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COHERENT AND IDEAL ACTIONS
IN IDEALLY EXACT CATEGORIES

MANUEL MANCINI, GIUSEPPE METERE, AND FEDERICA PIAZZA

Abstract. In the context of ideally exact categories, we introduce the notions of
internal coherent action and internal ideal action that generalise different aspects of
unital actions of rings and algebras. We prove that every ideal action is coherent, and
that the converse statement holds in some relevant ideally exact contexts. Furthermore,
a connection with G. Janelidze’s notion of semidirect product in ideally exact categories
is analysed.

1. Introduction

The concept of action—or of external operation—is a pervasive algebraic notion, as it
enables algebraic structures to interact beyond their intrinsic environment of definition.

In categorical terms, such actions can be defined as functors. For instance, an action
of a group G on a set X can be described as a functor

α : Gp˚q Ñ Set,

where Gp˚q is the group G viewed as a one-object groupoid, and the unique object ˚ is
sent to X by α.

However, it is sometimes necessary to consider internal actions, where the acting and
the acted-upon objects belong to the same category. These kinds of actions are useful
tools for studying the algebraic structures themselves, as it happens systematically in
cohomological algebra. In the case of groups, a functor α : Gp˚q Ñ Grp corresponds to a
group homomorphism GÑ AutpXq, where X “ αp˚q and AutpXq denotes the group of
automorphisms of X.

On the one hand, this approach offers certain advantages, as it enables the expression
of the notion of action within the internal language of the category of groups. On the other
hand, it also presents several drawbacks. Firstly, many algebraic categories, otherwise well-
behaved, do not admit an internal construction that plays the role of Autp´q. Secondly,
even in cases where such a construction exists, it is typically not functorial.

The right take on this subject was developed by D. Bourn and G. Janelidze in [13], and
later systematised by F. Borceux, G. Janelidze and G. M. Kelly in [7]. In these two papers,
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the authors make a strong point on what an internal action should be from a category-
theoretic perspective. The first paper centres on the algebraic (monadic) description of
split epimorphisms, i.e., of the category of points (see Section 2). In a Barr-exact pointed
protomodular category C with pushouts of split monomorphisms (and thus in a semi-
abelian category, since finite coproducts exist automatically in C), the split epimorphisms
with a fixed codomain B are given by algebras on the kernel of the epimorphism, for a
specified monad B5p´q : C Ñ C. When the category is not pointed, the general theory
introduced in [13] still applies, albeit with a caveat: it only allows us to express split
epimorphisms over B in terms of split epimorphisms over another object E, whenever
there is a morphism E Ñ B.

However, the “working mathematician” knows that proper notions of (external) actions
have been defined in many non-pointed algebraic contexts, as for example for unital algebras
over a field F or for unital rings [37], and they are often obtained by imposing additional
axioms to a corresponding notion of action in a pointed context (see, for instance, [42, 43],
where external actions are described in the context of groups with operations).

The present paper aims to partially bridge this gap, by proposing the new notions of
coherent action and of ideal action. From an algebraic perspective, the former generalises
unital actions of rings and algebras, where a multiplicative unit is required to act like a
unit, while the latter stems from the classical situation where a unital algebra acts on an
ideal.

The manuscript is structured as follows. After this introduction, Section 2 presents some
necessary background. Ideally exact categories are recalled in Section 3, while in Section 4
we propose the notions of coherent and ideal actions, together with their morphisms. In
Theorem 4.11, we show that all ideal actions are coherent; the problem of whether the
converse of the theorem holds in general remains open. We call BAT the ideally exact
contexts with a good theory of actions, i.e., where the converse of Theorem 4.11 holds
for objects and morphisms. A connection with semidirect products in the ideally exact
context is analysed in Section 5, and equivalent conditions for an ideally exact context to
be BAT are given (Corollary 5.3). The final section presents case studies of BAT contexts,
namely: unital non-associative F-algebras or rings, MV-algebras, product algebras, and
Setop, the dual of the category of sets.

Notation. We often identify algebraic varieties with their corresponding categories;
therefore, we shall adopt the same notation for both.

2. Preliminaries

Let us briefly recall that, for an object B of a category C, one can define the slice
category pC Ó Bq, having for objects the arrows with codomain B, and for morphisms the
obvious commutative triangles. Let C be a category with pullbacks, with initial object H1

1Notice that the symbol H will not be used to denote the empty set, except, of course, for the categories
where the empty set is initial.



1282 MANUEL MANCINI, GIUSEPPE METERE, AND FEDERICA PIAZZA

and terminal object 1. From now on, we denote by ιB the unique map H Ñ B, and
by τB the unique map B Ñ 1. When the category is pointed, i.e., when the unique map
ι1 “ τH : HÑ 1 is an isomorphism, we denote the initial/terminal object with 0.

We recall that the adjunction associated with a morphism f : E Ñ B of C is

pC Ó Bq pC Ó Eq,
f˚

f˝´

%

where f˚ is the pullback functor along f , determined by a fixed choice of pullbacks along f .
More precisely, for any object p : A Ñ B of pC Ó Bq, the object f˚ppq of pC Ó Eq is the
projection

p1 : E ˆB AÑ E

in the pullback diagram

E ˆB A A

E B.

p2

p1 p

f

Notice that the unit and the counit of the adjunction pf ˝ ´q % f˚ are cartesian.
Another relevant construction on C is the category PtCpBq of points over B, i.e., the

category of pointed objects of pC Ó Bq. Explicitly, objects are split epimorphisms over B
with a chosen splitting, and morphisms are arrows between the domains of such split
epimorphisms, commuting with both the retractions and the sections.

Let f : E Ñ B be a morphism of C. If C admits pullbacks along f , we can define the
functor

f˚ : PtCpBq Ñ PtCpEq

(notice that we are adopting the same notation here, as for slice categories, since the
construction is essentially the same). Furthermore, if C admits pushouts along f , the
functor f˚ has a right adjoint

f! : PtCpEq Ñ PtCpBq,

defined by

D

d
��

E

e

LR

ÞÝÑ

D

d
��

,2 D `E B

rf˝d, idBs

��
E

e

LR

f
,2 B,

ι2

LR

where f!pe, dq “ pι2, rf ˝ d, idBsq is given by the universal property of the pushout of e
along f .

From now on, let us tacitly suppose that C has pullbacks and pushouts, so that f˚

and f! are defined for all morphisms f : E Ñ B of C. Let us fix some standard terminology.
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The category C is protomodular [10] when, for every morphism f : B Ñ E in it, the
functor f˚ on points reflects isomorphisms. Notice that if C is pointed, protomodularity
is equivalent to the split short five-lemma [11]. C is regular [4] if it is a finitely complete
category and all effective equivalence relations have pullback stable coequalizers. A regular
category C is Barr-exact [4] if all equivalence relations are effective, i.e., kernel pairs.
Finally, a category C is semi-abelian [32] when it is pointed, with finite coproducts,
protomodular and Barr-exact.

Let C be a protomodular category. If the functors f˚ are not only conservative, but
monadic, C is said to be a category with semidirect products [13]. Indeed, if we denote
by T f the monad determined by f˚, the T f -algebras are called internal actions. One
defines the semidirect product pX, ξq ¸ pB, fq of pB, fq with a T f -algebra pX, ξq as a
preimage of pX, ξq along the comparison equivalence K:

pX, ξq P-

sz

PtCpEq
T f

forgetful

��
pX, ξq ¸ pB, fq P PtCpBq

K
3:

f˚
,2 PtCpEq.

K

f!
qx

When C is pointed, one may take E “ 0, so that PtCpEq – C. In this case, f˚ “ ι˚
B is

nothing but the kernel functor, so that we reproduce a more familiar notion of semidirect
product. Notice that in this case, we slightly modify our notation: B5 :“ T ιB , where the
object B5X is given by a kernel

κB,X : B5X Ñ B `X

of the morphism ridB, 0s : B `X Ñ B. Hence, internal actions are morphisms of the form

ξ : B5X Ñ X

and monadicity establishes that

K : PtCpBq Ñ CB5. (2.1)

is an equivalence of categories between points over B and internal actions of B. Notice
that p´q5p´q is functorial on both components.

3. Ideally exact categories

Ideally exact categories have been introduced by G. Janelidze in [30] as a non-pointed
counterpart of semi-abelian categories. In fact, ideally exact categories are closely related
to a categorical setting introduced by S. Lapenta, L. Spada and the second named author
in [34] in order to define a categorical notion of ideal relative to a given adjunction U $ F
(a basic setting for relative U -ideal, see [34, Definition 3.3]). In the present article, we stick
to G. Janelidze’s definition, since, among many of its features, it clarifies how the notion
of relative U -ideal can be defined intrinsically.
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3.1. Definition. [30, Definition 3.2 and Theorem 3.1] A category U is ideally exact if it
is Barr-exact, protomodular, has finite coproducts, and the unique morphism HÑ 1 in U
is a regular epimorphism.

In addition to all semi-abelian categories, examples of ideally exact categories include
the categories Ring and CRing of unital and commutative unital rings respectively, every
category of unital algebras over a field F (see Section 6.1), the categories of MV-algebras,
product algebras (see [34] and Section 6.14), and any cotopos (see Section 6.41).

