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HOPF 2-ALGEBRAS AND BRAIDED MONOIDAL 2-CATEGORIES

HANK CHEN AND FLORIAN GIRELLI

ABSTRACT. Following the theory of principal co-bundles of Niklaus-Schreiber-Steveson,
we develop a homotopy categorification of Hopf algebras, which model quantum groups.
We study their higher-representation theory in the setting of 2Vect"? C, which is a ho-
motopy refinement of the notion of 2-vector spaces due to Baez-Crans that allows for
higher coherence data. We construct in particular the 2-quantum double as a homo-
topy double crossed product, and prove its duality and factorization properties. We
also define and characterize ”2-R-matrices”, which can be seen as an extension of the
usual notion of R-matrix in an ordinary Hopf algebra. We found that the 2-Yang-Baxter
equations describe the braiding of extended defects in 4d, distinct from but not unlike
the the Zamolodchikov tetrahedron equations. The main results we prove in this paper
is that the 2-representation 2-category of a weak 2-bialgebra is braided monoidal if it is
equipped with a universal 2- R-matrix, and that our homotopy quantization admits the
theory of Lie 2-bialgebras as a semiclassical limit.
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It is well-known that the algebra of excitations in 3D BF theory (equivalent to a Chern-
Simons theory [Wit88; OS13; CG22]) for a given gauge group is described by its Drinfel’d
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double quantum group [DDR17; Dup+25; OS13], which forms a quasitriangular Hopf
algebra [Majo0; Majll]. The tensor category of its representations has equipped very
important monoidal structures that capture the essential topological properties of the
underlying topological field theory. In particular, the universal R-matrix equipped on
a Hopf algebra H defines the braiding map b = flip o R on its representation category
Rep(H).

The fact that the modules of such quantum group Hopf algebras are braided means
that Rep(H) furnishes a representation of the Artin braid group [Majo0], which allows
quantum invariants of knots and tangles to be developed from the Hopf algebra machinery.
This was first pointed out by Witten [Wit90] in which the Jones polynomial knot invariants
were recovered from modules of the quantum U, (su(2)) symmetry of SU(2)-Chern-Simons
theory. Indeed, the deep connection between Hopf algebras and 3d geometry/topology is
well-known [Hop41; Borb3].

The well-known 2d toric code [Kit03] is another fruitful example of such construction.
It has been shown to be described by a 3d Z,-gauge BF theory with the underlying Drin-
fel’d double D(Zy) symmetry. Moreover, the theory of non-degenerate fusion categories,
modelling 3-dimensional gapped topological phases and their boundary excitations, are
now very well-understood [KK12; CGW10; KW14].

The characterization of quasitriangular Hopf algebras/quantum groups, as well as
its R-matrix, plays also a central role in the theory of quantum and classical integrable
systems [Tom13; Ad178; OT03; Meu21]. In particular for 1-dimensional spin chains such as
the Toda lattice [AdI78] or the XXX /XXZ/XYZ family of Ising spins [Zha91], obtaining
the quantum R-matrix is equivalent to solving the entire model, through the method
known as quantum inverse scattering.

One might wonder how these different examples extend to a dimension up. For exam-
ple, one might wonder what is the right tool to characterize the algebra of excitations in
a 4d BF theory, or any higher-dimensional topological phases in general [Bul417; LW19;
Kon+20], such as the 4d toric code [HZW05; KTZ20a; EN17]. In a similar way, given the
well-studied integrable systems are typically in 1+1 dimension, one could wonder what
would be the relevant structure for an integrable system in 2+1 dimension.

According to the dimensional (or categorical) ladder proposal [CF94; BD95; Mac00],
one way to obtain the relevant structure is through categorification. In fact, several
constructions already point to the efficiency of using 2-categories (arising from for instance
higher-representation theory [Neu97; Bae+12a; DR18; DT24]) to describe a 4-dimensional
gapped topological phases, such as the 4d toric code [HZWO05; KTZ20a; EN17].

The goal of this paper is to describe a categorification of the rich and fruitful theory
of quantum groups, starting from the theory of higher-dimensional L-algebras of [BC04;
BS04; NSS14; CG16]. Together with the quantization step, which we understand as
taking a Lie algebra to a quantum Hopf algebras (cf. Drinfel’d-Jimbo quantization [Maj11;
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Sem92; Dri86] and Kontsevich *-quantization [Kon03]), we arrive at the following diagram,

Lie (or Poisson) algebra categorlly (Poisson) L..-algebras

|
lquantize | quantize . ( 1.1 )
\|,

> (Hopf) A,-algebras

categorify

(Hopf) algebras

As such, focusing on 4-dimensions, it follows that a categorical quantum group living
on the bottom-right corner of (1.1) can be modelled as a ”2-bialgebra” G in the A,
context. We shall construct such a structure starting from the strict /associative 2-algebras
of [Wag21], then consider a weakening of the associativity up to homotopy expressed by a
Hochschild 3-cocycle T on G. Moreover, we will substantiate the diagram (1.1) in Section
B, where we prove that we recover the known notions of Lie 2-bialgebras [BSZ13; CSX13a;
CSX13b] by taking an appropriate ”classical limit”.

A structure of particular interest that we will also construct is the 2-quantum double,
which is a ”categorical Drinfel’d double” generalizing the works of Majid [Maj90; Maj94;
Majl1]. We will prove some crucial structural theorems about this 2-quantum double
construction, such as quasitriangularity and self-duality. We explicitly demonstrate that
these proofs run parallel to classical results for ordinary quantum doubles.

Next, we consider higher-representations of the weak 2-bialgebra G by examining its
action on 2-vector spaces. We emphasize that the 2-representation theory based on the
Baez-Crans notion of 2-vector spaces [Angl8| 2Vect?Y | which is equivalently a category
internal to Vect [BCO04], is insufficient for our purposes [HE16]. Instead, we shall base
our "weak 2-representation theory” on a modified version of 2Vect®®, which we denote
simply by 2Vect"?¢. More precisely, if we think of V € 2Vect® as a Vect-algebra in
the bicategory Cat of (small) categories, then V' e 2Vect"PY can be thought of as as
psuedo-Vect-algebra [Fio06].

The 1- and 2-morphisms in this 2-category 2Vect are modelled respectively by
cochain maps and cochain homotopies equipped with homotopy witnesses for associativity.
In particular, the endormophism 1-categories of objects in 2Vect"?“ by definition have the
structure of a 2-term Ay -algebra. We shall show how the theory of Ay-algebras [Sta63|
provides the necessary commutativity of all diagrams in this 2-category 2Vect"P¢.

We denote the resulting 2-category of weak 2-representations by 2RepT(g ). Weakening
the 2-representations is sufficient, and in fact necessary [HE16], in order for it to carry
higher-homotopical data. These play very important roles in the following main result of
this paper.

hBC

1.1. THEOREM. The 2-representation 2-category 2Rep” (G) of a weak 2-bialgebra (G, T, A)
is braided monoidal (@ la Gurski [Gurll1]), with trivial left-/right-unitors, if G is equipped
with a uniwersal 2-R-matriz R.

We will, in particular, universally characterize the quantum 2-R-matrices on G which is
responsible for the braiding, and provide the categorified 2-Yang-Baxter equations it
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satisfies. The theorem is then proven by translating the 2-algebraic properties to struc-
tures of the 2-representations, and explicitly checking all coherence diagrams [Gurll;
KTZ20b]. We will further prove in the appendix that the weak 2-representation the-
ory we develop here do indeed host the necessary homotopy data as that studied in the
literature [Del22; DT24; DR18; Bae+12a].

There is then naturally a forgetful functor 2Rep(G) — 2Vect"?“ into the 2-category of
weak 2-vector spaces discussed briefly above, and not the Baez-Crans 2-category 2Vect?.
However, 2Vect"?% does not coincide with 2-vector spaces of the Karpanov-Voevodskey
type 2Vect™" [KV94] — this issue is currently under investigation by one of the authors.

OUTLINE. Section 2 constructs a strict 2-bialgebra (where associativity is retained) fol-
lowing the definition of a strict 2-algebra/algebra crossed-module in [Wag21]. In Section
2.10, we begin by introducing a graded coproduct A on G, and define the appropriate
notion for two 2-bialgebras to be dually paired. The 2-bialgebra axiom plays a central
role in this notion of duality, just as in the case of the usual 1-bialgebra. We also pro-
vide a classic example of the function 2-bialgebra on a 2-group, and verify explicitly the
2-bialgebra axioms.

Section 3 delves into the construction of the 2-quantum double D(G) associated to
a pair of mutually dual 2-bialgebras G,G*. We prove key structural theorems about
D(G), such as its factorizability and self-duality. Furthermore, motivated by Majid’s
construction of the generalized double [Maj94], based on the existence of a quantum R-
matrix, we introduce the notion of 2- R-matrix R and derive explicitly the ”2-Yang-Baxter
equations” that R satisfies. We demonstrate in particular how D(G) is in fact naturally
equipped with a universal 2- R-matrix.

In Section 4, we weaken our 2-bialgebra construction by introducing a Hochschild 3-
cocycle that witnesses associativity. We note that we obtain precisely a 2-bialgebra in
the A, context, which fits into the diagram (1.1) as desired. We prove that there is once
again a well-defined notion of duality in this case by extending the 2-bialgebra axioms to
take the weakened associativity /coassociativity into account.

In Section 5, we generalize the 2-quantum double construction, as well as their struc-
tural theorems, to the weak case. We specialize to the skeletal case, where the structural
t-map is trivial, in order to leverage the construction given in the strict case.

In Section 6, we discuss directly the notion of weak 2-representations 2Rep(G) living
in 2Vect"?%, based on a modified notion of Baez-Crans 2-vector spaces. We discuss the
different key aspects of the 2-category 2Rep’ (G), namely the monoidal structure and
the braiding. We will in particular prove the naturality of these struvtures form the
underlying properties of the 2-bialgebra.

Finally, in Section 7, we prove the main theorem by explicitly checking all the relevant
coherence diagrams of a braided monoidal 2-category. We will moreover emphasize how
the fusion associators/pentagonators and braiding hexagonators arise from the homotopy
data attached to a weak quasitriangular 2-bialgebra (G,T,R), as well as its weak 2-
representation theory 2Rep” (G).
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We collect some supplementary but also important results that we have obtained in
the Appendix. In Section A, we provide an appropriate definition of an antipode in the
strict case, and examine briefly its properties.

In Section B, we prove that under an appropriate ”classical limit”, the quantum 2-
bialgebra and the universal 2-R-matrix that we have defined in fact recovers the Lie
2-bialgebra and the classical 2-r-matrix as studied in [BSZ13; CSX13a; CSX13b].

And finally, in Section C, we will demonstrate that the theory of weak 2-representations,
as developed in this paper, has the same homotopy theory as the 2-representation theory
of skeletal 2-groups as studied in the literature [DR18; Bae+12a; Del22]. The latter is
typically understood to be a symmetric monoidal 2-category, but our theory allows for
non-trivial braiding data for the 2-representations.

ACKNOWLEDGEMENTS. The authors would like to thank Matthew Yu, Theo Johnson-
Freyd, David Green, Liang Kong, and Matt Hogencamp for valuable discussions and
suggestions throughout the completion of this work.

2. Strict 2-bialgebras

Quantum groups are Hopf algebras, hence we expect to define quantum 2-groups as ”Hopf
2-algebras”. Different notions of 2-Hopf algebra have already been previously proposed in
[Maj12; Wag21; Pfe07; GSO01], but we shall work primarily in the context of Baez-Crans
2-vector spaces [BCO4].

A Baez-Crans 2-vector space V € 2Vect?® is a category internal to the category
Vect of C-vector spaces. The following characterization result was obtained in [BC04].

2.1. PROPOSITION. There is an equivalence 2Vect?® ~ 2Ch(Vect) with the 2-category of
2-term C-vector space chain complezes.

One side of the equivalence, given a V = V) :S: Vi € 2Vect?Y, is
t

V.1 =kers, Vo = Vo,
whence the map ¢ : V_; — V}; defined by
m(f)=2"—z,  frz—oa'eV
determines a 2-term chain complex.

2.2. ASSOCIATIVE 2-ALGEBRAS. We begin with the following definition, then build up
to the definition of an associative 2-algebra in [Wag21].

2.3. DEFINITION. Let Gy, G 1 denote a pair of associative algebras. We say that G_ is
a Go-bimodule if we have a left and a right action® -, -, of Go on G_i which commute.

(z'z) -y =2 (z-y), (z-y)-2'=z-(y-2'), y-(v2)=(y 2) 2 (2.1)

'We will often omit the subscript when there is no ambiguity.
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forallye G_1 and x',x € Gy.

Equivalently we can demand that the following diagrams are commutative. We note
1; the multiplication in G;, ¢ = —1,0.
The associativity of the multiplication is encoded in the usual diagram.

G;®6G;R®G;

Hi®i

/)
A\ A

id @

G ®G; G ®G: - (2.2)

«Q

The bimodularity conditions (2.1) read as commutative diagrams,

Go®Go ®G-1
id®-;
Go®G-1 Go®G
\ /
-1
G-1® Gy ® Go
r®id
m) \
G-1® Y G1®G (2.3)
g
and the bimodule condition, the middle one of (2.1) is
Go®G-1® Yo
id®-r
1 ®id
G-1® Y% Go®G1 (2.4)

A
\

G

If we introduce a homomorphism ¢ between G_; and Gy, subject to some conditions,
then G_; and Gy can be used to define a crossed module of algebras.

2.4. DEFINITION. An associative 2-algebra G is an algebra object in 2Vect?C .

Through the characterization Proposition 2.1, we equivalently have the following.
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2.5. DEFINITION. An associative 2-algebra is a crossed-module of (finite dimensional)
associative algebras. More precisely, G is the data of a pair of associative algebras Gy, G_1
and an algebra homomorphism t : G_1 — Gy satisfying the following:

1. G_1 is a Gy-bimodule,

2. t 1s two-stded Gy-equivariant,

tla-y) =atly), ty z)=ty (2.5)
forallye G_1,x € Gy, and
3. the Petffer identity is satisfied,

ty) v =gy =y -ty), (2.6)
where y,y' € G_1.

We call the latter two the Peiffer conditions. We denote an associative 2-algebra simply
by G, or by (G,-) to emphasize the bimodule structure. Let k denote the ground ring of the
2-vector space underlying G. We call G unital if there exists a unit map n = (n_1,m0) :
k — G such that

N-1y = Yn-1=y, T =20 =1, (2.7)
for allye G_1,x € Gy. Moreover, t should respect the units, ie. t(n_1) = ng.

Note that one may consider G_; first as a vector space and define its product with the
Peiffer identity. This notion is how one may show the bijective correspondence between
Lie algebra crossed-modules and 2-term L.-algebras [BSZ13; CSX13a]. However, in the
skeletal case, since the Peiffer identity is empty, which forces the product on G_; to be
trivial.

2.6. REMARK. Ift # 0 were non-trivial then the Peiffer conditions, together with bimod-
ularity, imply that
() = (@) yly) =20, (W) z=yl 2

for each x € Go,y,y' € G_1. This puts strong constraints on the algebra action -, which is
not necessarily imposed in the skeletal t = 0 case.

Equivalently, we can encode the different conditions defining the 2-algebra in terms of
commutative diagrams. The equivariance reads

Go®G_1 G_1®G

Go®G » G4 Go ® Gy (2.8)

e -~
\g/ \%%
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and the Peiffer identity is

G.1®G

id®t
t®id

Go®G_1 -1 G§_1®G (2.9)

Finally the unit map is encoded in the following commutative diagrams.

m@ygl TM?ZWm (2.10)
k@G —=— Gi+—=— G:i®k
Go® G G1®Go G
L e e
k®G1 ——— Gy G1®k ——— Gy k —"— Gy

2.6.1. CLASSIFICATION OF 2-GROUPS AND ASSOCIATIVE 2-ALGEBRAS. Recall a 2-group
is a connected 2-groupoid [G_1], Go, pt] [Bae+12a; Bae+12b], or equivalently its loop 1-
groupoid G_; x Gy =3 Gy [DR18]. These are equivalent to the following crossed-module
description [CSX13a; Bae+12b].

2.7. DEFINITION. The crossed-module model of a 2-group G is a group homomorphism
t: G_1 — Gy together with an action > of Gy on G_1 such that the following conditions

ta>y) =atyz™, )y =yyy’ (2.11)

are satisfied for each x € Gy and y,y' € G_1. The first and second conditions are known
respectively as the equivariance and the Peiffer identity.

A 2-group homomorphism, is a graded map ¢ = (¢_1,¢g) : G — G’ such that
1. ¢o: Gy — Gj and ¢_1 : G_1 — G are group homomorphisms,
2. ¢_1(x>y) = (Ppox) > (p_1y) for each z € Gy, y € G_1, and
3. gt = t'd_1.

We say that two (strict) 2-groups G, G’ are elementary equivalent, or quasi-isomorphic,
if there exists an invertible 2-group homomorphism between them. The fundamental

classification result [ZLW19; KT17] is that
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2.8. THEOREM. (Gerstenhaber, attr. Mac-Lane). 2-groups are classified up to
quasi-isomorphism by a degree-3 group cohomology class 7 € H*(N,V), where N =
cokert,V = kert.

7T is also called the Postnikov class in the literature [KT17; AP18; CG22|. Note V' = kert
must be Abelian due to the Peiffer identities. The tuple (N, V,7) is known as Hodng data
[AP18; NPN14], which was proven by Hoédng to classify ” Gr-categories”.

Similar to the case of 2-groups [BC04; Wag2l], a 2-algebra homomorphism [ =
(f-1, fo) : G — G’ is a graded pair of algebra homomorphisms that respect the underlying
bimodule structure; namely,

1. fo:Go— G and f, : G4 — G" | are algebra homomorphisms,

2. fa(z-y) = (for) " (f-1y) and fa(y - x) = (f-1y) ' (fox) for each x € Go,y € G-y,
and

3. fot =t'f_.

We say that two 2-algebras are elementary equivalent, or quasi-isomorphic, if there exists
an invertible 2-algebra homomorphism between them.

2.9. THEOREM. (Gerstenhaber, attr. Wagemann [Wag21]). Associative 2-algebras
are classified up to quasi-isomorphism by a degree-3 Hochschild cohomology class T €
HH3(N,V), where N = cokert and V = kert.

See [Wag21] for a definition of Hochschild cohomology of an algebra. The Peiffer identity
implies that V' < Z(G_1) is in the nucleus of G_1; it is in fact a square-free ideal [Wag21].
Note the nucleus is not the same as the centre, which have commutative (but non-trivial)
multiplication.

2.9.1. EXAMPLE: GROUP 2-ALGEBRAS FROM 2-GROUPS. Let k denote a field of char-
acteristic zero. One example of 2-algebras comes from using a 2-group G. One way to
construct a 2-algebra from G is to take the group algebra functor kG [Pfe07], and extend
the t-map linearly such that t : kG_; — kG is an algebra map. To form an associative
2-algebra, we need a kGy-bimodule structure on £G_q, which can be induced from the
group action
rT-y=x>by, y-x=x’1>y,
where x € Go,y € G_1.
However, the subtlety here is that Gy acts by group automorphism, not algebra auto-
morphism,
z-(yy) = (z-y)(x-y) # (@ y)y, (2.12)
which contradicts the condition listed in Remark 2.6 if t # 0 or the group action > # 0
were non-trivial.
We are going to present three alternative ways to circumvent this issue, which will rely
on different properties of the 2-group G. We will therefore obtain three different resulting
2-algebras kG associated to G (depending on the properties of G).
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a) Wagemann’s quotienting construction. The first way to guarantee the functo-
riality of the map G — kG follows [Wag21]. Essentially, this amounts to quotienting out
certain terms such that we can recover the algebra automorphism.

We begin with the group algebra k(G_; x Gy) equipped with the balanced algebra
structure

(y,]?) ' (y,7 I,) = (yy/ +y- '+ yla JIZE,), Z, 7' € kGo, y7y/ € kG_1,

and let my denote the projection onto kGy. Embed kG_; — k(G_-1 x Gy) by y — (y,0)
as a subalgebra, and define the ideal

X=kG_;-D+ D -kG_q, with D < {(y,x) € k(G_1 x Gy) | t(y) = —x}

where D is the maximal subalgebra within the kernel subspace.

