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PROTO-EXACT CATEGORIES OF MATROIDS OVER IDYLLS AND
TROPICAL TORIC REFLEXIVE SHEAVES

JATUNG JUN, ALEXANDER SISTKO, AND CAMERON WRIGHT

ABSTRACT. We study the category F-Mat, of matroids over an idyll F'. We show that
F-Mat, is a proto-exact category, a non-additive generalization of an exact category
by Dyckerhoff and Kapranov. We further show that F-Mat, is proto-abelian in the
sense of André. As an application, we establish that the category TRS? of tropical
toric reflexive sheaves associated to a fan X, introduced by Khan and Maclagan, is also
proto-exact and proto-abelian. We then investigate the stability of modular tropical
toric reflexive sheaves within the framework of proto-abelian categories and reformulate
Harder—Narasimhan filtrations in this setting.

1. Introduction

In recent years, combinatorial structures such as graphs, matroids, and simplicial com-
plexes have played an increasingly central role in various areas of mathematics, including
algebraic geometry, representation theory, and topology. These structures are not only
of intrinsic combinatorial interest but also serve as models that encode essential features
of geometric and algebraic objects. Meanwhile, methods from geometry and category
theory have led to surprising breakthroughs in the study of combinatorial invariants. The
current paper aims to advance this growing interface by developing a categorical frame-
work for understanding combinatorial phenomena, grounded in the theory of proto-exact
categories.

A proto-exact category is a pointed category C with two distinguished classes of mor-
phisms 91 (admissible monomorphisms) and € (admissible epimorphisms) satisfying some
conditions. Proto-exact categories were first introduced by Dyckerhoff and Kapranov
[DK19] in the context of Hall algebras and 2-Segal spaces, and they have become power-
ful tools in algebra and representation theory.

One notable feature of proto-exact structures is that they allow the construction of
Hall algebras in non-additive settings, such as categories of matroids or finite pointed sets.
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As in the additive case, a proto-exact category admits a Waldhausen S,-construction,
which yields a 2-Segal simplicial groupoid. This structure provides a foundational frame-
work for developing algebraic K-theory and for studying various Hall algebras associated
with the category. The power of proto-exact categories lies in their capacity to formal-
ize extension-like behavior in discrete contexts, making them particularly well-suited for
analyzing combinatorial structures through a categorical perspective. For further details,
see [JS24b], [JS23], [JST23], [JS24a], [ELY22], [Moz25], [Sis26].

With this categorical language to study combinatorial objects, our main focus is on
matroids over idylls. A matroid is a combinatorial structure generalizing linear indepen-
dence from vector spaces to arbitrary finite sets. It consists of a finite set and a collection
of subsets (called independent sets) satisfying axioms mimicking properties of linearly
independent vectors, allowing one to study independence in a wide range of mathematical
and applied contexts. In their celebrated work [BB19], Baker and Bowler introduced the
notion of matroids over idylls, inspired by earlier work of Dress and Wenzel [DW91].!

An idyll is a multiplicative abelian group F equipped with a proper ideal Ny C N[F]?
satisfying two conditions: (1) 0 € Np, and (2) for every a € F, there exists a unique
b € F such that a + b € Np. Intuitively, N captures a notion of linear dependence over
N. A matroid over an idyll F' is then defined via a generalization of Grassmann-Pliicker
functions taking values in F'. Consequently, an idyll F' is said to be perfect if vectors are
orthogonal to covectors for all matroids over F'. For details, see [JLV24, Section 1.3].

Another central theme of this paper concerns tropical toric reflexive sheaves and trop-
ical toric vector bundles. In tropical geometry, an algebraic variety X is studied through
its combinatorial shadow Trop(X), known as the tropicalization of X. This process turns
X into a polyhedral complex, which provides a simpler combinatorial model while still
reflecting much of the structure of the original variety. Matroids naturally appear in
tropical geometry as a combinatorial counterpart of linear spaces.

The theory of line bundles in tropical geometry, together with its applications to the
study of algebraic curves, has been one of the driving forces behind the field. In contrast,
the theory of higher-rank vector bundles in tropical geometry remains far less developed.

In [KM24b], Khan and Maclagan introduced a notion of tropical toric vector bundles
by reformulating Klyachko’s classification of toric vector bundles [Kly90], wherein vector
spaces and their filtrations are replaced by valuated matroids and filtrations by flats of
the underlying matroids.

As with many other combinatorial objects, the categorical aspects of matroids remain
relatively underexplored, largely because both weak and strong morphisms between ma-
troids tend to behave poorly (see [HP17]). Nevertheless, interesting categorical results
can still be obtained. For example, [EJ22] shows that finite matroids, when viewed in
the category of infinite matroids as defined in [BDK™13], are precisely the finitely pre-
sentable objects, and it characterizes a class of infinite matroids arising as colimits of

In [BB19] and subsequent works, the notion is developed in a broader context. However, in the
current paper, we focus only on the case of idylls.
2Here, N is an ideal in the group semiring N[F].
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finite matroids.

In [EJS20b], with Eppolito and Szczesny, the first author took a step forward by
examining the category Mat, of pointed matroids® and strong maps, and established
several categorical properties of Mat,, which make it possible to define its Hall algebra,
following the framework of Dyckerhoff and Kapranov [DK19]. In particular, in [EJS20b],
it is proved that Mat, has the structure of a finitary proto-exact category. Furthermore,
the Hall algebra of Mat, is a Hopf algebra dual to a matroid-minor Hopf algebra. The
same authors further generalize the notion of matroid-minor Hopf algebras to the case of
matroids over “hyperfields” in [EJS20a].*

In this paper, we continue the categorical exploration of matroids, pursuing two prin-
cipal aims. First, we extend the aforementioned result to the setting of matroids over
idylls by employing the notion of submonomial matrices, introduced by Jarra, Lorscheid,
and Vital in [JLV24].> As a direct application, we show that several categories arising
from tropical reflexive sheaves are proto-exact.

The second aim of this paper concerns stability phenomena in a non-additive setting.
The notion of stability, first introduced by Mumford in the context of geometric invariant
theory, has since become a fundamental tool in the study of moduli spaces. Stable and
semistable objects have subsequently been defined in a wide range of mathematical con-
texts. In the theory of Hall algebras, for instance, stability plays a central role through
Harder—Narasimhan filtrations; see [Rei03] and [SchO06].

Our initial motivation for the paper was to introduce a notion of stability for matroids
over an idyll, such that the Harder-Narasimhan filtration in [KM24b] arises naturally as a
special case within the general framework of proto-exact categories. A major difficulty is
that in [KM24b], the uniqueness and existence of Harder-Narasimhan filtrations hold only
under a specific combinatorial condition (modularity of flats). Moreover, we have found
examples where, even when there exists an epi-monic morphism f : M —= N between
tropical toric reflexive sheaves, the inequality u(M) < u(N) does not hold, where the
slope function p is defined in [KM24b] via a tropical analogue of the first Chern class in
the classical setting. This complicates the interpretation of stability in categorical terms.
In this paper, we overcome this issue by combining the categorical approach to slope
filtrations by André [And09]° and Li [Li23]. We hope that this perspective will further
clarify the structure of the moduli space of matroids introduced by Baker and Lorscheid
[BL21].

1.1. SUMMARY OF RESULTS. In Section 2, we start by recalling basic definitions for
matroids over idylls, tropical toric vector bundles, proto-exact categories in the sense of

3For technical reasons, we work with pointed matroids rather than matroids.

4A hyperfield can be considered as a special class of idylls.

5See also [IS23] for the case of valuated matroids.

In [And09], André defined a notion of proto-abelian categories (Definition 2.25) as a tool to combine
various existing notions of slope filtrations. We emphasize here that André’s definition of proto-abelian
categories and Dyckerhoff-Kapranov formalism of proto-abelian categories share certain features but one
does not imply the other in general.
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Dyckerhoff and Kapranov [DK19] and their Hall algebras and K-theory, and proto-abelian
categories in the sense of André [And09] and Harder-Narasimhan theory developed by Li
[Li23].

In [ELY22], the notions of a proto-exact category with exact direct sum and a combi-
natorial proto-exact category were introduced. A proto-exact category with exact direct
sum fulfills a minimal set-up in which Quillen’s Group Completion Theorem can be for-
mulated. A combinatorial proto-exact category means that any subobject U of X &Y
splits as the direct sum of subobjects U N X C X and UNY C Y. This is typically
satisfied in a combinatorial setting, for instance, vector bundles over a monoid scheme.”

For an idyll F', a morphism f : M — N between F-matroids are defined by a sub-
monomial matrix over F' which sends vectors of M to vectors of N (Definition 3.2). In
Section 3, we study various properties of the category F-Mat, of matroids over an idyll,
and by appealing to these results, we prove the following.

1.2. MAIN RESULT. [Theorems 3.14 and 3.26] For each perfect idyll F, the category F -
Mat, with M matroid restrictions and € matroid contractions is a combinatorial proto-
exact category with duality and with exact direct sum.

In Section 4, we further explore categorical properties of the full subcategory F-SMat,
of F-Mat, consisting of F-matroids whose underlying matroids are simple. Among other
things, we prove the following.

1.3. MAIN RESULT. For a perfect idyll F', the category F-SMat, is proto-abelian in the
sense of André (Definition 2.25).

In Section 5, we discuss two immediate consequences of Theorem A. From Theorem A,
we can define the Hall algebra and algebraic K-theory of F-Mat,. We prove that the Hall
algebra Hp pat, of F-Mat, for a finite hyperfield F' (viewed as a idyll) is isomorphic to the
graded Hopf dual of the F-matroid-minor Hopf algebra defined in [EJS20a], generalizing
the result in [EJS20b] that Hpygat, is isomorphic to the graded Hopf dual of the matroid-
minor Hopf algebra to the case of finite hyperfields. We further prove that as in the case
of Mat,, Ky(F-Mat,) is isomorphic to Z & Z.

In Section 6, we turn our attention to tropical toric reflexive sheaves (Definition 2.12),
which are defined as a valuated matroid with some extra data, and tropical toric vector
bundles as a special class of them (Definition 2.13). Note that valuated matroids serve as
analogues of linear spaces in tropical geometry and can be identified with matroids over
the idyll T, known as the tropical hyperfield. Therefore, it is natural to find potential
applications of our categorical investigation of F-Mat, in tropical toric reflexive sheaves
and tropical toric vector bundles.

In [KM24b], Khan and Maclagan did not consider categorical aspects of tropical toric
reflexive sheaves. They only defined a notion of isomorphism ([KM24b, Definition 6.7])
motivated by the result of Klyachko [Kly90, Corollary 1.2.4] that for two indecomposable

"In fact, this condition was first considered by the first author and Szczesny in [JS24b] to ensure a
bialgebra structure on the Hall algebra He of a proto-exact category C. See [JS24b, Section 2.2].
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toric vector bundles £ and F on a complete toric variety, if £ and F are isomorphic as
ordinary bundles, then £ is equivariantly isomorphic to F ® div(x™) for some character
X. So, we start by defining a notion of morphisms for tropical toric reflexive sheaves
(Definition 6.1) to define the category TRSZ of tropical toric reflexive sheaves associated
to a fan X. We then confirm that in TRSZ isomorphisms are precisely isomorphisms as
defined in [KM24b] (Proposition 6.3).

To define proto-exact structure for TRSY, we define O, (admissible monos) in terms
of restriction on flats and &; (admissible epis) in terms of contractions by flats (Definition
6.5). We also consider the full subcategory MTRS? of TRS? consisting of tropical toric
reflexive sheaves whose underlying matroids are modular.

1.4. MAIN RESULT. [Theorem 6.16 and Corollary 6.18] The following hold.
1. TRS> is a proto-exact category with M, and &, as above.

2. TRSZ is proto-abelian (in the sense of André).

3. The proto-ezact and proto-abelian structures on TRS: descend to MTRSE , yield-
ing that it is also proto-exact and proto-abelian (in the sense of André).

Finally, we move on to the slope stability of MTRSY. In [Li23], Li studied cate-
gorification of Harder-Narasimhan filtrations building on the work of André on the slope
filtrations on proto-abelian categories (Theorem 2.32), which we call a categorical slope
filtration in this paper. We then recast the Harder-Narasimhan filtration in [KM24b] for
modular tropical reflexive sheaves in this setting. To be precise, we prove the following.

1.5. MAIN REsuLT. [Corollary 6.26] The Harder-Narasimhan filtrations of Khan-Maclagan
associated to modular tropical reflexive sheaves are given by the categorical slope filtration
on MTRS> given by Li. In other words, the Harder-Narasimhan filtration of [KM24b]
for modular tropical reflexive sheaves is a categorical slope filtration in the sense of [Li23].

Acknowledgment J.J. acknowledges AMS-Simons Research Enhancement Grant
for Primarily Undergraduate Institution (PUI) Faculty during the writing of this paper,
and was a member of the Institute for Advanced Study supported by the Bell System
Fellowship Fund during most of the period in which this work was carried out.

2. Preliminaries

2.1. BANDS AND IDYLLS. Bands and idylls are generalizations of rings and fields, re-
spectively, which are of fundamental interest to us. Following [BB19] and [JLV24], we
introduce matroids over idylls and their pointed versions, as well as a handful of concepts
promoted from classical matroid theory to matroids over idylls. The theory of matroids
we encounter here follows the works [BB19] and [JLV24]|. For more details on bands,
idylls, and relations to other partial algebraic structures, see [BJL25].
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A pointed monoid is a (multiplicative) commutative monoid B = B’ U {0} such that
B’ is a submonoid and 0 is an absorbing element, i.e., 0-b = 0 for all b € B. To each
pointed monoid B is associated an ambient semiring BT = N[B]/(0), where (0) is the
semiring ideal generated by 0. A band is a pointed monoid equipped with a null set Np,
which is a proper ideal of Bt satisfying

(B0) 0 € Ng

(B1) For every a € B there exists a unique element b € B such that a +b € Ng. We
denote this element by —a. In particular, note that each band contains an element
—1 satisfying 1 + (—1) € Np, where 1 is the multiplicative unit of B.

