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SYMMETRIC WEAK MULTICATEGORIES

VOLODYMYR LYUBASHENKO

ABSTRACT. A multicategory is what remains of a monoidal category when a monoidal
product is not available. A weak multicategory V means that hom-sets are in fact cat-
egories, and in place of usual equations, there are natural isomorphisms, which have to
satisfy their own equations. A symmetric weak multicategory implies a weak multicat-
egory with a weak (up to a cocycle) action of symmetric groups.

0.1. CoNVENTIONS. We consider the symmetric strict cartesian category Cat of (essen-
tially small) categories. We also use the symmetric strict monoidal category Sy skeletal
for the category of finite totally ordered sets and arbitrary maps. Thus, ObSy = N =
{0,1,2,...}. The monoidal product of I, J € Ob S is their lexicographic product, which
is the cartesian product of sets I x J, equipped with the ordering (i1,71) <" (is, jo) iff
(71 < j2 or (j1 = jo and i1 < i3)). We denote this monoidal product by I x J although it
is not a cartesian one. The strict monoidal subcategory Og, C S has the same objects,
but only order-preserving maps.

0.2. INTRODUCTION. Unbiased form of symmetric multicategories was given in [BLMOS,
Definition 3.7], [Lyu23, Section 1.3] following Leinster [Lei03, Definition A.2.1]. When one
passes from ordinary multicategories (in which morphisms form a set) to weak multicat-
egories (whose morphisms form a category and structure maps are functors) one replaces
equalities with natural isomorphisms. These isomorphisms, in their turn, have to satisfy
some equations. In the search of these equations there is a guiding principle: each loop
must be contractible. That is, any automorphism (of a functor constructed from compo-
sitions and insertion of a unit 1-morphism and other structural components) built from
structure data must be equal to the identity automorphism. We implement this principle
in the definitions of a symmetric weak multicategory (Definition 1.1.1), a symmetric weak
multifunctor (Definition 1.1.6), a multinatural transformation (Definition 3.1.1) and a
modification (Definition 3.1.3).

The usual definition of symmetric multicategories (or operads) uses explicit action
of the symmetric group permuting the arguments. In Leinster’s definition of symmetric
multicategory explicit action of symmetric groups is not used. Instead he constructs this
action in [Lei03, Lemma A.2.2] departing from the structure data of a symmetric multicat-
egory. We generalize this action to symmetric weak multicategory so that a permutation
acts by an equivalence of categories (Corollary 2.1.5), the identity permutation acts by
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an equivalence isomorphic to the identity functor (Remark 2.1.1), the composition of two
permutations acts by an equivalence isomorphic to the composition of the actions of two
permutations-factors in the opposite order (Corollary 2.1.3). Moreover, this isomorphism
satisfies the non-abelian cocycle identity (Proposition 2.1.7). In this sense the action of
a symmetric group by permutation of arguments on hom-categories of a symmetric weak
multicategory is weak. This action of symmetries (12): I x L — L x I € Set intertwines
the compositions indexed by ¢ x I and I x ¢ (Proposition 2.2.1).

The general theory of lax monoids in non-symmetric case is provided by Day and
Street [DS03]. It seems that replacing their category A (algebraists’ simplicial category
coinciding with our Og) with the category Sg would yield the symmetric case. However
we pursue a simpler goal of symmetric weak multicategories.

Non-symmetric weak Cat-operads were also studied by Dosen and Petri¢ [DP15]. They
use a different system of operations adapted to non-symmetric case. One may guess that
their notions are related to our non-symmetric weak multicategories, obtained by replacing
the category Sg with O everywhere, but to establish the precise relation would require
too much efforts.

Curien and Laplante-Anfossi [CLA24| gave another proof of the non-unitary version
of coherence result of Dosen and Petri¢ [DP15]: each plain weak multicategory (in their
sense) is equivalent to a strict one. Curien and Laplante-Anfossi’s proof is based on
use of convex polytopes — permuto-associahedrons. Use of such polytopes is complicated
when units are taken into account. I hope to find a different approach in the unitary
symmetric case, based on biprops, generalization of coloured props and of symmetric
weak multicategories.
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1. Symmetric weak multicategories and multifunctors

1.1. SYMMETRIC WEAK MULTICATEGORIES.

1.1.1. DEFINITION. A symmetric multicategory C weakly enriched in Cat (shortly, a
symmetric weak multicategory) is
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— a set of objects Ob C;
— a category C((Xi)iel; Y) for each tuple ((Xi)ie[, Y) of objects of C;

— a composition functor p: [HjeJC<(Xi)ie¢flj;}/j):| x C((Yy)jes; Z) — C((Xy)ier; Z)
for each map ¢: I — J from Sy and objects X;,Y;,Z € ObC,i €1, j € J;

— an identity 1-morphism 1x € Ob C(X; X) for each object X € Ob C;
— a natural isomorphism (associator)

[HjeJC((X>Z€¢ L J)] [erK (( )Jew 1kak)}
al XC((Zk)keK,W)

[erK([Hjew—lk C((Xi)ieqs;lﬁ Y})} X C((Y}')jew—lké Zk))}
XC((Z)kerx; W)

(erK/%k)le( Xy
HC Jicow)-1k; Z1) ] X C((Z)ker; W HC Dico—153Y;) | x C((Y))jes; W)
keK jedJ
Hw\ /%
C((X2)ier; W) (1.1.1)

for each pair of composable maps I % I% Ke S« and objects X;,Y;, Z,, W € ObC,
i€l jeJ k€K (here g = dlipprm: (010) 7 (k) = ¥7H(k), k € K);

— a natural isomorphism
1 1 V:I—
Cr: [CU(Xiier; Z2) == C((Xi)ier; Z) x C(Z; Z) =25 C((Xo)ier; Z)] — 1d;
— a natural isomorphism

(TTier X1 idy
0r: [C(Xi)ier; 2) == (] C(X5: X2)) x C((Xi)ier; 2) 0 C(Xier; Z)] — 1d
el
such that

— for each triple of composable maps I L T8KSLe S« and objects X;, Y;, Zy,
W, UeObC,iel,jeJ, ke K, e L we have a commutative cube shown on the
following page. Here ¢; = ¢|: (pv0€)~' — (€)1l Notice that

(H /“L¢k> X 11_[1@ C(Zk)gee—15W1) x1= (H H M¢k) X 1ngL C(Zk) gee—15W1) x 1
keK lel keg— 1

= H( H Hep X 1C((Zk)keg—1l;Wz)) x 1.

leL kee—1l
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A system of notations besides pasting is proposed by Bartlett [Barl4]. We apply it to
the Cartesian 2-category Cat. The difference with his approach is that we read diagrams
downwards. The source of each natural transformation is indicated by an oval box. The

equation at Figure 1 takes the form

HC((Xi)ieqs—lj;Y}) HC((Y})jew—lk;Zk) HC((Zk)keg—lz;Wz) C((Wi)er; U) (1.1.2)

jed keK leL
_ —
[eex toy,
[rex toy,
Vou,¢ = _
[icr v, -

Hopg

HZEL LCTRT
>

(here ¢y = Bl (guey-1y: (PE) (1) — (&)~ (1), L € L).

