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COMMUTATORS AND CROSSED MODULES OF COLOR HOPF
ALGEBRAS

ANDREA SCIANDRA

ABSTRACT. In a previous paper, we showed that the category of cocommutative color
Hopf algebras is semi-abelian in case the group G is abelian and finitely generated
and the characteristic of the base field is different from 2 (not needed if G is finite
of odd cardinality). Here we describe the commutator of cocommutative color Hopf
algebras and we explain the Hall’s criterion for nilpotence and the Zassenhaus Lemma.
Furthermore, we introduce the category of color Hopf crossed modules and we explicitly
show that this is equivalent to the category of internal crossed modules in the category
of cocommutative color Hopf algebras and to the category of simplicial cocommutative
color Hopf algebras with Moore complex of length 1.

1. Introduction

The notion of semi-abelian category was introduced in [29] in order to give a categori-
cal “generalization” of the category of groups, as abelian categories “generalize” abelian
groups. Among the classical examples of semi-abelian categories there are the categories
of groups, Lie algebras and associative rings.

In [39, Theorem 6.1] we showed that the category Hopf, .(Vecs) of cocommutative
color Hopf algebras is semi-abelian if the abelian group G is finitely generated and the
characteristic of the base field k is different from 2 (not needed if G is finite of odd
cardinality). This result generalizes [24, Theorem 2.10] given for the category of ordinary
cocommutative Hopf algebras over a field k of arbitrary characteristic, which can be seen
as a special case of our result by considering GG equal to the trivial group. Moreover,
taking G = Zs and chark # 2, we obtain that the category of cocommutative super Hopf
algebras, extensively used in Mathematics and Physics, is semi-abelian.

Semi-abelian categories provide a good categorical framework to develop an approach
to commutator theory, and they present natural notions of semi-direct product [13], in-
ternal action [7] and crossed module [28]. Moreover, some famous theorems for groups
have categorical generalizations in a semi-abelian category, like the Hall’s criterion for
nilpotence [25] and the Zassenhaus Lemma [38]. Semi-abelian categories are also suit-
able for studying the (co)homology of non-abelian structures [21] and the Moore complex
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structure [10, 22]. Therefore, we will study some of these properties for the category

Hopf . (Vecg), under the previous assumptions on G and k.

The structure of the paper is the following. First, for the convenience of the reader, we
include preliminaries about the categorical-algebraic properties which we will explore for
the category Hopf . .(Vecg). In Section 3 we give an explicit description of commutators
in the category Hopf,.(Vecs), using the action & defined in [39]. Then we explain the
Hall’s criterion for nilpotence and the Zassenhaus Lemma for the category Hopf . (Vecs)
in Section 4. In Section 5 we revise the equivalence between internal actions and split
extensions in Hopf . .(Vecs) and, by introducing the notion of color Hopf crossed mod-
ule, we show the equivalence between the categories of color Hopf crossed modules and
internal crossed modules in Hopf, .(Vecs). Finally, in Section 6, we study the equiva-
lence between the categories of color Hopf crossed modules and simplicial cocommutative
color Hopf algebras with Moore complex of length one. Observe that generalizations of
the equivalences in Sections 5 and 6 can be found in the very general results given in
[4] and [5], but here we give an explicit description of these in reference to the cate-
gory Hopf . (Vece) which can also be used to investigate further other topics like crossed
squares and 2-crossed modules of cocommutative color Hopf algebras.

Notations and conventions. Sometimes, identity morphisms in a category C are denoted
by 1. If the category C is pointed, the zero object is denoted by 0 and the zero morphism
by 0. Given a morphism f : A—B in C, the kernel and the cokernel of f, if they exist, are
denoted by ker(f) : Ker(f)— A and coker(f) : B— Coker(f) or coker(f): B— B/A.
All vector spaces are understood to be over the field k and by linear maps we mean
k-linear maps. The unadorned tensor product ® stands for ®,. All linear maps whose
domain is a tensor product will usually be defined on generators and understood to be
extended by linearity. Algebras over k will be associative and unital.

2. Preliminaries

In this section, we recall some categorical-algebraic properties, which we will explore for
the category Hopf,..(Vecs). A category C is semi-abelian if it is pointed, finitely cocom-
plete, (Barr)-exact and protomodular [29]. Thus, C has zero object, all finite colimits
and limits, so that the protomodularity is equivalent to the fact that the Split Short Five
Lemma holds in C (see [6, Proposition 3.1.2]). Moreover, every morphism in C factorizes
as a regular epimorphism (i.e., a coequalizer of a pair of morphisms in C) followed by a
monomorphism and this factorization is stable under pullbacks (i.e., C is regular) and any
equivalence relation is the kernel pair of a morphism in C. We refer the reader to [6] for
further details about semi-abelian categories.

The Huq commutator. In any pointed category C with binary products, one says that
two subobjects i : X —= A and j : Y — A of the same object A commute (in the sense
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of Huq [27]) if there exists an arrow p that makes the following diagram commute:

. Xp , (1)
\z/ 1

If the category C is unital [8], such arrow p is unique. This holds in particular when C is
protomodular. In a protomodular category C with finite limits, a subobject u : S— A of
A is called normal if it is normal to an equivalence relation on A (see [6, Definitions 3.2.1
and 3.2.9]) and, if C is pointed, exact and protomodular, then u is normal if and only if
it is the kernel of a morphism in C, as shown in [6, Proposition 3.2.20]. In particular, the
latter holds for a semi-abelian category. In a semi-abelian category C, the Huq commutator
of two normal subobjects i : X — A and j : Y — A is the smallest normal subobject
g : B—=A of A such that its cokernel ¢ := coker(g) : A—=A/B has the property that the
images ¢(X) and ¢(Y) by ¢ commute in the quotient, as shown in the following diagram:

q(X) — q(X) xq(Y) —— q(¥)

7 » A/B

X Y
7 > A

B

Usually, it is denoted by [X,Y]muq — A. Recall also that an object A in C is called
nilpotent [27] if there exists a non-negative integer n such that 7% (A) = 0 where, denoted
by Norm(A) the class of normal subobjects of A, the map v4 : Norm(A) — Norm(A)
sends a normal subobject X of A to [A, X]uuq. The least of such n is the nilpotency class
of A.

If a semi-abelian category C is also algebraically coherent [18] then a generalization of
the Hall’s criterion for nilpotence holds:

2.1. THEOREM. [cf. [25, Theorem 3.4]] Let C be an algebraically coherent semi-abelian
category and p : E—= B be a reqular epimorphism where B is a nilpotent object in C.
If the kernel of p is contained in the Hug commutator [N, Nlmuq of a nilpotent normal
subobject N of E, then E is nilpotent. Furthermore, if N is of nilpotency class ¢ and B
is of nilpotency class d, then E is of nilpotency class at most @(d —1)+e.

Semi-direct products. Recall that, given a morphism v : W —Y in a semi-abelian
category C, the inverse image functor v* : Pty (C) — Pty (C) of the fibration of points is
monadic, see [13] and [6, Theorem 5.1.13]. From [13] and [6, Definition 5.2.8] also recall
that, given a semi-abelian category C and an object GG in C, a G-algebra is an algebra for
the monad T corresponding to the monadic functor o, : Pt¢(C)—C, where ag : 0—G
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is the unique arrow from the zero object 0 of C to G. Given a G-algebra (X, &), the semi-
direct product (X, &) x G of (X,€) and G is the domain part H of the point H # G
corresponding to (X, &) through the equivalence Ptg(C) = CTe.

Reflexive multiplicative graphs and internal groupoids. Recall from [15] that a
reflexive-multiplicative graph in a category with pullbacks C is a diagram

Al X Ao Al LI Al < i AO (2)

where (A X 4, A1, 71, 7o) is the pullback of the pair (4,7) in C, such that doi = yoi = Id 4,
(i.e., it is a reflexive graph) and m o (Ids,,i 0 d) = Ids, = mo (i o v,1ds,), where
(Ida,,i00) : Ay —= Ay x4, A1 and (i 0 v,1dya,) : Ay —= Ay X4, Ay are induced by the
universal property of the pullback A; x 4, A;. Usually ¢ is called the domain morphism or
source morphism, v the codomain morphism or target morphism, i the identity morphism
and m the multiplication.

A morphism of reflexive-multiplicative graphs is given by a pair of morphisms (f; :
Al —= Ay, fo: Ay —= Ap) in C such that the four squares of corresponding arrows of the
following diagram commute:

/ ;o m
Al XA6 Al >

Z
'Y

f1Xf1l lfl lfo
6
Z
5

Al X Ao Al > <

m

A reflexive-multiplicative graph is called an internal category if the multiplication m
further satisfies

dom=0om, yom=~vyom and mo (Ida, X4, m)=mo (m X4, Idy,).

Moreover, an internal category is called internal groupoid if there exists a morphism
t: Ay —= A; such that

dor=r, yor=40, mo(,,Ids,)=i0d and mo (Ids,,t) =io~.

We denote by RMG(C) the category of reflexive-multiplicative graphs in C with morphisms
of reflexive-multiplicative graphs and by Grpd(C) the category of internal groupoids in C,
with morphisms of reflexive-multiplicative graphs. It is shown in [15] that if C is Mal’tsev
then the forgetful functor F' : Grpd(C)—RMG(C) is an isomorphism of categories and the
groupoid structure on a reflexive graph is unique whenever it exists. In [28] G. Janelidze
introduced the category XMod(C) of internal crossed modules in a semi-abelian category
C, which is equivalent to the category Grpd(C).
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For any two equivalence relations over the same object of a category C, there is a notion
of connector [11] and, when such a connector exists, one says that the two equivalence
relations centralize (in the sense of Smith). If two equivalence relations centralize in the
sense of Smith, then their associated normal subobjects commute in the sense of Hugq,
while the converse is not true in general (see [11]). If a category C is such that two
equivalence relations centralize in the sense of Smith if and only if their normalizations
commute in the sense of Huq, then C is said to satisfy the so-called condition (SH) [11].
Note that any action representable category satisfies the condition (SH), since this is more
generally true for any action accessible category [14]. Moreover, a reflexive graph in a

Mal’tsev category C

5
"

A —
v

Ao (3)

has an internal structure of groupoid if and only if Eq(d) and Eq(7), the kernel pairs of
d and v, centralize with each other (in the sense of Smith) [15]. The results mentioned
above are summarized in the following proposition:

2.2. PROPOSITION. In a pointed, Mal’tsev category C which satisfies the condition (SH),
the following statements are equivalent for the reflexive graph (3):

1. it is a reflexive-multiplicative graph;

2. it is an internal category;

3. it is an internal groupoid;

4. Eq(6) and Eq(vy) centralize to each other (in the sense of Smith);
5. it satisfies the equality [Ker(d), Ker(y)]puq = 0.

As mentioned above, the equivalence of conditions (1)—(4) was proved in [15]. We
point out that their equivalence to (5) was introduced as a condition in [34] and then
proven to be equivalent to (SH) for a semi-abelian category in [35].