Explicitly, elements in the subspace D < k(G_1 x kG) satisfy t(y) = —x, and hence
consist of pairs (y,z) = (y, —t(y)) parameterized by y € kG_;. The ideal X is then a
direct sum of elements of the forms

,0)- (y.2) = Wy —tly™")>y,0) = Wy —y 'yy,0),
(y,2) - (v/.0) = (yy' —t(y) >4, 0) = (yy' —yy'y ", 0)

using the 2-group properties, where ¢y € kG_1, x € kG are arbitrary.

We now form the algebra quotient k(G_; x Gy)/X, and denote by 7y : k(G- x
Go)/X — kG the induced projection map. Explicitly, this quotient consist of pairs
(y,9') € k(G-1) ® k(G_1) such that

/

W -y 'Y)y=0,  y/—yy =0 yyekG_. (2.13)

Put ¢ = t| wc— as the restriction of the ¢-map onto the kernel kG_| = ker Ty — in other

words, ka\/_l consist of the G_j-invariant elements of kG _; under both left- and right-
multiplication. The induced ¢-map then induces the following 2-vector space

kG = kG-, 5 kG (2.14)

which has an associative 2-algebra structure. For a proof that this construction indeed
yields an associative 2-algebra, see Theorem 3.8.3 of [Wag21].

b) 2-group with adjoint action. The condition (2.13) is a very stringent requirement,
especially in the ¢t = id case. As an alternative, we can follow a different route when the
2-group action is given by the adjoint action. In this case, to guarantee the functoriality
of the map G — kG, one needs to find bilinear maps - : kG_1 x kGo@kGo@kG_1 — kG _1
satisfying

r>y=x-y- -1, x e Gy, ye G_1. (2.15)
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Provided - extends linearly to left- and right-regular algebra representations, one may use
it directly to define the kGy-bimodule structure of kG_;. The equivariance condition and
Peiffer identity

oty -a7h) =tz y)rTt =tz y-27) = tla>y) = at(y)a,

yy'y "t =ty) >y =ty) -y -ty ).

are directly verified. This construction is closely related to the invertibles functor G —
G = G*, which is left-adjoint to the group algebra functor [Wag21].

IfG = (G, 1=, Go) is a trivial 2-group, the t-map is the identity and there is no
group kernel nor cokernel. Hence it is in the trivial class under elementary equivalence
[Wag06; BS04] of 2-groups — this is why such 2-groups are called trivial. By definition, the
group action > must be the conjugation action. Hence the second approach to associate
a 2-algebra to G seems well suited to this case.

The identity t-map extends id : kG_; — kGq directly to the group algebras, whence
we obtain an associative 2-algebra kG. Following (2.15), the kG-bimodule structure of
kG_y is given by group multiplication, and not conjugation. Similarly to the 2-group,
there is no algebra kernel nor cokernel, whence kG is in the trivial class under elementary

equivalence of 2-algebras [Wag21]. As such, we shall also call such 2-algebras A RENy}
trivial.

This construction defines a functor Gy — G assigning the group Gy (resp. the algebra
Ap) to the associated trivial 2-group G (resp. the trivial associative 2-algebra A), which
commutes with the group algebra functor [Wag21]. We will show in Section 2.14.1 that
this functor, which defines an embedding of the category of associative algebras into that
of associative 2-algebras, can be extended to the bialgebra/2-bialgebra context.

c) The skeletal case. The skeletal case is peculiar enough, that it deserves its own
consideration. Recall for a skeletal 2-group, the t-map ¢t = 1 : G_; — G is the constant
map onto to identity 1 € Gy. By the (2-group) Peiffer identity, G_; must be Abelian, and
the group kernel kert = G_; is the entire group G_;. If we take the group algebras and
simply extend t linearly, we obtain the augmentation ¢t : kG_; — k-1 = k, whose algebra
kernel kert = I is the augmentation ideal, which is in general distinct from the group
algebra kG_;.

This case is in drastic contrast with the trivial t = id case. The Peiffer identity dictates
that kG_, is commutative, but not nuclear, and hence kG would be non-skeletal. In other
words, merely taking the group algebras of the graded components of a 2-group does not
preserve skeletality, and hence does not preserve its elementary equivalence class. Since
the linearized t-map is non-trivial ¢ # 0, there are then two ways to see kG as a 2-algebra:

1. By following the quotient prescription (2.14), we must kill the entire degree-(-1)
structure, yielding £ : 0 — kGy. Indeed, the only totally invariant subgroups of an
Abelian group under group multiplication by itself is trivial, and D =~ k(kert) =
kG 4 is the entire group algebra. This is the only group 2-algebra one can construct
associated to a skeletal 2-group G following the prescription by Wagemann [Wag21].
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2. Alternatively, we may seek to solve (2.15) with the given group action >. However,
solutions do not exist unless x> € Aut(G_1) is inner for all z € Gy, which is certainly
not always the case. This gives us a broader class of skeletal 2-groups with which
we may form the 2-group algebra by linearly extending ¢.

Yet another alternative construction (which we emphasize is specialized to the skeletal
case) is to linearly extend the group action > but not the t-map. Instead, we take the
skeletal 2-algebra t = 0 : kG_1 — kGq, whose trivial t-map allows us to circumvent
the issues posed by (2.12). This construction G — kG not only holds for any skeletal
2-group G, but for certain G_1, Gy it also preserves the classification! This is due to a
deep result in [SW99], which computes an explicit isomorphism between the Hochshild
cohomology and group cohomology in certain cases. We will adopt this approach in an
accompanying paper [Che23|, which applies the general framework of Hopf 2-algebras that
we shall develop here to construct excitations in the 4d Kitaev model.

With either (2.14), (2.15), or the skeletal case proposal understood, we shall neglect

the tilde on the t-map and simply denote kG = kG _4 L kG in the following. Given a
2-group G, while we can construct in effect different 2-algebras kG with the above two
proposals, at the end of the day, we will obtain an associative 2-algebra, which will be the
starting point of the 2-bialgebra definition.

2.10. ASSOCIATIVE 2-BIALGEBRAS.
2.10.1. DEFINITION.

Coassociative 2-coalgebra. We seek a dual notion of an associative 2-algebra Defini-
tion 2.5. The idea will be to reverse the arrows in the diagrams and swap the degree.

Indeed, our duality structure will typically swap degrees. This is a consequence of how
”dualization” is defined in homological algebra [BSZ13; CG22; CSX13a; CSX13b].

Let us consider a pair of vector spaces, Gy, G_1 with the map ¢t : G_1 — Gy. In direct
analogy with the 2-cocycle 6 = d_; + dy that were introduced to define a classical Lie
2-bialgebra [BSZ13; CG22|, we introduce the coproduct maps

A:G1—G4QG,  Ao:G— (G-10G) @ (Go®F-1). (2.16)
Note that Ay comes in two graded components Ag = Al + Al with
Al Gy — G_1® Go, Ay:Go— Go®G1.
In the following, we shall use extensively the conventional Sweedler notation
Aly,z) = A1 (y) + Ao(2) = ya) @ ye2) + (xl(l) ® xl@) + 2(1) @ x(y) (2.17)

where xl@), :1:7("1) € Go and Y1), Y(2), xl(l), x&) eg_1.
Now let
AY : Go — Go ® Gy
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denote a coproduct in degree-0, such that A_;, A are subject to the following coasso-
ciativity conditions

(Id®A_1) o A_; = (A1 ®id) o A_y, (Id®AY) 0 Ay = (Ay ®id) o AG,(2.18)
which can be obtained by reversing the arrows in (2.2) for the products p—1 and 9. Hence

(G_1,A_1) and (G, Aj)) are coassociative coalgebras if (2.18) is satisfied [Maj11]. In
the following, we shall use the Sweedler notation

AY(z) = Ty ® Z(2) € Go @ Go. (2.19)

2.11. DEFINITION. Let (G_1,A_1) and (Go, Ay) denote a pair of coassociative coalgebras
with the coactions Al and Al. We say that Gy forms a G_i-cobimodule if the following
cobimodularity conditions
(A ®id)o Al = (Id®AL) o AL,
(Id®A_1) o Af = (Aj®id)o Ay,
(d®AL o AL = (Al ®id)o Al (2.20)

are satisfied. In terms of commutative diagrams, we have

/

/

G_1® G G_1®G >
1d®Al
\ A_1Rid
G1®G.1®G
Go®G_1 Go®G_1
o®id
\ A )
Go®G1®G
Go®G_1 G_1®G (2.21)
m AS

G.1®G®G_

We emphasize again that, upon dualizing the commutative diagrams (2.2)-(2.10), we
must also swap the grading: the action -, : Gy ® G_1 — G_; is dualized to the coaction
component Al : Gy — G 1 ® Gy of the coproduct.
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2.12. DEFINITION. A coassociative 2-coalgebra (G, A) is a coalgebra homomorphism
t:G_1 — Gy such that

1. Gy 1s a G_1-cobimodule,

2. t 1s coequivariant
Df oA = Agot, (2.22)

where we have introduced a convenient tensor notation for the induced t-map
Df =t®1+1®t

in terms of the graded sum. This condition is encoded by the following commutative

diagram.
g1
A_q
/ \
Yo
Ap
\ %

Go®G_1DG_1 ®G

G 1®G (2.23)

3. the coPeiffer identity
(t®id) o Al = Al = (id®t) o AY, (2.24)
which in particular means that we must necessarily have
Dy Ay = (t®id) o A — (id®t) o Aj = 0.

It is encoded in the following commutative diagram

Go ® Go
id ®t
Go® G A G 1§ - (2.25)
Al
Af
Go

We call (G, A) counital if there is a counit map € = (e_1,€) : G — k such that

id = (ld ®€,1) o Afl, id = (€,1 ® ld) o Afl,
id = (e-; ®id) o A, id = (Id®e_1) o Af. (2.26)
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Moreover, € should respect the t-map such that e_; = ey o't.

The counit conditions can be seen as reversing the arrows of the diagrams (2.10) (and
also a swap of the grading since we are dualizing).

G.1®G

S N (227

k@G, —=— G4 ——=— G0k

Go®G_1 G_1®Go G4
id?y TAS Ll@y TA@ ﬁ/ lt
Go®k —— Gy k®Gy ——— Go kTgo

Note again thatin Definition 2.12, the coequivariance and coPeiffer identity are
treated as constraints between two coalgebras and the coalgebra homomorphism ¢ between
them. With these constraints, we can deduce

id = (e ®1id) o Af = (id®eg) 0 A} (2.28)

from (2.19) and (2.26). In the skeletal ¢ = 0 case, the coproducts A_j, Ay, A} and the
counits €_1, €9 are independent, and this condition is separate from (2.26).

2.13. REMARK. Similar to the 2-algebra case, if t # 0 were not trivial, then we could
have the following conditions

(Id®A}) o Aé = (Aé ®id) o Ay,
(A ®id) o AL = (IJd®AL) o A,
(id®A)) o Ay = (A ®id) o A (2.29)

between the coproducts Ag and Ay. By making use of the Sweedler notation (2.17), (2.19),
the coequivariance and the coPeiffer identities translate to

_ r Ty = tal, = a7
ty(l)—(ty)gl) ’ ffa)—m(l)—xf}) _ (2.30)
ty2) = (ty)

When combined, they give t?g(l) = tyq), t_y(2) = ty(2) which will become important later. In
the skeletal case, the constraints involving t drop.

2-bialgebras. Using the Sweedler notations (2.17), (2.19), we state the condition that
the coproduct map A given in (2.16) preserves the algebra/bimodule structure:

Aoi(z-y) =Za) yu) ® ) Yo, Ay z) =ya)  Za) @Y T2,
Al (z2') = xl(l)lel) ® xig)wzlg), Ag(za') = x{1z(1) ® T(9)T(y)- (2.31)
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We call these conditions the 2-bialgebra axioms.

The bialgebra axioms in each degree,
A(wy) =y0yn @Y Ye),  Aoler’) = 20)T() @ T2)T(y),

follow directly from (2.31) and the coequivariance and coPeiffer identities (2.22), (2.24);
see Remark 2.15.

2.14. DEFINITION. The tuple (G,-,A) is an associative 2-bialgebra iff (G,-) is an
associative 2-algebra and (G, A) is a coassociative 2-coalgebra such that the two structures
are mutually compatible; namely A satisfies (2.31).

We call (G,-,n, A, €) unital if (G,-,n) and (G, A, €) are respectively unital and counital.

The 2-bialgebra axioms are equivalently described in terms of the following commuta-
tive diagrams, where we use the swap o : Go®G_1 — G_1®Gp and ¢’ : G_1®Gy — Go®G_1,

Go®G_1 G_1® G
/ % 1 / \A@A6
Go®GR®G1 QG4 G4 G§1®6G_1®G® G
lid ®o®id lid ®0'®id
go@Q 1®G®G_1 = G106, ®G1®G
®'z &
G106, G106
Go ® Go Go ® G
G.1®G®G_1®G Go G®G_1®G®G 4
id ®o’®1dl lid ®o’'®id
Af

g1®gl®go®go G®GR®G1®G 4

M- 1®M0 wl

G_1® G Go®G_1

2.14.1. EXAMPLE: FUNCTION 2-BIALGEBRAS ON 2-GROUPS. Let k denote a field of
characteristic zero, and let G denote a (finite) 2-group.

Function 2-coalgebra on a (finite) 2-group. Consider the 2-group 2-algebra kG
constructed in section 2.9.1. We denote its linear dual by k[G] = Homy(kG, k), which
consist of k-linear functions on kG. This space inherits the dual grading of the 2-group
2-algebra kG, in the sense that k[G_1] is in degree-0 while k|G| is in degree-(-1). Each
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element F' € k[G], then admits a decomposition in terms of this grading, F' = £ @ (, with
€ € k|Gy], ¢ € k[G_4], for which the ¢t-map is given by the pullback,

K[G] = k[Go] 5 K[G_1],  (£€)(y) = &(ty),

where y € kG_;. Note this t-map is the one on kG defined in (2.14), which may differ
from that of the underlying 2-group G.

The reversal of degree for the function 2-coalgebra allows us to define a grading-odd
duality pairing given by the function evaluation

(y,2),(§,¢)) = ev((y, 2) ® (£, C)) = &(z) + C(y),

with respect to which the coproduct A on k[G] defined in (2.32) is dual to the 2-algebra
structure on kG. Conversely, if there is a well-defined coassociative coproduct A on kG
(ie. satisfying (2.22)-(2.24)), then the evaluation pairing dualizes it to a well-defined
associative 2-algebra structure on k[G]. This is a guiding principle with which we shall
construct the 2-quantum double in the following sections.

The natural coproduct A* = A* | + A on k[G], is induced by the 2-algebra structure
on kG,

A () =y ® &) = (xr)) = Eu)(@)ée (2),
(ADQ) = ¢y ®(lyy = (- y) = ¢y(@)¢(s (v),
(A0)"C = (1) ®(ly = ((y-z) = (1Y) (), (2.32)

where x, 2’ € kGy and y € kG_;. The superscript * encodes the fact we are considering
the dual of kG as we will emphasize soon. The induced coproduct A}’ in degree-0 is
induced from the product p_q,

AY(C) =y ®Ca = () = W)l ),

and is also related to the actions, thanks to the Peiffer identity, so that A}’ = %D;; Ag. In

a similar way, all the 2-co-algebra axioms are satisfied as we are dualizing all the properties
of the 2-algebra kG, hence we are reversing the arrows.

For example, the co-bimodularity is obtained from the bimodularity in kG.

(A () (2, y) = &tz - y)) = E(at(y)) = &) (@)@ (ty)) = (L)AL (€)) (2, y),
(A0)" (%) (y, ) = &(t(y - 2)) = E(t(y)x) = Eay(ty)Ee) (z) = (" @ AT, () (y, ©),

The co-Peiffer identity is obtained from the Peiffer identity
Clyy) =<ty o) =y ty) = (" @1)(A5)'(C) = (1O)(AF)(¢),

and so on and so forth.
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Moreover, there is also a counit € : k[G] — k given by evaluation at the identity,
1(&) = &(1),e0(¢) = ((1). Since the t-map respects the identity, we have e_;(t*¢) =
t*¢(1) = £(1) = €0(&), as desired for a counit.

In order to determine the 2-algebra structure of k[G], we can use the coalgebra struc-
ture of kG. For this we are going to consider the specific case t = id as otherwise we
cannot make the example as explicit as one would wish, due to the constraints (2.30).

The trivial 2-algebra. Recall a trivial 2-group G has G_; = G and the t-map is the
identity ¢ = id. This the simplest case one can consider, as its corresponding 2-group 2-
algebra kG is obtained by just extending every structure k-linearly. We shall now consider
endowing a coproduct on kG from that of kGj.

Let A denote a coproduct on kG. (2.22), (2.24) dictates that all components A_1, Ay, A}
of the coproduct are identical, and hence (kGy, Ap) is a coalgebra iff (kG, A) is also one.
Indeed, if Aj(z) = (1) ® z(2) then we must have

A_1(y) = ya) @y, Ao(x) = yay @ 22y + 2 (1) @ Y(2),

where y(1), y(2) are identical to (1), z(2) € kGg as elements of the group algebra kG, but
with degree-(-1); in other words, we have t(y(1)) = z() under ¢ = id. Explicitly, we can
choose the group like coproduct

Ay(z) =2z A1(y) =yRy, Ai(r)=yRr+zr®y, withty=y==z
We recover then a 2-algebra structure on the graded function space k[G], for which
¢¢'(y) = Clym)¢ () = CW)(y),  &(x) = L(z0)€ () = §(@)¢ (@),
(€-&)(@) = Clym)E(ze) = CW)(x), (€ O) = &(zw)C(ye) = §x)¢(y).

We have recovered the pointwise products on k[Go] and k[G_1], the bimodule structure
in terms of these pointwise product (since ty = y = x). Moreover, one can check that we
have the 2-bialgebra axioms (2.31),

€ z-y) = (€@ W) = ¢y (@) () )¢k e)
= (S (@) (s ”2))( ),
€y - ) (¢¢ ) 1)(?4)( C)(z)(-’f) C1 (?J(l))C(”{)(9(2))5(2)(93(1))%) (35(2))
(C D(I)(C (2))( )
(C-&(xx) = (C- (@) &) = {uyyw)én) (@)@ (@h)Ee) (7))
= () @) (C@se)@);

note { = ¢ as the t-map is the identity. Therefore (k[G],A*) and (kG,A) are (unital)
associative 2-bialgebras that are mutually dual in a certain sense, with the former being
commutative and the latter being cocommutative, when using the group-like coproducts,
just as in the 1-group case [Maj94]. We shall rigorously establish this general 2-bialgebra
duality in Proposition 3.2.



1444 HANK CHEN AND FLORIAN GIRELLI

2.15. REMARK. In general, given an ordinary 1-bialgebra G, we can form its associated

trivial 2-bialgebra G = G 9 G in analogy with the above. Moreover, it is clear that any
bialgebra homomorphism [ : G — G’ extends to a 2-bialgebra homomorphism f@® f : G —
G', whose graded components are just copies of f. We therefore have an embedding

Bialgass - ngalgass (233>

of the category of associative bialgebras into the category of associative 2-bialgebras. This
is a "quantum” version of an analogous result for Lie 2-bialgebras stated in Remark 3.11

of [Bai07].

3. Strict 2-quantum doubles and the 2-R-matrix

In this section, we construct our main example of a strict 2-bialgebra given by the strict
2-quantum doubles which can be seen a categorification of the standard quantum double
[Maj11], and the quantization of a classical 2-double [CSX13a; CG22] of Lie 2-algebras.

The goal for studying (2-)quantum doubles is that, for the ordinary 1-bialgebra H,
the skew-pairing involved in the construction of the quantum double D(H, H) of Majid
[Maj94] provides a characterization of R-matrices on H. Moreover, this construction
reveals that any R-matrix on H can be derived in this way from D(H, H). We wish to
directly categorify Majid’s construction, and derive a universal characterization of 2-R-
matrices from our construction of a 2-quantum double.

Our strategy will be as follows. Firstly, we consider a pair of dual associative 2-
bialgebras. They are dual in the sense that the coalgebra sector is given by the algebra
sector of its dual counterpart. We then define a notion of a canonical coadjoint action
of a 2-bialgebra on its dual. By requesting that the mutually-dual 2-bialgebras act on
each other by such coadjoint actions, we are then able to form the 2-quantum double as a
2-bialgebra. We will then also prove a key factorization theorem for 2-quantum doubles.