We think of the null set of a band B as capturing a notion of linear dependence over
N. An idyll is a band F such that F'* = F'\ {0}. A morphism of bands ® : B—C'is a
morphism of monoids with ®(05) = O¢ such that ), ®(b;) € N¢ for all >, b; € Ng. With
this notion of morphisms, bands form a category and idylls form a subcategory thereof.

2.2. EXAMPLE.
1. Any commutative ring R is a band with Ngp = {> . a; : >, a; = 0}.

2. The Krasner hyperfield is the idyll K with underlying set {0, 1} whose multiplicative
structure is inherited from Z and whose nullset is N\ {1}. This is the final object
in the category of idylls.

3. The regular partial field is the idyll F¥ with underlying set {—1,0,1} whose multi-
plicative structure is inherited from Z and whose null set is Ngzx = (1+(-1)).

4. The tropical hyperfield is the idyll T with underlying set RIU{oo} and multiplicative
structure given by the additive group R and with additive structure defined by a+b :=
max{a,b}. The null set is given by Ny = {)_. a; : the mazimum is attained at least
twice} .

5. The hyperfield of signs is the idyll S with underlying set {—1,0,1} whose multi-
plicative structure is again inherited from 7Z but whose null set is defined by Ng =
{m-1+n-(=1):m=n=0o0rm+#0#n}.

We will be particularly interested in the case where B = F' is a perfect idyll. In short,
an idyll F' is perfect precisely when the vectors of any F-matroid are orthogonal to the
covectors of that F-matroid. The idylls Fli, K, T, and S are perfect, as are all fields k.

For ordered tuples of elements of a set, we use the following notation. Let F be a set
and take some n € N. Then for a vector x € E™, write x;, for the kth entry of x and write
x;, for the vector of length n — 1 obtained from x by deleting the kth entry. Write |x| for
the support of x, which is the set of nonzero elements of F' appearing as entries of x.
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2.3. MATROIDS OVER IDYLLS. We define matroids over idylls as equivalence classes of
Grassmann-Pliicker functions, following notation and definitions of [BB19] and [JLV24].
For the duration of this section F' will always denote an idyll. A Grassmann-Plicker
function of rank r on a finite ground set £ over F' is a function u : E" — F' satisfying
the following properties:

(GPO) If r > 0 then u is not identically zero.

(GP1) p is alternating in the sense that p(x) = sign(o)u(x?) for each permutation o € S,
and p(x) = 0 whenever there are ¢ # j with z; = x;.

(GP2) For every x = (g, ...,r,) € E'"! and every y = (v9,...,9,) € E""', we have that

r

> (=DFulxq) - plar,y) € Np.

k=0

By convention, if 7 = 0 and F is a pointed set with basepoint *, we set E? := {x}.
We say that two Grassmann-Pliicker functions p and p’ are equivalent if there is some
A € F* such that ¢/ = X - p.

2.4. DEFINITION. An F-matroid over F of rank r is an equivalence class M = [u] of a
Grassmann-Pliicker function u of rank r.®

In the case that F' = K is the Krasner hyperfield, an F-matroid of rank r on F is a
matroid of rank r on the set F in the classical sense. Likewise, a T-matroid is a valuated
matroid and an S-matroid is an oriented matroid. For a field k, a k-matroid of rank » on
is an r-dimensional linear subspace of k¥. See [BB19] for more on these characterizations.

Let M = [u] be an F-matroid of rank r on the set E); and fix a total order on E);.
Let n = #|Ey|. The dual of M is the F-matroid M* = [p*], where p* : B}, — F is
the Grassmann-Pliicker function defined by

. 0 3 # j with z; = z;,
pix) =9 .
sign(x,x’) - u(x’) else,

where x' € Ej, is such that the support of x and x’ form a partition of £y, and the
function sign(-) assigns the sign of the permutation of F); defined by the string (x,x’).
The dual M* is independent of the choice of total order on ;. If M is a pointed matroid
then we define M* to be the matroid obtained by deleting 0,;, taking the dual, and
appending a loop 0p;«.

8Strictly speaking, these are strong F-matroids as in [BB19]. But since we only consider a perfect
idyll F', two notions of strong and weak F-matroids agree in our setting.
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2.5. REMARK. Some idylls F' come equipped with a natural involution which interact
directly with the structure of matroids over F. For example, the hyperfield of signs S is
equipped with the involution which exchanges 4+ and -. For F-matroids over idylls with
involution (—), the dual matroid is instead defined by

prx) =<
sign(x,x’) - p(x’) else.

See [JLV24] Subsection 2.7 for more details.

2.5.1. CIRCUITS AND VECTORS OF F-MATROIDS. Following [BB19] and [And19], to each
F-matroid M of rank r is associated collections Cys, Vi € F7 of circuits and wvectors,
respectively. In the case that ' = K (resp. F' = S), these are the circuit and vector
sets of the associated (resp. oriented) matroid. We will use these notions only in the
next subsection in order to define morphisms of matroids, and mention them primarily to
emphasize that this theory is a direct generalization of classical (oriented) matroid theory.
As such, we refer the reader to [BB19], [And19], and [JLV24] for more details.

For set E, we let F'E be the set of vectors indexed by E, i.e., F¥ = {X = (X.)ecE |
X, € F}. For X € FE the support of X is the set X := {e € E | X, # Op} and for a
subset A C F'®| the support of Ais A:={X | X € A}. For X,Y € FF, we say that X
and Y are orthogonal, denoted by X 1 Y, if

X-Y:=) XY, €Np,

ecE

where X, - Y, is the multiplication in F' and N is the null set of F. For A C F¥, we let
A* be the set of vectors X € F¥ which are orthogonal to all vectors in A. For A, B C F¥,
we write A L Bif X LY forany X € Aand Y € B.

Suppose that M = [p] is an F-matroid of rank r and define =), C E’/* to be the set of
y = (Yo, ..., yr) € E3f! for which #|y| = r+1 and such that there is some i € {0,1,...,7}
for which p(y;) # 0. For any y € Z) define the fundamental circuit of y with respect to
 to be the vector Xy, € F¥M given by

Xy(x) = {é_1>k o :1s:e.yk’

Then the set of circuits of M is Cpy = {a- Xy | a € F*, y € =)} and the set of cocircuits
of M is defined to be C;; := Cp+. Correspondingly, define the set of vectors of M to be
Vu = (Ciy)*t and the set of covectors to be Vi; = Ci;. An idyll F is said to be perfect
when V), LV}, for all F-matroids M.

Given an F-matroid M = [u], a morphism ® : F'— G of idylls yields a G-matroid
O, M = [P o pu] on the same ground set, referred to as the push-forward of M along ®.
The push-forward of any F-matroid M along the unique map F — K is referred to as
the underlying matroid of M and is denoted by M. Note that M is a classical matroid.
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2.5.2. DIRECT SUM AND POINTED F-MATROIDS. For any idyll F' there are precisely two
F-matroids defined on a one-element set. The first is U, whose associated Grassmann-
Pliicker function takes only the value Op. The second is U}, whose Grassmann-Pliicker
function takes any value in F'*. Since F'is an idyll, the group F'* consists of all nonzero
elements of F' and so the Grassmann-Pliicker function of U] is unique up to nonzero
scaling, hence U is unique.

Given two F-matroids M = [u| and N = [v] of ranks 73, and ry on ground sets Ey,
and Ey, the direct sum of M and N is defined to be F-matroid given as the equivalence
class M @& N := [u @ v], where p @ v : (Ey U Ex)™*™ — F is a function defined as
follows. For x € (Ey U En)™*™ let x; be the sub-tuple consisting of those entries of
x which are in F);, and define x, similarly. Then define & v by

(18 v)(x) = {“<XM> i) Hpead] = rac and | = v
0 else

A pointed matroid of rank r over F' is a matroid M = [u] in the usual sense which is
defined on a pointed ground set Ey; = Eyy LI {*),} for which p(x) € Np whenever x € E?,
is such that x; = *,, for some 7. For the case that ' = K, this means that x,; is a loop of
the underlying matroid. In other words, a pointed matroid over an idyll F' is a matroid
with the choice of a distinguished loop in the ground set. We refer to Ey as the set of
nonzero elements of Eyy.

Note that from each non-pointed F-matroid M we can obtain a pointed F-matroid
by taking the direct sum with the matroid U, and in fact every pointed matroid arises
this way.

Given two pointed matroids M and N, we define the pointed direct sum M @& N to be
an F-matroid on the ground set E jyan EN U {*nen} and proceed to define the associated
Grassmann-Pliicker function in complete analogy to the above. Alternatively, one can
form the pointed direct sum by taking the usual direct sum of pointed F-matroids and
subsequently identifying the two distinguished loops of the summands.

The definition of matroids as equivalence classes of Grassmann-Pliicker functions is
not standard in many classic matroid texts, and so it may seem unintuitive to some
familiar with the classical theory. The following result illustrates a concrete relation to
the classical theory of matroids.

2.6. PROPOSITION. [BB19] Let M = [u] be an F-matroid of rank r on Eyr and let M

be its underlying matroid. Then for any r-tuple e = (ey,...,e,) € E};, we have that
wu(e) # 0p if and only if {eq,...,e.} is a basis of M.
PRrOOF. This follows from Theorem 3.17 of [BB19] and the discussion following. n

2.6.1. RESTRICTION AND CONTRACTION OF F-MATROIDS. F-matroids also possess no-
tions of restrictions and contractions which generalize those of classical matroid theory.
Let M = [u] be an F-matroid of rank r on Ej; and A C E); an arbitrary subset. We
define the deletion, contraction, and restriction of M with respect to A as follows. For
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each of the following definitions, suppose that A C F), is a set with rky(A) = ' and
I'kM(EM \ A) = ’f’//.

1. (Contraction) Let a € A be a tuple of elements of A for which |a| is a basis of the
classical matroid M|A. Then define the function pu/A : (Ey \ A" —F by

(1/A)(x) = p(x, a).

2. (Deletion) Let b € A" be a tuple of elements of A for which |b| is a basis of the
classical matroid M /(Ey; \ A). Then define the function u\ A : (Ey \ A" —F
by

(1 \ A)(x) == p(x,b).

3. (Restriction) With all notations as above, define u|A := p\ (Ey \ A) : A7 —F.
More precisely, let ¢ € (Ey\ A)"~" be a tuple for which |c| is a basis for the classical
matroid M /A. Then pu|A is given by

(1[A)(x) = pu(x,¢).

The contraction of M by A is the F-matroid M/A := [u/A], the deletion of M by A
is M\ A:=[u\ A], and the restriction of M to A is M|A := [u|A]. In each case, the
resulting function is again a Grassmann-Pliicker function and the matroids they define
independent of any of the choices of a, b, and ¢ above. With these notions, by [BB19,
Theorem 3.29], we have the usual identities (M/A)* = M*\ A and (M \ A)* = M*/A. In
the sequel, for any A C Ej; we denote by A¢ the complement Fy, \ A.

2.7. REMARK. Some care should be taken when performing restriction and contraction
on pointed matroids. When restricting to a subset S not containing the distinguished
loop, we tacitly append a loop *,s to the result. Likewise, when contracting a subset T’
which contains the loop, we contract the subset T\ *,;. These adjustments do not alter
the constructions or the resulting matroids, but free us from worrying about the loop.

As in the theory of classical matroids, the operations of contraction and deletion
commute when applied to disjoint subsets of the ground set.

2.8. PROPOSITION. Let M = [u] be a pointed F-matroid of rank m on a set E and let
S CT C E be subsets of the ground set. Then (M|T)/S = (M/S)|T.

PROOF. We prove in terms of deletion and contraction, establishing instead that for any
disjoint A, B C E, we have (M \ A)/B = (M/B) \ A. It is easily verified that this is
equivalent to the statement as written.

The proof proceeds by direct calculation of the associated Grassmann-Pliicker func-
tions. Let A, B C E be disjoint sets with ¢ = rky(A) and k = rky/a(E \ B).
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We first consider (M/A)\ B. Let a € A* be a basis of M|A and b € B™" "% be a basis
of (M/A)/(E\B). Then (M/A)\B is given by the function (u/A)\B : (E\(AUB))*—F

which sends y € (E \ (AU B))* to

((u/A)\ B)(y) = (n/A)(y,b) = u(y, b, a)

Note that the argument of u above has k + (m — ¢ — k) + ¢ = m entries.

To approach (M \ B)/A, note first that the disjointness of A and B ensures that
rkyr(A) = rkans(A). Thus a in the previous paragraph serves as a basis for (M \ B)|A.
Likewise, b serves as a basis for M /(E\ B) since it was assumed to be a basis of (M /A)/(E\
B). We now see that (M \ B)/A is given by (u\ B)/A : (E'\ (AU B))*—F which sends
y € (E\ (AUB))* to

((u\ B)/A)(y) = (u\ B)(y,a) = u(y,a b)

Hence we have that ((u/A)\ B) = +=((u\ B)/A). This implies in particular that the
associated Grassmann-Pliicker functions are scalar multiples of one another and so the
matroids they define are identical. [

2.8.1. LATTICES AND MODULARITY. A fundamental tool in the study of classical ma-
troids is the lattice of flats L(M) of a matroid M (see [Ox106] for definitions). Flats are
certain subsets of the ground set of a matroid which generalize the linear spans of sets of
vectors. Given a subset A of the ground set of M, denote by (A) the smallest flat of M
containing A as a subset. The lattice of flats of M is a poset under the subset relation,
and is a lattice with meet and join given by

FAG=FnNQG,
FVG=(FUG).

It is well-known that the lattice of flats of any matroid is a geometric lattice. Moreover,
each geometric lattice corresponds uniquely to a simple matroid. This observation will be
of use to us in Section 4 where we introduce and study the category of simple F-matroids.
For an F-matroid M, we write £(M) to denote the lattice of flats of the underlying
(classical) matroid.

In the sequel, we use the notion of modularity of flats F' € L(M) in an essential way.
For any classical matroid M, say that two flats F, G € L(M) form a modular pair precisely
when we have an equality in the submodular inequality for F' and and G:

rky(F) +tk(G) = tk(F vV G) + tk(F A G).

Say that I € L(M) is modular if (F,G) is a modular pair for every G € L(M). The
maximum element Fj; and minimum element (&) of £(M) are always modular flats, as
are all atoms of M. We have the following characterization of modular flats.
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2.9. PROPOSITION. [KM24b], Proposition 2.4 For F' € L(M), the following are equiva-
lent.

