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COHERENT AND IDEAL ACTIONS
IN IDEALLY EXACT CATEGORIES

MANUEL MANCINI, GIUSEPPE METERE, AND FEDERICA PIAZZA

ABSTRACT. In the context of ideally exact categories, we introduce the notions of
internal coherent action and internal ideal action that generalise different aspects of
unital actions of rings and algebras. We prove that every ideal action is coherent, and
that the converse statement holds in some relevant ideally exact contexts. Furthermore,
a connection with G. Janelidze’s notion of semidirect product in ideally exact categories
is analysed.

1. Introduction

The concept of action—or of external operation—is a pervasive algebraic notion, as it
enables algebraic structures to interact beyond their intrinsic environment of definition.

In categorical terms, such actions can be defined as functors. For instance, an action
of a group GG on a set X can be described as a functor

a: G(*) — Set,

where G(*) is the group G viewed as a one-object groupoid, and the unique object = is
sent to X by a.

However, it is sometimes necessary to consider internal actions, where the acting and
the acted-upon objects belong to the same category. These kinds of actions are useful
tools for studying the algebraic structures themselves, as it happens systematically in
cohomological algebra. In the case of groups, a functor a: G(*) — Grp corresponds to a
group homomorphism G — Aut(X), where X = a(*) and Aut(X) denotes the group of
automorphisms of X.

On the one hand, this approach offers certain advantages, as it enables the expression
of the notion of action within the internal language of the category of groups. On the other
hand, it also presents several drawbacks. Firstly, many algebraic categories, otherwise well-
behaved, do not admit an internal construction that plays the role of Aut(—). Secondly,
even in cases where such a construction exists, it is typically not functorial.

The right take on this subject was developed by D. Bourn and G. Janelidze in [13], and
later systematised by F. Borceux, G. Janelidze and G. M. Kelly in [7]. In these two papers,
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the authors make a strong point on what an internal action should be from a category-
theoretic perspective. The first paper centres on the algebraic (monadic) description of
split epimorphisms, i.e., of the category of points (see Section 2). In a Barr-exact pointed
protomodular category C with pushouts of split monomorphisms (and thus in a semi-
abelian category, since finite coproducts exist automatically in C), the split epimorphisms
with a fixed codomain B are given by algebras on the kernel of the epimorphism, for a
specified monad Bb(—): C — C. When the category is not pointed, the general theory
introduced in [13] still applies, albeit with a caveat: it only allows us to express split
epimorphisms over B in terms of split epimorphisms over another object E, whenever
there is a morphism £ — B.

However, the “working mathematician” knows that proper notions of (external) actions
have been defined in many non-pointed algebraic contexts, as for example for unital algebras
over a field F or for unital rings [37], and they are often obtained by imposing additional
axioms to a corresponding notion of action in a pointed context (see, for instance, [42, 43],
where external actions are described in the context of groups with operations).

The present paper aims to partially bridge this gap, by proposing the new notions of
coherent action and of ideal action. From an algebraic perspective, the former generalises
unital actions of rings and algebras, where a multiplicative unit is required to act like a
unit, while the latter stems from the classical situation where a unital algebra acts on an
ideal.

The manuscript is structured as follows. After this introduction, Section 2 presents some
necessary background. Ideally exact categories are recalled in Section 3, while in Section 4
we propose the notions of coherent and ideal actions, together with their morphisms. In
Theorem 4.11, we show that all ideal actions are coherent; the problem of whether the
converse of the theorem holds in general remains open. We call BAT the ideally exact
contexts with a good theory of actions, i.e., where the converse of Theorem 4.11 holds
for objects and morphisms. A connection with semidirect products in the ideally exact
context is analysed in Section 5, and equivalent conditions for an ideally exact context to
be BAT are given (Corollary 5.3). The final section presents case studies of BAT contexts,
namely: unital non-associative F-algebras or rings, MV-algebras, product algebras, and
Set®?, the dual of the category of sets.

Notation. We often identify algebraic varieties with their corresponding categories;
therefore, we shall adopt the same notation for both.

2. Preliminaries

Let us briefly recall that, for an object B of a category C, one can define the slice
category (C | B), having for objects the arrows with codomain B, and for morphisms the
obvious commutative triangles. Let C be a category with pullbacks, with initial object '

!'Notice that the symbol ¢ will not be used to denote the empty set, except, of course, for the categories
where the empty set is initial.
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and terminal object 1. From now on, we denote by tp the unique map & — B, and
by 75 the unique map B — 1. When the category is pointed, i.e., when the unique map
11 = Tg: & — 1 is an isomorphism, we denote the initial/terminal object with 0.

We recall that the adjunction associated with a morphism f: £ — B of C is

fo—

J/T

(CLB) — (CLE),

where f* is the pullback functor along f, determined by a fixed choice of pullbacks along f.
More precisely, for any object p: A — B of (C | B), the object f*(p) of (C | E) is the
projection

pi: ExgA—>FE

in the pullback diagram
ExpA—"= A

N

EﬁB.

Notice that the unit and the counit of the adjunction (f o —) -4 f* are cartesian.

Another relevant construction on C is the category Ptc(B) of points over B, i.e., the
category of pointed objects of (C | B). Explicitly, objects are split epimorphisms over B
with a chosen splitting, and morphisms are arrows between the domains of such split
epimorphisms, commuting with both the retractions and the sections.

Let f: E — B be a morphism of C. If C admits pullbacks along f, we can define the
functor

f*I Ptc(B) — Ptc(E)

(notice that we are adopting the same notation here, as for slice categories, since the
construction is essentially the same). Furthermore, if C admits pushouts along f, the
functor f* has a right adjoint

f[i Ptc(E) — Ptc(B),

defined by
D /p ........... >D +p B
6“ 4 — evd Lz/H/[fod, idp]
E Eo f """ > B7

where fi(e,d) = (19, |f o d,idg]) is given by the universal property of the pushout of e
along f.

From now on, let us tacitly suppose that C has pullbacks and pushouts, so that f*
and f; are defined for all morphisms f: £ — B of C. Let us fix some standard terminology.
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The category C is protomodular [10] when, for every morphism f: B — FE in it, the
functor f* on points reflects isomorphisms. Notice that if C is pointed, protomodularity
is equivalent to the split short five-lemma [11]. C is regular [4] if it is a finitely complete
category and all effective equivalence relations have pullback stable coequalizers. A regular
category C is Barr-exact [4] if all equivalence relations are effective, i.e., kernel pairs.
Finally, a category C is semi-abelian [32] when it is pointed, with finite coproducts,
protomodular and Barr-exact.

Let C be a protomodular category. If the functors f* are not only conservative, but
monadic, C is said to be a category with semidirect products [13]. Indeed, if we denote
by T/ the monad determined by f*, the T/-algebras are called internal actions. One
defines the semidirect product (X&) x (B, f) of (B, f) with a T/-algebra (X,€) as a
preimage of (X, &) along the comparison equivalence K:

(X,€) € Ptc(E)T’
A K
- -7 fi l/forgetful
(X, &) = (B, f) € Ptc(B) Kf—T*>\PtC(E).

When C is pointed, one may take E = 0, so that Ptc(E) = C. In this case, f* = (3 is
nothing but the kernel functor, so that we reproduce a more familiar notion of semidirect
product. Notice that in this case, we slightly modify our notation: Bb := T*5, where the
object BbX is given by a kernel

kpx: BV X - B+ X
of the morphism [idg,0]: B + X — B. Hence, internal actions are morphisms of the form
& BX - X
and monadicity establishes that
K: Ptc(B) — CP. (2.1)

is an equivalence of categories between points over B and internal actions of B. Notice
that (—)b(—) is functorial on both components.

