B, d, η, τ, S,Γ) and (B′, d′, η′, τ ′, S ′,Γ′) be O(2)-volutive 2-categ-
ories. An O(2)-volutive 2-functor (B, d, η, τ, S,Γ) → (B′, d′, η′, τ ′, S ′,Γ′) consists of a
2-functor F : B → B′ together with an O(1)-volutive structure (α,Ξ), an SO(2)-volutive
structure ζ subject to the condition that the following two modi�cations are equal:

∨∨(−) ◦ d′ ◦ F
∼= +3

S◦Idd′ ◦F
��

d′ ◦ (−)∨∨ ◦ F

Γ◦IdIdFoz
Idd′ ◦S−1◦IdF
��

d′ ◦ F ∼=
+3 d′ ◦ F

(2.61)

and

∨∨(−) ◦ d′ ◦ F
Id ◦α−1

#+

∼= +3

S◦Idd′ ◦ IdF

�'

d′ ◦ (−)∨∨ ◦ F

∼=s{

Idd′ ◦S−1◦IdF

w�

∨∨(−) ◦ F ◦ d
∼=
��

d′ ◦ F ◦ (−)∨∨

α−1◦Id
��

F op ◦∨∨ (−) ◦ d
∼= +3

Id ◦S◦Id
��

F op ◦ d ◦ (−)∨∨

Id ◦ Id ◦S−1

��
F op ◦ d

α

��

∼= +3 F op ◦ d
α

��
d′ ◦ F ∼=

+3 d′ ◦ F

(2.62)

where the left and right diagrams are �lled using ζ and the interchange law, the upper
middle diagram is �lled with the naturality data of the compatibility of 2-functors with
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(double) adjoints, the middle diagram is �lled with IdIdFop ◦Γ, and the lower middle square
commutes trivially.

2.66. Definition. Let (F, α,Ξ, ζ), (F̃ , α̃, Ξ̃, ζ̃) : (B, d, η, τ, S,Γ) → (B′, d′, η′, τ ′, S ′,Γ′) be
O(2)-volutive 2-functors. An O(2)-volutive 2-transformation (F, α,Ξ, ζ) → (F̃ , α̃, Ξ̃, ζ̃)
consists of an O(1)-volutive 2-transformation (β,Ω): (F, α,Ξ) → (F̃ , α̃, Ξ̃) such that
β : F → F̃ is also an SO(2)-volutive 2-transformation.

2.67. Definition. Let (β,Ω), (β̂, Ω̂) : (F, α,Ξ, ζ) → (F̃ , α̃, Ξ̃, ζ̃) be O(2)-volutive 2-trans-
formations. An O(2)-volutive modi�cation (β,Ω) → (β̂, Ω̂) is an O(1)-volutive modi�ca-
tion.

Recalling our de�nition of the composition of O(1)-volutive 2-functors (see (2.45)
and (2.46)) as well as SO(2)-volutive 2-functors (see (2.15)), we immediately know how
to compose O(2)-volutive 2-functors.

2.68. Remark.We expect thatO(2)-volutive 2-categories, O(2)-volutive 2-functors, O(2)-
volutive 2-transformations, and O(2)-volutive modi�cation form a 3-category 2CatO(2) -vol.
Moreover, we expect to �nd a 3-functor

SymMon 2Catdadj // 2CatO(2) -vol (2.63)

assigning to each symmetric monoidal 2-category with duals and adjoints the O(2)-
volutive 2-category with the same underlying 2-category and the O(2)-volutive structure
indicated in Example 2.63.

Dagger case.

2.69. Definition. Let B be a 2-category with right adjoints. An O(2)-dagger structure
on B consists of an O(1)-dagger structure (d, η) and an SO(2)-dagger structure S on B
such that the diagram

∨∨(−) ◦ d
∼= +3

S◦Idd
��

d ◦ (−)∨∨

Idd ◦S−1

��
idB1-op ◦d ∼=

+3 d ◦ idB

(2.64)

commutes.

We remark that here the 2-transformation ∨∨(−) ◦ d ∼= d ◦ (−)∨∨ can always be cho-
sen to have identity 1-morphism components, which we will assume. We denote the 2-
morphism components generically by ϵX : d(X∨∨) → ∨∨d(X). Any O(2)-dagger 2-category
(B, d, η, S) can be trivially reinterpreted as an O(2)-volutive 2-category (B, d, η, id, S, id);
we come back to this point after de�ning appropriate notions of (higher) morphism be-
tween O(2)-dagger 2-categories.

2.70. Definition. Let (B, d, η, S) and (B′, d′, η′, S ′) be O(2)-dagger 2-categories. An
O(2)-dagger 2-functor (B, d, η, S) → (B′, d′, η′, S ′) consists of a 2-functor F : B → B′

together with an O(1)-dagger structure α such that F is SO(2)-dagger.
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2.71. Definition. Let (F, α), (F̃ , α̃) : (B, d, η, S) → (B′, d′, η′, S ′) be O(2)-dagger 2-
functors. An O(2)-dagger 2-transformation (F, α) → (F̃ , α̃) is a O(1)-dagger 2-trans-
formation β : (F, α) → (F̃ , α̃) such that β is SO(2)-dagger.

2.72. Definition. Let β, β̂ : (F, α), (F̃ , α̃) be O(2)-dagger 2-transformations. A O(2)-
dagger modi�cation β → β̂ is an O(1)-dagger modi�cation.

It is expected that O(2)-dagger 2-categories, O(2)-dagger 2-functors, O(2)-dagger 2-
transformations, and O(2)-dagger modi�cation form a 3-category, which we denote by
2CatO(2) - †.

It is clear that any O(2)-dagger 2-category (B, d, η, S) can be trivially reinterpreted
as an O(2)-volutive 2-category (B, d, η, id, S, id), and we expect that this assignment is
functorial in the sense that it extends to a 3-functor

TO(2) : 2Cat
O(2) - † // 2CatO(2) -vol. (2.65)

Strictification. Conversely, any O(2)-volutive 2-category (B, d, η, τ, S,Γ) gives rise
to an O(2)-dagger 2-category, which we describe in the following. Let ϵ denote the 2-
transformation ∨∨(−) ◦ d ∼= d ◦ (−)∨∨, which in general may have non-trivial 1-morphism
components. Let SO(2)B be the 2-category whose objects are tuples (c, θc,Πc, λc, ϕc) where
(c, θc,Πc) is an object in SO(1)B, (c, λc) is an object in SSO(2)B, and

ϕc : θ
−1
c ◦ ϵc ◦∨∨ θc

∼= // idc (2.66)

is a 2-isomorphism in B such that

d(c)

Sd(c)

��

idd(c) // d(c)

ϵc
��

Γc

s{
d(c)

θ−1
c

��

d(Sc) // d(c)

θ−1
c

��

d(λc)

s{c
idc

// c

=

d(c)

∨∨θ−1
c

��

Sd(c)

��

idd(c) // d(c)

ϵc
��

ϕc
|�

d(c)

θ−1
c

��

Sθc

z�

λ−1
c ��

d(c)

θ−1
c

��
c

S−1
c

''

idc

77 c

. (2.67)

We construct an O(2)-dagger structure on SO(2)B. First, the O(1)-dagger and SO(2)-
volutive structures (SO(2)d, SO(2)η) and SO(2)S on SO(2)B are constructed as for SO(1)B
and SSO(2)B, respectively. Next, note that the 2-transformation ϵ : ∨∨(−) ◦ d ∼= d ◦ (−)∨∨

induces a 2-transformation ϵ̂ : ∨∨(−)◦SO(2)d ∼= SO(2)d◦(−)∨∨ with 1-morphism component
at (c, θc,Πc, λc, ϕc) given by ϵ̂c := θ−1

c ◦ ϵc ◦∨∨ θc and 2-morphism component at X given
by

b
θb //

ϵ̂b

��

d(b)
d(X∨∨) //

ϵb
��=

t|

d(a)
θ−1
a //

ϵa
��ϵX

s{

a

ϵ̂a

��
=

t|
b ∨∨θb

// d(b) ∨∨d(X)
// d(a)

∨∨θ−1
a

// a

. (2.68)
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This 2-transformation in turn induces an 2-transformation SO(2)ϵ :
∨∨(−)◦SO(2)d ∼= SO(2)d◦

(−)∨∨ whose 1-morphism components are identities, and whose 2-morphism component
at X is given by

ida ◦SO(2)d(X
∨∨)

ϕ−1
a ◦id// ϵ̂a ◦ SO(2)d(X

∨∨)
ϵ̂X // ∨∨(SO(2)d(X)) ◦ ϵ̂b

id ◦ϕb // ∨∨(SO(2)d(X)) ◦ idb .
(2.69)

Again, one shows that this de�nes a 2-transformation by using the respective properties
of ϵ̂. Finally, one deduces (idSO(2)d ◦SO(2)S

−1) • SO(2)ϵ = SO(2)S ◦ idSO(2)d from (2.67).

2.73. Lemma. (SO(2)B, SO(2)d, SO(2)η, SO(2)S) is an O(2)-dagger 2-category.

We expect that the assignment (B, d, η, τ, S,Γ) 7→ (SO(2)B, SO(2)d, SO(2)η, SO(2)S) ex-
tends to a 3-functor

SO(2) : 2Cat
O(2) -vol // 2CatO(2) - †. (2.70)

2.74. Remark. Assuming that SO(2) and TO(2) are indeed 3-functors, we expect that
SO(2) is right adjoint to TO(2) in the 4-category of 3-categories.

2.75. Remark. As indicated in Remark 2.68, there should be a 3-functor

SymMon 2Catdadj → 2CatO(2) -vol

whose post-composition with SO(2) should then yield a 3-functor

SymMon 2Catdadj // 2CatO(2) - † (2.71)

assigning to each symmetric monoidal 2-category with duals and adjoints an O(2)-dagger
2-category.

2.76. O(1)-volutive categories from O(2)-dagger 2-categories. In this section
we show that every O(2)-dagger 2-category comes with a canonical and compatible O(1)-
volutive structure on its Hom categories.

2.77. Definition. A bi-† structure (d1, d2, ϕ) on a 2-category B consists of two 2-
functors d1 : B → B1-op, d2 : B → B2-op and an invertible 2-transformation ϕ : d1-op1 ◦
d1 ⇒ idB such that

� d2 is identity on objects and 1-morphisms and strictly squares to the identity,

� d1 is identity-on-objects,

� ϕ has identity 1-morphism components,

� there are equalities (ϕ1-op)−1 ◦ idd1 = idd1 ◦ϕ and d1-op2 ◦ d1 = d2-op1 ◦ d2,

� ϕ is unitary with respect to d2, i.e. d2(ϕX) = ϕ−1
X .

A 2-category B together with a bi-† structure is called bi-† 2-category.

We note that the pair (d1, ϕ) in the de�nition of a bi-† structure is precisely the data
of an O(1)-dagger structure on the 2-category B. In other words, a bi-† 2-category is an
O(1)-dagger 2-category whose Hom categories carry compatible dagger structures.
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2.78. Remark. In [21, De�nition 4.1], bi-† 2-categories are called bi-involutive bicat-
egories. A more coherent analogue of this de�nition, which in our terminology would
be called a bi-volutive 2-category, is called a fully dagger bicategory in loc. cit., and a
stricti�cation procedure akin to the ones we present here is proposed in [21, Statement
4.5].