— for maps I % J 2% J € Sy and objects X;,Y;,Z € ObC,i € I, j € J, the pasting

C((Xi)ies15: ;) [xC((Y))jess Z) —
\(H. ] [g ( €1y J)] ( jlied )
J€J§¢\11J-)X] llx(njeJin)Xl Id

" ) CEASSHEAIE | CEAAIRE LI

jeJ Rk jed 16,

W \le,ufidJ \
TIC((Xiieo15: Vi) IXC((V)jess Z) == [[TC((Xi)ico15: Y5) | XC((V:) e Z)

jeJ Yoad ey
N l/‘«q&
C((Xi)ier; Z) (1.1.3)

is equa] to id: Ho — Mg [HjeJ C(<Xz)ze¢*1]ay)} X C((Y})JGJ, Z) — C((Xz)zeh Z)

)

Plain weak multicategories are defined as above with Sy replaced with Og.. Plain
weak multicategories under the name of bi-multicategories were defined by Saville [Sav19,

Definition 4.2.29] and by Slattery [Sla24, Definition 6.5] under the name of bimulticate-
gories.
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In Bartlett’s notation [Barl4] the relation between ¢, v and 6 takes the form:

[ C((Xiies15:Y5) C((V)jes: 2) (1.1.4)

jeJ
|

]._[jeJ Hy: p—1j51

-

C((Xi)iel; Z)

Vo,id 7

id .

C((Xi)z'el; Z)

Equivalently,

HjeJ Ly;

o, o]
:

Ao 1—J | C((Xi)iEI; Z)

% Ho: T—J

Vg,id y

H]EJ Py p=1j51

[LicsCo—1; | Bo: I=J
ey . (1.1.5)

C((Xi)ier; 2)

HjEJ Hy: ¢p—1j51

1.1.2. ExXAMPLE. The following data give a symmetric weak multicategory C:

— Ob C = class of small categories;

— C((Ci)ier; D) = Cat([],c; Ci» D) = category of functors [[,.;C; — D and of natural
transformations of such for each tuple ((C,-)l-6 I D) of small categories;

For a map ¢: [ — J € Sy define a bijection a(¢): I — [[c, 07" = (i,i) €
[I,1 =1 xJ as the graph of ¢ (see [Lyu23, (2.1.1) and above]).

— the composition functor

I cat( I ¢ D)) x Cat(J[ P;.€) — cat(] ] C:. €).
jeJ i€p—1j jeJ iel
((F))jes, G) = cots H F)

JjeJ

for each map ¢: I — J from Sy and small categories C;,D;, £ with i € I, j € J,
where ¢o(p): [[;c;Ci = [1jcs [Licg—1; Ci is a permutation of factors, corresponding to
the bijection o(¢);



SYMMETRIC WEAK MULTICATEGORIES 957
— the identity 1-morphism 1. € ObCat(C,C) is chosen as the identity functor Id¢: C —
C;
With this composition diagram (1.1.1) commutes, so we may choose
— Vg = id;
This makes equation (1.1.2) to hold trivially.
— the right unitor is taken as (; = id (note that o(V: I — 1) =id,).
— the left unitor is taken as 6; = id (note that o(id;) = id;).
With these choices equation (1.1.3) holds obviously.

We may call strict a symmetric weak multicategory for which v, = id, {; = id and
f; = id. Thus C in this example is strict.

Slattery [Sla24, Corollary 6.9] shows that the bicategory Prof of profunctors has the
structure of a plain weak multicategory.

Symmetric weak multicategories resemble a lot plain bicategories. Just as for bicate-
gories triangle identity (1.1.3)—(1.1.5) implies two more identities, stated in Propositions
1.1.3 and 1.1.4, namely, (1.1.8) and (1.1.12).

1.1.3. PROPOSITION. For maps K % K % L € Sy and objects Yy, Wi, U € ObC,
k€ K, € L, the pasting

T ((Vi)ree—10: WIC((Wi)ier; U) A » C((Yi)ker: U)
€L
l(HkEK 1y, )x1x1 =
€1,)x, (ke iYk)Xl
[HC(YMYk HC ((Yiwee-1; W)XC((Wh)ier; U)
keK leL IXpe
Id (HZGL“idg—ll)Xll Id
— [HC«Yk)keg*ll; WO)XC(Wh)ier; U) = HC Yie; Yi)XC (Vi) wer; U)
leL e
\ luldK \
(%
Yk keK U) D
(1.1.6)
is equal to
id: Mg — e [H C((Yk)keg—ll; VVZH X C((VVZ)ZEL; U) — C((Yk)kEK; U) (117)

leL
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The equality (1.1.6)=(1.1.7) can also be written in the form

[T C(¥iree1i: W) C(Wi)ier; U)

leL
.. HzeL eg—lll Vid, ¢ .
—— [l || | == =id.  (1.1.8)

Heg

PROOF. We follow the proof of Theorem 7 of Kelly’s article [Kel64]. Let I SIS KSL
Assume that J = K, ¢ =id, Y, = Z, for k € K. By axiom (1.1.2) we have the equation

HC(<Xi>iE¢*1j;}/j) HC((Zk)kegflz;Wz) C((Wi)ier; U) (1.1.9)
jed leL
Mcr iz,
v 11 Ve i
?,€ keK Hop :=> #,id
He [lecx How
Hog Ho
He C
[lecx How [er Yorle—1, Vo,¢
[Lier ke,
Pog l

(here ¢y = @l(ge)—10y: (¢€)7'(1) = &1 (1), 1 € L).

