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FROM ABELIANIZATION TO TANGENT CATEGORIES

SACHA IKONICOFF, JEAN-SIMON PACAUD LEMAY AND
TIM VAN DER LINDEN

ABSTRACT. A tangent category is a category with an endofunctor, called the tangent
bundle functor, which is equipped with various natural transformations that capture
essential properties of the classical tangent bundle of smooth manifolds. In this paper,
we show that, surprisingly, the category of groups is a tangent category whose tangent
bundle functor is induced by abelianization and whose differential bundles correspond
to abelian groups. We generalize this construction by introducing the concept of linear
assignments, which are endofunctors assigning to every object a commutative monoid
in a natural and idempotent manner. We then show that a linear assignment induces
a tangent bundle functor, whose differential bundles correspond to a notion of linear
algebras. We show that any finitely cocomplete regular unital category is a tangent cat-
egory whose tangent bundle functor is induced by the canonical abelianization functor,
which is a monadic linear assignment. This allows us to provide multiple new exam-
ples of tangent categories including monoids, pointed magmas, loops, non-unital rings,
Jénsson—Tarski varieties, and pointed Mal’tsev varieties.
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1. Introduction

Tangent categories provide a categorical framework for the foundations of differential cal-
culus over smooth manifolds by abstracting the notion of the tangent bundle. Tangent
categories were originally introduced by Rosicky in [21], then later rediscovered and fur-
ther developed by Cockett and Cruttwell in [7]. Briefly, a tangent category is a category
equipped with an endofunctor 7, called the tangent bundle functor, where we interpret
T(X) as an abstract tangent bundle over an object X, and equipped with various nat-
ural transformations that capture essential properties of the classical tangent bundle for
smooth manifolds. The theory of tangent categories is now a well-established field, having
been able to formalize various important concepts in differential geometry, and has appli-
cations in various mathematical domains of study, including algebra, algebraic geometry,
and operad theory. There are many interesting examples of tangent categories such as
the category of smooth manifolds, the category of (affine) schemes, and the category of
commutative algebras.

The observation at the origin of this paper is that, surprisingly, the category of groups
is a tangent category whose tangent bundle functor is induced by abelianization. Indeed,
as we will see in Example 3.8, the tangent bundle functor sends a group G to the product
of G with its abelianization Ab(G):

T(G) = G x Ab(G)

This tangent structure on groups does not fall within the geometric flavoured style of
tangent categories, such as smooth manifolds and schemes. Indeed, this tangent structure
does not bear much geometric information: it is ‘everywhere flat’, in the sense that for
any group G, the fibre over a point z € G is always Ab(G), so it does not depend on z.
Moreover, the derivative of a group morphism can be seen as being ‘simply’ its abelian-
ization. That said, while this structure is rather simple from a geometric point of view,
it still allows us to interpret the abelianization of a group as a generic fiber space for this
group, or in other words, a linear space of directions over this group. As such, this tangent
structure on groups instead falls more in line with the more algebraic style examples, such
as commutative algebras (which was one of Rosicky’s original tangent category examples)
or categories with finite biproducts, which are of indisputable importance and interest.
The objective of this paper is to extract the properties of the category of groups and
of the abelianization functor which allow us to build such a tangent structure. A key
part in the definition of a tangent category is that the fibres of the tangent bundle are
commutative monoids. In the category of groups, commutative monoid objects corre-
spond precisely to abelian groups. As such, abelianization sends objects to commutative
monoids. Moreover, abelianization preserves finite products and is idempotent, that is,
abelianizing twice is equivalent to abelianizing only once. These three facts about abelian-
ization are the essential properties which induce a tangent structure. In order to generalize
this, we introduce the notion of a linear assignment (Definition 2.1) on a category with
finite products. A linear assignment is an endofunctor which preserves finite products,



1070 SACHA IKONICOFF, JEAN-SIMON PACAUD LEMAY AND TIM VAN DER LINDEN

and which sends each object to an object equipped with a commutative monoid structure,
in a natural and idempotent manner. Alternatively (Theorem 2.5), a linear assignment
can also be described as a finite product preserving functor from a category with finite
products to its category of commutative monoids, which is idempotent in a suitable sense.
These are called linear projectors (Definition 2.4). Of course, one may observe that
abelian groups actually correspond to internal abelian groups in the category of groups,
and thus, abelianization sends objects to abelian group objects. In fact, the category of
groups is a Rosicky tangent category, by which we mean a tangent category such that
the fibres of the tangent bundles are abelian groups. We then say that an additive as-
signment (resp. projector) is a linear assignment (resp. projector) which, furthermore,
sends objects to abelian group objects.

The main result of this paper (Theorem 3.5) states that a category with finite products
and a linear (resp. additive) assignment L is a cartesian (Rosicky) tangent category with
tangent bundle functor given by:

T(X) = X x £(X).

We then investigate differential bundles [8] in such a tangent category. Intuitively, a
differential bundle over an object formalizes the notion of a smooth vector bundle over a
smooth manifold. Differential bundles over the terminal objects are called differential
objects, which capture the notion of Euclidean spaces in a tangent category. For a linear
assignment L, differential bundles and differential objects are very closely related to what
we call linear algebras (Definition 4.1), or simply L-algebras, which are objects that are
isomorphic to their associated commutative monoid. Indeed, we show that for a linear
assignment L, differential objects correspond precisely to L-algebras (Theorem 4.13). We
also show that, for an object X, the product of X with an L-algebra is a differential
bundle over X (Proposition 4.7). When the base category admits zero morphisms and
kernels, we also show that every differential bundle over X is the product of X with an
L-algebra (Theorem 4.15). In our motivating example, for the abelianization of groups,
the linear algebras are the abelian groups (Example 4.6). Therefore, in the category of
groups (which admits zero morphisms and kernels), the differential objects correspond
precisely to abelian groups, while a differential bundle over a group G is a product of G
with an abelian group (Example 4.16).

The abelianization functor for groups has a very rich structure, beyond being an
additive projector. For instance, abelianization on groups has the structure of a monad,
and moreover, of an idempotent monad. In general, a linear assignment is not a monad,
but it is an idempotent non-unital monad (also sometimes called a semimonad), as there
does not need to be a natural transformation X — L£(X) playing the role of the unit.
A linear assignment with such a unit natural transformation is called a monadic linear
assignment (Definition 5.1). Abelianization on groups is an example of monadic linear
assignment. Furthermore, for a monadic linear assignment, the linear algebras correspond
precisely to the usual notation of algebras over a monad (Lemma 5.8), justifying the
terminology of linear algebra and the notation L-algebra. In fact, since a monadic linear
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assignment is an idempotent monad, being a linear algebra is a property of an object
rather than an additional structure, and so, the category of linear algebras is in fact a
reflective subcategory. Thus, in the same way that idempotent monads correspond to
reflective subcategory and reflectors, monadic linear assignments correspond to linear
reflective subcategories and linear reflectors (Definition 5.9), which are reflective
subcategories where the product becomes a biproduct and the reflector preserves finite
products.

Abelianization is a special kind of monadic linear assignment, since its linear alge-
bras correspond to the internal commutative monoids. This implies that the category
of commutative monoids is a linear reflective subcategory. In fact, this observation can
be generalized in the context of (regular) unital categories. Unital categories were intro-
duced by Bourn in [4] in their study of categorical algebra. Unital categories, along with
Mal’'tsev categories, are well-studied and have a rich literature. It turns out that in a
unital category, being a commutative monoid is a property of an object rather than an
additional structure. Thus, for a unital category, we may view its category of commu-
tative monoids as a full subcategory. Moreover, for a finitely cocomplete regular unital
category, commutative monoids form a reflective subcategory [3], and we show that the
reflector induces a monadic linear assignment (Proposition 6.2). Therefore, it follows that
every finitely cocomplete regular unital category is a cartesian tangent category whose
differential bundles correspond to commutative monoid objects (Theorem 6.3). This al-
lows us to provide new examples of tangent categories, including monoids (Example 6.4),
pointed magmas (Example 6.5), and more generally any Jénsson—Tarski variety.

Going even deeper, the category of groups is strongly unital [3]. For strongly unital
categories, it turns out that every commutative monoid is in fact an abelian group. Thus,
for a finitely cocomplete, regular and strongly unital category, abelian groups are a re-
flective subcategory, which induces a monadic additive assignment, which we may refer
to as abelianization. Therefore, every finitely cocomplete, regular, and strongly unital
category is a cartesian Rosicky tangent category whose tangent bundle functor is induced
by abelianization. This leads us to many new interesting examples of Rosicky tangent
categories coming from algebra, including groups, non-unital rings (Example 6.9), crossed
modules (Example 6.11), loops (Example 6.12), and more generally, any semiabelian cat-
egory, and also any pointed Mal’tsev variety (Example 6.7).

We conclude this introduction with a brief discussion of potential future work and ideas
to investigate, especially around the concept of ‘parallelizable objects’. A key feature
of the tangent structure induced by a linear assignment is that every object is in fact
‘parallelizable’, meaning that the tangent bundle of each object is the product of the base
object with a differential object. However, at the time of writing this paper, the theory
of parallelizable objects in a tangent category is part of the folklore, and has yet to be
properly developed. Moreover, the tangent bundle of a differential object is simply the
product of two copies of the given differential object, thus differential objects are special
kinds of parallelizable objects. A tangent category where every object is a differential
object is precisely a cartesian differential category, as introduced by Blute, Cockett, and
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Seely in [1]. Tt should be the case that any tangent category where every object is
a parallelizable object is a generalized cartesian differential category, as introduced by
Cruttwell in [10]. Thus, categories with linear assignments should be generalized cartesian
differential categories. However, Cruttwell’s definition asks for certain strict equalities,
while we can only provide isomorphisms. These isomorphisms are quite subtle and appear
when showing that we produce a tangent structure. Thus, some work would also be needed
to give the proper definition of ‘non-strict’ generalized cartesian differential categories. In
the converse direction, generalized cartesian differential categories do not come from linear
assignments in general, since the structural linearization of such a category is not required
to be functorial. The motivating example of generalized cartesian differential category,
which is the category of open subsets of the real vector spaces R", has a non-functorial
linearization.

Lastly, the category of abelian groups is equivalent to the subcategory of differential
objects in the tangent category of affine schemes [9]. It would be interesting to see if it is
possible to build a larger tangent category whose subcategory of parallelizable objects is
equivalent to the category of groups.

2. Linear Assignments and Projectors

In this section, we introduce the notions of linear (resp. additive) assignments and pro-
jectors. Essentially, a linear (resp. additive) assignment is a way of associating to every
object a commutative monoid (resp. abelian group), such that this association is natu-
ral and idempotent. Our motivating example is given by abelianization, sending groups
to abelian groups. Linear (resp. additive) assignments are the key ingredient for our
construction of (Rosicky) tangent structures. Linear (resp. additive) projectors are an
equivalent way of describing linear (resp. additive) assignments, by factoring through the
category of commutative monoid (resp. abelian group) objects.

If only to introduce notation, we begin by recalling the definitions of commutative
monoid and abelian group objects in a category with finite products. For a category
with finite products, we denote the product by x, projections by m;: X; x Xy — X},
pairing by (—, —), the terminal object by =, and the unique morphism to the terminal
object by tx: X — =. Recall that a commutative monoid in a category with finite
products X is a triple M = (M, e, €) consisting of an object M equipped with morphisms
o: M x M — M and e: + — M such that the following diagrams commute:

1as Xe OM,M

M x (M x M)— M x M M—HxM

MxM——Mx M
(M x M) x M . >< " M >< M M
1l 1Mxe

MxM———M MxMﬁM
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where o, A and p, and o are respectively the canonical associativity, unit, and symmetry
natural isomorphism for the product. For commutative monoids M = (M, e, ¢) and M’ =
(M, o' €'), a monoid morphism f: M— M’ is a morphism f: M — M’ such that the
following diagrams commute:

MxM—"2 M Ry

S S

M x M ———— M M

We denote the category of commutative monoids of X and monoid morphisms between
them by CMON[X], and let &/: CMON[X] — X be the forgetful functor, which sends a
commutative monoid M = (M, e ¢) to its underlying object, (M) = M, and a monoid
morphism to itself, U(f) = f. It is easy to see that this functor is conservative, which
means that f: M—— M’ is a monoid isomorphism if and only if the underlying morphism
f: M — M' is an isomorphism. Recall that the forgetful functor creates products in
CMONIX]. As such, the terminal object is a commutative monoid * = (x,t.x, 1.), and
for two commutative monoids M = (M, e, ¢) and M’ = (M, o' ¢’), their product is defined
as:
Mx M = (M x M, (e x o) oryn e, €))

where the morphism 7xy zw: (X xY) x (Z x W)— (X x Z) x (Y x W) is the canonical
natural interchange isomorphism of the product, that is, the isomorphism which swaps
the middle two objects. In fact, x is a biproduct and * is a zero object in CMON[X].

An abelian group in a category with finite products X is a quadruple G = (G, e, ¢, 1)
consisting of a commutative monoid (G, e, e) with a morphism ¢: G — G such that the
following diagram commutes:

G xd
G ta ® e/G

<L71G>

G x G

If a commutative monoid admits such a morphism ¢, this morphism is unique. As such,
being an abelian group is a property of a commutative monoid rather than an addi-
tional structure. For abelian groups G = (G,e,e,1) and G' = (G',¢',¢',//), a group
(iso)morphism f: G— G’ is simply a monoid (iso)morphism f: (G, e, e)— (G’ o' ¢'),
since the following diagram automatically commutes:

G—————@d
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We denote the category of abelian groups in X and group morphisms between them by
AbG[X], and, abusing notation, we also write U : AbG|X] — X for the forgetful functor,
which sends an abelian group to its underlying object and a group morphism to itself.
As before, the forgetful functor creates products in AbG[X], which are in fact biproducts.
Thus, the terminal object is an abelian group, * = (#, x4, ls, 14), and for two abelian
groups G = (G, e,¢,1) and G' = (G', ¢, €', '), their product is defined by:

GxG = (G X G,, (. X ./) SileXeNeXed <67 €/>, Lt X L,) :

Recall that a functor F: X—Y between categories with finite products is said to pre-
serve finite products if ¢y, : F(*)—= is an isomorphism, and if the canonical natural
transformation wyy: F(X x Y)— F(X) x F(Y), defined by wxy = (F(m1), F(ms)), is
a natural isomorphism.