In the following, we will construct bi-† 2-categories from O(2)-dagger 2-categories.
Let (B, d, η, S) be an O(2)-dagger 2-category. We claim that the Hom categories of
B carry canonical O(1)-volutions. Indeed, let a, b ∈ B be objects. Consider the functor
d̂ := d◦(−)∨ : H omB(a, b) → H omB(a, b)

op and the natural isomorphism η̂ : d̂op◦ d̂⇒ id
with component at X given by

η̂−1
X :=

(
d(∨(d(X∨)))

∼= // d2(X∨∨)
d2(SX)// d2(X)

η−1
X // X

)
. (2.72)

One checks that the pair (d̂, η̂) de�nes an O(1)-volution on H omB(a, b). Consider the 2-
category B̂ whose objects are those of B and whose Hom category at two objects a, b ∈ B̂
is given by SO(1)H omB(a, b), which by de�nition comes with a dagger structure SO(1)d̂.
One checks that this procedure, i.e. applying the stricti�cation of O(1)-volutions locally,
indeed results in a 2-category. We further note that the dagger structures on the Hom
categories of B̂ together form an identity-on-objects-and-1-morphisms functor d2 : B̂ →
B̂2-op which strictly squares to the identity. It is straightforward to construct from the
O(1)-dagger structure (d, η) on B an O(1)-dagger structure (d1, ϕ) on B̂. Moreover, one
checks that d1 and d2 are compatible in the sense that (B̂, d1, d2, ϕ) is a bi-† 2-category.
We record this in the following.

2.79. Lemma. Any O(2)-dagger 2-category (B, d, η, S) gives rise to a bi-† 2-category

(B̂, d1, d2, ϕ) as described in the previous paragraph.

2.80. Remark. We expect that this assignment too will turn out to be functorial. De-
noting the conjectural 3-category of bi-† 2-categories by 2Catbi - †, we summarize the chain
of conjectural 3-categories and 3-functors as follows:

SymMon 2Catdadj
Remark 2.68 // 2CatO(2) -vol

SO(2) // 2CatO(2) - † Lemma 2.79 // 2Catbi - †.

(2.73)
In particular, from any symmetric monoidal 2-category with duals and adjoints one con-
structs a bi-† 2-category in a canonical way.

2.81. Remark. One reason to study bi-† 2-categories is their proposed application to
the formulation of unitary 2-group representations; see e.g. [3], where bi-† 2-categories
are called †-bicategories. Remark 2.80 then provides a method to study unitary 2-group
representations on any symmetric monoidal 2-category with duals and adjoints, or rather
its associated bi-† 2-category.

As explained above, the Hom categories of any O(2)-dagger 2-category carry canonical
O(1)-volutive structures. The following illustrates this construction.
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2.82. Example. Let C be any symmetric monoidal rigid category, for example C =
vectk. Then, BC is symmetric monoidal with (trivial) duals and adjoints (given by the
duals in C ) and hence carries an O(2)-volutive structure by Remark 2.68, which one
checks to be strict in the sense of De�nition 2.69. The induced O(1)-volutive structure on
the single Hom category of BC coincides with the O(1)-volutive structure on C induced
by the symmetric monoidal rigid structure as explained in Example 2.12.

3. Algebraic description of orbifolds

In this section we review, reformulate and propose several categori�cations of idempotent
completion. In Section 3.1 we brie�y recall the case for arbitrary 1-categories as well as
one categori�cation that applies to arbitrary 2-categories. Categori�cation is not unique,
and one expects di�erent variants associated to di�erent tangential structures. In Section
3.17 we review an idempotent completion for O(1)-volutive 1-categories, explain that
it restricts to the structure-preserving idempotent completion of dagger categories, and
show how it interacts with the adjoint 2-functors SO(1) and TO(1) of Section 2.1. Along
the same lines we describe idempotent completion of G-volutive 2-categories for G a spin
group and O(2) in Sections 3.25 and 3.38, respectively. For G = SO(2) we explain how
this systematic approach recovers (Euler completed) orbifold completion, while for O(2)
we thus produce a candidate for �(a generalization of Euler completed) O(2)-idempotent
completion�.

3.1. Idempotent completion. In Section 3.1 we recall the basic de�nitions and prop-
erties of idempotent completion of 1-categories. One particular categori�cation of idem-
potency and idempotent completion is reviewed in Section 3.1, namely the one believed
to correspond to 2-framings.

Idempotent completion of 1-categories. Recall that an idempotent is an endo-
morphism that squares to itself.

3.2. Definition. An idempotent e : a → a in a given category C splits if there is an
object b ∈ C together with morphisms Y : a → b and Z : b → a such that e = Z ◦ Y and
idb = Y ◦ Z. The triple (b, Y, Z) is called a splitting of e, with b the image of e. If every
idempotent in C splits then C is called idempotent complete.

There are several other useful charactizations of whether a splitting exists, see e.g. [4,
Proposition 6.5.4]:

3.3. Lemma. Let e : a→ a be an idempotent. The following are equivalent:

(i) The idempotent e splits as e = Z ◦ Y with Y : a→ b, Z : b→ a, i.e. Y ◦ Z = idb.

(ii) The limit b of the diagram e : a→ a exists, with structure map Z : b→ a.

(iii) The colimit b of the diagram e : a→ a exists, with structure map Y : a→ b.
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Moreover, under these conditions we have that both the limit and colimit are absolute (i.e.,
they are preserved by all functors whose domain is the ambient category of e).

3.4. Definition. Let C be a category. Its idempotent completion IC is the category
whose objects are pairs (a, e) where a ∈ C and e : a→ a is an idempotent in C , and whose
morphisms (a, e) → (b, f) are morphisms X : a → b in C such that f ◦X = X = X ◦ e.
The identity morphism on (a, e) is e, and composition in IC is the one of C .

3.5. Remark. IC is also called the Karoubi completion of C .

Idempotent completion satis�es the following universal property, see e.g. [20, Appendix
A.1].

3.6. Lemma. The functor C → IC given by a 7→ (a, ida) on objects and by X 7→ X
on morphisms is fully faithful. Moreover, IC is idempotent complete, and every other
functor C → D with idempotent complete codomain factors (essentially uniquely) through
C ↪→ IC .

3.7. Corollary. We have IIC ∼= IC for any category C .

3.8. Lemma. The assignment C 7→ IC extends to a 2-functor

I1 : C at // C atic ⊂ C at (3.1)

from the 2-category of categories to its full sub-2-category of idempotent complete cate-
gories. It is a completion in the sense that it is left adjoint to the forgetful functor, and
there is an equivalence I1I1 ∼= I1.

3.9. Remark. Another way of characterizing the 2-functor I1 : C at → C atic is by iden-
tifying it as a left adjoint to the inclusion 2-functor ι : C atic ↪→ C at, cf. [20, Proposition
A.1.6]:

C at ⊥ C atic

I1

ι

(3.2)

3.10. Lemma. The 2-functor I1 : C at → C atic extends to a 2-functor

I1,⊗ : SymMonCatd // SymMonCatd,ic (3.3)

from the 2-category of symmetric monoidal categories with duals to its full sub-2-category
of idempotent complete symmetric monoidal categories with duals.
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Idempotent completion of 2-categories. One dimension higher, a categori�cation
of idempotency and idempotent completion was introduced in [13] and [25], see also [22]
for a detailed analysis.

To prepare for De�nition 3.11 below, we review some standard algebraic notions, see
e.g. [13, Section 4] for more details. An (associative unital) algebra in a 2-category B
is a 1-endomorphism A : a → a in B together with 2-morphisms µ : A ⊗ A → A and
η : ida → A such that µ ◦ (µ⊗ idA) = µ ◦ (idA⊗µ) and µ ◦ (η⊗ idA) = idA = µ ◦ (idA⊗η).
A right A-module is a 1-morphism X : a → a′ for some a′ ∈ B together with a 2-
morphism ρX,A : X ⊗ A → X that is compatible with µ and η, and a left A-module
structure ρA,X is de�ned analogously. If (a′, A′, µ′, η′) is also an algebra, then an A′-A-
bimodule is a 1-morphism X : a → a′ together with a left A′- and a right A-module
structure that commute with one another. If X̃ : a→ a′ also comes with the structure of
an A′-A-bimodule, then an intertwiner X → X̃ is a 2-morphism between the underlying
1-morphisms that commutes with the A- and A′-actions on X and X̃.

Dually, a (coassociative counital) coalgebra structure on A is given by 2-morphisms
∆: A→ A⊗A and ε : A→ ida satisfying the coassociativity and counitality conditions. A
Frobenius algebra is an algebra (a,A, µ, η) and simultaneously a coalgebra (a,A,∆, ε) with
the same underlying 1-morphism A such that (idA⊗µ)◦ (∆⊗ idA) = (µ⊗ idA)◦ (idA⊗∆).
A Frobenius algebra is ∆-separable if µ ◦ ∆ = idA. We often refer to (∆-separable)
Frobenius algebras (a,A, µ, η,∆, ε) simply as A, and similarly for modules.

Given algebras (a,A, µ, η), (a′, A′, µ′, η′), (a′′, A′′, µ′′, η′′) together with an A′-A-bi-
module Y and an A′′-A′-bimodule X, the relative tensor product X ⊗A′ Y by de�nition
is the coequalizer of the two maps X ⊗ A′ ⊗ Y → X ⊗ Y induced by the left A′-action
on X and the right A′-action on Y . If A′ in fact comes with the structure of a ∆-separable
Frobenius algebra, then one checks that (where on the right we use the standard graphical
calculus)

eX,A′,Y := (ρX,A′ ⊗ ρA′,Y ) ◦
(
idX ⊗(∆ ◦ η)⊗ idY

)
=

X Y

A′
(3.4)

is an idempotent, and the relative tensor product exists i� eX,A′,Y splits, in which case
X ⊗A′ Y is given by the image of eX,A′,Y . The A-action on Y and the A′′-action on X
induce the structure of an A′′-A-bimodule on X ⊗A′ Y .

We are now in a position to consider our �rst categori�cation of ordinary idempotent
completion:

3.11. Definition. Let B be a 2-category with idempotent complete Hom categories. Its
idempotent completion IB is the 2-category consisting of the following data:

� objects in IB are pairs (a,A) with a ∈ B and A ∈ B(a, a) with the structure of a
∆-separable Frobenius algebra,
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� 1-morphisms (a,A) → (b, B) in IB are X ∈ B(a, b) with the structure of a B-A-
bimodule,

� 2-morphisms in IB are 2-morphisms in B that are intertwiners,

� the composition of 1-morphisms X : (a,A) → (b, B) and Y : (b, B) → (c, C) is the
relative tensor product Y ⊗BX : (a,A) → (c, C), the composition of 2-morphisms is
that of B, and

� unitors and associators are induced from the ones in B.

3.12. Remark.

(i) Note that a (Frobenius) algebra A : a → a is a weaker version of an idempotent
in the sense that the self-composition A ⊗ A need not be equal to A, but the two
are coherently related by the multiplication A ⊗ A → A. This is a �rst indication
that idempotent completion of 2-categories is a categori�cation of the homonymous
notion for 1-categories.