Since the pullback functor U Ñ pU Ó Hq along the regular epimorphism H Ñ 1 is
monadic, ideal exactness can be related to adjoint pairs.

3.2. Theorem. [30, Theorem 3.1] Let U be a category with pullbacks. The following
conditions are equivalent:

1. U is ideally exact;

2. U is Barr-exact, has finite coproducts and there exists a monadic functor U Ñ V,
where V is a semi-abelian category;

3. There exists a monadic functor UÑ V, where V is a semi-abelian category, such that
the underlying functor of the corresponding monad preserves regular epimorphisms
and kernel pairs.

3.3. Remark. [30, Theorem 3.3] Let U be an ideally exact category. It follows from
Theorem 3.2 that there exists a monadic adjunction

U V
U

F

%

(3.1)

with V semi-abelian. This adjunction is associated with the unique morphism H Ñ 1
(up to an equivalence) if and only if the unit of the adjunction is cartesian. One may
always choose V “ pU Ó Hq with U and F defined in the obvious way, but this may not be
the most convenient choice. For instance, if U is already semi-abelian, it might be most
convenient to take V “ U. We further observe that, since F is a left adjoint, F p0q is an
initial object of U.

3.4. Example. Let U “ Ring be the category of unital rings, which has the ring of
integers Z as initial object and the zero ring t0u as terminal one. Then a monadic
adjunction as in Remark 3.3 is given by

Ring Rng,
U

F

%

(3.2)

where Rng is the semi-abelian category of not necessarily unital rings, U is the forgetful
functor and F maps every ring X to the semidirect product Z˙X with multiplication

pα, xq ¨ pα1, x1
q “ pαα1, xx1

` αx1
` α1xq
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and unit element p1, 0Xq. The unit η : 1Rng ñ UF of the adjunction is cartesian since the
map ηX : X Ñ UpZ˙Xq : x ÞÑ p0, xq is a kernel of

UF pτXq : UpZ˙Xq Ñ UpZq : pα, xq ÞÑ α.

Thus, F % U is, up to an equivalence, the adjunction associated with the unique morphism
ZÑ t0u in Ring.

4. Coherent and ideal actions

Let U be an ideally exact category, let V be a semi-abelian category and let

U V
U

F

%

(4.1)

be a monadic adjunction with cartesian unit. We shall refer to such a situation as an
ideally exact context. Since V is semi-abelian, internal actions can clearly be defined for
objects of V. In this section we extend this possibility to objects of U acting via the
functor U .

4.1. Definition. Let B be an object of U and let X be an object of V. A relative U -action
of B on X is an internal action ξ : UpBq5X Ñ X in V.

4.2. Definition. Let ξ : UpBq5X Ñ X be a relative U-action. We say that ξ is a
coherent action if ξ ˝ pUpιBq5 idXq “ ξ0

2, where ξ0 : UF p0q5X Ñ X is the relative U -action
associated with the canonical split epimorphism

UF pXq UF p0q.
UF pτXq

UF pιXq

In other words, the following diagram in V

UpBq5X X

UF p0q5X

ξ

UpιBq5 idX ξ0

is commutative.

4.3. Example. The action ξ0 is coherent since ξ0 “ ξ0 ˝ pUpidF p0qq5 idXq.

2The map UpιBq5 idX : UF p0q5X Ñ UpBq5X is the unique morphism such that

κUpBq,X ˝ pUpιBq5 idXq “ pUpιBq ` idXq ˝ κUF p0q,X ,

where UpιBq ` idX : UF p0q ` X Ñ UpBq ` X is induced by UpιBq on UF p0q and by idX on X.
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4.4. Remark. Let us motivate our terminology choices. In the case of Example 3.4, the
action of a unital ring B on a non-unital ring X is coherent when the multiplicative unit
acts coherently as in F pXq “ Z˙X (see Theorem 6.13). More generally, in the varietal
case, when U is a forgetful functor into a semi-abelian variety that forgets all the constants
but one, coherent actions are those for which the constants behave coherently as in F pXq.

The next lemma, whose proof is immediate, allows us to relate coherent actions in V
with split epimorphisms in U.

4.5. Lemma. Let ξ : UpBq5X Ñ X be a relative U-action, and let

A UpBq
p

s

be a split epimorphism associated with ξ under the equivalence (2.1). Then, ξ is coherent if
and only if there exists a morphism f : UF pXq Ñ A in V such that the following diagram

X UF pXq UF p0q

X A UpBq

ηX
UF pτXq

f

UF pιXq

UpιBq

k

p

s

is a morphism of split extensions in V (see [40, Lemma 2.3]). Furthermore, the square on
the right is a split pullback.

We observe that, since the category V is protomodular, by [6, Lemma 3.1.22] the pair
pηX , UF pιXqq is jointly strongly epimorphic. Thus, if it exists, f is uniquely determined
by idX and UpιBq.

Recall from [34] that a relative U -ideal of an object A1 of U is a morphism k : X Ñ UpA1q

in V such that there exists a morphism p1 : A1 Ñ B in U that makes the following diagram
a pullback in V:

X UpA1q

0 UpBq.

k

τX Upp1q

ιUpBq

In other words, a U -ideal is a kernel in V of a map that lives in U.

4.6. Definition. Given an ideally exact context (4.1), we say that a split epimorphism

A UpBq
p

s
(4.2)

in V is ideal (relative to U), if there exists a split epimorphism

A1 B
p1

s1
(4.3)
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in U and an isomorphism σ : UpA1q Ñ A such that the following diagram in V

UpA1q A

UpBq

σ

Upp1q

pUps1q

s

is commutative.

4.7. Remark. A motivation for our choices of terminology: the split epimorphism (4.2)
is called ideal because the object UpBq acts on the domain of the relative U -ideal k : X Ñ

UpA1q, where pX, kq is a kernel of Upp1q.

We recall that a functor U : UÑ V is full on isomorphisms if, given an isomorphism
α : UpAq Ñ UpBq in V, there exists an isomorphism β : AÑ B in U such that Upβq “ α.
Typically, the forgetful functors between algebraic varieties are full on isomorphisms. An
example of a functor that is not full on isomorphisms is the forgetful functor U : TopÑ Set,
where Top is the category of topological spaces.

4.8. Lemma. Given an ideally exact context (4.1), suppose that the functor U is faithful
and full on isomorphisms. If the split epimorphism (4.2) of Definition 4.6 is ideal, then
the split epimorphism (4.3) is essentially unique.

Proof. Suppose there exist two split epimorphisms

A1 B
p1

s1
and A2 B

p2

s2

in U, and two isomorphisms σ1 : UpA1q Ñ A, σ2 : UpA2q Ñ A such that the following
diagrams in V

UpA1q A

UpBq

σ1

Upp1q

pUps1q

s

UpA2q A

UpBq

σ2

Upp2q

pUps2q

s

commute. Thus, if σ “ σ´1
2 ˝ σ1, the diagram in V

UpA1q UpA2q

UpBq

σ

Upp1q

Upp2qUps1q

Ups2q

is commutative. Since U is faithful and full on isomorphisms, there exists a morphism
σ1 : A1 Ñ A2 in U, such that Upσ1q “ σ. By faithfulness of the functor U , σ1 is a morphism
in the category PtUpBq, i.e., the split epimorphisms

A1 B
p1

s1
and A2 B

p2

s2
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are isomorphic.

4.9. Definition. Given an ideally exact context (4.1), let B be an object of U. A
morphism

A1 A2

UpBq

h

p1

p2s1

s2

between ideal split epimorphisms over UpBq is an ideal morphism if there exists a morphism

A1
1 A1

2

B

h1

p1
1

p1
2s1

1

s1
2

between the corresponding split epimorphisms over B of Definition 4.6, such that Uph1q “ h.

4.10. Definition. Let ξ : UpBq5X Ñ X be a relative U -action. We say that ξ is an ideal
action if any corresponding split epimorphism

A UpBq
p

s

under the equivalence (2.1) is ideal.

Similarly, an ideal morphism of ideal actions comes from an ideal morphism of the
corresponding ideal split epimorphisms.

The following theorem shows a connection between coherent actions and ideal actions
in any ideally exact context.

4.11. Theorem. Consider an ideally exact context (4.1) and let ξ : UpBq5X Ñ X be a
relative U-action. If ξ is ideal, then ξ is coherent.

Proof. Let (4.2) be a split epimorphism associated with ξ under the equivalence (2.1).
Since ξ is ideal, then there exists in U a split epimorphism

A1 B
p1

s1

and an isomorphism σ : UpA1q Ñ A such that Upp1q “ p ˝ σ and σ ˝ Ups1q “ s.
Let pX, kq be a kernel of p, and let k1 “ σ´1 ˝ k, so that pX, k1q is a kernel of Upp1q.