3. Ideally exact categories

Ideally exact categories have been introduced by G. Janelidze in [30] as a non-pointed
counterpart of semi-abelian categories. In fact, ideally exact categories are closely related
to a categorical setting introduced by S. Lapenta, L. Spada and the second named author
in [34] in order to define a categorical notion of ideal relative to a given adjunction U - F
(a basic setting for relative U-ideal, see [34, Definition 3.3]). In the present article, we stick
to G. Janelidze’s definition, since, among many of its features, it clarifies how the notion
of relative U-ideal can be defined intrinsically.
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3.1. DEFINITION. [30, Definition 3.2 and Theorem 3.1] A category U is ideally ezact if it
is Barr-exact, protomodular, has finite coproducts, and the unique morphism ¢ — 1 in U
is a regular epimorphism.

In addition to all semi-abelian categories, examples of ideally exact categories include
the categories Ring and CRing of unital and commutative unital rings respectively, every
category of unital algebras over a field F (see Section 6.1), the categories of MV-algebras,
product algebras (see [34] and Section 6.14), and any cotopos (see Section 6.41).

Since the pullback functor U — (U | &) along the regular epimorphism ¢§ — 1 is
monadic, ideal exactness can be related to adjoint pairs.

3.2. THEOREM. [30, Theorem 3.1] Let U be a category with pullbacks. The following
conditions are equivalent:

1. U is ideally exact;

2. U is Barr-exact, has finite coproducts and there exists a monadic functor U — V,
where V is a semi-abelian category;

3. There exists a monadic functor U — V, where V is a semi-abelian category, such that
the underlying functor of the corresponding monad preserves reqular epimorphisms
and kernel pairs.

3.3. REMARK. [30, Theorem 3.3] Let U be an ideally exact category. It follows from
Theorem 3.2 that there exists a monadic adjunction

U——V (3.1)

with V semi-abelian. This adjunction is associated with the unique morphism ¢ — 1
(up to an equivalence) if and only if the unit of the adjunction is cartesian. One may
always choose V = (U | &) with U and F' defined in the obvious way, but this may not be
the most convenient choice. For instance, if U is already semi-abelian, it might be most
convenient to take V = U. We further observe that, since F' is a left adjoint, F'(0) is an
initial object of U.

3.4. EXAMPLE. Let U = Ring be the category of unital rings, which has the ring of
integers Z as initial object and the zero ring {0} as terminal one. Then a monadic
adjunction as in Remark 3.3 is given by

F
e~

. 1
Ring —— Rng, (3.2)

where Rng is the semi-abelian category of not necessarily unital rings, U is the forgetful
functor and F maps every ring X to the semidirect product Z x X with multiplication

(a,z) - (o, 7)) = (ad, 22" + ax’ + o'z)
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and unit element (1,0y). The unit 7: 1gay = UF of the adjunction is cartesian since the
map nx: X - U(Z x X): x — (0,2) is a kernel of

UF(1x): U(Zx X) > U(Z): (a,z) — a.

Thus, F' 4 U is, up to an equivalence, the adjunction associated with the unique morphism
Z — {0} in Ring.

4. Coherent and ideal actions

Let U be an ideally exact category, let V be a semi-abelian category and let

Uu——V (4.1)

be a monadic adjunction with cartesian unit. We shall refer to such a situation as an
tdeally exact context. Since V is semi-abelian, internal actions can clearly be defined for
objects of V. In this section we extend this possibility to objects of U acting via the
functor U.

4.1. DEFINITION. Let B be an object of U and let X be an object of V. A relative U-action
of B on X is an internal action &: U(B)HpX — X in V.

4.2. DEFINITION. Let £: U(B)hX — X be a relative U-action. We say that £ is a
coherent action if o (U(tg)bidy) = &2, where &: UF(0)bX — X is the relative U-action
assoctated with the canonical split eptmorphism
UF(1x)
UF(X) " UF(0).

UF(tx)

In other words, the following diagram in V

UBHX — X

U(LB)bide 50
UF(0)bX

18 commutative.

4.3. EXAMPLE. The action &, is coherent since &y = &y o (U (idp(o))p idx).

2The map U(tp)bidx: UF(0)pX — U(B)bX is the unique morphism such that
kuB).x © (U(p)ridx) = (U(u) +1dx) © kur() x

where U(tg) +idx: UF(0) + X — U(B) + X is induced by U(tp) on UF(0) and by idx on X.
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4.4. REMARK. Let us motivate our terminology choices. In the case of Example 3.4, the
action of a unital ring B on a non-unital ring X is coherent when the multiplicative unit
acts coherently as in F(X) = 7Z x X (see Theorem 6.13). More generally, in the varietal
case, when U is a forgetful functor into a semi-abelian variety that forgets all the constants
but one, coherent actions are those for which the constants behave coherently as in F(X).

The next lemma, whose proof is immediate, allows us to relate coherent actions in V
with split epimorphisms in U.

4.5. LEMMA. Let £: U(B)X — X be a relative U-action, and let
A== U(B)

be a split epimorphism associated with £ under the equivalence (2.1). Then, & is coherent if
and only if there exists a morphism f: UF(X) — A in V such that the following diagram

nx UF(tx)
X — UF(X) —— UF(0)

| UF(tx)
H fi lUuB)

X ——— AT——U(B)

is a morphism of split extensions in V (see [40, Lemma 2.3]). Furthermore, the square on
the right is a split pullback.

We observe that, since the category V is protomodular, by [6, Lemma 3.1.22] the pair
(nx,UF(tx)) is jointly strongly epimorphic. Thus, if it exists, f is uniquely determined
by idx and U(cp).

Recall from [34] that a relative U-ideal of an object A’ of U is a morphism k: X — U(A’)
in V such that there exists a morphism p’: A" — B in U that makes the following diagram
a pullback in V:

X s )

X l lU (")

0 — U(B).

LU(B)
In other words, a U-ideal is a kernel in V of a map that lives in U.

4.6. DEFINITION. Given an ideally exact context (4.1), we say that a split epimorphism

A — U(B) (4.2)

s

in 'V is ideal (relative to U ), if there exists a split epimorphism

/

A== B (4.3)
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in U and an isomorphism o: U(A") — A such that the following diagram in V

U(A) - > A

15 commutative.

4.7. REMARK. A motivation for our choices of terminology: the split epimorphism (4.2)
is called ideal because the object U(B) acts on the domain of the relative U-ideal k: X —
U(A’), where (X, k) is a kernel of U(p').

We recall that a functor U: U — V is full on isomorphisms if, given an isomorphism
a: U(A) - U(B) in V, there exists an isomorphism 5: A — B in U such that U(8) = a.
Typically, the forgetful functors between algebraic varieties are full on isomorphisms. An
example of a functor that is not full on isomorphisms is the forgetful functor U: Top — Set,
where Top is the category of topological spaces.

4.8. LEMMA. Given an ideally exact context (4.1), suppose that the functor U is faithful
and full on isomorphisms. If the split epimorphism (4.2) of Definition 4.6 is ideal, then
the split epimorphism (4.3) is essentially unique.

PROOF. Suppose there exist two split epimorphisms

/ 1/

A p<:> B and A" p: B

s/ S//

in U, and two isomorphisms oy: U(A’) — A, o9: U(A”) — A such that the following
diagrams in V

U(A) e > A U(A") 22 > A
N / N@”) /
U@) / U(p’k /
U(B) U(B)
commute. Thus, if o = ;' 0 0y, the diagram in V
U(A) 7 > U(A”)
U(s') Ufp”)/
U(p/) %(S'”)
U(B)

is commutative. Since U is faithful and full on isomorphisms, there exists a morphism
o': A' — A” in U, such that U(¢’) = 0. By faithfulness of the functor U, ¢’ is a morphism
in the category Pty(B), i.e., the split epimorphisms

/ /"

p p
A/ «— B and A” «— B
s s



1288 MANUEL MANCINI, GIUSEPPE METERE, AND FEDERICA PIAZZA
are isomorphic. [

4.9. DEFINITION. Given an ideally exact context (4.1), let B be an object of U. A
morphism

A, h
\ p2
U(B)

between ideal split epimorphisms over U(B) is an ideal morphism if there exists a morphism

Al n . A
1 ’ 2

between the corresponding split epimorphisms over B of Definition 4.6, such that U(h') = h.