The Zassenhaus Lemma. Recall from [31] that a category is normal if it is pointed reg-
ular and every regular epimorphism is a normal epimorphism. A normal category is ideal
determined if it has binary coproducts and the normal image of a normal monomorphism
is again a normal monomorphism [30]. In particular, any semi-abelian category is normal
and ideal determined (see [29]). In [42, Proposition 5.2], O. Wyler stated the Zassenhaus
Lemma in an axiomatic context that includes ideal determined categories, using the no-
tion of asymmetric join: given a kernel k : K—A in C with cokernel f : A—=A/K and a
monomorphism m : M — A, the asymmetric join is the subobject kVam : KVa M—A
of A such that (K V4 M, kVam,ms) is the pullback of the pair (f, f om). In [38, Lemma
2.8] it is shown that, if C is semi-abelian, the asymmetric join K V4 M coincides with the
supremum of K and M (as subobjects of A), i.e., the smallest subobject of A containing
K and M, which always exists in a category with binary coproducts and a factorization of
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every morphism as a strong epimorphism followed by a monomorphsim. Thus, from [38,
Theorem 3.3 and [38, Corollary 3.5], we recall the Zassenhaus Lemma for a semi-abelian
category:

2.3. THEOREM. Let C be a semi-abelian category, K—U and L—V be two kernels in
C, and U— A and V — A be two monomorphisms in C. Then we have isomorphisms

KVy (UNV) unv ~ Lvy (UNV)

~

Kvy(UnNnL) (KNV)Vyay (LNU)  LVy (KNV)'

Simplicial objects and Moore complexes. First, recall that, given a pointed cate-
gory C, a chain compler (X,,0,) in C is given by a collection of objects (X, )nez in C
and a collection of morphisms (0, : X,, — X,,_1)nez in C, called differentials, such that
0,00,4+1 =0, for all n € Z. A morphism in a pointed, regular, and protomodular category
C is called proper if its image is a kernel [9]. A chain complex is proper whenever all its
differentials are so [22]. We denote the category of chain complexes in C by Ch(C).

The simplicial category A has objects given by finite ordinals [n] = {0,...,n}, with
n € N, and morphisms [n] — [m] given by order preserving maps from {0,...,n} to
{0,...,m}. Given a category C, the category Simp(C) of simplicial objects and simplicial
morphisms of C is the functor category Fun(A°P,C) [36]. Thus, a simplicial object X :
A°?P —C in a category C is given by the following data: a collection of objects (X,,)nen
in C, morphisms in C

d} : X, —X,_1, for 0 <7 <n and S?—H X, — Xy, for 0 <5 <n

called the face operators and the degeneracy operators, respectively, subject to the follow-
ing simplicial identities:

1) d odt =dif od if i < j;

n+1 n _ n+l noif s :.
2) s ot = 8Tl ostif i < g

3) dios} = S;L__llod?_l ifi <j,d}os}=d} 05} =1d,d}os} = S?_lod?_ll ifi>j5+1

for all n € N.

Given n € N, a n-truncated simplicial object in a category C is a functor X : A% —C,
where A, is the full subcategory of A whose objects are natural numbers < n. We denote
the category of n-truncated simplicial objects in C by Simp,(C). For each n € N there
is a truncation functor tr, : Simp(C) — Simp,,(C) which simply forgets the objects X;
of a simplicial object X for dimensions higher than n and the corresponding face and
degeneracy operators. If C has finite limits, then tr, admits a right adjoint cosk,, called
the n-coskeleton functor, while if C has finite colimits, then tr, admits a left adjoint sk,,
called the n-skeleton functor, see [19].
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Let us quickly recall the construction of the n-coskeleton functor for a finitely com-
plete category C. Given a n-truncated simplicial object X, consider the face opera-
tors di,...,dr : X, — X,,_1, then X, 1 is defined as an object in C with morphisms
Jo, -5 far1 t Xoy1—=X,, such that dff o f; = dj_, o f; for all i < j which is universal with
this property: given morphisms 7, ..., T,41 : A—= X, in C such that d} om; =d}_; om,
for all 7 < j then there is a unique morphism « : A— X,,,1 such that f; o a = 7;:

Tn+1

A X,

T
0
o Id
frt1 dn

X1 -0 Xp oo Xpog oo

\
7 7

fo ay

Furthermore, the universal property of X, ,; allows one to define degeneracy operators
st X, —= X, for 0 < i < n. This yields an (n + 1)-truncated simplicial objects in C
and, proceeding inductively, one defines the n-coskeleton functor.

Given a simplicial object X in a pointed category C with pullbacks, the Moore chain
complex (M(X)a, D) is the chain complex defined by:

1. M(X),=0forn <0and M(X)y = Xo;

2. M(X), = =, Ker(d}) for n > 1;

3. O = d"oNiZyker(d?) : M(X), — M (X),_; for n > 1 (and the zero morphism for
n <0),

see [22, Definition 3.1]. Hence there is a functor M : Simp(C) — Ch(C) and, if C is
pointed and protomodular, then M is conservative, i.e., it reflects isomorphisms [10]. In
[22, Theorem 3.6] it is shown that, given a pointed, exact and protomodular category C
and a simplicial object X in C, then (M (X)., d) is a proper chain complex of C. Moreover,
we recall the following result:

2.4. THEOREM. [cf. [32, Theorem 5.3]] Let C be a pointed category with finite limits. For

a simplicial object X with corresponding Moore complex M(X), then the Moore complex
of cosk,tr,(X) satisfies:

1. M(cosk,tr,(X)); = M(X); fori<mn;
2. M(coskptr, (X))ps1 = Ker(0, : M(X),— M(X),_1);
3. M (cosk,tr,(X)); =0 fori>n+1.

As a consequence, given a n-truncated simplicial object X : A% — C in a pointed
category with finite limits C and the simplicial object cosk, (X), since tr,cosk,(X) = X
and then cosk,tr, (cosk, (X)) = cosk, (X), by applying the previous theorem one obtains
the following result:
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2.5. COROLLARY. Let C be a pointed category with finite limits and X an object in
Simp,,(C). Then

M (cosk,(X))i = 0ifi > n+1, M(cosky(X))n+1 = Ker(dy, : M (cosky, (X))n—=M (cosky(X))n—1).

The category Hopf, .(Vecg). We denote by Hopf,..(Vecs) the category of cocommuta-
tive color Hopf algebras, i.e., cocommutative Hopf monoids in the category of G-graded
vector spaces Vecg, where G is an abelian group (see e.g. [1, Definition 1.15] for the defi-
nition of Hopf monoid in a braided monoidal category). We will use the same notations
employed in [39] for the category Hopf,,.(Vecs). We refer the reader to [1] for many
details about monoidal categories and to [41] for basic results in Hopf algebra theory.

We recall that, given a bicharacter on G, i.e., a map ¢ : G x G —=k — {0} which
satisfies

o(gh,1) = ¢(g,)¢(h,1) and ¢(g, hl) = &(g, h)¢(g,1) for every g, h,l € G,

one obtains a braiding c¢ for the category Vecg which is defined in the following way. For
any X =@ o Xy and Y = P Y, in Vecg, the morphism cxy : X @Y —Y ® X is
defined on the components of the grading and extended by linearity: given g, h € G and
r € X,y €Yy, we have cxy(z ® y) = ¢(g,h)y ® x. The braided monoidal category
Vecg is symmetric if and only if ¢ satisfies further ¢(g, h)p(h,g) = 1, for all g,h € G (¢
is said to be a skew-symmetric bicharacter). In the following, we fix a skew-symmetric
bicharacter ¢ on G, hence a symmetric monoidal structure on Vecg.

We recall that the objects of the category Hopf . .(Vecg) are tuple (H, m,u, A, €, S),
where:

COC(

i) (H,m,u) is a G-graded algebra, i.e., it is an object in Mon(Vecg);

ii) (H,A,e€)isaG-graded coalgebra which is cocommutative (so a3 ®as = ¢(|as], |az|)as®
ap for all a € H), i.e., it is an object in Comonc,.(Vecg);

iii) (H,m,u,A, €)isan object in Bimon,,.(Vecgs), so A and e are morphisms in Mon(Vecg),
i.e., the following compatibility conditions hold, for all a,b € H:

A(ab) = ¢(|a2\, |bl‘)a1b1®a262, A(lH) = 1H®1H7 e(ab) = E(Q)G(b% 6(1[{) = 1]1«;

iv) S : H— H is a morphism in Vecg such that a;5(as) = €(a)l = S(ay)ay for all
a € H, called antipode.

The morphisms in Hopf,.(Vecs) are simply algebra maps which are also coalgebra maps
preserving gradings.

We recall that the cocommutativity assumption implies A(S(a)) = S(a1) ® S(az) and
S%(a) = a for all @ € H, while S(ab) = ¢(|al,|b])S(b)S(a) for all a,b € H. We also recall
that the following commutativity condition ¢(|a|, |b])e(b)a = ae(b) holds for all a,b € H
since this will be used frequently throughout the paper.
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In [39, Theorem 6.1] we showed that the category Hopf . (Vecg) is semi-abelian if
the abelian group G is finitely generated and chark # 2 (not needed if G is finite of
odd cardinality). Note that, in case G = {1} is the trivial group, one recovers the semi-
abelianness of the category Hopf .o 0of cocommutative Hopf algebras [24, Theorem 2.10].
From now on we suppose that G is a finitely generated abelian group and chark # 2 and

we study the categorical properties discussed above for Hopf . (Vecg).

3. Huq commutators in Hopf,.(Vecq)

In this section, we give an explicit description of commutators in Hopf, .(Vecs).

COC(

3.1. REMARK. In Hopf . (Vecs) monomorphisms are exactly the injective morphisms as
it is shown in [39, Lemma 5.22] and, since every injective map f in Hopf . (Vecs) can
be decomposed as an isomorphism followed by an inclusion, a subobject of an object A
in Hopf,,.(Vecs) is an inclusion i : X — A in Hopf . (Vecs), ie., X is a color Hopf
subalgebra of A. Given X and Y color Hopf subalgebras of A, recall that X xY = X ®Y
is the binary product of X and Y in Hopf . (Vece) and (Idx,0xy) = (Idx @uyex)oAx :
XéX(X)Y, T T & 1y, <OY’X,Idy> = (UXEY ®Idy) OAY : YéX@)Y, Yy — 1x X y.

Given i : X — A and j : Y — A two color Hopf subalgebras of A in Hopf,,.(Vecg),
these commute in the sense of Huq if there exists a morphism p : X ® Y — A in
Hopf,..(Vecg) such that p(x ® 1y) = x and p(1x ® y) =y for every x € X and y € Y.
But then p is uniquely determined if it exists, since it has to be a morphism of algebras
and so

pzy)=p((z@1y)(Ix ®y)) =plr @ 1ly)p(lx ®y) =zy forallz € X, y €Y.