2.1. DEFINITION. A linear (resp. additive) assignment on a category X with finite
products is a quadruple (L, +,0,v) consisting of a finite product preserving endofunctor
L: X— X, natural transformations +x: L(X) x L(X)— L(X) and 0x: = — L(X)
(and —x : L(X)— L(X)), and a natural isomorphism vy : LL(X)— L(X), such that:

(i) For each object X, the triple L(X) = (L(X), +x,0x) is a commutative monoid (resp.
the quadruple L(X) = (L(X), +x,0x, —x) is an abelian group);

(ii) For each object X, vx: L(L(X))— L(X) is a monoid (resp. group) isomorphism;
(iii) For each object X, vpxy = L(vx).

As a shorthand, when there is no confusion, we will denote linear and additive assignments
simply by their underlying endofunctor L.

By definition, every additive assignment is a linear assignment. On the other hand,
since inverses, if they exist, are unique for commutative monoids, there exists at most
one natural transformation which makes a linear assignment into an additive assignment.
Thus, being an additive assignment is a property of a linear assignment, rather than an
additional structure.

We first observe that naturality of the monoid structure implies that linear (resp.
additive) assignments send morphisms to monoid (resp. group) morphisms. It follows
that the product preserving isomorphisms are in fact monoid (resp. group) isomorphisms.

2.2. LEMMA. Let L be a linear (resp. additive) assignment on a category X with finite
products. Then:

(i) For every morphism f: X —Y, L(f): L(X) — L(Y) is a monoid (resp. group)
morphism;

(ii) For every pair of objects X and Y, wxy: L(X xY)—L(X) x L(Y) is a monoid
(resp. group) isomorphism;
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(iii) For every object X, tresy: L(X)——* is a monoid (resp. group) morphism. Moreover,
for the terminal object «, tresy: L(¥)—=x is a monoid isomorphism and the following
equalities hold (where the third equality holds in the case of additive assignment):

—1 —1
o = Ty Oto(e)xLix) 0p = 1700 = = L (1)

PROOF. For (i), writing out the natural equalities for + and 0 (and —) explicitly gives us:

L(f)o+x =4y o(L(f) x L(f)) L(f)o0x =0y  L(f)o—x = —yoL(f)

which says precisely that £(f) is a monoid morphism (and thus a group morphism for
an additive assignment). For (ii), first observe that it is easy to check that the following
equality holds:

TL(X),L00),L(X),c(v) © (Wxy X wxy) = (L(my) x L(m1), L(m2) x L(72))

Then using this identity and (i), we compute that

wxy © +xxy = {L(m),L(m2)) 0 +xxy
= (L(m) o +xxy, L(T2) © +xxv)
= (+x o (L(m) x L(m1)) , +v o (L(m1) x L(m1)))
= (+x X +vy) o L(m) x L(m), L(m2) x L(72))

= (+x X +y)o TL(X),LY),L(X),L(Y) © (wxy X wxy)

and

wxy ©0xxy = {L(m), L(m2)) 0 0xxy = (L(m) 0 Oxxy, L(m2) 0 Oxxy) = (0x,0y)

So we conclude that wy y is a monoid morphism, and since it is also an isomorphism, then
it is a monoid isomorphism (and thus, a group isomorphism for an additive assignment).
For (iii), it is automatic from the universal property of the terminal object that for each
object X, tr(x) is a monoid morphism. In particular, ;) is a monoid isomorphism
(and thus, a group isomorphism for an additive assignment). Now, from the universal
property of the terminal object, we have that t.(.) o ++ = tr)xce) and tow) 0 0, = 1,
(and tz(x) © — = tr(w)). Post-composing each side of these equalities by tZ(l*) gives us the
desired equalities. [

Recall that any finite product preserving functor sends commutative monoids (resp.
abelian groups) to commutative monoids (resp. abelian groups). Explicitly, if F: X—Y

is a finite product preserving functor and M = (M, e ¢) is a commutative monoid in X,
then we obtain a commutative monoid (M) in Y defined as follows:

F(M) = (]—"(M), F(8) 0 iy rarys F€) 0 t;@))



1076 SACHA IKONICOFF, JEAN-SIMON PACAUD LEMAY AND TIM VAN DER LINDEN

Similarly, if G = (G, e,e,1) is an abelian group in X, then we obtain an abelian group

F(G) in Y defined as follows:

F(G) = (f(M),]:(O) o w;(lM)’F(M),]:(e) o t]__%*),f(b))

Given a linear (resp. additive) assignment £: X — X, and an object X, we obtain two
commutative monoids (resp. abelian groups) L(£(X)) and £(L(X)) with the same un-
derlying object £L£(X). However, it turns out that these commutative monoids (resp.
abelian groups) are in fact equal on the nose:

2.3. LEMMA. Let L be a linear (resp. additive) assignment on a category X with finite
products. Then, for every object X, L(L(X)) = L(L(X)). Therefore, the following dia-

grams commute (and for an additive assignment, the equality below also holds):

L(L(X) % £(X)) aiSe LL(X) L) 22 rrix)

WE(X),L(X) /n(x) te(x) 0c(x) (2)

LL(X) x LL(X)

—c(x) = L£(—x)
PROOF. Starting with a linear assignment, on the one hand:
LIL(X)) = (LL(X), +2x), 0cx)
while on the other hand:

LX) = (LL(X), £(+x) 0wy ooy £0x) o))

Now let us begin by showing that 0. is equal to £(0x) otz(l*). To do so, we use naturality
of 0 and (1):

E(Ox) 9] tz(l*) = E(Ox) 9] O* = Og(X)

So Ozxy = L(0x) otz(l*), which also means that Oz(xyotz) = £(0x). To show that +,(x)
and L(+x) o W;:(l)(), £(x) are equal, we apply a version of the Eckmann—Hilton argument.

We first compute the following, using naturality of + and the fact that w™! is a monoid
morphism:

+rx) o (L(+x) x L(+x)) © <WZ(IX),L(X) X WZ(1X),L(X))

= £(+X) O +L(X)xL(X) © (WZ(lx),g(X) X wZ(lX),E(X)>

= L(+x)o w;(lx)ﬁ(x) S (+£(X) X +L(X)) O TLL(X),LL(X),LL(X),LL(X)
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So we have that:

+rxy 0 (L(+x) x L(+x)) o (WZ(IX),L(X) X wZ(lX),L(X))
=L(+x)o wZ(lX),E(X) O (F2(x) X +2(x)) © TLo(X),LL(X),LL(X),LL(X)

Then, by pre-composing both sides of the above equality by:

<1£L(X>> L{0x) otz 0 tu:(X>> X <£(0x) Ot sty O teL(x); 1££<X)>
= (Azeixy Ogcx 0ty x {0zcx) © teeixys Lecix)) s

we get +,x) = L(+x) OWZ(IX),c(X)a and 50, +£(x) © we(x)cx) = L(+x), as desired.
Lastly, if £ is in fact an additive assignment, since we have shown that the underlying
commutative monoids of L(£(X)) and L(L(X)) are equal, then by uniqueness of inverses
for commutative monoids, it follows that —,(xy = £(—x), as desired. n

Clearly, every linear (resp. additive) assignment induces a functor from the base cate-
gory to its category of commutative monoids (resp. abelian groups). In fact, it is possible
to give an equivalent description of linear assignments as such, which we call a linear
projector:

2.4. DEFINITION. A linear (resp. additive) projector on a category X with finite prod-
ucts is a pair (L,v) consisting of a finite product preserving functor L: X — CMON[X]
(resp. L: X— AbG|X]) and a natural isomorphism vx: L (U(L(X))) — L(X) such that
vuxy = L(U(vx)). As a shorthand, when there is no confusion, we will denote linear
projectors simply by their underlying functor L.

2.5. THEOREM. For a category with finite products X, there is a bijective correspondence
between linear (resp. additive) assignments and linear (resp. additive) projectors.

PROOF. Let us first build a linear projector from a linear assignment. Let £ be a linear as-
signment on X. Define a functor L: X—CMON[X] on objects by L(X) = (L(X), +x,0x),
which is well-defined by definition, and on morphisms by L(f) = L£(f), which is well de-
fined by Lemma 2.2.(i). Since L is functorial, so is L. Moreover, since L preserves finite
products and by Lemma 2.2.(ii) and (iii), it follows that L also preserves finite products.
Next, observe that U o L = £, and thus L (U (L(X))) = L(L(X)). Then, by definition,
we have that vx: L (U (L(X))) — L(X) is a monoid isomorphism, and therefore also
gives us our desired natural isomorphism. Lastly, we may express vyx) = L(vx) as
Yuxy) = L (U(vx)). Thus L is a linear projector.

On the other hand, let £: X — CMON[X] be a linear projector on X. Define an
endofunctor on X by post-composing L with the forgetful functor, £ = UolL: X—X. Since
both U and L preserve finite products, their composite £ also preserve finite products.
By definition of the forgetful functor, for every object X, the underlying object of the
commutative monoid L(X) is £(X). Thus, we can denote this commutative monoid by
L(X) = (L£(X), +x,0x). On morphisms, L(f) = £(f), which are monoid morphisms, so
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+x: L(X) x L(X)— L(X) and O0x: = — L(X) are natural transformations. Next,
observe that L (U (L(X))) = L(£L(X)), and, by definition, we have a natural isomorphism
vx: L(L(X))—L(X), which is a monoid morphism. Then, abusing notation slightly, our
desired natural isomorphism is vx: LL(X)— L(X). Lastly, we may express vy x)) =
L (U(vx)) as vexy = L(vx). So we conclude that £ is a linear assignment.

It is straightforward to check that these constructions are indeed inverses of each other,
so linear assignments are in bijective correspondence with linear projectors. Moreover,
this correspondence restricts to a bijective correspondence between additive assignments
and additive projectors. [

One can define the notion of morphisms between linear (resp. additive) assignments
or projectors, and Theorem 2.5 can be upgraded to an equivalence of categories.

We conclude this section with some preliminary examples of linear assignments and ad-
ditive assignments, including our main motivating example: the abelianization of groups.
Many more examples can be found in Section 6.

2.6. EXAMPLE. Fvery category X with finite products admits a trivial additive assignment
L,: X— X which sends every object X to the terminal object, L,(X) = «. We call L,
the terminal additive assignment.

2.7. EXAMPLE. Recall that in a semi-additive category, by which we mean a category X
with finite biproducts, every object admits a unique commutative monoid structure, which
implies that CMON[X] = X. The identity functor 1x: X—X is then a linear assignment.
In fact, the identity functor for any category with finite products is a linear assignment if
and only if said category is semi-additive. Similarly, in an additive category, by which we
mean a semi-additive category X which is also enriched over abelian groups, every object
admits a unique abelian group structure. In this case, we have that AbG[X] = X, and so
the identity functor 1x: X — X is an additive assignment. Again, the identity functor
for a category with finite products is an additive assignment if and only if said category is
additive. It is worth mentioning that, for a semi-additive category that is not an additive
category (such as the category of commutative monoids in the classical sense), the identity
functor is then an example of a linear assignment that is not additive.

2.8. EXAMPLE. Let GRP be the category of groups and AB the category of abelian groups,
in the classical sense. The classical Eckmann—Hilton argument implies that commutative
monoids and abelian groups objects in GRP correspond precisely to abelian groups, thus
we have isomorphisms of categories CMON|[GRP] = AbG|GRP] = AB. Then, the abelian-
ization functor Ab: GRP — AB, which sends a group G to its abelianization Ab(G) =
G/|G, G, can be seen as an additive projector on GRP. In particular, the required natural
isomorphism vg: AbAb(G) — Ab(G) is the obvious isomorphism given by the fact that
the abelianization of an abelian group is isomorphic to the starting abelian group. Thus,
post-composing the abelianization functor with the forgetful functor from abelian groups to
groups gives us the additive assignment Lay,: GRP — GRP, with Lx,(G) = Ab(G). We
generalize this example in Section 6 to the setting of reqular (strongly) unital categories.
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3. From Linear Assignments to Tangent Structure

In this section, we show that a linear (resp. additive) assignment on a category X induces
a (Rosicky) tangent structure on X. In order to keep this paper as self-contained as
possible, we review the full definition of a tangent category. For an in-depth introduction
to tangent categories, we refer the reader to [7, 8, 9, 21].

We first recall the definition of additive (resp. abelian group) bundles [7, Definition 2.1],
a central concept in the definition of a (Rosicky) tangent structure. These are essentially
commutative monoids (resp. abelian groups) in slice categories. For slice categories to
admit all finite products, the base category must admit finite pullbacks. The definition
of additive bundles, however, does not require all finite pullbacks, but only the pullbacks
of copies of the same morphism.

In a category X, a bundle is a morphism ¢: F — X such that, for all n € N, the
pullback of n copies of ¢ exists. We denote this pullback by F,, and its n projections by
pj: En—FE, forall 1 <j<mn,sothat gop; =qop; forall 1 <i,j<n. By convention,
Ey = X and E; = E. Then, an additive bundle' is a quintuple E = (¢: E— X, o, ¢)
consisting of a bundle ¢ : E— X, equipped with morphisms e: Fy— F and e: X — F|
such that the following diagrams commute:

E,— o F X—= - F
E—p—X X
E3<-0<p1,p2>,p3> joN E eoq,1p) £, joN {p2,p1) E,
<p1,.o<p2,p3>>J J. <1E,eoq>J \ J. \ J.
Ey——F——F Ey——F FE.
Here, (—, —) is the pairing operator coming from the universal property of the pullback.

If E=(q: E— X, e, e) is an additive bundle, then we shall also say that E is an additive
bundle over X. If X admits all finite pullbacks, then for each object X, the slice category
over X admits finite products (given by the pullbacks in X). In this setting, additive
bundles over X correspond precisely to the commutative monoids in the slice category
over X. Indeed, a morphism of type q: £ — X is an object in the slice category, the
top two diagrams say that e and e are morphisms in the slice category, while the bottom
three are precisely the commutative monoid axioms in the slice category. That said, as
mentioned above, we will not assume in general that X admits all finite pullbacks?.

"'We appreciate that there is a bit of an unfortunate clash of terminology. Here, additive bundle means
a bundle without negatives, while we use the term ‘additive assignment’ to mean a linear assignment with
negatives.