4.10. DEFINITION. Let &: U(B)pX — X be a relative U-action. We say that & is an ideal
action if any corresponding split epimorphism

A== U(B)

under the equivalence (2.1) is ideal.

Similarly, an ideal morphism of ideal actions comes from an ideal morphism of the
corresponding ideal split epimorphisms.

The following theorem shows a connection between coherent actions and ideal actions
in any ideally exact context.

4.11. THEOREM. Consider an ideally exact context (4.1) and let &: U(B)pX — X be a
relative U-action. If € is ideal, then & is coherent.

PROOF. Let (4.2) be a split epimorphism associated with £ under the equivalence (2.1).
Since £ is ideal, then there exists in U a split epimorphism
Al L/> B
—

and an isomorphism o: U(A") — A such that U(p') = poo and o o U(s') = s.
Let (X, k) be a kernel of p, and let ¥’ = 07! o k, so that (X, k') is a kernel of U(p').

Since the unit 7 of the adjunction is cartesian, then nx: X — UF(X) defines a kernel of
UF(rx): UF(X) — UF(0). Moreover, if f: F(X) — A’ is the morphism in U given by
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the universal property of the unit  with respect to the kernel &': X — U(A’) of U(p'),
that is

X X L UFX) F(X)
K - i
l UG J
U(A") Al
then the diagram
nx UF(tx)
X — UF(X) ——= UF(0)
| UF(tx)
H v | |vta)
v U@’
X —— U(A) == U(B)
U(s')

is commutative. Indeed, one has U(f) o nx = k’. Moreover, by protomodularity, the pair
(nx,UF(tx)) is jointly strongly epimorphic. Thus, we may prove that the morphisms
U(tg)oUF(7x) and U(p') o U(f) are equal by composing them with the pair (nx, UF(tx)).
Indeed, one has

Ulis) o UF(rx) oy =0 = U)o K = U() o U(f) o nx.
Moreover, since F'(0) is initial in U, one has
s'oup = folF(ix),
and therefore
U(p) o UF(1x) o UF(1x) = Ulep) = U(p) o U(s') o U(tg) = U(p') o U(f) o UF (tx).

Hence U(tg) o UF(1x) = U(p') o U(f). As a consequence, by composing the diagrams
below

nx UF(tx)
X — UF(X) —— UF(0)
UF(x)

H U(f)l lU“B)
U(p)

X —— U(A) —= U(B)

| | H
p

—
X — A 2 _ U(B
we have that the action £ is coherent. [

At present, the authors do not know whether the converse of Theorem 4.11 holds in
any ideally exact context. This is currently under investigation. However, when it holds, it
establishes a convenient setting to study a well-behaved notion of action. This motivates
the following definition.
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4.12. DEFINITION. An ideally exact context (4.1) admits a good theory of actions (or, it
is BAT®, for short) if all coherent actions are ideal, and all morphisms of such actions are
1deal.

In Section 6 we present some case studies which have a good theory of actions.

5. A connection with semidirect products in ideally exact categories

During the preparation of this manuscript, a paper by G. Janelidze appeared [31]. In
his work, the author extended the notion of semidirect product from the semi-abelian
to the ideally exact context. In this section, we make explicit some connections between
G. Janelidze’s approach to the subject and our notions of relative U-action.

As we recalled in the introduction, the notion of internal action expresses its full
potential when the base category is pointed, since in this case, split epimorphisms can
be recovered by means of actions on their kernels. Actually, if the base category is not
pointed, one can only express the split epimorphisms over an object B in terms of algebras
on a split epimorphism over another object F, whenever there is a morphism £ — B.
This is not a major drawback, unless the latter are less involved than the former, as for
instance when the category U is pointed and FE' is the initial=terminal object.

However, even if U is not pointed, not all is lost. If we suppose that U has an initial
object ¥ and pushouts of split monomorphisms along any map exist (and this is the case,
since U is ideally exact), protomodularity can be stated just in terms of the initial arrows
alone: all the f*’s are conservative if and only if just the +*’s are. This suggests considering
initial arrows as canonical for describing semidirect products, so that an action becomes
an algebra on Pty(&) = (U | &).

Before tackling actions directly, let us remain on the categories of points. Let F 4 U
be a monadic adjunction as in (4.1), with semi-abelian codomain and cartesian unit, and
consider the diagram

(5.1)

where:

(i) U’ maps any split epimorphism
p/
A——B

S/

3The acronym BAT is inspired by the notion of BIT-variety, where BIT stands for Buona (good, in
Italian) Ideal Theory, introduced by A. Ursini in [48]. Analogously, BAT stands for Buona Action Theory.
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in U, to the split epimorphism

in V.
(ii) For any split epimorphism
A== U(B)

in V, I’ is defined by taking the pushout of F(s) along the counit component g of
the adjunction:

F(A) —2— B +pys F(A)

F(p)l F(s) [idp.eB oF(p)]l/ i1
FU(B) B.

€B

(iii) The definitions of U} and Fj are similar, with F'(0) instead of B.

Straightforward calculations show that in diagram (5.1), the square of right adjoints
commutes (up to isomorphism), and the same can be said for the square made of left
adjoints. Notice that F” - U’ are the adjunctions defined in [31, Section 2], whose notation
we are adopting.

Now, consider the diagram

/Fé\
Pty (F(0)) = Pty (UF(0))

5.2
UFO |- | pFO) (5:2)

%
where
A UF(0) + X
ool Al |Fres B0 = s
UF(0) UF(0)

UrO = uioty,  FFO = Ko Fy.
We notice that:

- the adjunctions Fj, 4 Uj and FJ] < U} are nothing but the ones defined in [31,
Section 2], with & = U, 2" =V and F(0) replacing B;
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- FFO 4 PO is an adjoint equivalence (see [34, Theorem 3.17], see also [30, The-
orem 2.6]).

Now, we can paste diagram (5.1) with diagram (5.2), and define
U'=UioU@p)*,  F'=(U(B)+ure (=)o Iy -
UB:U//OU/ FBIF/OF”.
We notice that:

- the adjunctions F' 4 U’, F" - U” and FP - U are nothing but the ones defined
in [31, Section 2|, with & = U, Z =V,

- there are natural isomorphisms U =~ UF®) o % and F? ~ (B + (-)) o FF'0),

In fact, U® is monadic (see [31, Theorem 2.1]), so that one can describe points over B as
algebras on objects of V. More precisely, we let B#(—) = UZ o B i.e., for an object X
of V, B#X is given by a kernel

Rpx: B#X - U(B+ F(X))
of the morphism
U(lidg,tpo F(7x)]): U(B + F(X)) — U(B).

Notice that (—)#(—) is functorial on both components, just like (—)b(—) is. Furthermore,
one can define a natural transformation v = v x as the unique dashed arrow making the
following diagram commute:

KU (B),X [idy (B),0]

U(B)»X UB) + X U(B)
|
VB, X | [U(i1),U(i2)OT7X]l H (53>
\%
B#X —— = VB + F(X)) Gagmerenn U B):

Indeed, yg = vp_: B#(—) = Bb(—) is a morphism of monads, and the functor
U': Pty(B) — Pty(U(B)) translates into the functor U = (=) o yp: VB# — VUEP
between the categories of algebras. Therefore, given an algebra ¢': B#X — X, U(¢') =
¢ ovpx: U(B)PX — X is an internal action in V.

5.1. LEMMA. Given an ideally exact context (4.1), a relative U-action &: U(B)PpX — X
is ideal if and only if there exists a B#-algebra &': B#X — X such that & oyp x = &.