Axiom (1.1.3) written for [ 2 J M 7 € Sy can be presented as the equation
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HC i z€¢ 155 J }XC((}/})jEJ;Z)

jeJ
llx(]_[jejiyj)xl
HC Dies153 V) HC 33 Y)) (Y;)jer: Z)
jeJ yd jeJ
Ve’ ha: llxﬂid =
HC Z€¢ ]7 )]XC(( jEJa HC ’LE¢ ], j)}XC(( )jGJﬂZ)
JjeJ jeJ

N lw

(( 2)2617 )
HC ze¢> 15 J} ( J€J7 )

1><(]_[jeJiyj)><1 jeJ 1x(I]

[HJEJC(( )1675 ]7Y3)] (ITjes Cp-1,)%1 1><9_\ H]eJC(( )z€¢> ]7}/})]
[H]EJC( i J)} Id [H]EJC< 3’ J):|
XC(( )JGJ?Z) XC(( )jGJaZ)

([es o u\) /

HC 7,6(;5 155 }XC( ]€J7

JjeJ
lw

C((Xy)ier; Z) 1110

Using it, we transform (1.1.9) to the following identity

HC i)ico1j3 Y HC Zi)kee-1: W) C(W)ier; U)

jedJ leL

-

HkEK Koy,
Vg [Trex tor

[lies -1
>

C((Xi)iel; U)
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HkEK 1z,

D

—1
HjeJ<¢—lj HZELGE—ll HlEL'u‘lgflz 1/1,5
_> _
[licr 1oy
Vo,e e
Hog

= C((Xi)ier; U)

Since v4¢ and (4-1; are invertible, we may write the equation as the following

[T C((Xico15Y5) T C((Ze)kec1i: W) C((Wi)ier; U)

jeJ leL
|i/i—54L| @l erK iZk
D _ Mo, |28,
He
He
C((Xi)iEI;U) I He C((Xi)ieI;U) i

The transformation 6 can be moved to the right hand side. Thus, the pasting

[[Les C((Xidieom153Y)]
X [[ier C((Zk)ree-1 W)
XC((VVZ)ZEM U)

l’ 1x(1z, ke r X pe 1x05

IX(Tpex izk)><1><1

(e -1, %1 [HjeJ C((Xi)iep—15:Y5)] [HjeJ C((Xi)iep15;Y5)]

. X [Tpex CVe; Z1)] Dxdxpg [ per COVis Zi)]
St e

1><;,LE
1><(HzeL Nidg_ll)X1

[HJGJ C((Xi)ie‘lrlj; Y)] 1Xviq,¢
X ([ ier C((Y))jec—1: Wi) | ’ 1
xC(Wi)ier; U)

1><,LL§

C((X)ier;U) ¢ [es C((Xidies155Y3)] {

o xC((Y))jer:U)
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is equal to the identity automorphism of the composite functor

HC i)ieo15; Y;) HC Diee1; W) ] x C(W)ier; U)

jeld leL
= HC Dico153Y3)] x C((YV))jes:U) ﬂ>C((X¢)i€1;U)}.
Jj€J

Let us consider the particular case [ o7 g & L Assume that [ = J = K ,
¢o=id =1, Xy =Y, = Z; for k € K. Compose the above with

(y;)jerxix1

HC Diee-1; W) ] x C(W)ier; U)

leL
HC i)icop-153 ;) HC Diee-1;Wi) | x C(W)ier; U).
jet leL
Since 0 is invertible the above statement implies that (1.1.6) equals (1.1.7). n

1.1.4. PROPOSITION. For maps I i) J51¢e Ss and objects X;,Y;,U € ObC, i € I,
Jj € J, the pasting

C((Xi)ier; U) = [TTC((Xi)ies15:Y5)] x C(V)jer U)
jeJ
= llxlxil]/
. 1x¢y
Ix1y

HC 7 z€¢> 155 )] X C((YJ>J€JaU) X C(U7 U)

jeJ
Id g unglxﬂuv; Jon Id
C((X:)ier; U) x C(U; V) T C(Xiies15:Y7)] x C((V)jer; U) +—
jeJ
- l%
C[ Hv: I—>1

» C((Xy)ier; U) (1.1.11)

is equal to id: py — fs: [H]EJC((X Jico-15:Y;)] X C((Y))jes; U) — C((X;)ier; U). This
equality can also be written in the form

HC 16¢ 155 J) C(<Y})jeJSU)

jeJ

.
3 1223
ap

id . (1.1.12)

Hy: 1—1
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PROOF. Consider the case I % J % K 1% K ¢ S of Figure 1. We are given objects X,
Y;, Z,, U c ObC,ie1, je J, k€ K and assume that Wj, = Z;,. Compose the diagram

with the map 1x1x (iZk)kEK x1: [Hje.] C((Xi)ieqb—lj; Y})] X [HkGK C((Y})j@p—lk; Zk)] X
C((Zirer; U) — [Hjej C((Xi)iep153 Y5) ] [(TTher C((Y5)jep—14i Zi) | [[Ther C(Zn; Zi)]
C( (Zr)ker; U ) Thus the following equality holds identically

HC((Xz‘)z‘erj?Yj) H C((Yj)jewlk;Zk) C((Zk)keK?U)

jeJ keK

[liex 1z, [lrer 12k
Vg,id [Trck tér = - Vg
k =

[lher by -1 e [licx How

Hoyp Hoyp

erK 1z,

[eek toy,

erK Vdﬁkva_lk

Vo, E[keK“V,p—lk Vi ,id

i 5y | — 1 C((Xi)ier; U)

(here ¢r, = | (gypy-1: (PU) 'k = 'k, ke K, and Vg =V: S — 1).

Let us rewrite this equation using axiom (1.1.10).

I C((Xico5:Y3) T SV jew1ki Ze) C((Zi)ker: U)

jeJ keK

O

[iew How

HkEKuv(d)w)flk

[ |
(e 9041

HkGK Vﬂbk,quk

Koy
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Mier Syt
_—>

C((X)ier; U)

Since vy and 0 are invertible, we reduce the equation to

HC i)ico153 Y, H C((Y))jep-1x; Zi) C((Z)wex; U)

jed keK

erK Koy

figp =

[kex Souwy—1x
=

O

C((Xi)ier; U)

erK Lz,

[eex toy,

erK Vo, v —1p

[l kM0 - 1

Hoy

So the composition

HC i)ies—153 Y H C((Y))jev—1x; Zk) C((Zi)rer; U)

jedJ keK
[lrex iz,
ke How 1
CD HkGK C(‘f”/))_lk erK Koy erK Vd)k’vw*lk
p Hk‘EK‘uv(d;w)_lk erK walk
e
C(<Xi)ief; U)

Hepip

equals the identity transformation.