3.1. MATCHED PAIR OF 2-(BI)ALGEBRAS.

Dually paired 2-bialgebras Let (G,:,A) denote a (finite dimensional) 2-bialgebra,
and let G* denote its linear dual, defined with respect to the following duality evalua-
tion/pairing map?

g, £)s (x)) = {fry)-1 + g, 20 (3.1)

for each x € Gy, y € G_1, f € G*, g € G§. Note that the grading is flipped by dualizing the
t-map: (t*-,-) = (-, t-), whence t* : Gf — G*, and G* is skeletal whenever G is. In the
following, we shall denote this pairing also by an evaluation ev.

So far, G* merely forms a 2-vector space. By leveraging the duality (3.1), we can
induce algebraic structures on G* according to the coalgebraic structures (2.16), (2.19) on

2We shall drop the subscripts on the pairing forms ¢, -) when no confusion arises.
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G as follows:

Ff,ALy) ={f g®47',Ay(x)) = (99, 2),
(f®g,A(x)) = {f * g,2), {g® f,Aj(x)) ={g* f, ),
A fy®y') = fuy), (AYyg,2® ") = (g,z2"),
AN fz@y) =z, A fy®@a) = {fy -+ ).

The conditions (2.22), (2.24), (2.18), (2.20), then ensure that (G*,-*) forms an associative
2-algebra. More is true, in fact, which we now prove in the following.

3.2. PROPOSITION. Let G,G* be dually paired as in (3.1), then (G,-,A) is an (unital)
associative 2-bialgebra iff (G*,-*, A*) is an (unital) associative 2-bialgebra.

PROOF. This is a straightforward computation using the pairing (3.1). In particular, the
equivariance and Peiffer identity of ¢t*, as well as the fact that G§ forms a G*,-bimodule,
follow directly from dualizing (2.22), (2.24), (2.18), (2.20).

What is non-trivial is (2.31). Define A} by dualizing the bimodule structure - of G,
then we have

(A (ff)z@y ={f®f Au(z-y), A (ff)y®@z) ={f®f, Ay ),
(AZ)(f * g), 2 @) = (f ® g, Ag(az')), (A% )(g " fz @) = (f ®g,Aj(za’)).

We now compute using analogues of (2.31) for A*, that

Uy fly ® finfep 2@y = (fly® f1) @ (fioy ® f), (T) ® T(2)) ® (Y1) @ Y()))
= {(A)'(H® ( )l(f’) ($(1>®y(1>)®(f<2)®y<2))>
= (f®f(Ta) ya) @ (T - y2):

S fiy ® fiyfiayp,y®@x) = (f®f, (?J(l )®( Ye) - x(z))>

and similarly

oy * 90 ® fo) - 92, 2@2) = {(foy®9m) ® (fi) ® 9@)) (x{1) ® x{n)) ® () ® 2(y)))
= (AF(f )® A*(g), (=, ®$'l ) ® (2(y) ® 2(y)),
{f ®g,xyx(y ® 33(2)55(2)%

o) * foy ® 9@ -~ fopr®@a) = (9@ f,a(yal ® z(yT(h)),

hence A also satisfies (2.31). This proves that (G*, -*, A*) is an associative 2-bialgebra iff

(G,-,A) also is.

Now consider the units and counits. Given

(g,mzy = (" ®id) o A%, (g),z), (g, zn) = ((Id@n7) 0 A%, (g), z),
oy =" ®id) o ( o) (f).w, Ly -m =<(Gd@n*) o (A5)"(f), v,

we see that 7 is a unit for (G,-) (ie. these quantities all vanish) iff n* is a counit for
(G*, A*). Similarly, € is a counit for (G, A) iff €* is a unit for (G*,-*). "
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Coadjoint action.

3.3. DEFINITION. The canonical coadjoint action of G on G* is specified in terms of
three components, > = ((>>¢,>_1), T) given by

>o : g(] — End ggu <g,1‘l‘,> = —<£L’ >0 g7$/>7
D—l:go—)Endgjh <f,$y>:—<$ >_1 f7y>7
T:G 1 — Hom(G*,,Gy), fry-a)y=—Tyf ). (3.2)

As we will see when discussing 2-representations in Section 6, the coadjoint action can
also be interpreted as a weak 2-representation.

Analogously, we have the coadjoint back-action <1 = ((<lg, <_1), T) of G* on G, which
we write from the right®. The "bar” notation is used to distinguish > from the group
action > in the case where G = kG is defined through a 2-group G.

Matched pair. We now allow a given pair (G, G*) of strict 2-bialgebras to act upon each
other by coadjoint actions > and <. In analogy with [Majll], we impose the following
monstrous set of twelve compatibility conditions

z>_1 (ff) = (ml(l) >0 f(ll)) - ((flfl(2) <1 f(lz)) > f) + ((1) o f(ll)) - (Tzf2)<of(12)f/)
+ (szmf{l)) - (Txl(z)if&) f)+ (l‘ﬁ) >_1 f{l)) - (Tﬂc&)qo(t*f{z))f,)a
LU = () Do dh) ™ (o, £+ (Con £1) * (i 1)
x> (fFg) = (mla) >o fl ) ((1’[(2 <1 fl 1) >0 9) + (2(1) >0 f(l1)) (2o <o f(lz)) >0 g)
+ (T, fly) * (t(() Tf<2)) >0 9) + (@) >-1 fi1) - (U2{e) <o (E*f(2)) >0 9),
Weo(Frg) =ty Do fhy) < (Huie) <o Fay) 0 9) + (T Fy) * (Huia) <o () 0 9),
ro (9" f) = (m(l) >0 ga1)) - (T Ly Taga F) + (@) o gw) (Tr(2)<o(t*9<z>)f)
tyo (9= f) = (tya) >o9m) " (Ty(2)<1o tg02) f )
()< f = (2 m(l)mf(l)) ( ) <-1 f ) + («T, ’(’i)Dofll)) () <o f(lz))
b @, ) (el Ty + 0 <o () 2o f) - (0l <0 ()
VT, = T o) @ Ta) + (Tt om0 <o (P02
(y-2)<of = (yY<ot” (mu >0 f )) (37(2) <1 f ) + (Y <o t*(2(1) o f(l1))) (g <o f(lz))
+ (y <o t” (T f(1 ) - ( f(2)) (y <o (x(1) >-1 f1)) - (2(a) <o (1" f(2))),
(y-x)<t'y = (y<ot* (m(l) >0 9gm)) - (xl(z)Tg )+ (Y <ot (2(1) >0 9(1))) - (T(2) <o t*?2)>,
(x-y)<f = ($Tty(1>>ofél)) (Y <o flzy) + (flf“fry<1)f(1>) “(Y2) <o (E°f(2)))
(z-y)<t'g = (thy(l)Dog(l)) (W) <o t¥g2),

3This means that we have, for instance, (g -* f,z) = —(g,x <_1 f) and {f -* g,z) = —(f,2T,).
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where we have made use of the Sweedler notation (2.17).

We define a shorthand notation where z = (y,x) € G, h = (g, f) € G*, such that the
following

Z§(h - h/) = (2(1)§h(1)) - ((Z(Q)Z]h(g))bh,),
(2 . Z/)i]h = (Z%(Zzl)ﬁh(l))) . (ZEQ)Q]h(g))

encode respectively the first six and last six of the above conditions. We also have the
cross relations

hy ® z@)B>hee) = 2@2)<he) ® z()>ha), (3.5)
as well as the unity axioms against the unit 7 and counit e,
2>n = €(2), n<h = €(h). (3.6)

3.4. DEFINITION. We call a tuple (G,G*) of (finite dimensional) 2-bialgebras satisfying
(3.3)-(3.6) a matched pair.

3.5. REMARK. Note that in the skeletal case t,t* = 0, the crossed relations (3.3), (3.4)
reduce to just two non-trivial equations. These are given by

e (ff) = (z (1) Po f(1)) (Txg2)<of(12)f/) + (Txél)f(rn) - (Tzizﬁf&)f/)
w>fw) - (Be)<fe)>f),

T, (1)>0f<1 ) - (25 <o f(lz)) + (JJTTI,(LUf@)) : (m/(é):rf&))

(x> fw)) - ()< @), (3.7)

where we have used a convenient notation for brevity. One may notice that these are pre-
cisely the usual crossed relations for a quantum double group (cf. [Maj11]) of a semidirect
product 2-bialgebra G_1 x Gy, where G_1 is nuclear.

T

(x(
(
(za") <1 f = (2
(

3.6. CONSTRUCTION OF THE STRICT 2-QUANTUM DOUBLE. Inspired by the above, we
now begin our construction of the general 2-quantum double given a matched pair (G, G*).
We shall explicitly construct its 2-bialgebra structure such that its self-duality is manifest.

2-algebra structure. We consider D(G) defined in terms of the graded components
given by
D(g)oggo®gi19(x7f)7 D(g)—lgg—1®gga( Y, g )7

for which we have a ”right-moving” semidirect product X = (-, ) giving rise to D(G)_1 X D(G),.
Similarly, we also have a ”left-moving” semidirect product %< = (+*,<1) giving rise to
D(G)_1%D(G)y. The combined t-map T = t ® t* is equivariant with respect to these
semidirect products

t(x>og) =x>_1t’yg,  ty<of)=(ty) <[, (3.8)
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since the coadjoint action is a 2-representation, while the definition of the adjoint t*
implies

(ty) o g = T,y (t*g), y < (t*g) = (ty) Ty,
(ty) >_1 f =" (T, f), <y (t*g) = t(zT

These are in fact generalizations of the Peiffer identity.

g)- (3.9)

3.7. PROPOSITION. If >, < are given by the coadjoint representations (see (6.4)), then
(3.9) reproduces the Peiffer identity.

PROOF. This is a direct computation. By the equality in the second row of (3.9), we have

oy -ty') = =Ty f,y') = —(ty) >y fLy) = foty - o),
giving ty -y’ = y - ty'. Now by the fact that ¢ is an algebra homomorphism, we have

{(ty)>og,ty’y = g, (ty)(ty')) = —{g, tyy')),
(Ty(t*g),ty') = —tg,y-ty) =g, tly-ty)),

for which the first row of (3.9) states yy' =y - ty’. Altogether yields
yy' =y ty) =ty) v
for any v,y € G_1, which is precisely the Peiffer identity on G. Similarly, if < is the

coadjoint representation then (3.9) reproduces the Peiffer identity on G*. =

In other words, the Peiffer identity in D(G) is by definition given as in (3.9). The multi-
plication between the sectors G_;, G*, is given by yg = T, (t*g) and gy = (ty)Y,.

Now that we have defined the product of the graded components and the ¢t-map asso-
ciated to D(G), we can identify the bimodule structure.

We combine the rlght movmg X = (-,) and left-moving % = (-*, Q) multiplications
on D(G) to form - = X + X,

(z,h)' (2, 1) = (22 + 2 + 2'Ab, b - b + 20" + 2'>h), 2,2 €G, h,h € G*. (3.10)

Since - is a combination of the internal 2-algebra structures of G, G* and the 2-representations
>, <, we have respectively the Peiffer conditions and associativity for G, G*, as well as
the 2-representation properties (3.8), (3.9) and the matched pair conditions (3.3), (3.4),
(3.6). These imply that the map *

(i) is associative,
(ii) makes D(G)_; into a D(G)e-bimodule,
(iii) satisfies the Peiffer conditions under 7" =t ® t*.
Hence (D(G), * ) is a 2-algebra.
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2-coalgebra structure. We intend now to construct the coproduct Ap : D(G) —
D(G)*®. We have to build the components

Ap_y @ DG).1 > D(G).1®D(G)-1 =(G1R0G)®(G-1®Gy)
Apg = D(G)o — (D(G)-1® D(G)o) ® (D(G)o® D(G)-1)

We can directly infer some of the components Ap_; from the coproducts A_;, A*, of
G, G*. Explicitly, it is defined as

ADdl = A—l ® Ail

This coproduct by construction encodes the separate coproducts A = Ap|g, A* = Ap|g=
by restriction and it is consistent with the products of each 2-algebras. These components
are diagonal in a sense and we need to introduce some off diagonal contributions,

§1:G4 — gf)k@g—l, G gf)k - Q_1®QS‘,
such that
Ap_1=(Ap)%, +£6.,®C,. (3.11)

&1 and (1 can be interpreted as coactions and are defined as dualized components of
the coadjoint actions. Taking as usual (z, f) € D(G)o = Go ® G*; and (y,g) € D(G)_1 =
G_1 ® G§ we have

<£—1(y)7$®f>:: <y,m>_1 f>a <C—1(9),f®m>:: <g,:13<]_1 f> (312)

These coactions are 2-algebra maps by (3.5), and hence Ap_; satisfies (2.31) on D(G).
In a similar way, Ap, is also made of several components. We use the components

ANog:Go— (Go®G_1) P (G-1®Gp) and Af : G*, — (GF®G*,) @ (G*, ®G) of G and G*

to define the ”diagonal” contribution,
(Ap)s = AG®AF, (Ao = Ai®AY.

Once again, by restriction, one recovers the separate coproducts Ag’l and AST’Z on respec-
tively G and G*.
We also have to recover the mixed terms.
f(l) :Go— Gy ®Gy, & :G— G ®G
C(l) G5 -G ®0%, (:G — G ®G,,
such that
(AB)o = (Ap)§ + &' ® ¢ (3.13)
These mixed terms are again obtained by dualizing the components of the coadjoint
actions

E(x), 7 @ gy =z, 2" Bog), (&), y®f) =2, Tyf),
G ey =yaaf) (G gz :={faTy). (3.14)
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Once again, these coactions are 2-algebra maps by (3.5), and hence Ap satisfies (2.31) on
D(G).

We now need to show that it also satisfies (2.22), (2.24). We do this by leveraging
the self-duality D(G) = D(G)* under the natural non-degenerate self-pairing via (3.1) (cf.
[BSZ13)),

(= h), (1) = (o) + g, 2") + (') + (g @) (3.15)
By Proposition 3.2, (D(G),-) is an associative 2-algebra iff (D(G)* =~ D(G),Ap) is a
coassociative 2-coalgebra, which implies (2.22)-(2.24) for Ap.

3.8. DEFINITION. We call the 2-bialgebra

GxG* = D(G) = (D(G)_1 = D(G)o,", Ap)

built out of the the matched pair of strict 2-bialgebras (G, G*) with the product, coproduct,
and counit given respectively in (3.10), (3.11) and (3.13), (3.14), the strict 2-quantum
double of G.

3.9. FACTORIZABILITY OF 2-BIALGEBRAS. Conversely, we can determine when a strict 2-
bialgebra is actually a strict 2-quantum double, which is given by a factorizability /splitting
condition. In fact, we prove that any 2-bialgebra that factorizes appropriately into 2-
bialgebras will automatically determine a 2-quantum double.

3.10. THEOREM. Suppose a (unital) 2-bialgebra (K = K_1 5 Ko,?) factorizes into two
(unital) sub-2-bialgebras G, H, meaning that there is a span of inclusions,

GHKLH, (3.16)

such that “o (1®}) is an isomorphism of 2-vector spaces and such that the 2-sub-bialgebras
G, H are dually paired, with their t-maps satisfying (tg-,-) = {-,ty-). Then (G,H) is a
matched pair and K =~ G<H.

PrOOF. Let K = K_;4 KN Ko be a 2-bialgebra factorizing into two 2-subbialgebras G, H,
with typical elements w € Ky and e € K_;. Its 2-algebra structure * contains a multiplica-
tion ww’ in g and a Ky-bimodule structure w'e, e*w on K_;, which are both associative.
Since (3.16) is a span of 2-vector spaces, we have

To(t1®9-1) = (bootg) ®(gooty) = (to® o) © (tg @ ty),

where tg,ty are the t-maps in G, H respectively, and ¢_q, ¢y are the graded components
of the inclusion ¢; similarly for ;.
We now separate the bimodule structure * into components according to the span
(3.16), )
> = ?‘im(bo®]f1)7 T= ?|im(L71®Jo)7
then for e = 1_1(y),e¢ = y_1(g) where y € G_1,g9 € H_; we have

(Te_1(y))>9-1(9) = toltgy)>7-1(9).
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By the Peiffer identity in IC, this should read as a left-multiplication of y on g. We lift
this action along ¢4 to create a map ’fy : Ho — H_1, for which Ty(tyg) denotes the left-
multiplicaion of y by ¢g. Similarly we have the lift ’fg : Go — G_; of the right-multiplication
of g on y.

Provided we identify Ty®g =T,® Tg, the Peiffer conditions in IC are then equivalent
to the 2-representation properties (3.8), (3.9). In particular, the multiplication y - g =
T,(t*g) = (ty)Y, is given by the generalized Peiffer identity as shown in Proposition
3.7.

Now we prove that (3.16) is in fact a span of 2-algebras. Due to the linear isomorphsm
20(1®y), there exists a tuple of well-defined linear maps ¥ = (U, ¥_1; ¥) : GH — HKG,
called the braided transposition, such that

Lo(w) - o(f) ° (30 ® o) o Wo(r ® f),
( )By-1(9) = (J 1® ) oV (z®9),
( )T90(f) = <o (Jo®t-1) 0V (y® f),

1Y) - () 0 (i1 ®e1) o U(y®g),

where U_; = W' + 0", and v € G,y € G_1, f € Ho,g € H_1. Due to Peiffer conditions
on K, these braiding maps are not independent and must satisfy

(ty®@1) oW, = Vg0 (1Rty), (1®tg) oW | = Vg0 (tg®1),
U o(tg®1) =T =T o (1@1ty).

By collecting all of the graded components of ¥ in accordance with the shorthand notation
z=(y,x) € G,h = (g, f) € H, the definition of ¥ can be concisely written as

u(z) 2 g(h) =0 ()®) o U(2®h), (3.17)
and the relations between its components is summarized as
T oW_; =UyoT, U=U_,0T, (3.18)

where T" = t3 ® tg is the t-map of the 2-bialgebra X' =~ H ® G with G, H swapped in
the span (3.16). (3.18) then implies in particular that ¥ :  — K’ is a 2-vector space
homomorphism.

We now proceed formally as in the 1-bialgebra case [Majl1; Maj94]. The associativity
in K is

which yields the 2-braiding relations

o("®id) = (Id®") o Wy o0 Wag,
o (ld ®A) = </'\ ® ld) o \1123 o \1112. (319)
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This then allows us to define the actions

\V4

= ([d®e)oV:GROH — H,
= (e®id)oV:GRH — G,

Al

where € denotes the counit map. Applying id ®e and € ® id respectively to the first and
second equation of (3.19) implies that >, < respect the semidirect product structures
G_1 % Gy, H_1 x Hy, respectively. Together with our above result, (3.16) is in fact a span
of 2-algebras.

We now prove that (3.16) is actually a span of 2-bialgebras, which proves the theorem.
Applying € ® id and id ®e respectively to the first and second (3.19) yields

(z-2")<h = (<Y (2 ®h)), 2>(h- 1) =*(¥(z® h)>h). (3.20)

We now take the coproduct Ag : K — K?® on K, given in components and Sweedler
notation (see (2.16), (2.17)) by

(Ax)-1(e) = e(1) @ €(2), (Ax)o(w) = wél) ® wéQ) + w(l) ® w&);

note wfl), Wiy € K_1. With the span (3.16), we can write w = to(z)30(f), € = t-1(y)7-1(9)
for some appropriate elements z, f,y, g such that

(Ak)1(v,9) = (o) ®90) ® (¥ ® 92)),
(Afc)o(x, f) = ('Il(l) ® f(ll)) ® (Il(z) ® f(l2))7
(Ak)o(z, ) = ('ﬂ(ﬂl) ® f{l)) ® (ﬁz) ® f(TQ))-

This then allows us to define coproducts on G, H by

(Ag)-1(y) = Y1) DY), (Ag)o(z) = xl(l) ® xl(g) + :U’("l) ® xfg),
(AH)—l(g) =901) ® 92, (AH)O(f) = f(l1) ® f(lz) + f(r1) + f(rz)a

whence Ax = Aggy, which implies that “o (1 ® 7) and *o ()®¢) by construction respects
the coproducts.
As such, VU is a 2-coalgebra map. In particular, we have

AoV =(TRWV)o Ay, (eRe)oVU =c®e (3.21)

where K’ is the 2-bialgebra with G,H swapped in the span (3.16). An application of
e ®id®e ®id and id ®e ® id ®e to (3.21) gives

Agoa=<%®a)OA}c, AHO§=(§®§)OAK,

which ensures that >, <1 are 2-coalgebra maps.