B#X _
'YB,XT o~ \5/

~
~
~

U(B)bX : 2 X.
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Our purpose is now to translate in terms of algebras the arguments given above
concerning the categories of points. Let us begin from the square of right adjoints in (5.1).
It plainly translates into the following commutative square (whereas the former commutes
only up to natural isomorphisms):

\/B# U . VU(B)

(—)o@#id)l \L(—)O(U(LB)bid) (5.4)
VEO# o \JUF(0)

Ug

where, for any object X of V, tp#idy: F(0)#X — B#X is the unique morphism such
that
fpx o (tp#idx) = (U(ts) + idF(X)) © KF(0),X -
The F(0) case deserves some analysis: indeed, since the left adjoints preserve colimits,

one has
FO)+ F(X)= F(0+ X) =~ F(X),

so that for B = F'(0), diagram (5.3) turns into

UF(0)pX — O p(0) + X — v e )
|
YF(0),X | =&o [UF(Lx),nx]l H
\2
FO)#X = X - UF(X) ——>UF(0)

Therefore, it becomes evident that vp(), x coincides with the canonical action &, of UF(0)
on X. As a consequence of the previous discussion, diagram (5.4) simplifies:

VB# (—=)ovm VU(B)b

Sl l/()o(U(LB)bid) (5.5)

\Vj s VUF(O)b
[€o]

where S is the canonical forgetful functor, and [](X) = &o.

5.2. PROPOSITION. Given an ideally exact context (4.1) such that U is full on isomorph-
isms, let us fix an object B of U. Then, the following statements are equivalent:

(1) All the coherent relative U-actions U(B)bX — X are ideal and all the morphisms of
such actions are ideal;

(17) The diagram (5.5) is a pullback;

(i13) The square of right adjoints in (5.1) is a pseudopullback.
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PROOF. (ii) = (i) Let us consider the comparison functor H = (S, (=) o yg) below

\/ B# (=)ovs

N
V xyuroy VUEBP — 2 \yUBp (5.6)

pll l(—)O(U(LB)bid)

\Vi VUF(O)b
[€o] )

Since diagram (5.5) is a pullback, then H is an isomorphism. Hence, we can define
& = HY(X,¢), for any coherent relative U-action £: U(B)bX — X. Thus, by Lemma 5.1,
the action ¢ is ideal. One may check that the same argument applies also to morphisms.

(1) = (i7) Conversely, assume that all coherent actions are ideals and that all the
morphisms between coherent actions are ideal, and consider a coherent relative U-action
¢: U(B)pX — X. Then, by the algebras version of Lemma 4.8, there is a unique B#-
algebra ¢ such that &' oyp x = €. Thus, the functor H is bijective on objects. Since
morphisms of B#-algebras and those of U(B)b-algebras are determined by the same
underlying maps, the proof that H is bijective on arrows is trivial.

(i1) < (i7i) Since the functor [§y] has invertible-path lifting, by [33, Theorem 1],
diagram (5.5) is a pullback if and only if it is a pseudopullback. On the other hand, by
identifying V¥ ©# with V, one sees that (5.5) is a pseudopullback if and only if (5.4) is,
and this happens precisely when the equivalent diagram (5.1) is a pseudopullback. [

The following statement provides a characterisation of a class of ideally exact contexts
admitting a good theory of actions.

5.3. COROLLARY. Consider an ideally exact context (4.1) such that the functor U is full
on isomorphisms. Then the following statements are equivalent:

() the ideally exact context (4.1) is BAT;
(13) for any object B of U, (5.5) is a pullback;
(131) for any object B of U, the square of right adjoints in (5.1) is a pseudopullback.

PRrOOF. The proof is an immediate consequence of Proposition 5.2 m
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5.4. REMARK. Given an ideally exact context (4.1), consider a morphism f: £ — B in U
together with the following commutative diagram:

vB# _Us _\UB)
()O(f#id)l (—)o(U(f)bid)

(ol id) vE# _TE L \UEp
(—)o(m#id)l l(—)o(U(m)bid)

VF(O)# ﬁVUF(O)b.
UFr(o)

(D)o(U(es)id) (5.7)

By the usual cancellation property, if the outer and the bottom squares are pullbacks, so
is the top square. This fact has interesting consequences.

Indeed, the upper square in (5.7) can be interpreted as a naturality square of a natural
transformation between two contravariant functors, namely

#-alg: U°? — Cat B — VB#,
p-alg: U°P — Cat B+ VU(BP,

The U’s in the diagram are the components of the natural transformation
U: #-alg = b-alg

induced by the monad morphism v = v x. Moreover, one can define a component-wise
left adjoint by lifting the left adjoints Fg - U,.

Natural transformations whose naturality squares are pullbacks are called cartesian
in the literature—an unfortunate terminology choice, in our setting. However, cartesian
natural transformations have an important feature: if the domain category has a terminal
object, then all the components of the transformation are determined by the component
on the terminal object. This is exactly what happens here, since a terminal object of U°P
is initial in U. For this reason, let us call 0-determined an ideal context where U yields a
cartesian natural transformation. We can add the following statement to the equivalent
conditions of Corollary 5.3.

(1v) The ideally exact context (4.1) is 0-determined.

All we have just said about actions and algebras can be stated as well for the categories of
points, but, in such a case, the functors

U': Pty(B) — Pty(U(B))
would be components of a pseudocartesian® transformation.

We leave for future work the investigation of the consequences of Remark 5.4.

4This notion, namely a pseudonatural transformation such that all the naturality squares are pseudopull-
backs, does not seem to have received much attention in the literature.
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6. Case studies

Our aim is now to characterise coherent actions in the cases where U is a unit-closed
variety of non-associative algebras, where U is the variety of MV-algebras or the variety of
product algebras, and where U is the dual of the topos of pointed sets. Our investigation
shows that these ideally exact contexts have a good theory of actions.

6.1. VARIETIES OF NON-ASSOCIATIVE ALGEBRAS. The aim of this section is to describe
coherent actions in the framework of varieties of non-associative algebras over a field F.
We think of those as collections of algebras satisfying a chosen set of identities. We refer
the reader to [49] for more details.

A non-associative algebra over F is a vector space X equipped with a bilinear operation

X xX - X:(z,y) — zy,
called the multiplication. The category of all non-associative algebras over F is denoted
by Alg and its morphisms are the linear maps that preserve the multiplication.

6.2. DEFINITION. An identity of a non-associative algebra X is a non-associative poly-
nomial p = o(x1,...,T,) such that p(xy,...,x,) =0 for all x1,...,x, € X. We say that
the algebra X satisfies the identity .

6.3. DEFINITION. Let I be a set of identities. The variety of non-associative algebras V
determined by I is the class of all non-associative algebras that satisfy all the identities

of 1.

We observe that every variety of non-associative algebras V forms a full subcategory
of Alg and is a semi-abelian category.

6.4. EXAMPLES.

1. AbAlg is the variety of abelian algebras, which is determined by the identity zy = 0.
It is isomorphic to the category Vec of F-vector spaces and it is the only non-trivial
variety of algebras which is an abelian category.

2. Assoc is the variety of associative algebras, which is determined by associativity
z(yz) = (zy)z.

3. CAssoc is the subvariety of Assoc of commutative associative algebras.

4. Lie is the variety of Lie algebras, which is determined by x? = 0 and the Jacobi
identity, that is z(yz) + y(zz) + z(xy) = 0.

5. Leib is the variety of (right) Leibniz algebras [35], which is determined by the (right)
Leibniz identity, that is (vy)z — (z2)y — z(yz) = 0.
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6. Alt is the variety of alternative algebras, which is determined by the identities
(yr)r — yz? = 0 and z(zy) — 2%y = 0. We recall that every associative algebra is
alternative, while an example of an alternative algebra which is not associative is
given by the octonions Q.

In order to study the notion of coherent actions for a variety of non-associative
algebras V, we need to work with the so-called unit-closed varieties of algebras.