Suppose now that K = L = 1, so we deal with the maps [ L7514 ¢ Sk As-
sume that Z; = U. Precompose the above with the map 1x1x 1y [Hjej C((Xi)iep—15: ;)] %
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C((Y))jes; U) — [HjEJC((XZ»)ZEle;Yj)} x C((Y;)jes;U) x C(U;U). We deduce that

Hox1 [H]e;g(((%(l)zfi Ufﬁ Y}<—)} xtxde [[Tjes C(Xi)iep15:Y5)]

xC(U;U) *C((V5)sessU)

¢ixl

1x1x |1y x1

[HjeJC((Xi)ieqb—lj;Y})} XY
xC(U;U) ———>V¢’VJX1 XC((C}/jgj-Eé;U) Ixpy ;X1 [HjeiC((((Y,l)ifin)’ )]
xC(U;U) xC(U;U) ’

’ xC(U;U) ;)
l“v: 11 X1
/L¢X1
C((Xi)iel; U)

wCU-0) T C(XdierU)

C((Xi)ier; U)

is equal to the identity transformation of the functor

HC ZE¢ Ljs J)} XC« )]€J7U>

JjeJ

1X1X1U HC i)ico—14; ])} X C((Yj)jeJ§U) x C(U;U)
jeJ
fg X1

— C((Xz)zej, U) X C(U, U) i} C((Xl)zej, U)
Since (; is invertible, we obtain that

C X 26(15 J’YJ

jEJ

]EJa
1d
Cf 29 1x1xiy
3
x+(°

2 1617 V¢v JeJ Z ZE(b j’ ] 1X/WJ [H]EJC((X )Z€¢> J?Y;)]
><C U;U) Yi)ier U xC((Y})jes; U)

><C(U U)
J/uv: -1 /

——— C((Xi)ier; U)
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is equal to the identity transformation of the functor

ot [ C((Xi)ico—15:Y5)] x C((V)jer;U) = C((Xi)ier: U). (1.1.13)
Jje€J
That is, (1.1.11) equals the identity transformation of (1.1.13). [

The following is noticed in [Sla24, Remark 6.6].
1.1.5. PROPOSITION. Fach plain weak multicategory C has an underlying bicategory Cy
with
— Ob(C; =0b(;
— QXY) = (XY,
— the composition kxyy = p1-1: C(X;Y) x C(Y; Z) — C(X; Z);
— the identity 1-morphism 1x € Ob C(X; X) for each object X € ObC;

— the associator natural isomorphism

) x C(Y;2) x C(Z; W)

/‘1*} 1><u1a1

Vidq ,idq

#1\ %

for all objects X,Y,Z, W € Ob(;

— the right unitor natural isomorphism

) x C(Y; W)

1X12

G [CX52) =5 C(X;2) x C(Z;,Z2) 225 C(X; 2)] — 1d;

— the left unitor natural isomorphism

1x><1

01: [C(X;Z) == C(X; X) x C(X; Z) &5 C(X; Z)] — 1d.

PROOF. The associator isomorphism satisfies the associativity coherence equation [Bén67,
§1.1(A.C.)] as a particular case of Figure 1. The identity condition [Bén67, §1.1(1.C.)] is
satisfied as a particular case of (1.1.3). See Remark 2.1.6. =
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1.1.6. DEFINITION. A symmetric weak multifunctor F = (F, F?, Fx): C — D consists of

— a mapping Ob F': ObC — ObD;
— functors F' = F(x,),.,.v: C((Xi)iel;Y) — D((FXi)iGI;FY);

— a natural isomorphism for each ¢: I — J € S

[H C((Xi%e(ﬁ*lﬁy‘)} X C((Yj)jeJ; Z) —Mg—> C((Xz‘)z'e.r; Z)

JjeJ F¢ ﬁ)’djy,Z
[HjeJF(Xi>i€¢,1j;yj]xF(yj>j€J;zl s JF(XMGI:Z (1.1.14)
D
TID((FXi)ico5: FY;)] x D((FY;)jess FZ) = D((FXi)ier: FZ)
jedJ

— an isomorphism for each object X € ObC

C(X; X) Fyx.x
Fx|| \ (1.1.15)
1 , » D(FX; FX)

D
1FX

iC
1X

such that the composition is preserved up to isomorphisms (equation on the next page
holds with ¢y, = @|: ¢~k — 7'k, k € K) and the units are preserved up to isomor-
phism. For the sake of uniqueness of such isomorphism we impose two relations

i C
1x1%

C((Xi)ier; 2) » C((Xs)ier; 2) x C(Z; Z)

F(Xi)iel;zl w

1 P‘%i =Y

D(FX))icr: FZ) = C(Xi)ier; Z2) ————=D((FX,)ic1: FZ) x D(FZ; FZ)

FV: I—1
\ J{F(Xi)iej;z

D((FXi>i€I§ Z)
C(Xo)ier: 2)

F<Xi)i€I§Zl

= D((FXi)iEI;F

Fx)ierizxlz

. (1.1.16)
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MY

(M ('xu))a s

\::w;_ih

(m2('x))> AHHE (M2 xn))a x [(Aaf-92('x a))a ﬁ:

]

w00, T e g a0

raf

@
a’x1

ad X[ A

CF1-931

(Mg 2=1(z.))a x [(za -2 txa))a [

Yy ¢ i@ ]
x (1T -7 1 AT

(Mo 2P(1z.0))@ x :.&ng_é;w&vokﬂg x [(Ra =72"('x 1))@ _b

% £ fp—937

x|zt (Cag I3 <[
hy 12 |

M A3l (X 1377)

pELT rat

(s 210) < [(& =2 (x)o [ ]

T,
SXT

(a72102))3 x [(7 7-+2(50) T[] % (a2 0x))a [

pEL

(Mg ('xd))a

o
oi

M) g

raf

M) o

\SukwﬁxNv@X:eh va\:v

Ayt ¢
(M =71 ,uixuv\_lc

(M 2210z))a x [(za -2 (xan)a [

A ¢ i[9 3
x (1t 1-"1 ,oi AN

00 |3_|ew_ﬁkv..~ s

EL] raf

(e 2210ze)a x [(za = Ce)a [T < [(Ra 2= Cxan)a ][]

H

[C79F \,G*EXT%S.T

M3 rat

$31,,

B ERTE ) Ap—h3f (x)7 0347

ax[ "2

(422702 % [(w == (0))o [

@,
QiXa

(a1 223(12)) 5 x [(1z =22700) o TT] > [(& = (x)o [ ]

Figure 2: Coherence of weak multifunctor with the composition
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MTieri%,1x1
C((Xi)ier; 2) <z ” [H C(Xi;Xi)} x C((Xi)ier; 2)
il
F(Xi)iEI;Zl, \//////’i’g’//”l \UHZEI in%xi}XF(Xi)iej;Z
C
Pid1

D((F'Xi)ier; FZ) = C((Xy)ier; 2) = [H D(FX; FX;)| x D((FX;)ier; FZ)