HOPF 2-ALGEBRAS AND BRAIDED MONOIDAL 2-CATEGORIES 1453
Now applying € ® id ®id ®e and id ®e ® € ® id to (3.21) yields

z1)<ha) ® 2@Bhe) = ToV(2®h),
20)>ha) ® 2@ @) = V(z®@h).

Using the second equation, together with (3.20), gives (3.6) and

2 (Wlpl!) = () Bha) @ 2@ Q) Bh) = (z0)>ha)) (2 <he)BH),
(2lgz")<h = (2<(2(1y>ha) ® 25 <)) = (221 B>ha)) 6 (2(2)<N2));

which are precisely the matched pair conditions (3.3), (3.4) for *|g = -,*| = -*. On the
other hand, using the first equation gives (3.5). Thus (3.16) is a span of 2-bialgebras and
so K =~ GH. n

Note that the span (3.16) factorizes the 2-algebra structure on K into the right- X =

(lg, <) and left-moving % = (?|3}”, >°PP) 2-algebra structures. In other words, in order
to identify K with a 2-quantum double, we must have [Maj94]

K =~ GH =~ D(G, HPP), (3.22)

where H°PP denotes the opposite 2-algebra; see Appendix A.
This is because, as can be seen in (3.14), the back-action < is written from right to
left.

3.11. UNIVERSAL CHARACTERIZATION OF QUANTUM 2-R-MATRICES. As we have men-
tioned in the beginning of this section, we wish to leverage the 2-quantum double con-
struction we have given above in order to provide a notion of a quantum R-matrix on a
2-bialgebra G. More precisely, we shall use the skew-pairing on G used in forming the
2-quantum double D(G,G) = G=G°PP in order to provide a definition of the 2-R-matrix
on G (and not just on D(G)!). We shall show in Section 7.5 that our definition of a
2-R-matrix indeed gives rise to a braiding on the 2-representations of G.

Review of the 1-bialgebra case. We first recall the explicit construction of the R-
matrix for the ordinary 1-bialgebra H. It was noted by Majid (see eg. [Maj94; Majll1])
that, in forming the quantum double D(H, H) = H » H°PP as a double crossed product,
the (non-degenerate) skew-pairing which dualizes H with itself satisfies

<$$,7 g>sk = <,CE ® x,a A(g)>sk = <.Z', g(l)>sk <ZL’/, g(2)>sk7
@99 s = (A(@), 9 ® g)ac = T (1), 9 )sk (T2, Iskc

where x,2' € H and ¢g,¢' € HP® ~ H. If we define this skew-pairing as a functional
(-, = R* : H*® — k, then we see that the above conditions translate to the following
operational condition

R o (p®id) = Ri3R3s, R* o (id®u) = RisRi;, (3.23)



1454 HANK CHEN AND FLORIAN GIRELLI

which is nothing but the defining properties of a dual R-matrix. Indeed, together with
the property

/

z(1) Ty B (2(), 7)) = R (20, 20) gy T2, @, 2" € H (3.24)

we obtain the (dual) Yang-Baxter equations [Maj94; Majl1].

In summary, we see that the Drinfel’d double D(H, H) = H » H°PP is canonically
equipped with a quasitriangular R-matrix, which we call the universal R-matriz. This
then allows us to characterize the algebraic properties satisfied by R-matrices by studying
Drinfel’d doubles and its skew self-pairing — a (dual) quasitriangularity structure R* on
a Hopf algebra A should satisfy the operational condition (3.23) and the Yang-Baxter
equations. If such a R* furthermore defines a self skew-paring (-, -)qc on A, then A = D(H)
should itself form a Drinfel’d double.

(Dual) 2-R-matrix. We now follow an analogous treatment to characterize dual 2-R-
matrices of a quasitriangular 2-bialgebra G. Take the 2-quantum double D(G,G), whose
underlying duality pairing (3.15) is given by a non-degenerate self-duality skew-pairing
(s - G®G — k. Explicitly, this pairing satisfies

<ZE 1Y, f>sk = <ZE & Y, Alo(f)>ska <y &, f>sk = <y & x, Ag(f)>sk7

<:L'7f'l g>sk = <A6($)ag®f>ska <$7g' f>sk = <A10(x)7f®g>ska (325)

and also in addition to the fact that it should respect the t-map T' =t ®t on D(G,G),

Y, sk = Y, t)sk,

where z, f, f' € Gy and y,g € G_;. Writing the skew-pairing in terms of a functional
R*:G*® — k by
RiW. f) =W s, Ry(z,9) = {2, sk,
we can rewrite (3.25) as
Rio(1®id) = (R)13(Rf)2s,  Rio (- ®id) = (R)13(Ry)2s,
Ryo(d®q) = (R)13(RP)iz, Ryo(id®+) = (R)1s(R))e,

where -, -, denotes respectively the left and right Gy-actions on G_;. We also have the
compatibility conditions with the t-map:

Rio (id®t) = R} o (t®id) € G*©.

An intrinsic notion of higher-quasitriangularity can then be inferred from these properties.

Inspired by the above functional R*, we characterize the 2-R-matrix R for a single
copy of G.
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3.12. DEFINITION. A quasitriangular 2- R-matriz of a 2-bialgebra (G, -, A) is an element
R e G®G of total degree -1, consisting of the graded components

R'e G_1® Gy, R € Gy®G 1,
such that the following identities are satisfied:
1. the compatibility with the coproduct
(A ®Id)R" =Ry 1 Ry, (A @Id)R" = Riz - Ri,
(id ®A6>Rl = Rl13 -+ Ri, (id ®A6)Rl = Ris Rllza (3.26)

2. the coproduct permutation identity
RIAj(x) = (0o Aj(2))R",  R'Al(z) = (0 0 Aj(z))R' (3.27)
for each x € Gy, where 0 : GR®G — GG is the permutation of tensor factors, and

3. the equivariance condition
DiR=0 < (t ®id)R = (i[d®t)R" € G2©. (3.28)

We call the tuple R invertible iff R', R" are both invertible.

For the canonical, universal quasitriangular structure on the double G = D(H,H), see
Remark 3.14.

We now derive the categorified notion of the Yang-Baxter equations.

3.13. PROPOSITION. The 2-R-matriz of a quasitriangular 2-bialgebra (G, -, A, R) satisfies
the 2-Yang-Baxter equations

RZS(RI?) 'l le) = (Rlu r R§3)R72"37 (Rlz3 'l R§3)R7{2 = R71“2<R71“3 r Rl23)7
Rlz:a(Rll:a r Rgz) = (R7£2 K RllB)RIQ?n (Rg?, r Rlls)Rlu = le(Rllg 'l Rg:a)- (3-29)
PROOF. Recall that R is quasitriangular iff R!, R" are square and invertible. This pairs G

with itself and hence dim Gy = dimG_;. We calculate (id ®c o Aé)'Rl and (oo Aé@id)R’”,
as well as (Id®c o AL)R! and (0 0 A ® id)R" in two ways. First using (3.26), we have

(id®o o AGR' = (i[d®)Ris -+ Ry = Riz -+ Riz,

(00 Ay ®Id)R" = (0 @id)RY3 1 Ry = Ry 1 Ri,

(id®o o AS)Rl = ([d®0o)Ris Ry =Ry Rl13>

(00 A ®IAR" = (0 ®id)R]3 -+ Rby = Rbs - Rls.

On the other hand from (3.27), we have that,

(id®o o AZO)RZ = Ris((id ®A6)RZ)RTQ_31 = Ri3(Riz RllQ)RTQ_?,l
(00 Af®@id)R" = Ri,((A§ ®id)R R, = Ri5(Riz » Ry)R 15,
([d®0o o AYR' = Ry (([d®AGHRIR' 55 = Ri(Riz -» Riz)R'3
(00 AF®I)R" = Ri,((A§ ®1d)R")R' S = Riy(Ris « Rog) R’

Putting each equation with its above counterpart leads to (3.29). [
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To see how Definition 3.12 reduces to an ordinary R-matrix at degree-0 Gy, we direct
the reader to the beginning of §7, as well as §7.5 in the weakened case.

3.14. REMARK. As we have noted in the beginning of this section, the 2-quantum double
G = D(H) by construction has equipped a canonical invertible quasitriangularity structure,
which splits into two copies of its (skew) self-pairing form (3.15). Conversely, if a quasi-
triangular 2-bialgbera (G, R) defines a skew self-pairing, then G factorizes by Theorem
3.10 and forms a 2-Drinfel’d double. See also the ensuing paragraph for more details.

The (dual) 2-R-matrix from factorizability. Due to the factorizability result Theo-
rem 3.10, we could have begun our characterization with a general associative 2-bialgebra
IC which factorizes into two copies of G, instead of the 2-quantum double D(G,G). This
introduces the braided transposition ¥ : G®G — G®G given in (3.17) into the definition
of the dual 2-R-matrix:

* l * T
R, =ev,o¥., R, =ev, 0¥’

where ev = ev; + ev, is precisely the skew-pairing (-, -)s that we have introduced previ-
ously.
Dualizing this construction then gives

R' = ' | o coevy, R" = V", ocoev,, (3.30)

where coev = coev; + coev, : k — G ® G is the coevaluation. In other words, we are able
to reconstruct the 2- R-matrix from the braided transposition ¥ on the 2-quantum double
K = D(G,G). Indeed, (3.18) gives the equivariance (3.28), and the relation (3.19) implies
(3.26).

The odd-degreeness of the self-duality on K =~ D(H) explains why only W_; appears
in the reconstruction of the invertible 2- R-matrix in the factoriable case: the degree-0
component W, dualizes to that in degree-(-2) U* for the dual K* =~ K, which has the
same t-map T = t ®@t. As U* is determined by (¥* )" = U™ per (3.18), the component
U, is also completely determined by W¥_;.

4. Weak 2-bialgebras

We now begin our endeavour to weaken the associativity conditions in the above 2-
quantum double construction. The idea of non-associative 2-algebra has not been de-
veloped nearly as much as their associative counterpart, but we shall take inspiration
from their Lie 2-algebra counterparts.

The motivation for this endeavour is twofold:

1. Mathematically, it is known [HE16] that the 2-representations of associative 2-
algebras do not carry non-trivial k-invariants — namely, all coherences such as
the associators, unitors, pentagonators etc. are identities.
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2. Physically, it is understood that the L.-algebra of semiclassical observables in
higher-dimensional field theories [Bud+23; CG16] will, in general, acquire higher
homotopy products upon perturbative quantization.

We will then introduce a homotopy-refinement of Baez-Crans 2-vector spaces, forming a
2-category 2Vect"?C by considering pseudo Vect-algebras [Fio06] in Cat.

4.1. DEFINITION OF WEAK 2-ALGEBRAS. Operationally, through the macrocosm prin-
ciple [BD95], algebra objects in 2Vect"?“ are 2-term A -algebras of Stasheff [Sta63]. We
can explicitly describe them by generalizing Definition 2.5.

4.2. DEFINITION. A 2-term Ay -algebra, or equivaelntly a weak 2-algebra (G, 7T), is a
map t : G_1 — Gy between a pair of not necessarily associative algebras, together with an
invertible homotopy map T : Go® — G_1 such that we have the conditions (2.5), (2.6), as
well as

1. the weak 1-associativity,
(w2')a” — w(a'2") = 4T (z,2",2"),  (y' )" —y('y") = T(ty,ty' . ty")
and the weak bimodularity,
v (@' y) = (xa!) y =T, ty)  (v-y)-2'—a- (y o) =T(zty2),
(y-z)-2' —y-(x2') = T(ty,z,2"),
for each x,2', 2" € Gy and y,vy',y" € G_1,
2. the Hochschild 3-cocycle condition,
21T (T2, k3, 04)+T (X1, T2, 23) 14 = T (0129, X3, 14) =T (21, Xox3, T4)+T (21, T2, T3T4)
for each x1,...,x4 € Gy.

We call (G, T) a unital weak 2-algebra if we have a unit map n : k — G that satisfies the
usual conditions (2.7), and such that T is normalized — namely it vanishes whenever
any of its arguments are 0 or 1q.

We note here that this structure is precisely the definition of a 2-term homotopy Ae-
algebra [Sta63], together with the Peiffer identity constraint (2.6). The correspondence
between the n-nary product m, € Hom" ?(G"®,G) and the weak 2-algebra structure is
given by

ml(_) :t(_)7 m2(_7_) = (__7_'_)7 m3(_7_7_) :T(_7_7_>7
with m,, = 0 trivial for n > 4. Nevertheless, we shall see that the Peiffer identity on G

shall play a very important role.
Similar to Remark 2.6, the Peiffer identity implies the further constraints

(z-y)y —x-(yy) =T (x, ty,ty), (y-x)y —ylx-y) =Tty z,ty),
y(' -x) = (yy) -z =Tty ty', x)
for t # 0, where x € Go,y,y' € G_1.
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4.2.1. WEAK 2-ALGEBRA HOMOMORPHISMS. We define a map between weak 2-algebras
(G, T) — (G',T") as a cochain map F = (Fy,Fy, F1): G — G"

F:G® -G, F,:G—G, F.1:G6.1—-G,,

such that ¢ o F/{ = Fy ot and the following conditions are satisfied,

tFi(z,2") = Fy(za') — Fo(z)Fy(x'),
Fi(z,ty) = Fa(z-y) — ) Fay),
F(ty,x) = Fa(y-z)—Faly) ' Fo(z)
T'(Fo(x), Fo(2), Fo(2")) = Folx) ' Fy(a',2") — Fi(za', 2")

+ Fi(z,2'2") — Fy(z,2") - Fo(2")
+ F_o(T (z,2',2")). (4.1)

In other words, F} contributes as an ”obstruction” for the other components (Fo, F_1) to
define a strict 2-algebra homomorphism, but only up to homotopy in the sense that F; by
definition (see the last equation of (4.1)) gives an explicit trivialization of the Hochschild
cohomology class [7" o Fy| — [F_1 0 T] = 0.

It can then be deduced that quasi-isomorphism classes of weak 2-algebras — where
G ~ @G are said to be quasi-isomorphic iff there exists a weakly inertible cochain map
(4.1) between them — is still labeled by Hochschild cohomology classes T € HH?*(N, V),
where N = cokert and V' = kert. In particular, (G, 7)) is always quasi-isomorphic to its

skeleton (N 2> V, [T]), which is in fact associative.

4.2.2. EXAMPLE: WEAK 2-GROUP ALGEBRAS. Our definition of the weak 2-algebra is
less natural in the context of groups, as weakening the associativity in a group G reads

(xa")a" = 7(x, 2", 2") - x(2'2"), r, 2 1" € G,
which does not reproduce our above notion of a weak 2-algebra when we pass to the group
algebra kG. There is hence an inherent disconnect between a natural notion of a ”weak
2-group” and that of a weak 2-algebra.

Consider a skeletal 2-group G with Hodng data (Go,G_1,7) as a categorical group
[CW17]. There is a copy of G_1 over each object x € G as the space of endomorphisms
on z. Notice here that Gy is a genuine group with an associative product, but there are
distinguished associator isomorphisms valued in G_1,

T(x, 2’ 2") : (za')2" — z(2'2"), x, 2, 2" € Gy,
that represents the Postnikov class 7 € H3(Gy, G_1). The 3-cocycle condition for 7 holds
due to the pentagon relation. Note the group G'_; is Abelian (G being skeletal) and we
use the addition for its product.
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We wish to take the same point of view with weak 2-algebras. Suppose G : G_; 9 Go
is a weak skeletal 2-algebra, then G is in fact associative, and G_; is an associative Gy-
bimodule. The difference with the strict case is that there are now distinguished associator

isomorphisms
T(x, 2", 2") : (22" — x(2'2"), (4.2)

which is given by the data of the homotopy map 7. Unfortunately, the construction of a
2-group algebra kG described in (2.14), (2.15) does not preserve the classifying 3-cocycles.
This is because that the t-map on kG is the augmentation, and hence kG is classified by
HH?3(kGy/k, ) where imt =~ k while ¢ = kert is the augmentation ideal.

It is, however, possible to construct a version of the group 2-algebra kG that does give
rise to a correspondence

H?*(Go,G_1) — HH?(kGy, kG _1), 7T,

as we have noted at the end of Section 2.9.1. Moreover, for certain skeletal 2-groups, one
may even leverage the natural (ring!) isomorphism HH*(kN,kN) = H*(N,kN) [SW99]
to produce a bijective correspondence between these classifying 3-cocycles. This fact is
used in the accompanying work [Che23].

4.3. WEAK 2-COALGEBRAS. We begin by defining the notion of a weak 2-coalgebra.
Recall that the weakening in Definition 4.2 concerns only the associativity of the 2-
algebra structure. Correspondingly, the weakening of a 2-coalgebra should only concern
the coassociativity.

For brevity of notation later, we first rewrite the equations (2.18), (2.20) in a more
concise way. Consider coassociativity (2.18); we naturally extend A_; to act on tensor
products (with alternating sign) such that

A_l 9 A_l = (ld ®A_1) ) A—l — (A_l ® ld) @) A_l.
Secondly, we recombine Ay = Al + Al and extend it as well to tensor products, such that

(AL +Ag) oAy = [(AL®id) o Af — ([dRAY) o Al
+ [(([d®A_;) o AL — (A} ®id) o AJ]

encodes two expressions in (2.20). We extend the t-map to the triple tensor product,
D, =id®id®t —id®t ®id +t ® id ®id,

such that the equation
DtOAOOAO :AOODtOAO

encodes all three equations in (2.29). For convenience, we define also the map
D2l =t®t®id—t®id®t + id®t ),

which is an extension of two applications of ¢ to the 3-fold tensor product.
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4.4. DEFINITION. Let Ay : Gy — G*% denote an invertible trilinear map. Together with
the maps (A_1, o) defined as in (2.16), we say that the tuple (G, A = (A_1, N, A1)) is
a weak 2-coalgebra iff coequivariance (2.22), coPeiffer identity (2.24), weak coasso-
ciativity

A_l o A_l = Al Ot,
(Afl + Ao) O AO = Dt 9 Al; (43)

and 2-coassociativity
Al o AO = A—l o Al (44)

are satisfied. In which case we call Ay the coassociator of G.
We call (G,A) counital if it is equipped with a counit € : k — G satisfying the usual
conditions, and € o Ay = 0.

Notice that, provided the coequivariance and the coPeiffer identity are satisfied, ap-
plying one more t-map to (4.3) yields

A6 O AO - AO @) A/ = Dt[2] O Al; (45)

which is a monoidal weakening of the condition (2.29). Similarly, applying the t-map yet
once more gives amap ® = (t®t®t)A; : Gg — g§® that lands only in Gy. We write this
element multiplicatively such that

(Af®id) o A = o (Id®A) o Ag,. (4.6)

Recall that, in the skeletal case where ¢t = 0, the coproducts A_1, Ay, Af, are independent
and hence (4.6) should also be imposed independently from (4.3).

4.5. WEAK 2-BIALGEBRAS. Suppose now (G,7T) is a weak 2-algebra equipped with the
tuple A = (A_1,Ap, Ay) of linear maps. Recall the Sweedler notation (2.19) for Aj :
Gy — Q§®. We use it to state the condition that the coassociator A; preserves the algebra
structure on G,

(Ao T)(z,2,2") = T(Zq), Ty () @ T(Z(2), Ta) T(s))
Aifza’) = )z @ Te)i(z) © TE)ies), (4.7)
for z,2', 2" € Gy. Note that (1), Z(2) € Gy are not to be confused with the elements :Jcl(f) in
(2.17).

4.6. DEFINITION. The tuple (G,T,A) is a (unital) weak 2-bialgebra iff (G,T) is a
weak 2-algebra and (G,A) is a (counital) weak 2-coalgebra. Equivalently, (G,T,A) is a
weak 2-bialgebra iff the tuple A = (Ay, Ao, A_y) satisfies (2.24), (2.22), (4.3)-(4.5), (2.31)
and (4.7).