6.5. DEFINITION. [47] A variety of non-associative algebras V is said to be unit-closed
if, for any algebra X of V, the algebra (X, 1) obtained by adjoining to X the external
element 1, together with the identities -1 =1-x = x, is still an object of V.

For instance, the varieties Assoc, CAssoc and Alt are unit-closed, while the varieties
Leib, or any variety of anti-commutative algebras over a field of characteristic different
from 2, such as the category Lie of Lie algebras, are examples of varieties that are not
unit-closed. Thus, the condition of being unit-closed is related to the set of identities
which determine the variety V.

When a variety V is unit-closed, it is possible to define the subcategory V; of unital
algebras of V, with the arrows being the algebra morphisms of V that preserve the unit
element. Of course, V; is an ideally exact category and it is not pointed, since the initial
object is the field [F, while the terminal one is the zero algebra {0}.

6.6. REMARK. Let V be a unit-closed variety of non-associative algebras. In a similar
way to what happens in the category of rings (see Example 3.4), a monadic adjunction
associated with the unique morphism F — {0} in V; is

F
k—

4L

where U is the forgetful functor and F' maps every algebra X of V to the semidirect
product F x X with multiplication

(a, ) (o, 2) = (ad, 22’ + oz’ + ')
and unit element (1,0x).

We can now provide a characterisation of coherent actions in the context of unit-closed
varieties of non-associative algebras. We refer the reader to [15, 21, 24, 25] for a complete
description of actions and their representability in varieties of non-associative algebras.

At first, we observe that the converse of Theorem 4.11 holds for any unit-closed
variety V.

6.7. PROPOSITION. Let V be a unit-closed variety of non-associative algebras and consider
the ideally exact context (6.1). Let

& UBHX - X

be a relative U-action in V. If £ is coherent, then & is an ideal action.



1298 MANUEL MANCINI, GIUSEPPE METERE, AND FEDERICA PIAZZA

PROOF. Let £: U(B)pX — X be a coherent action and let

X kA == U(B)

s

be a split extension associated with £. Since £ is coherent, there exists a morphism
ffUFx X)— A

such that the following diagram in V

is commutative. Protomodularity implies that f is the unique arrow induced by idx and
U(p), ie., f(a,z) = s(alp) + k(x) for every (a,x) e F x X.

We observe that A is a unital algebra with unit s(1g). Indeed, every a € A may be
written as s(b) + k(z), for some b e B and z € X, and

s(1g)a = s(1p)(s(b) + k(x)) = s(1p)s(b) + s(1p)k(x) = s(b) + s(1p)k(x) = a

s(lp)k(z) = f(1,0x)f(0,2) = f((1,0x) - (0,2)) = f(0,2) = k(x).

In a similar way, one may check that as(1g) = a. Hence, we have proved that, if

A — U(B)

s

is a split epimorphism in V associated with £ under the equivalence (2.1), then it is in fact
a split epimorphism in V1, since A is a unital algebra and both p and s preserve the units.
Finally, the isomorphism ¢ of Definition 4.6 is the identity map id4 and we can conclude
that ¢ is an ideal action. [

This allows us to state the following.

6.8. THEOREM. Let V be a unit-closed variety of non-associative algebras and consider
the ideally exact context (6.1). Let

& UBPX - X
be a relative U-action with associated split eptmorphism

A== U(B).

Then £ is a coherent action if and only if A is a unital algebra and s(1p) = 14.
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PROOF. If £ is a coherent action, then by Proposition 6.7 A is a unital algebra and
s(1p) = 14. Conversely, if A is a unital algebra and s(1g) = 14, then

p(1a) = p(s(1p)) = (pos)(lp) = 1p

and the unique morphism f: U(F x X) — A induced by idx and U(c5) makes the following
a split pullback diagram:

UF(t.
U(F x X) <:X2 U(F)
| UF(tx)
fi lU(LB)

e U(B).

Thus, £ is a coherent action. n

6.9. REMARK. The condition s(1g) = 14 automatically implies that
P
A ; U(B)

is an ideal split epimorphism, i.e., it is a split epimorphism of unital algebras.

6.10. EXAMPLE. Let V = CAssoc and consider the internal action ¢ associated with the
split epimorphism
U(my)
U(F) = U(F)
U(s

under the equivalence (2.1), where F? is the direct product of two copies of the field F,
m1(a,b) = a and s(a) = (a,a). Then ¢ is a coherent action since s(1) = (1,1) = Ipe.

If we replace the section s with the canonical inclusion on the first component i;, then
the corresponding internal action is not coherent since i1(1) = (1,0) # 1p2.

6.11. EXAMPLE. Let V = Assoc, let A = UT3(IF) be the algebra of 2 x 2 upper triangular
matrices and let B be the subalgebra of A of matrices of the form

)

with a € F. We observe that both A and B are unital algebras with

1 0) (10
(o) 2 (o)

thus B is not a unital subalgebra of A. We consider the split epimorphism

U(A) — U(B) (6.2)
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in Assoc defined by

a b [a O nd a 0\ (a O
Plo ¢)=\o o) * “{o o) \o o)
Since s(1p) # 14, the internal action associated with the split epimorphism (6.2) under
the equivalence (2.1) is not coherent. Indeed, if

<t = { (0 9) [necs]

and k: X — U(A) is the canonical inclusion, then the unique linear map f: U(F x X) —
U(A) which makes the following diagram commute

is defined by

oo )=o)

One may easily check that f is not an algebra morphism, since

)G a)) -6 6 a)- 6 o)
(06 ) 06 0)) -6 )-6 )

As an immediate consequence of Theorem 6.8, we get the following.

while

6.12. THEOREM. Let V be a unit-closed variety of non-associative algebras over F. The

tdeally exact context

F
LN

1
VlT>V

1s BAT.
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PRroOF. By Proposition 6.7, we have that every coherent action is ideal. It remains to
show that every morphism between ideal split epimorphisms is ideal.
Let B be an algebra of V; and consider a morphism

Ay h s Ay
\51 P2
U(B

between ideal split epimorphisms over U(B). It follows from Theorem 6.8 that A; and As
are unital algebras, with 14, = s1(1p) and 14, = s2(1p). Thus, one has

h(1a,) = h(s1(18)) = s2(15) = 1a,,

i.e., h is an ideal morphism. [

We conclude this section by noting that if we replace the field F with the ring of integers
Z, then both Proposition 6.7 and Theorem 6.8 hold in the ideally exact context (3.2), and
we may state the following.

6.13. THEOREM. The ideally exact context

F
ke~

Ring % Rng

1s BAT.

6.14. VARIETIES OF HOOPS, MV-ALGEBRAS AND PRODUCT ALGEBRAS. The algebraic
structure now known as a hoop was first introduced by B. Bosbach in [8, 9], where it
appeared under the name complementary semigroups (komplementdire Halbgruppen). The
term hoop itself was later coined in an unpublished manuscript by J. R. Biichi and
T. M. Owens [14], and has since become standard in the literature on substructural logics
and residuated structures. We refer the reader to [5] for more details about the structures
of hoops.

In this section, we investigate the notion of coherent actions in some varieties of hoops.
We aim to prove that the variety of Wajsberg hoops and that of product hoops define two
BAT ideally exact contexts.

6.15. DEFINITION. A hoop is an algebra H = (H,-,—,1) of type (2,2,0) such that
(H1) (H,-,1) is a commutative monoid;
(H2) x — x = 1;

(H3) - (v —>y)=y-(y = x);
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(Hi) (z-y) = z=2—(y—2),
for every x,y,z € H.

Given two hoops H, K, a hoop homomorphism is a map f: H — K that preserves
both the binary operations - and —, and the constant 1.

6.16. REMARK. Every hoop H is endowed with a partial order <, which is defined by the
following equivalent conditions: for every x,y € H

1. z <y

2. x —>y=1;

3. there exists z € H such that x = z - y.