2In fact, many key examples of tangent categories do not have all finite pullbacks, such as for instance
the category of smooth manifolds and other differential geometry related categories.
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Morphisms between additive bundles [7, Definition 2.3] correspond to certain monoid
morphisms, but where we can also change the base object: if g: E—X and ¢': E'— X’
are bundles, then a bundle morphism (f, g): ¢—¢ is a pair of morphisms f: E— FE’
and g: X — X’ such that the following diagram commutes:

E— 1 g

XﬁX’

IfE=(q: E— X,e,¢) and E' = (¢: ' — X' o' ¢} are additive bundles, then an
additive bundle morphism (f,g): E— E’ is a bundle morphism (f, g): ¢ — ¢’ such
that the following diagrams commute:

{fop1,fopz)

B, E) X—* F
¢ oo
E . E X— S F.

We denote by ABUN[X] the category of additive bundles and additive bundle morphisms
between them.

We can also consider the abelian group analogue of an additive bundle. This was
considered originally by Rosicky in [21, Section 1]. An abelian group bundle® is a
sextuple E = (¢: E— X, e, ¢,1) consisting of an additive bundle (¢: E— X, e, ¢) with
a morphism ¢: E'— F such that the following diagrams commute:

E q

{L,1E)

E L

~—|

X

Q

E,
X > E'
Es

Once again, if the base category X has all finite pullbacks, then abelian group bundles
over an object X correspond precisely to the abelian groups in the slice category over X,
where the diagram on the left says that ¢ is a morphism in the slice category and while
the diagram on the right is the additional abelian group axiom in the slice category. If
E=(¢g: E— X,0,¢,1) and E' = (¢': E'— X', o' €', /) are abelian group bundles, then
an abelian group morphism (f,g): ¢ — ¢’ is an additive bundle morphism between
their underlying additive bundles, and furthermore the following diagram automatically

3 Abelian group bundles are also known as Beck modules.



FROM ABELIANIZATION TO TANGENT CATEGORIES 1081

commutes:
F— S F

fl lf

We denote by GBUN[X] the category of abelian group bundles and abelian group bundle
morphisms between them.

We may now review the definition of tangent categories. A tangent structure |7,
Definition 2.3] on a category X is a sextuple T := (T, p, s, z, £, c) consisting of the following
data:

e An endofunctor 7 : X— X, called the tangent bundle functor, which we think
of as a functor associating, to each object X, an abstract tangent bundle 7 (X).

e A natural transformation px: 7(X) — X, called the projection, which is an
analogue of the natural projection from the tangent bundle down to its base space,
such that for each object X, px is a bundle over X. We will denote the pullback
of n copies of px by 7,(X), and this induces a family of endofunctors 7, : X — X.
One should interpret 7,(X) as the space of n tuples of tangent vectors anchored
over the same point. We also ask that for all m € N, 7™ preserves these pullbacks,
that is, 7™ (7,(X)) is the pullback of n copies of T (px): T(X)— TT(X), or in
other words, that T (px) is also a bundle over 7 (X).

e Natural transformations sy : T2(X)—7 (X), called the sum, and zx: X —T (X),
called the zero, such that for each object X, T(X) = (px: T(X) — X,sx,zx)
is an additive bundle. For smooth manifolds, the sum captures the ability of
adding two tangent vectors over the same base point, while the zero picks out
the zero tangent vector over a given point. This allows us to view 7(X) as a
kind of smooth vector bundle over X, where each fibre is a commutative monoid.
Note that, since T preserves the pullbacks of px, we also have that T(T(X)) =
(T(px): TT(X)—T(X), T (sx), T (zx)) is an additive bundle over 7 (X).

e A natural transformation £x: 7(X)— TT(X), called the vertical lift, which es-
sentially encodes linearity of differentiation. We ask for (/x,zx): T(X)—T(T(X))
to be an additive bundle morphism and that the following diagram commutes:

T(X) —2X 5 TT(X)

fxl lET(X) (3)

However the key feature of the vertical lift is that it is universal, in the sense that
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the following diagram is a pullback diagram:

E(X) {lop1,z7(x)0p2) Kr (X) T(sx) TT(X)
PXOPJI lT(px) (4)
X - T(X).

It comes for free that all powers of the tangent bundle functor 7™ preserve this
pullback [7, Lemma 2.15]. This universal property of vertical lift means that the
tangent bundle embeds into the double tangent bundle via the vertical bundle, and is
essential for formalizing important properties of the tangent bundle from differential
geometry, see [7, Section 2.5] for more details.

e A natural isomorphism cx: 7T (X)— TT(X), called the canonical flip, which
is an analogue of the smooth involution of the same name on the double tangent
bundle of smooth manifolds. This transformation encodes symmetry of the mixed
partial derivatives. In particular, we ask for cx to be its own inverse, and that it
satisfies the following Yang—Baxter identity:

CT(X)

TT(X) -2 TT(X) TTT(X) 2 777(X) Y% 77 7(X)

\ J/Cx CT(X)J lT(Cx) (5)

TT(X)  TTT(X) 5 TTT(X) 5 TTT(X)

CT(x)

We also require that (cx,ly(x)): T(T(X)) — T(T(X)) be an additive bundle
(iso)morphism, and to be compatible with the vertical lift, in the sense that the
following diagrams commute:

TX) -2 TT(X) TT(X) 2% 777(X) L9 777(X)

el oo @

TT(X)  TT(X) s TTT(X).

Rosicky’s original definition [21, Section 2] required for the fibres of the tangent bun-
dle to be abelian groups rather than commutative monoids. So, a Rosicky tangent
structure (also sometimes called a tangent structure with negatives) [7, Section
3.3] on a category X is a septuple T = (T, p,s, z, ¢, c, n) consisting of a tangent structure
(T,p,s,z,¢,c) on X with an extra natural transformation nx: 7 (X) — T (X), called the
negative, such that T(X) = (px,sx,zx,nx) is an abelian group bundle. Intuitively, in
this setting, this allows us to take the negation of tangent vectors. The vertical lift and
the canonical flip are automatically abelian group bundle morphisms.
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A (Rosicky) tangent category is then a pair (X, T) consisting of a category X
equipped with a (Rosicky) tangent structure T on X. If a tangent category (X, T) has
finite products, and if the tangent bundle functor 7 preserve those finite products, it is
called a cartesian (Rosicky) tangent category [7, Definition 2.8]. Here are now some
basic examples of tangent categories. More examples can be found in [8, Example 2.2].

3.1. EXAMPLE. The archetype of a tangent category is the category of smooth manifolds,
where the tangent structure is given by the classical tangent bundle. So let SMAN be the
category whose objects are (finite-dimensional real) smooth manifolds, and whose mor-
phisms are smooth functions between them. Then, SMAN is a cartesian Rosicky tangent
category, whose tangent bundle functor is the usual tangent bundle functor which sends
a smooth manifold M to its tangent bundle T (M). Recall that, in local coordinates, ele-
ments of the tangent bundle T (M) can be described as pairs (z,v) of a point x € M and a
tangent vector v at x. Then the remaining tangent structure is defined in local coordinates
as follows:

pa(z,0) = sy (z, U, W) = (z,0 + W) 2y () = (z,0) ny(z,0) = (z, —7)

—
- =

O (2, 0) = (2,0,0,7) ey (x, 0,0, 0) = (x, W, 0, ).
3.2. EXAMPLE. Trivially, any category X (with finite products) is a (cartesian) Rosicky
tangent category whose tangent bundle functor is simply the identity functor 1x, with all
the structural natural transformations being identity morphisms.

3.3. EXAMPLE. Fvery semi-additive (resp. additive) category X is a cartesian (Rosicky)
tangent category whose tangent bundle functor is the diagonal functor Ax: X—X, which
is defined by A(X) = X x X on objects, and similarly, A(f) = f x f on morphisms.

We now explain how commutative monoid objects in a category can be used to build
certain additive bundles. More precisely, we show that the product of a base object with a
commutative monoid object is an additive bundle over said base object. This construction
will play a key role in the tangent structure induced by a linear assignment.

3.4. LEMMA. Let X be a category with finite products.

(i) For every pair of objects X and Y, the projection m: X x Y — X s a bundle
over X, the pullback of n copies of my is (X xY), = X x Y™ (where Y™ is the n-ary
product of n copies of Y ), and in particular, (X x YY)y =X x (Y xY). Moreover,
for every pair of morphisms f: Y —Y" and g: X — X', (¢ X f,g9): 1 — 7 is a
bundle morphism.

(ii) For every object X and commutative monoid M = (M, e ¢), the tuple
XxM=(m: X xM—X,1x x o, {1x,e0t,))

is an additive bundle over X. Moreover, for every monoid morphism f: M — M’
and morphism g: X — X', (¢ X f,9): X x M— X' x M’ is an additive bundle
morphism. This induces a functor X x CMON[X] — ABUN[X].
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(iii) For every object X and any abelian group G = (G, e, e, 1), the tuple
XxG=(m: X xGE—X,1xy xeo {Ix,e0t,), 1y x1)

is an additive bundle. Moreover, for every group morphism f: G—G' and morphism
g: X — X', (g% f,9): X x G— X' x G' is an abelian group bundle morphism.
This induces a functor X x AB[X] — GBUN[X].

Furthermore, if F: X—Y preserves finite products, then:

(iv) For every pair of objects X and 'Y of X, F(m): F(X xY)— F(X) is a bundle
over F(X), and F(X xY), = F(X xY™).

(v) For every object X and commutative monoid M of X, the tuple
F(X xM) = (F(m): F(X x M)— F(X),F(lx x &), F({1x,eot,)))
is an additive bundle over F(X), and (wx m, Lrx)): F(X x M)— F(X) x F(M)

18 an additive bundle isomorphism.

(vi) For every object X and abelian group G of X, the tuple
F(X xG) = (F(m): F(X x G)— F(X), F(lx x o), F({1x,eoty)), F(lx x 1))
is an abelian group bundle over F(X), and (wx v, Lrx)): F(X xG)—F(X) x F(G)

15 an abelian group bundle isomorphism.

PROOF. These statements are straightforward to check, so we leave this as an exercise for
the reader. n

We may now state the main result of this paper, which shows that a linear assignment
induces a tangent structure. Let £ be a linear assignment on a category X with finite
products. We define the tangent structure T, = (7, p,s,z, ¢, c) as follows:

e Define the tangent bundle functor 7;: X——X as the product of the identity functor
with the linear assignment:

Te(=) = = x L(-)

e Define the projection px: T-(X)— X as simply the first projection of the product:
px =m : X x L(X)— X
e Note that T7o(X) = X x(L(X) x £L(X)). Then define the sum sx : T;o(X)—T,(X)
and zero zy: A— T (X) respectively as follows:

sy = 1lx x +x: X x (L(X) x L(X)) — X x L(X)
zy =(1x,0xotx): X — X x L(X)
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e The vertical lift £y is, up to isomorphism, essentially given by inserting zeroes into
the middle components. More precisely, it is the following composite:

X x £(X) & (X x L(X)) x £ (X x L(X))
) /
(Ix,0x0tx )y x{0xotr(x)Vx ) Lx s £(x)XWx £0x)

(X x L(X)) x (L(X) x LL(X))

e The canonical flip cx : T2 Tz (X)—T,T(X) is, up to isomorphism, essentially given
by the natural interchange isomorphism of the product (which swaps the middle
arguments). More precisely, it is the following composite:

(X x L(X)) x £ (X x £(X)) 220N o LX) x (L(X) x LL(X))

(X x L(X)) x L(X x L(X)) — (X x L(X)) x (LX) x LL(X))

Lxxc(x)XwWy r(x)

If £ is also an additive assignment, slightly abusing the notation, we define a Rosicky
tangent structure T, = (7, p,s,z,¢,c,n), where the first six components are defined as
above, and where the negative ny: 7(X)— 7 (X) is defined as follows:

ny =1y x —x : X x L{X)— X x L(X)

3.5. THEOREM. Let L be a linear (resp. additive) assignment on a category X with finite
products. Then, (X, T,) as defined above is a cartesian (Rosicky) tangent category.

PROOF. By construction, 7, is indeed a functor, and p, s, z, £, and ¢ (and n) are natural
transformations. Since L preserves finite products, it follows that 7, preserves finite
products as well. By definition of the projection, and by Lemma 3.4.(i), px is a bundle
over X and all powers of T, preserve the necessary pullbacks. Note that the tuple T, (X) =
(px,sx,zx,nx) (resp. T(X) = (px,sx, zx,nx)) is defined as in Lemma 3.4.(ii) (resp. (iii)).
In other words:

Te(X) =X x L(X).

Thus, by Lemma 3.4.(ii) (resp. (iii)), T(X) is indeed an additive (resp. abelian group)
bundle.

Let us now consider the canonical flip cx. By construction, it is the composite of
isomorphisms, and so is itself an isomorphism. Moreover, since the interchange morphism
is its own inverse: T)?}L(X),E(X),LE(X) = Tx,c(X),c(X),cc(x), it follows that cx is also its own
inverse, thus satisfying the first diagram of (5). For the Yang—Baxter diagram, first note
that:

TE(X) = (X x LX) x (LX) x L2(X))) x (LX) x L2(X)) x (LX) x L2(X)))
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Thus, slightly abusing the notation, we may view 772(X) as an octonary product of these
objects with projections:

T TAX)— X m TRX)—L(X) 7 TR(X)— L(X)
T TA(X) — LX) 75 TAHX) — L(X) 76 TA(X) — L2(X)
mr TR(X) — LX) 7 TR(X) — L2(X)
Since the interchange morphism satisfies the following Yang—Baxter identity (omitting

indices for readability): (7 x 7) o7 o (T x 7) = 7o (7 X T) o T, one can easily show that
the following equalities hold:

moT(cx)ocrxyoT(ex) =m =mocrx)oT(cx) o T(cx),
T o T (cx) ocrx)oT(cx) = m5 = mocr(xyo T (cx) o T(cx),
m3 0T (cx) ocrxyo T(ex) = m3 = m3ocr(x) o T(cx) o T(cx),
maoT(cx)ocrxyoT(cx) =mr =m0y (x0T (cx) o T(cx),
w50 T (cx) ocrx)yo T(ex) = m = ms0cr(x) © T (ex) o T (cx),
76 0 T (cx) ocryxy o Tlex) = mg = mg 0 ey (x) © T (ex) o T (cx),
mroT(cx)ocrxyoT(cx) =m =mrocr x0T (cx) o T(cx),
ms 0T (cx) ocrx)oT(cx) = mg = mg 0 crixy © T (ex) o T (cx).