Since the unit η of the adjunction is cartesian, then ηX : X Ñ UF pXq defines a kernel of
UF pτXq : UF pXq Ñ UF p0q. Moreover, if f : F pXq Ñ A1 is the morphism in U given by
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the universal property of the unit η with respect to the kernel k1 : X Ñ UpA1q of Upp1q,
that is

X UF pXq F pXq

UpA1q A1

ηX

k1

Upfq
f

then the diagram

X UF pXq UF p0q

X UpA1q UpBq

ηX
UF pτXq

Upfq

UF pιXq

UpιBq

k1

Upp1q

Ups1q

is commutative. Indeed, one has Upfq ˝ ηX “ k1. Moreover, by protomodularity, the pair
pηX , UF pιXqq is jointly strongly epimorphic. Thus, we may prove that the morphisms
UpιBq˝UF pτXq and Upp1q˝Upfq are equal by composing them with the pair pηX , UF pιXqq.
Indeed, one has

UpιBq ˝ UF pτXq ˝ ηX “ 0 “ Upp1
q ˝ k1

“ Upp1
q ˝ Upfq ˝ ηX .

Moreover, since F p0q is initial in U, one has

s1
˝ ιB “ f ˝ F pιXq,

and therefore

UpιBq ˝ UF pτXq ˝ UF pιXq “ UpιBq “ Upp1
q ˝ Ups1

q ˝ UpιBq “ Upp1
q ˝ Upfq ˝ UF pιXq.

Hence UpιBq ˝ UF pτXq “ Upp1q ˝ Upfq. As a consequence, by composing the diagrams
below

X UF pXq UF p0q

X UpA1q UpBq

X A UpBq

ηX
UF pτXq

Upfq

UF pιXq

UpιBq

k1

Upp1q

σ

Ups1q

k

p

s

we have that the action ξ is coherent.

At present, the authors do not know whether the converse of Theorem 4.11 holds in
any ideally exact context. This is currently under investigation. However, when it holds, it
establishes a convenient setting to study a well-behaved notion of action. This motivates
the following definition.
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4.12. Definition. An ideally exact context (4.1) admits a good theory of actions (or, it
is BAT3, for short) if all coherent actions are ideal, and all morphisms of such actions are
ideal.

In Section 6 we present some case studies which have a good theory of actions.

5. A connection with semidirect products in ideally exact categories

During the preparation of this manuscript, a paper by G. Janelidze appeared [31]. In
his work, the author extended the notion of semidirect product from the semi-abelian
to the ideally exact context. In this section, we make explicit some connections between
G. Janelidze’s approach to the subject and our notions of relative U -action.

As we recalled in the introduction, the notion of internal action expresses its full
potential when the base category is pointed, since in this case, split epimorphisms can
be recovered by means of actions on their kernels. Actually, if the base category is not
pointed, one can only express the split epimorphisms over an object B in terms of algebras
on a split epimorphism over another object E, whenever there is a morphism E Ñ B.
This is not a major drawback, unless the latter are less involved than the former, as for
instance when the category U is pointed and E is the initial“terminal object.

However, even if U is not pointed, not all is lost. If we suppose that U has an initial
object H and pushouts of split monomorphisms along any map exist (and this is the case,
since U is ideally exact), protomodularity can be stated just in terms of the initial arrows
alone: all the f˚’s are conservative if and only if just the ι˚’s are. This suggests considering
initial arrows as canonical for describing semidirect products, so that an action becomes
an algebra on PtUpHq “ pU Ó Hq.

Before tackling actions directly, let us remain on the categories of points. Let F % U
be a monadic adjunction as in (4.1), with semi-abelian codomain and cartesian unit, and
consider the diagram

PtUpBq
U 1

K ,2

ι˚
B $

��

PtVpUpBqq

UpιBq˚ $

��

F 1

qx

PtUpF p0qq
U 1
0

K ,2

B`p´q

U]

PtVpUF p0qq

UpBq`UF p0qp´q

U]

F 1
0

pw

(5.1)

where:

(i) U 1 maps any split epimorphism

A1 B
p1

s1

3The acronym BAT is inspired by the notion of BIT-variety, where BIT stands for Buona (good, in
Italian) Ideal Theory, introduced by A. Ursini in [48]. Analogously, BAT stands for Buona Action Theory.
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in U, to the split epimorphism

UpA1q UpBq
Upp1q

Ups1q

in V.

(ii) For any split epimorphism

A UpBq
p

s

in V, F 1 is defined by taking the pushout of F psq along the counit component εB of
the adjunction:

F pAq

F ppq

��

i2 ,2 B `FUpBq F pAq

ridB ,εB˝F ppqs

��
FUpBq

F psq

LR

εB
,2 B.

i1

LR

(iii) The definitions of U 1
0 and F 1

0 are similar, with F p0q instead of B.

Straightforward calculations show that in diagram (5.1), the square of right adjoints
commutes (up to isomorphism), and the same can be said for the square made of left
adjoints. Notice that F 1 % U 1 are the adjunctions defined in [31, Section 2], whose notation
we are adopting.

Now, consider the diagram

PtUpF p0qq
U 1
0

K ,2

UF p0q $

��

PtVpUF p0qq

F 1
0

pw

U2
0

$

s{
V

FF p0q

U]

F 2
0

9D

(5.2)

where

U2
0

¨

˚

˚

˝

A

p

��
UF p0q

s

LR
˛

‹

‹

‚

“ ker p , F 2
0 pXq “

UF p0q ` X

ridUF p0q,0s

��
UF p0q

i1

LR

,

UF p0q
“ U2

0 ˝ U
1
0 , F F p0q

“ F 1
0 ˝ F

2
0 .

We notice that:

- the adjunctions F 1
0 % U 1

0 and F 2
0 % U2

0 are nothing but the ones defined in [31,
Section 2], with A “ U, X “ V and F p0q replacing B;
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- F F p0q % UF p0q is an adjoint equivalence (see [34, Theorem 3.17], see also [30, The-
orem 2.6]).

Now, we can paste diagram (5.1) with diagram (5.2), and define

U2
“ U2

0 ˝ UpιBq
˚ , F 2

“ pUpBq `UF p0q p´qq ˝ F
2
0 .

UB
“ U2

˝ U 1 , FB
“ F 1

˝ F 2 .

We notice that:

- the adjunctions F 1 % U 1, F 2 % U2 and FB % UB are nothing but the ones defined
in [31, Section 2], with A “ U, X “ V;

- there are natural isomorphisms UB – UF p0q ˝ ι˚
B and FB – pB ` p´qq ˝ F F p0q.

In fact, UB is monadic (see [31, Theorem 2.1]), so that one can describe points over B as
algebras on objects of V. More precisely, we let B#p´q “ UB ˝ FB, i.e., for an object X
of V, B#X is given by a kernel

κ̃B,X : B#X Ñ UpB ` F pXqq

of the morphism
UpridB, ιB ˝ F pτXqsq : UpB ` F pXqq Ñ UpBq.

Notice that p´q#p´q is functorial on both components, just like p´q5p´q is. Furthermore,
one can define a natural transformation γ “ γB,X as the unique dashed arrow making the
following diagram commute:

UpBq5X
κUpBq,X ,2

γB,X

��

UpBq `X
ridUpBq,0s

,2

rUpi1q,Upi2q˝ηX s

��

UpBq

B#X
κ̃B,X

,2 UpB ` F pXqq
UpridB ,ιB˝F pτXqsq

,2 UpBq.

(5.3)

Indeed, γB “ γB,´ : B#p´q ñ B5p´q is a morphism of monads, and the functor
U 1 : PtUpBq Ñ PtVpUpBqq translates into the functor U “ p´q ˝ γB : VB# Ñ VUpBq5

between the categories of algebras. Therefore, given an algebra ξ1 : B#X Ñ X, Upξ1q “

ξ1 ˝ γB,X : UpBq5X Ñ X is an internal action in V.

5.1. Lemma. Given an ideally exact context (4.1), a relative U-action ξ : UpBq5X Ñ X
is ideal if and only if there exists a B#-algebra ξ1 : B#X Ñ X such that ξ1 ˝ γB,X “ ξ.

B#X
ξ1

&-
UpBq5X

γB,X

LR

ξ
,2 X.
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Our purpose is now to translate in terms of algebras the arguments given above
concerning the categories of points. Let us begin from the square of right adjoints in (5.1).
It plainly translates into the following commutative square (whereas the former commutes
only up to natural isomorphisms):

VB# U ,2

p´q˝pιB#idq
��

VUpBq5

p´q˝pUpιBq5 idq
��

VF p0q#

U0

,2 VUF p0q5

(5.4)

where, for any object X of V, ιB# idX : F p0q#X Ñ B#X is the unique morphism such
that

κ̃B,X ˝ pιB# idXq “ pUpιBq ` idF pXqq ˝ κ̃F p0q,X .

The F p0q case deserves some analysis: indeed, since the left adjoints preserve colimits,
one has

F p0q ` F pXq – F p0`Xq – F pXq,

so that for B “ F p0q, diagram (5.3) turns into

UF p0q5X
κUF p0q,X ,2

γF p0q,X “ξ0
��

UF p0q `X
ridUF p0q,0s

,2

rUF pιXq,ηX s

��

UF p0q

F p0q#X “ X ηX
,2 UF pXq

UF pτXq

,2 UF p0q.

Therefore, it becomes evident that γF p0q,X coincides with the canonical action ξ0 of UF p0q
on X. As a consequence of the previous discussion, diagram (5.4) simplifies:

VB# p´q˝γB ,2

S
��

VUpBq5

p´q˝pUpιBq5 idq
��

V
rξ0s

,2 VUF p0q5

(5.5)

where S is the canonical forgetful functor, and rξ0spXq “ ξ0.