(ii) In [13], IB is called the equivariant completion, while in [25] it is called the (co)unital
condensation completion of B. While categori�cation of idempotent completion is
non-unique (as illustrated in the subsequent subsections), here we prefer the term
�idempotent completion� for 2-categories, as it emphasizes what is being categori�ed,
and because it appears to be the most basic categori�cation of ordinary idempotent
completion (as also illustrated in the subsequent subsections).

(iii) The assumption of idempotent complete Hom categories is made in De�nition 3.11
so that the relative tensor product of bimodules exists, i.e. so that the idempotents
in (3.4) split. One can in fact show that every idempotent in Hom categories is
of this form. On the other hand, it is natural to ask for all Hom categories to be
idempotent complete; this is part of the induction step in a recursive de�nition of
idempotent completion of n-categories for all n ⩾ 1.

(iv) Any 2-category B can locally be idempotent completed, i.e. applying the 2-functor
I1 from Lemma 3.8 to each Hom category of B yields another 2-category with
idempotent complete Hom categories into which B can be included.

3.13. Remark.

(i) There is a notion of a �splitting� of a ∆-separable Frobenius algebra that satis�es a
universal property akin to Lemma 3.6; see [20] and [10] for some details.

(ii) The Hom categories of IB are again idempotent complete. The universal property
of IB then implies that IIB ∼= IB for any 2-category B with idempotent complete
Hom categories.
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(iii) The 2-category IB descends from a double category via the construction in [52,
Corollary 6.12]. This fact simpli�es proving that IB inherits symmetric monoidal
structures, as well as duals, if B is equipped with such structures.

(iv) The assignment B 7→ IB extends to a 3-functor

I2 : 2Cat // 2Catic (3.5)

from the 3-category of 2-categories to the full sub-3-category of idempotent complete
2-categories, cf. [20].

Let B be a 2-category with right adjoints X∨ for all 1-morphisms X, see e.g. [13,
Section 2] for details as well as our (standard) conventions. In the following, we want to
extend the results from the pivotal setting (which by de�nition involves an isomorphism
(−)∨∨ ∼= idB of 2-functors) obtained in [13, Section 4] to the non-pivotal setting. Recall
that if A ∈ B(a, a) is a ∆-separable Frobenius algebra, then A∨ canonically also carries
the structure of a ∆-separable Frobenius algebra whose structure maps are the adjoints
of the structure maps of A. Moreover, note that for any B-A-bimodule X in B, the right
adjoint X∨ canonically carries the structure of an A-B∨∨-bimodule, with left and right
action given by

A

X∨

X∨

:=

A

X∨

X∨

,

B∨∨

X∨

X∨

:=

B∨∨

X∨

X∨

. (3.6)

3.14. Definition. The (right) Nakayama map γ̃A : A→ A∨∨ of a ∆-separable Frobenius
algebra A is

γ̃A := (ẽvA∨⊗ idA∨∨)◦
(
idA∨ ⊗(∆∨∨◦η∨∨◦ε◦µ)

)
◦(c̃oevA⊗ idA) =

A

A∨

A∨∨

(3.7)

We comment on the relation between the above Nakayama map and the standard
�Nakayama automorphism� in Remark 3.26 below. Given this connection, the following
result comes with little surprise.

3.15. Lemma. The Nakayama map γ̃A is an isomorphism of Frobenius algebras. More-
over, γ̃∨∨A = γ̃A∨∨.

Proof. The arguments in the pivotal case, see e.g. [23], carry over to the non-pivotal
case if one makes sure that A∨∨ is not confused with A.
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Let B,B′ be algebras, and let φ : B′ → B be an algebra isomorphism. Recall that
if Y comes with the structure of a right B-module, then the φ-twisted right B′-module
Yφ has the same underlying 1-morphism Y and its B′-action is the original B-action
pre-composed with idY ⊗φ.

3.16. Lemma. Let B be a 2-category with idempotent complete Hom categories and right
adjoints. Then IB also has right adjoints. The right adjoint of a 1-morphism X : (a,A) →
(b, B) in IB is X⋆ := (X∨)γ̃B .

Proof. The proof is formally analogous to the one in [13, Proposition 4.7] if one replaces
the Nakayama automorphism by the Nakayama map.

The theory of left adjoints for morphisms in IB is analogous. We denote the respective
left Nakayama map A → ∨∨A by the same symbol γ̃A. It will always be clear from the
context which one is meant.

3.17. O(1)-idempotent completion. In this section we recall a variant of idempotent
completion for dagger categories, lift it to O(1)-volutive categories, and work out how it
composes with the 2-functors SO(1), TO(1) of Section 2.1.

The following de�nitions were put forward in [51]. Let (C , d) be a dagger category as
in De�nition 2.2. A morphism e : a → a in C is called a d-idempotent if e ◦ e = e and
d(e) = e holds.

3.18. Definition. Let (C , d) be a dagger category. Let C
d ⊂ IC be the full subcategory

whose objects are pairs (a, e) in which e : a → a is a d-idempotent. The category C
d

together with the dagger structure (denoted by the same symbol!) d : C
d → (C

d
)op, (a, e) 7→

(a, e), X 7→ d(X) is called the d-Karoubi envelope of (C , d).

3.19. Remark. The d-Karoubi envelope satis�es a universal property analogous to the
one in Lemma 3.6, where one replaces the notion of splitting of an idempotent by the
notion of a splitting of a d-idempotent.

We note that a dagger structure d on C does not necessarily induce a dagger structure
on IC , which is why one restricts to the full subcategory C

d
. However, any dagger struc-

ture can also be reinterpreted as an O(1)-volutive structure with trivial higher coherence
via the 2-functor TO(1) in (2.7), and any O(1)-volutive structure on C canonically induces
an O(1)-volutive structure on IC , which we describe in the following.

3.20. Lemma. Let C be a category. Any O(1)-volutive structure (d, η) on C induces an
O(1)-volutive structure (d′, η′) on IC . Moreover, the assignment (C , d, η) 7→ (IC , d′, η′)
extends to a 2-functor

IO(1) : Cat
O(1) -vol // CatO(1) -vol. (3.8)
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Proof. We have the functor d′ : IC → IC op, (a, e) 7→ (d(a), d(e)), X 7→ d(X) which is
clearly well-de�ned. We de�ne the component of the natural isomorphism η′ : d′op◦d′ → id
at (a, e) to be the morphism η′(a,e) := e ◦ ηa : (d2(a), d2(e)) → (a, e). This is well-de�ned
since by naturality of η we have e ◦ ηa = ηa ◦ d2(e) and hence

e ◦ (e ◦ ηa) = e ◦ ηa = ηa ◦ d2(e) = ηa ◦ d2(e) ◦ d2(e) = (e ◦ ηa) ◦ d2(e). (3.9)

Naturality follows from the respective property of η, and η′(a,e) is invertible with inverse
given by η−1

a ◦e. It is also routine to check that the coherence condition of an O(1)-volution
is satis�ed.

Next, let (F, α) : (C1, d1, η1) → (C2, d2, η2) be an O(1)-volutive functor. We construct
an O(1)-volutive functor (IC1, d

′
1, η

′
1) → (IC2, d

′
2, η

′
2). As the underlying functor we take

IF : IC1 → IC2, which assigns (a, e) 7→ (F (a), F (e)) and X 7→ F (X). The natural
isomorphism α′ : IF op ◦d′1 ⇒ d′2 ◦ IF has as its 1-morphism component at (a, e) ∈ IC1 the
isomorphism α′

(a,e) := d(F (e)) ◦ αa. Finally, to an O(1)-volutive natural transformation

φ : (F, α) → (F̂ , α̂) we assign the O(1)-volutive natural transformation (IF, α′) → (IF̂ , α̂′)
given by Iφ. One checks that this assignment indeed de�nes a 2-functor.

The following is a straightforward comparison of induced structures.

3.21. Lemma. The diagram of 2-functors

SymMonCatd

��

I1,⊗ // SymMonCatd

��

CatO(1) -vol

IO(1)

// CatO(1) -vol

(3.10)

where the vertical 2-functors are the ones of Proposition 2.13 and the upper 2-functor is
the one obtained (in Lemma 3.10) by extending I to the 2-category of rigid symmetric
monoidal categories, is commutative.

3.22. Lemma. There is an invertible 2-transformation IO(1) ◦ IO(1)
∼= IO(1).

Proof. We describe the 1-morphism component of the 2-transformation at an O(1)-
volutive category (C , d, η). Consider the equivalence of categories IC ∼= IIC given on
object level by (a, e) 7→ (a, e, e). We claim that this functor induces an O(1)-volutive
functor IO(1)(C , d, η) → (IO(1)IO(1))(C , d, η). Indeed, the natural isomorphism α in the
de�nition of an O(1)-volutive functor can here be taken to be trivial. We infer from [54,
Lemma 2.5] that this O(1)-volutive functor is then an equivalence in CatO(1) -vol. The 2-
morphism component of the 2-transformation at an O(1)-volutive functor, which consists
of an O(1)-volutive natural transformation, can also be taken to be trivial.
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Recall the functor SO(1) from (2.10) and consider the composition

Cat†
TO(1) // CatO(1) -vol

IO(1) // CatO(1) -vol
SO(1) // Cat†. (3.11)

Given a dagger category (C , d), we want to give an explicit description of the dagger cate-
gory (SO(1)◦IO(1)◦TO(1))(C , d). First, we recall that the O(1)-volutive category TO(1)(C , d)
consists of the category C together with the O(1)-volutive structure (d, id). Next, the
O(1)-volutive category (IO(1) ◦ TO(1))(C , d) consists of the category IO(1)C together with
the O(1)-volutive structure whose functor assigns (a, e) 7→ (a, d(e)), X 7→ d(X) and
whose natural isomorphism is again trivial, recalling that id(a,e) = e. Lastly, the dag-
ger category (SO(1) ◦ IO(1) ◦ TO(1))(C , d) has as its underlying category the one whose
objects are triples (a, e, θ(a,e)) where a ∈ C is an object, e : a → a is an idempotent,
and θ(a,e) : (a, e) → (a, d(e)) is an isomorphism satisfying d(θ(a,e))−1 ◦ θ(a,e) = id(a,e), and
whose morphisms X : (a, e, θ(a,e)) → (b, f, θ(b,f)) are morphisms X : a → b in C satisfy-
ing f ◦ X = X = X ◦ e. The associated dagger structure on this category assigns to a
morphism X : (a, e, θ(a,e)) → (b, f, θ(b,f)) the morphism

θ−1
(a,e) ◦ d(X) ◦ θ(b,f) : (b, f, θ(b,f)) // (a, e, θ(a,e)). (3.12)

Given this explicit description of the dagger category (SO(1) ◦ IO(1) ◦ TO(1))(C , d), we �nd
the following.

3.23. Proposition. Let (C , d) be a dagger category. There is a fully faithful dagger
functor

ψ : (C
d
, d) // (SO(1) ◦ IO(1) ◦ TO(1))(C , d). (3.13)

Proof.We send an object (a, e) ∈ C
d
to the object (a, e, id(a,e)) ∈ (SO(1) ◦ IO(1) ◦TO(1))C

and a morphism X : (a, e) → (b, f) ∈ C
d
to the morphism X : (a, e, id(a,e)) → (b, f, id(b,f)).