Thus, cy satisfies the desired Yang-Baxter identity, 7 (cx) o cr.x) © T(cx) = ¢rp(x) ©
T (cx) o T(cx), so the second diagram of (5) holds.

We show now that the canonical flip is additive bundle morphism. Observe first that
Te (Te(X)) = Te (X x L(X)), as in Lemma 3.4.(v), and that T,(72(X)) = Tz(X) x
L(72(X)). Now, consider the isomorphisms which appear in the product preserving
property of the functor 7;. To distinguish from those of £, we will denote these as
wzg‘fy cTe(X xY)—T2(X) x Tz(Y). Tt is easy to check that the following equality holds:

w;T(‘fy = Tx,v,c(x),cv) © (Ixxy X wx)y) (7)

Moreover, by Lemma 3.4.(v), for any object X and commutative monoid M = (M, e ¢),
(wz("fM, L x)): Te(X x M) — T(X) x Tz(M) is an additive bundle isomorphism. In
particular, setting M = L(X), gives us an additive bundle isomorphism:

(@ prys Lz ) = Te (T2(X)) — Te(X) x Te(L(X)).

On the other hand, note that the underlying object of Tz(L(X)) is £(X) x LL(X), the
underlying object of L(7z(X)) is £(X x £(X)), and w;(,lﬁ(x): T (LX) —L(Tz(X)) is a
monoid morphism. Then, by Lemma 3.4.(ii), we have that

(L7200 % Wxopexy 17200) 2 Te(X) X Te(L(X)) — Te(X) x L(Te(X)) = Te(Te(X))
is an additive bundle isomorphism. Now observe that by definition we have that:

- T2
cx = (Lrz(x) X wX,lﬁ(X)) o Wyy-
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Composing the additive bundle morphisms (17, (x) x w)_glc(xy L7,(x)) and (w;—fﬁ(y), Lr.(x))
(recall that composition of bundle morphisms is given pointwise), we get that
- T
(ex: 1720x) = L7z X Wxipxy 1720) © Wy ey L72x) = Te (To(X)) — Te(Te(X))

is an additive bundle morphism, as desired.

We now check the identities involving the vertical lift £x. Let us first define the natural
transformation zy : L{X)— L(X x L(X)) by zx = W)_(,lg(x) o{0x otg(x),vx'y. Then, by
definition, we have:

KX =Zx X /ix.

To show that the vertical lift is an additive bundle morphism, first note that
zx : LX) — L(X x L(X)) = L(T(X))
is a monoid morphism by construction. Thus, by Lemma 3.4.(ii), we have that
(€x,2x) = (2x x Zx,2x) 1 Te(X) = X % L(X) — T (X) x L(Te(X)) = Te(Te(X))

is an additive bundle morphism, as required.
We now show that diagrams (3) and (6) commute. To do so, recall that 72(X) is an
octonary product. One can easily show that the following equalities hold:

7T1O7'£(€X)O€X=7T1=7T1O€T£(X)O€X, (8)
Ty 0 Te(lx) o bx = Ox o tya(xy = m2 o by (x) 0 Lx, 9)
T30 Te(lx) o bx = Ox o tra(x) = m3 0 by (x) o Ux, (10)
T4 0 Te(lx) o bx = Og(x) © tracxy = M o byy(x) o Ux, (11)
50 Tre(lx) olx = 0x o traxy = 5 0 br(x) o Ux, (12)
7o Tr(lx) ol =0£(X)ot7—g(X) = 76 0 L1, (x) o lx, (13)
m7 0 Te(lx) o bx = Og(x) © tracxy = 77 © brp(x) © Ux, (14)
mgo Te(lx)olx = L(vy ) ovy = I/Z(lx) ovy =g o lr,xy o lx. (15)

For lines (9) to (13), we use the fact that v and w™ are monoid morphisms. For lines
(13) and (14), we also use the equality Oz(x) = £(0x) otz(l*) (2). For line (15), we use the
equality L(vx) = vg(x). From this, we conclude that 7;({x) o {x = l1,(x) o {x, and so
(3) commutes.

We now show the compatibilities between the vertical lift and the canonical flip. It is
easy to check that the following equality holds:

(1x,0x o tx) x {Ox o trx), V') © Txe(x),cx)cx) = {1x,0x o txy x (Ox o teixy, vy ).

It follows that cy o fx = lx, so the first diagram of (6) commutes. For the remaining
diagram, we view T2(X) as a quaternary product with projections:

T TAX)— X mo TAX)—L(X) m: TAX)—L(X) 7 TAX)— L2(X).
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Then, one may easily show that the following equalities hold:

T 0 72(6)() OCx =T =T 0 CT[:(X) o T(CX) OgTL(X)a
ocy =0xo tTE’(X) = T2 0C7,(x) © T(CX) o éTﬁ(X)a

m30Tr(lx)ocx =0x 0 ng(X) = T30 C,(x) © T(cx)o U7z (x),

(£x)
(£x)
myoTr(lx)ocx =m3 =my0 CT.(X) © T(cx)o . (x)s
750 Tr(lx) ocx = To = 5 0 Cro(x) © T (Cx) © bra(x)s
e © Te(€x) o cx = Og(x) © braxy = 76 © Crz(x) © T (Cx) © by,
7T7O72:(€X)

ocx = Ogex) 0 trp(x) = 7 0 Crp(x) © Tlex) © by,

ms 0 Te(lx) o cx = L(vY') = vp(xy = Ts 0 ez (x) © T(ex) 0 Lrz(x)-

Here, we used the Yang—Baxter identities involving symmetries and interchange, and in
the last line, we again use the equality L£(vx) = vg(x). It follows that Tz(fx) o cx =
cr.(x) © T(cx) © l7.(x), so the second diagram of (6) commutes.

It remains to show the universal property of the vertical lift. Translating (4) in our
setting, we must show that the following diagram is a pullback:

X % (LX) x LX) LTI 2 (X)) x £(X x £(X))

ml lmxﬁ(m) (16)
X X x L(X).

Zx

Suppose that we have morphisms g: Y — X and f: Y — (X x L(X)) x L (X x L(X))
such that zx o g = (m x L(m)) o f. We then have unique morphisms f;: Y — X
fo: Y —L(X), f3: Y — L(X), and fy: Y — L(X) such that:

f=L ot wxpx o (o vx' o fo).

The assumptions on f and ¢ imply that f; = g and f3 = Ox oty. Consider the morphism
h: Y — X x (L(X) x L(X)) defined by h = {f1,{fs, f2)). We then have m; o h = ¢, and

we compute:

(1x x my,zx omomgyoh ={(1x x my)oh,Zx om omgoh)y

={(1xy xm)oh,zx omomohy={f1, fo),Zx © f1)

= {f1, f2), Ox o teexy vy o fay = K fr, f2), (Ox o teexy © fa, vt o fa))
= ((f1, f2), QOx o ty,vx' o fap) = ((fr, fo), {fs, vx' © fa)) = [.

Now, suppose that there exists another morphism k: Y — X x (£(X) x £(X)) such
that 1 0k = g and {1x X m,Zx om oMy ok = f. It is easy to check that m o k = g,
momok = fyand my om0 k = fy, and thus, that k = (f1,{fs, f2)) = h. We conclude
that diagram (16) is indeed a pullback diagram, as desired.

In conclusion, T, is a (Rosicky) tangent structure, and (X, T,) is a cartesian (Rosicky)
tangent category. n
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To conclude this section, let us apply this construction to our main examples of linear
assignments:

3.6. EXAMPLE. For any category with finite products, applying Theorem 3.5 to the termi-
nal linear assignment from Ezxample 2.6 gives us (up to isomorphism) the trivial tangent
structure from Example 3.2, that is, Ty = 1x.

3.7. EXAMPLE. For any semi-additive (resp. additive) category, applying Theorem 3.5 to
the identity linear assignment from Example 2.7 results precisely in the canonical (Rosicky)
tangent structure of a semi-additive category given by the diagonal functor from FExample

3.3, that is, Tr, = A.

3.8. EXAMPLE. Applying Theorem 3.5 to the additive assignment given by abelianization
of groups yields a cartesian Rosicky tangent structure on the category of groups. This is
one of the main new observations of this paper. Let us review this structure in details.
Abelian group structures will be denoted additively, and we implicitly identify Ab(G x H)
with Ab(G) x Ab(H), for all groups G and H. For a group G, elements of its abelianization
ADb(G) will be denoted by [g] for all g € G. Then, GRP is a cartesian Rosicky tangent
category whose tangent bundle functor is given by Tz, (G) = G x Ab(G), and the rest of
the Rosicky tangent structure is given as follows:

hl) =
(

SG([][]) 9,[1] [2])
z(9) = (9,0)
ne(g,[ 1) = (g, —[h])
a(g; [h]) = ((g,0),(0,[R]))
ca ((g,[R]), ([K], [71)) = ((g, [K]), (IR, [4])) -

4. Linear Algebras, Differential Objects and Bundles

In a tangent category, an important class of objects are the differential bundles, which
formalize the notion of smooth vector bundles in a tangent category. For an in-depth
introduction to differential bundles, we refer the reader to [6, 8, 10, 20]. In this section, we
show that for the tangent structure induced by a linear assignment, differential bundles
are closely related to a special class of commutative monoids associated to the linear
assignment, which we call linear algebras, and which can be characterized as fixed points
for the linear assignment.

4.1. DEFINITION. Let L be a linear (resp. additive) assignment on a category X with
finite products.

(i) A linear algebra, or simply an L-algebra, is a pair (A,a) consisting of an object
A and an isomorphism a: L(A) — A such that L(a) = va.
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(i) If (A,a) and (A',d") are L-algebras, an L-algebra morphism f: (A a)— (A, )
is a morphism f: A—— A’ such that the following diagram commutes:

£(4) =2 L)

g,

A—>

We denote by L-ALG the category of L-algebras and L-algebra morphisms between them.

For a linear (resp. additive) assignment L, every L-algebra is canonically a commu-
tative monoid (resp. abelian group). To see this, observe that if M = (M, e ¢) is a
commutative monoid and f: M — A is an isomorphism, then the tuple:

Ap=(A(fx flosof™ foe)

is a commutative monoid and f: M — Ay is a monoid isomorphism. Similarly, if G =
(G,e,e,1) is an abelian group and f: G— A is an isomorphism, then the tuple:

:(Av(fXf)o.of_lvfoeafobof_l)

is an abelian group and f: G— Ay is a group isomorphism. Applying this construction
to linear algebras, we immediately get the following:

4.2. LEMMA. Let L be a linear (resp. additive) assignment on a category X with finite
products.

(i) If (A,a) is an L-algebra, then A, is a commutative monoid (resp. abelian group) and
a: L(A)— A, is a monoid (resp. group) isomorphism.

(ii) If f: (A,a) — (A',d’) is an L-algebra morphism, then f: Ay — AL, is a monoid
(resp. group) morphism.

This induces a functor V: L-ALG— CMONI[X] (resp. V: L-ALG— AbG[X]) defined on
objects by V(A,a) = A, and on morphisms by V(f) = f.

As a shorthand, we will write the monoid (resp. group) structure of A, by +,: A x
A— A and 0,: + — A (and —,: A—— A). Observe that, for every object X of X,
(L(X),vx) is an L-algebra. Furthermore, seeing £(X) as an L-algebra, and considering
the associated monoid (resp. group) structure on £(X) yields precisely the monoid (resp.
group) structure given by the linear (resp. additive) assignment. To see this, note that
for commutative monoids M = (M, e, e) and M' = (M’ o' ¢}, if f: M— M’ is a monoid
isomorphism, then M} = M’ (and similarly for abelian groups). We deduce the following:
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4.3. LEMMA. Let L be a linear (resp. additive) assignment on a category X with finite
products.

(i) For every object X, (L(X),vx) is an L-algebra and L(X),, = L(X), that is, +,, =
+x and 0,, =0 (and —,,, = —x).

(ii) For every morphism f: X — X', L(f): (L(X),vx)— (L(X"),vx) is a L-algebra
morphism.

This induces a functor L*: X — L-ALG defined on objects by L4(X) = (L(X),vx) and
on morphisms by LF(f) = L(f). Moreover, the induced linear (resp. additive) projector L
factors through L-ALG in the sense that L =V o LF.

Let us now identify the linear algebras of our main examples of linear assignments:

4.4. EXAMPLE. For the terminal additive assignment on a category with finite products,
the only L.-algebra, up to isomorphism, is the terminal object =, and so L.-ALG is the
terminal category (with one object and one morphism,).

4.5. EXAMPLE. For the identity linear (resp. additive) assignment on a semi-additive
(resp. additive) category X, every object is a 1x-algebra (where the 1x-algebra structure is
simply the identity), and so, 1x-ALG = X.

4.6. EXAMPLE. For the abelianization Ly, of groups, seen as an additive assignment,
the Layp-algebras are precisely the abelian groups. For an abelian group A, its Lay-
algebra structure is given by the canonical group isomorphism A = Ab(A). We then
have La,-ALG =~ AB.

Let us now turn our attention to differential bundles, which are the analogues of
smooth vector bundles for tangent categories. There are various ways to define differential
bundles. Here, we have chosen the original definition found in [8]. Equivalent definitions
were given by MacAdam in [20] and by Ching in [6]. In a tangent category (X,T), a
differential bundle [8, Definition 2.3] is a pair (E, \), consisting of an additive bundle
E=(q: F— X,0,() (where we call q the projection, ¢ the sum, and ( the zero) and
a morphism A: F— T (E), called the lift satisfying three axioms. In order to improve
legibility of the following axioms, and to differentiate clearly between the differential
bundle and its underlying total space, we will momentarily denote our additive bundles
by E=(q: E— X, 0,(). Similarly we will denote by T(X) = (px: T(X)— X, sx,zx)
the additive bundle on the tangent bundle of an object X. The axioms are the following:

e The tangent bundle functor preserves all pullbacks powers of the projection, that
is, for all n, m e N, T™(E,) is the pullback of n copies of T(q). In particular, this
implies that T(E) = (T(q) : T(E) — T (X),T(0),T(()) is an additive bundle.
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e Both (\,zx): E——T(E) and ()\,(): E—T(F) are additive bundle morphisms, and
the following diagram commutes:

E—2 5 T(E)
A T (17)
T(E)——TT(E)

e The lift is universal in the sense that the following diagram is a pullback:

E2 {Aop1,0pop2) T(EQ) T (o) T(E)
wwﬁ T(@ (18)
X o T(X)

and all powers of the tangent bundle functor 7™ preserve these pullbacks.