5.2. Proposition. Given an ideally exact context (4.1) such that U is full on isomorph-
isms, let us fix an object B of U. Then, the following statements are equivalent:

piq All the coherent relative U -actions UpBq5X Ñ X are ideal and all the morphisms of
such actions are ideal;

piiq The diagram (5.5) is a pullback;

piiiq The square of right adjoints in (5.1) is a pseudopullback.
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Proof. piiq ñ piq Let us consider the comparison functor H “ xS, p´q ˝ γBy below

VB# p´q˝γB

$,

S

+2

H

%,
V ˆVUF p0q5 VUpBq5 p2 ,2

p1

��

VUpBq5

p´q˝pUpιBq5 idq
��

V
rξ0s

,2 VUF p0q5.

(5.6)

Since diagram (5.5) is a pullback, then H is an isomorphism. Hence, we can define
ξ1 “ H´1pX, ξq, for any coherent relative U -action ξ : UpBq5X Ñ X. Thus, by Lemma 5.1,
the action ξ is ideal. One may check that the same argument applies also to morphisms.

piq ñ piiq Conversely, assume that all coherent actions are ideals and that all the
morphisms between coherent actions are ideal, and consider a coherent relative U -action
ξ : UpBq5X Ñ X. Then, by the algebras version of Lemma 4.8, there is a unique B#-
algebra ξ1 such that ξ1 ˝ γB,X “ ξ. Thus, the functor H is bijective on objects. Since
morphisms of B#-algebras and those of UpBq5-algebras are determined by the same
underlying maps, the proof that H is bijective on arrows is trivial.

piiq ô piiiq Since the functor rξ0s has invertible-path lifting, by [33, Theorem 1],
diagram (5.5) is a pullback if and only if it is a pseudopullback. On the other hand, by
identifying VF p0q# with V, one sees that (5.5) is a pseudopullback if and only if (5.4) is,
and this happens precisely when the equivalent diagram (5.1) is a pseudopullback.

The following statement provides a characterisation of a class of ideally exact contexts
admitting a good theory of actions.

5.3. Corollary. Consider an ideally exact context (4.1) such that the functor U is full
on isomorphisms. Then the following statements are equivalent:

piq the ideally exact context (4.1) is BAT;

piiq for any object B of U, (5.5) is a pullback;

piiiq for any object B of U, the square of right adjoints in (5.1) is a pseudopullback.

Proof. The proof is an immediate consequence of Proposition 5.2
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5.4. Remark. Given an ideally exact context (4.1), consider a morphism f : E Ñ B in U
together with the following commutative diagram:

VB# UB ,2

p´q˝pf#idq
��

p´q˝pιB#idq

��

VUpBq5

p´q˝pUpfq5 idq
��

p´q˝pUpιBq5 idq

��

VE# UE ,2

p´q˝pιE#idq
��

VUpEq5

p´q˝pUpιEq5 idq
��

VF p0q#

UF p0q

,2 VUF p0q5.

(5.7)

By the usual cancellation property, if the outer and the bottom squares are pullbacks, so
is the top square. This fact has interesting consequences.

Indeed, the upper square in (5.7) can be interpreted as a naturality square of a natural
transformation between two contravariant functors, namely

#-alg : Uop
Ñ Cat B ÞÑ VB#,

5-alg : Uop
Ñ Cat B ÞÑ VUpBq5.

The U ’s in the diagram are the components of the natural transformation

U : #-alg ñ 5-alg

induced by the monad morphism γ “ γB,X . Moreover, one can define a component-wise
left adjoint by lifting the left adjoints F 0 % U0.

Natural transformations whose naturality squares are pullbacks are called cartesian
in the literature—an unfortunate terminology choice, in our setting. However, cartesian
natural transformations have an important feature: if the domain category has a terminal
object, then all the components of the transformation are determined by the component
on the terminal object. This is exactly what happens here, since a terminal object of Uop

is initial in U. For this reason, let us call 0-determined an ideal context where U yields a
cartesian natural transformation. We can add the following statement to the equivalent
conditions of Corollary 5.3.

pivq The ideally exact context (4.1) is 0-determined.

All we have just said about actions and algebras can be stated as well for the categories of
points, but, in such a case, the functors

U 1 : PtUpBq Ñ PtVpUpBqq

would be components of a pseudocartesian4 transformation.

We leave for future work the investigation of the consequences of Remark 5.4.

4This notion, namely a pseudonatural transformation such that all the naturality squares are pseudopull-
backs, does not seem to have received much attention in the literature.
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6. Case studies

Our aim is now to characterise coherent actions in the cases where U is a unit-closed
variety of non-associative algebras, where U is the variety of MV-algebras or the variety of
product algebras, and where U is the dual of the topos of pointed sets. Our investigation
shows that these ideally exact contexts have a good theory of actions.

6.1. Varieties of non-associative algebras. The aim of this section is to describe
coherent actions in the framework of varieties of non-associative algebras over a field F.
We think of those as collections of algebras satisfying a chosen set of identities. We refer
the reader to [49] for more details.

A non-associative algebra over F is a vector space X equipped with a bilinear operation

X ˆX Ñ X : px, yq ÞÑ xy,

called the multiplication. The category of all non-associative algebras over F is denoted
by Alg and its morphisms are the linear maps that preserve the multiplication.

6.2. Definition. An identity of a non-associative algebra X is a non-associative poly-
nomial φ “ φpx1, . . . , xnq such that φpx1, . . . , xnq “ 0 for all x1, . . . , xn P X. We say that
the algebra X satisfies the identity φ.

6.3. Definition. Let I be a set of identities. The variety of non-associative algebras V
determined by I is the class of all non-associative algebras that satisfy all the identities
of I.

We observe that every variety of non-associative algebras V forms a full subcategory
of Alg and is a semi-abelian category.

6.4. Examples.

1. AbAlg is the variety of abelian algebras, which is determined by the identity xy “ 0.
It is isomorphic to the category Vec of F-vector spaces and it is the only non-trivial
variety of algebras which is an abelian category.

2. Assoc is the variety of associative algebras, which is determined by associativity
xpyzq “ pxyqz.

3. CAssoc is the subvariety of Assoc of commutative associative algebras.

4. Lie is the variety of Lie algebras, which is determined by x2 “ 0 and the Jacobi
identity, that is xpyzq ` ypzxq ` zpxyq “ 0.

5. Leib is the variety of (right) Leibniz algebras [35], which is determined by the (right)
Leibniz identity, that is pxyqz ´ pxzqy ´ xpyzq “ 0.
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6. Alt is the variety of alternative algebras, which is determined by the identities
pyxqx ´ yx2 “ 0 and xpxyq ´ x2y “ 0. We recall that every associative algebra is
alternative, while an example of an alternative algebra which is not associative is
given by the octonions O.

In order to study the notion of coherent actions for a variety of non-associative
algebras V, we need to work with the so-called unit-closed varieties of algebras.

6.5. Definition. [47] A variety of non-associative algebras V is said to be unit-closed
if, for any algebra X of V, the algebra xX, 1y obtained by adjoining to X the external
element 1, together with the identities x ¨ 1 “ 1 ¨ x “ x, is still an object of V.

For instance, the varieties Assoc, CAssoc and Alt are unit-closed, while the varieties
Leib, or any variety of anti-commutative algebras over a field of characteristic different
from 2, such as the category Lie of Lie algebras, are examples of varieties that are not
unit-closed. Thus, the condition of being unit-closed is related to the set of identities
which determine the variety V.

When a variety V is unit-closed, it is possible to define the subcategory V1 of unital
algebras of V, with the arrows being the algebra morphisms of V that preserve the unit
element. Of course, V1 is an ideally exact category and it is not pointed, since the initial
object is the field F, while the terminal one is the zero algebra t0u.

6.6. Remark. Let V be a unit-closed variety of non-associative algebras. In a similar
way to what happens in the category of rings (see Example 3.4), a monadic adjunction
associated with the unique morphism FÑ t0u in V1 is

V1 V,
U

F

%

(6.1)

where U is the forgetful functor and F maps every algebra X of V to the semidirect
product F˙X with multiplication

pα, xq ¨ pα1, x1
q “ pαα1, xx1

` αx1
` α1xq

and unit element p1, 0Xq.

We can now provide a characterisation of coherent actions in the context of unit-closed
varieties of non-associative algebras. We refer the reader to [15, 21, 24, 25] for a complete
description of actions and their representability in varieties of non-associative algebras.

At first, we observe that the converse of Theorem 4.11 holds for any unit-closed
variety V.

6.7. Proposition. Let V be a unit-closed variety of non-associative algebras and consider
the ideally exact context (6.1). Let

ξ : UpBq5X Ñ X

be a relative U-action in V. If ξ is coherent, then ξ is an ideal action.
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Proof. Let ξ : UpBq5X Ñ X be a coherent action and let

X A UpBqk
p

s

be a split extension associated with ξ. Since ξ is coherent, there exists a morphism

f : UpF˙Xq Ñ A

such that the following diagram in V

X UpF˙Xq UpFq

X A UpBq

ηX
UF pτXq

f

UF pιXq

UpιBq

k
p

s

is commutative. Protomodularity implies that f is the unique arrow induced by idX and
UpιBq, i.e., fpα, xq “ spα1Bq ` kpxq for every pα, xq P F˙X.