1. F is a modular flat
2. For all pairs of flats G < H we have (FANH)V G = (FVG)ANH.

3. For all G € L(M) and all H < F, we have (FANG)VH=FA(GV H).

Say that the matroid M is modular if every flat ' € L(M) is modular. For an
arbitrary F-matroid M, say that M is modular precisely when the underlying matroid
M is. Modular matroids are closely related to projective geometry, as witnessed by the
following characterization:

2.10. ProposITION. [Ox106], Proposition 6.9.1 A (classical) matroid M is modular if
and only if the simplification of each of its connected components is either a free matroid
or the matroid of some finite projective geometry.

This proposition will not be used explicitly, but instead is included primarily to em-
phasize that the class of modular matroids is much smaller than that of all matroids.

The class of modular matroids is closed under the operation of restriction and contrac-
tion of flats. Indeed, given a modular matroid M and a flat F' € Ly, the restriction M |F
and contraction M /F are again modular matroids. This follows from the well-known fact
that for any F' € L(M) we have

LIM|F) = [(2), F]
LIM/F) = [F, Ey]

where the right-hand side of the above expressions are intervals in the lattice L(M).
These isomorphisms are canonical, with ¢ : (@), F] — L(M|F) given by the identity
and ¢ : [F, Eyf] — L(M/F) given by G — G \ F.

2.10.1. SIMPLE F-MATROIDS. For an F-matroid M, say that an element e € E); is a
loop when it is contained in no basis of M. Similarly, e, € Ey; are parallel precisely
when {e, ¢’} is dependent in M but neither are loops. In accordance with these notions,
say that M is simple precisely when M is. That is, M is simple if and only if M contains
no loops or parallel elements. When working with pointed matroids, we do not consider
the distinguished loop for the purpose of simplicity. That is, a pointed matroid M is
simple if and only if the matroid obtained by deleting the distinguished point is simple.

To each matroid, and so to each F-matroid M, we can associate a simple matroid
known as the simplification of M, and denoted by si(M) or si,(M) in the pointed case.
The matroid si(M) (resp. sie(M)) is obtained from M by deleting all (non-distinguished)
loops and all but one element from each class of parallel elements. This is well-defined up
to isomorphism.

It is a standard fact of matroid theory that simple (classical) matroids are uniquely
determined by their lattice of flats, and that each geometric lattice is isomorphic to the
lattice of flats of a unique simple matroid.
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2.11. TROPICAL TORIC VECTOR BUNDLES. The parallel works [KM24b] and [KM24a]
established a notion of tropical vector bundles on tropical toric varieties. The paper
[KM24b] in particular also introduced a notion of tropical reflexive sheaves on such va-
rieties and established that a large class of these objects exhibit a Harder-Narasimhan
filtration as in the context of vector bundles on curves. In this subsection we review the
basics of this theory, phrased in terms of pointed T-matroids.

Let ¥ be a simplicial fan in a lattice L = Z" and A = Hom(L, Z) the dual lattice. Fix
a field £ and denote by Xy the toric k-variety with fan ¥. Let trop(Xy) be the tropical
toric variety with fan ¥ as in [Kaj08] or [Pay09]. Denote by (1) be the set of rays p of ¥
and, in case trop(Xy) is the tropicalization of a toric variety Xy, denote the corresponding
torus-invariant divisors on Xy, by D,. For each ray p, we let v, be the first lattice point
on p. Fix a polarization h = (h,), € R®W.

2.12. DEFINITION. [KM24b] A pointed tropical toric reflexive sheaf of rank r on the
tropical toric variety trop(Xx) is a tuple F = (N, {F!},esq)), where

1. N s a simple pointed T-matroid of rank r on the ground set Ey = EN U{*n}, and

2. for each ray p € X(1), FL = {F}}jez is a chain of flats of the underlying matroid
N such that FY > FY |, F{ = %y for j >0, and F} = Ey for j < 0.

Throughout, we write {F?}, to denote the collection of all flags F? as p ranges in X(1).

2.13. DEFINITION. [KM24b] A pointed tropical toric vector bundle is a pointed tropical
toric reflexive sheaf F = (N,{F¥{},) satisfying the following additional condition: for
any mazimal cone o € X there is a multisel u(o) in the dual lattice A, and a basis
B, ={w, | u € u(o)} of N such that for every ray p < o and j € Z, we have

FJP = \/ Wy (1)

ueBs,,uv,>j
That s, Ff is the smallest flat containing all the wy with u-v, > j.

2.14. REMARK. As noted in [KM24b], for smooth toric varieties Xy, (1) is equivalent to
the following: For each cone o € ¥, there is a basis B, of M such that whenever p < o,
each flat Ff is a join of elements of B,.

In what follows, all tropical toric reflexive sheaves and tropical toric vector bundles are
assumed to be pointed, and we will simply say tropical toric reflexive sheaves or tropical
toric vector bundle if the context is clear. The rank of a tropical toric reflexive sheaf is
defined to be rk(F) := rk(N).

A tropical toric reflexive sheaf of rank 1 is called a tropical line bundle. Since a
tropical line bundle has an underlying matroid of rank 1, all tropical line bundles are
indeed tropical vector bundles. For a tropical line bundle £ = (M,{L%},), the only
information contained in the chains L% is the indices a, = min{j : LY # *y}. Thus a
tropical line bundle can be specified by a vector (a,) € Z=(V),
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The paper [KM24b| also defines a way to tropicalize a toric vector bundle on Xy, to
obtain a tropical toric vector bundle. In particular, the tropicalization of a line bundle
O(>_,a," D)) is the tropical line bundle corresponding to the vector (a,) € 7> as above.

2.15. DEFINITION. [KM24b], Definition 6.9 Two tropical toric vector bundles £ and F
are isomorphic if the associated valuated matroids are isomorphic and if there is some
u € A for which we have
P _ P
Fj - Gj*“'”p
for every p € ¥(1) and every j € Z, where v, is the first lattice point on p.

The Harder-Narasimhan filtration for tropical toric vector bundles is defined using a
slope function. The approach taken mirrors the classical setting for toric vector bundles
as established in [Kly90], expressing the degree of a tropical toric reflexive sheaf in terms
of the filtration FY?. Precisely, the degree of a tropical toric reflexive sheaf £ = (M, {F?},)

is defined to be
deg(E) = > hy > i+ (tk(FY) — rkyy (F0,y)). (2)

peEX(1) JEZL

For a tropical toric reflexive sheaf £ as above and a tropical toric line bundle £ corre-
sponding to a vector (a,) € 7> | define the tensor product of £ and L to be the tropical
toric reflexive sheaf &€ ® £ = (M, {E;_, },). Here, E{_, is the chain of flats whose jth
term is £7_, (cf. [KM24b, Definition 6.7]).

2.16. REMARK. Example 7.10 of [KM24b] establishes the identity
deg(E @ L) = deg(&) +rk(M) - deg(L), (3)

and Remark 7.6 of [KM24b] establishes that the degree of a toric reflexive sheaf is pre-
served under tropicalization. This establishes that for a complete toric variety Xy with
polarization h = (¢,¢, -+ ,¢) € 7> | tensoring with the tropicalization of a principal
divisor preserves the degree of a tropical reflexive sheaf.

The existence and uniqueness of Harder-Narasimhan filtrations for tropical toric re-
flexive sheaves rely on certain modularity conditions on flats of the associated T-matroid.
Say that a tropical toric reflexive sheaf is modular when its underlying T-matroid is.

In Section 6 we define a category MTRS? of modular tropical toric reflexive sheaves
and, by using categorical techniques developed in [And09] and [Li23], illustrate that the
above rank and degree functions define a unique Harder-Narasimhan filtration.

2.17. PROTO-EXACT CATEGORIES. In this subsection, we recall the notion of proto-exact
categories, introduced by Dyckerhoff and Kapranov [DK19].

2.18. DEFINITION. A proto-exact category is a category C with zero object equipped with
two distinguished classes 9N and € of morphisms, called admissible monomorphisms and
admissible epimorphisms, respectively. We denote morphisms in 9 by — and morphisms
i € by —. The classes M and € are required to satisfy the following conditions:
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(PE1) Every morphism 0 — M s in I, and every morphism M — 0 is in €.
(PE2) The classes M and € are closed under composition and contain all isomorphisms.

(PE3) A commutative square of the following form is Cartesian if and only if it is co-
Cartesian:
M >—— N

L] o

M — N’

(PE4) FEvery diagram M’ » > N’ « N can be completed to a bi-Cartesian square

(4)-
(PE5) Every diagram M’ < M >—— N can be completed to a bi-Cartesian square
(4).

In a proto-exact category, a commutative diagram of the following form is said to be
an admissible short exact sequence:

A—— B
l | (5)
0»——C
We denote a short exact sequence by A — B — C. In this case, we also write C' = B/A
and call C' a quotient object.
Two admissible monomorphisms f : A — B and g : A’ ~— B are isomorphic if there

exists an isomorphism ¢ : A— A’ such that g o ¢ = f. The isomorphism classes in 9t
are said to be admissible subobjects. We denote admissible subobjects by A C B.

2.19. EXAMPLE.

1. Any Quillen exact category is also proto-exact, with the same classes of admissible
monomorphisms and epimorphisms. In particular, any abelian category is proto-
exact, with M consisting of all monomorphisms and &€ consisting of all epimor-
phisms.

2. The category Set, of pointed sets and basepoint-preserving functions is proto-ezxact
with M consisting of all pointed injections and € consisting of all pointed surjections.
The full subcategory of finite pointed sets is also proto-exact, as is the subcategory
Vecty, of Fy-vector spaces, which finite pointed sets with Fi-linear functions. A
function f is Fy-linear if f~1(x) has cardinality 1 whenever x is not the basepoint.
In the latter two cases, M and & consist of the restrictions of admissibles in Set,
to these subcategories.

3. The category Mat, of pointed matroids is finitary and proto-exact, as established in
[EJS200).
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2.20. DUALITY AND DIRECT SUM FOR PROTO-ExXACT CATEGORIES. The proto-exact
categories which we encounter in the sequel possess additional structures which behave
well with respect to exact sequences. In this section we describe these structures, namely
direct sums and duality, in the context of proto-exact categories. For a more detailed
account of these concepts, see [ELY22].

2.21. DEFINITION. Let C be a proto-exact category with classes M and € of admissible
monomorphisms and epimorphisms, respectively. Say that C has exact direct sum if there
s a symmetric monoidal product & satisfying the following properties:

(DS1) The monoidal unit is the zero object 0.
(DS2) @ : C x C—=C is an ezxact functor.

For U,V € C, denote by 1y : U—=U®V and 7y : UBV —=U the corresponding inclusion
and projection, and similar for V.

(DS3) The following maps are injections:

Hom(U & V,W) — Hom(U,W) x Hom(V, W)

f'—> (fOLU7fOLV>
Hom(W,U & V) —s Hom(W,U) x Hom(W,V)

f— (myof,myolf)

(DS4) Let U = X 5V be a short exact sequence. Then for all sections s of 7, there is a
unique tsomorphism o for which have the diagram

AN

U>T>U@V<T<V

Further, for all retracts r of ¢, there is a unique isomorphism 1 for which we have
the diagram

X
T 'Z/)T i

We say that a proto-exact category C with exact direct sum is combinatorial if, for any
admissible monomorphism g : X — U; & Us; we have admissible subobjects ¢y, : X — Uy
for k = 1,2 for which there is an isomorphism f : X — X; @ X, satisfying (11 ®i2)o f = g.
Additionally, we say that C is uniquely split if every short exact sequence splits in a unique
way.
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2.22. DEFINITION. Let C be a proto-exact category. Say that C is a proto-evact-category
with duality if there is a functor P : C—=C°? and a natural isomorphism © : ide—=Po P
such that for all U € C we have P(Oy) o ©py = idpw) and for which P and © satisfy

the following properties.
(D1) P(0)=0
(D2) f €M if and only if P(f) € &

(D3) If either of the following squares is biCartesan, then the other is as well.
U X
w V

2.23. HALL ALGEBRAS OF FINITARY PROTO-EXACT CATEGORIES. Given an abelian
category A satisfying suitable conditions, one can associate to it the Hall algebra H 4.
Whether H 4 carries a natural Hopf algebra structure depends delicately on the properties
of A. In his celebrated work [Kap97], Kapranov studied the case where A is the category
of coherent sheaves Coh(X) on a smooth projective curve X defined over a finite field
Fq. He showed that when X = P!, a certain subalgebra of Heon(x) is isomorphic to the

— P(U) «— P(X)

I

— PW) «—— P(V)

positive part of the quantum affine algebra Uq(;I;).

The definition of H 4 can be naturally generalized to the case of proto-exact categories
C, and one may study the proto-exact structure of C through the lens of the associated Hall
algebra He. See [JS24b] for some backgrounds on Hall algebras of proto-exact categories
along with a combinatorial approach to study the Hall algebra of the category of coherent
sheaves on P2 whose structure is rarely known.

Now, we recall the definition of He. Say that a proto-exact category C is finitary if
for all objects M and N of C we have that the sets Hom(M, N) and Ext'(M, N) are
finite.? Given a finitary proto-exact category C and a field k of characteristic zero, the
Hall algebra He of C over k is defined to be

He :={f :Iso(C) —k | f has finite support}.

Here, Iso(C) is the set of isomorphism classes of objects of C. The Hall algebra is an
associative k-algebra with product given by

(f*g)([M]) = Y f([M/N])- g(IN)). (6)

NCM

9For a proto-exact cateogry, as in the classical setting, Ext! (M, N) is defined as the set of equivalence
classes of admissible short exact sequences.
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The Hall algebra He is equipped with a basis of functions {ds | [M] € Iso(C)}, defined
in analogy with Dirac measures, given by

1 M=N,

0 else.

o ([N]) = { (7)

The function Jjg) is the unit of He and multiplication of basis elements is given by

O * 0N = D Ghin - Ola)- (8)
[R]€Iso(C)

Here the constants gﬁ ~ € N are given by
dfix=#{R|RCR R=N, R/R =M} (9)

Note that finitarity ensures that the gﬁ[, » are natural numbers. When C is combinatorial
and has a direct sum &, the Hall algebra He can be promoted to a bialgebra by equipping
it with Green’s comultiplication, which is given by

A HC — Hc ®Hc
A(f)(IM],[N]) := f([M & NJ).