There is of course an obvious notion of a differential bundle with negatives, where we
upgrade the definition from an additive bundle to an abelian group bundle. However,
it turns out that in a Rosicky tangent category, every differential bundle is canonically
an abelian group bundle, where the negative for the differential bundle is induced from
the negative of the tangent bundle. Thus, in a Rosicky tangent category, the notions of
differential bundles and differential bundles with negatives coincide [9, Proposition 2.13],
and we only need to consider differential bundles as additive bundles.

Morphisms of differential bundles [8, Definition 2.3] are bundle morphisms that also
preserve the lift. That is to say, for two differential bundles (E,\) and (E’,\'), with
underlying bundles q: F—X and q': E'— X' respectively, a linear bundle morphism
(f,9): (E,\) — (E', \') is a bundle morphism (f,g): q — q’ such that the following
diagram commutes:

E—1 @

E
A Pf (19)

’

T(E) o T(E)
In this setting, (f,g): E— E’ is automatically an additive bundle morphism (and so,
an abelian group bundle morphism in the Rosicky setting) [8, Proposition 2.16]. In
the special case where X = Y, so for differential bundles (E,\) and (E’, \') over the
same object X, we say that f: (E,\) — (E', \') is a linear bundle morphism over
X if (f,1x): (E,\) — (E', \) is a linear bundle morphism. For a (Rosicky) tangent
category (X, T), we denote by DBUN[(X, T)] its category of differential bundles and linear
bundle morphisms, and for each object X, we denote by DBUN[(X, T)]x the category of
differential bundles over X and linear bundle morphisms over X.
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We now show that linear algebras give rise to differential bundles. Let £ be a linear
assignment on a category X with finite products. For any object X and any L-algebra
(A, a), define the morphism Ay ,: X x A—T,(X x A) to be the following composite:

X xA A (X x A) x L(X x A)
) R
<1X7030tx>><<0X0tA,a 1> 1X><A><WX’1A
—
(X x A) x (L(X) x L(A))

4.7. PROPOSITION. Let L be a linear assignment on a category X with finite products.
(i) For any object X and any L-algebra (A, a), (X x Aa, Axa) is a differential bundle.

(ii) For any morphism g: X — X' and any L-algebra morphism f: (A,a) — (A, d'),
(9% f,9): (X x Aa, Axa) — (X' x AL, Axs o) is a linear bundle morphism.

As such, this induces a functor D: X x L-ALG— DBUN[(X,T,)], defined on objects by
D(X,(A,a)) = (X x As, Axa), and on morphisms by D(g, f) = (g % f,g). Similarly, for
every object X, we also have a functor Dx : L-ALG—DBUN[(X, T,)]x defined on objects
by Dx(A,a) = (X x As, Axa) and on morphisms by Dx(f) = g x f.

PROOF. Consider an object X and an L-algebra (A4,a). By Lemma 3.4.(i) and (ii), we
already know that X x A, is an additive bundle such that all powers of 7, preserve the
pullbacks of copies of m: X x A—— X. Let us show that the lift induces two additive
bundle morphisms X x A,—7T (X x A,). First, note that Tz(X xA) = (X xA)xL(X x A).
Define the morphism ¢: X — X x A by ¢ = (1x,0, otx), and C: A— L(X x A) by
6 = w)_(’lA 0 {0x oty,a '). By definition, we have: Ax, = ( x E Now, observe that
E : A;— L (X x A) is a monoid morphism by construction. Thus, by Lemma 3.4.(ii), the
following is an additive bundle morphism:

Axa O) = (Cx G0t X x Ag— (X x A) x L(X x A) = T2(X x A).

On the other hand, recall from the proof of Theorem 3.5 that, for any object X, and any
commutative monoid M = (M, e, ¢), we have that (wTﬁ}ylM, Ly, x)): Te(X xM)—Tz(X) x
T-(M) is an additive bundle isomorphism. So, setting M = A,, and using the inverse of
the isomorphism above, we get the additive bundle isomorphism:

(@ o 7o) ™ Te(X) % T2(A)) — Te(X x A,).

Now, define the morphism ¢: A—Ax L(A) by ¢ :== (0,0t4,a ). Note that {: A,— A, x
L(A,) = Tz(As) is a monoid morphism by construction. Thus, by Lemma 3.4.(ii), the
following is an additive bundle morphism:

(zx x G zx) 1 X x Ay — T2(X) x Tz (A,)
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Now, it is easy to check that the following equality holds:
W a0 (2x X €) = Axay
and thus, by composing additive bundle morphisms, we get that:
(xanzx) = (@ x4 ) © (2 % Czx) s X x Ay == To(X x Ay)

is a bundle morphism, as desired.
Let us now show that diagram (17) commutes. This is again analogous to an argument
from the proof of Theorem 3.5. We first observe that:

TZ(X x A) = (X x A) x (L(X) x L(A)) x ((L(X) x L{A)) x (LX(X) x L2(A))).

Thus, by a slight abuse of notation, we may view 72(X x A) as an octonary product with
projections:
T TAHX x A)— X mo: TAX x A)— A m3: TAH(X x A)— L(X)
T TAHX x A)——= L(A) 75 TAH(X x A)— L(X) 76 : TZ(X) — L(A)
mr TA(X x A)— L2(X)  75: TA(X x A) — L*(A).

So, to show that (17) commutes one can check that the following equalities hold:

M0 Te(Axa)0Axa =71 =71 0lxxa0Axa (20)
T2 0 Te(Axa) © Axa = Ox 0 l72(xwa)y = M2 0 Lxxa © Axa (21)
T30 Te(Axa) © Axa = Ox 0 l72(xxa) = T30 Lxxa © Axa (22)
710 Te(Ax,a) © Axa = 0r(x) O tr2(xxa) = T4 0 lxxa O Axa (23)
750 Te(Axa) © Axa = Ox 0 l72(xwa) = 50 Lxxa © Axa (24)
76 0 Te(Ax,a) © Axa = Og(xy © brz(xxa) = M6 © {xxa © Axa (25)
770 Te(Axa) © Axa = Og(x) © br2(xxa)y = M7 0 lxxa © Axa (26)
s 0 Tr(Axa) 0 Axa = L@ oal= 1/21 ca t=mg0lxyao0 AX.a (27)

These are easy to check. For lines (21) to (25), we use the fact that a is a monoid morphism,
while for line (27) we use the equality £(a) = v4. We conclude that Tz(Axa) © Axa =
Uxxa 0 Axa, and so, (17) commutes.

It remains to show the universal property of the lift. Translating diagram (18) to our
setting, we must show that the following diagram is a pullback:

X x (A x A) (e Comens) (X x A) x L(X x A)

Wll lﬂ'l Xﬁ(ﬂ'l) (28)
X X xA
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This is done by a very similar argument to the argument used in the proof of Theorem 3.5
to show that (16) is a pullback, so we omit this part of the proof. Lastly, it is not difficult
to see that all powers of 7, preserve this pullback. So, we conclude that (X x A;, Axa) is
a differential bundle.

Suppose now that we are given a morphism ¢g: X — X’ and an L-algebra morphism
f:(Aja)—(A',a’). By Lemma 3.4.(i), we know that (¢ x f, g) is a bundle morphism. So,
it remains to show that g x f commutes with the lifts. Using the fact that f: A, — A,
is a monoid morphism, we compute that:

T(ng)O)\Xa
(9 f) x L(g = f

1 XA/ XwX/A/)

) o (Ixxa X wyy)o ((x,0a0tx) x (0x otg,a ')
(g x f) x(L(g) x L(f))) o (<1X,Oa otx) x (0x otA,afl>)
(g, fo0a0tx)yx{L(g)o0x ot L(f)oa"))

(9,00 0x) x Oxr o ta,a ™" o f))
(9.0 o txs 0 g) x Oy ot o fa o )
(L, 0w oty g) x (Oxrotua ™o f))

—_—~ N

1 XA/XC{}X,A,)O

@]

@]

(
(
(

= (Loea X wihy
(
(1x/ XA/xwX, /
(

)
1 ><A/X(,L)X, ,)O

)

)

TN N NN

= 1X’><A’ X (UX, LAY @) <1X’ Oa/ OtX/> <OXI OtA/ a 1>) @) (g X f)

= )\X’,a’ o (g X f)7
and we conclude that (g x f,g): (X x As, Axa.) — (X' x AL, Axs ) is a linear bundle
morphism. [

Alternatively, one can show that L-algebras give differential bundles by pulling back
along tangent bundles. Indeed, in a tangent category, for every object X, (T(X),/lx)
is a differential bundle. Moreover, assuming the existence and preservation of certain
limits, the pullback of the projection of a differential bundle along a morphism is again a
differential bundle [8, Lemma 2.7]. In the case of a linear assignment L, (X x A,, Ax,) isin
fact the pullback of the tangent bundle (77(A), £4) along the morphism 0,0ty : X — A.

In general, D: X x L-ALG— DBUN|[(X, T)] will not be an equivalence: an arbitrary
differential bundle over X may not necessarily be of the form X x A for some L-algebra
A. However, in many interesting cases, for example in the category of groups with the
abelianization additive assignment, this functor will be an equivalence. We will show in
Theorem 4.15 that this functor is an equivalence as soon as X admits zero morphisms and
kernels.

Let us apply the above construction to our running examples of linear assignments.

4.8. EXAMPLE. For the terminal additive assignment on a category with finite products,
applying this construction to an object X and the terminal object = results in the trivial
differential bundle over X, which is itself [8, Example 2.4.(i)].
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4.9. EXAMPLE. For the identity linear (resp. additive) assignment on a semi-additive
(resp. additive) category X, we get that, for every pair of objects (X, A), X x A is a
differential bundle over X.

4.10. EXAMPLE. For the additive assignment given by the abelianization Lay of groups,
we get that, for any group G and any abelian group A, the product G x A is a differential
bundle over G, where the differential bundle structure is given as follows:

m(g,a) =g o(g,(a,;b)) =(g,a+b) ((g) =(9,0) Ag,a)=((g,0),(0,a))

Let us now turn our attention to differential objects in our tangent categories: in a
cartesian tangent category (X, T), a differential object [8, Section 3.1] is a differential
bundle over the terminal object ». Note that additive (resp. abelian group) bundles over
the terminal object correspond precisely to commutative monoids (resp. abelian groups),
where the projection must be the unique morphism to the terminal object. We will
not distinguish between commutative monoids and additive bundles over the terminal
object. Therefore, we will characterize differential objects as pairs (A, \) consisting of a
commutative monoid A = (A, +,0) with a morphism A\: A— T(A). We will refer to
linear bundle morphisms over the terminal object as linear morphisms. Explicitly, for
two differential objects (A, A) and (A’, ), a linear morphism f: (A, \) — (A", X) is
a morphism f: A—— A’ between the underlying objects such that (19) commutes. We
denote by DO[(X, T,)] := DBUN[(X, T,)]. the category of differential objects and linear
morphisms.

Applying Proposition 4.7 to the terminal object, we may build a differential object
out of any L-algebra: if (A4,a) is an L-algebra, we define the following morphism:

A ={0,a ) A— A x L(A).
4.11. COROLLARY. Let L be a linear assignment on a category X with finite products.
(i) For any L-algebra (A, a), the pair (Aa, X\a) is a differential object.

(ii) For any morphism f: (A,a)— (A’,d") between L-algebras, f: (Aa, Na) — (Ax, Aar)
18 a linear morphism.

This induces a functor D,: L-ALG — DO[(X, T,)]| defined on objects by D,(A,a) =
(Aa, \a) and on morphisms by D,(f) = f.

We now show that D,: L-ALG — DO[(X, T,)] is in fact an isomorphism. We will
need to use the following property of differential objects: in a cartesian tangent category
(X, T), if (A, \) is a differential object, then the following diagram is an equalizer |8,
Lemma 2.14]:

PA
A—2 L T(4) ——A (29)
otT(a)
Let £ be a linear assignment on a category X with finite products, and let (A, \) be a
differential object in (X, T,). Define the morphism aq »: £(A) — A using the universal
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property of the above equalizer. That is, aq ) is the unique morphism which makes the
following diagram commute:

A2 THA) = Ax L(A)——— A

1\ OOtTE(A)
g, |
| m
L(4)
4.12. LEMMA. Let L be a linear assignment on a category X with finite products.
(1) For any differential object (A, N), the pair (A,aq)) is an L-algebra.

(ii) For any linear morphism f: (A, \)— (A", X), f: (A, aqgr)—(A’,ay) is an L-algebra
morphism.

This induced a functor D;1: DO[(X, T.z)]—L-ALG— defined on objects by D, (A, \) =
(A, aq) and on morphisms by D7 (f) = f.

PROOF. Let (A, \) be a differential object. We first show that a, is an isomorphism.
Define the morphism a;lz A—L(A) by a;l == mo\. Observe that, since pgo\ = m o\ =
0oty.cayo A =00ty, by the universal property of the product, we have A = (0 ot 4, ayh.
We then get:

Ao ag,\ © a;l = <0 ¢ tc(A), 1E(A)> ¢ a;l = <0 0 tAX[:(A) 0 a;l, a;1> = <O otya, a;1> =)\

Since A is monic, we have: aqy oa,' = 14. We can also easily compute that:
a,' cagy =moAXoagy =m0{00tray, Loy = 1o,
SO a;l ©agx = lg(a) as well, and thus, a is an isomorphism.

Now, observe that T2(A) = (A x L(A)) x (L(A) x L2(A)). By a slight abuse of
notation, we consider the fourth projection my: T2(A) — L2(A). It is easy to check that
the following equalities holds:

7T40€A 21/21071'2, 7T4072()\) Z,C(a;l)oﬂg.
Then, using these equalities and the commutativity of (17), we get:

vitoa,! =vlomol=molpod=moT(A)od=L(ay)omo)=L(ay')oa,’.