We observe that A is a unital algebra with unit sp1Bq. Indeed, every a P A may be
written as spbq ` kpxq, for some b P B and x P X, and

sp1Bqa “ sp1Bqpspbq ` kpxqq “ sp1Bqspbq ` sp1Bqkpxq “ spbq ` sp1Bqkpxq “ a

since
sp1Bqkpxq “ fp1, 0Xqfp0, xq “ fpp1, 0Xq ¨ p0, xqq “ fp0, xq “ kpxq.

In a similar way, one may check that asp1Bq “ a. Hence, we have proved that, if

A UpBq
p

s

is a split epimorphism in V associated with ξ under the equivalence (2.1), then it is in fact
a split epimorphism in V1, since A is a unital algebra and both p and s preserve the units.
Finally, the isomorphism σ of Definition 4.6 is the identity map idA and we can conclude
that ξ is an ideal action.

This allows us to state the following.

6.8. Theorem. Let V be a unit-closed variety of non-associative algebras and consider
the ideally exact context (6.1). Let

ξ : UpBq5X Ñ X

be a relative U-action with associated split epimorphism

A UpBq.
p

s

Then ξ is a coherent action if and only if A is a unital algebra and sp1Bq “ 1A.
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Proof. If ξ is a coherent action, then by Proposition 6.7 A is a unital algebra and
sp1Bq “ 1A. Conversely, if A is a unital algebra and sp1Bq “ 1A, then

pp1Aq “ ppsp1Bqq “ pp ˝ sqp1Bq “ 1B

and the unique morphism f : UpF˙Xq Ñ A induced by idX and UpιBq makes the following
a split pullback diagram:

UpF˙Xq UpFq

A UpBq.

UF pτXq

f

UF pιXq

UpιBq

p

s

Thus, ξ is a coherent action.

6.9. Remark. The condition sp1Bq “ 1A automatically implies that

A UpBq
p

s

is an ideal split epimorphism, i.e., it is a split epimorphism of unital algebras.

6.10. Example. Let V “ CAssoc and consider the internal action ξ associated with the
split epimorphism

UpF2q UpFq
Upπ1q

Upsq

under the equivalence (2.1), where F2 is the direct product of two copies of the field F,
π1pa, bq “ a and spaq “ pa, aq. Then ξ is a coherent action since sp1q “ p1, 1q “ 1F2 .

If we replace the section s with the canonical inclusion on the first component i1, then
the corresponding internal action is not coherent since i1p1q “ p1, 0q ‰ 1F2 .

6.11. Example. Let V “ Assoc, let A “ UT2pFq be the algebra of 2ˆ 2 upper triangular
matrices and let B be the subalgebra of A of matrices of the form

ˆ

a 0
0 0

˙

with a P F. We observe that both A and B are unital algebras with

1A “

ˆ

1 0
0 1

˙

‰

ˆ

1 0
0 0

˙

“ 1B,

thus B is not a unital subalgebra of A. We consider the split epimorphism

UpAq UpBq
Uppq

s
(6.2)
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in Assoc defined by

p

ˆ

a b
0 c

˙

“

ˆ

a 0
0 0

˙

and s

ˆ

a 0
0 0

˙

“

ˆ

a 0
0 0

˙

.

Since sp1Bq ‰ 1A, the internal action associated with the split epimorphism (6.2) under
the equivalence (2.1) is not coherent. Indeed, if

X “ kerUppq “

" ˆ

0 b
0 c

˙
ˇ

ˇ

ˇ

ˇ

b, c P F
*

and k : X Ñ UpAq is the canonical inclusion, then the unique linear map f : UpF˙Xq Ñ
UpAq which makes the following diagram commute

X UpF˙Xq UpFq

X UpAq UpBq

ηX
UF pτXq

f

UF pιXq

UpιBq

k
Uppq

s

is defined by

f

ˆ

a,

ˆ

0 b
0 c

˙ ˙

“

ˆ

a b
0 c

˙

.

One may easily check that f is not an algebra morphism, since

f

ˆ

0,

ˆ

0 1
0 1

˙ ˙

¨ f

ˆ

1,

ˆ

0 1
0 0

˙ ˙

“

ˆ

0 1
0 1

˙

¨

ˆ

1 1
0 0

˙

“

ˆ

0 0
0 0

˙

,

while

f

ˆˆ

0,

ˆ

0 1
0 1

˙ ˙

¨

ˆ

1,

ˆ

0 1
0 0

˙ ˙˙

“ f

ˆ

0,

ˆ

0 1
0 1

˙ ˙

“

ˆ

0 1
0 1

˙

.

As an immediate consequence of Theorem 6.8, we get the following.

6.12. Theorem. Let V be a unit-closed variety of non-associative algebras over F. The
ideally exact context

V1 V
U

F

%

is BAT.
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Proof. By Proposition 6.7, we have that every coherent action is ideal. It remains to
show that every morphism between ideal split epimorphisms is ideal.

Let B be an algebra of V1 and consider a morphism

A1 A2

UpBq

h

p1

p2s1

s2

between ideal split epimorphisms over UpBq. It follows from Theorem 6.8 that A1 and A2

are unital algebras, with 1A1 “ s1p1Bq and 1A2 “ s2p1Bq. Thus, one has

hp1A1q “ hps1p1Bqq “ s2p1Bq “ 1A2 ,

i.e., h is an ideal morphism.

We conclude this section by noting that if we replace the field F with the ring of integers
Z, then both Proposition 6.7 and Theorem 6.8 hold in the ideally exact context (3.2), and
we may state the following.

6.13. Theorem. The ideally exact context

Ring Rng
U

F

%

is BAT.

6.14. Varieties of hoops, MV-algebras and product algebras. The algebraic
structure now known as a hoop was first introduced by B. Bosbach in [8, 9], where it
appeared under the name complementary semigroups (komplementäre Halbgruppen). The
term hoop itself was later coined in an unpublished manuscript by J. R. Büchi and
T. M. Owens [14], and has since become standard in the literature on substructural logics
and residuated structures. We refer the reader to [5] for more details about the structures
of hoops.

In this section, we investigate the notion of coherent actions in some varieties of hoops.
We aim to prove that the variety of Wajsberg hoops and that of product hoops define two
BAT ideally exact contexts.

6.15. Definition. A hoop is an algebra H “ pH, ¨,Ñ, 1q of type p2, 2, 0q such that

(H1) pH, ¨, 1q is a commutative monoid;

(H2) xÑ x “ 1;

(H3) x ¨ pxÑ yq “ y ¨ py Ñ xq;
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(H4) px ¨ yq Ñ z “ xÑ py Ñ zq,

for every x, y, z P H.

Given two hoops H,K, a hoop homomorphism is a map f : H Ñ K that preserves
both the binary operations ¨ and Ñ, and the constant 1.

6.16. Remark. Every hoop H is endowed with a partial order ď, which is defined by the
following equivalent conditions: for every x, y P H

1. x ď y;

2. xÑ y “ 1;

3. there exists z P H such that x “ z ¨ y.

Given a homomorphism of hoops f : H Ñ K, its kernel

F “ ker f “ th P H | fphq “ 1u

is a filter of H, i.e., a subset F Ď H such that pF, ¨, 1q is a submonoid of pH, ¨, 1q, which is
upward closed with respect to the partial order ď of H. Conversely, every filter F of H
may be seen as the kernel of the canonical projection π : H Ñ H{F .

6.17. Remark. [34] The variety Hoops of hoops is a semi-abelian category.

As mentioned above, we focus on the study of coherent actions in two relevant subvari-
eties of the variety Hoops: the variety of Wajsberg hoops and that of product hoops.

6.18. Definition. A bounded hoop is a hoop H with a constant 0 such that

(H5) 0 Ñ x “ 1,

for any x P H.

6.19. Definition. A Wajsberg hoop is a hoop H such that

(W) pxÑ yq Ñ y “ py Ñ xq Ñ x,

for every x, y P H.

It was proved in [19] that bounded Wajsberg hoops are term equivalent to the class of
MV-algebras [16, 17], which constitutes the equivalent algebraic semantics of  Lukasiewicz
logic [36].

6.20. Definition. [16] An MV-algebra is an algebra A “ pA,‘,␣, 0q of type p2, 1, 0q
such that

(MV1) pA,‘, 0q is a commutative monoid;

(MV2) ␣␣x “ x;

(MV3) x‘␣0 “ ␣0;

(MV4) ␣p␣x‘ yq ‘ y “ ␣p␣y ‘ xq ‘ x,

for every x, y P A.
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6.21. Example. The set A “ r0, 1s endowed with the operations x‘ y “ mintx` y, 1u,
␣x “ 1´x and constant 0 is an MV-algebra. In fuzzy logic [18, 26, 28], this algebra is called
the standard MV-algebra, as it forms the standard real-valued semantics of  Lukasiewicz
logic.

6.22. Remark. The class of MV-algebras forms an algebraic variety which we denote by
MVAlg, whose initial object is the two-element Boolean algebra L2 “ t0, 1u, with 1 “ ␣0,
while the terminal object is the trivial MV-algebra t1u. Hence, the variety MVAlg is not
semi-abelian, since it is not pointed, but, as shown in [34], it is protomodular [12]. As
a consequence, MVAlg is ideally exact and the semi-abelian category pMVAlg Ó L2q is
equivalent to the category WHoops of Wajsberg hoops.