Note that the uniqueness of p, in case of existence, was already known since Hopf . (Vecs)
is protomodular, hence unital. Hence we must have p = my4 o (¢ ® j) which is clearly a
morphism of coalgebras, since this is true for m4 with A color Hopf algebra. Thus, we
only need that p is a morphism of algebras.

3.2. LEMMA. Given two color Hopf subalgebras i : X — A and j : Y — A of A in
Hopf . (Vecg), the following conditions are equivalent:

1) there exists a unique morphism of color Hopf algebras p : X ® Y —= A that makes i
and j commute in the sense of Hug;

2) xy = ¢(|x|, ly|)yz, for allz € X and y € Y;
) o(|zal, [y1]) 21915 (22) S (y2) = €(2)e(y)1a, for allz € X andy € Y;
4) oz, [y))z1yS(z2) = €(z)y, for allz € X and y €Y.
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PROOF. If 1) holds, then p is a morphism of algebras and so, since Vecs is a symmetric
monoidal category, we obtain

zy = p(o(le], lyDo(yl, [z))z @ y) = o], ly)p((1x ® y)(z © 1y))
= o(|z], [yp(1x @ y)p(z @ 1y) = o(|z, [y|)yx

for all z € X and y € Y and then 2) is satisfied, while if 2) holds then

2
pxey(@ @y @7 @y) = oyl [/ )rz'yy 2 aya'y’ = malp@p)z @y @)

for every z,2’ € X and y,y’ € Y and then 1) is satisfied, since p is also a morphism of
coalgebras. Thus, 1) and 2) are equivalent conditions and now we show the equivalence
between 2) and 3). If 2) is satisfied then we immediately obtain 3) as

2
o(|z2], [y1|)z1y1S(22)S (y2) . 118(22)y15(y2) = €(@)e(y) 14,
while if 3) holds then

zy = z16(12)y = (|22, [y|)z1y€(22) = (|02 @ 23|, [Y[)T1Y1€(Y2) S (T2) 73
= o(|z2l, [y1)) o (|23, [y))m1y1S (22)e(y2) w3 = @(|w2, [y1])P(| 73], [y]) w1915 (22) S (Y2)ys w3

2 (1l [y e(zn)e(un)ysrs = 6l ye(ra)ys = (|2, [y d(lal, [y ye(an)ws
= (|2l [yyx

so 2) is satisfied. Finally, we show that 3) and 4) are equivalent. Clearly, if 4) holds true
then

(|, [y1])11.S(22)S (1) 2 e(@)y1S(y2) = e(w)e(y)La,

i.e., 3) is satisfied, while, by assuming 3), we can compute
O(|zal, [y)z1yS(w2) = d(|22], [y1 @ ya|)z1y1€(y2) S (22) = G(|22|, [y1])z191S (w2)€(y2)
= 8(1al, 1 1y S (2)S () 2 elw)ely)ye = ele)y
and then 4) holds. =

Since the category Hopf, . (Vecs) is semi-abelian, a normal subobject i : X — A of
A in Hopf . (Vecq) is an inclusion which is a kernel of a morphism in Hopf ., .(Vecs) and
this is equivalent, by [39, Corollary 5.21], to X being a normal color Hopf subalgebra of
A, ie., such that £4(a®x) := ¢(|as|, |z|)a1xS(az) € X for every a € A and x € X. Recall
from [39, Lemma 5.4 1) and 2)] that {4 : A® A— A is a morphism of graded coalgebras
and, given f : A— B in Hopf . (Vecg), then Eg o (f @ f) = f o &a. First, we can show
the following result:

3.3. LEMMA. Given A in Hopf_ .(Vecg), then

Eala®E4(b@c)) =Ealab@c) and Ea(1a @ a) = a for all a,b,c € A, (4)

i.e., (A,€4) is in 4Vecg.
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PRrROOF. Clearly £4 preserves the gradings. Given a,b,c € A, we can compute

fala®&a(b®c))

= ¢(|b2], [c])€a(a ® b1cS(b2)) = ¢(|ba], [c|)B(|azl, [b1cS(b2))arbieS(b2)S(az)
= ¢(|b2|, [e[)p(lazl, [brc)arbieS(azba) = ¢(|azbal, |c])¢(|azl, [b1])arbicS(azbs)
= ¢(|(ab)al, |c[)(ab)1cS((ab)2) = €alab @ c)

and £4(14 ® a) = ¢(1g, |a])14aS(14) = a, hence (4) is satisfied. "

3.4. REMARK. Observe that (4) can also be deduced from [26, Proposition 3.7.1] seeing
Ain 4(Vecg)a with A-actions given by multiplication m 4, in which case £4 becomes ad 4.
Also note that 4) of Lemma 3.2 tells us that, when i : X — A and j : Y — A commute
in Hopf,.(Vece), the restriction of the action {4 to X and Y is trivial. From now on,
we set {4(a ® b) := av b, for all a,b € A. In case there will be different A and B in
Hopf...(Vecg) concurrently, the action > will be clear from the context and we will omit
putting indexes.

The Huq commutator of two normal color Hopf subalgebras X, Y of A in Hopf, . (Vecq),
denoted by [X,Y]nuq, is then defined as the smallest normal color Hopf subalgebra of
A such that, considered the cokernel of the inclusion [X,Y |y, — A in Hopf  (Vece)
which is given by the canonical projection ¢ : A — A/A[X, Y]ffmq [39, Corollary 5.21],

the color Hopf subalgebras ¢(X) and ¢(Y) of A/A[X, Y]Euq, which are normal by [39,
Lemma 5.4, 2)], commute in the sense of Huq. The latter means that there exists
P a(X)®q(Y)— AJAX, Y] T®T — Ty in Hopf,,.(Vecg) which is equivalent,
by Lemma 3.2, to the condition Ty = ¢(|z|, |y|)yz for all x € X and y € Y and then to

zy — oz, [yl)yz € A[X,Y]jj,q forall z € X and y € Y.

Now we give an explicit description of the Huq commutator of two normal color Hopf
subalgebras X and Y of A in Hopf . (Vecs). By analogy to the notation used in [24],
we write [X,Y] for the graded subalgebra of A generated by the elements of the form
[z,y] == od(|zz|, |y1|)z1y1S(22)S(y2) for any x € X and any y € Y. Clearly, we have
[z,y] = (x> y1)S(y2) for all z € X and y € Y. Note also that

[2,9] = d(l2al, [y1 21915 (22) S (y2) = G(|2al, [yDza(y > S(22)) for allz € X,y €Y. (5)

The action > satisfies some compatibility conditions with the antipode and the comul-
tiplication of A, as shown in the following result.

3.5. LEMMA. Given A in Hopf, .(Vecq), the following properties are satisfied:

COC(

S(a>b) =a>S(b) forallabe A, (6)
av>be = ¢(|az|, b)) (a1 >b)(ag>c)  for all a,b,c € A. (7)
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PROOF. Given a,b,c € A, we can compute

S(awb) = S(¢(lazl, [b])a1bS(az)) = ¢(laz|, [b])@(|aibl, |az])S(S(az))S(a1b)
= ¢(|a1], laz])azS(arb) = a15(azb) = é(|azl, [b])a1S(b)S(az) = a> S(b),

so that (6) holds and

a>be = ¢(|az|, |bc|)a1beS(asz) = ¢(|as], |bel)are(az)beS (as)
= @(lazl, [b])@(las], [be|)arbe(az)cS(as) = ¢(laz @ agl, [b])¢(laal, |be|)arbS(az)azeS (aa)
= @(laz, [b])@(as], [be|) (a1 > b)ascS(as) = d(|az ® as], |b])p(|as], |c]) (a1 > b)azcS(as)
= ¢(laz|, [b])(a1 > b) (a2 > ¢)

and then also (7) is satisfied. =

Recall that we already know that 4 is a morphism of graded coalgebras for all A in
Hopf,.(Vecg), i.e., we have

COC(
(a>b); ® (a>b)y = ¢(|as], |b1])(a1 > b1) ® (ag > be) and e(a>b) = e(a)e(b) (8)

for all a,b € A. Moreover, we also know that, given f : A— B in Hopf_ .(Vecs), we
have f(a>b) = f(a)> f(b) for all a,b € A.

3.6. PROPOSITION. The graded algebra [X,Y] is a normal color Hopf subalgebra of A,
for any normal color Hopf subalgebras X,Y of A.

PROOF. By definition, [X,Y] is a graded subalgebra of A. Thus, if we show that it is a
graded subcoalgebra of A and that it is closed under the antipode of A, we obtain that it
is a color Hopf subalgebra of A. From the fact that &4 is a morphism of graded coalgebras,
we obtain that [X, Y] is a subcoalgebra of A. Indeed, we can compute

Ax[z,y]) = Aal(@>y1)S(y2) = o(|(2 > y1)al, [S(y2)1]) (2> y1)1S(Y2)1 @ (2> y1)25(y2)2

D d(|wal, o (1 > o, [S(ys)]) (215 41) S (y5) ® (w2 > y2) S ()
= ¢(|z2, [y1])P(| w2l [ya|) (1> 91)S(y2) @ (22> y3)S(ya)
= (|2, [y1))[r1, 1] @ [z, 0] € [X, Y] @ [X, Y]

Moreover, we have

Sallz,y]) = Sal(x>y1)Sa(ye)) = oz @ w1, [y2])y2Salz > y1) = o(|x], [y1])y1Sa(z > y2)
(], lyi D (@ > S(y2)) 2 d(Jal, [yl ly, 2] € [X, Y],
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hence [X,Y] is a color Hopf subalgebra of A. Finally, we show that [X, Y] is normal:

av [ﬂf,y] = av (25 9)5(2) £ 6(laal, [55 91]) (@1 > (5 91)) (a2 > S(p2))

(lazl, |z @ y1]) (12 > y1)(az > S(y2))
¢(|a2 ® asl, |z @ yi|) (@12 > y1)(e(az)as > S(ya))
P(lazl, [2])d(|as], |r @ yi])(arze(az) > yi)(az > S(y2))
P(laz ® as|, [z])d(|aal, [z @ y1]) (@125 (az)as > y1)(as > S(y2))

¢(|a2 ® as, [z])d(laal, [r @ y1|) (@125 (a2)) > (a3 > y1))(as > S(y2))

¢(las|, [z|)d(|aal, |z @ y1]) ((¢(|azl, |z[)arzS(az)) > (asz > y1))S(as > y2)
d(lazl, [z[)¢(lasl, |z @ yi|)((ar > 2) > (az > y1))S(as > ya)
P(laz @ asl, |z)¢(lasl, [y1])((a1 > x) & (a2 > y1))S(as > y2)
o(
o(