Since a, ' is epic, we get v, = L(a,'), and it follows that v4 = £(a). So, we conclude
that (A, aq) is an L-algebra.

Let now f: (A, \)—(A’, \') be a linear morphism. Since f commutes with the vertical
lifts and since 7y o Tz(f) = L(f) o ma, we first compute that:

L(f)oay! =L(f)omol=moT(f)od=moXNof=a)of

So L(f) oa,! = a,' o f, which implies that ay o L(f) = f o aq., and so, finally,
(A agn) — (A, ay) is an L-algebra morphism. =
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4.13. THEOREM. Let L be a linear (resp. additive) assignment on a category X with finite
products. Then, DO[(X,T,)] = L-ALG.

PROOF. We must show that the functors D, and D, ! defined respectively in Corollary 4.11
and Lemma 4.12 are mutual inverses. Clearly, on morphisms, one has D, (D;!(f)) = f
and D, (D,(f)) = f. It remains to check that they are inverses on objects as well.

Starting with a L-algebra (A,a), we first notice that, by definition, we have a;al =
m o\, =a L. It follows that a), = a, and thus D, ! (D,(A,a)) = (A, a).

On the other hand, let (A, \) be a differential object. We first show that A and A,_,
are the same monoid. Indeed, since (A, 0): A—T(A) is an additive bundle morphism, it
is straightforward to see that a, ' = mpoX: A—L(A) is a monoid morphism, and since a; '
is an isomorphism, aqx: L(A) — A is a monoid isomorphism. It follows that A, , = A.
Now, recall that A = (0 o t4,ay"), and that, by definition, Aagr = (04, © ta,ay'). Since
A, , = A, we have 0 = 0,_,, and so, A = A,_,. Thus, D, (D, (A, X)) = (A, \).

We conclude that D, and D; ! are inverses of each other, and so, DO[(X, T.)] =~ £-ALG.

While differential objects always correspond to L-algebras, we mentioned previously
that differential bundles over a fixed object do not necessarily correspond to L-algebras.
However, this will be the case as soon as we have access to zero morphisms and kernels in
our category. A category X is said to admit zero morphisms if, for every pair of objects
X and Y, there is a distinguished morphism Oy y : X —Y, and this family of morphisms
satisfy Oyys o f = Ox7y» = f o Oxs x for every morphism f: X — Y. A category X with
zero morphisms is said to admit kernels if, for every morphism f: X —Y the equalizer
of Oxy and f exists, which we will denote by ks: ker(f) — X.

We will need the use the following universal property of differential bundles: in a
cartesian tangent category (X,T), every differential bundle (E, ) over X satisfies the
Rosicky’s universality diagram [20, Proposition 6]. That is, the following diagram
commutes:

E A T(E)
ql kﬂ“)’p’” (30)

X—)T(X) x K
(zx,¢)

Observe that, for differential objects, Rosicky’s universality diagram is, up to isomor-
phism, the equalizer diagram (29).

Let £ be a linear assignment on a category X with finite products, and suppose that
X also admits zero morphisms which are preserved by L, that is, L(0xy) = Ozcx),cev)-
Let (E, A) be a differential bundle over X in (X, T,). Then, using Rosicky’s universality
diagram, let \: L(E) — FE to be the be the unique morphism making the following



FROM ABELIANIZATION TO TANGENT CATEGORIES 1099

diagram commute:

- Oc(m),E-le(E))

B2 T(E)=E x L(E)

ql l(Tc(q),pw

X e Te(X) x E.

Suppose now that X also admits kernels which are preserved by L, that is, for ev-
ery morphism f: X — Y, the morphism L(ky): L (ker(f)) — L£(X) is the kernel of
L(f): LX) — L(Y). Then, consider the kernel kq: ker(q) — E of the projection
q: E— X. Let agqx: L (ker(q)) — ker(q) be the unique morphism which makes the
following diagram commute:

q
ker(q) o E i X.
™ E, X
aq,A | TS\
|
E (ker(q)) W £(E)

For a linear bundle (f,g): (E', ') — (E', X), let kers: ker(q) — ker(q’) be the unique
morphism making the following diagram commute:

7

kg a
ker(q') ——— E' X/

_—
~ OE’,X’
kery | f g
|

q
ker(q) — E _ X.
E,X

4.14. LEMMA. Let L be a linear assignment on a category X with finite products, such
that X also has zero morphisms and kernels which are preserved by L.

(i) For any differential bundle (E, \), the pair (ker(q),aq ) is a L-algebra.
(ii) For any linear bundle morphism (f,q): (E',N')— (E', \'), we have that
kery: (ker(q),aq) — (ker(q'), aq )
is an L-algebra morphism.

This induces a functor D”: DBUN[(X, Tz)]—X x L-ALG defined on objects by D°(E, \) =
(X, (ker(q),aq.)) and on morphisms by D(f, g) = (g, kery). Similarly, for every object X,
we also have a functor Dy': DBUN[(X, T;)]x —L-ALG defined on objects by D (E, \) =
(ker(q),aq) and on morphisms by D’ (f) = ker;.
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PROOF. Let Ay: E—— L(E) be the composite Ay i= 1 o A. Then define the morphism
a,: ker(q) — L (ker(q)) using the universal property of £ (ker(q)): a ) is the unique
morphism which makes the following diagram commute:

L(kq) L{q)
L (ker(q)) ——— L(E) L(X).
+ L(O0x,v)=0r(x),(v)
a;i | A2
[
ker(q) - E

We then compute:
Ayod=myoXol=1y0{0cm).m lee) = lom,
SO Ay 0\ = lz(g), and we get:
L(kg) 0 ag} 0agn = Az 0 kqoagy = Ao 0 ML(kq) = L(k).

Since, by the universal property of the equalizer, £(kq) is monic, it follows that aq’j\oaq, A=
Lo(ker(q))- On the other hand, since (A,(): E—— T(E) is an additive bundle morphism,
w10\ = (oq, and therefore, by the universal property of the product, we have A = {(Coq, \).
We then get:

qOS\OAQqu :0E7XO)\QO]€q :Oker(q),X :qu?q,

and

AoXo Xy 0k ={0m) .z Loy 0N 0 kq = Oz(m).5 © A2 © kg, A2 © kq) = (Oker(q). 15 A2 © kg
= <Cooker(q),X7)\2 qu> = <Coq qu,)\g qu> = <Coq>)\2>okq = )\qu-

Since, by the universal property of the pullback, q and A are jointly monic, it follows that
Ao Xy o kg = kq. Using this, we get:

kqoanoa;i = S\OLZ(kq)oa;}\ = 5\0)\2qu = kyq.
Since, by the universal property of an equalizer, k4 is monic, it follows that aq ) o a;j\ =
Lker(q)- S0, g, is an isomorphism.

It remains to show that L£(agx) = Vker(q)- Translating the commutativity of (17), we
have ¢goX = Tz(A\) o). Post-composing both sides by the projection 7y: T3 (E)—LL(E),
we get:

vt = L(A). (31)

From this identity we obtain:
LL(Kq) © L(agy) = L(A2) 0 L{kq) = V5" 0 L(kq) = LL(Kq) © Viey(q)-

Since, by the universal property of the equalizer, LL(kq) is monic, it follows that E(aq’;\) =
Vl;i(q), and so L(ag,x) = Viker(q)- We then conclude that (E, ), (ker(q),aq,») is a L-algebra.
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Suppose now that (f, g): (E'; \')—(E’, \') is a linear bundle morphism. Then M, o f =
L(f) o A2, and we get:

L(kq) o L(kers) o a;}\ = L(f) o L(kq) 0 a;i =L(f)oXyokq=A,0 fokg
= Ny 0 kg okery = L(kq) o aq_,’lA, o kery.

Since, by the universal property of the equalizer, L(kq ) is monic, it follows that £(kers) o
a;j\ = aq’,}/\, o kery, and so aq v o L(kery) = kery o aq . We then conclude that kers is an

L-algebra morphism, as desired. [

4.15. THEOREM. Let L be a linear (resp. additive) assignment on a category X with finite
products. Suppose that X admits zero morphisms and kernels. There is an equivalence
of categories DBUN[(X, Tz)] =~ X x L-ALG, and for every object X, DBUN[(X, T,)]x ~
L-ALG.

PROOF. Let X be an object of X, and (4, a) be an £-algebra. We have D’ (D (X, (A,a))) =
D'(X x As, Axa) = (X, (ker(m),amAX’a)). Observe that (Oxy,ly): Y — X x Y is a
kernel for the morphism 7y, so A = ker(m). It is easy to check that this extends to an
isomorphism of L-algebras (A,a) = (ker(m1),ar, x,), essentially by construction. Thus,
D’ (D (X, (A, a))) = (X, (A,a)). Moreover, it is straightforward to check that this extends

to a natural isomorphism D’ 0 D = IxyrALG.
On the other hand, let (E,\) be a differential bundle over X. Then,

D (D’ (E,N) =D (X, (ker(q), ag)) = (X x ker(q)a 5> Ax,aq)-

Let \”: E——ker(q) be the unique morphism which makes the following diagram commute:

ker(q) L B ) i X.
N T~ O, x

Ab I A
|
B L(E)

Define ¢: E— X x ker(q) as the pairing ¢ = (g, \”). Then, using Rosicky’s universality
diagram, define the morphism ¢ !: X x ker(q)— FE as the unique morphism which makes
the following diagram commute:

— 2 T.(E)=E x L(E)
l<TL(Q)7PE>
Te(X) x E.

(zx,6)
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Recall from the proof of Lemma 4.14 that Ao Ay o kq = kq. Then, we get:
kqo/\bokq ZS\O)\onq = kyq.

Since kq is monic, we then get Moo kg = lker(q), and

kqo N opl=Xodost=Xomodod™t=Xomo (¢ x (Aoky))

:5\0)\2qu071'2 = kq 0 9.
Again since kq is monic, we get \’ 0 ¢~! = m,. It follows that:

pogp ' =(qN)ogp ' ={qod " Nod ") =(m,m) = Lxuker(q):

80 ¢ 0 ¢71 = Ixxker(q)- In the other direction, we first have:
qo¢7lo¢:7rlo¢:q.

Recall from the proof of Lemma 4.14 that A = ({0 q, A2) and Ag 0 \ = 1. Then, we
get:

Nog tog=((x ()\2qu))O<q,>\b>:<<0q,>\20kq0)\b>
={CogqA0X0Ng) ={(0g, Aoy = A
Since q and \ are jointly monic, we get ¢ 1o ¢ = 1.
It remains to show that ¢ is in fact a linear bundle morphism over X. By definition,

we have 7 0 ¢ = q, so we need to check that ¢ also commutes with the lifts. Recall
from the proof of Lemma 4.14 that v;' = £()\;). However, since Ay o A = 1z(k), we have

L(A2) 0 LX) = 1z2(m), and so vg = L(A), or again, L(A) o L(Ag) = 1g). Using this, we
get:
Lkg)oaghoN =XokqoN = 0Xod =)\
= LN 0 L(Ag) 0Ny = L(kq) 0 LX) 0 Ny

Since L(kq) is monic, we get a;}\ o N = L(N) o). Now, consider T;(X x ker(q)) as a
quaternary product with projections:

71 Te(X x ker(q)) — X 7o Te(X X ker(q)) — ker(q)
73 T (X x ker(q)) — L(X) ma: Te(X x ker(q)) — L (ker(q)) .

Then, one can easily check that the following equalities hold:

7T1O>\aq,AO¢=q =m0 Tc(9) oA,
g O >\aq’>\ o 925 = OE,ker(q) = T2 0 72',(¢) © )‘7
T30 Aaqy ©0 = 0p cix) = T30 T(@) 0 A,
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M40 Xag, 00 =ag3 0N =L(N) oy =m0 Tz(¢) o A,

where, for the fourth and last equality, we used the fact that aq’& o XN = L(N) o\,
which we showed above. We then deduce that ¢: (E, \) — (ker(q), aq) is a linear bundle
isomorphism. Thus, D (D’ (E,\)) = (E, ). It is not difficult to check that this extends
to a natural isomorphism D o D’ =~ IpBUN[(X,T.)]-

We conclude that DBUN[(X, T,)] ~ X x L-ALG, as desired. Fixing an object X, we
obtain natural isomorphisms Dg( oDx = 1,.ac and Dx o D& = lpBun[x,T.)x, and thus,
DBUN[(X,T;)]x ~ £L-ALG as well. =

An alternative way to prove the desired equivalences of categories is to use Ching’s
equivalent characterization of differential bundles in terms of wide pullbacks [6, Theorem
6], and then using similar arguments as in [6, Example 17|, which also involves kernels.

Let us apply the above theorem to characterize differential bundles for our tangent
structure on groups.

4.16. EXAMPLE. GRP has zero morphisms and kernels, and the abelianization functors
preserves both. By Theorem 4.15, differential bundles over a group G correspond precisely
to groups of the form G x A for some abelian group A. We then get DBUN[(GRP, T, )] ~
GRP x AB, and for every group G, DBUN[(GRP,T,,,)]c ~ AB.

Here is an example where the conditions of the above theorem fail and where we do
not have a correspondence between linear algebras and differential bundles:

4.17. EXAMPLE. Let k be a field and let FVEC?g be the category of finite-dimensional k-
vector spaces that are not of dimension 1. Now FVEC?C 15 an additive category, so the
identity functor is an additive assignment. Observe that k3 is equipped with the structure
of a differential bundle over k*, where:

az,y,2) = (z,y)  o((x,y),(z,w) = (v,y,z+w)  ((2,y) = (z,9,0)
Az, y, 2) = (((z,9,0),(0,0,0)), ((0,0,0), (0,0, 2)))

However, since there is no object X in FVECZ such that k* x X = k3 and q does not have
a kernel in FVECZ, the functor D is not an equivalence of categories.

Here is an example where the conditions of the above theorem fail, but where we
nevertheless still have a correspondence between linear algebras and differential bundles:

4.18. EXAMPLE. Let X be a category with finite products, and consider the terminal
additive assignment. In this setting, the only differential bundle over an object X is X
itself. Thus, DBUN[(X,T,,)] = X, and for every object X, DBUN[(X, T, )| is trivial.
We then trivially have DBUN[(X, T,, )] ~ X x £,-ALG and DBUN[(X, T.,)]x ~ L.-ALG.
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5. Monadic Linear Assignments and Linear Reflectors

In this section, we consider linear assignments equipped with a monad structure, which
we call monadic linear assignments. In fact, these will always be idempotent monads. We
will show that monadic linear assignments are closely related to reflectors.