Given a homomorphism of hoops f: H — K, its kernel
F=kerf={heH|f(h) =1}

is a filter of H, i.e., a subset F' < H such that (F,-, 1) is a submonoid of (H, -, 1), which is
upward closed with respect to the partial order < of H. Conversely, every filter F' of H
may be seen as the kernel of the canonical projection 7: H — H/F.

6.17. REMARK. [34] The variety Hoops of hoops is a semi-abelian category.

As mentioned above, we focus on the study of coherent actions in two relevant subvari-
eties of the variety Hoops: the variety of Wajsberg hoops and that of product hoops.

6.18. DEFINITION. A bounded hoop is a hoop H with a constant 0 such that
(H5) 0 -z =1,

for any v e H.

6.19. DEFINITION. A Wajsberg hoop is a hoop H such that

(W) (x—y)—>y=(y—>z) —>u,

for every x,y € H.

It was proved in [19] that bounded Wajsberg hoops are term equivalent to the class of
MV-algebras [16, 17], which constitutes the equivalent algebraic semantics of Lukasiewicz
logic [36].

6.20. DEFINITION. [16] An MV-algebra is an algebra A = (A,@®, —,0) of type (2,1,0)
such that

MV1) (A,®,0) is a commutative monoid;
MV2) ——zx = z;

MV3) 2@ —0 = —0;

MV4) —=(-2@y) @y = ~(-y®z) D,

for every z,y € A.
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6.21. EXAMPLE. The set A = [0, 1] endowed with the operations z ® y = min{z + y, 1},
—x = 1—x and constant 0 is an MV-algebra. In fuzzy logic [18, 26, 28], this algebra is called
the standard MV-algebra, as it forms the standard real-valued semantics of Lukasiewicz
logic.

6.22. REMARK. The class of MV-algebras forms an algebraic variety which we denote by
MVAIg, whose initial object is the two-element Boolean algebra Ly = {0, 1}, with 1 = —0,
while the terminal object is the trivial MV-algebra {1}. Hence, the variety MVAlg is not
semi-abelian, since it is not pointed, but, as shown in [34], it is protomodular [12]. As
a consequence, MVAlg is ideally exact and the semi-abelian category (MVAlg | Ls) is
equivalent to the category WHoops of Wajsberg hoops.

6.23. REMARK. Given an MV-algebra A, one may define the constant 1 = —0 and two
binary operations ® and — on A as follows:

rQy:=—(~r@®y), r-oy=-r@y

for every z,y € A. One may check that (A,®,—, 1) is a bounded Wajsberg hoop with 0
as bottom element. Moreover, =1 =0 and —z =z — 0.

This defines the forgetful functor U: MVAlIg — WHoops that forgets the constant 0.
The left adjoint M : WHoops — MVAIg of U, which is called the MV-closure in [1], maps
any Wajsberg hoop H = (H,-,—,1) to the MV-algebra

M<H) = (H X {071}7'7_)7071)7
where 0 := (1,0), 1 := (1,1),

(a-b,1), ifi=j=1,
b i1 i
(@) -,y = 07 00 PN,
(b — a,0), ifi=0, j=1,
((a > (a-b)) = b,0), ifi=j=0.
and
(a—b,1), ifi=j=1,
0.8) > (b.4) — (a-b,0), ifi=1,j=0,
(( ( ))_)ba]->7 le:()aj:la
(b—a,1), if i = j = 0.

One may check that the unit 7: lwnoops = UM of the adjunction M — U is cartesian.
In fact, for any Wajsberg hoop H, the homomorphism

defines a kernel of

UM () : UM(H) — U(Ly): (i) — i,
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where Ly = M({1}). Thus, by Remark 3.3, we have that
M
N
MVAlg —— WHoops (6.3)
is, up to an equivalence, the adjunction associated with the unique map Ly — {1} in MVAlg.

Our aim is now to characterise coherent actions in the ideally exact context (6.3). We
first observe that, as for unit-closed varieties of algebras, the converse of Theorem 4.11
actually holds also in WHoops.

6.24. PROPOSITION. Consider the ideally exact context (6.3) and let
& UBPX - X
be a relative U-action in WHoops. If £ is coherent, then £ is an ideal action.

PROOF. Let £: U(B)pX — X be a coherent action in WHoops and let
A== U(B).
be a split epimorphism associated with £ under the equivalence (2.1). By Lemma 4.5,

there exists a morphism f: UM (X) — A in WHoops such that the following diagram

nx UM (7x)
X —— UM(X) —— U(Ls)

1 UM(LX)
H I lUuB)
M p
X —A ; U(B)
commutes. For any a € A, we have that s(0g) — a € X, since

p(s(0p) = a) = ps(05) — p(a) = 0 — p(a) = 15.
It follows that (s(0g) — a,1) € UM (X). Moreover

La=f(1a,1) = f((14,0) = (s(05) = a,1)) = f(14,0) = f(s(05) — a, 1)
= (foUM(x))(0) = (f o nx)(s(05) — a)
= 5(05) — (s(05) — a)
= (s(08) - 5(05)) —
=5(0p-0p) —a
= s(0p) — a.
Thus, s(0g) is the bottom element of A and A is a bounded Wajsberg hoop. This means

that A defines an MV-algebra A’, an isomorphism o between U(A’) and A, and a split
epimorphism

A’<p:>B

S/

such that poo = U(p') and 07! o s = U(s'). Thus, the internal action £ is ideal. m
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This allows us to state the following characterisation.
6.25. THEOREM. Consider the ideally exact context (6.3) and let
& UBPX - X

be a relative U-action in WHoops with associated split epimorphism

A — U(B).

S

Then & is a coherent action if and only if A is a bounded Wajsberg hoop with bottom
element s(0p).

PROOF. If € is coherent, then by Proposition 6.24 A is a bounded Wajsberg hoop with

bottom element s(0p). Conversely, if A is a bounded Wajsberg hoop with bottom element
04 = s(0p), then A = U(A’) for some MV-algebra A" and

p(04) = p(s(0B)) = (pos)(0p) = 0s.

Hence, p = U(p'), s = U(s') for some split epimorphism

p/
/
AN =B

S

in MVAlg. Thus, the action £ is ideal, and consequently, it is coherent. [

6.26. REMARK. The condition s(0p) = 04 automatically implies that
p
A ——=U(B)
is an ideal split epimorphism, i.e., it is a split epimorphism of bounded Wajsberg hoops.
6.27. REMARK. It follows from Theorem 6.25 that there is a morphism
fUM(X) - UA)

making the following diagram in WHoops commutative:

nx UM (1x)
X —— UM(X) — U Lg)
| UM (tx)
H 7l lUuB) (6.4)
v U)
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This morphism arises from the universal property of the unit n. Indeed, there exists a
morphism f: M(X) — A’ in MVAlg such that the following diagram in WHoops

X 2 5 UM(X)

. -
l T UW)
U(A)

is commutative. It follows that U(f)(x,1) = k(z), U(f)(14,0) = 04 and
U(f)(2,0) = U(f)((z,1) = (14,0)) = U(f)(x, 1) = U(f)(14,0) = k(z) = 04 = —k(z).

Furthermore, one may check that
(U(f) 0 UM (ex))(i) = U(f)(1a,1) = ia = U(s')(ip) = (U(s) 0 U(up))(i),
for any 7 = 0,1,
U @) o U(/))(x,1) = U@ ) (k) =15 = Ulp)(1) = (U(wp) o UM(7x))(2, 1)

and

(U)o U))(x,0) = U (—k(x)) = ~U@)(k(z)) =

Hence, f = U(f) makes diagram (6.4) commute.