6.23. Remark. Given an MV-algebra A, one may define the constant 1 “ ␣0 and two
binary operations d and Ñ on A as follows:

xd y :“ ␣p␣x‘␣yq, xÑ y :“ ␣x‘ y

for every x, y P A. One may check that pA,d,Ñ, 1q is a bounded Wajsberg hoop with 0
as bottom element. Moreover, ␣1 “ 0 and ␣x “ xÑ 0.

This defines the forgetful functor U : MVAlg Ñ WHoops that forgets the constant 0.
The left adjoint M : WHoopsÑ MVAlg of U , which is called the MV-closure in [1], maps
any Wajsberg hoop H “ pH, ¨,Ñ, 1q to the MV-algebra

MpHq “ pH ˆ t0, 1u, ¨,Ñ, 0, 1q,

where 0 :“ p1, 0q, 1 :“ p1, 1q,

pa, iq ¨ pb, jq “

$

’

’

’

&

’

’

’

%

pa ¨ b, 1q, if i “ j “ 1,

paÑ b, 0q, if i “ 1, j “ 0,

pbÑ a, 0q, if i “ 0, j “ 1,

ppaÑ pa ¨ bqq Ñ b, 0q, if i “ j “ 0.

and

pa, iq Ñ pb, jq “

$

’

’

’

&

’

’

’

%

paÑ b, 1q, if i “ j “ 1,

pa ¨ b, 0q, if i “ 1, j “ 0,

ppaÑ pa ¨ bqq Ñ b, 1q, if i “ 0, j “ 1,

pbÑ a, 1q, if i “ j “ 0.

One may check that the unit η : 1WHoops ñ UM of the adjunction M % U is cartesian.
In fact, for any Wajsberg hoop H, the homomorphism

ηH : H Ñ UMpHq : x ÞÑ px, 1q

defines a kernel of

UpMpτHqq : UMpHq Ñ UpL2q : px, iq ÞÑ i,
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where L2 “Mpt1uq. Thus, by Remark 3.3, we have that

MVAlg WHoops
U

M

%

(6.3)

is, up to an equivalence, the adjunction associated with the unique map L2 Ñ t1u in MVAlg.

Our aim is now to characterise coherent actions in the ideally exact context (6.3). We
first observe that, as for unit-closed varieties of algebras, the converse of Theorem 4.11
actually holds also in WHoops.

6.24. Proposition. Consider the ideally exact context (6.3) and let

ξ : UpBq5X Ñ X

be a relative U-action in WHoops. If ξ is coherent, then ξ is an ideal action.

Proof. Let ξ : UpBq5X Ñ X be a coherent action in WHoops and let

A UpBq.
p

s

be a split epimorphism associated with ξ under the equivalence (2.1). By Lemma 4.5,
there exists a morphism f : UMpXq Ñ A in WHoops such that the following diagram

X UMpXq UpL2q

X A UpBq

ηX
UMpτXq

f

UMpιXq

UpιBq

k

p

s

commutes. For any a P A, we have that sp0Bq Ñ a P X, since

ppsp0Bq Ñ aq “ psp0Bq Ñ ppaq “ 0B Ñ ppaq “ 1B.

It follows that psp0Bq Ñ a, 1q P UMpXq. Moreover

1A “ fp1A, 1q “ fpp1A, 0q Ñ psp0Bq Ñ a, 1qq “ fp1A, 0q Ñ fpsp0Bq Ñ a, 1q

“ pf ˝ UMpιXqqp0q Ñ pf ˝ ηXqpsp0Bq Ñ aq

“ sp0Bq Ñ psp0Bq Ñ aq

“ psp0Bq ¨ sp0Bqq Ñ a

“ sp0B ¨ 0Bq Ñ a

“ sp0Bq Ñ a.

Thus, sp0Bq is the bottom element of A and A is a bounded Wajsberg hoop. This means
that A defines an MV-algebra A1, an isomorphism σ between UpA1q and A, and a split
epimorphism

A1 B
p1

s1

such that p ˝ σ “ Upp1q and σ´1 ˝ s “ Ups1q. Thus, the internal action ξ is ideal.
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This allows us to state the following characterisation.

6.25. Theorem. Consider the ideally exact context (6.3) and let

ξ : UpBq5X Ñ X

be a relative U-action in WHoops with associated split epimorphism

A UpBq.
p

s

Then ξ is a coherent action if and only if A is a bounded Wajsberg hoop with bottom
element sp0Bq.

Proof. If ξ is coherent, then by Proposition 6.24 A is a bounded Wajsberg hoop with
bottom element sp0Bq. Conversely, if A is a bounded Wajsberg hoop with bottom element
0A “ sp0Bq, then A – UpA1q for some MV-algebra A1 and

pp0Aq “ ppsp0Bqq “ pp ˝ sqp0Bq “ 0B.

Hence, p “ Upp1q, s “ Ups1q for some split epimorphism

A1 B
p1

s1

in MVAlg. Thus, the action ξ is ideal, and consequently, it is coherent.

6.26. Remark. The condition sp0Bq “ 0A automatically implies that

A UpBq
p

s

is an ideal split epimorphism, i.e., it is a split epimorphism of bounded Wajsberg hoops.

6.27. Remark. It follows from Theorem 6.25 that there is a morphism

f̃ : UMpXq Ñ UpA1
q

making the following diagram in WHoops commutative:

X UMpXq UpL2q

X UpA1q UpBq.

ηX
UMpτXq

f̃

UMpιXq

UpιBq

k

Upp1q

Ups1q

(6.4)
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This morphism arises from the universal property of the unit η. Indeed, there exists a
morphism f : MpXq Ñ A1 in MVAlg such that the following diagram in WHoops

X UMpXq

UpA1q

ηX

k
Upfq

is commutative. It follows that Upfqpx, 1q “ kpxq, Upfqp1A, 0q “ 0A and

Upfqpx, 0q “ Upfqppx, 1q Ñ p1A, 0qq “ Upfqpx, 1q Ñ Upfqp1A, 0q “ kpxq Ñ 0A “ ␣kpxq.

Furthermore, one may check that

pUpfq ˝ UMpιXqqpiq “ Upfqp1A, iq “ iA “ Ups1
qpiBq “ pUps

1
q ˝ UpιBqqpiq,

for any i “ 0, 1,

pUpp1
q ˝ Upfqqpx, 1q “ Upp1

qpkpxqq “ 1B “ UpιBqp1q “ pUpιBq ˝ UMpτXqqpx, 1q

and

pUpp1
q ˝ Upfqqpx, 0q “ Upp1

qp␣kpxqq “ ␣Upp1
qpkpxqq “

“ ␣1B “ 0B “ UpιBqp0q “ pUpιBq ˝ UMpτXqqpx, 0q.

Hence, f̃ “ Upfq makes diagram (6.4) commute.

6.28. Example. Let A be an MV-algebra, let π1 : Aˆ AÑ A be the projection on the
first component and let spaq “ pa, aq be a section of π1. We consider the split epimorphism
in MVAlg

Aˆ A A.
π1

s

Thus, UpAˆ Aq is a bounded Wajsberg hoop with bottom element p0A, 0Aq “ sp0Aq, and
the internal action ξ induced by the split epimorphism

UpAˆ Aq UpAq
Upπ1q

Upsq

under the equivalence (2.1), is coherent.
In fact, if X :“ kerUpπ1q “ tp1A, aq | a P Au and k : X Ñ UpA ˆ Aq denotes the

canonical inclusion, then there exists a unique morphism f : UMpXq Ñ UpA ˆ Aq in
WHoops which makes the following diagram

X UMpXq UpL2q

X UpAˆ Aq UpAq

ηX
UMpτXq

f

UMpιXq

UpιAq

k

Upπ1q

Upsq
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commutative. In particular, for any a P A, one has

fpp1A, aq, 1q “ p1A, aq

and
fpp1A, aq, 0q “ p1A, aq Ñ p0A, 0Aq “ p0A,␣aq.

6.29. Example. Let A be an MV-algebra and consider the split epimorphism

UpAˆ Aq UpAq.
Upπ1q

s1
(6.5)

in WHoops, where π1pa, bq “ a and s1paq “ pa, 1Aq. Since s1p0q “ p0A, 1Aq ‰ p0A, 0Aq, the
internal action induced by the split epimorphism (6.5) under the equivalence (2.1) is not
coherent. In fact, there does not exist a morphism

f : UMpXq Ñ UpAˆ Aq

in WHoops such that the diagram

X UMpXq UpL2q

X UpAˆ Aq UpAq

ηX
UMpτXq

f

UMpιXq

UpιAq

k

Upπ1q

s1

commutes. One may check that the unique map which makes the diagram commutative
in Set is defined by

fpa, 1q “ p1A, aq, fpa, 0q “ p1A, aq Ñ p0A, 1Aq.

However, f is not a morphism in WHoops since

fpx, 0q Ñ fpy, 1q “ p1A, yq

while
fppx, 0q Ñ py, 1qq “ p1A, x‘ yq,

for every x, y P A.