Fi i€l
1 \[F(XZ)I:GI;Z/
Pid1
D(<FXi>i€I; Z)

Mlie, 1% 151
C((Xi)ier; Z) o= (T cxi; X)) x C(Xi)ier; 2)

el

F | Fxiel”
F(Xi)iGI"Z % \l/[HZGIFXi;Xi]XF(Xi)iGFZ
= D((FX;)ier; F2) [[[P(FXi: FX;)] x DUFX,)ier; FZ) . (1.1.17)

[lics iID«“XZ-]><1

iel
D

1 07 S

Padl

D((FXi)z‘eI; Z)

In notations of Bartlett [Barl4] we write Figure 2 as

HC zEd) 1], j H C ]ew 1kaZk> C((Zk)kjeKyW) (1118)

keK

* *F et [7 fﬁ
JjE€J keK
]E]F
P

¢

erK ‘uék

D
Foap

Equation (1.1.16) can be written as

C((Xi)iel; Z) |

53
:>
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Equation (1.1.17) can be written as

(1.1.20)

Note that weak multifunctors resemble (and are a generalisation of) homomorphisms
of bicategories [Bén67, Remark 4.2] or [Lei98, § 1.1]. Having two symmetric weak multi-
functors F': C — D, G: D — E, we define their composition K with the components

— ObK = (0bC 25 ObD 2% ObE);

Fixpier Grx)icers
K eny = [CUX0ier; V) =25 D((FXi)ier; FY) —20 HEPXer G L,
1.1.21
e
HC Dieo153Y5)] X C((V))jes; Z) ———— C((Xi)ier; Z)
Jj€J o
[HjejF(Xi)i€¢,1j;Yj]XF(Y]-)]-EJ;Z\J/ F(Xi)iE[;Z

D

— K% = X = [H D((FXi)z'e¢—1j;FY}ﬂ X D((FY}‘)jeJ;FZ) L> D((FXi>i€I;FZ) )

jeJ aé |
[Lies G(FXi)i6¢_1j;FYj} XG(FYj)]-EJ;FZl G(FXi)jesz
E
TTE(GFX)ics15: GFY;)] x E((GFY;)jer; GFZ) ™% E((GFX,)ier; GFZ)
jeJ

/ J/FXX
D
Ky =r=1 lrx D(FX; FX)

" lGFX FX

E
lerx_, F(GFX;GFX)

Stacking one commutative cube on top of another, we prove that equation at Figure 2
holds for x. Similarly, stacking one commutative prism (1.1.16) on top of another, we get
commutative prism (1.1.16) for x. Likewise, stacking one commutative prism (1.1.17) on
top of another, we get commutative prism (1.1.17) for k.




970 VOLODYMYR LYUBASHENKO

1.1.7. REMARK. The identity multifunctor (Id,id,id): C — C consists of identity func-
tion id : Ob C — ObC, identity functors Id: C((X;)icr; Y) = C((Xi)ier; Y) and identity
transformations Id® = id and Idxy = id. Summing up, there is a category of symmetric
weak multicategories whose morphisms are symmetric weak multifunctors.

This category is closed under arbitrary small products. In fact, let (Cy)rex be a
family of symmetric weak multicategories. Define a symmetric weak multicategory C

with Ob C = [],.; ObCy. An object is typically denoted X; = (XF)¥* € ObC. De-
fine C((Xy)ier;Y) = C((XF)EES; (YF)keK) o [Ticre Ce((XF)ier; Y*). The composition

(2
and the units are componentwise. The projection together with identity transformations
(pry,id,id): C — Cj is a symmetric weak multifunctor. These projections turn C into the

product ], . Ci in the category of symmetric weak multicategories.

2. Action of symmetric groups on a symmetric weak multicategory

Similarly to Leinster [Lei03, Lemma A.2.2] we derive the action of the symmetric group
by permuting the arguments, rather than including the action in the definition of a sym-
metric weak multicategory. This action is obtained from the composition functors and
from units. The symmetric group acts by functors on hom-categories. Naturally, this
action is not strict and the composition is preserved only up to isomorphism of functors
(Corollary 2.1.3), which satisfies the non-abelian cocycle identity (Proposition 2.1.7).

2.1. SYMMETRIC GROUP ACTION FUNCTORS. Let #: J — K € Sy be a bijection. Let
(Y;)jers (Zk)kex, W be (families of) objects of a symmetric weak multicategory V such
that Z, = Yz-1;. Similarly to [Lei03, Lemma A.2.2] and to [Lyu23, § A.1] define a functor

(iZk)kEKXI
—

rg = {V((Zk)rer; W) [H V (Vi1 Z)]| XV ((Zikers W) =5 V((Y))jers W)}

keK
2.1.1. REMARK. Let 8 =1: K — K. Then there is an isomorphism 0 : 7, — Id.
The reindexing 75 interacts with the composition in a way described by the following

isomorphism v, g.

2.1.2. PROPOSITION. Let, furthermore, v = (I = .J LA K) € S, where 3 is a bijection,
and (X;);er be a family of objects of V. Then there is an isomorphism

Va,p: oy — {[H V(X)) iey-11 Y1) | X V((Ya-18)ker; W)
sl TV ((Xica10y:Y5)] x V((Y))jers W) =5 V((Xoier; W)} (2.1.1)

jeJ
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gux HlQ:

(M (X)) A

o

r>t

——— (M FERDIA x (&2 ex))A [

g0

T

(m2r2u(iz)) A x [(1z #==10x))A [

M2

X AAQHIQTI&HIQHIG Py vww“x:v

D EL]

Irix 1 A.\S CE&QTQ\CV> X :A&N ETQ\C> X ?Tm\ﬂ m&H|mH|de.svmvv>v :g

~

D EL]

(aa 2r21(r=00)) A x [("z #1-x) A [ ]

TXM%(MZ1)x H\QE%

A\S CGQQTQ\CV> % :&Tn\ﬂ mflrwx.@u@v

ra>¢t

[(&:5-2x)A [ -

D EL]

1x ("1 Py 3y

AT

— oo

Figure 3: Action of symmetric groups on a symmetric weak multicategory
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PROOF. Applying the associativity isomorphism from (1.1.1) for maps I = J 5 K we
get the sought isomorphism on the preceding page. In Bartlett’s notation

H V((Xiier-11Ya1k)  V((YVa-1k)rer; W)
kK

l ; l
[Tt | [Miex iz (Mo | e 12

Va,p

[kex C;L —1p
(D ;

Yot =

The above proposition is crucial for constructing an isomorphism of functors r,.z —
TgeTq-