It is clear that this is well-de�ned, functorial, and fully faithful. Our explicit description of
the dagger structure on (SO(1)◦IO(1)◦TO(1))C shows that the functor is a dagger functor.

3.24. Remark.We claim that SO(1)◦IO(1)◦TO(1) : Cat
† → Cat† allows for the structure of

a monoid in the 2-category H om2Cat(Cat
†,Cat†). Indeed, the component of the unit at a

dagger category (C , d) is the inclusion dagger functor ι : (C , d) → SO(1)◦IO(1)◦TO(1)(C , d),
and the associative multiplication is given by

SO(1) ◦ IO(1) ◦ TO(1) ◦ SO(1) ◦ IO(1) ◦ TO(1)

id ◦KO(1)◦id// SO(1) ◦ IO(1) ◦ IO(1) ◦ TO(1)

∼= // SO(1) ◦ IO(1) ◦ TO(1)

(3.14)

where KO(1) denotes the counit of the adjunction between TO(1) and SO(1), and the last
equivalence is described in Lemma 3.22. In general, we do not expect the multiplication
map de�ned in this way to be an equivalence.
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3.25. Spin(2)r-idempotent completion. In this section we lift Spin(2)r-volutive struc-
tures from 2-categories B to their idempotent completion, producing Spin(2)r-volutive
2-categories ISpin(2)rB. The main result of this section then concerns the case r = 1:
we show that conjugating with the operations SSO(2), TSO(2) of Section 2.21 recovers the
�Euler completed orbifold completion� of B.

Throughout this section, let r ∈ Z⩾0. We claim that any Spin(2)r-volutive struc-
ture S on a locally idempotent complete 2-category B with right adjoints extends to its
idempotent completion IB of De�nition 3.11. To see this, the following terminology will
be helpful. Let (a,A) ∈ IB. The Nakayamar morphism of A is the Frobenius algebra
isomorphism

γ̃rA := γ̃A(∨∨)r−1 ◦ . . . ◦ γ̃A : A // A(∨∨)r (3.15)

where γ̃A is the Nakayama map of (3.7).

3.26. Remark. Consider a 2-category B with right adjoints and an SO(2)-dagger struc-
ture S : id ⇒ (−)∨∨ (recall that this is equivalently a pivotal structure on B). Let
(a,A) ∈ IB. The composition SA ◦ γ̃1A : A → A is commonly known as the Nakayama
automorphism of A, see e.g. [13, Equation (4.3)]. In the general case, for r ⩾ 1 and a
Spin(2)r-dagger structure S : id ⇒ ((−)∨∨)r, we will call the composition SA ◦ γ̃rA : A→ A
the Nakayamar automorphism of A.

The following result is obtained from the (graphical) de�nition of the Nakayama map.

3.27. Lemma. Let (B, S) be an SO(2)-dagger 2-category and (a,A) ∈ IB. Taking the r-
fold composition of S with itself, we obtain a Spin(2)r-dagger structure Sr : id ⇒ ((−)∨∨)r.
In this case, the Nakayamar automorphism of A is the r-fold power of the Nakayama
morphism of A, that is, SrA ◦ γ̃rA = (SA ◦ γ̃1A)r.

Recall from Lemma 3.16 that the idempotent completion IB of a 2-category B with
right adjoints X∨ also has right adjoints X⋆.

3.28. Lemma. Let B be a locally idempotent complete 2-category with right adjoints. Any
Spin(2)r-volutive structure S on B induces a Spin(2)r-volutive structure S ′ : id ⇒ ((−)⋆⋆)r

on IB.

Proof. We de�ne the 1-morphism component of S ′ at an object (a,A) ∈ IB to be the
1-morphism A(γ̃rA)−1 ⊗ Sa with A-A-bimodule structure given by

A⊗ (A(γ̃rA)−1 ⊗ Sa)⊗ A
id⊗S−1

A // A⊗ A(γ̃rA)−1 ⊗ A(∨∨)r ⊗ Sa // A(γ̃rA)−1 ⊗ Sa (3.16)

where we used the canonical A-A(∨∨)r -action on A(γ̃rA)−1 in the last step. An inverse of
S ′
(a,A) is given by the A-A-bimodule S−1

a ⊗ (γ̃rA)−1A with bimodule actions constructed
similarly as for S ′

(a,A).
In order to de�ne the 2-morphism component of S ′, we note that for any A-B-bimodule

X and any Frobenius algebra isomorphisms ϕ : A′ → A and ψ : B′ → B we have

(ϕXψ)
∨ ∼= ψ(X

∨)ϕ∨∨ (3.17)
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as B′-(A′)∨∨-bimodules; to see this, one may use the graphical de�nition in (3.6). Recall
further that the right adjoint in IB is given by X⋆ := (X∨)γ̃B and that γ̃∨∨A = γ̃A∨∨ holds.
We de�ne the 2-morphism component of S ′ at X to be the 2-isomorphism

X(⋆⋆)r ⊗A S′
(a,A)

∼= γ̃BX
(∨∨)r

γ̃A ⊗A (A(γ̃rA)−1 ⊗ Sa) ∼= γ̃BX
(∨∨)r ⊗ Sa

SX //
γ̃B (Sb ⊗X) ∼= (B(γ̃rB)−1 ⊗ Sb)⊗B X

(3.18)

which one checks to be an intertwiner of B-A-bimodules using the naturality of S. One
moreover checks that this de�nes an SO(2)-volutive structure on IB, using the respective
properties of S.

3.29. Remark. Recall from Example 2.30 that any symmetric monoidal 2-category B
with duals, adjoints, and idempotent complete Hom categories carries an SO(2)-volutive
structure given by the Serre automorphism S. By Lemma 3.28, IB inherits an SO(2)-
volutive structure from B. Its 1-morphism component at (a,A) ∈ IB is given by S(a,A) =
A(γ̃1A)−1⊗Sa. Recalling Remark 3.26 and using the isomorphism described in [15, Equation
(4.11)], this reproduces the 1-morphism component of the Serre automorphism determined
in [15, Proposition 4.8] up to an erroneous appearence of �⊗A�. We expect there to be
an analogous commutative diagram as in Lemma 3.21.

3.30. Remark.We expect that the assignment (B,S) 7→ (IB, S ′) extends to a 3-functor

ISpin(2)r : 2Cat
Spin(2)r -vol // 2CatSpin(2)

r -vol. (3.19)

This should then give a sequence of 3-functors

2CatSpin(2)
r - † TSpin(2)r // 2CatSpin(2)

r -vol
ISpin(2)r // 2CatSpin(2)

r -vol
SSpin(2)r // 2CatSpin(2)

r - †. (3.20)

In the remainder of this section, we investigate aspects of the composition (3.20).
Given a Spin(2)r-dagger structure S on a 2-category B with right adjoints and idem-
potent complete Hom categories, we want to compute the image of (B, S) under the
(conjectural) 3-functor SSpin(2)r ◦ISpin(2)r ◦TSpin(2)r . First, the Spin(2)r-volutive 2-category
TSpin(2)r(B, S) has the same underlying 2-category and Spin(2)r-volutive structure. Sec-
ond, the 2-category underlying (ISpin(2)r ◦ TSpin(2)r)(B, S) is IB. The Spin(2)r-volutive
structure S ′ on IB has 1-morphism components S ′

(a,A) = A(SAγ̃
r
A)−1 , as shown in the proof

of Lemma 3.28. Finally, the 2-category underlying (SSpin(2)r ◦ ISpin(2)r ◦ TSpin(2)r)(B, S)
has objects given by triples (a,A, λ(a,A)) where (a,A) ∈ IB and λ(a,A) : A(SAγ̃

r
A)−1 → A is

a 2-isomorphism in IB, while 1- and 2-morphisms are those of IB. The Spin(2)r-dagger
structure on this 2-category is then given by

X(⋆⋆)r ∼= X(⋆⋆)r ⊗A A
id⊗Aλ

−1
(a,A)// X(⋆⋆)r ⊗A A(SAγ̃

r
A)−1

S′
X // B(S−1

B γ̃rB)−1 ⊗B X
λ(b,B)⊗B id

// B ⊗B X ∼= X.

(3.21)
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3.31. Definition. Let (B, S) be an SO(2)-dagger 2-category. Its Euler completion
(B, S)eu consists of the 2-category whose objects are pairs (a, ψa) where ψa : ida → ida is
a 2-isomorphism in B, and whose 1- and 2-morphisms are those of B, and the SO(2)-
dagger structure given by

X∨∨ ∼= X∨∨ ◦ ida
id ◦ψ−1

a // X∨∨ ◦ ida
SX // idb ◦X

ψb◦id // idb ◦X ∼= X. (3.22)

3.32. Remark. This de�nition is closely related to the Euler completion of a pivotal
(i.e., SO(2)-dagger) 2-category (B, S) described in [10, Section 5.1.1] and coming from
[14]. Changing the pivotal structure according to our prescription and then computing
the left adjoints yields precisely the ones given in [10, Equation (5.1)]. The di�erence
between the procedures is that we do not change the right adjoints, whereas loc. cit.
does. This distinction is not crucial, for the following reason. Given two choices of
right adjunction data, there is an invertible 2-transformation χ : (−)∨ ⇒ (−)∨̃ whose
1-morphism components are identities. The composition

id S // (−)∨∨
χ◦χ // (−)∨̃∨̃ (3.23)

is then again an SO(2)-dagger structure, which a priori might be di�erent from S. How-
ever, if we change our right adjoints according to the prescription in [10, Equation (5.1)],
one computes that (−)∨̃∨̃ = (−)∨∨ and hence the pivotal structure remains the same.

3.33. Remark. Recall from [18] that any two-dimensional oriented defect TQFT Z
gives rise to an SO(2)-dagger (i.e. pivotal) 2-category DZ . The Euler completion of
an SO(2)-dagger 2-category was introduced in order to describe the SO(2)-dagger 2-
category associated to the Euler completion Zeu of the defect TQFT Z ; namely, one has
DZeu

∼= (DZ )eu; see [10, Section 5].

The following is obtained by comparison of de�nitions, explaining how the notion of
Euler completion �ts into our picture. We note that our theory immediately suggests a
generalization to the case of r ⩾ 2.

3.34. Lemma. Let (B, S) be an SO(2)-dagger 2-category. Then

(B, S)eu ∼= (SSO(2) ◦ TSO(2))(B, S). (3.24)

Let (B, S) be an SO(2)-dagger 2-category with idempotent complete Hom categories.
Recall that a Frobenius algebra A is called symmetric if A ∼= ASA◦γ̃1A or equivalently
SA◦ γ̃1A = idA, see [23, De�nition 17] and [15, Equation (4.11)]. Recall also the idempotent
completion IB of De�nition 3.11, the induced Spin(2)r-volutive structure S ′ on IB of
Lemma 3.28 for a Spin(2)r-volutive 2-category (B, S), and the equivalent description of
SO(2)-dagger (that is, pivotal) structures in Remark 2.34.

3.35. Definition. [13] The orbifold completion (B, S)orb of (B, S) consists of the full
sub-2-category of IB whose objects are pairs (a,A) with a ∈ B and A ∈ B(a, a) a ∆-
separable symmetric Frobenius algebra, as well as the SO(2)-dagger structure S ′ induced
from (B, S).
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3.36. Remark. Consider again a two-dimensional oriented defect TQFT Z giving rise to
an SO(2)-dagger (i.e. pivotal) 2-categoryDZ . The orbifold completion of an SO(2)-dagger
2-category was introduced in order to describe the SO(2)-dagger 2-category associated to
the orbifolded two-dimensional oriented defect TQFT Zorb; namely, one has DZorb

∼=
(DZ )orb; see [7] and references therein.