II=

E

|azl, |z[)((a1 > x) > (a2 > y)1)S((az > y)2)
las|, |x|)[a1 >z, as > y] € [X, Y]

and then the thesis follows. =

3.7. PROPOSITION. Given X andY normal color Hopf subalgebras of A, then [X,Y] =
(X, Y | Huq-

PROOF. Recall that [X, Y]y, is defined as the smallest normal color Hopf subalgebra of
A such that
vy = o(|zl, [ylyz € AX, Y], = X, Y]jA )

for all x € X and y € Y. By Proposition 3.6 we already know that [X, Y] is a normal
color Hopf subalgebra of A, hence we only have to show that it is the smallest which
satisfies (9). Observe that

Huq = Huq

zy = 116(72)y = ¢(|72], [y))r19€(22) = O(|72 ® T3, [Y])T1Y1€(Y2) S (72) 73
= o(|@2l, lya])o(xs], [y)x1y1S(x2)e(y2) s = d(|xal, [y1]) o3|, |[y]) w1915 (22) S (y2)ysxs
= ¢(|z2l, [y) 21, y1lya2

and

2o, [y])e(@1)e(yr)yars = d(|asl, [yl)e(1)e(wa)e(yr)e(y2)ysws

¢(lz], ly[)yz = o )

(sl [yl o2, yr)e(zr)e(yr)e(S(x2))e(S () )yss
( ) 2)

( )

23], [yl e(@(|al, [ya])z115(22) S (y2) ) ysws

¢
¢
¢ (¢

¢(|zal, [y))e([1, 91])yaa,

so that we obtain

vy — o(|zl, ly)yz = ([z1,11] — e([z1, 1)) @22, [y]) vz € [ X, YT A,
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hence [X,Y] satisfies (9). Finally, we prove that [X,Y] is the smallest normal color
Hopf subalgebra which satisfies (9) showing that [X,Y] C Hker(f) for every morphism
[+ A— B in Hopf . (Vecs) such that f(X) and f(Y) commute in B, where Hker(f) =
{r € A| 21 ® f(xg) = 2 ® 1p} is the categorical kernel of f in Hopf_,.(Vecs). Hence,
given [z,y] = (x> y1)S(y2) in [X,Y] for z € X and y € Y, we can compute

[z, yh @ f([2,y]2) = (2> 91)S(y2)r @ f(((2>91)S5(42))2)

(2> y1)al, [S(y2)1) (@ > y1)15(y2)1 @ f((2 > y1)25(y2)2)
(

o(

O(|r2 @ ya, [ys])@(|z2l, [y1]) (21> y1)S(ys) @ f((z2 > y2)S(

o[z, [y ) (|z2l, [y2]) (1 > 41) S (32 22> y3) f(S(ys))

(]
(

®)

Ya))

)@ [f(
|zal, [y2|) (21 > y1)S(y2) @ (f(w2) > f(y3)) f(S(va))

) ®
= ¢(|z2, [])o( ) ) ®
S 6ol Ly b1, [y )1 > 11)S () © € f(x2)) f (y5) F(S ()
= ¢(|za], [y1])o(|z2], [12]) (21 > 41) S (y2) ® €(22) f(y35(ya))
= ¢(|z2], [y1])o(|z2], [12]) (21 > 41) S (y2) ® €(2)e(ys)1p
(> y1)S(y2) @ e(ys)lp = [7,y] ® 15

where (x) holds since f(X) and f(Y) commute in B, using 4) of Lemma 3.2. Hence [X, Y]
is the Huq commutator of X and Y in Hopf,.(Vecg). n

COC(

The previous result generalizes [24, Proposition 4.3] given for the category of cocom-
mutative Hopf algebras.

3.8. REMARK. We recall that the category Hopf  .(Vecg) is locally algebraically cartesian
closed [39, Proposition 6.3], then algebraically coherent by [18, Theorem 4.5]. Therefore,
by [18, Theorem 6.18], Hopf, .(Vecq) satisfies the condition (SH) (also recalled in the
preliminaries) and the condition (NH) of normality of Higgins commutators of normal
subobjects [16, 17]. Thus, for any normal color Hopf subalgebras X and Y of an object
A in Hopf,.(Vecs), the object [X,Y] is also the Higgins commutator of X and Y in
Hopf .. (Vecg).

COC(

4. Hall’s criterion and Zassenhaus Lemma in Hopf, .(Vecq)

A cocommutative color Hopf algebra A is called nilpotent if 4% (A) = 0 for a certain n € N
where, denoted by Norm(A) the set of all normal color Hopf subalgebras of A, the map
74 : Norm(A) — Norm(A) sends a normal color Hopf subalgebra X of A to [A, X]iuq
which is [A, X] by Proposition 3.7. The least of such n is the nilpotency class of A.
Recall that, by [39, Lemma 5.22|, regular epimorphisms in Hopf, .(Vecs) are exactly
the surjective maps. As recalled above, Hopf . (Vecs) is algebraically coherent by [39,
Proposition 6.3] and [18, Theorem 4.5]. Hence, in view of Theorem 2.1, we have the Hall’s

criterion for nilpotence in Hopf_ .(Vecs), given by the following result:
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4.1. PROPOSITION. Let p : E—= B be a surjective map in Hopf, .(Vecs), where B
is nilpotent in Hopf . .(Vecg). If Hker(p) C [N, N] for a nilpotent normal color Hopf

subalgebra N of E, then E is nilpotent. Furthermore, if N is of nilpotency class ¢ and B

. . . . c(c+1
s of nilpotency class d, then E is of nilpotency class at most %(d —1)+e.

Moreover, we can also describe the Zassenhaus Lemma in Hopf, . (Vecs).

4.2. LEMMA. Let M and K be two color Hopf subalgebras of a cocommutative color Hopf
algebra A, with K normal in A. Then, the graded vector spaces KM and MK, generated
by linear combinations of elements of the form km and mk with k € K and m € M,
respectively, are the same object in Vecg.

PrOOF. Since M K and K M are graded subspaces of A, in order to conclude it is sufficient
to show that they are the same vector space. Given k € K and m € M, we have

km = ke(mqi)ms = o(|k|, |m1|)e(mq)kmy
= ¢(|kl, [m1 @ ma|)m1.5(m2)kS(S(ms))
= ¢(|kl, [m|)@(|ms|, [k[)m1S(m2)kS(S(m3))
= ¢([kl[, [m])o(|S(ma2)zl, [k])m1S(m2)1kS(S(m2)2) € MK,

since K is normal, hence KM C M K. Moreover, we also have
mk = mie(ma)k = ¢(|mal, |k|)mike(ma) = ¢(|mal, [k)o(Imsl, |k|)mi kS (ma)ms € KM,

using again that K is normal, thus the thesis follows. [

4.3. LEMMA. Let M and K be two color Hopf subalgebras of a cocommutative color Hopf
algebra A, with K normal in A. Then the graded vector space KM is a color Hopf
subalgebra of A.

PRrROOF. Clearly KM contains 14, thus we only have to show that it is closed under my,
Ay and Sy. Given k k' € K and m,m’ € M, since MK = KM in Vecg by Lemma 4.2,
we obtain

kmk'm' € KMEM = KKMM = KM, A(km) = 6(|ka|, |[mi Ve @kams € KMOK M
and S(km) = ¢(|k|, |m|)S(m)S(k) € MK = KM. Hence KM is a color Hopf subalgebra
of A, which is automatically cocommutative. n

4.4. PROPOSITION. Let M and K be two color Hopf subalgebras of a cocommutative color
Hopf algebra A with K normal in A. Then KM is the supremum of K and M as color
Hopf subalgebras of A, i.e., K V4 M = KM.

PROOF. If there exists a color Hopf subalgebra L of A containing K and M, then it clearly
also contains K M, because a color Hopf subalgebra is closed under products and sums. m
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Hence, by applying the categorical results in [38], we obtain the analogs of [38, Propo-
sitions 4.4 and 4.5] and [38, Theorem 4.6]. Let us make explicit the Zassenhaus Lemma
in the setting of cocommutative color Hopf algebras. Recall that, given a cocommutative
color Hopf algebra A and a normal color Hopf subalgebra B of A, the cokernel object of
the inclusion i : B— A is given by A/AB™. Hence, in view of Theorem 2.3, we obtain
the following result:

4.5. PROPOSITION. Let U and V' be two color Hopf subalgebras of a cocommutative color
Hopf algebra A, K a normal color Hopf subalgebra of U and L a normal color Hopf
subalgebra of V. Then the following

KUNV) N unv N L{UNYV)
KUNV)K(LNU)t (UnV)(KNV)(LNU)* LUNV)(LIKNV))*t
are isomorphisms in Hopf . (Vecq).

5. Color Hopf crossed modules as internal crossed modules

In this section, we give a characterization of the category XMod(Hopf..(Vecg)) of internal
crossed modules in the semi-abelian category Hopf . (Vecs) by providing an equivalence
with another category, apparently different. To do this, we first have to understand the
category Pt(Hopf . (Vecg)) better. Recall that, according to what we said in the prelim-
inary section, the category XMod(Hopf,..(Vecs)) is equivalent to Grpd(Hopf,,.(Vecs))
which is isomorphic to RMG(Hopf . (Vecg)).

cocC (

COC(

5.1. REMARK. Recall that, given A in Bimon(Vecs), the category 4Vecqs is monoidal.
The unit object is k with left A-action defined by a - k := €(a)k for all @ € A and
k € k and, given V and W in 4Vecg, the tensor product V ® W has left A-action
given by a - (v ® w) = ¢(|az|, |v])(a; - v) ® (az - w), for all a € A, v € V and w € W.
Furthermore, if we consider A in Hopf, .(Vecs) then the category 4Vecs is symmetric
monoidal since Vecg is symmetric (see e.g. [1, Proposition 6.40]). Thus, we can consider
the category Hopf(4Vecs), whose objects are color Hopf algebras (H,m,u, A, €, S) which
are also graded left A-modules and such that m, u, A, €, .S are morphisms of left A-modules.
Hence, denoting by - : A ® H— H the left A-action, the following relations are satisfied

a-lg =e(a)ly, €(a-h) = e(a)e(h),
Ala-h) = ¢(Jazl, |h1])(ar - h1) ® (ag - ha),
a- (hh') = ¢(lazl,|h|)(as - k) (ay - 1),

for every a € A and h,h’ € H. Note that we are considering the trivial braiding on the
category 4Vecg, given by the braiding of Vecq, since A is cocommutative. We call an
object in Hopf(4Vecg) an A-module color Hopf algebra. Note that we can consider A as
an A-module color Hopf algebra with left A-action given by >. In fact, A is in 4Vecg by
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Lemma 3.3, clearly a1, = €(a)ls for all a € A and > satisfies the second and third
equations as said in (8). Moreover, also the last equation holds since > satisfies (7).

The fact that Hopf, .(Vecq) is a semi-abelian category directly implies an equivalence
between internal actions and split extensions of cocommutative color Hopf algebras [7].
As in the case of cocommutative Hopf algebras, one can define the category of (cocom-
mutative) module color Hopf algebras.