2.1.3. COROLLARY. Assume that both a and (3 are bijections from Sy, v = (I & J LA
K). Then there is an isomorphism

Gag: Ty — [V((Ya-1x)ker; W) LS V((Y))jers W) =2 V((Yai)ier; W)].
ProOOF. Consider X; =Y,;, hence, Y; = X,-1; as well as Z = Yj-1;,. Rewrite (2.1.1) as

Yo iy = L[] VG18 Y1) ] X V((Ya-1)kers W)

B TV (Ko Yi)] X V(Y )ers W) 25 V((Xier W) ). (2.1.2)

jeJ
Substitute (1y,_,, Jrex into the first factor. We get from the source of (2.1.2)

{V((Xrlk)kEK;W)( e HV ~1 X)) X V(X1 )wers W)

keK
’u—’y> V((Xz)zela W)} =Ty.
From the target of (2.1.2) we get the functor

IV((Ya-1k)her; W) ——— By er, HV 1k Ya1e) | X V((Ys-1a)rer; W)
oot xrg TV Y5)] % V()50 W) 25 V((X)iers W) }
jeJ

= {V((Variker; W) =5 V((Y)jes; W)

CGryoer<t -
S Va5 ] X V()i W) 25 V(Kiers W)

jeJ

= {V((Ys-11)ker; W) o V((Y))jers W) = V((Xi)ier; W) }-
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Hence, the isomorphism ¢, g: 743 — 75« 7o. It is presented on the next page. [
Writing an explicit expression for the isomorphism ¢, 3 we have used
2.1.4. LEMMA. We have Cl =60 (1X’ 1)()/14_}1 —1x € C(X, X)

PROOF. For any object X of C the category C(X; X) is a monoidal category with the unit
object 1x (exercise). By a result of Kelly [Kel64] we have the equality

1x1 e xiy
1{¢:Z§iﬁquxxy

C(X; X)
That is, (1 = 01: (1x, Ix)p1-1 — 1x. »
In Bartlett’s notation Figure 4 becomes
V((Z ;W . .
((Zk)rex: W) Meer iz, - Meeriv, ] Miex iz

¢a7ﬁ _ _ Cj HkEK 1

V((Xi)ier; W)

’HJGJ 1Y ‘ ’erK le

= (2.1.3)

HkGK H1—1

2.1.5. COROLLARY. For all bijections 3: J — K € Sy and Zj, = Y-1;, the functor
r5: V((Zkers W) = V((Y))jers W)
is an equivalence.

Proor. Follows from Corollary 2.1.3 and Remark 2.1.1. [

2.1.6. REMARK. Each (symmetric or plain) weak multicategory C has an underlying
bicategory (see Proposition 1.1.5). In fact, consider only index set [ = J =K =L =1
and the only map ¢ = ¢ = £:1 — 1. So we consider the collection of objects Ob C,
categories C(X;Y'), composition functors p = pi1: C(X;Y) x C((V;Z2) — C(X; 2),
identity 1-morphisms 1x € Ob C(X; X), associator natural isomorphisms

ququzxczw

C(X;Z) x C(Z:W) lwml\\\\f? Y) x C(Y: W)
\\\\\¢ k/////
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gu

ﬁkaﬁaNﬂv

Fux LIE(FxT)

A\S WB.HGC; Y E— A\S :w.sﬁumvv> -
/
b EL
o (m 222(1zZ)) A x [(1z = x)A [T ]
g0
r>¢
A\_\»ﬁﬁWhAm\ﬂvv> X T.M\Wm.nﬁldxv\/ :g HXAHT:*MW&EV
pEL]
- st (PO A X [((07 -0n x (g o) [
MY ra¢t
(m 221(1Z))A x [(1z =90 [] x [(x ¥ =x)A []]
Hxxwﬁxwdx@:?b

974

x(; 1o >

ﬁxxwﬁxNﬂf\u\:v

(m 2121(1z)) A

— ¢

Figure 4: Cocycle for the action of symmetric groups on a symmetric weak multicategory
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inverse right unitor natural isomorphisms

C=G [C(X2) P24 C(X; 2) x C(Z: 2) 4 C(X; 2)] - 1d,
inverse left unitor natural isomorphisms

0 =0, [C(X;2) 25 (X X) x C(X: Z) — C(X: 2)] — 1d

such that (1.1.2) and (1.1.4) hold (for I = J =K =L =1).

Below we prove the coherence condition asserting that the two ways of decomposing
a reindexing along a triple composite of bijections into three reindexings agree.

2.1.7. PROPOSITION. Let I % J & K 2 L € Sy be bijections. Let (X:)icr, (Y;)jer,
(Zi)kex, Wi)ier, U be (families of) objects of V' such that X; = Yo, Y; = Zs;, Ziy = Wy,
foralliel, j€ J, ke K. Then the non-abelian cocycle identity holds for ¢:

V(W)ier; U) —————=V((Zikex;U)  V((W)ier;U) ———= V((Z)rer; U)

‘ba-Bw

8,y

Ta.Buy B = TouBuy e
T8y
(ba,ﬁ.ﬂ/
V((X)ier; U) T V((Y))jersU)  V((X)ier; U) T V((Y))jer; U)
PROOF. The left hand side is the composition
V((VVZ)ZGM U) @ [lier iY(ﬁw)ql -

HleL in i
= D ’

-1
[Lier 61 [Terp1—1

V((Xi)iel; U) Pa-foy

HzeL Tw,

e iw
D

|
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The right hand side is the composition

V((Wi)ier; U)

| HleL iWL

V((Xi)iel; U)

r I:
lj i B er}( 1z,

Hk-eK iZk-

[er 67" HkGKi)/ﬂflk
[

HkGK M1—1

D
Hea.p

Ha.p

The left hand side can be transformed to

V((Wl)leL; U)

| HZEL in

=®

V((Xi)ier; U)

’HlEL lyww)—ll‘ ’HleL 1w, ‘

’HjeJ in ‘ ’HleL in ‘

Va,Buoy

1%

VB,y

leM1—1

KBy

leM1—1

KBy

Mo ] Mo

iT(ﬁw)*lz‘ [Hlelfl“ﬁl‘
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We may replace the above morphism A = B with the following composition

e iw, ’H’EL 1Y(W_1,\ ’HZEL IWL‘ er 1w,

1 X . .
CD Ilier 01 > (Moo HZLL’ILE ‘HZEL hl/ww)*ll‘ [Hlelflﬁl‘ (2.1.6)
[liep1—1 [Tiepas1

Mo By 7
By

by the coherence (see Gurski [Gurl3, Theorem 2.13]) for the bicategory V; constructed
in Proposition 1.1.5, for all involved arrows and 2-cells are structure elements of this
bicategory.