We have the following comparison result, explaining how the orbifold completion �ts
into our picture.

3.37. Theorem. Let (B, S) be an SO(2)-dagger 2-category with idempotent complete
Hom categories. There is an equivalence of SO(2)-dagger 2-categories

(SSO(2) ◦ ISO(2) ◦ TSO(2))(B, S) ∼= ((B, S)orb)eu (3.25)

between our construction and the Euler completed orbifold completion.

Proof. We de�ne a 2-functor from the right-hand side to the left-hand side. Let (a,A,
ψ(a,A)) be an object in (Borb)eu, i.e. a ∈ B, A ∈ H omB(a, a) is a ∆-separable symmetric
Frobenius algebra, and ψ(a,A) : A → A an invertible A-A-bimodule intertwiner. Since A
is symmetric, we have SA ◦ γ̃1A = idA and hence ψ(a,A) gives a 2-isomorphism A(SA◦γ̃1A)−1 =
A→ A. Thus we may send the triple (a,A, ψ(a,A)) to (a,A, ψ(a,A)). On 1- and 2-morphism
level the 2-functor is de�ned to be the identity. It is clear that this de�nes a 2-functor
which is SO(2)-dagger.

Conversely, if (a,A, λ(a,A)) is an object in (SSO(2) ◦ ISO(2) ◦ TSO(2))(B, S), then by
existence of λ(a,A) the Frobenius algebra A is symmetric and λ(a,A) : A(SA◦γ̃1A)−1 = A → A
is an invertible intertwiner of A-A-bimodules. Hence we may send the triple (a,A, λ(a,A))
to (a,A, λ(a,A)). The assignment on 1- and 2-morphism level is again trivial. This too is
an SO(2)-dagger 2-functor and clearly an inverse to the �rst SO(2)-dagger 2-functor.

3.38. O(2)-idempotent completion. In this section we lift O(1)- and O(2)-volutive
structures from 2-categories B to their idempotent completion, producing O(1)- and O(2)-
volutive 2-categories IO(1)B and IO(2)B, respectively. We also work out what conjugating
IO(2) with the operations SO(2), TO(2) of Section 2.61 does to O(2)-dagger 2-categories, thus
producing a candidate for �O(2)-idempotent completion�.

We start with an O(1)-variant of Lemma 3.28:

3.39. Lemma. Let B be a locally idempotent complete 2-category. Any O(1)-volutive
structure (d, η, τ) on B induces an O(1)-volutive structure (d′, η′, τ ′) on IB.

Proof. We start by de�ning the 2-functor d′ : IB → IBop. On object level, it as-
signs (a,A) ∈ IB to the pair (d(a), d(A)) where d(A) becomes a ∆-separable Frobe-
nius algebra by applying d to the Frobenius algebra structure on A, e.g. d(A) ⊗ d(A) ∼=
d(A ⊗ A) → d(A) where we used d(µA) in the second step. On 1-morphism level, we
assign to X : (a,A) → (b, B) the 1-morphism d(X) : (d(b), d(B)) → (d(a), d(A)) where
d(X) : d(b) → d(a) is equipped with the d(A)-d(B)-bimodule structure induced by the
one of X upon applying the 2-functor d. On 2-morphism level, we assign to f : X → Y
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the map d(f) : d(X) → d(Y ). One checks that this assignment is well-de�ned and func-
torial due to the functoriality of d.

Next, we de�ne the invertible 2-transformation η′ : d′op ◦ d′ ⇒ id. Its 1-morphism
component at (a,A) ∈ IB is given by the 1-morphism A⊗ ηa : (d

op ◦ d)(a) → a equipped
with the left A-module action induced by µA and the right d2(A)-module action given by

A⊗ ηa ⊗ d2(A)
id⊗η−1

A // A⊗ A⊗ ηa
µA⊗id // A⊗ ηa. (3.26)

One deduces from the associativity of µA that A⊗ηa together with these actions becomes
an A-d2(A)-bimodule. An inverse of this bimodule is given by η−1

a ⊗A with actions de�ned
analogously. The 2-morphism component of η′ at X : (a,A) → (b, B) is de�ned as

X ⊗A (A⊗ ηa)
∼= // X ⊗ ηa

ηX // ηb ⊗ d2(X)
∼= // (ηb ⊗ d2(B))⊗B d2(X)

η−1
B ⊗id
// (B ⊗ ηb)⊗B d2(X)

(3.27)

which one checks to be an intertwiner. Moreover, since η is an invertible 2-transformation,
so is η′. Lastly, the invertible modi�cation τ ′ : (η′op)−1 ◦ idd′ ⇛ idd′ ◦η′ has as its 2-
morphism component at (a,A) ∈ IB the intertwiner

η−1
d′(a,A) = η−1

d(a) ⊗ d(A)
τa // d(ηa)⊗ d(A) ∼= d(A⊗ ηa) = d′(ηa,A). (3.28)

The coherence condition of τ ′ follows from the respective coherence property of τ .

3.40. Remark. In the case that the O(1)-volutive structure is induced by a rigid sym-
metric monoidal structure as in Example 2.47, this construction is compatible with the
construction of [15, Section 4.1.4]. More speci�cally, loc. cit. describes duals on IB in-
duced by duals in B, which yields an O(1)-volution on IB induced by the O(1)-volution
on B determined by the rigid symmetric monoidal structure on B. The O(1)-volution
induced on IB in this way is then recovered by Lemma 3.39. We expect that this extends
to an analogue of Lemma 3.21.

Combining Lemmas 3.28 and 3.39 allows us to lift O(2)-volutive structures to the
idempotent completion:

3.41. Proposition. Let B be a locally idempotent complete 2-category with right ad-
joints. Any O(2)-volutive structure (d, η, τ, S,Γ) on B induces an O(2)-volutive structure
(d′, η′, τ ′, S ′,Γ′) on IB.

Proof. The O(1)-volutive structure (d′, η′, τ ′) is described in Lemma 3.39 while the
SO(2)-volutive structure is described in Lemma 3.28, recalling that we have SO(2) =
Spin(2)r for r = 1. Next, we describe the invertible 2-transformation ϵ′ : ⋆⋆(−) ◦ d′ ⇒
d′ ◦ (−)⋆⋆. Its 1-morphism component at (a,A) ∈ IB is given by d(A∨∨)⊗ ϵa with d(A)-
d(A)-bimodule actions constructed from the Nakayama map γ̃A : A → A∨∨ (and its left
analogue), and the 2-morphism component ϵA : d(A∨∨) ⊗ ϵa → ϵa ⊗ ∨∨d(A) of ϵ at the
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1-morphism A : (a,A) → (a,A). The 2-morphism component of ϵ at X : (a,A) → (b, B)
is given by

d(X⋆⋆)⊗d(A) (d(A
∨∨)⊗ ϵa)

∼= // d(X∨∨)⊗d(A∨∨) d(A
∨∨)⊗ ϵa

∼= // d(X∨∨)⊗ ϵa
ϵX // ϵb ⊗∨∨ d(X)

∼=

qq
ϵb ⊗∨∨ d(B)⊗∨∨d(B)

∨∨d(X) ∼=
// (ϵb ⊗∨∨ d(B))⊗d(B)

⋆⋆d(X)
ϵ−1
B ⊗id

// (d(B∨∨)⊗ ϵb)⊗d(B)
⋆⋆d(X).

(3.29)
One checks that this de�nes an invertible 2-transformation using the respective properties
of ϵ. Finally, we de�ne the invertible modi�cation Γ′ : (idd′ ◦(S ′)−1) • ϵ′ ⇛ S ′ ◦ idd′ . Its
2-morphism component at (a,A) ∈ IB is given by

d(S−1
a ⊗A(γ̃1A)−1)⊗d(A) (d(A

∨∨)⊗ ϵa)
∼= // d(A)(γ1

d(A)
)−1 ⊗ d(S−1

a )⊗ ϵa
id⊗Γa // d(A)(γ1

d(A)
)−1 ⊗ Sd(a)

(3.30)

which one checks to be an invertible modi�cation using the respective properties of Γ.
The coherence condition for Γ′ follows similarly.

3.42. Remark. We expect that the assignment (B, d, η, τ, S,Γ) 7→ (IB, d′, η′, τ ′, S ′,Γ′)
extends to a 3-functor

IO(2) : 2Cat
O(2) -vol // 2CatO(2) -vol. (3.31)

3.43. Remark. Let (B, d, η, S) be an O(2)-dagger 2-category. We want to spell out the
O(2)-dagger 2-category (SO(2) ◦ IO(2) ◦ TO(2))(B, d, η, S). The O(2)-volutive 2-category
TO(2)(B, d, η, S) is (B, d, η, id, S, id), as explained in the paragraph containing (2.65).
Next, we describe the O(2)-volutive structure on (IO(2) ◦TO(2))(B, d, η, S). As we already
described the arising SO(2)-volutive structure on IB in Section 3.25, it remains to describe
the O(1)-volutive structure as well as the modi�cation Γ. The 2-functor d′ : IB → IB1-op

assigns (a,A) 7→ (a, d(A)), X 7→ d(X), f 7→ d(f). The invertible 2-transformation η′ has
1-morphism component at (a,A) ∈ IB given by the A-d2(A)-bimodule A where the right
action is constructed using ηA. The invertible modi�cation η′ is virtually trivial. Next,
the 1-morphism component of the invertible 2-transformation ϵ′ at (a,A) ∈ IB is given
by the d(A)-d(A)-bimodule d(A∨∨). Finally, the 2-morphism component of the invertible
modi�cation Γ′ at (a,A) ∈ IB is also virtually trivial.

We are now in a position to describe the O(2)-volutive 2-category (SO(2) ◦ IO(2) ◦
TO(2))(B, d, η, S). First, the underlying 2-category has objects given by tuples (a,A, θ(a,A),
Π(a,A), λ(a,A), ϕ(a,A)) where (a,A) ∈ IB, θ(a,A) : (a,A) → (a, d(A)) is a 1-isomorphism in
IB, and

Π(a,A) : A⊗d2(A) d(θ(a,A))
−1 ⊗d(A) θ(a,A) // A (3.32)

is a 2-isomorphism in IB satisfying a coherence condition. Moreover, λ(a,A) : A(SAγ̃
1
A)−1 →

A is a 2-isomorphism in IB, and ϕ(a,A) : θ
−1
(a,A)⊗d(A∨∨)⊗∨∨ θ(a,A) → A is a 2-isomorphism

satisfying a coherence condition. The 1- and 2-morphisms of the underlying 2-category are
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the same as those of IB. The O(2)-dagger structure on this 2-category is then obtained
by carrying out the construction described in Section 2.61.