A weak 2-bialgebra (G, T, A) is called quasi-2-bialgebra if T = 0.
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Similar to what we have done for the strict case, we suppose G is dually paired with
its dual 2-algebra through (3.1). The coassociator A; on G induces a linear map 7* :
G*, — G§ by

RS @ Aa(w)) =(T(f, 1, "), ).
Similarly, the Hochschild 3-cocycle T on G induces a linear map A¥ : G*| — (G¥)*®. We
form the tuple A* = (A}, A¥, A*,).

4.7. PROPOSITION. Let G, G* be dually paired, then (G, T, A) is a (unital) weak 2-bialgebra
iff (G*,T* A%) is a (unital) weak 2-bialgebra.

PROOF. Let (G*, T*, A*) be the dual weak 2-bialgebra. By a straightforward computation,
it is obvious that the conditions (2.22), (2.24), (4.3), (4.5) on (G*, A*) hold iff the Peiffer
conditions, weak 1-associativity and weak bimodularity hold for the 2-algebra G. The fact
that (A*,, A}) are 2-algebra maps, as well as the units/counits, are treated the same way
as in the proof of Proposition 3.2.

The two non-trivial identities to check are (4.4), (4.7). We will use the Sweedler
notation for Ay, Ayx = 21y ® 2(2) ® 2(3). Note x € Gy, but x; € G_; for i =1,2,3.

We begin first with the latter, and check that Ay is a 2- algebra map. We have

AT, z@2' @a") = (ff, T(z,2",2")) ={f @ [, AT (2,2, 2")),
while (recall Af dualizes to the multiplication on Gg, and f;) € G*)
3
Sy finy ® for iy ® foy g e @2’ ®@2") = (K fay ® fiy: Do(@) ® Ag(a”) @ Ag(z"))
i=1

= (fo)® fl1) ® (f) ® f(2)) ® (fi3) ® f(3));
(Z() ®Z(2) ® (T(1) ® T(g)) ® (T(1) ® T(z)))

= (AT @A),
(T() ® (1) ® T )® (T(2) ® Ty ®f” )
= <f®f T(Za 55(1 )®T( ) x@))>,
meaning that A; is a 2-algebra map on (G, T) iff A} is also one on (g*, 7).
We now check (4.5). Fix arbitrary elements fi,..., fs € G*,, we compute

- TH(for f3, fa)y 2y = {Fr@TH(far f3, fa), A () = (f1 @~ ® fu, (1@ Ay) 0 Af(2)),
(T*(f1s for f3) - fryx) = (T (fr, f2. f3) @ fa, Ag(x)) = ([ ® @ fa, (A1 ® 1) 0 Ag(z));
on the other hand, we have

(T*(fifo: 3, fa)s ) = {[if2® [3® fa, Ai(z) ={[i® @ f1, (A1 ®1Q@ 1) 0 Ay(z)),
(T(frs fo f3fa)sz) = {[i®f2® f3fs,A1(2)) ={/i® - @ f1, 1®1RA_1) 0 Ay(x)),
(T*(f, Fofss fa)z) = (i@ fafs®@ fu,A(2) ={/i® @ f1,1®A_1 @ 1) 0 Ay(z)).
By summing these up, the Hochschild 3-cocycle condition for 7* is equivalent to

(1®A1)0A8+(A1®1)0A6 =N 0Ay=A_;0A;.
which is exactly (4.5). "
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Given (G, G*) are dually paired 2-bialgebras, we see that a quasi-2-bialgebra (G, 7 = 0, A)
encode the same data as a weak but coassociative 2-bialgebra (G*, 7*, A*), in which
AT =

5. Weak (skeletal) 2-quantum doubles

Let G,G* be dually paired (weak) 2-bialgebras. To form its weak 2-quantum double, we
require them to act on each other weakly. This means, in particular, that the coadjoint
actions >, < now come with the additional components

> Go® — Hom(G*,,Gy), < 2 (G*))*® — Hom(Gy, G_1).

This will be justified further in Section 6.1 where we show that the coadjoint action can
be interpreted weak representation. More specifically, just like the product and actions
in (3.2) contribute to defining dually some (crossed) relations, the cocycle T should also
contribute dually to the adjoint action. This is what >; and <)y stand for, as we will see
in (5.1).

To construct non-skeletal weak 2-quantum doubles, one must explicitly keep track of
how T,7%*,1>1, <1 appear in the crossed-relations (3.3), (3.4), (3.5). This is a Herculean
task that we leave to the ambitious reader. We will restrict from now on to the skeletal
case when defining the quantum double.

5.1. MATCHED PAIR OF SKELETAL WEAK 2-BIALGEBRAS. Though the situation is dras-
tically simplified in the skeletal case ¢ = 0, it is now important for us to keep track of the
associators. We shall do this by using the notation of (4.2).

The non-trivial crossed relations (3.7), in particular, are attached with the components
>, <; of the coadjoint actions,

()< e (ff) S (x> fa)) ™ (@) <fe)> 1),
SPT(f) ¢ (an) <oy f D (@B fo) - (2@ @),

where we have made use of the shorthand notation defined in Remark 3.5. These come
together to allow us to define a Hochschild 3-cochain on the 2-quantum double D(G),

T(x’ x/’ x//)
>7(f)
B G
T F )

where w = (x, f) € D(G)y is a degree-0 element, with = € Gy and f € G*,.

To: D(G)® = D(G)-1,  To(w,w' w") = (5.1)
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5.2. DEFINITION. The pair (G,G*) of mutually paired weak skeletal 2-bialgebras forms a
(skeletal) matched pair iff, in addition to the compatibility conditions (3.3)-(3.6), the
3-cochain Tp defined in (5.1) is a Hochschild 3-cocycle on D(G) =~ G ® G*.

For arguments contained solely in Gy or G*,, this condition merely states the 3-cocycle
conditions for 7, T™*, respectively. The other ones mix non-trivially the different compo-
nents of the 3-cocycle Tp,

x1 o (D7) = T (21, 22, 23) <o f = DT22(f) = IV (f) + T (w1, w2, 23 <Ay f),
w1 (22) <[ — BT (1) fo = (wama) <V —(20) QP74 70 (fifo),

200 T (fis o fo) = (@) o fy = T @ o1 fus foofo) = () <P () <ft 120
(5.2)

Then, we construct D(G) as a 2-bialgebra as in Section 3.

Since we are in the skeletal case, it is easy to see from (4.1) that the 2-quantum double
is weakly self-dual D(G) ~ D(G)*, where we recall ~ denotes equivalence of 2-algebras
under the classification result Theorem 2.9. This means that the associated Hochschild
3-cocycles Tp, T, are cohomologous, where

T )
o fif' s
T3 DG - D@1, Thwalwy={ 0T
(Of)<1
T*(x7 x/7 x//)

denotes the dual of the 3-cocycle Tp. The "dual” version of (5.2) reads

Fi <o PP @) = T, fo f3) Do w = S8 @) = S50 £ T(f, fo, fs < @),
fi ()™ = IR (1) g = (fifo) Q707 — (f) Q@250 L ST (),
f <o T* (1, w0, w3) = (F)<970") Do ws = TH(f >y oy, @0, w5) — (F)<77" + (f) <
(5.3)

It is important to note that the components >, <1; do not form Hochschild 3-cocycles by
themselves, and similarly for the components >, <.

5.3. FACTORIZABILITY OF WEAK 2-BIALGEBRAS. We now prove the analogue of The-
orem 3.10.

5.4. THEOREM. Suppose (KC,°,Tx) is a weak 2-bialgebra that weakly factors into two
skeletal weak sub-2-bialgebras G, H, namely the inclusions in the span (3.16) are weak
homomorphisms as defined in (4.1), then KK ~ D(G) are equivalent as 2-bialgebras.

Recall two weak 2-bialgebras are equivalent when there exists an invertible weak 2-
homomorphism (4.1) between them.



1464 HANK CHEN AND FLORIAN GIRELLI

PRrooOF. The fact that IC factors into skeletal 2-subalgebras means that it must also be
skeletal itself. This allows us to leverage the proof of Theorem 3.10 to reconstruct the
underlying 2-bialgebra structure of K =~ D(G) as a 2-quantum double.

The subtlety here is that we must now keep track of the 3-cocycle Ty : Ko® — K_; in
IC when we, in particular, invoke associativity in the form

Tic (to(x), o(2'), 30(f)) = DT’w/(f? (@) 00(2)) 30 (f) = o) (a(2')20( ),
Tic (o), 20(f)s 30(f) = (@)=l = (o2 0 (£))20(F) = 1) (o (f)30(f))-

Now in the skeletal case, the braiding map ¥ = (¥, U_;¥) : G H — H®G is still
defined as in (3.17). However, the components >, <\; now give rise to associators

> \I/O(?®id);>(id®?)0\11120\1/23,
< Vo (id®) = ((®id) o Wy 0 Wy (5.4)

that implement the braiding relations (3.19). These braiding associators satisfy a set of
algebraic conditions following from the 3-cocycle condition (5.2) for Tk.

With the components >1, <1; as defined above, we now wish to reconstruct the Hochschild
3-cocycles T, Ty of G, H from Tx. Note this cannot be achieved by just restricting 7Tx via
the span (3.16), as this does not have the desired codomains. For instance, the restriction
Tilimi=g : G3® — K_1 = G_1 ® H_; in general lands in the tensor product, for which
only the G_j-valued component gives the desired 3-cocycle 75 on G. Nevertheless, with
T, Th defined in this way, having the span (3.16) means that the 3-cocycle condition for
Tk implies (G, Tq), (H, Ty) form a matched pair of weak 2-bialgebras, as in (5.2).

The ”undesirable” piece Tg, namely the component of Tg|g valued in H_q, is a
Hochschild coboundary. This follows from the definition of the inclusion ¢ = (¢_1, t0,¢1) :
G — K as a weak homomorphism. Indeed, by projecting the last of (4.1) for ¢; to H, the
first term ¢y (Tg(z, 2’, 2"))|3 = 0 vanishes whence

Te = Trl(w(z), (@), w(@”))x
= o) (@, 2"y — nlxd, 2"y + vz, 2’2"y — (2, 2") 3 o (2")

= dHH[LlyH] (37, ‘1'/7 lﬂ)a

where dypy is the Hochschild differential [Wag21]. Similar arguments show that 7~‘H =
dumlyilg] is a Hochschild coboundary as well. This establishes the weak equivalence
K ~ D(G).

The same argument as above, but dualized, is applied to reconstruct (Ag); and (Ag)q
from the coassociator (Ax);. The coassociator conditions (4.3)-(4.5), as well as (4.7), for
them follow from those for (Ag);. n

Note the coadjoint actions >, <1 only define genuine algebra representations when
T,7* =0 (as in Theorem 3.10), or when ¢,t* = 0. Without skeletality, the braiding

transposition W is no longer of the form given in (3.17). Terms like >/, <% must now
appear. This, of course, would modify (3.19) in a complicated and intricate manner.
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5.5. REMARK. If the components t1, 9, are not required as part of the data for the in-
clusions t,7 in the span (3.16), then K + D(G) in general. In particular, without the
component 1y trivializing T by (4.1), its (possibly non-trivial) Hochschild class [Ta] €
HH3(Ko,K_1) is in fact an extra piece of data in K that is not in D(G), despite them
sharing the same 2-bialgebra structure. Such a factorizable weak 2-bialgebra is still weakly

self-dual K ~ KC*.

In the following, we shall shift gears a bit and study the 2-representation theory of
quasitriangular 2-bialgebras, and finally work our way towards proving the main theorem.

6. The monoidal 2-category of 2-representations

With the above algebraic machinery in place, we are now ready to discuss the 2-representations
of a strict or weak 2-bialgebra G. In the following, we shall follow the Baez-Crans defini-
tion of a 2-vector space and the monoidal 2-category 2Vect®“ they form [BC04; BH11].
Recall that a Baez-Crans 2-vector space is equivalent to a 2-term cochain complex
of vector spaces from Proposition 2.1. Also equivalently, a 2-vector space is a nuclear
2-algebra [Wag21], or an Abelian Lie 2-algebra [BSZ13; CSX13a].
2-vector spaces of this type form a 2-category 2Vect?® in which the 1-morphisms are

cochain maps and 2-morphisms are cochain homotopies. Concretely, let V = V_; 9,

Vo, W = W_4 2, Wy denote two 2-vector spaces. A cochain map f : V — W is a
collection linear maps fo 1 : V-1 — Wy 1 such that

' f-1 = fo0.

Given two such cochain maps f, g, a cochain homotopy ¢ : f = ¢ is a linear map ¢ : Vj —
W_y such that
29 = fo — 9o, q0=f1—9-1.

We shall refine these notions to fit the definition of a 2-representation of G in the following.

6.1. WEAK 2-REPRESENTATIONS. Recall that a representation of an ordinary algebra
A on the vector space V is an algebra homomorphism A — End(V'). Morally, a 2-
representation should therefore be a 2-algebra homomorphism between a 2-algebra G and
a " categorified” notion of the endomorphism algebra End(V'). Correspondingly, a weak 2-
representation should be a weak 2-homomorphism as in (4.1) into a ”weak endomorphism
2-algebra’”.

6.1.1. ENDOMORPHISM 2-ALGEBRA ON A 2-VECTOR SPACE. In the strict case, the en-

domorphisms of a 2-vector space are naturally given in the setting of 2Vect” ¢ — namely

End(V) = End,nc(V), which forms an associative 2-algebra End(V) = End(V')_4 2

End(V)g of linear transformations on a 2-term cochain complex V' [Angl8|,
End(V)y = {(M,N)eEnd(V_,) x End(Vy) | 0M = No},
End(V)_; = {AeHom(Vy,V_1) | (Ad,0A) € End(V_1) x End(V})},
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equipped with the 2-algebra structure (take A € End(V)_1, (M, N) € End(V))
§: A (A0,0A), (M,N)-A=MA, A-(M,N)=AN.

The associativity of matrix multiplication implies that End(V)_; is clearly a End(V)y-
bimodule, Moreover, we have the Peiffer conditions (note A, A’ € End(V')_,)

S(M,N)-A) = (MA,0MA) = (MA2, NoA) = (M, N)S(A),
S(A-(M,N)) = (AN@,0AN) = (A0M,0AN) = 5(A)(M, N),
As A = §(A)- A = AdA = A-§(A),

and hence End(V') is an associative 2-algebra. Note that none of the matrices here are
required to be invertible.

As weak 2-algebras are no longer associative, the above presentation of End(V') in
terms of matrices is no longer sufficient: we require a weaker version of End(V'). Such
a notion of the weak endomorphism 2-algebra €nd(V') would still have the same graded
structure ¢ : €nd(V)_; — End(V), as in the strict case above, but its algebra structure
should have its associativity controlled by a Hochschild 3-cocycle T, in accordance with
Definition 4.2.

To begin, we extend the idea of [Sch55] to weak 2-algebras. In essence, we leverage the
observation in the strict case that an algebra 2-homomorphism G — €nd(V) is equivalent
to a G-bimodule structure on V. We are going to provide a weak generalization of such a
G-bimodule structure in Definition 6.2.

Let 2Alg denote the category of weak 2-algebras (G, 7T ), which contains the full sub-
category 2Alg, . of strict 2-algebras. A 2-vector space V € 2Vect < 2Alg, .. < 2Alg fits as
a strict 2-algebra with trivial multiplication. We consider G as a weak 2-algebra (as de-
fined in Definition 4.2). We then equip the direct sum G @V with a semidirect product
structure,

(4w -F+d) = y+z gy +y2 +ax
+arw +z>v +y>-w +y>v
+w<r +var +w=<y +v=<y,

where we have used the shorthand notation z = (y,x) € G4 x Gy = G, u = (w,v) €
V_1 x Vo =V and where

1:G®G_1 — G, 41 G1®Gy — G_q,
>:GRV -V, <:V®G -V,
G RV =V, < V®§g,-V

are all bilinear maps.
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6.2. DEFINITION. We say that V is a G-bimodule if (GOV,-) € 2Alg is a weak 2-algebra.
In other words,

(i) (GBV)_1=G 1DV is a weak (GDV )y := Gy ® Vo-bimodule,

(i) the map t@®0: G_1DV_1 — Go®Vj is equivariant with respect to - and satisfies the
Peiffer identity?,

(iii) there exists a well-defined trilinear invertible map (Go ® V5)3® — G 1 ® V., that
satisfies the Hochschild 3-cocycle condition.

By the macrocosm principle [BD95], this puts us in the context of a homotopy re-
finement 2Vect"P of the Baez-Crans 2-vector spaces. In this linear 2-category, each
endomorphism category = €nd(V) can be thought of as the weak 2-algebra End(V),
and a G-bimodule structure on V € 2Vect"P is equivalent to a 2-homomorphism G —
End,yeqrze (V) = End(V). We call €nd(V) the weak endomorphism 2-algebra on V,
and denote by T : €nd(V)3® — &nd(V)_; its Hochschild 3-cocycle obtained from the third
point of Definition 6.2. This motivates our following theory of weak 2-representations.

6.3. REMARK. We emphasize here that the 2-category 2Vect® of Baez-Crans 2-vector
spaces is completely strict [BC04], and hence its algebra objects (ie. associative 2-algebras/algebra
crossed-modules) and its endomorphism categories End(V') = Endyy e ze (V) do not carry
homotopy data. Weak 2-algebras/2-term Ay -algebras are therefore not part of the theory

of the usual Baez-Crans 2-vector spaces. Instead, they constitute algebra objects in the
homotopy refinement 2Vect"PC of 2Vect?®. The difference between the setting 2Vect"2¢

and the Kapranov-Voevodsky setting 2Vect™" is currently under investigation by one of

the authors. In Appendiz C, we shall establish properties of weak 2-representations and

relate it to those in the literature [Del22; DT24; DR18; Bae+12a).

6.3.1. WEAK 2-REPRESENTATIONS, WEAK 2-INTERTWINERS AND MODIFICATIONS.

6.4. DEFINITION. A weak 2-representation (9,p) : G — €End(V) of G on V is a
homomorphism between weak 2-algebras as in (4.1). In other words, p = (po,p1) is a
chain map

G ——— G
lpl lpo (6.1)
eno(V)_, —— End(V),
which preserves the 2-algebra structures up to homotopy,
do(z,2') = po(zz’) — po(x)po(z’),

o(z, ty) = pi(x-y) —po(x) - p1(y),
olty,x) = pi(y-x) — p1(y) - polz), (6.2)

4The Peiffer identity states y>w = (ty) >w = y > (dw), and similarly w <y = (dw) <y = w < (ty). If
we write y > v = T,v, then we reproduce precisely the 2-representation properties (3.9).
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and for which the Hochschild 3-cocycles T,T of respectively G and End(V') satisfy the
following compatibility conditions

p(T(x,2',2") = po(x) - oz’ 2") — o(za’, 2")
(96,:6' ") = olx,2") - po(z")
T(po(x), po('), po(z")), (6.3)

where x,2',x" € Gy and y € G_1. We require o to be invertible.
We call p a strict 2-representation if p = 0 identically.

As T,% are normalized, p by definition vanishes if any of its arguments are 0 or the unit
1m0 € Go-

6.5. REMARK. Due to the classification Theorem 2.9 of 2-algebras [Wag21], a non-
trivial 2-algebra G with T # 0 cannot admit a strict 2-representation. Conversely, how-
ever, 2-representations of a strict 2-algebra can still be weak, as (6.3) only states that the
cohomology class of T is trivial, not that it is trivial as a 3-cocycle. However, if we further
restrict to the case where V' is a strict G-bimodule (ie. the trilinear map in Definition
6.2 vanishes), then T =0 and End(V') is isomorphic to End(V).

Example: weak coadjoint representation. A very natural example of a 2-representation
is achieved by dualizing, using (3.1), the 2-representation G — End(G) given by the weak
2-algebra structure of G on itself.

This gives rise to the coadjoint representation (cf. [BSZ13; CG22]) > = (>4, (o, >-1), ) :
G — End(G*) of G on its dual G*, given explicitly by

>0 : Go — End(Gy), (g,za") = (x >o g, 2"),
>_1: Go — Emd(GY)), ooy =@ fry),
T:G, — Hom(G%,, Gp), Fry-w)==Tyfx) (6.4)

and
>1 0 Ga® — €md(G¥)_y = Hom(G*,Gy),  {f. T(x.2,a")) = +(77(f).2").  (6.5)

Notice a plus sign occurs here, in contrast with the rest of the components defined in
(6.4). This is because we have dualized two elements in G, instead of one.