6.28. EXAMPLE. Let A be an MV-algebra, let m: A x A — A be the projection on the
first component and let s(a) = (a, a) be a section of m;. We consider the split epimorphism

in MVAIg
Ax A== A
Thus, U(A x A) is a bounded Wajsberg hoop with bottom element (04,04) = $(04), and

the internal action ¢ induced by the split epimorphism

U(m1)
U(A x A) % U(A)

under the equivalence (2.1), is coherent.

In fact, if X = kerU(m) = {(14,a) | a € A} and k: X — U(A x A) denotes the
canonical inclusion, then there exists a unique morphism f: UM (X) — U(A x A) in
WHoops which makes the following diagram

UM (1x

X P UMX) —— U(Ly)
| UM(LX)

H fi lU(LA)
v U(m1)

XTU(AXA)?U(A)
U(s
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commutative. In particular, for any a € A, one has

f((lz‘ha)? 1) = (1A>a)

and
f((lA’a)70) = (114’ CL) - (OAvoA) = (OA’ _'a)'
6.29. EXAMPLE. Let A be an MV-algebra and consider the split epimorphism

U(A x A) <L>_> U(A). (6.5)

s

in WHoops, where 7 (a,b) = a and §'(a) = (a,14). Since s'(0) = (04,14) # (04,04), the
internal action induced by the split epimorphism (6.5) under the equivalence (2.1) is not
coherent. In fact, there does not exist a morphism

FrUM(X) = U(A x A)

in WHoops such that the diagram

nx UM (tx
X~ UM(X) 7—— U(Ly)
| UM (ex)
H fi lU(LA)
¥ U(m)

X —— U(Ax 4) FU(A)

commutes. One may check that the unique map which makes the diagram commutative
in Set is defined by

f(a’7 1) = (1A7a>7 f(CL?O) = (1A7a) - (0A7 114)'

However, f is not a morphism in WHoops since

f(@,0) = fy,1) = (1a,9)

while
f((2,0) = (y,1)) = (la,z @),
for every z,y € A.
As a direct consequence of Theorem 6.25, we get the following.

6.30. THEOREM. The ideally exact context

M
L

MVAlg —— WHoops

1s BAT.
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PRrROOF. By Proposition 6.24, we know that every coherent action is ideal. It remains to
show that every morphism between ideal split epimorphisms is ideal.
Let B be an MV-algebra and consider a morphism

Al h > AQ

between ideal split epimorphisms over U(B). It follows from Theorem 6.25 that A; is a
bounded Wajsberg hoop with bottom element 04, = s;(0p), for any i = 1,2, and

h(04,) = h(51(0B)) = 52(0B) = 0a,.

Thus, since the class of MV-algebras is term-equivalent to the class of bounded Wajsberg
hoops, there exists a morphism

between split epimorphisms over B, such that U(h') = h. Hence, h is an ideal morphism.m

Results similar to those of Proposition 6.24, Theorem 6.25 and Theorem 6.30 can
be obtained for product hoops and product algebras. We start by recalling the following
definitions.

6.31. DEFINITION. [3] A basic hoop is a hoop H such that
B) (z—=y)—=2) =y —2z) = 2) = 2) =1,

for any z,y,2 € H.

6.32. DEFINITION. [2] A product hoop is a basic hoop H satisfying the identity
P)y—=2)vly—(r-y)—z) =1

for any x,y, z € H, where

rvy=((r—-y) =y Ar(y—z)— )

and
rAYy=2x-(r—>vy).

We denote by PHoops the variety of product hoops. Similarly to the case of Wajsberg
hoops, it was proved in [2| that bounded product hoops are term equivalent to the class of
product algebras, which were introduced in [29] and constitute the equivalent algebraic
semantics of product logic [2, 20].



COHERENT AND IDEAL ACTIONS IN IDEALLY EXACT CATEGORIES 1309

6.33. DEFINITION. [28] A BL-algebra is an algebra A = (A, v, A, -, —,0,1) such that
(BL1) (A, v, A, ,—,0,1) is a bounded residuated lattice [50];
(BL2) zhy =z (z —y);
(BL3) (z = y) v (y > ) =1,

for any x,y € A.

6.34. DEFINITION. [29] A product algebra is a BL-algebra A satisfying the identity

—zv((z—z-y) -y =1,

for any x,y € A, where —x == x — 0.

We denote by PAlg the variety of product algebras. Since PAlg is protomodular, it is
an ideally exact category and it has as initial object the two-element Boolean algebra Lo,
and as terminal one the trivial product algebra {1}.

6.35. EXAMPLE. An example of product algebra is given by the set A = [0, 1] endowed
with the operations x -7y = zy and

1, ifz<uy,
T oYy =
Y 4, otherwise.

In fuzzy logic, this is called the standard product algebra, as it forms the standard real-valued
semantics of product logic.

6.36. REMARK. Given a product algebra A = (A, v, A,-,—,0, 1), one may check that
(A,-,—,1) is a bounded product hoop. This defines the forgetful functor U: PAlg —
PHoops. In [27] the authors provided a description of the left adjoint of such U. We now
recall the construction that freely adds the constant 0 to a product hoop.

Let H be a product hoop. It may be shown that every element x € H can be decomposed
into Boolean and cancellative components given by the following terms:

b(z) = (x — 2?) » 2, c(z)=1—> 2>

Moreover, the set G(H) = {b(z) | € H} is a generalised Boolean algebra [23], C(H) =
{c(z) | x € H} is a cancellative hoop [5] and the MV-closure B(H) = M(G(H)) of G(H)
is a Boolean algebra.
Now, let H® := {z* | x € H} and let ~ be the equivalence relation on H u H* defined
by
r~2' ifand only if b(x) = b(2') and —b(z) vy c(x) = —=b(2") vy c(2),

where vy: B(H) x C(H) — C(H) is defined by

b {bvc, if be G(H),

—b — ¢, otherwise.
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One may check that the set H U H*/ ~ endowed with the operations
-y =(b->V)rc- ),
oyt =(bvd)ac-d),
=0 —->b) Abv(c—)),
2 —>y=0Obvb)A(bv(c—))
oy =0bAb Ab-c— )",

m._)y.

where b = b(x), ¢ = ¢(x), b/ = b(2') and ¢ = ¢(2'), is a product algebra. Moreover, the
free functor K: PHoops — PAlg, which sends a product hoop H to the product algebra
K(H) = H v H*/ ~, is the left adjoint of the forgetful functor U: PAlg — PHoops.

Finally, the unit 7: lppoops = UK of the adjunction K — U is cartesian. Indeed, for
any product hoop H, the morphism ny: H > UK(H): x — x is a kernel of

UK (ri): UK(H) — U(Ls) = UK(0)

1, ifzeH,
T +—
0, otherwise.

Thus, by Remark 3.3, we have that

K
L~

PAlg —— PHoops (6.6)
is, up to an equivalence, the adjunction associated with the unique map Lo — {1} in PAlg.

We are now ready to show that the converse of Theorem 4.11 holds for the ideally
exact context (6.6).

6.37. PROPOSITION. Consider the ideally exact context (6.6) and let
E:UBPX - X

be a relative U-action in PHoops. If & is coherent, then & is an ideal action.

PROOF. Let ¢: U(B)pX — X be a coherent action in PHoops with associated split
epimorphism

A== U(B).

By Lemma 4.5, there exists a morphism f: UK(X) — A in PHoops such that the following
diagram
nx UK(7x)
X —— UK(X) —/——= U(Ly)
| UK(LX)
fi lU(LB)
p

XTA;U(B)
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commutes. As in the case of Wajsberg hoops, it is sufficient to prove that A is a bounded
product hoop with bottom element s(0p), i.e., s(0p) — a = 14 for any a € A.
For any a € A, we have

p(s(0g) — a) = ps(0g) — p(a) = 05 — p(a) = 1p.

Thus, s(0p) — a € X and

Moreover
f(1*) — f(s(05) — a) = s(0) — (5(0B) — a)
= s(0g) - s(0g) — a
= s(0g) — a,
i.e., s(0g) — a = 14. Hence, the internal action ¢ is ideal. =

This allows us to state the following characterisation for coherent and ideal actions in
the ideally exact context (6.6).