2.24. PROTO-ABELIAN CATEGORIES. In this subsection, we recall the notion of proto-
abelian categories, introduced by André [And09]. Given a category C with zero object, a
kernel of a morphism f : M — N is a morphism k : K — M for which the following
square is Cartesian:

K-t M

Lk

0 — M

Dually, a cokernel of f is a morphism ¢ : N — C for which the following square is
co-Cartesian:
M- N

ok

0 ——C

A kernel is necessarily a monomorphism and a cokernel is necessarily an epimorphism.
Say that a morphism in C is a strict monomorphism if it is the kernel of another morphism
in C. Likewise, a strict epimorphism is by definition the cokernel of another morphism. If
M — N is a strict monomorphism (resp. epimorphism), say that M is a strict subobject
of N (resp. N is a strict quotient of M). For the duration of this section, we denote strict
monomorphisms by ~— and strict epimorphisms by —.

By abuse of terminology, we refer to the domain of a kernel of f as a kernel of f and
refer to the codomain of a cokernel of f as a cokernel of f. These objects are unique up
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to isomorphism, and it will always be clear from context whether we are speaking of a
morphism or an object.

For a category C with kernels and cokernels, given an object M and two strict subob-
jects Ny and Ny of M we can construct a sum Ny + Ny and intersection N1 N Ny of Ny
and Ny under M. These objects are again strict subobjects of M and are constructed as
follows.

The intersection NyN N5 is simply the pull-back of the diagram N; — M «< Ny, which
exists in C by [And09, p. 9]. Let M/N; and M/N; be the cokernels of the inclusions
N; — M. Then one forms the pushout M’ of M/N; « M — M/N,, which is again
guaranteed to exist by [And09, p. 9]. The sum of Ny and N, is the kernel N7 + N of the
resulting strict epimorphism M — M’. Diagrammatically, this can be written as follows:

N1+N2 — N1

]\Ifg \ ]\E » M/N, (10)
|

M/N; —— M’

It is shown in [Li23] that N; and N, are strict subobjects of Ny + Ny and that Ny N Ny
is a strict subobject of both N; and N,, so that we can take quotients (N + Na)/N;
and N;/(N; N Ny) for i = 1,2. By [Li23, Proposition 3.3], the sum and intersection of
subobjects are related by the following Cartesian square:

NlmNg — N1

I w

N2 e N1—|—N2

2.25. DEFINITION. A proto-abelian category is a pointed category C which has all kernels
and cokernels and additionally satisfies the following conditions:

(PA1) Any morphism with zero kernel (resp. cokernel) is a monomorphism (resp. epimor-
phism)

(PA2) The pullback of a strict epi along a strict mono is a strict epi, and the pushout of a
strict mono along a strict epti is a strict mono.

Each proto-abelian category carries a natural proto-exact structure, with 91 consisting
of strict monomorphisms and € of strict epimorphisms. In proto-abelian categories, a short
exact sequence is a diagram of the form (5), where vertical arrows are strict epimorphisms
and horizontal arrows are strict monomorphisms.
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2.26. REMARK. Proto-abelian categories are sometimes defined in a different but related
way to the above (see [DK19], [JS24b]). In those treatments, a category is said to be
proto-abelian if it is proto-exact and the classes 91 and & consist of all monomorphisms
and all epimorphisms, respectively. Such categories are not necessarily proto-abelian in
our sense, and neither notion of proto-abelianness immediately implies the other.

2.27. EXAMPLE.

1. Any abelian category is proto-abelian. Conversely, if a proto-abelian category has all
finite products and coproducts, and if any morphism which is both monic and epic
is an isomorphism, then the category is abelian (see [And09]).

2. The categories of finite-dimensional Fuclidean and Hermitian vector spaces with lin-
ear maps of norm at most 1 is proto-abelian. This category has all finite coproducts
and pushouts, but does not have all products or pullbacks.

3. The category of Fuclidean lattices with additive maps of norm at most 1 is proto-

abelian (see [And09], [Li23]).

We can also promote a proto-exact category to a proto-abelian category, so long as
it contains kernels and cokernels and satisfies the first axiom of proto-abelian categories
above.

2.28. PROPOSITION. Let C be a category with kernels and cokernels satisfying axiom
(PA1). Suppose that C is proto-exact with 9 being compositions of isomorphisms with
strict monomorphisms and € being the collection of strict epimorphisms composed with
isomorphisms in C. Then C is proto-abelian.

PROOF. By the definition of 9t and € we see that axioms (PE4) and (PE5) of a proto-
exact category immediatly ensure that axiom (PA2) holds. m

2.29. STABILITY AND SLOPE IN PROTO-ABELIAN CATEGORIES. Proto-abelian categories
possess sufficient structure to define useful filtrations of their objects using slope functions,
generalizing for example the Harder-Narasimhan filtration for vector bundles on curves.
See [And09], [Rud97], and [Li23] for a broader account. We now introduce that part of
this theory which will be of use to us in the sequel.

Suppose we are given rank and degree functions which are constant on isomorphism
classes and additive on short exact sequences, so that they give additive maps out of the
Grothendieck group of C:

rk : Ko(C)—N
deg: Ko(C)—R
Suppose also that rk(M) = 0 implies that M is the zero object. We then define a slope
function p : Iso(C) \ {0} — R on C by the formula

deg(M)
(M) = W
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Such a function p is said to satisfy the strong slope inequality if for any object M and any
strict subobjects N7 and Ny of M we have

Say that an object M of C is semistable (resp. stable) if we have u(N) < u(M)
(resp. u(N) < u(M)) for every strict subobject N »— M.

2.30. DEFINITION. A slope filtration of M is a flag of strict subobjects
0=No— Ny — - — N. =M (13)

such that each quotient N;.1/N; is semistable and for which p(N;/N;—1) > pu(N;11/N;).
A slope filtration on C is a functorial assignment of a slope filtration to every object of C.

2.31. REMARK. The paper [And09] establishes a framework in which slope functions are
used to define slope filtrations on proto-abelian categories. The slope functions there are
required to be non-decreasing under morphisms which are both monic and epic. Later,
this framework was generalized by [Li23] to include the broader class of slope functions
satisfying the strong slope inequality (12). The theory in [Li23] also departs from [And09]
in a handful of other subtle ways. However, since we do not need the level of generality
attained there, we proceed with slope functions as defined above.

An object M of C is said to be Noetherian (resp. Artinian) if it satisfies the Noetherian
(resp. Artinian) property on chains of strict subobjects of M. In [Li23|, Li establishes
that given a function p : Iso(C) \ {0} —R which satisfies the strong slope inequality, one
obtains for each nonzero Noetherian and Artinian object of C a unique slope filtration
associated to u as above (see [Li23] Theorems 5.2, 5.3, 5.4, and the discussion in Section

5.3).

2.32. THEOREM. [Li23], Theorems 5.2, 5.3, 5.4 Let C be a small proto-abelian category
in which all objects are both Artinian and Noetherian and let p : Iso(C) \ {0} —R be a
function satisfying the strong slope inequality (12). Then for each nonzero object M of C
there exists a filtration

0=Nyo— Ny —---—>N. =M

by strict subobjects, unique up to isomorphism, such that for alli=1,...,r we have that
N;/N;_1 is semistable and satisfy

,u(Nl/No) > ILL(NQ/Nl) > > ,U(NT/NT—I)-

We call any filtration obtained in this way a categorical slope filtration. This estab-
lishes in particular that functions satisfying the strong slope inequality are a suitable
generalization of the slope functions of [And09] for the purpose of constructing filtrations.

In Section 6.20, we illustrate that the slope function of [KM24b], when restricted to
the category MTRS? of modular tropical reflexive sheaves, satisfies the strong slope
inequality. This establishes Corollary 6.26, illustrating in particular that the Harder-
Narasimhan filtration of [KM24b] is a categorical slope filtration as in Theorem 2.32.
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3. The category F-Mat,

3.1. MorpPHISMS OF POINTED F-MATROIDS. Fix a perfect idyll F'. Hereafter, by a ma-
trovd we mean a pointed F-matroid unless otherwise indicated. We now recall morphisms
of matroids over a perfect idyll I, following definitions introduced in [JLV24].

Let S = SU{*g} and T = TLI{*T} be pointed sets. A submonomial matriz over F is a
matrix A with entries in F' such that each row and column contains at most one nonzero
entry. Given such a matrix with rows and columns indexed by T~and S , Tespectively,
submonomiality ensures that each such A defines a mapping A : F¥ — FT via matrix-

vector multiplication. The underlying map of a submonomial matrix A is the function
A S—=T defined by

A(i):{j i # *g andAm;éOF.

xp  else

In particular, A is an Fy-linear map of pointed sets. It is clear from the definitions that
the transpose A* of such a submonomial matrix A is again submonomial and defines a
map from FT to F® and an associated underlying map A’ : T —=S. We refer to A? as
the adjoint or dual of A.

3.2. DEFINITION. A morphism of (nonzero) F-matroids f : M —= N is a submonomial
matriz f over F indexed by En and Ey such that f-Vy C Vy, where Vi and Vy are
the sets of vectors of M and N, respectively.

3.3. REMARK. Recall that the matroid U} consisting of only a basepoint is indeed a
pointed F-matroid. F-matroid morphisms M —= N where either N = UY or M = U} do
not make sense in the above definition, since they would be defined as empty matrices.
Instead, note that in either of these cases we have natural notions of morphisms given by
the only existing pointed maps on underlying pointed sets. It easily follows that 0 := U}
is the zero object of F-Mat,.

F-matroid morphisms are preserved under duality. Explicitly, a submonomial matrix
f is a morphism from M to N if and only if f*is a morphism from N* to M* ([JLV24,
Corollary 2.9]). In the sequel, we will use the following alternative characterizations of
matroid morphisms.

3.4. PROPOSITION. [JLV24], Theorems 2.8 Let M = [u] and N = [v] be F-matroids of
ranks m and n, respectively, and let f be a submonomial F'-matrix indexed by En X Eyy.
Then the following are equivalent:

1. f is a morphisms from M to N
2. for all x = (x¢,...,Tm) € BT and ally = (ya,...,yn) € EXY, we have

> (-1 ) fraw . v(f(zr),y) € Np.

k=0
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3.5. REMARK. In [JLV24], Proposition 3.4 is stated and proven in terms of morphisms
of non-pointed matroids. The adaptation of this result to the pointed case is immediate
and has been omitted.

For each perfect idyll F, the collection of (pointed) F-matroids together with the
morphisms above forms a category F-Mat,. One can also define a category F-Mat of
non-pointed F-matroids, but we do not study this category here.

3.6. REMARK. Recall that to each F-matroid M is associated an underlying matroid M.
With the above definition of matroid morphisms, the assignment M +— M is a functor from
F-matroids to K-matroids. More generally, for any morphism of perfect idylls ® : F—G
we have that the base-change map M —®, M is a functor from F-Mat, to G-Mat,. On
morphisms, these functors assign to an F-matroid morphism f : M — N a G-matroid
morphism @, f : &, M — P, N given by applying ¢ entrywise to the submonomial matrix
f.

We now illustrate how the contraction, deletion, and restriction of F-matroids de-

scribed in Subsection 2.3 can be seen as F-matroid morphisms. Let M be an F-matroid
and let S C Eyy.

1. (Contraction) Associated to the contraction M/S we have a contraction map cg :
M—=M/S given by the submonomial matrix indexed by Ej;\ S and E with entries
(cs)ij := 0ij, where ¢;; is the Kronecker delta. In other words, up to reordering of
columns, c¢g is a matrix whose first [Ey; \ S| columns form an identity matrix and
whose other columns are zero. That this is a matroid morphism is guaranteed for
example by [And19, Proposition 4.4].

2. (Restriction) Associated to the restriction M|S we have a restriction map rg :
M|S — M given by the submonomial matrix indexed by F); and S with entries
(rs)ij = 0;5. Thus in particular we have rg = C*EM\S and so rg is also a matroid
morphism.

These morphisms can be understood in terms of their underlying maps: the contraction
cs sends all elements of S to the basepoint of M \ S and preserves all other elements,
while the restriction rg embeds S into Ejy;.

Morphisms of K-matroids induce Fi-linear strong maps between the associated clas-
sical matroids, in the sense that the underlying map is an FF;-linear strong map of ma-
troids. Similarly, morphisms of F-matroids provide an appropriate notion of F;-linear
strong maps for F' =S, T.

We now establish some useful facts about morphisms of matroids which will be of
use to us in the sequel. In particular, we are able to characterize monomorphisms and
epimorphisms completely.

3.7. PROPOSITION. A morphism f: M — N of F-matroids is a monomorphism if and
only if [ is injective. Similarly, f is an epimorphism if and only if [ is surjective.
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PROOF. This is established by [HP17, Corollary 3.8]. Its analog for pointed F-matroids
is immediate. L

Note that this ensures that F-Mat, satisfies axiom (PA1) of a proto-abelian category
(see Definition 2.25).

3.8. REMARK. From this we see that any epi-monic f : M — N of F-matroids has
underlying map a bijection, but the inverse map on sets is not necessarily a morphism of
F-matroids. Instead, we see that f : M — N is an isomorphism of F-matroids if and
only if the submonomial matrix associated to f is invertible and the inverse matrix f—!
defines an F-matroid morphism from N to M.

3.9. PROPOSITION. A morphism o : M — N is a matroid isomorphism if and only if its
adjoint ot : N* —= M* is also an isomorphism.

PRroOF. Considering the F-matrices associated to o and to o™ !, note that

-1
(04_1)1‘]' — {aji Qg 7é 0 .

0 else

On the other hand, the morphism o : N* — M* by definition has the F-matrix given
by (a');; = aj; and the adjoint of ! has the F-matrix given by

((a_l)t)ij _ (a_l)ji _ {Oél_] O 7£ Op '

0p else

Thus as F-matrices, (™ !)! = (a!)~!. Finally the fact that a=! : N—= M is a morphism
implies immediately that (a=!)! : M*—=N* is also a morphism, and since (o 1)t = (af)~!
the result follows. L]

3.10. PROPOSITION. Let o : M —= N be a matroid isomorphism, let A C FEy, and
S C Ey. Then « induces isomorphisms M|a~'(A) 2 N|A and M/S = N/a(S).