Analogously, we have the coadjoint back-action < = ((<g, <_1), T) of G* on G, which
we write from the right®. The "bar” notation is used to distinguish > from the crossed-
module action > in the case where G = kG is the 2-group algebra defined in (2.14).

Due to (6.2), the components of a weak 2-representation are not genuine algebra
representations in general, but only up to homotopy. We have in general that

(x2")>og=xg (2 >0g) + Dgf’m/(t*g), (x> f=a> 4@ > f)+t* Dgf’m/ (f),

5This means that we have, for instance, (g -* f,z) = —(g,x <_1 f) and {f -* g,z) = —(f,2T,).
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where t* is the dual t-map on G*, and

Youf =20 (Yo f) +BTY(f),  Tyuf = Tyl@ >y f) +P0(f).

Of course, these components reduce to genuine strict algebra representations if >; = 0 or
t = 0, which simplifies the situation considerably.

6.6. REMARK. Recall the 2-algebra G = kG associated to the 2-group G in Example 2.9.1
In the skeletal case, we can induce a 2-representation p of the 2-algebra from that of the
2-group, by extending it linearly. All 2-representations of kG shall arise this way, in this
case.

1- and 2-morphisms on the weak 2-representation 2-category. With Definition
6.4 in hand, we are now ready to define the morphisms on the weak 2-representations. Let
p = (0,p0,p1) and p' = (¢, phy, p) denote two weak 2-representations on V, W e 2Rep” (G),
respectively.

6.7. DEFINITION. A weak 2-intertwiner i = (I,i,i9) : V — W consist of a 2-vector
space homomorphism (iy,ig) : V. — W together with a collection of invertible cochain
homotopies I, ; : Vo — W_y satisfying

Ol,; =g o py(x) — p(x) o o, L0 = i1 0 py(x) — p(w) 04y
for each x € Gy, as well as
Ly =10 p1(y) — pi(y) oo

for each y € G_1. Moreover, I, trivializes o — o' as a Hochschild 2-cocycle, in the sense
that for each x,x’ € Gy,

id; ®o(z,2") — o' (@, 2") ®@id; = idpy (o) ®Lwri — Lo i + Lo; @idpg ), (6.6)
where id; : © = 1 denotes the identity cochain homotopy on the intertwiner i.

In other words, a weak 2-intertwiner ¢ : V' — W is such that the following diagrams

V_l d > %
\1/4 10
a/
I3 W_4 K W Vo 22—V,
9 ) lio lﬁ (67)
Vo o Vo o Wo — W,
Xl/l \OJ
W_4 7 > W[)

commute up to a natural invertible 2-morphism given by I, ;. By definition, we have
Iy; = I,,; = 0 where 7 is the unit of Gp.

70,4
Now let 4,7 : p — p’ denote two weak 2-intertwiners, we have the following.
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6.8. DEFINITION. A modification u : i = i’ between two weak 2-intertwiners is a G-
equivariant cochain homotopy

Vo —— W,

- / l (6.8)

W_4 —> W()

where p intertwines between py(y), pi(y) for each y € G_1, as cochain homotopies. More-
over, p trivializes I.; — I. ; as a Hochschild 1-cocycle, in the sense that

Ixi - [x,i’ = idpo(m) ®M — K (69)

)

for all x € Gy, as a relation between cochain homotopies.

We shall denote by 2RepT(g) the 2-category of weak 2-representations of the weak
2-bialgebra (G, T'), consisting of weak 2-representation (V, p) objects, weak 2-intertwiners
7 as l-morphisms and modifications g as 2-morphisms. We will prove in Appendix C
that our definition in fact coincides with the higher-representation theory developed in
the literature [BW15; DR18; Del22; DT24], in the case where G = kG corresponding to
a skeletal 2-group G. We devote the remainder of this section to proving that 2RepT(g)
forms a monoidal 2-category.

6.9. MONOIDAL STRUCTURE ON THE 2-REPRESENTATIONS. Recall that vector space
cochain complexes come equipped with natural notions of direct sum @, as well as tensor
product ®, which satisfy the distributive law

VeWelU)=VeW)e(VeU),

where V, W, U are vector space cochains. For chain complexes, the direct sum is given

simply by

6@6

VeWw =V ,eW_, — Ve W,

while the tensor product is given by the following complex

VW =V 0W., 25V ieWeVhe W, 25 Ve W, (6.10)
—_—— “ -~ o —_—
deg=—2 deg=—1 deg=0

where DT = +1® ¢ + 0® 1 is the tensor extension of the differentials ¢ : V_; — V and
0 - W_1 - Wg.

We endow the direct sum and tensor product structure on 2-representations of G in
the same way as above. Note the direct double G*® and the tensor square G?® of a strict
2-algebra G also have the same structure.
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Direct sums. For the direct sum 2-representation, this is simply accomplished by ex-
tending Definition 6.4 to a direct sum of 2-algebra homomorphisms

(0,0)®(d,p) = (0@, pDp): GBG — End(V) D End(W).
In particular, the direct sum V @ W of 2-representations of G is given by the components
(@ o=r®p  (p@p o= ®p  (p®p )1 =p®p)
such that the square (6.1) commutes,
(p®p oo (t®t) = (@) o (p®p),

where ¢, 0" are the differentials of the two 2-algebras E€nd(V'), End(W), respectively. The
zero 2-representation under direct sum is of course the trivial complex 0 — 0.

6.9.1. TENSOR PRODUCT. As in the 1-bialgebra case, the tensor product of 2-representations
is accomplished by precomposing with the coproduct. However, the graded components

of the coproduct A = A_; + Ag in (2.16), as well as A} in (2.19), allows us to define the
tensor product between 2-representations V @ W

pvew () = ((pv)o ® (pw)o) 0 Ag(x), = € Go, (6.11)

as well as its weak component (cf. Definition 6.4)

ovew (2,2') = ov(Zq), T1)) ® ow (T2), T(y)),  @,2" € Go.

We also have the tensor product between a 2-intertwiner ¢ : V' — U and a 2-representation

piow (z) = ((pv)1 1@ (pw)o) 0 Af(z) + (=1)*E (i 0 (pv)o ® (pw)1) © Ag(x),
pwei(z) = ((pw)o ® (pu)104) 0 Aj(z) + (—=1)*¥((pw)1 ®io (pv)o) 0 Aj(z)  (6.12)

for each x € Gy, where the sign depends on the degree of the components in (6.10). Lastly,
the tensor product between 2-intertwiners i : V. — U, j : W — T is given by just

pioi(y) = ((pu)10i® (pr)1oj + (—1)*Bio (pv)1 ®j o (pw)1) © Ai(y) (6.13)

for each y € G_;. This defines the invertible natural 2-morphism I;g;. (cf. Definition
6.7).

The fact that (6.11), (6.12), (6.13) define genuine 2-representations (up to the homo-
topy o; cf. Definition 6.4 and (6.2)), for instance

5QV®W(37> 55/) = /OV®W<x$/) - PV®W(93)PV®W(37/)7

requires the 2-bialgebra axioms (2.31).
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Tensor unit. Now if G is a unital 2-bialgebra, then there is a tensor unit, denoted by

I € 2Rep’ (G) given by the ground field complex k 4 k, and a unit 2-intertwiner given by
the identity id; : 1 — 1, such that G acts on them through multiplication of the counit e,

pr(z) =e(x),  pia,(y) = e-1(y).

From (6.2), the corresponding component ¢ = id for the tensor unit [ is clearly the identity
2-morphism. In according with (6.11), (6.12), (6.13), the condition (2.26) then implies
that the left- and right-unitor morphisms in 2RepT(Q) are all 1- and 2-isomorphisms. For
instance, (2.28) implies

Pvel = PV = P1QV,

whence V® 1,1 ® V and V coincides as 2-representations.

Due to this, all coherence diagrams in 2RepT(g) concerning the unitors, such as the
homotopy triangle and the zig-zag axioms [Kon+20; Gurll], are trivially satisfied, and
hence we will not directly prove them. The conditions (2.26), (2.28) can of course be
easily relaxed to give non-trivial unitors, but we shall not consider this here.

6.9.2. NATURALITY AND THE Gray-PROPERTY OF THE TENSOR PRODUCT. Recall the
space €nd(V')_; is modelled by cochain homotopies, which can be interpreted as ”endo-
morphisms” on €nd(V'),. Using this perspective, we will prove the following key results.

6.10. LEMMA. Leti:V — U denote a 2-intertwiner. We have the following diagrams

VW Prow s VW WeV Pwev s WV
PiQW PW®i
7 — 7 ) 7 Ee i
URQW Puew s URQW WU Pweu s WU

in 2Rep” (G).

PROOF. Let us focus first on the left diagram. The goal is to show that p;g defines a
cochain homotopy which fits into the following diagram

Voai®W_, S AR Va@WedVe@W_, — 2 Vi@W,

| e ] |

Ua®@Wy ————= U1 @We@U@W.1 ———— Uy ® W)

where the horizontal maps are the differentials given in (6.10), and the vertical maps are
various components of pygw 07 — 1% 0 pygw.
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The key is the commutation relation (6.1), which allows us to write

5(p1(y)) = (m1(¥)2,0p(v)) = (p5(ty), po(ty))

for each y € G_1, as well as the definition (2.19) of Aj. Directly computing, we have for
the rightmost triangle

D™ pigw = Ou(pu)i(z(y) 0 i ® (pw)o(2() — (—=1)%Fi o (pv)o(z(y)) ® dw (pw )0 (2(y))
(pv)o(t(yy) 01 ® (pw)o((a)) — i o (pv)o((1) ® (pw)p(ta(y)
= puew °1—10 pygw

as maps on Vo ® Wy (with deg = 0), and similarly we have for the leftmost triangle

piow Dt = (pu)1((1)0v 0 i ® (pw)p(x(y) + (1) i o (pv)o(2(y) ® (pw)o(xfa)ow
(pv)o(tzyy) 00 @ (pw)o((a)) — i 0 (pv)o((1) ® (pw)o(ta(y)
= puew ° 1 —10 pygw

as maps on V_; ® W_; (with deg = -1).
Now consider the middle section. We need to compute

D* pigw = (pv)

U é(tl'l(l)) 01 ® (pw)g(xl@))
piow D™ = (pv)g(tx o (i

—1
)O(tx 1)) 01 ® (pw)o( 2)) —1
and sum them to find

D*pigw + peowD™ = [(pv)o(tx(y) ® (pw)5(2(2) + (pu)o(tx(1) ® (pw)o((e))] i
— @0 [(pv)o((1y) ® (pw)o(tala)) + (pv)o(x(1) ® (pw ) (ta(y))]
= puew ©1—10 pyew
asmaps on V_1 @ Wy @ Vy ® W_;. The other diagram is treated identically. n
We now show that (6.13) is in fact not independently defined.

6.11. LEMMA. If j : W — T 1is another 2-intertwiner, then i ® j decomposes as i ® j =
1@ToVj=U®jot@W. The homotopy lLigje = Ligidy * liay @ also decomposes
accordingly.

PROOF. What we need to show is that pig; = (pigr * pve,) ©t = (pue; * piew) © t as
2-morphisms. Recall cochain homotopies ¢ : f = ¢, p : ¢ = h in 2Vect"P¢ compose by
p*q = poyq: f = h, where U is the source 2-vector space of the cochain map ¢. Indeed,
we have

ow (p*q) = (Owp) © (Fuq) = (90 — ho) © (fo — 9o),
(p=q)ov = (pdy) o (qov) = (91 — h-1) o (f-1 —g-1)
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as desired, where W is the target of h and V is the source of f. Notice this is exactly how
elements in €nd(V)_; compose, A« A" = AJA.

The goal is to prove that D¥p;g;(y) in fact decomposes as described above for each
y € G_1. This follows from the coequivariance condition (2.22). By direct computation,
precomposing (6.12) yields (here we neglect the 2-vector space subscripts for brevity)

pigw Ot (p1i ® (pot) + (=1)*%i(pot) @ p1) 0 Ay
= (Pi®dp1 + (~1)*%i(0p1) ® pr) 0 Ay,

pugi ot = ((pot) ® prj + (—1)*8p1 @i(pot)) 0 A,
= (n0) @ p1j + (-1)*Fp1 ® j(p10)) 0 Ay,

where we have used (6.1) to commute the t-map past the 2-representations to the differen-
tial 0. Using the Sweeder notation (2.17) for A_;, we compute their graded composition
to be

(pues)(ty) = (pieow)(ty) = (1 (Wa)0)p1(¥a)i ® p1(ye)i(0p1(Yw))
+ (=1)%8p1(y) (1001 (1)) @ 3 (p1(42)) D)1 (Y(2))
= (mwa)) * ,(ya)))i @ j(p1(ye) * pr1(Ye)))
+ (=D (p1(yy) * (1) ® J(p1(Y) * p1(Ya))
= (pi®pij+ (—1)*Bipr ® jip1) 0 A_1(y) = pigy(y)

as desired, where we have noted the property i_1(py)1 = (pv)iio of the 2-intertwiners
i, 7 to permute them past the p’s. This proves that the 2-algebra homomorphisms p;g; =
Pi@T * Pve, coincide. A similar argument shows that the 2-algebra homomorphisms p;g; =
PUw; * Piew also coincide.

This is not sufficient to imply that i@T oV ®j = U®joi® W, however. Indeed, the
weak component p of the two decomposed 2-representations in general may differ. After
some computations, one can show that we have

r

0ty (vay) © Do() = o(ta(y), #(1) ® 0(x(z), tafy) + (=1)*Fo(afy), tr(y) ® o(tafy, (1),
owej)etiow) © Do(z) = Q(xu): tl’ ) ® Q(m(z)a l(1)> + (_1)deg0(txl(1)v 337{1)) ® 9(33[(2)7 t$€2)>‘
The difference ¢; ; = 0@igr)o(ve;)) * Q(_Ul®j)o(i®w) between these 2-morphisms is precisely the
2-isomorphism i @ T oV ®)j=2xU®jor @ W. [

This 2-isomorphism is precisely the interchanger

of two l-morphisms i : V. — U,j : W — T. A key property of monoidal 2-categories,
or more generally Gray-enriched 3-categories, is that most of its coherence data can be
stritified away aside from this interchanger ¢ [Gur06; Neu97]. Conversely, given the
coherent choice of the interchanger, the tensor product between 1-morphisms can be
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determined by the product between objects and 1-morphisms through naturality. We call
this the ” Gray-property”.

These lemmas are important, as its proof techniques will be used repeatedly in what
follows.

6.12. MONOIDAL ASSOCIATORS. In this section, we shall focus on the associator mor-
phisms attached to the 2-representations in 2RepT(g), as they play a direct role in the
main theorem. Other subtleties that show up are studied in detail in Appendix C.

Recall from Section 6.9.1 that the tensor product on 2Rep(G) is given by the coproduct
A. The associator morphisms a are therefore given by the coasscociator Ay : Gy — gi?
attached to the coproduct in G, and not the Hochschild 3-cocycle 7. However, the data
Ay, T are dual to each other by Proposition 4.7, hence if G is self-dual (like the weak
(skeletal) 2-quantum double as we constructed in Section 5), they in fact constitute the
same data. As such we shall denote the weak 2-representation 2-category by 2RepT(g).
We shall neglect the tensor product notation ® in the following.

We begin by constructing the associator 2-morphism a;j; : (1®j)®k = i® (j ®k) on
the triple ¢ : V> V' j: W — W' k : U — U’ of 2-intertwiners. By definition in section
4.3, we see that the following quantity

aiji = ((pv)10i®(pw)10J@(pur )10k +(—1)"%io(py ) 1Qjo (pw )1®ko(pu)1)o(Arot) (6.15)

defines a cochain homotopy that fits into the following equation p;x — pi(jx) = @iji, which
induces a 2-morphism (also denoted by a;j;) between the 2-intertwiners

ai - (ig)k = i(jk).

Secondly, (4.3) implies that the following quantities based on D;Aq,

avie = (1) ® (pw)10J® (pu)i ok + (=1)%(pv )o@ j o (pw)1 @ k o (pu)1)
o(t R1IR 1)A1,

awe = ((p)101® (pw)o® (pu)1 ok + (=1)"%io (py)1 ® (pw)o ® k o (pu)1)
o(l Rt 1)A1,

ajy = ((pv)10i@ (pwr)10J® (pu)o + (—1)*%i 0 (pv)1 ® j © (pw)1 ® (pu)o)
o(l@l@t)Al, (6.16)

give rise to the associators for the following tensor products,
avik = (Vi)k = V(jk), awr : (IW)k = i(WK), aiju : (1)U = i(30)

for the mixed tensor products defined by (6.12). Thirdly, (4.4) implies that the following
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quantities based in D;[2]Aq,

avwr = ((pv)o® (pw)o ® (pvr)1 0 k + (—1)*%(pv)o ® (pw)o @ k © (pu)1)
o(t@t®@ 1A,

awur = ((pv)1oi® (pw)o® (pv)o + (—1)*%i o (pv)1 @ (pw)o ® (pu)o)
o(l ®t®t>A1,

aviv = ()o@ (pw)1oJ® (pv)o + (—1)*¥(pv)o ® j o (pw)1 @ (pv)o)
o(t®1®t)A, (6.17)

serve as the associators
aywk - (VW)k = V(Wk’), anU : (VJ)U = V(]U), a;wuU - (ZW) = Z(WU),

Notice that these quantities we have defined so far are all cochain homotopies/2-mophisms
in 2RepT(g), due to the appearance of p; in their tensor products.
Lastly, (4.5) allows us to define the associator 1-morphism,

avwu = ((pv)o ® (pw)o ® (puv)o)(P), (6.18)
with ® = (t®t®t)A; : Gy — Go®, which induces an invertible 1-morphism

aywu - (VW)U - V(WU)

that intertwines between pvew)gu and pyewen)-

The adjoint associator 2-morphism a' is implemented by minus the corresponding
cochain homotopy. For (6.18), however, the adjoint morphism aLWU is given by the
inverse &1,

The pentagon relation and naturality of the associator. We now prove the fol-

lowing.

6.13. LEMMA. Suppose the 3-cocycle T = 0 is trivial for the moment. The pentagon
relation for the associators a arising from (6.15), (6.16), (6.17), (6.18) follows from the
2-coassociativity condition (4.5) for A;.

PRrROOF. Consider first (6.15). We precompose (4.5) with ¢ and reconstruct the associators
corresponding to each term according to the definition,

(1d®(A1 o t)) o A,1 ~ 1dl ®ajkl, ((Al @) t) ®1d) @) A,1 ~ Ak (639) idl,
(1A 1 ®1)0 Aot~ air, (AL ®1Q1) oA ot~ al,

(i)kt
—(1®1®A_) o Aot~ al,,,

where id; : i = 7 denotes the identity modification on the 2-intertwiner 7. Now note that,
by coequivariance (2.22) Dy o A_; = Agot, we have

(d®(Ar0t)) o Ay = (Id®A;) o Al ot (A1ot)®id)o Ay = (A1 ®id) o Af ot,
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whence the pentagon relation

T (i k)
y m}

(i) (41 GG g0

t
@i (ki)
Q5 (5k)l

I —— i((jk)0)

is equivalently expressed as

0 = (1®A,1®1)OA10t—(A,1®1®1)OA10t—(1®1®A,1)OA10t
(A ®1)oAlot+ (1®A) o Aot
= [—A_IOAl +A1 OAQ] Ot,

which is nothing but the 2-coassociativity (4.5) precomposed with ¢. Now by the coPeiffer
identity Aj = D;Aq (2.19), the same argument shows that the pentagon relations for the
rest of the associator 2-morphisms (6.16), (6.17) are equivalent to applying the ¢-map
Dy, Dy[2] to (4.5).
Similarly, under the complete t-map D;[3] = t ®t®1, the 2-coasscociativity condition
(4.5) becomes
Ajod =do Ay, (6.20)

which by (6.11) implies the pentagon relation for the associator 1-morphism (6.18). [

We examine the case where T # 0 is non-trivial in Appendix C. In particular, we show
in Proposition C.2 that T gives rise to the pentagonator 2-morphism 7 in 2Rep’ (G)
implementing the pentagon axioms akin to (6.19).