We explained in Section 2.76 that the Hom categories of any O(2)-dagger 2-category
admit O(1)-volutions. Moreover, we were able to construct a new O(2)-dagger 2-category
whose Hom categories carry compatibleO(1)-dagger structures (that is, dagger structures)
so that the arising 2-category carries a bi-† structure. One may in particular apply
this construction to the O(2)-dagger 2-category (SO(2) ◦ IO(2) ◦ TO(2))(B, d, η, S). The
objects of the resulting 2-category are the same as those of the 2-category underlying
(SO(2) ◦ IO(2) ◦TO(2))(B, d, η, S), while its 1-morphisms additionally carry 2-isomorphisms
enforcing compatibility with the O(2)-volutive structure as explained in Section 2.76.

3.44. Remark. Recall that the 2-category IB descends from a double category, meaning
in particular that any morphism of Frobenius algebras ϕ : A → B canonically induces
an A-B-bimodule obtained by twisting the left action of the B-B-bimodule B along ϕ.
In consequence, there may be objects and 1-morphisms in the 2-category underlying
(SO(2) ◦ IO(2) ◦ TO(2))(B, d, η, S) of a particularly simple form; by that we mean that
for instance a 1-isomorphism θ(a,A) : (a,A) → (a, d(A)) in IB, which is by de�nition an
invertible d(A)-A-bimodule, may come from an invertible Frobenius algebra morphism
A→ d(A).

3.45. Remark. Analogously to the oriented case described in De�nition 3.31 and Lemma
3.34, we propose the composition SO(2) ◦ TO(2) as a generalization of �two-dimensional
unoriented Euler5 completion�. To see that this is indeed a completion, it would be
su�cient to have a result analogous to Theorem 2.18 in the O(2)-case; if given such a
theorem, it would automatically follow that SO(2) ◦ IO(2) ◦ TO(2) is complete with respect
to SO(2) ◦ TO(2). We leave this for future work.

4. Examples and applications

In this section we study G-volutive and G-dagger structures on several 2-categories, recov-
ering and generalizing several known results from the literature as well as producing new
ones. In Section 4.1, we show that our G-idempotent completion construction SG ◦IG ◦TG
of Sections 2 and 3 for G ∈ {SO(2), Spin(2)r,O(2)} recovers the algebraic input data and
structural results for �G-type� state sum models (Section 4.1). In the remaining sections,
we study G-dagger structures on the 2-categories of bundle gerbes (Section 4.2), Landau�
Ginzburg models (Section 4.13), and truncated a�ne Rozansky�Witten models (Section
4.20).

4.1. State sum models. In this section we apply the theory developed in Sections 2
and 3 to the 2-category which is the delooping of �nite-dimensional (super) vector spaces.

5In general, we expect (the TQFT analogue of) this generalization of �Euler� completion to add more
than the invariants constructed from the Euler characteristic; a more precise statement would require a
rigorous de�nition of unoriented two-dimensional defect TQFTs.
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We �nd that the arising examples of G-dagger categories reproduce the algebraic input
data of two-dimensional state sum models for G-tangential structure, for G ∈ {SO(2),
Spin(2)r,O(2)}. This is a non-trivial consistency check of the expectation that our higher
idempotent constructions actually give rise to TQFTs.

Recall the symmetric monoidal rigid category of �nite-dimensional vector spaces vectk
over some �eld k. The delooping B vectk is a symmetric monoidal 2-category with duals
and adjoints. Its adjoints correspond to the dual objects of vectk, while the dual of the
unique object ∗ ∈ B vectk is trivially ∗.

We �rst note that by Example 2.31 and Example 2.64, B vectk carries both a Spin(2)r-
dagger structure S (with 2-morphism components SV : V ∗∗ → V the canonical isomor-
phisms for �nite-dimensional vector spaces V ) and an O(2)-dagger structure (d, η, S). We
stress that here d, η are trivial, hence below we write (id, id, S) for (d, η, S). Secondly, by
Proposition 3.41 and Lemma 3.28, the idempotent completion IB vectk then also carries
an O(2)-volutive structure and a Spin(2)r-volutive structure, see the respective proofs for
explicit details. Alternatively, this can be seen by noting that IB vectk too is symmetric
monoidal and has duals and adjoints. Hence we obtain the Spin(2)r-dagger 2-category(

SSpin(2)r ◦ ISpin(2)r ◦ TSpin(2)r
)
(B vectk, S) (4.1)

and the O(2)-dagger 2-category(
SO(2) ◦ IO(2) ◦ TO(2)

)
(B vectk, id, id, S). (4.2)

We will subsequently compare both of these to the literature, starting with the former.

The case of SO(2). We �rst consider the special case of r = 1, that is, the case of an
SO(2)-dagger structure on B vectk. Thanks to Theorem 3.37, we have (SSO(2) ◦ ISO(2) ◦
TSO(2))(B vectk, S) ∼= ((B vectk, S)orb)eu. On the other hand, the right-hand side is equiv-
alent to the 2-category SepSymFrobAlgk of separable symmetric Frobenius algebras, cf.
[10, Section 5.1.1]. Thus we �nd(

SSO(2) ◦ ISO(2) ◦ TSO(2)

)
(B vectk, S) ∼= SepSymFrobAlgk. (4.3)

This means that our construction specializes to precisely reproduce the symmetric monoidal
pivotal 2-category which governs two-dimensional oriented state sum models with defects,
see [24] for the closed case, [35] for the open-closed case, and [7] for the general defect
case.

The case of Spin(2)r. We turn to the case of Spin(2)r with r ⩾ 2. As explained
in Section 3.25, the objects in (SSpin(2)r ◦ ISpin(2)r ◦ TSpin(2)r)(B vectk, S) are separable
Frobenius k-algebras A for which the Nakayamar automorphism is trivial. More generally,
one may consider any symmetric monoidal rigid category C rather than vectk and carry
out the same construction; of particular interest here is C = svectk, the category of
super vector spaces. Such algebras are closely related to the ones of [45, 44] describing
two-dimensional r-spin state sum models. The main di�erence to our approach is that
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our theory is set in the context of Spin(2)r-dagger 2-categories, generalizing the well-
understood pivotal (r=1) case, whereas the authors of [45, 44] study separable Frobenius
algebras in symmetric monoidal categories and ask the honest r-th power of the Nakayama
automorphism to be trivial; see [15, Remark 4.2] for a comparison of di�erent conventions
of Nakayama automorphisms. Here we recall from Lemma 3.27 that in case the Spin(2)r-
dagger structure is induced from an SO(2)-dagger structure (which in turn is induced from
the symmetric monoidal structure on the category), the r-th power of the Nakayama
automorphism coincides with the Nakayamar automorphism. Hence our construction
precisely reproduces the algebraic input data of two-dimensional r-spin state sum models,
as expected.

The case of O(2). Finally, we consider the case of O(2). Considering the special
case of (B vectk, id, id, S) in Remark 3.43, we �nd that the objects in (SO(2) ◦ IO(2) ◦
TO(2))(B vectk, id, id, S) are essentially separable symmetric Frobenius algebras A that
additionally carry a (generalized) involution. We already explained why these Frobe-
nius algebras are separable and symmetric in the SO(2)-case, so it remains to discuss
the involution on A. First, we recall from Lemma 3.39 that the O(1)-volutive struc-
ture (id, id) on B vectk induces an O(1)-volutive structure on IB vectk. The underly-
ing functor d : IB vectk → IB vect1-opk of this O(1)-volutive structure assigns an object
(⋆,A) ∈ IB vectk to the object (⋆,Aop) ∈ IB vect1-opk where Aop denotes the opposite alge-
bra of A; this can be seen either by spelling out the construction in Lemma 3.39 for the
case at hand or equivalently by combining Remark 3.40 with the explicit discussion of du-
als in the idempotent completion (there denoted by (−)eq) of an arbitrary rigid monoidal
2-category in [15, Section 4.1.4] and then again specializing to B vectk. We note that the
underlying 2-transformation η : d1-op ◦ d → id of the O(1)-volutive structure on IB vectk
is trivial, since (Aop)op = A.

A particular special case of the data θ(a,A),Π(a,A) described in Remark 3.43 for the case
at hand arises when θ(a,A) is induced by an involutive isomorphism of Frobenius algebras
θ : A → Aop (see Remark 3.44) such that θ2 = idA and Π(a,A) is trivial, which is why we
speak of involutions. These algebraic structures are closely related to the stellar algebras
of [50], and to the ones of [55, 1] following [33], describing two-dimensional unoriented
state sum models. There are minor di�erences between our algebraic structures and those
of loc. cit., however below we shall explain that the latter are equivalent to a special case
of ours.

One di�erence between our construction and that of [1] is that the latter considers
special Frobenius algebras. Such algebras are always separable and hence included in our
setting. Moreover the involutions A → Aop of loc. cit. are algebra isomorphisms rather
than bimodules, which are included in our setting via Remark 3.44 and the discussion
above. We expect that our slightly more general de�nitions also carry physical meaning
in the sense that all objects of (SO(2) ◦ IO(2) ◦ TO(2))(B vectk, id, id, S) can be used as the
algebraic input data for unoriented closed TQFTs of state sum type. In fact it is natural to
expect that the whole of (SO(2)◦IO(2)◦TO(2))(B vectk, id, id, S) can be used as the algebraic
input data of an unoriented defect TQFT, analogously to the well-studied oriented case
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discussed above. In particular, our discussion of the O(1)-volutions on Hom categories in
Section 3.38 should yield the correct algebraic notion of unoriented line defects.

4.2. Bundle gerbes. In this section we discuss volutive structures on the 2-category of
bundle gerbes over a �xed manifold.

Let M be a smooth manifold. We consider the 2-category of bundle gerbes Grb(M)
over M described in [57]. Here we recall only some of the relevant de�nitions. Given
surjective submersions π : Y → M and π′ : Y ′ → M , we denote their �ber product by
Y π×π′ Y ′ := {(y, y′) |π(y) = π′(y′)}. We denote the k-fold �ber product of Y with itself
by

Y [k] := Y π×π Y π×π · · · π×π Y . (4.4)

4.3. Definition. A bundle gerbe G over M consists of a surjective submersion π : Y →
M , a line bundle L over Y [2] and an associative isomorphism µ : π∗

23L⊗ π∗
12L→ π∗

13L of
line bundles over Y [3]. Here associativity amounts to a coherence condition over Y [4].

4.4. Example. The trivial bundle gerbe I over M consists of the surjective submersion
id : M → M , the line bundle M × C, and the isomorphism µ induced by multiplication
of complex numbers.

4.5. Remark. Ignoring the surjective submersion π, it is helpful to think of bundle gerbes
as structures resembling algebras, which suggests natural notions of 1- and 2-morphisms
as bimodules and intertwiners, respectively. This leads to the construction of a 2-category
Grb(M), see [57] for a careful treatment of the involved structures.

The 2-category Grb(M) can be endowed with a symmetric monoidal structure such
that it is a categori�cation of the symmetric monoidal category VectBdl(M) of vector
bundles over M , i.e. Grb(M)(I ,I ) ∼= VectBdl(M). Moreover, one shows that Grb(M)
admits duals and adjoints. In particular, the dual of a bundle gerbe G = (Y, π, L, µ) is
the bundle gerbe (Y, π, L∗, (µ∗)−1) where L∗ denotes the dual line bundle.