PROOF. Let M = [u] and N = [v] be matroids with ranks m and n. We begin with the
contraction statement. Denote the associated contractions M/S = [i”] and N/a(S) =
[v"]. Assume also that M/S has rank m” and N/a(S) has rank n”. Then by definition
« induces a bijection on the ground sets of M/S and N/a(S). We seek to show that
this induced bijection is a matroid morphism. That is, we would like that for all x =
(205 - -y Tor) € (B \ S)™ ! and all y € (Ey \ a(S))”"~! we have

1

(=) 1" (%) 0w V" (@(21), ¥) € Np. (14)
0

3

£
Il

Since « is an isomorphism, we know that for all z € E7;™" and all w € E}" we have

NE

(=1)"u(27) dae0), v (21), W) € Np. (15)

iy

0
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Fix (ordered) bases a of M|S and d of N|«a(S). Then taking z = (x,a) and w = (y,d),
we see that Expressions (14) and (15) differ only by the following terms:

Y (D ulx ap)ag@.ar(alar), y, d). (16)

k>m''+1

Considering each summand in Expression (16), note that by Proposition 2.6 we see that
the each factor v(a(a),y,d) is nonzero only when |y|U|d|U{a(ax)} is a basis of N. But
since a(ag) € a(S) by definition, we see that necessarily |d| U {a(ax)} is dependent in
Na(S), as d was chosen to be a basis. This then implies that |y|U |d| U {«a(ax)} cannot
be a basis of N and so v(a(ag),y,d) = Op. Thus Expressions (14) and (15) express the
same element of F' and so « induces a morphism M /S — N/«a(S). Finally, because « is
an isomorphism, the above argument applies also to a™!, so that M/S = N/a(9).

For the restriction statement, we appeal to duality. In particular note that by Propo-
sition 3.9 « induces an isomorphism af : N* —= M*. For A C Ey the above argu-
ment establishes an isomorphism N*/A = M*/a'(A), which is equivalent to the desired
N|A = M|a™t(A) since of = o™ n

3.11. (CO)KERNELS OF F-MATROID MORPHISMS. We now show that each morphism
of F-matroids admits both a kernel and cokernel, each of which is again a morphism of
F-matroids.

3.12. PROPOSITION. Let M = [u| and N = [v] be matroids of ranks m and n, respectively,
and let f : M —= N be a morphism of F-matroids. Then the restriction morphism
M|f Y (xn) — M is a kernel of f and the contraction morphism N — N/f(Ey) is a
cokernel of f. B

PROOF. Let K = i’l(*N) \ {#n} C Ey and C = i(EM) C FEx and suppose that
rky (K) = k and rky (C') = ¢. Note that we then have the following commutative squares
in F-Mat,:

M|K »—— M ML N
| I
0 — N 0 —— N/C

We seek to show that the first square is Cartesian and the second is co-Cartesian. To this
end, suppose that R = [p| is a matroid of rank r for which the solid arrows of following
diagram commute:

~
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We now construct the morphism h which makes the full diagram commute. Noting that
g is given by an |Ey| x |Eg| submonomial matrix, let h be the |K| x |Eg| submatrix
obtained from ¢ by deleting all rows associated to elements of E; \ K.

To see that the resulting matrix A is a matroid morphism, recall first that since g is a
matroid morphism, for all y € EEH and all x € E]\"}_l we have

T

Z(—l)iﬂ(m) Yo - (9 (Wi), %) € Np.

In order for h to be a morphism from R to M|K, we thus need that for each y € EE“
and each z € K™(K)~1 we have

T

ST =1)(y:) by - (1K) (B(yi),z) € Np.

i=0
However, recalling the definition of u|K we see that we can take x = (z, b) for any basis
b of M /K to obtain

(1K) (1(yi), 2) = p(h(yi), %)-
Moreover, by the construction, for each y; € K we have gy(y,).y;, = An(y)y:- In particular,
we thus see that -

s r

D (=17p(y3) - by - (W) (i), 2) =D (=1)'p(¥3) - Gyt - (g (yi), %) € N

=0 i=0

Observe further that any such morphism A must be unique. To see this, note that for

any two such morphisms h and A’ making the diagram commute, the fact that rx is a
monomorphism implies that h = }/'.

The proof that N/C'is a cokernel of f is completely analogous and so has been omitted.

]

The above thus illustrates that F-Mat, is a pointed category with kernels and coker-
nels. We have already seen that it satisfies axiom (PA1) of Definition 2.25.

3.13. PROTO-EXACTNESS OF ['-Mat,. We now prove the main structural result about
the category of (pointed) matroids over a perfect idyll F.

3.14. THEOREM. For each perfect idyll F', the category F-Mat, is proto-ezact.
Combining this theorem with Propositions 2.28, 3.7, and 3.12, we obtain the following.
3.15. COROLLARY. For each perfect idyll F', F'-Mat, is proto-abelian.

We begin by introducing the classes 91 and € of admissible monomorphisms and
epimorphisms.
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3.16. DEFINITION. Let f : M —= N be a morphism in F-Mat,.

1. fis an admissible monomorphism if f =rapoa, where AC Ex andry : M|A—M
s an inclusion map, and « is an isomorphism of F'-matroids:

M —2— N|A - N,

Denote by M the class of admissible monomorphisms.

2. f is an admissible epimorphism if f = focp, where B C Ey and cg : M— M/B
s a contraction map and B is an isomorphism of F-matroids:

M 5 M/B —2 N.

Denote by € the class of admissible epimorphisms.

By the characterization in the previous section of submonomial matrices corresponding
to restrictions and contractions, note that, up to reordering ground set elements, any
f € M is represented by an |Ex| % |E)| submonomial matrix whose topmost |Eyy| x
|Ey| submatrix is invertible (in fact this submatrix is the matrix of a). Likewise, up
to reordering, any g € € is represented by a submonomial matrix whose leftmost full
submatrix is invertibe, and is the matrix of 5. Note that from Proposition 3.9, we have
that 9" = & and vice versa.

Further, by Proposition 3.12 we see that 90U consists of isomorphisms followed by
kernels and € consists of cokernels followed by isomorphisms.

With the above characterizations of the maps in 9t and &, we are ready to verify the
axioms of a proto-exact category.

3.17. PROPOSITION. The classes M and & contain all isomorphisms.

PROOF. Let o be an isomorphism of matroids. Observe that we can write a = [ - o =
a - I, where I is the identity F-matrix. These factorizations and the fact that a is an
isomorphism illustrate that « is in both 9t and €. ]

3.18. PROPOSITION. The classes M and & are closed under composition.

PRrROOF. Let f,g € 91 be a pair of composable admissible monomorphisms, so that we
have f =ryoa: M—= N and g =rgo 8 : N—= R. Thus we have

M —25 NJA-"43s N 25 RB-"% R

Now define h:= go f =rgoforqoa. Then h: M—= R is a |Eg| x | Ey| F-matrix with
entries

hij -

OF idgo f(Ewm)

{ﬁﬂ(am),a(j) “Qag); 1€ go f(Ey) and i = go f(j) .
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We can now illustrate the appropriate factorization of i by constructing an isomorphism
v by applying 8o a to a }(A) = Ey. Define an |Ey| X |Ey| F-matrix v with entries

) Bstatnat) * Qatys i =go f(d)
Vij = .
0 else

Thus by construction we have the factorization h = r g y 07 as F-matrices. Finally,

note that v is an isomorphism of matroids since it is a composition of (restrictions of)
isomorphisms.

We now show the corresponding result for € by appealing to adjoint morphisms.
Supposing now that f,g € & are composable admissible epimorphisms with associated
factorizations f = aocy: M —= N and g = focg: N— R, we can write

M =25 M/A —25 N -5 N/B 25 R.

Let h := go f. Taking duals of everything in sight, we now have that ¢' : R* — N* and
ft: N* — M* are composable morphisms in 9. Thus by the above argument we have
that the composition ht = fto g is also in 9N, so that h € E. Alternatively, one can easily
reproduce an analog of the above argument for €. [

We now prove an auxiliary result regarding biCartesian squares in F-Mat,, following
[EJS20b, Lemma 4.9].

3.19. LEMMA. Let N be a pointed F-matroid and let B C A C E’N. The following square

1s biCartesian in F-Mat,:

NA—TL N

|+ | (18)
(N|A)/B - N/B
where f =14 and g =ra\B).

PROOF. Note first that this diagram is commutative since by Proposition 2.8 we have that
(N|A)/B = (N/B)|A. We proceed by illustrating that the square (18) is coCartesian.
Suppose that we have the following diagram in F-Mat,:

N|A>;>N

b 0

(N|A)/B —— N/B \ (19)
\ R

Now define an F-matrix v given by removing from [ all columns associated to elements
of B. Doing so preserves submonomiality and therefore defines a map v : Ey/p — Eg
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and gives a factorization vk = [ as F-matrices. It remains now to show that v is an
F-matroid map, which we check using Proposition 3.4.

Let M = [u], N = [v], and R = [p], and suppose that rky(B) = £. In order to show
that v is a morphism, we must establish that for all choices of x = (zg,...,Zy—r¢) €
(Ex \ B~ and all choices of y = (v, ..., yr,) € (Eg)""" we have

ry—~

> (F1 W/ B) () (), p(2(25),¥) € N, (20)

=0

where 7y is the rank of N. We can re-express (20) by using the definition of the
Grassmann-Pliicker function v/B. Let b = (by,...,b) € (En)" be a vector where
by, ...,by is a maximal independent set of N|B. Then we are interested in the sum

rny—~
Z (_l)jy<xﬁ'7 b)’vl(mj),l'jp(z<wj)7 Y)' (21)

Jj=0

However, recalling that 5 : N — R is a morphism, we are guaranteed that

rny—~ N
D> (=1)u(x;,0)Bsw) 0, pB(x),y) + Y (1) w(x,b3)Bas,)0,0(8(b;), ¥) € N
j=0 j=rn—{+1

(22)
Noting that f acts as the identity on elements of B, we see that by the commutativity of
Diagram (19) we obtain

p(B) = B(f(B)) = a(h(B)) = *g, (23)

in particular for all b; we have 8@,y = Or. This illustrates that the second sum in (22)
collapses to Op, so that the first sum must be in Nrp. But by the construction of v, for
all z ¢ B we have Y(z)e = BB(z)z, hence the first sum is equal to the sum (21). This
establishes that v : N/B — R is indeed a morphism of F-matroids.

For the uniqueness of «y, suppose that § : N/B — R is another morphism making
Diagram (19) commute, so that 5 = 0k = k. By Proposition 3.7, k is an epimorphism,
hence § = . This establishes that Diagram (18) is coCartesian.

To see that our diagram is also Cartesian, we could reproduce a similar argument
to the above, which involves changing little other than the morphisms involved and the
order of some compositions. Instead, we apply duality for a swifter proof. Consider the
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following pair of dual diagrams:

P (N/B)* —* 5 N*

B lgt

N|A N ((N]4)/B))

f
LNV
(N|A)/B 2~ N/B \ P

We would like to produce a morphism P— N|A making the left-hand diagram commute
and then prove its uniqueness. In view of duality, this is equivalent to producing such a
morphism (N|A)* —s P* which commutes with the right-hand diagram. By Proposition
2.8, the right-hand diagram above can be re-expressed as follows:

a

(24)

N*|(Ex \ B)

ls ;

(N*I(EN\B))/(EN\A) s N7/ EN\A

But we have just seen in the above that this diagram admits a unique morphism N*/(Ex '\
A) — P* making the diagram commute. Thus taking duals again we see that Diagram
(18) is Cartesian.

Alternatively, one can establish directly that Diagram (18) is Cartesian using a proof
totally analogous to the coCartesian case. This approach has the benefit of circumventing
duality, and so applies also in the context of simple F-matroids. [

3.20. PROPOSITION. Any diagram in F'-Mat, of the form M ~— R « N can be completed
to a bi-Cartesian square.

PRrROOF. Let ¢ : M — R and 7 : N — R. Using the definition of the class &, we can
write j = [ ocy, where § is an isomorphism and ¢4 : N— N/A is a contraction for some
A C Ey. Likewise, we can write i = rgoa, where « is an isomorphism and rp : R|B—R
is a restriction for some B C Er. Letting C := l”l(B) C Ey, one can see that A C C.
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Hence, we obtain the following diagram:

N|C — N

(N/A)|C —— N/A (25)

lﬁlc lﬁ
> R

M —%— R|B —

Note that Proposition 3.10 gives that §|¢ is an isomorphism. Since « is an isomorphism,
we have the following commutative square:

N|C —— N

L] ®

M »— R

We claim that (26) is the bi-Cartesian completion of M ~— R «- N. By Lemma 3.19 the
square in the following diagram is biCartesian:

N|C — N

L &

(N|C)JA —= (N/A)|C —— N/A

Here the equality in the bottom left is given by Proposition 2.8. Suppose now that we
have diagrams

P N|C —— N
ﬁ : :
s N Mr—— R (28)
L T
M>—— R Q@
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Then appealing to the fact that §|¢ is an isomorphism, we now have

P N|C — N
Blo)-af N|C N (N/JA)|C —— N/A (29)

l ‘L m
(N/A)|C —— N/A Q

In particular, the bi-Cartesian property of (27) now guarantees the existence of unique
maps P—=N|C and R =2 N/A—(@). This establishes that the completion is biCartesian.
[

3.21. PROPOSITION. Any diagram in F'-Mat, of the form M « R ~— N can be completed
to a biCartesian square.

ProoF. This proof follows immediately from Proposition 3.20 by applying duality as in
the proof of Lemma 3.19. However, alternatively one can follow analogous steps to the
proof of Proposition 3.20 as would be played out in the opposite category. [

3.22. PROPOSITION. Any square of the following form in F-Mat, is Cartesian if and
only if it is coCartesian:
M —— N

o

P—— R

PROOF. Suppose first that the square is Cartesian. Then by Proposition 3.20, P — R «
N can be extended to the following commutative square:

M —— N

Lo

P—— R

Since our original square was assumed Cartesian, we obtain that M = M’ by the unique-
ness of pullbacks up to isomorphism. In particular, this means that our square is co-
Cartesian as well. The other direction is analogous, instead considering the biCartesian
completion of P «— M — N. [
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Putting together Propositions 3.17, 3.18,3.20, 3.21 and 3.22 we obtain Theorem 3.14
and therefore also Corollary 3.15. Observe also that the functor ®, : F-Mat,—G-Mat,
of Remark 3.6 given by a morphism ® : F'—G of perfect idylls is an exact functor, owing
to the definition of admissibles.