Recall from Proposition 4.7 that, for a self-dual weak 2-bialgebra, (4.5) follows
from the 3-cocycle condition for the Hochschild 3-cocycle 7. Thus the entirety of the 2-
bialgebra (or 2-Hopf algebra) structure plays a central role, precisely as one would expect
in Tannakian duality [Maj90; Pfe07].

6.14. LEMMA. The associator 2-morphism (6.17) fits into diagrams of the form

(VW)U wy s V(WU)
. Sywk . (6.21)

2 v

VW)U’ fvwor s V(WU
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together with the associator morphism (6.18). Moreover, the associator 2-morphisms
(6.15), (6.16) are completely determined by (6.17), (6.18).

PROOF. The first statement follows directly from the definitions, and by using the same
argument as in the proofs of Lemma 6.10, and also later in Lemma 7.4. Similarly,
by adapting the proof of Lemma 6.11, we see that (6.15), (6.16) admit the following
decompositions

Ak = (aV’W’k : aijU) ot =... etc., D(;aijU = avu - wu = - - .etc.,
where Dy is the tensor triple of the t-map § on End(V'), and "etc.” means permutations

of the subscripts. This proves the second statement. [

This naturaliy property shall become very important later in Section 7.5.

6.15. REMARK. Suppose the endomorphism ® in (6.18) is inner, in the sense that it is
given by conjugation with an element — also denoted ® — of Go®, then the coassociativity
condition becomes

(1Id®A)) o Af = &((Ay ®id) o AYP T,

and the 2-coassociativity condition (6.20) becomes
((d@id®AY)P)((A ®id®id)P) = (@ o) ((id ®AG ® id)®) (10 ® ),

where 1y is the unit of Go. In other words, (Go, Ay, ®) in fact forms a quasi-bialgebra
[Cae+19].

We have established 2Rep’ (G) as a monoidal (fusion) 2-category, or equivalently a
monoidal bicategory. We now turn to the braiding structure in the following.

7. The braided monoidal 2-category of 2-representations

We now turn to the braiding structure on the weak 2-representations afforded by the
2-R-matrix R. We shall first examine some of the basic properties of the braiding map
in Section 7.1. We will then study how such braiding maps interact with the weakened
monoidal structures of the 2-representations in Section 7.5.

Let (G,-, A, R) denote a strict quasitriangular 2-bialgebra as defined in Section 3.11.
Recall that a 2-R-matrix R = R' + R" on the 2-bialgebra G consist of the following
components

R =RiHOR(pn€G1®G), R =R{@RpeG®G1

for which (3.26), (3.27), (3.28) are satisfied. The equivariance condition, (3.28), unam-
biguously defines an element

R =R ®tRiy(=R') = tRl) @ Ry (= R') € Gy ® Gy, (7.1)
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where ¢t : G_1 — Gy is the t-map on G. Notice by applying the t-map (at every leg
in G_1) to (3.29), we obtain two identical expressions that are equivalent to the usual
1-Yang-Baxter equations

RisRi3Ro3 = RozRi3 o

for the degree-0 R-matrix (7.1).
7.1. THE BRAIDING MAPS AND THEIR NATURALITY. We shall use these components to

define the braiding b on 2Rep’ (G). Take two 2-representations V, W of G; we define the
braiding map between V, W by

bVW Vv ® W —-W ® Vv, bVW = ﬂlp o) pO(R) (72)

where pg = (pv)o ® (pw)o on VR W, and R € Gy ® Gy is given in (7.1). By (6.11), the
braiding between the tensor product 2-representations are then given by

bvwer) = flipo po((1® AGR),  byew)w = flip o po((Aj®1)R).

If W = V are the same 2-representations of G, then we have the self-braiding map

by = byy. On the other hand, we define the mixed braiding map between a 1-morphism
1:V — U and an object W by

baw = flipo[iopi(R') + (=1)*Epe(R") o 1],
bwi = flipo[iopu(R") + (~1)*Fp1p(R') o], (7.3)

where we have used the shorthand p19 = (pv)1 ® (pw)o and po1 = (pv)o ® (pw)1- The
sign (—1)4°¢ depends on the degree of the complex V ® W; more explicitly, by gives two
maps

by : Vo ®@ Wy — (W_1 @ Up) @ (Wo ® U-y),
Vi : (Va@Wo)®(Vo@W_,) - WU,

on the tensor product V @ W, the latter of which carries a non-trivial sign (—1)d® = —1;
similarly for by;.

7.2. REMARK. We shall define the braiding maps b;; between two I-morphisms i,j by
the decomposition formula

1V ->U

St (7.4)

¢ij = bij = bju - bwi = bri - bjv, {

and impose the condition that it be equal to the interchanger ¢;; (6.14). This bypasses
the need for a R-matriz defined in degree-(-1), which is not encoded by the 2-R-matriz R
anyway.
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Let i : V — V', j: U — U’ denote any 2-intertwiner. The above definition (7.3),
together with (6.12) then allows us to form

biew);i = fipgrgumen © [ ® 1)p10 (A @ R) + (=1)*po (Ag @ DR 0 (i ®4)] ,
biwen = HiPweumeu © [(i® 5)p101((dRAHR') + (=1)*p110((1 @ AR o (1 ® )]

By applying strict 2-representations to (3.26), we obtain the following strict higher hexagon
relations,

bigw); = id; @bw; * by ® id;;, biwej) = id; @bjw * biw ®id;, (7.5)
in which the associator isomorphisms a have been suppressed. We will reinstate them

later in Section 7.5.

With the definitions (7.2), (7.3) in hand, we now need to prove some very important
lemmas.

7.3. LEMMA. The maps byw and by, by, are respectively 2-intertwiners and modifica-
tions in 2Rep(G) for all 2-representation V, W and 2-intertwiner i iff (3.27) is satisfied.

PRrOOF. Note for each 2-representation p, the flip map flip : VOW — WV is a
2-intertwiner between p and p' = p o 0. Moreover, we interpret the cochain homotopy
defined by (pyew)s(z) for each x € Gy as a modification between the action (pyew )o(z)
and itself, treated as a 2-intertwiner; similarly for p’. Therefore, in order for the mixed
braiding map b;y to be a modification in 2Rep(G), it must commute with the cochain

homotopy (pvem)(x) — namely
biw = (PV®W)5(93) = (p%/V®V)é($) = by,

where * denotes the composition of cochain homotopies. With pyey = (pw ® pv) oo 0 A,
this is satisfied by definition (7.2) of by iff

RTANz) = o(AL(2))R", R'AL = o(A(z))R, (7.6)

which is precisely (3.27).
Similarly, in order for the braiding map by to be a 2-intertwiner, it must commute
with the action (pygw)3(z) for each x € Gy:

byw © (pvew)o(z) = (Pyev)o(@) © byw,

where o denotes the composition of 2-intertwiners.
First if the 2-representation p were strict, then this translates to the algebraic condition

oAy(z)R = RAj(x),

which in fact follows also from (3.27). To see this, we recall the definitions (7.1) of R
and (2.19) of the coproduct Ay, and simply apply t ® 1 and 1 ® ¢ respectively to (3.27).
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The fact that ¢ is an algebra homomorphism and that (t® 1) oo = 0o (1®1¢) proves the
statement.

Second, if the 2-representation p were weak, then in general the component o gives
rise to a possibly non-trivial invertible natural 2-morphism

o(0Ay(z), R) — o(R, Ay()).

We will not need this 2-morphism in the following so we shall suppose I, « = id.
u

Notice this lemma implies that (Gy, Ay, R) forms an ordinary quasitriangular 1-bialgebra
in degree-0. We can then leverage the well-known result in the literature [Majl1l; JS93]
that the Yang-Baxter equation for R implies the hexagon relation for the braiding struc-
ture byy at the level of the objects.

Next, we need to prove the naturality of b with respect to the 2-intertwinersi : V' — U.
We shall do this via the same technique as Lemma 6.10.

7.4. LEMMA. Consider the intertwiners ¢ : V. — U and j : U — T. The mixed braiding
maps by, by fit into the following diagrams

VW bvw s WV WV bwy s VW
biw bw
7 — 7 ) 7 — 7
UQW buw s WU WU bwu s UQW

m 2RepT(Q). Moreover, given a 2-intertwiner j : U — T composable with i, the corre-
sponding braiding 2-morphisms compose as by * biw = bjo;w .

Vew bvw s WV
) % . byw .
i i VoW > WV
4 by ~+ B bijoiyw
UWwW sy WU = joi — joi
. % . brw .
J J TRW s WRT
TQW bwr s WRT

PrROOF. For brevity, we shall suppress the subscripts V,U, W on the 2-representations.
Recall the two equivalent ways R", R! to express R in (7.1). We can then write

byw o = flip o po(R") o1, i o byyw =i o flip o po(R).
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Consider the left diagram. As 2-morphisms in 2Rep(G) are given by cochain homo-
topies, we need to show that the definition (7.3) of the mixed braiding map by = by + 0%
fits into the following diagram

Voai®W_, SEZARN Va@WedVe@W_, 2= VW,

R B B

W_1®U_;4 o W_1QUo®@Wy®U_4 r— Wo® Uy

where the vertical arrows are the various graded components of byy o7 — 170 by, and the
horizontal arrows are the differentials on the three-term tensor product complex (6.10);
for instance, the ones at the top row are given by D* = 1® oy + 0y @ 1.

As in Lemma 6.10, the key towards this is the commutative square (6.1), which
states that for each y € G_; we have

(p1(¥)0, 0p1(y)) = 6(p1)(y) = (po)(Ty) = (po(Ty), po(Ty)).

Let us examine first the commutative triangle on the ends of (7.7). First, for the right-
. . 1,2
most triangle, we compute in terms of the components b,j;, that

Db}y,

(1®dvy —ow ®1) oflipo p(R)

= flipo [Pg(Rzl)) ® ow (pa( ?2))) oi—ioidy(p (Rl(l))) ® Pg(Rl@))]
= flipo [p)(R{yy ®tRy) i +i0 p)(—tR{y @ Riy)]

= bywoi—iobyw

as maps on Vo ® Wy. Similarly for the left-most triangle, we have

by DT = flipop(R)o(1®dw + dy ®1)
= flipo [P(l)( ?1)) ® (PI(R&)))&W 01 —10 (Pl(Rl(l)»&V ® P(l)(Rl@))]
= flipo [P(l)(Rzl) ® tR?Q)) 0t —10 P(l)(tRl(l) ® Rl(2))]
= bywoi—iobyw
as maps V_; ® W_,. Note the sign (—1)9¢ in (7.3) is non-trivial here as R acts on the
degree-(-1) part of the tensor product V ® W.
We now turn to the middle section of (7.7). We are required to compute the following,
D'V, = (1®dy + éw ®1) o flipo p(R)
= flipo [Pé( ?1)) ® aW(Pl(Rq(nz))) 01 —10 aV(Pl(Rlu))) ® P(%(Rl(z))]
= flipo [P(l)( 21)) ® P8<t7zf2)) 0% —10 Pg(ﬁzl(l)) ® P(%(Rl(z))] )
biw D™ = flipop(R)o(1®dw — v ®1)
= flipo [p)(R{1) ® pr(Ria))w o i — i o pi(Rly))dy @ ph(Riy)]

— flipo | /(R ® ph(tR{y) 0 — i 0 ph(tR)) ® Ah(Rly) |
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Summing these and rearranging terms gives, as maps on V_1 @ Wy @ Vo ® W_q,

flip o [Pg(REU) ® Pé(tnfz)) + P(l)(Rfl)) ® Pg(tRZQ))] o1 (7.8)
—flipoio [P(l)(tRlu)) ® P8<Rl(2)) + Pg(tRl(l)) ® P(l)(Rl(Q))]
ZbUWOi—iObvw.
The diagram on the right is treated identically, and this establishes the first statement.

The second statement directly follows from the fact that (joi)opy = jopyoi = pxo(joi)
for composable 2-intertwiners ¢, 7. [

In particular, since Lemma 7.3 proves that by is a 1-morphism, we can iterate the
braiding maps and define by, as a 2-morphism. Lemma 7.4 then implies that this is
a 2-morphism

bovwyu
VW)U V) s UQ (VW)
byw be:WU> byw (79)
l . |}
WeV)U S s U@ (WRV)

on three 2-representations V, W, U, and similarly for by, . This will be important later
in Section 7.11.

Recall the "higher-hexagon relations” (7.5) following directly from the identities (3.26).
We shall prove this in the weakened context in Section 7.5.

7.5. BRAIDED 2-QUASI-BIALGEBRAS; THE MODIFIED HEXAGON RELATIONS. We now
wish to keep track of the interplay between the fusion associators a and the braiding
maps b — or, algebraically, the coassociator and the 2-R-matrix — on 2Rep’ (G). We
shall do this by revisiting the fundamental characterization of 2-R-matrices in Section
3.11. In other words, we are prompted to study the weak 2-quantum double D(G, G) and
its braided transposition W.

Fix the weak 2-bialgebra G. Despite the skeletal construction in Section 5, we are
able to form D(G, G) here without assuming skeletality, since we know exactly how G acts
on itself by weak 2-representations — in the canonical way according to Definition 4.2.
This fact also allows us to identify 7p as merely several copies of the 3-cocycle 7 on G,
and in particular the components >; = <1 = T are equal.

To proceed, we recall in the factorizable case that associativity of K =~ D(G,G) is
invoked to deduce the braiding relation (3.19) for the braided transposition W. This
associativity is, of course, witnessed by the 3-cocycle 7. Combined with the understanding
from Section 3.11 that the braided transposition gives rise to the canonical dual 2-R-
matrix, we then deduce the following.



1484 HANK CHEN AND FLORIAN GIRELLI

7.6. DEFINITION. A 2-R-matriz R for a weak 2-bialgebra (G, A, Ay) is defined as in
Definition 3.12, except that (3.26) is modified by the dual of T — ie. the coassociator
Ay — namely, we have

DtA1($)231 : (1 & AO)R : DtA1(33)123 =Ris- DtA1($>213 - Rz,
DiA1(2)515 - (Do @ 1)R - DiA1 ()55 = Ras - DeAr(x)135 - Ras, (7.10)

for each x € Gy.

This condition bears a striking resemblance to the defining relations of a braided quasi-
bialgebra [Cae+19]; indeed, applying the double-t-map D;[2] to (7.10) yields, by definition
(7.1), (6.18),

D31 (2) (1@AG) RP123(7) = RizParz(w) Ria,  D35(2)(AG®1) RPyp5(x) = RuzPigy(w) Ras,

(7.11)
which is precisely a braided quasi-bialgebra structure at degree-0 (Go, Af, R, ®); see Re-
mark 6.15. This motivates the following definition.

7.7. DEFINITION. A braided 2-quasi-bialgebra® (G, A = (A, Ag, A1), T,R) is a
weak 2-bialgebra equipped with a 2-R-matriz R and a coassociator Ay : Gy — G°% such
that (7.10), (7.11), (3.27) and (3.28) hold.

Similar to (7.5), by applying strict 2-representations p = (p1, pg) to (7.10), we obtain:

7.8. LEMMA. For each X € 2Rep” (G), we have the decompositions (the hexagon rela-
tions)

{b(vw)x = axyw o byx o GI/XW obwx oaywx (7.11), (7.12)

_ ot i
bV(WX) = Quyxy © byx o awyx o byw o Qywx

Bror v — sid T %D, ,
{ (VX = AxXV #1Chyx My BN E AV oy D} to (7.10),

bv(ix) = a}xv * 1dpy ¢ *ajyx * by aLjX
biwyk = Qriw * big * @y # b :
(iW)k aiTczW * Oik * Gy * OWk * aTZWk (7‘10)7
biwk)y = Qg * Dik * awik * baw * Gy
as 1-/2-morphisms, and similarly for all the other possible braiding maps on tensor prod-
ucts.

The decomposition formula for b;;;, follows from these, as well as the fact that b;;, a;;, are
all determined by the mixed braiding/associators.

6Note that a quasi 2-bialgebra, as opposed to a 2-quasi-bialgebra here, refers to a weak 2-bialgebra
with trivial 3-cocycle T = 0 but non-trivial coassociator Aj.
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The 2-morphism bgw)x, for instance, can be expressed in terms of the following com-
position diagram

(VW)X 295 (X)) 20X (X)) 22X g VX)W 25 (XV)W 2X9% X(VW)
(UW)X 295 V(WX) 20X, (X)) 2w, o, UX)W 225 (XUYW 2%, X (UW)
(7.13)

which has also appeared in [KTZ20b]. This establishes most of the structural properties of
2RepT(g ) as a braided 2-category, and the final ingredient to introduce is the hexagonator.

7.9. THE BRAIDING HEXAGONATOR: WEAK 2-REPRESENTATIONS OF A BRAIDED 2-
QUASI-BIALGEBRA. We obtained the decomposition Lemma 7.8 by applying a strict
2-representation to (7.10). However, as we have noted previously in Remark 6.5, 2-
representations of a weak 2-bialgebra (G, T) cannot be strict, even when G is skeletal. As
such, we must take into account the additional component ¢ : G3® — &nd(V)_; when
deriving the decompositions above (in particular (7.12)).

For the rest of the paper, it suffices to consider the case t = 0 or t = 1y, the constant
map to the unit 7y € Gy. Since p is normalized and the second and third equations in
(6.2) involve pre-composing g with ¢, the only non-trivial relation is

po(xa’) — po(2)po(a) = do(x,a’),  x,2" € Gy,

where we recall that 0 : €nd(V)_; — End(V) is the t-map on the weak endomorphism
2-algebra. Therefore, in order to obtain the decomposition of the form (7.12) from (7.11),
we must keep track of the terms involving p that appear. For instance, we have

/)8@(313@213) - /)3@(313)/)3@(@213) = (59)3@(313, ‘1)213)7

in which we notice that the second term on the left-hand side is the composition by o

awvu-
More explicitly, translating (7.11) to (7.12) comes at a price given by a cochain ho-
motopy

Qwo(z) = (ov @ ow ® ov)(Pasi(z), (1 Q@ AY) RP123(x))
— (ov ® ow ® ov)(R13, Pa13(7) Ri2)
+ (ov ® ow ® 0v)((1 @ AY) R, P123(7))
— (ov ® ow ® ov)(Pa13(z), Ri2) (7.14)

between the two sides of (7.11) for each = € Gy, and similarly its adjoint QI/‘WU. We thus
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have the following diagrams

(Va@W.)®@U.; — 22 (Vo @ Wo) @ Uy

W_1® U1 ®V_4) Qe Wo® (Up ® V)

3®

Va@Woa@Uay) —— @ (Wo®Uy)

n
B QV|WU B
b

U1 @Vo)@W_y ——— (Uo® Vo) @ Wy

3®

where the vertical arrows denote the decomposition (7.12). These diagrams cast 2, Q' as
the hexagonator 2-morphisms in 2Rep” (G):

by (wu)

V(WU) (WU)V
a\V ) Wv
VW)U LWy WUV
m )%

( )

(WV)U W) W(VU

(VWU —9Y v
V(W) (UVIW -
C vow) —— oo

1
Ayuw

In other words, the quantities Qywy, Q%WU by definition is an invertible modification
implementing the two sides of the decomposition (7.12).

Now by the diagram (7.13), the 2-intertwiners i : V' — U and their associated mixed
braiding maps b,y preserve these hexagon relations. This leads to the naturality of the
hexagonator Qv wy with respect to 2-intertwiners such that we have (cf. diagram (2.2)
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Z(WX)
avwXx

in [KTZ20b))

bU(WX)
QUV W{U
Qwx = (VW)X —— (UW)X —wx W(XU) < W(XV)

buw
bux

(WU)X 25 W(UX)

by zW zX
%

awvXx

and similarly for the adjoint diagrams with Qf. The tensor product VX of 2-representations
is equipped with the tensor product Qv x v hexagonator, which are by construction nat-
ural and invertible.

7.10. REMARK. Notice we did not define any associators for the 2-morphisms p in
2RepT(g). This is because 2-morphisms in a 2-category the tensor product p @ v = v
giwen by composition is strictly associative; indeed, such an associator a,,y : (p)\ =
w(v) would have to be a 3-morphism.