Again we refer to [57] and [34] for details. By Examples 2.63 and 2.30, the 2-category
Grb(M) hence admits an O(2)-volutive structure as well as a Spin(2)r-volutive structure
for any r ∈ Z⩾0. We saw that the stricti�cation procedures SO(2) and SSpin(2)r essentially
amount to �nding certain trivializations of structures internal to Grb(M), such as the du-
als and (higher) powers of the Serre automorphism. In the following we want to determine
which objects admits such trivializations, that is, we wish to determine SO(2)Grb(M) and
SSpin(2)r Grb(M), starting with the latter.

Let G = (Y, π, L, µ) be a bundle gerbe over M . The evaluation 1-morphism ev : G ⊗
G ∗ → I is given by the trivial line bundle together with the line bundle isomorphism
which �berwise reads L(y1,y2)⊗L∗

(y1,y2)
→ C. In other words, this 1-isomorphism is �berwise

induced by the ordinary evaluation map for vector spaces. Here we have tacitly used the
canonical re�nement along the diagonal map ∆: Y → Y [2]. Since ev is invertible, we may
take its inverse to be its adjoint. The braiding βG ,G : G ⊗G → G ⊗G consists again of the
trivial line bundle together with the isomorphism constructed �berwise from the braiding
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in the category of vector spaces, that is, βL(y1,y2)
,L(y1,y2)

: L(y1,y2)⊗L(y1,y2)
∼= L(y1,y2)⊗L(y1,y2).

Combining these structures, we �nd that the Serre automorphism of G consists of the line
bundle L over Y [2], and the isomorphism of line bundles

L
id⊗ ev∨L // L⊗ L⊗ L∗ βL,L⊗id

// L⊗ L⊗ L∗ id⊗ evL // L (4.5)

which is straightforwardly checked to be trivial too. Indeed, working �berwise over a
chosen point, the amounts to the standard computation

v 7−→ v ⊗

(∑
i

bi ⊗ b∗i

)
7−→

∑
i

bi ⊗ v ⊗ b∗i =
∑
i

bi ⊗ (vi · bi)⊗ b∗i =
∑
i

(vi · bi)⊗ bi ⊗ b∗i 7−→
∑
i

(vi · bi) = v

in vectC, where bi is a basis of the �ber of L over the chosen point. Hence:

4.6. Lemma. The Serre automorphism of any object G ∈ Grb(M) is trivializable.

Recall from [58, Theorem 2.5.4] that the automorphism 2-group of every bundle gerbe
G ∈ Grb(M) is equivalent to the groupoid LineBdl(M)× of line bundles over M . In
particular, trivializations of the Serre automorphism of G are the same as automorphisms
of the trivial line bundle over M ; in other words, these are smooth functions M → C×.

4.7. Corollary. For r ∈ Z⩾0, any object G ∈ Grb(M) gives rise to a fully extended
r-spin TQFT

ZG : Bord
Spin(2)r

2,1,0
// Grb(M) . (4.6)

Proof.This follows directly from the two-dimensional r-spin cobordism hypothesis proved
in [46, 27, 15] and Lemma 4.6.

4.8. Remark. Every fully extended r-spin TQFT for r ⩾ 2 described in Corollary 4.7
is induced by a fully extended oriented TQFT, hence, cannot distinguish di�erent spin
structures. We expect that, in passing from ordinary bundle gerbes to super bundle
gerbes, one obtains honest spin theories.

4.9. Remark. Having proved that any object in Grb(M) has trivializable Serre automor-
phism, we �nd that Grb(M) embeds into the 2-category underlying the Spin(2)r-dagger
2-category SSpin(2)r Grb(M). In other words, Grb(M) admits a Spin(2)r-dagger structure.

Next, we wish to determine the self-dual objects in Grb(M), that is, those objects G ∈
Grb(M) for which G ∼= G ∗ holds. Recall that the dual bundle gerbe is automatically an
inverse; this follows essentially from the classi�cation of bundle gerbes (up to isomorphism)
in terms of their Dixmier�Douady class DD(G ) ∈ H3(M,Z), see [41, Section 4.3]. We
conclude the following.

4.10. Lemma. Every object in SO(2)Grb(M) has an underlying bundle gerbe G which is
2-torsion, i.e. G ⊗ G ∼= I .

Determining which bundle gerbes are coherently self-dual in the sense of Remark 2.60 is
more di�cult; we will leave this for future research. As explained in Section 2.76, the Hom
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categories in any O(2)-dagger 2-category carry O(1)-volutions. This holds in particular
for SO(2)Grb(M), whose Hom categories are those of Grb(M). Recall further that there
is a fully faithful functor BVectBdl(M) → Grb(M) which sends the trivial object of the
delooping of the monoidal category of vector bundles over M to the trivial bundle gerbe
over M . This functor extends to a fully faithful functor BVectBdl(M) → SO(2)Grb(M),
so that BVectBdl(M) inherits an O(1)-volutive structure from the O(2)-dagger structure
on SO(2)Grb(M). The discussion in Example 2.82 implies the following.

4.11. Proposition.The O(1)-volution on VectBdl(M) induced by the O(2)-dagger struc-
ture on SO(2)Grb(M) according to the prescription in Section 2.76 coincides with the
O(1)-volution induced by Example 2.12.

4.12. Remark. If one considers the O(1)-volution on VectBdl(M) obtained by combining
the one of Example 2.12 with the complex conjugation functor along the same lines as
Example 2.15, one can apply SO(1) to this O(1)-volutive category to obtain the dagger
category of hermitian vector bundles. This is analogous to the dagger structure on �nite-
dimensional hermitian vector spaces, cf. Example 2.16.

4.13. Landau�Ginzburg models. In this section we consider the 2-category L Gk of
Landau�Ginzburg models. We show that the standard pivotal structure of a certain full
sub-2-category can be recovered from the general theory of Section 2 by constructing the
SO(2)-dagger structure coming from the fully dualizable symmetric monoidal structure
of L Gk. Analogously working out the O(1)-volutive structure connects to the physics
literature of orientifold branes.

We start by sketching the symmetric monoidal structure with duals and adjoints for
the 2-category L Gk of Landau�Ginzburg models, see [9, 11] for details. Objects of L Gk
are pairs (k[x1, . . . , xn],W ) where n ∈ Z⩾0 and W ∈ k[x1, . . . , xn] is a polynomial such
that the Jacobi algebra k[x1, . . . , xn]/(∂x1W, . . . , ∂xnW ) is �nite-dimensional over k. We
often abbreviate (k[x1, . . . , xn],W ) to (k[x],W ) or just W . Given two objects (k[x],W ),
(k[z], V ), the Hom category is

L Gk
(
(k[x],W ), (k[z], V )

)
= I hmf(k[x, z], V −W ) (4.7)

where the right-hand side is the idempotent completion of the homotopy category of �nite-
rank matrix factorizations (X, dX) of V −W over k[x, z]. This means that X = X0 ⊕X1

is a Z-graded free �nite-rank k[x, z]-module together with an odd endomorphism dX such
that d2X = (V −W )·id, while morphisms (X, dX) → (Y, dY ) in hmf(k[x, z], V −W ) are even
cohomology classes of the di�erential on Homk[x,z](X, Y ) given by Φ 7→ dYΦ−(−1)|Φ|ΦdX .
The identity 1-morphism on (k[x],W ) is denoted (IW , dIW ) and given by a deformation
of the Koszul complex associated to the di�erences xi − x′i ∈ k[x, x′] for i ⩽ n.

The monoidal structure on L Gk is given on objects by

(k[x],W )⊗ (k[z], V ) := (k[x, z],W + V ) (4.8)
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while on morphisms it is the tensor product over k. The monoidal unit is I = (k, 0),
and the symmetric braiding is essentially given by identity and coherence morphisms.
The dual of an object (k[x],W ) is (k[x],W )∗ := (k[x1, . . . , xn],−W ). To describe ad-
joints of 1-morphisms X : (k[x1, . . . , xn],W ) → (k[z1, . . . , zm], V ), we �rst consider X# :=
Homk[x,z](X, k[x, z]) together with twisted di�erential given by dX#(φ) = (−1)|φ|+1ϕ ◦ dX
for homogenous φ ∈ X#. The right and left adjoints then are X∨ = X#[n] and
∨X = X#[m] together with their shifted twisted di�erentials, where n and m are the
numbers of variables on which the source and target polynomials of X depend. In partic-
ular, every object in L Gk is fully dualizible.

Since L Gk is symmetric monoidal with all duals and adjoints, Examples 2.63 and 2.30
imply that L Gk carries an O(2)-volutive structure and a Spin(2)r-volutive structure for
any r ∈ Z⩾0. We then obtain an O(2)-dagger 2-category SO(2)L Gk and a Spin(2)r-dagger
2-category SSpin(2)rL Gk for any r ∈ Z⩾0. In the rest of this section, we compare these
structures to the current literature on higher dagger structures in the context of Landau�
Ginzburg models, starting with the Spin(2)r-case.

First, it was determined in [9, Lemma 3.8] that the Serre automorphism of an object
satis�es S(k[x1,...,xn],W )

∼= IW [n]; from this fact one deduces that the Serre automorphism
is trivializable if and only if n is even. In particular, the full sub-2-category L G even

k ⊂
L Gk whose objects depend on an even number of variables embeds into SSO(2)L Gk and
hence admits an SO(2)-dagger structure, that is, a pivotal structure. The SO(2)-dagger
structure on L G even

k depends on the embedding of L G even
k into SSO(2)L Gk, that is, on

the choice of trivialization of the Serre automorphism for a given object. Noticing that
the Serre automorphism is really trivial in the present case, we may choose the trivial
trivialization for each object, which yields the following comparison result, whose proof
consists of a translation between di�erent conventions for SO(2)-dagger structures and
will be omitted here.

4.14. Proposition. The SO(2)-dagger structure induced on L G even
k as explained in the

previous paragraph coincides with the one described in [11, Section 7].

We remark that the 1-morphism ΩW in [11, Section 7] is in fact the Serre automor-
phisms of (k[x],W ). Regarding the case of r = 2, the 2-isomorphism µW : ΩW⊗ΩW → IW
of loc. cit. is then a trivialization of the square of the Serre automorphism, which always
exists. In other words, the 2-category L Gk embeds into SSpin(2)rL Gk for r = 2, hence
admits a Spin(2)r-dagger structure for r = 2. For general r ∈ Z⩾1, we deduce from the
periodicity of the shift functor, [2] = id, that L Gk admits a Spin(2)r-dagger structure if
and only if r is even and L G even

k admits a Spin(2)r-dagger structure for any r. Again,
these structures depend on the respective chosen embeddings into SSpin(2)rL Gk.

4.15. Remark.We stress that the technical di�culties of determining the SO(2)-dagger
structure in [11, Section 7] are circumvented by our method. Indeed, we deduce the
existence of the SO(2)-dagger structure from the symmetric monoidal structure and the
explicit description of duals and adjoints in loc. cit. and [9]. Moreover, without any
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additional work, we obtain the respective results for r ⩾ 2, which have not been described
so far.

In the remainder of this section, we study the O(2)-dagger 2-category SO(2)L Gk as
well as the induced O(1)-volutions on its Hom categories, applying the general discussion
Section 2.76. It turns out that the latter are closely related to the constructions of [28].