We now characterize the sum and intersection of strict subobjects in F-Mat, as de-
scribed in Subsection 2.29. Note that from Proposition 3.12; the notion of admissible
subobjects in F-Mat, (viewed as a proto-exact category) agree with the notion of strict
subobjects in F-Mat, (viewed as a proto-abelian category). Hence, we use the same
symbol — to denote strict subobjects.

Let M be an F-matroid with strict subobjects My, My — M. Without loss of gen-
erality, we write M; = M|A; and My = M|A, for some A;, As C Ej;. In analogy with
Diagram (10) we then draw the diagram

(M|Ay) + (M]Ag) «——= M|A,;

1

M|Ay » s M » M /A

| !

MJA;, —— M

where as in Diagram 10 the bottom right square is a pushout and the map (M|A;) +
(M|Ay) — M is the kernel of the composition M — M’. By a straightforward argument
similar to the proof of Lemma 3.19, it follows that M’ can be identified with the matroid
M/(A;UA,), so that Proposition 3.12 yields (M|A;) + (M]As) = M|(A; U As). Likewise,
one verifies analogously that (M|A;) N (M|Ay) = M|(A; N Ay). This establishes the

following proposition.

3.23. PROPOSITION. Let My, My — M be strict subobjects of M in F-Mat, given as
restrictions My = M|A; and My = M|Ay. Then the sum and intersection of the subobjects
My and My are given by

(M|A1) + (M|A2) = M|(A1 U Ag)
(M|Ay) N (M|Ay) = M|(A; N Ap).

We close this subsection with a verification of Artinian and Noetherian conditions in
F-Mat,.

3.24. PROPOSITION. Let M be an F-matroid and let --- — M;_; »— M; — --- be
an infinite chain of strict subobjects of M. Then for some n_,n, € Z we have that
My = M; fori <n_ and M; = M,y for j > n,.

PROOF. Since each M; is a strict subobject of M, we may write M; = M|A; for some
A; C E)yy. In particular, since E); is a finite set and M;_; — M; implies A;,_; C A;, we
must have that the sets A; stabilize as i — 00 or i —= — 0o. This completes the proof. m
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3.25. FURTHER STRUCTURE ON F-Mat,. In this subsection we establish directly that
the categories F-Mat, are combinatorial and have direct sum and duality in the sense of
Subsection 2.20. We continue to work with a perfect idyll F'.

3.26. THEOREM. The category F'-Mat, is a combinatorial proto-exact category with du-
ality and with exact direct sum.

We prove this theorem in three parts as Propositions 3.28, 3.30, and 3.29 which we
separate for convenience. The reader may wish to refer back to Definitions 2.21 and 2.22.

3.27. LEMMA. Let My = [m1] and My = [us] be pointed F-matroids of ranks r1 and ro
on ground sets Ey, and Eyy, and let A; C Eyy, for i =1,2. Then we have the following
equalities:

(My/Ay) & (Ma/Ag) = (M1 & M) /(A U Ay)
(Mi]Ay) ® (Ma|Ag) = (My © My)|(Ay U Ag)

ProoOF. We verify only the first equality above, as the other follows analogously. For
i = 1,2, suppose that A; satisfies rkys, (A;) = s; and let a) be a basis of the classical

matroid M;|A;. Then for x € (Ey, \ A1)t and y € (Eyg, \ A2)"?*2 we see the following.

(/A1) & (p2/A2))(x,y) = pu(x,a) - p(y,a®)
(11 ® p2) /(AL U A2))(x,y) = (11 @ p2) (x,y,a") al?)
= (X, a(l)) - pa(y, 3(2))-

We thus see that the associated Grassmann-Pliicker functions are equal and so must be
the associated matroids. [

3.28. PROPOSITION. The operation & is an exact direct sum on the category F-Mat,.

PROOF. By the definition of the operation @ for pointed F-matroids, the axiom (DS1)
is immediate. To see that @ : F-Mat, x F-Mat, — F-Mat, is exact, suppose that we
have a short exact sequence

(M, My) —— (X1, Xo) — (N1, Na).

This means that M; — X, — Nj is a short exact sequence for ¢« = 1,2, and so we may
assume without loss of generality that there are subsets A; C Ey, for which M; = X;| A,
and N; = X;/A;. We would like to show that the image of this sequence under @ is
a short exact sequence in F-Mat,. That is, we would like to see that M; & M, =
(X1 @ X2)|(A U Ay) and Ny & Ny = (X & Xo)/(A; U Ay). These isomorphisms in fact
hold with equality by Lemma 3.27. This establishes that (DS2) holds.

To verify axiom (DS3), let M, N, R be F-matroids on ground sets Fy;, Ey, and Fg,
respectively. Denote by ¢y : M — M@ N and 7y, : M@ N — M the associated inclusion



PROTO-EXACT CATEGORIES OF MATROIDS OVER IDYLLS 1181

and projection, and similar for ¢y, tg, 7y, and mr. We illustrate that the following map
is an inclusion:

Hom(M & N, R) — Hom(M, R) x Hom(N, R)
fr—(foun, fouin)

The second property regarding Hom(R, M & N) follows analogously and so we do not
include the proof here. Suppose that f,g: M & N — R are morphisms of F-matroids
for which f oty = goiy and f oy = goty. Noting that ¢y, is in fact the map
gy - (M @ N)|Ey — M @® N, we note that it is represented by a block matrix [/ O}T,
where [ is the EM X E’M identity matrix and 0 is the E’M X EN zero matrix. Likewise,
Ly = Tg, can be represented by the block matrix [0 1 }T with blocks of the appropriate
size.

The morphisms f and g are both represented by Ex x (Ejy; U Ey) matrices. Say f has
matrix [FM FN} and ¢ has matrix [GM GN}, where Fy; and G are of size Er X Ey
while Fy and G5 are ER X EN. Then f oy = g oty has matrix
1 1
[Fyo F] 0] = [Fu 0] =[Gy Gy] M :

Similarly, we conclude that f oty = g o 1y has matrix

(Fy Fy] (}] — [0 Fy] =[G Gl m

Thus we see that Fy; = Gy and Fy = Gy, so that f = g. This shows that the above
map of Hom-sets is an injection. Together with the analogous property for Hom(R, M &
N)—Hom(R, M) x Hom(R, N), this establishes axiom (DS3).

For (DS4), suppose that M — X — N is a short exact sequence in F-Mat, with
injection ¢ and projection 7, for which we have a section s of 7 giving the following
diagram in F-Mat,.

X

AN
L S
i

M—— MON +——< N
LM LN

We seek to find an isomorphism f : M & N—X making the diagram above commute and
to show that it is unique. As earlier, we assume without loss of generality that M = X|A
and N = X/A for some A C Ex. Then m = ca is represented by the (Ex \ A) x Ex
matrix [0 I], where I is an (Ey \ A) x (Ex \ A) identity matrix. Similarly, ¢ = r4 has
Ex x A matrix [[ O}T with first block an A x A identity matrix.

The section s : X/A—= X is represented by an Ex x (Ex \ A) matrix [0 S}T where
Sis an (Ey \ A) x (Ey \ A) matrix. This means that 7 o s has matrix

0 Iee) o] = 18],
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Since 7o s = idy, we see that s has matrix [O IEX\A] , hence s = 1\ 4 s an injection.
We can now restate our diagram as follows:

e

X|A (X\A)GIB(X/A) 7w X/A

X
AN

| TEx\A
|

~

Clearly one can choose f to have the Ex x Ey identity matrix. This is in fact the only
choice. To see this, suppose that f is represented by the block matrix

FOO FOl
FlO Fll ’

where Fyy is A x A and Fyy is (Ex \ A) x (Ex \| A). Then the two equations

Ta| _ |Foo For| [1a and 0 | _ |foo Fou 0

0 F10 F11 0 [EX\A FlO Fll IE‘X\A
imply that the only choice is Fog = 4 and F; =1 Bx\A with all other entries being zero.
The argument regarding retractions follows similarly. [

3.29. PROPOSITION. F'-Mat, is a combinatorial proto-exact category with respect to the
exact direct sum &.

PROOF. Let My, Ms, and N be F-matroids on ground sets Ey,, Ey,, and Ey. Given
an admissible mono g : N — M; & Ms, we would like to exhibit admissible monos
t © Ny — My for k = 1,2 for which there is an isomorphism f : N — N; & Ny with
(L1®w)of=g

As before, assume without loss of generality that N = (M; @ Ms)|(A; L Ay) for some
subsets Ay C Ey,. We define Ny, := N|Ay = (M; & Msy)|Ar, = Mg|Ag. Then by Lemma
3.27 we see

Ny @ Ny = (Mi]Ar) @ (M| As)
= (Ml EB M2)|(A1 L AQ) == N

and the equation (17 @ t2) o f = ¢g immediately follows. n

3.30. PROPOSITION. F'-matroid duality M — M* endows F-Mat, with the structure of
a proto-exact category with duality.

PROOF. Verification of the axioms (D1) and (D2) are immediate. Indeed, the zero element
of F-Mat, is the matroid U, whose self-duality establishes (D1). Further, (D2) follows
from the fact that dual morphisms are given by transposing the corresponding matrices
and the form of matrices representing admissible monos and epis.
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To verify (D3), suppose that we have a biCartesian square in F-Mat,. Without loss
of generality we may assume that it is of the following form for some matroid M and
disjoint subsets A, B C E)y;.

M|A —— M

L

(M|A)/B —— M/B

Recall that for any S C Ejy we have (M|[S)* = M*/S and (M/S)* = M*|S. Together
with Proposition 2.8 we then see

((M]A)/B)" = (M|A)"|B = (M"/A)|B = (M*|B)/A.
So that applying duality to the above square yields

M*JA —— M*

L] o

(M*|B)/A «— M*|B

and we know this to be biCartesian by Lemma 3.19. [

3.31. PROPOSITION. The category F-Mat, is not split. In particular, for each perfect

wdyll F' there exist short exact sequences M — N — P for which N is not isomorphic to
M®P.

PROOF. Let Cy be the cycle graph with edges a,b, ¢, d and let S = {a}. Then, denoting
by M the (simple) graphic matroid of Cyy, we have that M is an F;-matroid (i.e. a regular
matroid) and we have the following short exact sequence in Fi-Mat,:

M|S — M — M/S.

Here M|S is the graphic matroid of the path of length 1 and M/S is the graphic matroid
of the cycle C3. Again, both matroids are simple. Since direct sums of graphic matroids
correspond to disjoint union of the associated graphs, it is clear that M is not isomorphic
to (M|S) @ (M/S).

For an arbitrary perfect idyll F', we can push the above example along the unique idyll
morphism IFli — F' to realize this example in F-Mat,. ]

This establishes that F-Mat, is neither split nor uniquely split for any perfect idyll
F.
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4. The category F-SMat,

Recall that an F-matroid M is said to be simple precisely when its underlying matroid M
is. The collection of all simple matroids with strong maps forms a reflective subcategory
of the category of matroids with strong maps. Indeed, the assignment M — si(M) is a
functor from matroids to simple matroids, and this functor is left adjoint to the inclusion.

These statements also hold for pointed matroids by using the pointed simplification
si, of a pointed matroid M. In short, one forgets the distinguished loop of M, takes the
non-pointed simplification, and takes the direct sum with U} to recover a pointed matroid.
See [HP17, Section 7] for more details on pointed and non-pointed simplification.

In our setting, the analogous statements are immediately verified: the collection of all
pointed simple F-matroids together with F-matroid morphisms forms a reflective sub-
category of F-Mat,. This follows because simplicity is defined purely in terms of the
underlying matroid and because K-Mat, can be identified with the subcategory of Mat,
consisting of F;-linear morphisms.

Observe that all restrictions of simple matroids are necessarily again simple. In light
of Proposition 3.12 this observation establishes that [-SMat, has all kernels. Since the
simplification functor si, is a left adjoint, we also see that it preserves colimits and so
F-SMat, also has cokernels.

4.1. REMARK. [Kernels and cokernels| In fact, we can say more regarding kernels and
cokernels in F-SMat,. Recall that the kernel of a morphism f : M — N in F-Mat, is
M\i_l(*N). If both M and N are simple, then by definition this means that xy is a flat
of N. Thus, by the fact that underlying map f : M —= N is strong, we see that f~'(xy)
must be a flat of M. This implies that any kernel in F-SMat, is the restriction morphism
associated to some flat F' € L(M).

With regards to cokernels, observe that given a simple F-matroid M and contraction
morphism c4 : M—M/A in F-Mat,, applying si, yields siq(M)—=sis(M/A). A routine
exercise in matroid theory yields that the underlying matroid of sis(M/A) is M/ (A),
where (A) € L(M) is the flat of M obtained as the closure of the subset A. Thus all
contractions (and therefore all cokernels) in F-SMat, are contractions at flats.

As a reflective subcategory of F-Mat,, it is also immediate that F-SMat, satisfies
axiom (PA1) of proto-abelian categories (Subsection 2.24).

4.2. PROPOSITION. The category F'-SMat, admits all kernels and cokernels of mor-
phisms. Moreover, it satisfies axiom (PA1) of a proto-abelian category.

As a departure from the proto-exact structure on F-Mat,, we define the classes of
admissible monomorphisms and epimorphisms yielding the proto-exact structure on F-
SMat, as follows.

4.3. DEFINITION. Let f : M — N be a morphism in F-SMat,.
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1. f is an admissible monomorphism if f = rgp o a, where F' € L(N) and rp :
M|F — M is an inclusion map, and « is an isomorphism of F-matroids:

M —2— N|F £+ N,
Denote by M the class of admissible monomorphisms in F-SMat,.

2. f is an admissible epimorphism if f = o cg, where G € L(M) and cq : E—E/G
s a contraction map and 8 is an isomorphism of F-matroids:

M -5 M/G —25 N.