5.1. DEFINITION. A monadic linear (resp. additive) assignment on a category X
with finite products is a quintuple (L,+,0,v,m) (resp. a sextuple (L,+,0,—,v,n)) con-
sisting of a linear (resp. additive) assignment (L, +,0,v) (resp. (L, +,0,—,v)) such that
(L,v,m) is a monad. As a shorthand, when there is no confusion, we will denote monadic
linear (resp. additive) assignments simply by their underlying endofunctor L.

Recall that a monad (£, v,7n) is idempotent [2, Proposition 4.2.3] if its multiplication
vx: LL(X)— L(X) is an isomorphism. By definition of a linear assignment, every
monadic linear assignment is an idempotent monad. Moreover, for an idempotent monad
L, postcomposing the monad axiom diagrams by vy' gives us the following equalities:

Llvx) =vex)y, Vi = eeo = L0x).
This allows us to characterize monadic linear assignments in terms of idempotent monads:

5.2. PROPOSITION. For a category X with finite products, a quintuple (L, +,0,v,n) (resp.
sextuple (L,+,0,—,v,n)) is a monadic linear (resp. additive) assignment if and only if

(i) L preserves finite products;
(i) (L,v,n) is an idempotent monad;

(iii) For each object X, the triple L(X) = (L(X), +x,0x) is a commutative monoid (resp.
the quadruple L(X) = (L(X), +x,0x, —x) is an abelian group);

(iv) For each object X, vx: L(L(X))— L(X) is a monoid (resp. group) isomorphism.

All of the examples of linear assignments discussed so far are equipped with the struc-
ture of a monadic linear assignment:

5.3. EXAMPLE. For any category X with finite products, the terminal additive assignment
L, is monadic, with unit nx =tx: X — L, (X) = =.

5.4. EXAMPLE. For any semi-additive (resp. additive) category X, the identity linear
(resp. additive) assignment 1x is monadic, with unit nx = 1x.

5.5. EXAMPLE. The abelianization functor of groups, Lay, seen as a linear assignment, is
monadic, and its unit, ng: G—Lap(G) = Ab(G), is the quotient morphism, na(g) = [g].

Of course, not every linear assignment is monadic, here is a counter-example.
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5.6. EXAMPLE. Consider the endofunctor on GRP which sends a group G to the torsion
subgroup of Ab(G), which we denote as Ab*(G). On can equip this endofunctor with
the structure of a linear assignment, which we denote by Layx. The Layx-algebras are
the torsion abelian groups. However, Lapx does not preserve colimits, and so, it is not
monadic. Indeed, consider the group morphism ¢: Z— 7 defined by ¢p(n) = 2n. The
cokernel is coker(¢) = Z/27, and since Z/27 a torsion group, we have Ab*(coker(¢)) =
Z7./27. On the other hand, since Z is torsion-free, Ab*(Z) = 0. Thus, Ab*(m) is a zero
morphism, and so coker (Ab*(m)) = 0.

We now study the linear algebras of a monadic linear assignment. It turns out that,
unsurprisingly, these correspond precisely to the algebras over the underlying monad:

5.7. LEMMA. Let L be a monadic linear assignment on a category X with finite products.
Then, the FEilenberg-Moore category of the monad (L,v,n) corresponds precisely to the
category L-ALG described in Definition 4.1.

PRrROOF. This argument holds for any idempotent monad. Indeed, for an idempotent
monad (£, v,n), and an L-algebra (A4,a: L(A)— A) in the usual sense, the morphism a
is in fact an isomorphism [2, Proposition 4.2.3], and the following equalities hold:

E(a) = U4, E]_1 =1a,

so (A,a) is an L-algebra in the sense of Definition 4.1. On the other hand, let (A,a) be
an L-algebra in the sense of Definition 4.1. Then, a is an isomorphism and £(a) = v4, so
L(a) oa = vy oa. Furthermore, one can easily check that a ocn4 0oa = a, and since a is
an isomorphism, this implies that a o 94 = 14. Thus, (A,a) is an L-algebra in the usual
sense. n

It turns out that, for an idempotent monad (£, v, n), the L-algebras correspond pre-
cisely to the objects A for which 74: A— L(A) is an isomorphism [2, Corollary 4.2.4].
Thus, for an idempotent monad, objects have at most one L-algebra structure. As such,
the Eilenberg-Moore category of an idempotent monad can be associated to a full subcat-
egory of the base category. Let us denote by £-ALG* the full subcategory of X consisting
of objects A such that n4: A— L(A) is an isomorphism. Then, we have an isomorphism
of categories £-ALG* =~ £-ALG, and in particular:

5.8. LEMMA. For a monadic linear assignment L on a category X with finite products,
we have an isomorphism of categories L-ALG? = L£-ALG.

Idempotent monads are closely connected to the notion of reflective subcategories and
reflectors. Recall that a reflective subcategory of a category X is a full subcategory
Y of X such that the inclusion function Zy: Y — X admits a left adjoint £: X —Y,
which is called a reflector. For every reflector £: X—Y, with unit nx: X—Zy (£(X))
and counit ey : £(Zy(Y)) — Y, the induced monad, (Le = Iy o £, v = Iy (eg)) , 1)
on X is an idempotent monad. Conversely, given any idempotent monad (£, v,n) on X,
the full subcategory £-ALG? of X is reflective, with reflector £: X — £-ALG* defined
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by £ = L. This induces an bijective correspondence between idempotent monads and
reflective subcategories [2, Corollary 4.2.4].

We now study this correspondence from the point of view of monadic linear assign-
ments. For a category X with finite products, a linear (resp. additive) subcategory
is a subcategory L of X such that L is a semi-additive (resp. additive) category and the
inclusion function 7y, : L—X preserves finite products strictly. In other words, IL is closed
under the product structure of X, and these products are in fact biproducts in L.

5.9. DEFINITION. For a category X with finite products, a linear (resp. additive) re-
flective subcategory of X is a linear (resp. additive) subcategory I of X such that the
inclusion functor Ip,: L. — X admits a left adjoint £: X — I which preserves finite
products. Such a left adjoint is called a linear (resp. additive) reflector.

5.10. THEOREM. For a category X with finite products, there is an bijective correspon-
dence between monadic linear (resp. additive) assignments on X and linear (resp. additive)
reflective subcategories of X.

PrOOF. If £ is a monadic linear (resp. additive) assignment on a category X with fi-
nite products, then £-ALG® is a linear (resp. additive) reflective subcategory of X and
£: X — L£-ALG! is a linear reflector. In the other direction, let L be a linear (resp. ad-
ditive) subcategory of a category X with finite products, and let £: X— 1L be a linear
reflector. As discussed above, this gives us an idempotent monad (L, v,n) on X. Since L
is semi-additive (resp. additive), every object A € L is canonically a commutative monoid
(resp. abelian group), with structure morphisms V : A x A— A and by: = — A (and
ia: A— A), and every morphism in LL is a monoid (resp. group) morphism. In par-
ticular, for every object X € X, £(X) is a commutative monoid (resp. abelian group)
and for every morphism f in X, £(f) is a monoid (resp. group) morphism. As such, we
obtain natural transformations +y: Lg(X) x Lg(X) — Lo(X) and Ox: s — L(X)
(and —x: Lo(X)— Lo(X)) defined by:

+x = VE(X) Ox = bg(X) —X = iﬂ(X))

and which equip L¢(X) with a commutative monoid (resp. an abelian group) structure.
Moreover, since eg(xy is a morphism in L, it is a monoid (resp. group) isomorphism, and
thus, vx is also a monoid (resp. group) isomorphism. So, Lg is a linear (resp. additive)

assignment.
One can easily check that the two processes above, sending monadic linear (resp.
additive) assignments on X to linear reflectors on X, and vice versa, are mutually inverse.
]

It is important to stress that, even if a linear subcategory is reflective, a reflector does
not necessarily preserve finite products. Here is an example of a semi-additive (and even
additive), reflective subcategory, whose reflector is not linear?

4We thank Steve Lack for suggesting this example.
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5.11. EXAMPLE. Let GRD the category of (small) groupoids. By a slight abuse of nota-
tion, we view AB as the full subcategory of GRD, whose objects are the one-object, abelian
groupoids. The inclusion functor AB—GRD admits a left adjoint Ab”: GRD—AB. For
a groupoid G, one obtains the abelian group Abb(G) by identifying all the objects of G,
adding formal iterations of all morphisms which are not automorphisms, and abelianizing
the resulting group. Thus, AB is a reflective subcategory of GRD. Furthermore, AB is also
an additive subcategory of GRD. However, Ab’ does not preserve finite products. Indeed,
let T be the groupoid with two objects and morphisms generated by a single isomorphism
between these two objects. Then, the product of 1 with itself is a commuting complete
diagram with 4 objects:

[

1,1)
00— (1)
In the diagrams above, we gave names to one of each pairs of inverse isomorphisms, but
we did not label their inverse. For example, in 1, we named a the isomorphism from 0
to 1, and the arrow going the opposite way is a=*. In1 x I, we named f the arrow going
from (1,0) to (0,1), and e the arrow going from (0,0) to (1,1). The abelian group Ab’(I)
is obtained by identifying the objects 0 and 1, then adding all formal iterations of a and its
wnverse. In other words, Abb(]l) 15 1somorphic to Z, freely generated by a. In the abelian
group Abb(}l x 1), all objects of I x T are identified, all formal iterations of a,b,c,d, e, f and
their inverses are added, but since the diagram of 1 x I is commutative, we have certain
relations between these generators. For example, f = aob™' = d loc ande = doa = cob.
Then, one can check that the resulting abelian group is freely generated by a, b, ¢, and thus,

AB’ (I x 1) is isomorphic to Z*. So, AW (I x I) is not isomorphic to Ab’(I) x Ab’(I). Thus,
AbB’ does not preserve products, and is therefore a reflector which is not linear.

6. Abelianization for Unital Regular Categories

The main motivation for this paper is the observation that the category of groups is a
tangent category via the abelianization functor. In this section, we generalize this to
the setting of unital regular categories. This allows us to provide a bountiful list of
novel examples of tangent categories. For an in-depth introduction to unital and regular
categories, we invite the reader to see [3, 4].

Let X be a category with finite products and zero morphisms (in other words, a
pointed category with binary products). For every pair of objects X and Y, we can define
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morphisms called the quasi-injections, t;: X— X xY and 15: Y — X x Y, as follows:

11 = {1x,0xy), Lo = Oyx, 1y). (32)

A unital category [3, Definition 1.2.5] is a finitely complete category which admits zero
morphisms, and such that the quasi-injections are jointly strongly epic (or equivalently,
since we have pullbacks, are jointly extremally epic). This means that whenever we
have a monomorphism m and morphisms f and g making the diagram

I

XT>XXX<TX

commute, m is an isomorphism. Many examples of unital categories can be found below.

We concluded the previous section by showing that, even if a linear subcategory was
reflective, the reflector need not be linear. We show that this situation cannot occur in a
unital category:

6.1. PROPOSITION. Let X be a unital category and let L be a linear (resp. additive)
subcategory of X which is also reflective. Then any reflector £: X——1L is a linear (resp.
additive) reflector.

PROOF. We need to show that £ preserves finite products. To do so, first note that since
we have zero morphisms, the terminal object = of X is a zero object both in X and IL. Since
left adjoints preserve zero objects and zero morphisms, tg(gy: £(#)——+ is an isomorphism
and £(0xy) = Ogx),ev)- We now show that wxy: £(X xY)— £(X) x £(Y) is an
isomorphism. To do so, we will first show that £(X x Y') is a coproduct of £(X) and
£(Y) in L, with injections £(11): £(X) — £(X x Y) and £(10): £(Y) — £(X x Y).
Consider two morphisms f: £(X)— Z and g: £(Y)— Z in L. Observe that, since
L is a full linear subcategory of X, the product of two objects of L. is also a coproduct,
and the quasi-injections into this product are the coproduct injections. By the universal
property of the coproduct, there is a unique morphism [f, g]: £(X) x £(Y) — Z such
that [f,g] o1 = f and [f,g] 012 = g. Define the morphism [f,g]: £(X x Y)— Z as
the composite [f,g] = [f,g] c wxy. One can easily show that wxy o £(¢;) = ¢; and
wx.y © L£(ts) = 1. Tt follows that [f,g] o £(11) = f and [f, g] o £(12) = g. Suppose that
there is another morphism h: £(X xY)—Z in L such that ho£(11) = f and ho£(1o) = g.
Let (—)° be the transpose operation of the adjunction, which takes a morphism of type

—b
k: £(E)— F to a morphism of type k*: E— F. We have [f,g] ot = f* = h* o1, and
[f,g] oty = ¢" = B’ o 15. However, since ¢; and ¢, are jointly epic in X, it follows that
[f, g]b = 1, and therefore, that [f, g] = h. So, we conclude that £(X x Y) is a coproduct
of £(X) and £(Y) in L.
Now since L is linear, this implies that £(X x Y) is a product with projections given
by [Lecx), Oeevy,ex)] and [Og(x),evy: Lery]. However, since [1g(xy, Ogvy,exy] = m and
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[0¢(vy),e(x), Lery] = 2, we then get [lex), Ocvyecn)] = £(m1) and [O¢x)evy, Levy] =
£(my). Thus, £(X x Y) is a product in L, with projections £(m;) and £(my), and this
is equivalent to the fact that wxy: £(X x Y)— £(X) x £(Y) is an isomorphism. We
conclude that £ preserves finite products, which implies that Lg¢ also preserves finite
products, as desired. [

In a unital category, every object admits at most one magma structure [3, Theorem
1.4.5]. In particular, every object admits at most one commutative monoid structure.
As such, in a unital category, being a commutative monoid is a property of an object
rather than an additional structure. Objects in a unital category having this property
are referred to as commutative objects [3, Definition 1.4.1]. Moreover, every morphism
between commutative objects is automatically a monoid morphism. Thus, the category of
commutative monoid objects of a unital category is, equivalently, the full subcategory of
its commutative objects [3, Proposition 1.4.11]. By a slight abuse of notation, for a unital
category X, we will denote by CMON([X] the full subcategory of commutative objects in X,
and use the forgetful functor & : CMON[X] — X as the inclusion functor. Furthermore,
CMON([X] is a linear subcategory of X.