6.38. THEOREM. Consider the ideally exact context (6.6) and let
£ UBHX — X

be a relative U-action in PHoops with associated split epimorphism

A — U(B).

S

Then £ is a coherent action if and only if A is a bounded product hoop with bottom
element s(0p).

Again, as a direct consequence of the previous characterisation, we get the following
result, whose proof is analogous to that of Theorem 6.30.

6.39. THEOREM. The ideally exact context

K
L—

PAlg —— PHoops

1s BAT.

We end this section by presenting a class of examples of coherent and ideal actions in
the variety of product hoops.



1312 MANUEL MANCINI, GIUSEPPE METERE, AND FEDERICA PIAZZA

6.40. EXAMPLE. [39, 41] Let A be a product algebra. Let
B(A)={zeA| ——x =1}

be the set of reqular elements of A and let
D(A)={xeA| ——x =14}

be the set of dense elements of A. Then B(A) is the greatest Boolean subalgebra of A,
D(A) is a filter of U(A) and one may consider the split extension

D(4) — U(4) == U(B(4))

where p(a) = —=—a (see [20, Theorem 1.2 and Lemma 1.4] where it is proved that p is a
homomorphism), and k and s are the canonical inclusions. Then, by Theorem 6.38 the
action associated with the split extension above is coherent since $(04) = 04. Notice that
this split extension has strong section (see [38, 39, 44, 45]).

6.41. A NON-VARIETAL EXAMPLE. We conclude the manuscript by presenting an example
that illustrates how the converse of Theorem 4.11 holds true beyond the framework of
varieties. To achieve this, we consider the ideally exact category Set® (see [30, Example
3.7]), which has the singleton 1 = {+} as initial object, and the empty set ¥ as terminal
one.

In this case, the monadic adjunction with cartesian unit of Remark 3.3 may be described
by

F
L

Set®® ——— (Set,)°P, (6.7)

where (Set,)°P is the dual of the category of pointed sets, and U maps any set A to the
pointed set (1 + A, =), where + denotes the disjoint union, and any map f: A — B to

L+ f: (14 A ) —> (1+ B,=),

which is defined by (1 + f)() = * and (1 + f)(a) = f(a), for any a € A. Furthermore,
F(X,*x) = X for any pointed set (X, =x). We observe that the unit and the counit of
the adjunction

ean: A>FUA) =1+ A
are defined by

We aim to show that the ideally exact context (6.7) is BAT.
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6.42. REMARK. Let us observe that the adjunction we just described is nothing but the

dual of the one giving rise to the so-called maybe monad, widely used in computer science,
see [46].

6.43. REMARK. One may check that, as in the previous varietal cases, the functor U of
diagram (6.7) is full on isomorphisms. In fact, an isomorphism a: (1 + A, *) — (1 + B, *)
in (Set,)°? is nothing but a bijection between 1+ A and 1 + B such that «(1) = 1. Hence,
the restriction 5 = «a, is a bijection between A and B such that U(f5) = a.

Now, let (B, *p) and (X, *x) be pointed sets. A split extension of (B, =) by (X, *x)

in the semi-abelian category (Set,)°® may be described as a diagram in Set,

(B, 5) T (A, *4) — (X, x)

S
where p is a split monomorphism, s is a split epimorphism, s o p = idg, and there is a
canonical isomorphism (X, xx) = (A/p(B), [*4]).

6.44. REMARK. As shown in [22], since k is a normal epimorphism, there exists a unique
splitting
0: X —>A

defined by

R e

We aim to prove now that, as in the previous examples, the converse of Theorem 4.11
actually holds also in the ideally exact context (6.7).

6.45. PROPOSITION. Consider the ideally exact context (6.7) and let
§:U(BP(X, #x) = (X, =x)

be a relative U-action in (Set,)°P. If € is coherent, then £ is an ideal action.

PROOF. Let &: U(B)b(X, *x) — (X, *x) be a coherent action in (Set,)° with associated
split monomorphism in Set,

(1+B,=) == (A,»a). (6.8)

Then, by Lemma 4.5 there exists a map f: (A4,%4) — (1 + X, *) in Set, such that the
following diagram

1+
(1+1,%) = (14X, %) 59 (X, ay)

1+7x

/l\
1+TBT f: H
|

p
(1+B7*> <T (Aa*A> L) (Xa*X)
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commutes, where (1 4+ 1,%) = UF(1,%), 1 +1x = 1 + F(ixy) = UF(t(xy)) and
1+ T = 1+ F(T(X,*X)) = UF(T(X7*X)).

We observe that for any a € A, s(a) = = if and only if a = p() = *4. Indeed, if
a = p(x), then s(a) = s(p(x)) = *. Conversely, if s(a) = *, it follows by

# = ((1+78)os)(a) = ((1+7x) 0 f)(a)
that f(a) =+ Hence
k(a) = (Nixex) © F)(@) = Nixn (4) = #x.
As a consequence a € ker k, i.e., there exists « € 1 + B such that p(z) = a. If z € B, then
fla) = f(p(x)) = (1 +x) o (1 +75))(z) = *x € X,

which is a contradiction since f(a) = = ¢ X. Thus, a = p().
To conclude the proof, we take A" = A\{x4}, p’ = p|, and s’ = 5/ ,,. One may easily
check that U(p’) = p, U(s’) = s and the map

0: (A xa) = (1+ A )

defined by
£ .
a<a>={“’ LT
*, lf aQ = *4
is an isomorphism in Set,. Thus, the split monomorphism (6.8) is ideal. n

6.46. REMARK. Let
p

be a split monomorphism in Set,. Since (A,p(1)) is isomorphic to (1 + A’,*), where
A" = A\{p(1)}, and s, ,, can be defined if and only if s7'(x) = {x4}, we may state the
following characterisation of coherent/ideal actions in the category (Set,)°P.

6.47. THEOREM. Consider the ideally exact context (6.7) and let
§: U(BP(X, #x) — (X, #x)

be a relative U-action in (Sety)°P with associated split monomorphism in Set,

p
(1 + B? *) —— (A> *A)'

Then & is a coherent action if and only if s71(x) = {#4}.

The next example shows that the notion of coherent/ideal action does not trivialise
in (Set,)°P.
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6.48. ExXAMPLE. Consider the pointed sets (A, *) and (B,*), where A = {a,=} and
B = {+}. Let p: B — A be the inclusion and consider its retraction s: A — B defined
by s(a) = s(*) = ». The associated action is not coherent since there exists no function
s {x} - .

To conclude the manuscript, we aim to prove that the ideally exact context (6.7) has a
good theory of actions.

6.49. THEOREM. The ideally exact context

F

L

Set™ —— (Set,)?,

1s BAT.

ProOOF. By Proposition 6.45, we know that every coherent relative U-action is ideal. It
remains to show that every morphism between ideal split monomorphisms in Set, is ideal.
Let B be a set and consider a morphism

(Ag, #9) g > (A1, 1)
w %
52 p1
(1+ B, =)

between ideal split monomorphisms over (1 + B, ).

It follows from Theorem 6.47 that s; (%) = #;, for i = 1,2. In addition, if p;(b) = =,
then b = 5;(p;(b))) = si(*;) = *. This means that p; *(+;) = *, for any i = 1, 2.

Thus, if A} = A;\{*;}, we have that p; = p;, and s; = s;) , define two split mono-

k3

morphisms in Set

P}
B(_A;, Z:1,2

Si

and it is immediate to check that

is a morphism of split monomorphisms over B such that U(h') = h. In fact, one has that
h(a) = #; if and only if sa(a) = s;(h(a)) = s1(*1) = ». Hence, by Theorem 6.47 we get
that a = =9, i.e., h71(x1) = #,. n
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