Passage from (2.1.6) to

A Ty ] Mher v, o,] [Mier i

D HZGL 9;1

le[,u«lal

Ha.Boy

yes 1y, F‘ﬂ

lerM1—1]

(2.1.7)

Ha.p

is ensured by (1.1.2).

Transformations (2.1.5) and (2.1.7) are equal because they have equal compositions
A = B. Indeed, transformations v, and [[,c; 67" commute having non-intersecting
support. ]

We have a natural isomorphism 6;: rjq, — id. Thus, we have a weak action of a
symmetric group on the collection of homomorphism categories of a symmetric weak
multicategory V.
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2.1.8. PROPOSITION. Let the square in Sy, where vertical arrows are bijections,
1

commute. Then there is the equivariance property

— % 5T
3
L—

K

HV e1)iey-1i Ya-11) | X V((Y-10)ker; W)

ke K
I 1
B TV tiena 15 Y)] % V(Y isercs W)
jeJ
2 TV(Xica153Y5)] V(355 W) 22 V(Xi)iers W)}
jeJ
Vo, gl lker Cam
5 kEK HV a1 le’y_lkHYﬁ 1k)] X V((Yﬂ—lk)k€K7W)
ek
HkGKT‘”kX1 HV Dien1 1k Y- 1I<:)} X V((Yﬁ—lk)kGK;W) Sy V((Xi)iGISW)}
ke K
= H V((Xet)iey-1; Y-11) ] X V((Ya-trers W) =5 V((Xa-t0)iers W)
ek

V(X W)} (2.1.8)

Here w; = 7|: a™'j — wa™'j = v 18j and m, = w1, = 7w|: 71y — vk are
bijections.
PROOF. Denote Zj, = Yj-1;,. Using the associativity isomorphism from (1.1.1) for maps

1% 75 K we get the first isomorphism from (2.1.8) on the facing page. In Bartlett’s
notation this isomorphism is the composition

(Xr—10)1er—11; Y1) V((Zk)ker; W)

ke

hkeK:U‘v:aflﬁflk—H.‘

Ieer Ca—15-14
>

V((X)ier; W)

In order to obtain the second isomorphism from (2.1.8) we substitute into the former
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(M2 (x))A
ke
DL
K (=) A x [(17 7052100 []) <2
ra¢
- A\s mww.nﬁ.n\ﬂvv> X :m\ﬂ m.?ldw.sﬁvmvv\/ :g px (Y=g 12 4y 3139 ])
g0,
pEL ]
= g x 1 A\S ﬁvww&A&va> X :A&N mv:lQ\ﬂv> X Av:IQ\ﬂ m&ﬁlhﬂldwwﬁwxvv\/v :g
Q&XA.NBL r3fy- HIQEV =
ek o6

(m=0m)ax [(7 75 n [ x (x> 0x0)a ]

HXA&H\QHMWV EELN
TxM(Z1) % fm, sw.nE\_/

A\S mMW&A&va\/ X :m% mhﬁldkwNA:lkNv) :g

X Tubﬁm
334

A\S mkw&A&va> X :f\m\\ﬂ Wf\ka:\kN«vv> :g

Figure 5: Equivariance of action of symmetric groups on a symmetric multicategory
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expression the definition of r:

[Mrexl(x__1)iey—15%1 ><1\

TT V(K ey 1 20)] 5 V((Zeduess W)

keK

H[ H V(X115 Xe10) X V((Xn-10)iey-145 Z1) | X V((Zi)kerc; W)

keK ley—1k

P TV ier1ym03 Z0)] 5 V(Zidier W) 252 V()i W),

keK

Transforming this with the help of the associativity isomorphism from (1.1.1) for maps
IS L5 K we get

(x__y) 1x1
(T 0] x W) B

ke
HV w113 Xom1y) | HV 1 iey-15 Zi) | X V((Zi)ker; W)
leL keK
P T V(X1 X)) % V(X W) 55 V((Xo)ier W) }
leL
H V(Xa-10)iey-115 Zk) | X V((Zi)ker; W) 2y V(Xo-10)ier; W)
keK

(x__y erx1 il
o TV, X)) % V(K iers 1) 25 V(X W),

leL

This is the last expression from (2.1.8) with expanded r,. In graphical notations this
isomorphism reads:

[T V(X Ze)  V((Zi)ker: W) (2.1.9)

2.2. DEPENDENCE ON THE ORDER OF TOTALLY ORDERED FACTORS. For ordinary sym-
metric multicategories V we apply [Lyu23, (A.1.3)] to the square

(IxL,<"2E—1T

7TI,LJ/ "

(IxL,<)22s1T
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where 7y, = id: (I x L,<") — (I x L,<') € Set is the identity map of the set I x L,
equipped with two different lexicographic orderings (i1,11) <" (ig,l2) iff [; <y or (I; =I5
and i; < i5). Another lexicographic ordering satisfies (i1, l;) <’ (g, l2) iff i1 < i5 or (i = ig
and {1 < l3). The object (I x L, <) € Ob Oy admits a different presentation (L x I, <").
For this presentation 77 becomes the symmetry 7y, = (12): (I x L, <") — (L x I, <"
) € Set. Then

Hpr,: (IXL,<")y—1 = HV Xi)ier: )] X V((YDZ'EI;W)

el
oy b, V((Xa)ier)ier; W) AN V((Xa)ier)ier; W) }.

For symmetric weak multicategories V we have by Remark 2.1.1 and (2.1.8) the isomor-
phism

(IL )eVmp ppr
Hpry: (IXL,<")—=1I =r! ki HV Xi)ier; )] X V((Y;)ieI; W)

el

Hpry: (IxL,<")—1 Trr,L
—>

V((Xa)er)ier; W) —= V((Xa)ien)er; W) }. (2.2.1)

From here we get a natural isomorphism

HV Xit)ier; )

el

(2.2.2)

H(Z,i)ELxI Ixy

Apry: LxI—I

12): IXL—LXI]|

TL,I

Here all products S x T of finite totally ordered sets are equipped with the lexicographic
order <”.