Determining the objects in SO(2)L Gk is a di�cult problem in general, due to the
non-semisimplicity of the Hom categories of L Gk. There are however special objects of a
simpler form, which also naturally arise in the study of Landau�Ginzburg orientifolds in
[28]:

4.16. Lemma. Let (k[x],W ) ∈ L Gk and let τ : k[x] → k[x] be a ring isomorphism such
that τ(W ) = −W and τ 2 = id. Then (k[x],W ) is self-dual, i.e. (k[x],W ) ∼= (k[x],W )∗.
Moreover, (k[x],W ) is coherently self-dual in the sense that the tuple ((k[x],W ), τ) can
be completed to an object SO(1)L Gk, see Remark 2.60.

Proof. We work with the �brant double category ((L Gk)0, (L Gk)1) whose horizontal
2-category is L Gk, see [39] and [52] for details. We recall that morphisms (k[x],W ) →
(k[z], V ) in (L Gk)0 are ring isomorphisms f : k[x] → k[z] satisfying f(W ) = V . Since
the double category ((L Gk)0, (L Gk)1) has companions, any morphism f : (k[x],W ) →
(k[z], V ) in (L Gk)0 induces a 1-morphism (k[x],W ) → (k[z], V ) in L Gk by twisting the
identity 1-morphism (IV , dIV ) by f . In the situation at hand, τ : (k[x],W ) → (k[x],−W )
is an isomorphism in (L Gk)0 and hence induces a 1-isomorphism (k[x],W ) → (k[x],−W )
in L Gk, namely the companion of τ given by the �brant structure of the double category
((L Gk)0, (L Gk)1). The �rst claim follows directly from (k[x],W )∗ = (k[x],−W ). The sec-
ond claim follows from τ 2 = id by noting that the 1-isomorphism (k[x],W )∗∗ ∼= (k[x],W ),
which is part of the data of the O(1)-volutive structure on L Gk, is trivial.

4.17. Remark. In general, not every object in SO(1)L Gk has to be of the form described
in Lemma 4.16. The restriction we made is that the structure expressing the coherent
self-duality of an object is induced by a morphism in (L Gk)0, which is not the most
general case. However, determining whether an arbitrary object in L Gk admits coherent
self-duality data in the general sense is a di�cult problem.

Combining the results of Lemma 4.16 and the discussion in the SO(2)-case, we obtain
the following.

4.18. Theorem.The full sub-2-category L̂ Gk ⊆ L Gk consisting of objects (k[x1, . . . , x2n],
W ) depending on an even number of variables and admitting an isomorphism τ as in
Lemma 4.16 embeds into SO(2)L Gk, hence admits an O(2)-dagger structure.

By the discussion in Section 2.76, the Hom categories of SO(2)L Gk carryO(1)-volutions.
Given an object (k[x],W, τ) ∈ SO(2)L Gk (here we have slightly shortended the notation
by omitting some of the trivialization data, cf. Section 2.61), we consider the category
MF(W ) := H omSO(2)L Gk(I, (k[x],W, τ)) for which we want to describe the O(1)-volutive
structure explicitly. Recalling our discussion of duals and adjoints in L Gk, we �nd the
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following (under some tacit identi�cations). First, the functor d̂ : MF(W ) → MF(W )op

assigns a matrix factorization (X, dX) ∈ MF(W ) to the matrix factorization (X, dX)
∨
τ

where (−)τ denotes the twisting by τ (which amounts to changing the module action of
X by composition with τ as explained in [39]), and (−)∨ denotes the right adjoint (which
amounts to considering the module X# = Homk[x](X, k[x]) with the corresponding dif-
ferential dX# as explained above). Recalling that τ 2 = id, the component of the natural
isomorphism η̂ : d̂op ◦ d̂ → idMF(W ) at (X, dX) is given by the canonical isomorphism
(X##, dX##) ∼= (X, dX).

The O(1)-volutive structure on MF(W ) we described in the previous paragraph co-
incides (up to conventions, e.g. application of the shift functor [1] described in [9]) with
the parity functor P described in [28, Equation (3.6)]. Moreover, the dagger category
SO(1)(MF(W ), d̂, η̂) is (again, up to conventions) the category MF ϵ=1

P (W ) given in [28,
Section 4.1] with dagger structure P described in [28, Equation (4.6)] for their case6 of
ϵ = +1, i.e.

SO(1)(MF(W ), d̂, η̂) ∼= MF ϵ=1
P (W ). (4.9)

Finally, we note that the antibrane functor of [28, Section 3.2] is (up to conventions) the
shift functor [1] and objects in SO(1)(MF(W ), d̂, η̂) are the invariant branes of [28].

We summarize this comparison by remarking that the dagger categories of invariant
branes constructed in [28] are essentially the O(1)-stricti�ed Hom categories of the O(2)-
dagger 2-category SO(2)L Gk extracted from the symmetric monoidal rigid 2-category
L Gk. As such, our discussion reveals the 2-categorical origin of the constructions in
[28].

4.19. Remark. Given the O(2)-dagger 2-category SO(2)L Gk, it would be interesting to
compare the discussion of Landau�Ginzburg orientifolds in [28, Sections 3.3 & 4.2] to the
structures contained in (SO(2)IO(2)TO(2))(SO(2)L Gk). In the framed/oriented-case, such a
comparison has been carried out in [13, Section 7].

4.20. Truncated affine Rozansky�Witten models. Recall from [32, 31, 6, 5] that
there is a7 symmetric monoidal 2-category C aRW with duals and adjoints which can be
thought of as the homotopy 2-category of a 3-category of a�ne Rozansky�Witten models,
see [48]. Roughly, objects of this 2-category are (possibly empty) lists of variables x =
(x1, ..., xn) corresponding to Rozansky�Witten models with target space T ∗Cn for some
n ∈ Z⩾0, 1-morphisms x → y are polynomials W ∈ C[x, y, z] where z is an extra list of
variables, and 2-morphismsW → V are isomorphism classes in the category hmf(V −W ),
where we have omitted the lists of variables for readability, see Section 4.13. Vertical
composition in C aRW is analogous to horizontal composition in L G C, while horizontal
composition in C aRW is basically addition of polynomials. The monoidal structure on

6The case of ϵ = −1 considered in [28] is not covered by our theory; this would require a version of
our theory in the setting of linear categories. In [28, Section 4.1], ϵ is an additional parameter appearing
in a stri�cation procedure similar to the one we presented as SO(1).

7More precisely, for simplicity here we consider the 2-category of loc. cit. �without R-charges�, i.e.
without extra Q-gradings.
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C aRW amounts to concatenations of lists, addition of polynomials and tensor product
over C on the level of objects, 1- and 2-morphisms, respectively. For details we refer to
[6, 5].

The main technical result relevant for us is that C aRW admits a (trivial) pivotal (i.e.
SO(2)-dagger) structure. The left and right adjoint of a 1-morphism W is simply −W
(which allows for a trivial map from W to its double adjoint), but the adjunction 2-
morphisms are non-trivial, see [5, Theorem 1.1 & Section 4.2.2]. In the present section,
we study Spin(2)r-dagger structure on C aRW from the purely algebraic perspective of the
present paper. This reproduces and re�nes the results of [5], adding another consistency
check of our approach.

We start by considering the Spin(2)r-case, for r ∈ Z⩾1. As an application of Ex-
ample 2.30, the 2-category C aRW carries a Spin(2)r-volutive structure, from which we
may construct the Spin(2)r-dagger 2-category SSpin(2)rC

aRW. By de�nition, the objects
in the latter are pairs consisting of an object x ∈ C aRW together with a trivializations
λx : S

r
x → idx of the r-th power of the Serre automorphism. The Serre automorphism Sx

allows precisely two trivializations for every object x, with one represented (up to unitor
2-morphisms, cf. the discussion around [6, (2.59)]) by the identity matrix factorization
Iidx , and the other by its Z2-shift Iidx [1]; we remark that both these trivializations lead
to isomorphic fully extended oriented TQFTs, see [6, Theorem 3.4]. In particular, C aRW

embeds into the 2-category underlying SSpin(2)rC
aRW and hence admits a Spin(2)r-dagger

structure. For the following result we restrict to r = 1 and choose the embedding that
assigns each object x ∈ C aRW to the pair (x, [Iidx ]) ∈ SSpin(2)rC

aRW.

4.21. Proposition. For r = 1, the SO(2)-dagger structure induced on C aRW as explained
in the previous paragraph coincides with the one described in [5, Theorem 1.1].

Proof. It is straightforward to check that the 2-morphism components of the Serre
automorphism on C aRW are trivial by using the explicit description of right adjoints in
C aRW. One then translates our convention for SO(2)-dagger structures into the one of loc.
cit. by constructing left adjoints from the right adjoints and the SO(2)-dagger structure
as explained in Remark 2.34 for r = 1. The claim then follows.

4.22. Remark. Proposition 4.21 illustrates the usefulness of our approach to SO(2)-
dagger structures: while in [5] the SO(2)-dagger structure was found by an educated
guess, our construction is canonical once the symmetric monoidal rigid structure on the
2-category C aRW with adjoints is established. Moreover, we deduce the coherences one
has to check directly from the properties of the Serre automorphism.

We note that our approach automatically provides us with a Spin(2)r-dagger structure
on C aRW for r > 1, though in this particular case the latter contains essentially the same
information as the SO(2)-dagger structure, as every object has trivializable (�rst power
of the) Serre automorphism.

Having discussed the known higher dagger structures on C aRW, we now apply our
theory to the O(2)-case, which had not been considered previously. By Example 2.63,
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we obtain an O(2)-dagger 2-category SO(2)C
aRW from the symmetric monoidal rigid 2-

category C aRW. We claim that any object in C aRW can be completed into an object of
SO(2)C

aRW. Indeed, this follows essentially from the explicit description of duals in [5,
Section 4.2.3] implying that any object x ∈ C aRW is self-dual, i.e. x∗ = x. Combining
this with the discussion of the SO(2)-case, any object in C aRW can be completed into an
object in the 2-category underlying SO(2)C

aRW. Opposed to considering the O(2)-dagger
2-category SO(2)C

aRW which keeps track of all trivialization data at once, one may also
consider the 2-category C aRW with a speci�c choice of trivialization data for each object,
equipping it with a (non-canonical) O(2)-dagger structure; this point of view is often taken
in the older literature on 2-categories with pivotal structures. Spelling this O(2)-dagger
structure out is a straightforward exercise and essentially amounts to spelling out the
Serre automorphism (as done previously) and the O(1)-dagger structure on C aRW based
on the dualization 2-functor, whose action on object level is trivial while its action on
1- and 2-morphisms is described in [5, Section 4.2.3]. The higher coherence data of the
O(1)-dagger structure is trivial.

Finally, we recall from Section 2.76 that the Hom categories of SO(2)C
aRW carry O(1)-

volutions, to which one may apply SO(1) resulting in an O(2)-dagger 2-category whose
Hom categories carry compatible O(1)-dagger structures. Determining the objects in
SO(1)H om(x, y) is more di�cult than the previous discussion; a partial description can
be inferred from the discussion in Section 4.13, noticing that the Hom categories of C aRW

are closely related to the homotopy 1-category of L Gk, on which we have discussed dagger
structures in Section 4.13.

4.23. Remark.We stress that, while the SO(2)-dagger structure we reproduced in Propo-
sition 4.21 was previously known, the O(2)-dagger structure is described here for the �rst
time. This further illustrates the argument in Remark 4.22 on the usefulness of our
approach to higher dagger structures.
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