As a direct consequence of Theorem 6.25, we get the following.

6.30. Theorem. The ideally exact context

MVAlg WHoops
U

M

%

is BAT.
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Proof. By Proposition 6.24, we know that every coherent action is ideal. It remains to
show that every morphism between ideal split epimorphisms is ideal.

Let B be an MV-algebra and consider a morphism

A1 A2

UpBq

h

p1

p2s1

s2

between ideal split epimorphisms over UpBq. It follows from Theorem 6.25 that Ai is a
bounded Wajsberg hoop with bottom element 0Ai

“ sip0Bq, for any i “ 1, 2, and

hp0A1q “ hps1p0Bqq “ s2p0Bq “ 0A2 .

Thus, since the class of MV-algebras is term-equivalent to the class of bounded Wajsberg
hoops, there exists a morphism

A1
1 A1

2

B1

h1

p1
1

p1
2s1

1

s1
2

between split epimorphisms over B, such that Uph1q “ h. Hence, h is an ideal morphism.

Results similar to those of Proposition 6.24, Theorem 6.25 and Theorem 6.30 can
be obtained for product hoops and product algebras. We start by recalling the following
definitions.

6.31. Definition. [3] A basic hoop is a hoop H such that

(B) ppxÑ yq Ñ zq Ñ pppy Ñ xq Ñ zq Ñ zq “ 1,

for any x, y, z P H.

6.32. Definition. [2] A product hoop is a basic hoop H satisfying the identity

(P) py Ñ zq _ ppy Ñ px ¨ yqq Ñ xq “ 1,

for any x, y, z P H, where

x_ y “ ppxÑ yq Ñ yq ^ ppy Ñ xq Ñ xq

and
x^ y “ x ¨ pxÑ yq.

We denote by PHoops the variety of product hoops. Similarly to the case of Wajsberg
hoops, it was proved in [2] that bounded product hoops are term equivalent to the class of
product algebras, which were introduced in [29] and constitute the equivalent algebraic
semantics of product logic [2, 20].
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6.33. Definition. [28] A BL-algebra is an algebra A “ pA,_,^, ¨,Ñ, 0, 1q such that

(BL1) pA,_,^, ¨,Ñ, 0, 1q is a bounded residuated lattice [50];

(BL2) x^ y “ x ¨ pxÑ yq;

(BL3) pxÑ yq _ py Ñ xq “ 1,

for any x, y P A.

6.34. Definition. [29] A product algebra is a BL-algebra A satisfying the identity

␣x_ ppxÑ x ¨ yq Ñ yq “ 1,

for any x, y P A, where ␣x :“ xÑ 0.

We denote by PAlg the variety of product algebras. Since PAlg is protomodular, it is
an ideally exact category and it has as initial object the two-element Boolean algebra L2,
and as terminal one the trivial product algebra t1u.

6.35. Example. An example of product algebra is given by the set A “ r0, 1s endowed
with the operations x ¨ś y “ xy and

xÑś y “

#

1, if x ď y,
y
x
, otherwise.

In fuzzy logic, this is called the standard product algebra, as it forms the standard real-valued
semantics of product logic.

6.36. Remark. Given a product algebra A “ pA,_,^, ¨,Ñ, 0, 1q, one may check that
pA, ¨,Ñ, 1q is a bounded product hoop. This defines the forgetful functor U : PAlg Ñ
PHoops. In [27] the authors provided a description of the left adjoint of such U . We now
recall the construction that freely adds the constant 0 to a product hoop.

Let H be a product hoop. It may be shown that every element x P H can be decomposed
into Boolean and cancellative components given by the following terms:

bpxq “ pxÑ x2
q Ñ x, cpxq “ xÑ x2.

Moreover, the set GpHq “ tbpxq | x P Hu is a generalised Boolean algebra [23], CpHq “
tcpxq | x P Hu is a cancellative hoop [5] and the MV-closure BpHq “MpGpHqq of GpHq
is a Boolean algebra.

Now, let H‚ :“ tx‚ | x P Hu and let „ be the equivalence relation on H YH‚ defined
by

x „ x1 if and only if bpxq “ bpx1
q and ␣bpxq _H cpxq “ ␣bpx1

q _H cpx1
q,

where _H : BpHq ˆ CpHq Ñ CpHq is defined by

b_H c “

#

b_ c, if b P GpHq,

␣bÑ c, otherwise.



1310 MANUEL MANCINI, GIUSEPPE METERE, AND FEDERICA PIAZZA

One may check that the set H YH‚{ „ endowed with the operations

x ¨ y‚
“ ppbÑ b1

q ^ c ¨ c1
q

‚,

x‚
¨ y‚

“ ppb_ b1
q ^ c ¨ c1

q
‚,

x‚
Ñ y‚

“ pb1
Ñ bq ^ pb_ pcÑ c1

qq,

x‚
Ñ y “ pb_ b1

q ^ pb_ pcÑ c1
qq

xÑ y‚
“ pb^ b1

^ pb ¨ cÑ c1
qq

‚,

where b “ bpxq, c “ cpxq, b1 “ bpx1q and c1 “ cpx1q, is a product algebra. Moreover, the
free functor K : PHoopsÑ PAlg, which sends a product hoop H to the product algebra
KpHq “ H YH‚{ „, is the left adjoint of the forgetful functor U : PAlgÑ PHoops.

Finally, the unit η : 1PHoops ñ UK of the adjunction K % U is cartesian. Indeed, for
any product hoop H, the morphism ηH : H Ñ UKpHq : x ÞÑ x is a kernel of

UKpτHq : UKpHq Ñ UpL2q “ UKp0q

x ÞÑ

#

1, if x P H,

0, otherwise.

Thus, by Remark 3.3, we have that

PAlg PHoops
U

K

%

(6.6)

is, up to an equivalence, the adjunction associated with the unique map L2 Ñ t1u in PAlg.

We are now ready to show that the converse of Theorem 4.11 holds for the ideally
exact context (6.6).

6.37. Proposition. Consider the ideally exact context (6.6) and let

ξ : UpBq5X Ñ X

be a relative U-action in PHoops. If ξ is coherent, then ξ is an ideal action.

Proof. Let ξ : UpBq5X Ñ X be a coherent action in PHoops with associated split
epimorphism

A UpBq.
p

s

By Lemma 4.5, there exists a morphism f : UKpXq Ñ A in PHoops such that the following
diagram

X UKpXq UpL2q

X A UpBq

ηX
UKpτXq

f

UKpιXq

UpιBq

k

p

s
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commutes. As in the case of Wajsberg hoops, it is sufficient to prove that A is a bounded
product hoop with bottom element sp0Bq, i.e., sp0Bq Ñ a “ 1A for any a P A.

For any a P A, we have

ppsp0Bq Ñ aq “ psp0Bq Ñ ppaq “ 0B Ñ ppaq “ 1B.

Thus, sp0Bq Ñ a P X and

fp1‚
Ñ psp0Bq Ñ aqq “ fp1q “ 1A.

Moreover

fp1‚
q Ñ fpsp0Bq Ñ aq “ sp0Bq Ñ psp0Bq Ñ aq

“ sp0Bq ¨ sp0Bq Ñ a

“ sp0Bq Ñ a,

i.e., sp0Bq Ñ a “ 1A. Hence, the internal action ξ is ideal.

This allows us to state the following characterisation for coherent and ideal actions in
the ideally exact context (6.6).

6.38. Theorem. Consider the ideally exact context (6.6) and let

ξ : UpBq5X Ñ X

be a relative U-action in PHoops with associated split epimorphism

A UpBq.
p

s

Then ξ is a coherent action if and only if A is a bounded product hoop with bottom
element sp0Bq.

Again, as a direct consequence of the previous characterisation, we get the following
result, whose proof is analogous to that of Theorem 6.30.

6.39. Theorem. The ideally exact context

PAlg PHoops
U

K

%

is BAT.

We end this section by presenting a class of examples of coherent and ideal actions in
the variety of product hoops.
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6.40. Example. [39, 41] Let A be a product algebra. Let

BpAq “ tx P A | ␣␣x “ xu

be the set of regular elements of A and let

DpAq “ tx P A | ␣␣x “ 1Au

be the set of dense elements of A. Then BpAq is the greatest Boolean subalgebra of A,
DpAq is a filter of UpAq and one may consider the split extension

DpAq UpAq UpBpAqqk
p

s

where ppaq “ ␣␣a (see [20, Theorem 1.2 and Lemma 1.4] where it is proved that p is a
homomorphism), and k and s are the canonical inclusions. Then, by Theorem 6.38 the
action associated with the split extension above is coherent since sp0Aq “ 0A. Notice that
this split extension has strong section (see [38, 39, 44, 45]).

6.41. A non-varietal example. We conclude the manuscript by presenting an example
that illustrates how the converse of Theorem 4.11 holds true beyond the framework of
varieties. To achieve this, we consider the ideally exact category Setop (see [30, Example
3.7]), which has the singleton 1 “ t˚u as initial object, and the empty set H as terminal
one.