Similarly we apply [Lyu23, (A.1.3)] for ordinary symmetric multicategories V for the
square

(IxL, <2 L

7TI,LJ/ "

(IxL,<)220sL



982 VOLODYMYR LYUBASHENKO
By [Lyu23, Proposition A.1.4] we conclude that

Hpry: (IxL,<")—L = {[H V((Xil)iel; YE)] X V((Yl)leL; W)

leL

Dorat B8\ (Xinien)ier: W) —5 V((Xa)ien)ier; W) )

For symmetric weak multicategories V we have by Remark 2.1.1 and (2.1.8) the isomor-
phism

(H 9_1)-V7r ,pr
fony: (1,1, —————3 {[[[V((Xit)ier; Y1) ] x V((YDier; W)
leL

uprQ: (IXL,<’")—L

V((Xa)er)ier; W) N V((Xa)ier)ier; W) }. (2.2.3)

From here we get a natural isomorphism

[[V(Xa)iers V) V((V)ier; W) (2.24)

H(l,i)eLxI iXil

Vrp,popr1

9L><I Hpry: LXI—L
—

TI:LX V(((Xi)ieL)ier; W)

2.2.1. PROPOSITION. For any symmetric weak multicategory V we have an isomorphism
of functors:

| H V((Xki)kep-115 Vi) | X V((Yi)ier)ier; Z) Bexl Bl V(((Xki)kek )ier; Z)
(L) ELXT
[H(lvi)eLxIT1¢_11}XTW1,Ll = J/TWI’K

[ H V((in)kew—ll;y}i)] X V(((Yii)ief)leL;Z) M V(<<in)iel)k€K§Z)

(i,1)eIx L
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ProOOF. This isomorphism is the composition of the following isomorphisms:

H V((in)k@ﬂ’ll;Yli) V(((Yiz‘)leL)z'eHZ) (2.2.5)

(Li)eLxI

key ™1 i

| ’H](Czeﬁe_LllxI iXM‘ ’H(M)ELX[ iyh.‘ Li)eLxI *Xki
’H(z,i)eLxlrlw—u‘ ’rm’L‘ H(lﬂ)eLx]:u‘lw—ll 3 H(l,i)GLXI K1,—1,
VIx,(12)
: —=
Hrr .
V(((in)iel)keK;Z) ’ HIxep: IXK—IXL ‘ ’H(l’i)eLXIuv:willﬁl‘

[
[

[ I ﬂ(IXw).(IZ)‘:IxKaLXJ

erw’l iX T
Li)eLxT ~Xki (kiyeK x 1 X0

HoapxI: KXI — LI

H(12): IxK — KxI

HoapxT : KT — LxI

H(l,i)eLxI Cdrll Y12),yxI
H(l,z)eLxI H1, 1y

[ M(wa).(m)l:lxKaLxI |

N

Here the first and the second v refer to two decompositions of the same map:

(Ix K251 x L2 pxl)=(Ix K-k x 1245 L),

3. Multinatural transformations and modifications

3.1. MULTINATURAL TRANSFORMATIONS.

3.1.1. DEFINITION. Let (F')cr, G: C — D be (a family of) symmetric weak multifunc-
tors. A multinatural transformation ¢: (F'),c;, — G: C — D consists of

— objects txy € ObD((F'X )jer; GX);
— natural isomorphisms t(x,).y from

AL)

C((X)ier; Y) C((Xi)ier; Y)" (3.1.1)

tx,)y

J/HZGL F(lxi);YXiY
TIP((F'Xi)ier: GXi) ] xD(GX)ier; GY) [[[ D((F'Xi)ier; F'Y)] xD((F'Y )ier; GY)

i€l 4D lEL

D Ty Pre: (IXL Y D
Fory: (IxL,<)—1 ezly.vm,L“" <)z Forg: (IxL,<")—>L
(et 2=
= TR

D((F'X:)ier)ier; GY) D(((F'X:)ier)ier; GY)

(tx;)ier XG(Xi);Yl
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.,x) is the diagonal functor. In Bartlett’s notation we write

C((Xi)iels Y)

2 (3.1.2)
D(((Fle‘)z‘el>leL§ GY)

The following equations must hold for ¢: I — J € Sy and X;,Y;,Z € ObC
HC Dies133Y)  C((Yi)jes 2) (3.1.3)
jeJ

7 L T
t(y) ’HJEEJ (Xi)ieg—143Y5 jEIJ j l/q;il,prl
L&) P, ors: (axini]
D l ’/‘th (IXL,<")=(JXL,<’")
‘“¢x1: (IxL,<”)a(JxL,<”)‘ : | ’
| l 7
[Mier x| [hes Gixone,1,m [0
[ I
’HéEeLI (Xi)jep—1;41Y5 ‘ ’HJeIJ @ HJEJt(Xi)i€¢—1jZYj ’Hjej MprI: (6=1jxXL,<")——1
[
’Hje‘]'upléi (¢~ 1ixL,<")=L ‘ ’ N’gopr]: (IXL,<'"")—=J ‘
I
[#B0pry: x| D(((F'Xi)ier)ier; GZ)
[ .
o e
e I 7
’ jeJ (X ) icp—1j Y ‘ ’HZGL ‘ ! ¢><1 pro H;EE{I] (X; ) E(b 1 ;Y5 ‘ ’HlEL HIEL Fl,¢‘
= _>

1D

pro: (JXL, <)=L

D
’“¢><1 S(IXL,<!")—(JXL,<'")

D
uprQ: (IXL, <)=L

N

e ”
pro: (IXL,<'"")—L

{

D
H’przz (IXL,<')—L

D
‘uprl : (IXL,<")—1
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HjEJG(Xi)ied)—lj?Yj
I

l .
‘ Hiel t:Xi ‘ ‘HjeJ G(X'i)igqa*lj;Yj‘ ’ Hzell tx;
[
V;YIW ’HJGJ“Srlz (¢_1.7'><L,<")—>¢—1j‘
>

D
5 ’ Fgpopry: (IXL,<")—J ‘
‘ Hpry: (IxL,<")—I ‘ I

% D(((FlXi)ieI)leL;GZ)_

Another equation specifies the behaviour with respect to units:

(3.1.4)

3.1.2. REMARK. Objects A of a category C are identified with functors A : 1 — C,
1 +— A. Morphisms m: A — B of a category C are identified with natural transformations
m:A—->B:1—-C,m =m: A— B.

3.1.3. DEFINITION. Let t,p: (F'),c;, — G: C — D be multinatural transformations of

symmetric weak multifunctors. A modification c: t — p: (F');c;, — G: C — D is a family
of

— morphisms cx € D((F'X)ier; GX)(tx,px)
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such that the following square of natural transformations commutes:

C((Xi)iel; Y)

(3.1.5)

D
HprQ: (IxXL,<")—L

D (((FlXi)ie])leL; GY)

Although the setting of symmetric weak multicategories seems simpler at first glance,
there is always price to pay for simplicity — some computations become difficult.
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