5.2. DEFINITION. The category of (cocommutative) module color Hopf algebras is defined
as follows. Objects are (cocommutative) A-module color Hopf algebras, where A is an
arbitrary cocommutative color Hopf algebra and, given a (cocommutative) A-module color
Hopf algebra H and a (cocommutative) B-module color Hopf algebra K, with A, B in
Hopf,,.(Vecg), a morphism between them is given by a pair of morphisms of color Hopf
algebras a« : A—= B and f : H— K such that f(a - h) = «a(a) - B(h), for a € A
and h € H. We denote the category of cocommutative module color Hopf algebras by
Act(Hopf,.(Vecg)).

The category Act(Hopf,,.(Vecg)) will turn out to be equivalent to Pt(Hopf,.(Vecs)),
so it will coincide with the category of internal actions in Hopf . (Vecs), justifying the
notation adopted.

Moreover, one can consider semi-direct products (also called smash products) starting
from a general braided monoidal category and then, in case of Vecg, one recovers the
following definition:

coc (

5.3. DEFINITION. Given A in Hopf,,.(Vecs) and a (cocommutative) A-module color Hopf
algebra H, the semi-direct product of H and A, denoted by H x A, is the (cocommutative)
color Hopf algebra which is H ® A as a G-graded vector space, an algebra with unit
lgwa := 1y ® 14 and multiplication defined by

(h®a)(h' ®a’) = ¢(|azl, [W')h(ar - 1) @ aza’
for all h,h' € H and a,a’ € A and a coalgebra with counit and comultiplication defined by
e(h®a):=e(h)e(a) and A(h® a) := ¢(|hsal, |a1])h1 ® a1 @ he & as.

The antipode is given by S(h ® a) := ¢(|h|, |a1])(S(a1) - S(h)) @ S(as).

The following result is a special case of [26, Theorem 3.10.4], see also [2] and [3,
Theorem 5.1.5] for the original sources. Note also that it is a straightforward generalization
of the result proved in [37] for the category Hopfy ...

5.4. PROPOSITION. Let H and A be color Hopf algebras with A cocommutative and
H ﬁ A a splitting of morphisms of color Hopf algebras, i.e., poi = Ids. Then,

Hker(p) is an A-module color Hopf algebra through

-1 A ® Hker(p) — Hker(p), a ® k — ¢(|az|, |k|)i(a1)ki(S(az)).
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Furthermore, there exists an isomorphism of color Hopf algebras
f :Hker(p) x A—H, k® a — ki(a)

with inverse g : H—=Hker(p) x A, h — hyi(p(S(hs))) @ p(hs).

Note that a - k = i(a) > k, for all a € A and k € Hker(p).

The category Act(Hopf . (Vecg)) turns out to be equivalent to Pt(Hopf . (Vecg)).
This result can be deduced from [4, Proposition 1.5]. However, we include here a direct
proof for the reader’s sake.

5.5. PROPOSITION. The categories Act(Hopf,..(Vecs)) and Pt(Hopf,,.(Vecs)) are equiv-
alent.

PRrROOF. Define a functor

F : Pt(Hopf,.(Vecg)) — Act(Hopf . (Vecg))

COC( COC(

as follows

H——— 4 A ® Hker(p) ———— Hker(p)

17T b e I

H———AX A" ® Hker(p') ———— Hker(p')

where the morphism - is defined as in Proposition 5.4 and f is induced by the universal
property of the kernel. Indeed, calling j : Hker(p) —= H the inclusion given by the kernel

of p in Hopf . .(Vecs), we can compute

plofoj=gopoj=gousoeyoj=uaoeygoj=unxoemofoj

so that there exists a unique f : Hker(p) — Hker(p') such that f oj = j' o f, where
§' : Hker(p') — H’ is the inclusion. Clearly, f is simply given by the restriction of f
to Hker(p). The diagram on the right actually commutes. Indeed, for all @ € A and
x € Hker(p), we have

g(a) - f(z) = ¢(lg(az)], |f(@))i'(g(ar)) f ()i’ (S(g(az))) = ¢(las, [x]) f(i(ar)) f () f(i(S(az)))
= [(¢(lazl, |2])i(ar)xi(5(az))) = f(a - ),

hence F' is well-defined. Moreover, define a functor

G : Act(Hopf,,.(Vece)) — Pt(Hopf,.(Vece))
as follows
A9 H —— H HxA p<:>2 A

L2
s Jo = ] -
p2

B K —— K KxB_——"B

L2
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where py(h®a) = eg(h)a and 15(a) = 1y ®a for all h € H and a € A. Hence pyoty = Idy
and the following relations

P28 @ a)(h®a) = ex(B(h))ala) = alen(h)a), 1k ® ala) = f(1n) ® afa)

are satisfied, so that G is well-defined. Hence, we have

(H == A) s (A% Hker(p) — Hker(p)) v (Hker(p) x A == A)
and we know, by Proposition 5.4, that f : Hker(p) x A—H, k® a — ki(a) is an isomor-
phism of color Hopf algebras, so that (f,Id4) is an isomorphism of split epimorphisms,
since clearly fouw =i and po f = py as p(k) = €(k)14 for k € Hker(p). Furthermore, we
have

(A®H = H) % (HxA = A) - (4@ Hker(py) — Hker(py))

and

(Id ® p2) A(h ® a) = (Id ® p2)(¢(|hal, |a1])h1 ® a1 @ hy ® as)
= ¢(|h2|, |a1|)h1 ®a; & E(hz)CLQ = h1€(h2) ®ay ®ay =h®a Q as,

so that Hker(py) is given by elements in H ® A4 = H ® k14 = H. Therefore, F and G
form an equivalence of categories. ]

5.6. REMARK. Since the category Hopf . (Vecs) is semi-abelian, Proposition 5.5 im-
plies that Act(Hopf,..(Vecg)) provides an alternative description of internal actions in
Hopf,.(Vecg). Moreover, given a cocommutative color Hopf algebra A, the category
Pta(Hopf ,.(Vecs)) results to be equivalent to the category Hopf,,.(aVecs) of cocom-
mutative A-module color Hopf algebras, which coincides with the Eilenberg—Moore cat-
egory Hopf, .(Vecg)T4 of the monad T4 corresponding to the monadic functor u% :
Pta(Hopf,,.(Vece)) — Hopf,.(Vecs), where uy : k— A is the unit of A. Therefore,
given H in Hopf . (4 Vecs), the semi-direct product H x A introduced in Definition 5.3 is
actually the categorical one defined in [13] for the semi-abelian category Hopf . .(Vecg).

Generalizing [33, Definition 2.1] which is given for (cocommutative) Hopf algebras, we
give the following definition for cocommutative color Hopf algebras.

COC(

5.7. DEFINITION. A color Hopf crossed module is a triple (A, H,d) where A is a co-
commutative color Hopf algebra, H is a cocommutative A-module color Hopf algebra and
d: H— A is a morphism of color Hopf algebras such that

d(a-h)=aw>d(h) = ¢(lasl, |h|)ard(h)S(az), for allh € H and a € A, (10)
d(g) - h = gv>h = ¢(|gal, [h])g1hS (g2), for all'h,g € H. (11)

A morphism (o, B) : (A, H,d) — (A’, H',d") of color Hopf crossed modules is given by a
pair of color Hopf algebra morphisms o : H—=H' and f : A—= A’ such that d oo = Sod
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and aa - h) = f(a) - a(h), for all a € A and h € H. We denote this category by
HXMod(Hopf,,.(Vecg)).

Now we show that HXMod(Hopf,.(Vecs)) is equivalent to RMG(Hopf,.(Vecs)). In
order to do this, we need to know how pullbacks in the category Hopf . .(Vecs) are made.

COC(

Pullbacks in Hopf . (Vecs). From the construction of binary products and equalizers in
the category Hopf . (Vecs) given in [39] we can easily derive pullbacks in Hopf,.(Vecg).
Let A, B,C be cocommutative color Hopf algebras and f : A—C, g : B—C be
morphisms of color Hopf algebras. The pullback object A x¢ B of A and B over C' is
given by Eq(f oma,gomp), where m4 ;=140 (Ids ® €5) and 7p := lg o (e4 ® Idp) are
the projections of A ® B, which is the binary product of A and B in Hopf,.(Vecs). So
A X¢ B is given by elements a ® b € A ® B such that

(Idaes @ fra(lds ® €p))Asep(a @ b) = (Idags ® glp(ea ® Idp))Aagp(a @ b).

The first member is

(Idagp ® fra(lds ® €g))(9(lazl, [b1])ar ® b1 @ as @ ba) = P(|azl, [b1])ar @ by @ f(aze(bs))
= ¢(|azl, [b])ar ® b @ f(as),

while the second one is

(Idags @ glp(ea ® 1dp))(@(laz|, [b1])a1 @ b1 @ az ® by) = ¢(|azl, |bi])ar @ by @ g(e(az)b2)
=a® b ® g(ba).

Hence AXx ¢ B is given by elements a®b € A® B such that ¢(|as], |b|)a1 @b f(az) = a®@b ®
g(bg) or, equivalently by applying Ids ® c¢p ¢, such that a; ® f(az) @ b = ¢(|b1], |b2|)a &
g(be) ® by = a ® g(by) ® by, where the last equality follows by cocommutativity of B.
Therefore, we obtain

AXCB:{a®b€A®B|a1®f(a2)®b:a®g(b1)®b2}

and (A X¢ B, ma,mg) is the pullback of the pair (f,g) in Hopf_..(Vecg).

Let us also recall that, since Hopf . .(Vecg) is action representable by [39, Proposition
6.3] and then it satisfies the condition (SH), Proposition 2.2 gives us the following result
for a reflexive graph in Hopf . .(Vecg).

COC(

5.8. LEMMA. Given a reflexive graph

p
—_—

Al i AO (12)
2]
in Hopf..(Vecg), the following conditions are equivalent for (12):

1. it is a reflezive-multiplicative graph;
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2. it is an internal groupoid;

3. it satisfies [Hker(p), Hker(v)|muq = 0, i.e., xy = ¢(|z|, |y|)yz for all v € Hker(p) and
y € Hker(y).

Finally, we can show the aforementioned equivalence between HXMod(Hopf . (Vec))
and RMG(Hopf,.(Vecg)). This result will allow us to obtain the equivalence between
HXMod(Hopf,,.(Vece)) and XMod(Hopf,,.(Vece)), giving an explicit description of the
latter.

COC( COC(

Vecg))
Vecg))

COC(

5.9. PROPOSITION. There is an equivalence of categories between HXMod(Hopf
and RMG(Hopf . (Vecg)). Hence also HXMod(Hopf,..(Vecs)) and Grpd(Hopf

are equivalent categories.