Denote by €, the class of admissible epimorphisms in F'-SMat,.

4.4. REMARK. [Admissible morphisms| Observe that M and &, are strictly smaller than
the intersection of the classes 9 and € with the morphisms of the subcategory F-SMat,.
For example, if M is a simple matroid and there is some subset A C Ej; for which M|A
is simple but A is not a flat of M, then the inclusion map r4 : M|A— M is in 90t but is
not in M.

Despite this difference, however, note that 9t and 91, both consist of isomorphisms
followed by kernels of morphisms in their respective categories. Likewise, € and &, consist
of cokernels of morphisms followed by isomorphisms. A similar characterization of admis-
sibles will be used for the proto-exact structure on tropical reflexive sheaves in Section
6.

Observe that Propositions 3.17 and 3.18, as well as Lemma 3.19, hold in F-SMat,.
The latter then gives that Propositions 3.20, and 3.22 hold as well. Lemma 3.19 is true on
the nose with arrows coming from 9, and &; (so that A and B should be flats), while the
other propositions follow essentially from the observation that if N, N|A, and N/B are
simple matroids, so must be (NV|A)/B. Together with Proposition 2.28 and Proposition
4.2, we obtain the following corollary.

4.5. COROLLARY. For each perfect idyll F', the category F-SMat, is proto-abelian.
Sums and intersections of subobjects in F-SMat, depart slightly from the character-

ization of those in F-Mat, as given in Proposition 3.23. Instead, we have the following:

4.6. PROPOSITION. Let My, My — M be strict subobjects of M in F-SMat, given as
restrictions My = M|F, and My = M|F, at flats Fy,Fy € L(M). Then the sum and
intersection of the subobjects My and My are given by

(M|F1) + (M|Fy) = M|(F1V F)

(M|Fy) N (M|Fy) = M|(Fy A Fy).
The characterization of the intersection is identical to F-Mat,, as the intersection of Fj
and F3y is precisely F} A Fy. The characterization of the sum follows by reasoning identical

to that regarding contractions of simple matroids. In particular, when contracting F U Fy
one must instead contract (Fy U Fy) = F; V Fy in order to obtain a simple F-matroid.
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4.7. REMARK. [No duality| Since the dual of a simple matroid is not necessarily simple,
we see that F-SMat, is not proto-exact with duality as F-Mat, is. Indeed, one easily
finds simple planar graphs whose planar duals are not simple. Taking the associated
graphic matroids then yields two dual Fi-matroids (i.e. regular matroids), one of which
is simple and the other of which is not. Since F; is initial in the category of idylls, this
counterexample can be realized in all categories F-SMat,.

4.8. REMARK. [Artinian and Noetherian conditions| Observe that F-SMat, inherits the
Artinian and Noetherian properties of F-Mat, described by Proposition 3.24. This is an
immediate consequence of the fact that F-SMat, is a subcategory of F-Mat,.

5. Hall algebras and K-theory of F-matroids

5.1. PROPOSITION. For a finite perfect idyll F, the category F-Mat, is finitary. In
particular, K-Mat,, S-Mat,, and Fi-Mat, are finitary categories.

PrROOF. We show this directly, by illustrating that for any two F-matroids M and N that
the sets Hom(M, N) and Ext'(M, N) are finite. Let M and N be F-matroids on ground
sets Eyy and Ey, and let f : M — N be a morphism. Then f is given by a submonomial
matrix with entries in F', hence Hom(M, N) is necessarily finite by the finiteness of F'.
Suppose now that P is an extension of N by M of rank rp. Then that we have a short

exact sequence
M »— P — N.

By the exactness of the above sequence, we see that P is necessarily a matroid on a ground
set Ep of cardinality |Ey, L Exy U {*p}|, so that we can obtain the desired finiteness by
illustrating that there are only finitely many such F-matroids. But this is necessarily the
case since the number of such matroids P = [r] is bounded by the number of Grassmann-
Pliicker maps 7 : E” — F. The common domain and codomain of these maps is finite,
hence there are only finitely many such maps and so finitely many such F-matroids P. m

The above proposition now establishes that F-Mat, is finitary for ' = K, S, and F7.
However for F' = T the situation is slightly more delicate. In particular, T is not finite,
and so the above argument does not apply.

From Theorem 3.14, one obtains the Hall algebra Hp pag, for the category F-Mat,.

5.2. EXAMPLE. One can easily check that Hx_pras, 1S the Hopf dual of matroid-minor
Hopf algebra. In fact, in [EJS200], it is shown that the matroid-minor Hopf algebra is the
Hopf dual of the Hall algebra H pyq4, -

5.3. HALL ALGEBRA OF F-Mat, AND THE F-MATROID MINOR HOPF ALGEBRA. Let
F be a perfect idyll, and M be a set of F-matroids which is closed under taking minors
and direct sums. Let F-Mat,(M) be the subcategory of F-Mat, whose objects are [F'-
matroids in M. As in [EJS20b, Section 7.2] (or [EJS20b, Theorem 5.11]), one can easily
see that F-Mat,(M) is a full subcategory of F-Mat, and the proto-exact structure of
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F-Mat, descends to F-Mat,(M). In particular, if F' is finite then we can obtain the
Hall algebra Hp.pat,(0m) associated to F-Mat,(M).

In [EJS20al, the classical construction of matroid-minor Hopf algebras was generalized
to the case of matroids over hyperfields, and hence to the case of matroids over idylls. Let
Mg, be the set of isomorphism classes of F-matroids in M and k[ M| be the associated
matroid-minor Hopf algebra as in [EJS20a], where k is a field of characteristic zero. We
can generalize [EJS20b, Theorem 7.3] as follows.

5.4. COROLLARY. Let F' be a finite perfect idyll. Let M be a collection of F-matroids
closed under taking minors and direct sums. Then, we have

HF—Mat.(M) = k[Miso]*v
where k[Ms,|* is the graded Hopf dual of k[Ms,|. Furthermore, we have

Hp-patemy = Udpg),  [M] € M

where M denotes the isomorphism classes of connected F-matroids in M.
PROOF. We first note that the second assertion directly follows from [EJS20b, Theorem
7.1].

For the first assertion, note that the notion of minors and direct sums for matroids
over hyperfields in [EJS20a, Section 3] agrees with the notion of minors and direct sums
for matroids over idylls in [JLV24, Section 1].

Now, with the identification of Hp mat, 1) and k[Mig|* with the following

{f : Miso—=F | |supp(f)| < oo},

one can easily see that the unit, co-unit, and coproduct agree. For multiplication, in
Hp Mat. (M), One has

(f-9)([M]) = > f([M/N]g([N]).

NCM

On the other hand, in k[Mis]*, one has

(f-9)([M]) = > F(INDg(IM/N]).

NCM

But, every enveloping algebra possesses an algebra anti-automorphism fixing the unit,
co-unit, and coproduct. Hence, the first assertion follows from the second assertion. m

5.5. K-THEORY OF F-Mat,. Fix a perfect idyll F. In this subsection we compute the
Grothendieck group Ky(F-Mat,) and show that it coincides with the Grothendieck group
Ky(Mat,) of pointed (classical) matroids, as computed in [EJS20b]. This illustrates in
particular that the Grothendieck group is not sensitive to the coefficients used to define
the associated category of matroids.
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5.6. PROPOSITION. We have Ko(F-Mat,) = 7Z & Z.

PRrROOF. Given M = [u] € F-Mat,, fix some non-loop element e € E);. Then we have
the following short exact sequence:

Mle — M — M]e.

Thus in Ky(F-Mat,) we have the equation [M] = [M|e] + [M/e]. Note that M|e is
now an F-matroid of rank 1 on a ground set consisting of a non-loop and the basepoint.
Evaluating the associated Grassmann-Pliicker function, we then see

a €e=e

wm&:% -
F € =%y

for some o € F*, so that in particular we have an isomorphism M|e = C, where C is
the matroid consisting of one non-loop and the basepoint. We would like to perform this
process tk(M) times. To this end, let B C E‘M be a basis of M and perform the above
process for each e € B. This yields the following decomposition:

[M] = rk(M)|C] + [M/B].

On the other hand, when we contract all elements of B, we see that the resulting matroid
consists only of loops and the basepoint *,,. However, appealing to the definition of the
direct sum on F-Mat,, we then see that

M/BYL& &L,

where L is the matroid with two loops, one distinguished, and the number of summands
is equal to the corank (or nullity) of M. Denoting this number by null(M), we then see
that

[M] = rk(M)[C] + mull(M)(M)[L].

Since an F-matroid can have arbitrary rank and an arbitrary number of loops, this es-
tablishes the desired result. [

5.7. PROPOSITION. Let ® : FF— G be a morphism of idylls. Then, for each n € N, ®

induces a morphism
o, : K,,(F-Mat,) — K,(G-Mat,).

PRrROOF. By Remark 3.6 we have that ® induces a functor from F-Mat, to G-Mat,. By
the definition of restrictions and contractions we then immediately see that this functor
preserves short exact sequences, hence induces a morphism on K, for each n. [
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5.8. REMARK. Proposition 5.6 suggests that to see any difference between K-theory of
F-Mat,, one may have to go higher K-theory. In fact, from the adjunction between
Mat, and FinSet,, one obtains the following:

7o (S) = K, (FinSet,) — K,(Mat,) for all n € N,
where 75 (S) denotes the stable homotopy groups of the sphere spectrum (see [EJS20b]

for further details). So, it would be interesting to compute even K;(Mat,) to see whether
or not the above inclusion is proper.

6. The category TRS®

We now examine the categorical structure of tropical toric reflexive sheaves. In this sec-
tion, all tropical toric reflexive sheaves, T-matroids, and morphisms thereof are assumed
to be pointed. Let L be a free abelian group of finite rank and fix a complete rational
fan ¥ in a vector space Lg and let A = Hom(L,Z) be the dual lattice. Denote by Xy the
associated complete toric variety and trop(Xy) the tropical toric varierty with fan X as
in [Kajo8] or [Pay09].

6.1. DEFINITION. Let £ = (M,{F¥¢},) and F = (N,{G%},) be tropical toric reflexive
sheaves on trop(Xs) (Section 2.11). A morphism f : E—=F is a pair f = (fr,u), where
fr is a morphism of simple T-matroids fr : M —= N and u € A is a vector such that for
each ray p € (1) and each j € Z, we have

f(FY) € G (32)

Jtuvp
Recall that v, € L is the primitive lattice vector associated to the ray p.

It is clear that the tropical toric reflexive sheaves form a category, and for morphisms
f = (fr,u) : E—F and g = (g1,w) : F —= G the composition is given by go f =
(gr o fr,u+ w). We denote the resulting category by TRSZ. Note that the definition of
morphisms in TRSZ yields a forgetful functor TRS> — T-Mat, which simply forgets
the filtrations associated to objects and the translations u associated to morphisms.

Under this definition of morphism, observe that two tropical toric reflexive sheaves are
isomorphic precisely when they are isomorphic in the sense of [KM24b].

6.2. LEMMA. Let £ = (M,{F!},) and F = (N,{G%},) be tropical toric reflexive sheaves
on trop(Xs) Suppose that f = (fr,u) : E—=F and g = (f;*,w) : F—=& are morphisms
in TRSZ for which fr' = (fr)~! in T-Mat,. Then w = —u.

PROOF. Note that for all p € 3(1) and all j € Z we have
fT(F;p) - G;')Jru-vp

fr'(G)) S FY

Jtw-vp*
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Then we may write

Ff = f2 ' (fr(F))) C fr'(Gjrun,) C Et(uwtwyv,
Gt = Rf7(E) C &

J+(utw)vp,*

Now suppose for the sake of contradiction that u + w # 0. Then by the assumption that
¥ is a complete fan, there is some ray py € (1) with primitive generator v, for which
(utw)-vy > 0. Then since V" is a decreasing chain of flats we see that F'7, . 1, C Ff*

as well, hence FJ* = F! f’i(u ‘uw)w, for each j € Z. But then the chain FU* is constant,
violating the definition of a tropical toric reflexive sheaf. Thus it cannot be that u+w # 0.

6.3. PROPOSITION. Two tropical reflexive sheaves € = (M,{F?},) and F = (N,{G%},)
are isomorphic in the sense of Definition 2.15 if and only if there is an isomorphism
f:£—F in TRS>.

ProoOF. If £ and F are isomorphic in the sense of Definition 2.15, then there is a T-matroid
isomorphism fr: M — N and a vector u € A for which

fr(FY) =G

Jtuvp
for every p € 3(1) and every j € Z. Denote by (fr)~! the inverse of fr in T-Mat,. Then
by definition f := (fr,u) and f~' := ((fr)~', —u) are morphisms in TRSZ which are
mutually inverse.

Conversely, let f = (fr,u) be an isomorphism from £ to F in TRS;. Then by

definition there is an inverse morphism in TRS? which by Lemma 6.2 we can write as
f~t=(fr', —u). That is, we have

fr(F}) € G

Jjtu-v,
—1 p 14 _ 14
Thus by applying fr to both sides of the second equality we see that in fact fr(F jp ) =
G" .., establishing that & and JF are isomorphic in the sense of Definition 2.15. (]

This illustrates that isomorphism in TRS. and isomorphism in the sense of Definition
2.15 are the same.

6.4. DEFINITION. [KMZ24b, Definitions 7.2 and 7.17] Let € = (M,{E%},) be a tropical
toric reflexive sheaf and take F' € L(M).

1. The restriction of € to F is the tropical reflexive sheaf E|F = (M|F,{F?},), where
FP .= F AEP € L(M).
2. The contraction (or quotient) of £ by F is the tropical reflexive sheaf E/F =

(M/F,{G%},), where G% € L(M/F) is the flat such that under the lattice isomor-
phism ¢ : L(M/F)—[F, Ep] we have

p(GP) = FV E? € L(M).
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6.5. DEFINITION. With the same notation as above, for A C Eyr, we let E|A (resp. £/A)
be E|(A) (resp. E/(A)), where (A) is the flat generated by A.*°

6.6. LEMMA. Let & = (M,{E%},) be a tropical toric reflexive sheaf. Let F € L(M).
Then the following hold:

1. The restriction map vy : M|F — M induces a morphism v = (r,0) : E|F —& of
tropical toric reflexive sheaves.

2. The contraction map cp : M — M/F induces a morphism m = (c¢p,0) : E—E/F
of tropical toric reflexive sheaves.

PROOF. (1): Let E|F = (M|F,{F?}). Note that for F|, F; € L(M), we have [} N F;, =
Fy N Fy. Tt follows that
re(EY) = FP = F AE? C EY,

showing that ¢ = (rp,0) is a morphism.
(2): Recall that for F' C Ey;, with F := F\{*),}, one has

LIM/F)y={A\F|FCAeL(M}={AVF|AeL(M)y}.