In this case, the monadic adjunction with cartesian unit of Remark 3.3 may be described
by

Setop pSet˚q
op,

U

F

%

(6.7)

where pSet˚q
op is the dual of the category of pointed sets, and U maps any set A to the

pointed set p1` A, ˚q, where ` denotes the disjoint union, and any map f : AÑ B to

1` f : p1` A, ˚q Ñ p1`B, ˚q,

which is defined by p1 ` fqp˚q “ ˚ and p1 ` fqpaq “ fpaq, for any a P A. Furthermore,
F pX, ˚Xq “ X for any pointed set pX, ˚Xq. We observe that the unit and the counit of
the adjunction

ηpX,˚Xq : UF pX, ˚Xq “ p1`X, ˚q Ñ pX, ˚Xq,

εA : AÑ FUpAq “ 1` A

are defined by
ηpX,˚Xqpxq “ x, ηpX,˚Xqp1q “ ˚X , εApaq “ a.

We aim to show that the ideally exact context (6.7) is BAT.
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6.42. Remark. Let us observe that the adjunction we just described is nothing but the
dual of the one giving rise to the so-called maybe monad, widely used in computer science,
see [46].

6.43. Remark. One may check that, as in the previous varietal cases, the functor U of
diagram (6.7) is full on isomorphisms. In fact, an isomorphism α : p1` A, ˚q Ñ p1`B, ˚q
in pSet˚q

op is nothing but a bijection between 1`A and 1`B such that αp1q “ 1. Hence,
the restriction β “ αçA is a bijection between A and B such that Upβq “ α.

Now, let pB, ˚Bq and pX, ˚Xq be pointed sets. A split extension of pB, ˚Bq by pX, ˚Xq
in the semi-abelian category pSet˚q

op may be described as a diagram in Set˚

pB, ˚Bq pA, ˚Aq pX, ˚Xq
p

s

k

where p is a split monomorphism, s is a split epimorphism, s ˝ p “ idB, and there is a
canonical isomorphism pX, ˚Xq – pA{ppBq, r˚Asq.

6.44. Remark. As shown in [22], since k is a normal epimorphism, there exists a unique
splitting

δ : X Ñ A

defined by

δprasq “

#

a, if ras ‰ r˚As,

˚A, if ras “ r˚As.

We aim to prove now that, as in the previous examples, the converse of Theorem 4.11
actually holds also in the ideally exact context (6.7).

6.45. Proposition. Consider the ideally exact context (6.7) and let

ξ : UpBq5pX, ˚Xq Ñ pX, ˚Xq

be a relative U-action in pSet˚q
op. If ξ is coherent, then ξ is an ideal action.

Proof. Let ξ : UpBq5pX, ˚Xq Ñ pX, ˚Xq be a coherent action in pSet˚q
op with associated

split monomorphism in Set˚

p1`B, ˚q pA, ˚Aq.
p

s
(6.8)

Then, by Lemma 4.5 there exists a map f : pA, ˚Aq Ñ p1 ` X, ˚q in Set˚ such that the
following diagram

p1` 1, ˚q p1`X, ˚q pX, ˚Xq

p1`B, ˚q pA, ˚Aq pX, ˚Xq

1`ιX

1`τX

ηpX,˚X q

1`τB

p

f

s

k
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commutes, where p1 ` 1, ˚q “ UF p1, ˚q, 1 ` ιX “ 1 ` F pιpX,˚Xqq “ UF pιpX,˚Xqq and
1` τX “ 1` F pτpX,˚Xqq “ UF pτpX,˚Xqq.

We observe that for any a P A, spaq “ ˚ if and only if a “ pp˚q “ ˚A. Indeed, if
a “ pp˚q, then spaq “ sppp˚qq “ ˚. Conversely, if spaq “ ˚, it follows by

˚ “ pp1` τBq ˝ sqpaq “ pp1` τXq ˝ fqpaq

that fpaq “ ˚. Hence

kpaq “ pηpX,˚Xq ˝ fqpaq “ ηpX,˚Xqp˚q “ ˚X .

As a consequence a P ker k, i.e., there exists x P 1`B such that ppxq “ a. If x P B, then

fpaq “ fpppxqq “ pp1` ιXq ˝ p1` τBqqpxq “ ˚X P X,

which is a contradiction since fpaq “ ˚ R X. Thus, a “ pp˚q.
To conclude the proof, we take A1 “ Azt˚Au, p

1 “ pçB and s1 “ sçA1 . One may easily
check that Upp1q “ p, Ups1q “ s and the map

σ : pA, ˚Aq Ñ p1` A1, ˚q

defined by

σpaq “

#

a, if a ‰ ˚A

˚, if a “ ˚A

is an isomorphism in Set˚. Thus, the split monomorphism (6.8) is ideal.

6.46. Remark. Let

p1`B, ˚q pA, pp1qq.
p

s

be a split monomorphism in Set˚. Since pA, pp1qq is isomorphic to p1 ` A1, ˚q, where
A1 “ Aztpp1qu, and sçA1 can be defined if and only if s´1p˚q “ t˚Au, we may state the
following characterisation of coherent/ideal actions in the category pSet˚q

op.

6.47. Theorem. Consider the ideally exact context (6.7) and let

ξ : UpBq5pX, ˚Xq Ñ pX, ˚Xq

be a relative U-action in pSet˚q
op with associated split monomorphism in Set˚

p1`B, ˚q pA, ˚Aq.
p

s

Then ξ is a coherent action if and only if s´1p˚q “ t˚Au.

The next example shows that the notion of coherent/ideal action does not trivialise
in pSet˚q

op.
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6.48. Example. Consider the pointed sets pA, ˚q and pB, ˚q, where A “ ta, ˚u and
B “ t˚u. Let p : B ãÑ A be the inclusion and consider its retraction s : A Ñ B defined
by spaq “ sp˚q “ ˚. The associated action is not coherent since there exists no function
s1 : t˚u Ñ H.

To conclude the manuscript, we aim to prove that the ideally exact context (6.7) has a
good theory of actions.

6.49. Theorem. The ideally exact context

Setop pSet˚q
op,

U

F

%

is BAT.

Proof. By Proposition 6.45, we know that every coherent relative U -action is ideal. It
remains to show that every morphism between ideal split monomorphisms in Set˚ is ideal.

Let B be a set and consider a morphism

pA2, ˚2q pA1, ˚1q

p1`B, ˚q

h

s2

s1p2

p1

between ideal split monomorphisms over p1`B, ˚q.
It follows from Theorem 6.47 that s´1

i p˚q “ ˚i, for i “ 1, 2. In addition, if pipbq “ ˚i,
then b “ sippipbqqq “ sip˚iq “ ˚. This means that p´1

i p˚iq “ ˚, for any i “ 1, 2.
Thus, if A1

i “ Aizt˚iu, we have that p1
i “ piçB and s1

i “ siçA1
i

define two split mono-

morphisms in Set

B A1
i,

p1
i

s1
i

i “ 1, 2

and it is immediate to check that

A2 A1

B

h1“hç
A1
i

s1
2

s1
1p1

2

p1
1

is a morphism of split monomorphisms over B such that Uph1q “ h. In fact, one has that
hpaq “ ˚1 if and only if s2paq “ s1phpaqq “ s1p˚1q “ ˚. Hence, by Theorem 6.47 we get
that a “ ˚2, i.e., h´1p˚1q “ ˚2.
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Rendus des Seances de la Société des Sciences et des Lettres de Varsovie, Classe
III 23 (1930), 30–50.

[37] S. Mac Lane, Homology, Springer, 1995. DOI: 10.1007/978-3-642-62029-4

[38] M. Mancini, G. Metere, F. Piazza and M. E. Tabacchi, On split extensions of product
hoops, in 2025 IEEE International Conference on Fuzzy Systems (FUZZ), Reims,
France, 2025, 1–5. DOI: 10.1109/FUZZ62266.2025.11152177

[39] M. Mancini, G. Metere and F. Piazza, On actions and split extensions in varieties
of hoops: the case of strong section, Studia Logica (2026). DOI: 10.1007/s11225-026-
10243-y

[40] S. Mantovani and G. Metere, Internal crossed modules and Peiffer condition, Theory
and Applications of Categories 23 (2010), no. 6, 113–135.

[41] F. Montagna and S. Ugolini, A Categorical Equivalence for Product Algebras, Studia
Logica 103 (2015), no. 2, 345–373. DOI: 10.1007/s11225-014-9569-9

[42] G. Orzech, Obstruction theory in algebraic categories I, Journal of Pure and Applied
Algebra 2 (1972), no. 4, 287–314. DOI: 10.1016/0022-4049(72)90008-4

[43] G. Orzech, Obstruction theory in algebraic categories II, Journal of Pure and Applied
Algebra 2 (1972), no. 4, 315–340. DOI: 10.1016/0022-4049(72)90009-6

[44] W. Rump, A general Glivenko theorem, Algebra Universalis 61 (2009), no. 455.
DOI: 10.1007/s00012-009-0018-y

[45] W. Rump, The category of L-algebras, Theory and Applications of Categories 39
(2023), no. 21, 598–624.

[46] G. J. Seal, Tensors, monads and actions, Theory and Applications of Categories 28
(2013), no. 15, 403–434.

[47] I. P. Shestakov and V. S. Bittencourt, Nonmatrix Varieties of Nonassociative Algebras,
Algebra and Logic 62 (2024), 532–547. DOI: 10.1007/s10469-024-09763-0
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