COC( COC(

PROOF. Given a reflexive graph in Hopf, .(Vece) as in (12) which is multiplicative, one
can consider the morphism of color Hopf algebras d := v o j : Hker(p) — Ap, where
j : Hker(p) — A; is the canonical inclusion. We know that Hker(p) is a cocommutative
Ap-module color Hopf algebra by Proposition 5.4 with left Agp-action given by a - k =
o(|az, |k|)i(ar)ki(S(az)) for every k € Hker(p) and a € Ayg. We only have to verify that d
satisfies (10) and (11) of Definition 5.7. Thus, for all a € Ay and k € Hker(p), we compute

d(a- k) = y(o(|azl, [k])i(ar)ki(S(az2))) = ¢(lazl, [K[)v(i(ar))y(k)7(i(S(az)))
= ¢(lazl, [k)ard(k)S (az).

Since the reflexive graph is multiplicative, by Lemma 5.8 we have [Hker(p), Hker(¥)]muq =
0, i.e., zy = ¢(|x|, |y|)yx for all z € Hker(p) and y € Hker(y). But now S(ky)i(y(k2)) €
Hker(~) for all k € Hker(p), as

(Id @ 7)A(S(k1)i(v(k2))) = (1d @ 7)(d([kal, [ka]) S (k1 )i(y(ks)) @ S(k2)i(y(ka)))

= S(k1)i(v(k2)) @ v(S(ks))y(i(v(ks)))
= S(k1)i(v(k2)) @ (S (k3)kas)

= S(k1)i(v(k2)) ® e(k3)14,

= S(k1)i(v(k2)) @ 14,

and then, for all b, k € Hker(p), we obtain

S(k1)i(v(k2))b = o(|S(k)i(y(k2))l, [b)OS (k1)i(y(k2)) = o([k1 @ kal, Ib\)bS(kl)i(’V(kz)()l-B)

Thus, we can compute

d(g) -h =

) -l = 6(|gal, [P)i(v(91))hi(S(7(92)))
|94l [1)915(92)i(7(93)) hi (S (7(94)))

(g
9(
¢(|g4\7|h|) (lg2 ® gal, |h])g17S(g2)i(7(g3))i(7(S(g4)))
?(lg2 @ gsl, |h])g1hS(g2)e(g3) = ¢(|g2l, [h])g1hS(g2)

(13)
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and then (Ag, Hker(p),d) is a color Hopf crossed module. Hence we have obtained a

functor F' : RMG(Hopf_.(Vecs)) — HXMod(Hopf . (Vecy)) defined as follows
u d
Ay +—i Ay Hker(p) ———— Ay
gl
fll , lfo — f]l lfo
v
AT A Hker(y) ———— 4)
d

/

v

where f; is the morphism induced by f; using the universal property of the kernel.

Given a color Hopf crossed module (B, X,d : X — B), we define the reflexive graph

p2
XX B +—uw
p1

B (14)

where po(x ® b) = €(x)b, p1(x ® b) = d(z)b for all x € X, b € B and 15(b) = 1x ® b.
Note that p; = mp o (d ® Idg), which is clearly a morphism of graded coalgebras, is also
a morphism of algebras. Indeed, given z,2’ € X and b,0' € B, we have

pi((x @ b)(x" @ b)) = pr(@(|bal, ") (by - 2') @ bab') = G(|bal, [')d( (b1 - 27))batf

= 6(Jbal, [2/)d(2)d(by - Yoot 2 6 (Jbg], 12" )6 (bal, [2' )l (2)br(2') S (ba) bl
= ¢(|bal, |2/ |)d(x)brd(a")e(ba)b' = d(x)bd(z' )b = py(z @ b)py (2’ @ V).

Clearly py 0 19 = py 019 = Idg. The pullback of the pair (p2, p;) in Hopf
by elements t @ bR 2’ @V € (X x B) ® (X x B) such that

woc(Vecg) is given

(201 @p(z®b)) @' @V =2 @b pi((2' @b)1) ® (2" @V)a,

e, B(zal, Ibal)1 ® by ® e(2)by @ a7 @ H = B(|a4l, By ]) © b ® d(x})b, ® ) @ by, Then
(X x B) xp (X x B) is given by

{22002'@V € (XXB)®(X xB) | @b @bz’ @b = ¢(|xy], |b]]|)x@bRd ()b @500, }.
By applying ldy ® eg ® Idg ® Idx ® Apg, it follows that
rRb®r @b @by, = ¢(|ry|, |b)|)r @ e(b)d(x])b] @ x5 @ by @ . (15)

The reflexive graph (14) is multiplicative with m : (X x B) x g (X x B)—=X x B defined
by m = (mX X IdB) 0] (Idx Xep X IdX X IdB), i.e.,

mzRbx' V) =xe(b)r’ @b for all x,2" € X and b,V € B.

This is actually a morphism in Hopf . (Vecs). Indeed, m is automatically a morphism
of graded coalgebras, so we only have to show that it is a morphism of algebras. Given
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TRbRTRIVNRYyRcy @d e (X XxB)xg (X xB)® (X xB)xp (X xB)) we
compute

mzRbx' V) - mly®cxy @)= (re(b)x’ @ V) (ye(c)y & )

= @by, [ye(c)y'we(b)a'(b) - ye(c)y') @ by’

= o(lc], [y'Do(|bs], lyy'[)we(b)2' (b - yy') ® bhe(c)d!
= o(lel, [y o1bs], lyy' 1) o(1bs], [y|)we(b)x" (B - y) (b5 - y') @ bie(c)d!
= o(lcl, [y (1651, lyy ) d(|bsl, [y @ (|25, 16 - y[)we(b)ay (b - y)e(xs) (by - y') @ bye(c)c!
= o(lel, [y' o105, lyy' e (1B5, [y p(lh @ @3], [y - yl)we(b)a) (b - y)S(a5)a5(bs - y') @ bye(e)d!
S (lel, 1y DSBS lyy Db ], [yl bl 1B, -y yae(d)(d(h) - (B - y))ah(by - o) © bye(e)d
and

m((z@b@ 2 V) (y@cey @)

=m(¢(lz' @b, ly@c|)(z@b)(y®@c)® (/@) (y &)

=m(o(|z' @V, ly @ c|)o(|bal, [y d(|al, [y (b1 - y) @ bac @ 2 (V) - y) @ byc)
= ¢(|2" @V, ly @ c)o(|bal, [y)o(|bs], [y ) (b1 - y)e(bac)x' (by - y') @ by

= o(|z" @ V', [y (|6, [y (lcls [y (b - y)a' (b - ¥') @ bye(e)e

= o(|cl, ly' D51, [yy (011, lyD o], [y (b - y)a' (b - y') @ bhe(e)d!

2 ll /DB oy (I Ly, 10, - (B b - ) (b - ) © Byel)

so m is a morphism of algebras.
Moreover, for all x € X and b € B, we have

m(ld @ tapa) Axwp(x @ b) = m(d(|z2], [b1])21 @ by @ tap2(z2 ® bs))
(@(|z2], [b1])z1 @ b1 @ t2(€(w2)b2))

(2@ b1 ® 1a(b2)) = m(r ® b1 ® 1x @ by)
ze(b)lx ®by =2 @b

m
m

and also

m(top1 @ Id)Axup(z @ b) = m(o(|z2], [b1])tap1 (1 @ b1) @ 29 ® by)

(¢ )tap

(@(|z2l, [br])ea(d(z1)br1) ® 22 @ ba)
(¢

| d

|

(
(’[L’Q’, |b1’)1X X d(l’l)bl X i) & bQ)
Tal, |b1])1xe(d(21)b1) T2 ® b
o, [b1])e(z1)e(br)z2 @ by = 2 @,

m
m

¢
¢

(
(

o (14) is a reflexive-multiplicative graph. Therefore, we have obtained a functor G :
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HXMod(Hopf,,.(Vece)) — RMG(Hopf . (Vecs)) defined as follows
p2
d L

X ————B X xB <—p21 B

S e e
p2

! / ! e g )

X' ——— B X'xB +—=« B

p1
and the two functors F' and G give rise to an equivalence of categories. Indeed, we obtain
p2

X LB S (XxBe—a
p1

B) 5 (Hker(ps) %+ B)

where d' := p; o j and j : Hker(ps) — X x B is the inclusion. We know that Hker(p,) =
X ®klp = X and so clearly we have an isomorphism of color Hopf crossed modules.
Furthermore, we have

p p2

A Ao) s (Hker(p) 2% Ag) +Ss (Hker(p) x Ag ——n— A
( s 0) (Hker(p) 0) (Hker(p) x Ao D 0)

where ;' : Hker(p) — A; is the inclusion and p;(k ® a) = v(k)a for all k € Hker(p) and
a € Ag. The last reflexive-multiplicative graph is isomorphic to the starting one through
the isomorphism ¢ : Hker(p) x A9 —= Ay, k ® a — ki(a) of Proposition 5.4. Indeed, for
all k& € Hker(p) and a € A, we obtain

po(k ® a) = p(ki(a)) = p(k)p(i(a)) = p(k)a = e(k)a = ps(k ® a),

i.e., po ¢ = py. In addition ¢ o 15 =1 and

V(¢(k ® a)) =~(ki(a)) = v(k)y(i(a)) = v(k)a = pi(k @ a),

i.e., yo ¢ = p;. Then HXMod(Hopf,.(Vece)) and RMG(Hopf,.(Vecg)) are equivalent
categories. Moreover, we know that RMG(Hopf . (Vecs)) and Grpd(Hopf, . (Vecs)) are
isomorphic since Hopf . (Vecs) is Mal'tsev [15] and then also HXMod(Hopf,,.(Vecs))
and Grpd(Hopf . (Vecs)) are equivalent. =

The previous result generalizes [24, Proposition 5.5]. Note also that it can be deduced
from [4, Proposition 3.13], since a color Hopf algebra is precisely a Hopf monoid in the
category Vecg. Finally, we obtain the equivalence between HXMod(Hopf,,.(Vecs)) and
XMod(Hopf,,.(Vecs)).

COC(

COC(

COC(

5.10. COROLLARY. There is an equivalence of categories between HXMod(Hopf
and XMod(Hopf.(Vecg)).

PROOF. For any semi-abelian category C, there is an equivalence between Grpd(C) and
XMod(C), see [28], thus XMod(Hopf,.(Vecs)) is equivalent to Grpd(Hopf,.(Vecs)). By
Proposition 5.9, HXMod(Hopf,.(Vecs)) is equivalent to Grpd(Hopf,..(Vecs)), so the
thesis follows. ]

Vecg))

COC(

COC(



COMMUTATORS AND CROSSED MODULES OF COLOR HOPF ALGEBRAS 1345

As a consequence of the previous results, we also obtain:

5.11. COROLLARY. The categories XMod(Hopf,.(Vece)) and HXMod(Hopf . (Vecs))

are semi-abelian.

coc

PROOF. By Proposition 5.9 and Corollary 5.10, the categories XMod(Hopf
HXMod(Hopf,,.(Vece)) and Grpd(Hopf
is semi-abelian, Grpd(Hopf
and so we are done.

coc (VeCG ) ) )
woc(Vecg)) are all equivalent. Since Hopf, . (Vecs

)
Vecg)) is also semi-abelian (see [23] and [12, Lemma 4.1))
]

COC(

5.12. REMARK. Since the category HXMod(Hopf.(Vecs)) is semi-abelian, one could
study the category XMod(HXMod(Hopf,,.(Vecs))) of internal crossed modules in the
category of color Hopf crossed modules. Note that we have the following equivalences of
categories

XMod(HXMod(Hopf,.(Vecq))) = Grpd(HXMod(Hopf .. (Vecs))) = Grpd(Grpd(Hopf ... (Veca)))

where the latter is the category of double internal groupoids in Hopf . (Vecs). In [40,
Definitions 2.3 and 2.4] the category of Hopf crossed squares X?(Hopf, .,.) is introduced
and in [40, Corollary 3.3] it is shown that this is equivalent to XMod(HXMod(Hopfy coc))-
It would be interesting to extend the previous result to Hopf,,.(Vecs) introducing the
notion of color Hopf crossed squares. We leave this as a possible future project.