Let £/F = (M/F,{G%}). From Definition 6.4, we have that G’ can be identified with
Ef Vv F. We thus see
cr(EY) = GY,

showing that m = (c¢p,0) is a morphism of tropical toric reflexive sheaves. [

As in the category T-SMat,, restrictions and contractions of tropical reflexive sheaves
at flats furnish TRSZ> with kernels and cokernels.

6.7. PROPOSITION. Let £ = (M,{E?},) and F = (N, {F?},) be tropical reflexive sheaves
in TRS> and let f : € —=F be a morphism. Then the inclusion 8[@’1(*1\,) —& isa
kernel of f and the contraction F —= F/ <E(EM)> is a cokernel of f.

ProoOF. Applying the forgetful functor to f : &€ — F we obtain the map fr: M — N
in T-SMat,, where we find a kernel M| fr ' (xx) of fr. By virtue of Definition 6.4, the
restriction has a natural tropical reflexive sheaf structure which is immediately verified to
satisfy the universal property of kernels. The proof for cokernels is similar and has been
omitted. ]

10This definition makes sense since the intersection of two flats is again a flat.
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Appealing to Proposition 4.2 with F = T, we see that TRSZ also satisfies axiom
(PA1) from Subsection 2.24.

6.8. PROPOSITION. TRS> has all kernels and cokernels and satisfies axiom (PA1) of a
proto-abelian category.

We now define admissible monomorphisms 9, and admissible epimorphisms &;, which
we later see furnish TRSZ with a proto-exact structure.

6.9. DEFINITION. Let f : € = (M, {E?},)—=F = (N,{F?},) be a morphism in TRS. .

1. fis an admissible monomorphism if f = rpoa, where F € L(N) andrg : F|F—F
is an inclusion map, and o is an isomorphism of tropical toric reflexive sheaves.
Denote by M, the class of admissible monomorphisms.

2. f is an admissible epimorphism if f = o cg, where G € L(M) and cq : E—E/G
is a contraction map and [ is an isomorphism of tropical toric reflexive sheaves.
Denote by €; the class of admissible epimorphisms.

6.10. REMARK. As in F-Mat, and F-SMat,, the classes of admissible monomorphisms
and admissible epimorphisms consist of kernels and cokernels of TRS? composed with
isomorphisms. However, note that as with F-SMat, these classes are only defined in
terms of the flats of the underlying matroid, rather than with arbitrary subsets.

The following are straightforward.
6.11. LEMMA. The following hold for (TRS% 9, &,).
1. TRS> is pointed.

2. The classes M; and &, contain all isomorphisms.

3. The classes M; and &E; are closed under composition.

PROOF. (1): One readily check that the zero object is the tropical toric reflexive sheaf
whose T-matroid is U} with the trivial filtration.

(2): Let f: & = (M,{El})—F = (N,{FF}) be an isomorphism. For 9, one can
easily see that f =rg, o f. For &, likewise, one can see that f = f ocy.

(3): This directly follows from Proposition 3.18 and the definition of compositions in
TRS?. .

6.12. LEMMA. Let & = (M,{E?}) be a tropical toric reflexive sheaf and let G < F €
L(M). The following square is biCartesian in TRS :

S\F%S

[+ l’“ (33)

EIF))G 1= £/G

where f =rp and g = r(p\q)-
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PRrROOF. We first prove that (33) is co-Cartesian. Suppose that we have the following
diagram in TRSZ with F = (N, {F!},).

8|F;>8

b

e /e —s e\ (34)
\ .

Since all morphisms in (34) are morphisms in T-SMat,, from Lemma 3.19, we have a
unique morphism 7y : M/G— N which makes (34) commute at the level of T-matroids.
We only have to check that yr defines a morphism in TRSZ. In other words, we need to
show that there is some w € A with

(B Vv G) CFY

Jtwvp

But, since 5 = (fr, u) is a morphism of tropical toric reflexive sheaves, we have
Y2(Ef V G) = yr(ke(ES)) = Br(EY) C Fly\ s

showing that v = (yr, ) is a morphism in TRSZ.
The case for Cartesian is similar, but we just include it here for the completeness.
Suppose that we have the following diagram in TRSZ with G = (R, {G%},).

g

x
Nl £

! (35)
bk

EIF))G 2= &/G

Again, from Lemma 3.19, we have a unique morphism g : R — M|F which makes (35)
commute at the level of T-matroids. We only have to check that yr defines a morphism
in TRSZ. We need to show that there is some w € A with

Y(G2) C Flyy = By AF.

Jtw-v, Jjtw-v

But, since 7p 0 47 = fr and 8 = (Br,u) is a morphism in TRSZ, we have

fr(ye(GY) = Br(GY) € Efy,-
It follows that
12(G0) € fr (B yy) = Bl A F = FY

Jtuvp?

showing that v = (yr, ) is a morphism in TRSZ. m
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6.13. PROPOSITION. Any diagram in TRS> of the form & — G « F can be completed
to a biCartesian square.

PROOF. The same argument as in the proof of Proposition 3.20 can be used to prove this
by using Lemma 6.12. n

6.14. PROPOSITION. Any diagram in TRS> of the form & «— G — F can be completed
to a biCartesian square.

PRroOOF. As with F-SMat,, we cannot appeal to duality here as we did in F-Mat,, but
as described after Proposition 3.21 one readily follows steps in analogy with the proof of
Proposition 3.20. [

6.15. PROPOSITION. Any square of the following form in TRS> is Cartesian if and only
if it is coCartesian:
Er— F

Lo

g —— H

PROOF. As in the setting F-matroids, this statement directly follows from Propositions
6.13 and 6.14 along with the uniqueness of pushout and pullback. [

By combining the above propositions, we obtain the following.

6.16. THEOREM. The category TRS> is proto-ezact with 9, and &, as in Definition
6.9.

Alongside Proposition 6.8 and Proposition 2.28, we have the following corollary.

6.17. COROLLARY. The category TRSZ is proto-abelian.

Say that a tropical toric reflexive sheaf & = (M, {F?},) is modular if the underlying
matroid M is itself modular, and denote the full subcategory of TRS> consisting of
modular tropical toric reflexive sheaves by MTRSZ. Since restrictions and contractions
of modular matroids at flats are again modular, and since U? is modular, the proto-exact
and proto-abelian structures on TRS? descends to MTRSZ.

6.18. COROLLARY. The category MTRS> is proto-abelian, with underlying proto-ezact
structure coming from the restriction of the classes My and € to MTRS=.

Before moving to the question of stability in MTRS?, we give a characterization of

sums and intersections of strict subobjects in TRSZ. As expected, the characterization
follows immediately from Proposition 4.6 with F' = T since restrictions and contractions
of tropical reflexive sheaves are determined by the restrictions and contractions of their
underlying T-matroids.
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6.19. PROPOSITION. Let &;,& ~— & be strict subobjects of £ = (M,{E},) in TRS>
(resp. MTRSZ) given as restrictions & = E|Fy and & = E|Fy at flats Fy, Fy € L(M).
Then the sum and intersection of the subobjects & and & are given by

(E|F) + (E|F2) = E|(FL V Fy)
(EIF) N (E|F) = E|(FL N Fy).

6.20. STABILITY FOR TROPICAL TORIC REFLEXIVE SHEAVES. The proto-abelian struc-
ture on the category MTRSZ of modular tropical toric reflexive sheaves on trop(Xy) can
be used to study slope stability phenomena in the context of tropical geometry. Following
[KM24b], we define the slope of a modular tropical toric reflexive sheaf as the ratio of the
degree and rank functions (see Subsection 2.11). We then illustrate that the existence
and uniqueness of the Harder-Narasimhan filtration of [KM24b] in the category MTRS?
follows from the results of [And09] and [Li23].
Let Xy, be a smooth toric variety equipped with a constant polarization

h=(cc,-,c)ezV,

For a tropical toric reflexive sheaf & = (M, {F¥#},), recall that its rank rk(€) is defined to
be the rank of the T-matroid M and that the degree of £ is defined to be the following
quantity
deg(€) = "hy Y j- (tky(FY) — rkyr(FL,). (36)
P JEL
We now define the slope of € to be u(€) = rk(€)/deg(€). Say that £ is stable
(resp. semistable) with respect to p if for every nonzero strict subobject F of £, we have

W(F) < u(E) (resp. u(F) < p(E)).

Using the above machinery, [KM24b] constructs a Harder-Narasimhan filtration for
tropical toric reflexive sheaves in analogy with the usual case of vector bundles on curves.
However, in their construction they heavily employ the notion of modularity of various
involved flats. They establish the following using methods from tropical geometry and
direct investigation of the structure of tropical reflexive sheaves.

6.21. THEOREM. [KM24b]|, Theorem 7.25 Let € = (M, {F¥?},) be a tropical toric reflevive
sheaf on the tropical toric variety trop(Xs). Assume that all Fjp are modular flats of M.

Then there is an increasing filtration in TRSE as follows:
0=Fyg— F1— - — Fp=E.
The successive quotients JF;/F;_1 are semistable and satisfy
i(F1/Fo) > p(Fz/Fr) > -+ > p(Fi/ Fi1).

Under the assumption that each F; is of the form E|F; for some modular flat F; of M,
this filtration is unique.



1196 JAIUNG JUN, ALEXANDER SISTKO, AND CAMERON WRIGHT

6.22. REMARK. Note that in case not all involved flats are modular, the filtration of
Theorem 6.21 may fail to be unique. This is in contrast to the classical situation, where the
Harder-Narasimhan filtration of a vector bundle is unique up to isomorphism. However,
in case the underlying matroid M of a tropical toric reflexive sheaf is modular, uniqueness
is guaranteed. In particular, the Harder-Narasimhan filtrations of objects in MTRS? are
unique.

We now illustrate that the slope function x on MTRSZ defines a categorical slope
filtration on MTRS?, which immediately yields that the Harder-Narasimhan filtrations
of Theorems 2.32 and 6.21 coincide.

Observe that by virtue of the additivity of the rank of T-matroids on short exact
sequences M — N — R, we immediately see that for every a short exact sequence

£ — F — G in MTRS? we have
k(&) +1k(G) = rk(F).

Additionally, if rk(€) = 0 for some tropical reflexive sheaf £ then necessarily the under-
lying (pointed simple) matroid of £ must have rank zero, so that the underlying matroid
is the zero object of T-SMat,. In particular, we must have that £ is the zero object of
MTRS?.

The additivity of the degree function on short exact sequences is guaranteed by the
following result.

6.23. PROPOSITION. [KM24b], Remark 7.19 and Lemma 7.20 Let £ = (M,{E%},) be a
modular tropical reflexive sheaf and let F € L(M) be a flat. Then

deg(E|F) + deg(E/F) = deg(€&).

PRrROOF. This statement is established by the first half of the proof of Lemma 7.20 in
[KM24b]. In our context, this proof is guaranteed to hold as written by the modularity
assumption on M. [

6.24. LEMMA. If€ and F are isomorphic tropical reflexive sheaves then we have deg(E) =
deg(F).

PROOF. By Proposition 6.3, we know that F = £ ® L(x"), where L£(x") is the tropical
line bundle corresponding to the principal divisor of some character x* of Xy. We know
that £(x*) corresponds to a vector (a,) € Z*M) which by principality of the associated
divisor must satisfy > pes(1) @ = 0. We then compute the degree of F using the relation
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(3) as in Remark 2.16:

deg(F) = deg(€ ® L(X"))
= deg(€) + rk

Note that here we have used that the polarization h on Xy is of the form h = (¢, ¢, -+ | ¢).
|

From the above two results it immediately follows that deg is additive on short exact
sequences in MTRS?. Thus the functions deg and rk on MTRS? satisfy the necessary
properties of degree and rank functions as in Subsection 2.29. In particular, in order to
establish that the slope function p of [KM24b] is a slope function in the sense of [Li23]
we need only to verify that u satisfies the strong slope inequality (12) in MTRSZ. This
follows by using the characterization of sums and intersections of subobjects as given in
Proposition 6.19.

6.25. PROPOSITION. The slope function u satisfies the strong slope inequality on MTRS> .
In particular, given a modular tropical reflexive sheaf & with strict subobjects F,G given

as restrictions F = E|F and G = E|G at flats F,G € L(M), we have
F ) - F+G
M\Fng)="\"¢ )

F &F
FNG E|(FAG)
(F+G) El(FVG)

G~ &F = (E(FVQ)/F = (E/F|(FVG)

Proor. We have

= (EIF)/(F AG)

The desired inequality then follows from [KM24b, Lemma 7.24). =

This establishes that p is a categorical slope function on MTRSZ in the sense of
[Li23]. In particular, since TRSY and MTRS? inherit the Artinian and Noetherian
conditions from T-SMat, guaranteed by Remark 4.8, Theorem 2.32 guarantees that to u
there exists a categorical slope filtration on MTRS? which satisfies all properties of the
slope filtration given in Theorem 6.21. The uniqueness of such a filtration as guaranteed
by both theorems then yields the following.
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6.26. COROLLARY. The Harder-Narasimhan filtrations of Theorem 6.21 associated to
modular tropical reflexive sheaves are given by the categorical slope filtration on MTRS>
given by Theorem 2.32. Stated differently, the Harder-Narasimhan filtration of [KM24b]
for modular tropical reflexive sheaves is a categorical slope filtration in the sense of [Li23].

This illustrates that the proto-abelian structure of T-matroids ultimately yields an
analogue of the classical Harder-Narasimhan filtration of vector bundles in the context of
tropical geometry. As noted in Section 8 of [KM24b], this machinery can also be used to
give Harder-Narasimhan filtrations of (modular) tropical vector bundles on those tropical
varieties which can be embedded into tropical toric varieties trop(Xy).
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