For a unital category X which is also regular and finitely cocomplete, CMON[X] is in
fact a linear reflective subcategory. Let us first briefly review the definition of a regular
category. Let X be a finitely complete category. Then, for all morphisms f: Z— X, the
pullback of f with itself is called the kernel pair of f. Also, a morphism p: X —Y in X
is called a regular epimorphism if there is a pair of morphisms Z —= X of which p
is the coequalizer. (Note that a regular epimorphism is indeed always an epimorphism.)
We then say that X is a regular category [3, Definition A.5.1] if:

(i) The kernel pair of any morphism admits a coequalizer,

(i) The pullback of any regular epimorphism along any morphism is again a regular
epimorphism.

If X is not only finitely complete, but also finitely cocomplete, then the first condition
above is automatically verified, so that X is regular if and only if regular epimorphisms
are preserved by pullbacks.

In the case where X is unital, finitely cocomplete, and regular, then the inclusion of the
full subcategory U : CMON[X] — X discussed above admits a left adjoint CMon: X —
CMONIX] [3, Proposition 1.7.5], where for an object X, CMon(X) is defined as the
coequalizer of the quasi-injections ¢1: X — X x X and 15: X — X x X. Thus, applying
Proposition 6.1 immediately gives us that:

6.2. PROPOSITION. For a finitely cocomplete reqular unital category X, the functor

CMon: X— CMON[X]

1s a linear reflector, which in turn induces a monadic linear assignment Lonvon : X — X.
Moreover, the Lcnon-algebras correspond precisely to the commutative objects, and so, we
have an isomorphism of categories CMON[X] = L-ALG'.
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Applying Theorem 3.5, we may define a cartesian tangent structure on any finitely
cocomplete regular unital category. Moreover, since unital categories have zero morphisms
and kernels, following Theorem 4.15, the differential bundles and differential objects in
the resulting tangent category correspond precisely to commutative objects. This gives
us the following result:

6.3. THEOREM. Let X be a finitely cocomplete reqular unital category. Then (X, Troy.)
s a cartesian tangent category, where the tangent bundle functor is given by:

T(X) =X x CMon(X)

Moreover, we have that DBUN[(X, Tz,..)] =~ X x CMON[X] and for every object X,
DBUN[(X, T ey )l x =~ CMONIX].

Let us now review some new examples of tangent categories built this way. Our first
example is a non-Rosicky generalization of our main example on the category of groups:

6.4. EXAMPLE. Let MON be the category of monoids and let CMON be the category of
commutative monoids. MON is a finitely cocomplete regular unital category whose com-
mutative objects are precisely the commutative monoids, so CMON[MON] = CMON. For
a monoid M, CMon(M) is the quotient of M x M by the smallest congruence containing
(x,y) ~ (y,x) for all z,y € M. Then, MON is a cartesian tangent category with tangent
bundle T (M) = M x CMon(M), and whose differential bundles (and differential objects)
correspond precisely to commutative monoids.

A good source of examples comes from the notion of a variety of universal algebras.
Indeed, a variety of universal algebras is always a finitely cocomplete regular category.
Then, a variety of universal algebras is also a unital category precisely when it is a
Jonsson—Tarski variety [3, Theorem 1.2.15], which essentially means that its signature
admits a unique constant 0 and a binary operation + satisfying the equations = + 0 =
x = 0+ x [3, Definition 1.2.14]. Thus, every Jénsson—Tarski variety admits a cartesian
tangent structure given by abelianization:

6.5. EXAMPLE. The free Jonsson—Tarski variety is precisely the category of pointed mag-
mas PMAG. As such, PMAG is a finitely cocomplete unital reqular category, and more-
over, the commutative objects in PMAG are precisely the commutative monoids. For
a pointed magma M (with binary operation e and chosen point e), the commutative
monoid CMon(M) is the quotient of M x M by the smallest equivalence relation con-
taining (r,e) ~ (e,x) for all x € M, and which is compatible with the magma structure,
in the sense that for all a, b, x, y, t, z € M, if (x,y) ~ (t, 2), then (aex,bey) ~ (aet,bez)
and (xea,yeb) ~ (tea,zeb). It turns out that CMon(M) is generated, as a monoid,
by classes of elements of the form (x,e) for x € M. Then, PMAG is a cartesian tangent
category whose tangent bundle functor satisfies T(M) = M x CMon(M), and whose dif-
ferential bundles (and differential objects) correspond precisely to commutative monoids.
Note that MON is a full sub-cartesian tangent category of PMAG. More generally, any
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pointed variety whose algebras have an underlying pointed magma structure is a finitely
cocomplete reqular unital category, and thus, admits a cartesian tangent structure.

In order to obtain a Rosicky tangent structure induced by abelianization, we need
our base category to be not only unital, but strongly unital. In a category X with finite
products, for every object X, let Ax: X — X x X be the canonical diagonal morphism,
that is, the morphism defined as follows:

Ax = (lx,1x). (33)

A strongly unital category [3, Definition 1.8.3] is a category X with finite limits and
zero morphisms, such that the quasi-injection ¢; (or equivalently ¢5) and the diagonal
morphism Ay are jointly strongly epic (or equivalently, since we again have pullbacks,
jointly extremally epic). This means that whenever we have a monomorphism m and
morphisms f and g making the diagram

M

PN

X— X x X+—X
L Ax

commute, m is an isomorphism. This is not the original definition, but one of the equiv-
alent characterizations in [3, Theorem 1.8.15]. Every strongly unital category is in par-
ticular unital [3, Proposition 1.8.4]. In a strongly unital category X, every commuta-
tive monoid object is an abelian group [3, Corollary 1.8.20], so commutative objects are
called abelian objects [3, Definition 1.5.4], and hence, by a slight abuse of notation,
CMON[X] = AbG[X]. Thus, for a finitely cocomplete regular and strongly unital category
X, we get a left adjoint to the forgetful functor U : AbG[X] — X, which we will denote
by Ab: X— AbG[X]. For any object X, Ab(X) is defined just like CMon(X) as above.
As such, Ab is an additive reflector, which we refer to as the abelianization functor,
which, in turn, induces an additive assignment La},.

6.6. THEOREM. Let X be a finitely cocomplete, reqular, strongly unital category. Then,
(X, T,,,) admits a cartesian Rosicky tangent structure, where the tangent bundle functor

18

T(X) = X x Ab(X).

Moreover, DBUN|(X, T,,,)] ~ X x AbG|X], and for every object X, DBUN[(X, T,,)]x =~
AbG[X].

By [3, Theorem 1.8.16], a variety of algebras is a strongly unital category precisely
when it admits a unique constant 0 and a ternary operation p satisfying the equations
p(2,0,0) = z and p(x,x,2) = 2. A good source of examples then comes from looking
at Mal’tsev varieties, which were originally introduced by Smith in [22]. Recall that a
pointed Mal’tsev variety [3, Definition 2.2.1] is a variety V with a unique constant 0
and a ternary operation p satisfying the equations p(z, z, z) = x and p(z,x, z) = 2.
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6.7. EXAMPLE. Every pointed Mal’tsev variety V is a finitely cocomplete, reqular, strongly
unital category [3, Corollary 2.2.10]. By [3, Proposition 2.3.8], a V-algebra (A,0,p) is
abelian exactly when p is autonomous in the sense of [18], that is, for all a, b, ¢, z, y, z,
u, v, weE A,

p(p(a,b,¢), p(x,y, 2), p(u, v, w)) = p(p(a, z,u), p(b, y, v), p(c, 2, w)).

This 1s equivalent to p being itself a morphism of Mal’tsev algebras. For any V-algebra
A = (A,0,p), the abelian object Ab(A) is then an autonomous Mal’tsev algebra whose
underlying set is the quotient of A x A by the congruence generated by the elements of
type

(p(p(a, b,c),p(x,y, z), p(u,v,w)), p(p(a,z,u),p(b,y,v),plc, z, w)))

Thus, a pointed Mal’tsev variety V admits a cartesian Rosicky tangent structure with
tangent bundle T (A) = A x Ab(A), and whose differential bundles and differential objects

correspond precisely to the autonomous V-algebras.

A convenient class of regular strongly unital categories are the semiabelian categories,
which were introduced by Janelidze, Marki, and Tholen in [17]. Briefly, a semiabelian
category [3, Definition 5.1.1] is a category which admits zero morphisms, binary co-
products, and is Barr exact and Bourn protomodular. For an in-depth introduction to
semiabelian categories, we refer the reader to [3, 17]. Every semiabelian category is a
finitely cocomplete, regular, strongly unital category (and, in fact, a Mal’'tsev category)
[3, Proposition 5.1.2 and 5.1.3]. For a semiabelian category X, we then get an abelian-
ization functor Ab: X — AbG[X] as above, which is left adjoint to the forgetful functor.
Moreover, the unit ny of this adjunction is a normal epimorphism, and its kernel is called
the commutator of X [3, Definition 2.8.15], which we denote by [X, X]. Therefore, since
a normal epimorphism is always a cokernel of its kernel, we may express the abelianization
of an object X in a semiabelian category as:

Ab(X) = X/[X, X].

One can prove that the reflective subcategory AbG[X] is closed under both subobjects
and quotients in X [12, Theorem 4.2], which makes it a Birkhoff subcategory in the sense
of [16]. This means that, when X is a variety of algebras, its subcategory of abelian objects
is a subvariety (determined by the equations that characterize abelianness in the given
variety). As such, Jénsson—Tarski varieties whose objects have groups as their underlying
magma structure, or equivalently, varieties of {2-groups in the sense of Higgins [14], are
semiabelian [17, 3], which provides us with several examples. We then conclude this
paper with some interesting new examples of Rosicky tangent categories obtained from
semiabelian categories.

6.8. EXAMPLE. GRP is semiabelian, and thus, it is finitely cocomplete, reqular, and
strongly unital. Applying Theorem 6.6 to GRP results precisely in the Rosicky tangent
structure introduced in FExample 3.8.
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6.9. EXAMPLE. Let RNG be the category of non-unital associative rings. Then RNG is a
semaabelian category, and thus, it is finitely cocomplete, reqular, and strongly unital. The
abelian objects in RNG correspond to abelian ring, which are non-unital rings R whose
multiplication is trivial, that is, xy = 0 for all x,y € R. In other words, abelian rings
are essentially abelian group with trivial multiplication, and therefore AbG[RNG] = AB.
For a nmon-unital associative ring R, its commutator [R, R] is R?, the ideal generated
by products of two elements of R: [R,R|] = R?> = {(wy | z,y € R). Therefore, the
abelianization of R is Ab(R) = R/R?. Then, RNG admits a cartesian Rosicky tangent
structure with tangent bundle T(R) = R x (R/R?), and whose differential bundles and
differential objects correspond precisely to abelian groups with trivial multiplication. This
example easily generalizes to the commutative case, but also to the non-associative case.

6.10. EXAMPLE. The previous example can also be generalized to the category of algebras
over a reduced operad. An algebraic operad P[19] is said to be reduced when P(0) = 0.
In this case, the resulting category of P-algebras is known to be semiabelian (since it is
a variety of Q-groups). The abelianization of a P-algebra A is a P-algebra obtained by
quotienting A by the ideal A* generated by all elements of the form p(ay,...,a,), for
1 an operation of P of arity n = 2. The abelian objects are then the P-algebras for
which all such operations are trivial, which we call abelian P-algebras. Therefore, the
category of P-algebras admits a cartesian Rosicky tangent structure with tangent bundle
T(A) = A x (A/A%%) and whose differential bundles and differential objects correspond
precisely to the abelian P-algebras. We recapture the previous example by taking the operad
of non-unital associative rings. For another specific example, consider the operad Lie of
Lie algebras. Abelian algebras over the operad Lie also coincides with the usual notion
of abelian Lie algebras. Moreover, for a Lie algebra g, we have that g7 = [g,g], where
the usual bracket notation coincides with the commutator notation here. Therefore, the
category of Lie algebras admits a cartesian Rosicky tangent structure with tangent bundle
T(g) = g x (g/]g.9]), and whose differential bundles and differential objects correspond
precisely to the abelian Lie algebras.

6.11. EXAMPLE. Crossed modules form a semiabelian category, in fact a variety of )-
groups. Actually, for any semiabelian category X, one can define internal crossed modules
in X [15], and those still form a semiabelian category. The classical crossed modules then
correspond to the internal crossed modules in the category of groups. Abelian objects in
the category of crossed modules and their commutator were described in [5]. A crossed
module 0: T — G is abelian precisely when T and G are abelian groups and G acts
trivially on T. For a given crossed module 0: T — G, its abelianization is the quotient
0: T/|G,T] — Ab(G) where the commutator |G, T is generated by all*tt~" forx e G, t €
T. Then crossed modules for a cartesian Rosicky tangent category, where the differential
bundles and differential objects correspond to the abelian crossed modules.

6.12. EXAMPLE. Let LOOP be the category of loops. Then LOOP is semiabelian, and
the abelian objects are precisely the abelian groups, so AbG[LOOP] = AB. For a loop
L (with division operators \ and /), the commutator [L,L| is the normal subloop of L
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generated by the commutator elements (xy)/(yx) and associator elements ((xy)z)/(x(yz))
for x, y, z € L (see [11, Section 5.1] for further details). Then, LOOP admits a carte-
sian Rosicky tangent structure with tangent bundle T(L) = L x (L/|[L,L]) and whose
differential bundles and differential objects correspond precisely to abelian groups.

6.13. EXAMPLE. The category of cocommutative Hopf algebras over a field is semia-
belian [13]. In this category, a cocommutative Hopf algebra H is abelian if and only if it is
(bi)commutative [23]. For a cocommutative Hopf algebra H, the commutator [H, H| is the
normal Hopf subalgebra generated by the elements of the form xy — yx. Thus, recalling
that the product of cocommutative Hopf algebras is ®, we see that the category of co-
commutative Hopf algebras over a field admits a cartesian Rosicky tangent structure with
tangent bundle T(H) = H ® (H/[H, H]) and whose differential bundles and differential
objects correspond precisely to the commutative Hopf algebras.
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