6. Simplicial color Hopf algebras and color Hopf crossed modules

In [20, Theorem 5.5] it is shown that the category of crossed modules of cocommutative
Hopf algebras is equivalent to the category of simplicial cocommutative Hopf algebras with
Moore complex of length one. We want to extend this result to the case of cocommutative
color Hopf algebras. We start by giving the following two definitions which employ the
notions given in the preliminary section.

6.1. DEFINITION. A simplicial cocommutative color Hopf algebra H is a simplicial object
in the category Hopf . .(Vecg). In other words, it is given by a collection of cocommutative
color Hopf algebras H,,, with n € N, together with color Hopf algebra maps

d!: H,—H,_1, for0<i:<n and S;H_l cH,—H, 1, for0<j<n
that satisfy the simplicial identities:
1) di7todt =dif ody if i < j;
2) sittosh = st oSt ifi < j;

J

3) d o s? zsgfllool?_l ifi < j,djos} =d},o0s] =1d, dios] :s?_lod?:f if
i>7+ 1.
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A simplicial cocommutative color Hopf algebra can be represented by the following diagram
da
—d; :;
Hooo Hggl‘[z — do — Hl —d():; HO (16)

where we omit the upper indexes for the maps d; and s;.

6.2. DEFINITION. Given a simplicial cocommutative color Hopf algebra H, the chain com-
plex (M (H)e, 0) is given by:

1. M(H), = {0} forn <0 and M(H)y = Ho,
2. M(H), = N,y Hker(d?) forn > 1,

3. Op: M(H),,—= M(H),_1 is the restriction of d to M(H), forn > 1 (and the zero
morphism forn <0).

This is called the Moore complex of H. We say that it has length m if M(H); is the zero
object k for all i > m.

Note that given a simplicial cocommutative color Hopf algebra H as in (16), we have

n

a splitting of morphisms H, <:>n H,_1 in Hopf_ .(Vecg), for all n > 1, by 3) of the

r COC(
simplicial identities. Hence, from Proposition 5.4, we immediately obtain the following
result:

6.3. PROPOSITION. In a simplicial cocommutative color Hopf algebra H, there exists an
action

i+ Hy_1 @ Hker(d}') — Hker(d}), a @ k — ¢(|az|, |k|)s! (a1)ks} (S (az))

for all 0 < i < n—1 and n > 1 which makes Hker(d?) a cocommutative H, _1-module
color Hopf algebra. Moreover, we have an isomorphism of color Hopf algebras

Hn = err(d?) X Hn—l

foralll<neNand0<i<n-—1.

6.4. REMARK. Explicitly, in Proposition 6.3, the isomorphism is given by f : Hker(d) x;
H, 1— H,, k®a — ks?(a) with inverse given by ¢ : H, —= Hker(d}) x; H,_1, h —
hystd?(S(h)) @ d?(h3), i.e., g = (f! ® d¥) o Ay, with f' : H, — Hker(d?) C H,,
x = x150d(S(z2)). Recall that a -, k = &g, (sI'(a) ® k) = sI'(a) > k. Note that, given
r € H, and

() = (s (S (22)) 2 aasldl (S () i (577 (23)S (24)),
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where (k) follows by cocommutativity, then

4 (fi fi' (@) = dif (w0)d} 57 d} (S (w2) ) di sy iy 57 (ws)dif 57y 1 iy (S ()
= d}'(21)d} (S (w2))d} 877 (w3) 87~y (S (24))

di (215 (22)) 57~ d} ] (ws) sy d} 7 (S (24))
= e(w1)s! 1 N (225 (23)) = e(w1)e(wo) 1y, , = e(x)1p, ,,

and so 7, f"(x) € Hker(d}, ;) N Hker(d). Hence f" := f o f' ,0---0 f{o fi :
H,— (=, Hker(d}) = M(H),,, where we identify f with ;! of” and j! : Hker(d}')—H,
is the canonical inclusion. In particular, if n = 2, f? := fZ o f¢ : Ho— M(H)z, where
f&: Hy—=Hker(d?), v — x152d%(S(z2)) and f? : Hy —= Hker(d?), x — x153d3(S(x2)).

We will use the morphism f? in the following.

Note that, given a simplicial cocommutative color Hopf algebra H as in (16), we can
obtain a new simplicial cocommutative color Hopf algebra by considering kernels, where
the first three components are given by

ds

4
Hker(d3) C Hz —d - Hker(d3) C H, —dlz Hker(d}) C H, (17)
s1 — 51

52

and one can repeat the same process taking kernels in (17) and obtaining a new simplicial
cocommutative color Hopf algebra with first three components

dy

B ds
Hker(d4) N Hker(d) C Hy —d> - Hker(d3) N Hker(d3) C Hs —dz 5 Hker(d2) N Hker(d?) C Hy.
89 — <

52
S3

(18)
By applying Proposition 6.3 to (16) we obtain

H1 = err(dé) Xo HO = M(H)l Xo M(H)O

and
H2 = erl‘(d2) Ao H1 erl‘(dQ) Xo (M(H)l X M(%)Q)

Moreover, if we apply Proposition 6.3 to (17) we further obtain

Hker(d3) =2 err(d%)\err(dg) x1 Hker(dy) = (Hker(d}) N Hker(d3)) x; Hker(dj)
= (M(H)2 1 M(H),)

and then
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Let us also analyze the case of Hs, using (17) and (18). Since
Hker(d5) N Hker(d3) = (Hker(ds )| (Hker(@3)nHier(a2))) X2 (Hker(d3) N Hker(d3))

= (Hker(d2) N Hker(d?) N Hker(d3)) x5 (Hker(d?) N Hker(d?))
= M(H)3 x3 M(H)s,

we obtain
Hker(d5) =2 (err(di’)\err(dg)) x1 Hker(d3) = (Hker(d3) N Hker(d})) x; Hker(d3)
= (M(H)s @2 M(H)2) 31 (M(H)2 x1 M(H)1)
and then Hz = Hker(d3) % H, is isomorphic to
(M(H)3x2M (H)2) 31 (M (H )21 M (H)1)) >0 (M (H)2 21 M (H)1) X0 (M (H)1 30 M (H)o))-

Clearly, we can iterate this process arriving at a decomposition of H, for all n > 0,
analogously to [20, Theorem 3.18].

In order to show the equivalence between color Hopf crossed modules and simplicial
cocommutative color Hopf algebras with Moore complex of length one, we prove some
intermediate results.

6.5. LEMMA. Given x € Hy and y € M(H), we obtain

M(H)2 > f(s5(x) > s1(y)) = ¢zl [y ) (s5(21) > 57 (y1))S(s(w2) > 51 (y2))

PROOF. Given x € H; and y € M (H),, we compute

fo(so() & s1(y)) = (s5(x) > s1(y) h1sado (S ((s5(x) & 1 (1))2))
D (|, 1) (53 (1) B 53 (50)) 532 (S (s3(2) & 53(31)
= ¢(|za, lyal) (s6(21) & 51(51)) S (505 (55 (w2) > 57(32)))
= d(|wal, lya])(s5 (1) & 7 (41)) S (355 (w2) > 555t (y2))
= o(|za, yal) (s5(21) & 51(41)) S (55(w2) & 5550 (y2))
2 (|, |y ) (53 (1) B 52(52))S (3 (2) & (1) 11,
2 o(aal lya) (31) & 53 (90)) (s5(22) © €(9) L)

where (x) follows since y € Hker(d}), i.e., y1 ® dj(y2) = y1 ® €(y2)1p, and then

sT(y1) @ spsody(y2) = 57 (1) @ stsole(y2) 1) = 53 (y1) ® €(y2) Lo,
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Hence we obtain
FA(s(x) > si(y) = fif3 (s 2(37)>82(y)) fi(s3(z) > s1(y))
= (s5(2) > si(y)nsidi (S((s5(z) > 57(y))2))

) ((
2 6(al, [y ) (s8(21) & 53 ) s 2afz( (55(22) & 57 (1))
= &(|z2l, [y1])(sg(21) > 51(41)) S (s1disg(w2) & s1dis] (12))
= (2], [y ) (s5(x1) & 51(41))S (57 (22) > 51(2))

and then the thesis follows. =

2
So
2
0

(
(s

6.6. PROPOSITION. Let ‘H be a simplicial cocommutative color Hopf algebra with Moore
complex of length one. We obtain the color Hopf crossed module (Hy, M (H); = Hker(d}), 01 :
M(H), —= Hy), where M(H)1 is a cocommutative Hy-module color Hopf algebra through

tHy @ M(H)y— M(H)1, k @z ¢(|ksl, |2])s5(k1)xs5(S (k)

and 01 = dHM('Hh : M(H)l é']’I().

PROOF. By Proposition 6.3 we already know that M (#); is a cocommutative Hy-module
color Hopf algebra through the map - defined, so we only have to show that the morphism
of color Hopf algebras 0; satisfies (10) and (11). For all k € Hy and x € M(H); we
compute

O (k- x) = di((|kal, |])sg(kn)wsg(S (k) = d(|kal, lx])dysg(k)di (x)dysg(S (ka))
= &(|kal, |2]) k101 (2) S (k2)

and then (10) is satisfied. Moreover, for all z,y € M(H);, we have

On(z) -y = di(x) -y = o(|zal, [yl)sody (21)yse(S(d}(22))) = d(|2al, [y|)d3sy(z1)yS (d3s5(x2))
= dysp(a) >y

so that, in order to prove that also (11) holds, we have to show d3sZ(z)>y = z >y for all
x,y € M(H)1. Hence, using Lemma 6.5, we obtain

3 17(s3(x) > 53(y)) :¢<\x2|,\y1|>d2<so<x1>>sl<y1>> 29(2(x2) > 53(y2))
= (|2l [ya])(d 250<x1> (1)) S(d2s3 () > d3s3(y))
— (|al, [y1]) (3 <x1>>yl> (22> 1s)
D (|, 11 ]) (253 (1) > 1) (2 > S (1),

But we are assuming that the Moore complex of H has length one and then M(H)y =
klp,, so that 0y = d3|a(m), : M(H)2 — M(H), is the zero morphism. Therefore, we
obtain

|2, |y ) (dzs5 (1) & y1) (22> S(y2)) = e(2)e(y) L,
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Finally, we compute

vy = e(x1)T2 > €(Y1)y2 = O(|72|, [y1])e(z1)e(y1) (22 > o)
= @(lzsl, [y1 @ yal)o(|al, |91 ]) (d3s5(21) > 1) (w2 > S(y2)) (w5 > ys)

D (|, 191 1) (253 (1) > y1) (@ > (o) L)
— 6(|al, [y]) (B35 (x1) > )@ > Lir,) = |, |y])(dBs2(r) & y)e(as)
d250( >y

and so also (11) is satisfied. "

We can also obtain a simplicial cocommutative color Hopf algebra with Moore complex
of length one starting from a color Hopf crossed module.

6.7. REMARK. A 2-truncated simplicial cocommutative color Hopf algebra is given by

d2

—u s :
H2 —do —» Hl —do H()

t S0 —
S1
where Hy, H; and H, are cocommutative color Hopf algebras and the maps d;, s; satisfy
the simplicial identities. Recall that from it we can obtain a simplicial cocommutative
color Hopf algebra by using the 2-coskeleton functor, as explained in the preliminary
section.

6.8. PROPOSITION. Given a color Hopf crossed module (A, H,d : H— A) we obtain a
2-truncated simplicial cocommutative color Hopf algebra

d2

Hm*(HmA)jomeAmA (19)

S0 —
S1

and then, as said in Remark 6.7, a simplicial cocommutative color Hopf algebra. The
latter has Moore complex of length one.

PROOF. Since H is a cocommutative A-module color Hopf algebra, we can make the semi-
direct product H x A. Denote the A-action of H by - : A® H — H and define Hy := A
and H; := H x A. Moreover, define morphisms d},d} : Hi — Hy and s} : Hy— H; in
Hopf . (Vecg) as

COC(
dy(h ® a) := e(h)a, di(h ® a) := d(h)a, sy(a) =1y @ a,

so that, clearly, d} o s} = d} o s} = Ids. Note that these morphisms are exactly those
defined in (14). We can define a (H x A)-action on H as

s (HxA)@H—H, (h®a) @ — (d(h)a)- I,
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which makes H a cocommutative (H x A)-module color Hopf algebra. Indeed, the mor-
phism * is an action since (1g ® 14) * A’ = (d(1g)1a) - =14 -k = I’ and, since d is a
morphism of algebras, we also have

(W ®a)(h©a))*h"
= (@(|as], [ (@) - h) @ aya) « " = (d(é(|as], |h[)P' (ay - h))asa) - b
(las], [B)d(R)d(a} - hyaga) - h" = (6(|ab], [RD)é(|as], [h)d (R )atd(R)S(ah)aba) - b

= (¢ (h
= (#(|a3], [h))d(R')did(h)e(ag)a) - " = (d(h')a'd(h)a) - h" = (d(N')d) - ((d(h)a) - h")
= (W @ad)*((h@a)«h").

Moreover, clearly * makes H a cocommutative (H x A)-module color Hopf algebra since
the compatibility conditions are satisfied by the action - : A® H — H.

Hence we can define Hy := H %, (H x A) and morphisms d3,d?,d3 : Hy— H; in
Hopf..(Vecg) as

COC(
d(h@h @a):=eh)h @a, di(h®@h @a):=hh @a, dy(h@h ®a):=h®dh)a

and morphisms s3, s : Hy — Hj as

sih®a) =1lp@h®a, si(h®a):=h® 1y a.

Observe that d? = my ® Ida, which is clearly a morphism of graded coalgebras since
H %, (H x A) has the tensor product coalgebra structure, is also a morphism of algebras.
Indeed, given h @ W' ® a and k @ k' ® @’ in H x, (H x A), we have

di(h® W ®a)(k @k ®a')) = di(¢(|(h @ a)a|, [K)A((h @ a); + k) ® (W' @ a)2(K @ o))
= di(¢(|hy ® as], [k))(|h5], las)h((P) ® a1) * k) ® (hy ® a2)(K @ a'))
= di(¢(|h5], |ar - k[)¢(Jaz ® as], [k)d(lasl, [K')h((d(h})ar) - k) @ hy(as - k') ® asa’)
= ¢(|h5], |ar - k) (laz @ asl, [k[)@(las|, [K)A(d(R}) - (ar - k)h5(az - K) @ asd’

(g) o(|hty @ hyl, |ay - k))é(Jaz @ asl, |k])d(las|, [E'|)hh) (ay - k)S(hy)hy(as - k') @ asd
= ¢(|ho), lar - k)p(laz @ az|, [k[)p(|as|, [K'])hh) (a1 - k)e(hy)(az - k') @ aza’
= ¢(|azl, [k[)p(|as], |kK'[)hh' (a1 - k)(ag - k') @ aza’ = ¢(|azl, |kK'|)hh' (a1 - k') @ aza’
=(hh ®@a)(kk' @d)=di(h®@h @a)d: (k@K ®d)

and d3 = Idg ® d} is a morphism in Hopf .(Vecg). Moreover, the following relations

diost=dios;=dios?=d;os]=1Idy,

are trivially satisfied as well as s? o s} = s2 o s}. Furthermore, we have

d3s?(h®@a) = e(h)ly ®@a = sydy(h @ a) and disi(h®a) = 1y @ d(h)a = sjdi(h ® a)
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for all h € H and a € A. Finally, we have
didi(h@h ®a) = e(hh)a = dyda(h@h'®a), dyda(h@h' ®@a) = e(h)d(h)a = didi(h@h ®a)

and djd3(h @ W' @ a) = d(hh')a = didi(h ® b’ ® a) for all h, i/ € H and a € A.

Therefore, we have obtained a 2-truncated simplicial cocommutative color Hopf alge-
bra and then, as said in Remark 6.7, we obtain a simplicial cocommutative color Hopf
algebra H with first three components Hy, H; and H, defined as before.

By definition M(H)o := Hy = A, M(H), := Hker(dj) and M(H), := Hker(d3) N
Hker(d?). Clearly, Hker(d})) = H @ kl4 = H and we can show that M(H), = k(1g ®
1y ® 14). As for Hker(d}), it is easy to show that Hker(d?) = H @ k(1g ® 14).

But now an element h ® 1y ® 14 is in Hker(d?) if

M @lp@1a@di(ha @1y ®@14) =h @1y @14 ® 1y ® 14,

e, i @1lg 14, @h®1y =h®1lyg @141y ® 14 and then h = ¢(h)ly. Thus
M(H)s =k(lg ® 1y ® 14). Moreover, by Corollary 2.5, we know that M(H); = k1 for
i > 3 and M(H)s = Hker(0y) with 05 : Hker(0y) — M (H )2 given by the inclusion. Then
M(H)s = k1 and so H has Moore complex with length one. =

Note that, in the previous proof, we need a 2-truncated simplicial cocommutative color
Hopf algebra because, if we stop at the 1-truncation level and we apply the 1-coskeleton
functor, we obtain a simplicial cocommutative color Hopf algebra with Moore complex of
length two and there is no cancellation.

Finally, denoting by Simp(Hopf,.(Vecq))|i=1 the category of simplicial cocommutative
color Hopf algebras with Moore complex of length one, we can show the aforementioned
equivalence of categories:

6.9. PROPOSITION. There is an equivalence of categories between HXMod(Hopf . (Vecs))
and Simp(Hopf.(Vec))|1=1-

PRrROOF. We get a functor F' : Simp(Hopf_, .(Vecg))|i=1 — HXMod(Hopf_.(Vecg)) by
Proposition 6.6, which is defined as follows
do
a5 f; 1
(7‘[ : H3 H, *doﬁ H; *do Ho) — (Ho,M(H>1 = err(do),al : M(H)1—>H0)

S1

and a functor G : HXMod(Hopf
6.8, which is defined as

Vece))|i=1 by Proposition

COC(

Vecg)) — Simp(Hopf

COC(
da
(A H,d: H—=A) > (H 1 H x, (HNA)—do—>H><1ATo—;A)

S0 —
S1
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The functors F' and G form an equivalence of categories. Indeed, we have

d2
(A H,d: H—=A)S (oo HN*(HNA)—do+HNAmA)
tso— 80

S1

L (A, M(H); = Hker(d}), 9y : M(H); —= A)

and, as noted in the proof of Proposition 6.8, we have M(H); = H @ kly, = H and
01 = d}|gex1, = d, hence clearly FG = 1d. Moreover, we have

- dy
(HZ H3 % Hg 73(1)% H1 *doj Ho) '£> (H(),M(,H)l = err(d(l)),ﬁl : M(,H)l—>H0)
50
dy
— 2 d
q —h= ——
e (H (Hker(d}) %, (Hker(d}) x Hp)) —dy~ (Hker(dy) x Hy) —dy -+ Hp)
&8l — —

/ 86

51
and both H' and H have Moore complex of length one, i.e., M(H'); = M(H); =kl for all
i > 2. Furthermore, M(H')g = Hy = M(H) and M (H'); = Hker(d') = Hker(dj)®k1y, =
Hker(d}) = M(H);. Hence H' and H are simplicial cocommutative color Hopf algebras
which have isomorphic Moore complex, so they are isomorphic since the Moore functor
M : Simp(Hopf,.(Vecg)) — Ch(Hopf . (Vecg)) reflects isomorphisms (see [10]). n

Note that, using Corollary 5.10, we also obtain that the categories XMod(Hopf,,.(Vecg))
and Simp(Hopf,.(Vecg))|i=1 are equivalent. This result can also be deduced from [5,
Proposition 4.4]. Finally, we obtain:

COC( COC(

6.10. COROLLARY. The category Simp(Hopf, .(Vecg))|i=1 is semi-abelian.
PrOOF. By Corollary 5.11 both XMod(Hopf,,.(Vecs)) and HXMod(Hopf . (Vecs)) are
semi-abelian, hence also Simp(Hopf .(Vece))|i=1 is semi-abelian. n

6.11. REMARK. In [20, Definitions 6.5 and 6.6] the category of 2-crossed modules of
cocommutative Hopf algebras is introduced and in [20, Theorem 6.17] it is shown that
this category is equivalent to the category of simplicial cocommutative Hopf algebras with
Moore complex of length 2. It would be interesting to extend this result to the category
Hopf,..(Vecg) introducing the notion of 2-color Hopf crossed module. We leave this as a
possible future project.

Moreover, as it is said in [40, page 301], the notions of 2-crossed module and Hopf
crossed square for the category of cocommutative Hopf algebras are not equivalent, hence
it is reasonable to think that 2-color Hopf crossed modules and color Hopf crossed squares
could be two not equivalent generalizations.
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