By the same token, the hexagon relations involving the mized braiding maps (ie. the
decompositions in Lemma 7.8 aside from (7.12) ), as well as the pentagon relations for the
associator 2-morphisms (6.15), (6.16), (6.17), must hold strictly on-the-nose. However,
the fact that aywy is a 1-morphism implies we can have a 2-morphism 7, called the
pentagonator, that implements its pentagon relation. We will show in Appendiz C that
m 1s giwen by the Hochschild 3-cocycle ¥ attached to the weak endomorphism 2-algebra
End(V).

7.11. MAIN THEOREM AND ITS PROOF. We are finally ready to state and prove the main
theorem. As earlier, we will often omit the tensor products to lighten the notations.

7.12. THEOREM. The 2-representation 2-category 2RepT(g) of a weak quasitriangular 2-
bialgebra G is a braided monoidal 2-category with trivial left-/right-equivalences [ : 1V —>
V,r: V1=V,

We will prove this by using algebraic and diagrammatic manipulations that we have
outlined throughout the paper, and reproduce all the coherence relations defining a
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braided monoidal 2-category in [Gurll]. On the way, we shall also construct quantities
that has also appeared in [KTZ20b].

Recall first that, from Section 6.9, we have trivial left- and right-unitors [ : 1V — V r:
V1 — V, and hence all coherence relations involving them (ie. diagrams (2.5), (2.7)-(2.9)
of [KTZ20b]) are vacuously satisfied.

Braiding on the associator; the third Gurski axiom. Let V,W,U € 2Rep’ (G)
be four 2-representations. Consider the mixed braiding 2-morphism b which by
Lemma 7.4 fits into a diagram of the form

aywiu X

bvwyryx

(VW)X . X((VIV)U)
bay iy X
ayvwu _ avwu -
(V(WU)X WX (VW)

Lemma 7.8 states that we can in fact decompose the top and bottom 1-morphisms in
this diagram, provided we keep in mind the hexagonator €, Q (7.14) that appears in
doing so. We thus obtain a formula of the form

QZVW)\UX Il
b((VW)U)X = ax(Www)u° b(VW)X CAypyxu © bux o QvwH)UX

t
QV\WX

axwvw)yu © [aXVW obyx o ai/XW obwx o aVWX]
© aJ(rVW)XU obyx o avwyx, (7.15)
and similarly for the bottom 1-morphism b o)) x,

T
Q\/\(WU)X

byvwuyx == axyvwu)°byxo GLX(WU) o bwuyx © avwu)x
QT
WIUX t
= axvwu) °bvx o ayx )

o [CLXWU obwx o OLIA/XU obyx o aWUX] Cay(wu)x- (7-16)

Now notice that there are three identical braiding maps that appear in both of these

formulas, by x,bwx,byx, but they act on objects that differ by an associator: we have
bux : (VW) UX) - (VIW)(XU) from (7.15) and byx : V(W(UX)) - V(W (XU)) from
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(7.16), for instance. Such a square is precisely given by the diagram (6.21),

(VW) (UX) SAlCEY y VIW(UX))
b SVWhux box
(VW)(XU) v y VIW(XU))

and similarly for the other braiding maps that occur in both (7.16), (7.15).

Putting this all together, by successively decomposing the braiding maps, we achieve
the following diagrammatic expression for b,,,,,x (here we only label the 2-morphisms
for clarity):

~

(VW)HU)X Sy

t
Q(VW)\UX

~

(VW) (UX) — (VIW)(XU) — (VW)X)U

| o

(VIWX)H)U — (V(XW)U — (VX)W)U —

l = Wby x U = l

~

AV Wy x

by, x WU

(XV)w)u

VIWUX)) — VIW(XU)) — V(WX)U) — V((XW)U)

t
QWlUX” l

V(WU)X) — s V(X(WU)) —— (VX)(WU) ——s
1 QJ\(/\(WU)X
(V(UW)X T >

This is precisely the third axiom in [Gurll]; cf. diagram (2.6) in [KTZ20b].

The hexagonator (lyx;wy; the third Gurski axiom. We shall apply the same
procedure as above to expand the defining diagram for Qv x v,

(VXY WU) —2000 gy (v X)

a(v)V quivx)
(VX)W)U vxiwy WUVX)) -
b(VX)W\,A %U
(W VX~ W(VXD)

~

(XV)(WU)
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By rewriting each of the associator and braiding maps appearing here using (7.8) and
the pentagonator 7 (C.1) introduced in Appendix C, we obtain precisely diagram (2.4)
in [KTZ20b] as the Qy xjwy. The third axiom of [Gurll] then follows.

Iterating the braiding map; the fourth Gurski axiom. Now consider the iterated
braiding 2-morphism by, (7.9). By the same logic as above, we can use the decompo-
sition (7.12) once again on the top and bottom braiding morphisms that appear in the
diagram,

b QV\UW 1 b b T
vuw) T Ouwy °bvw ©auvw © vy © Ay,

Qviwu ¥ i
bvawry = ayypy ©bvu ©awvy © bvw © ayyy-
We can thus form the composition

bayiwe = Qywy - bviow - Qviow, (7.17)

which fits into a diagram that ”pastes” two hexagon diagrams together,

bvuryw

W(VU) $——— (WV)U <25 (VW)U 229% V(WU) <2 V(OW) — (VU)W
by (wu)
QV\WU beUW QV|UW
bVU bVU
W(UV) « Wy (WO e (UW)V i UWV) 45— U(VIV) &555 &YW (UVYW

buvyw

Note that, by construction (7.17), the 2-morphisms bq, .. are natural and invertible.
Moreover, its definition is precisely (2.10) in [KTZ20b], and hence the fourth axiom of
[Gurl1] follows.
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Hochchild descent; the second Gurski axiom. Let us now focus on (6.3). Recall
that it states, for z1, xo, x3 € Gy, that

p1(T (21, 22, 73)) — T(po(w1), po(w2), po(w3)) = po(x1) - 0(w2, 73) — 0(T172, T3)
+ o(x1, xax3) — o(z1, T2) - po(z3),

where T is the Hochschild 3-cocycle on the weak endomorphism 2-algebra &nd(V) of a
particularly chosen weak 2-vector space V e 2Vect"?. We shall now specialize 1, . .., x3
to the elements in Gy of (7.11), and let the equation act on V.
By some computations, we see that the right-hand side translates to the composition
of 2-morphisms
idiay, Qvivx * Qvwwx) * Q;—|1(WU)X = (Quiwr idiay ),
while on the term po 7 on the left dualizes to terms of the form (py ® - ® px)(Aj0 R —
R o D;”Ay), which translates to
1 i b
Awpyyx * WywUX * Qywyp, * WVawox-
Now by leveraging the result Proposition C.2 in Appendix C, the term T o pp® in
fact defines the pentagonators m on 2Rep”(G). The left-hand side then acquires also the
contribution
TWvUXx * TWUvx * W\T/WUX * Tr;r/VU)(Va
where mwuxv(z) = T((pw)o(2), (pv)o(2), (px)o(x))(V); see (C.1).
Altogether, this gives rise to the equation

T -

- f
Twyux * Twovx * diay Qviox = Qviwwx) * G, ux * Ovapy s =

Tywux * Twouxv * Quiwe idiay *Quiwo)x * CLI/VbVUX * GEVU;,VX
for V,W, U, X € 2Rep’ (G), which is precisely the second axiom in [Gurl1] (or equivalently

axiom (2.1) in [KTZ20b]). In [KTZ20b], this axiom was also captured in a cohomological
manner in (3.2) there, but where the adjoint equivalences a;yw, aZVW are omitted.

In summary, we find that 2Rep” (G) has the following ingredients:

objects l-morphisms | 2-morphisms
2-representations | 2-intertwiners | ., qam homotopies

(M th Qv|..) (Zy bzo) M

This establishes Theorem 7.12 and concludes our paper.
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8. Conclusion

In this paper, we have given a construction of a categorified notion of a quantum double
suited for 2-groups/2-algebras [Wag21]. This was accomplished by naturally lifting Ma-
jid’s quantum double construction [Maj94; Majl1] to internal categories, which makes the
structural theorems manifest. In particular, we have provided explicit algebraic computa-
tions that demonstrate concretely the notion of duality between 2-bialgebras, and how two
2-bialgebras can be "pasted together” through the notion of 2-representations [Angl8|.
We have also given examples which demonstrate that the category of bialgebras (and
their quantum doubles) embeds into the category of 2-bialgebras (and their 2-quantum
doubles), generalizing an analogous statement proven in [BSZ13] for the classical case.

By endowing Baez-Crans 2-vector spaces 2Vect®® with higher homotopical data, we
described the weak 2-representation theory for 2-bialgebras G. We give a concrete descrip-
tion of the 2-category 2RepT(g), which by definition comes with a forgetful 2-functor
2Rep(G) — 2Vect"PY into the k-linear 2-category 2Vect®¢ of such ”deformed” Baez-
Crans 2-vector spaces. Though we had provided an operational description of 2Vect"?¢
— in particular the property that its endomorphism categories and algebra objects are
modelled by 2-term A.-algebras — its precise construction shall appear soon in a later
work.

As in the case of 1-Hopf algebras [Majll], the monoidal structure on 2Rep’ (G) is
controlled by the coproduct and the coassociator, whence the naturality and the Gray-
property of the tensor product follow from the coequivariance and coPeiffer identities
(Lemmas 6.10, 6.11). We have also introduced the 2-R-matrix R of G, which was
defined naturally from the properties of the 2-quantum double D(G,G). We show that
the resulting braiding on 2Rep” (G) is in fact natural and coherent (Lemmas 7.3, 7.4).

Then, together with the structure of weak 2-representations, we identified the pentago-
nator and hexagonator 2-morphisms and exhibited all the necessary coherence diagrams to
prove Theorem 7.12. This gives a direct correspondence of the ingredients of a braided
monoidal 2-category [Gurll; KTZ20b] with those of an underlying weak quasitriangular
2-bialgebra G.

We also note that Theorem 7.12 hints towards a (braided) higher Tannakian recon-
struction (cf. [Pfe07]). It should state that, morally, given a sufficiently "nice” braided
2-category (such as the Drinfel’d centre Z;(D) of a monoidal 2-category D [KTZ20b] or
a fusion 2-category [DR18]) and a fibre 2-functor F : C — 2Vect"PC| there is a braided
equivalence C ~ 2Rep’ (G) such that the diagram

C r s 2Vect"BC

~

2Rep’ (G)

commutes. The authors are aware that efforts towards such a result in the semisimple
setting are currently being undertaken. Together with this work, it allows to distill all
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coherences in C into a sequence of Hochschild cohomological descent equations between
the weak 2-bialgebra (G, 7, R) and the weak 2-endormophism 2-algebra End(V).

Furthermore, as mentioned in the Introduction, such a braided equivalence would also
allow us to reconstruct the topological field theory associated to a 4D gapped topological
phase, described by a braided 2-category [Joh20]. The work towards this goal, in the case
of the 3D toric code as well as its spin-Z, variant, is in [Che23].

We will show in Appendix C that our framework is able to produce the k-invariants of
the 2-representation theory for a skeletal 2-group G' [DT24; DR18], which demonstrates
that this work does in fact remedy the issues mentioned at the beginning of Section 4
from [HE16].

Relations with existing quantum group categorifications. Following the main
text, we introduce the notion of (strict) Hopf 2-algebras in Appendix A. There have
been numerous proposals for the notion of ”categorified Hopf algebras” in the literature,
such as the trialgebra proposal of Pfeiffer [Pfe07], the quantum 2-group of Majid [Maj12],
or the quantum groupoid of Lu [LU96]. It is well-known that group crossed-modules
are equivalent to 2-groups and group groupoids [CSX13a], and the cat!-Hopf algebras of
Wagemann [Wag21] coincide with trialgebras in the cocommutative case [Pfe07]. Hence
our definition of strict 2-bialgebras are very closely related to all of these alternative
formulations.

On the other hand, the content of Theorem 1.1 has been explored in the context of
Hopf categories of Gurski [Gur06] by Neuchl [Neu97]. Hence, we posit that the relationship
between our weak 2-bialgebras and these Hopf categories should be understood through
a monoidal "model change” from 2-vector spaces of the "homotopy/weak Baez-Crans”
sense 2Vect"?% to the Kapranov-Voevodsky sense 2Vect™” [KV94].” This problem is
beign tackled currently by one of the authors.

Ribbon tensor 2-categories and modular invariants of 4-manifolds. Recall that,
in the 1-Hopf algebra case H, the representation category Rep(H) can be modelled with
ribbon diagrams [Majl1], which are pictorial presentations for the computations one can
do in Rep(H). This allowed one to deduce quantum invariants of 3-manifolds from the
underlying pivotal braided tensor category: such as the Turaev-Viro state-sum invariants
[TV92; BW96], the multifusion invariants of Cui [CW17], and the modular invariants of
Reshetikhin-Turaev [RT91].

The above Turaev-Viro state sum model has seen a recent generalization to 4-dimensions,
known as the Douglas-Reutter model [DR18]. This is a state sum model which takes as
input a fusion spherical 2-category, and outputs a 4-manifold invariant. Similar construc-
tions had also been studied by Mackaay [Mac00; MP; Mac99], but the 2-ribbon calculus
underlying the Douglas-Reutter model served tantamount importance.

Nevertheless, these invariants are not modular, and a 4-dimensional analogue of the
Reshetikhin-Turaev invariant is still unknown. For this, one requires the notion of a

"We emphasize that this model change would not be possible in the strict Baez-Crans sense, as 2Vect B¢
is known to be completely strict, while 2Vect™ " cannot be strictified.
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ribbon tensor 2-category, in which both the braiding and the twist operations of the
underlying tensor 2-category play a central role. Algebraically, we expect such higher
ribbon structures to be captured by ribbon Hopf 2-algebras. We shall pursue this line
of thinking in a followup work, in an effort to construct a 4-dimensional analogue of the
Reshetikhin-Turaev modular functor.
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A. Hopf 2-algebras

Recall in the usual 1l-algebra case that a Hopf algebra H is by definition a bialgebra
equipped with an antipode S : H — H which is an anti-algebra and anti-coalgebra map,
satisfying

0 (ld®S)o A =-0(S®id) oA =nog,

where -, A are the product/coproduct on H and 7, e are the unit/counit maps. Corre-
spondingly, we shall define a 2-Hopf algebra G as a 2-bialgebra equipped with an appro-
priate notion of an antipode S: G — G.

Opposite 2-algebras. Recall that any algebra A comes with an ”opposite” algebra A°PP
for which the algebra structure is written ”backwards”; the multiplication is given by

ARA— A, r @2 — 2.

Similarly, an opposite 2-algebra G°P of a (strict) 2-algebra G consist of opposites
Go™, GP of the graded components of G, and a ”"swapped” Gp-bimodule structure on

G_1:
P G®Ga — G PP G I®G — G

O, 9 o A.l
Ty > yx=x7y Yy  — z-y=y- . (A&-1)

In other words, the left Gyg-module structure of G_; is swapped with the right one. It is
easy to see that the equivariance property and Peiffer identity for ¢ still take the form
(2.5), (2.6).

Antipode and Hopf 2-algebras. In analogy with the 1-algebra case, an anti-2-algebra
map on G is equivalent to a 2-algebra map G — G°PP into the opposite 2-algebra GPP as
defined above. More explicitly, an anti-2-algebra map ¢ : G — G has graded components
®o0,-1 : Go—1 — Go—1 as anti-algebra maps, such that ¢ot = t¢_; and

¢-1(z-y) = d-a(y) - Po(2),  Oa(y-2) = ¢o(x) - 9-1(y)

for each x € Gy, y € G_1.
This allows us to define an antipode Sy = (S¢,S)) : G — G as an anti-2-algebra map
on G such that

o (id®SH oA = o(S;®id) oA =n 164,
0 (id®@Sy) 0 Ay = -0 (S;®id) 0 Ay = 1160,
0 (Id®SY) o AL = -0 (S)®id)o Al = n_ieo, (A.2)

where -, A are the 2-bialgebra product/coproduct and 7, € are the unit/counit on G.
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A.1. DEFINITION. A (strict) 2-Hopf algebra is a Hopf algebra object in 2Vect®® . Equiv-
alentlly, it is a (strict) counital 2-bialgebra (G,-, A €), as in Definition 2.14, equipped
with an antipode Sy satisfying (A.2).

Note (A.2) directly implies that (G_1,A_;,S}) forms a Hopf algebra. Furthermore,
recalling the definition (2.19) Ay = 3D/ Ay of the coproduct in degree-0, as well as the
property that tn_; = ny, we have

0 (iId®Sy) 0 Af = -0 (S ®id) o Af = mp 0 €9

from (A.2), as the t-map by definition intertwines between the antipodes Sit = tS;.
As such, (Go, A}, S7) itself forms a Hopf algebra for which the ¢t-map is a Hopf algebra
map, given the conditions (2.18), (2.20), (2.22), (2.24) hold. Moreover, the 2-coalgebra
compatibility conditions (2.31) implies that H_; = (G_;, A_1,S}) forms a Hopf bimodule
algebra over Hy = (Go, A}, SY).

In other words, our definition of a strict 2-Hopf algebra gives rise to a crossed-module
of Hopf algebras ¢ : (G_1,A_1,5}) — (Go, A}, SY), which is precisely the definition of
a "cat!-Hopf algebra” of [Wag2l]. We are able to go even further, as we are able to
introduce the 2-R-matrix, as well as study the monoidal weakening of G. We shall say a
bit more about the former in the following.

Quasitriangular strict Hopf 2-algebras. Now let (G, A, R) denote a quasitriangular
2-bialgebra, equipped with the 2- R-matrix R. Recall that an antipode S : G — G is a
anti-2-algebra map on G such that (A.2) are satisfied. Together with the 2- R-matrix and
(3.26), it follows that we must have

(So @R -R" =0}, (S @i)R"-R' = 7%,
([dRSHR" R =n*®,  (dRSHR'-R" = n*S. (A.3)

Note here that, as the skew-paring (-, -)g is non-degenerate (the "quasi” in quasitrian-
gular), the 2-R-matrix components R"" are square and hence admit uniquely defined
inverses as square matrices.

A.2. DEFINITION. Such a tuple (G,A,R,S) satisfying (A.3) defines a strict quasitri-
angular strict 2-Hopf algebra.

If G = kG were the 2-group algebra constructed from (2.15), then the algebra action - is
simply matrix product, and we recover the usual notion that (S ®id)R, (id®S)R = R~}
provided R is quasitriangular.

To not bloat up this paper anymore than we already have, we conclude this section by
noting that the embedding in Remark 2.33 extends to (quasitriangular) Hopf 2-algebras,

HopfAlg < 2HopfAlg,  Hw— H = H % H.

The antipode on H is simply two copies of that S on H, and (A.2), (A.3) is automatically
satisfied as the coproduct components A_; = Ay = A} and the R-matrices R = R all
coincide; see Section 2.14.1.
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In general, we should consider a weakened form of this 2-Hopf structure, based on
weak 2-bialgebras that we have introduced in the main text. In particular, there is a
”cochain homotopy” component S; : Gy — G_; to the antipode which ”deforms” the
relations (A.2), (A.3). We shall study this structure in more detail in a followup paper.

B. Classical limits of (weak) 2-bialgebras and 2- R-matrices

In this section, we prove that the notion of 2-quantum doubles we have defined in Section
3 in the main text reproduces the known notion of 2-Manin triples of Lie 2-bialgebras
[BSZ13; CG22] in the classical limit. We shall also examine the quasi-weak case and show
that a weak/quasi-2-bialgebra as defined in Definition 4.6 reproduces a weak/quasi-Lie
2-bialgebra as defined in [CSX13a; CSX13b].

Classical limit and the Lie-ification functor. Given an (associative) algebra A €
Alg, ., it is well-known [Majl1; Wag21] that there is a Lie-ification functor L : Alg, —
LieAlg that assigns A to its ”classical” Lie algebra g(A). The Lie bracket is given by the
commutator [X, X'] = XX’ — X'X, where X € g(A) is the image of an element z € A
under £. The associativity of A implies the Jacobi identity of [-,-]; note A only needs
to be left-symmetric (not necessarily associative) in order for g(A) to enjoy the Jacobi
identity [BSZ13].

There is a left-adjoint to the Lie-ification functor given by the universal envelope
U : g+~ Ul(g), which can be understood as a ”quantization” map [Maj94]. There is an
analogous result for associative 2-algebras [Wag21].

B.1. LEMMA. The Lie-ification functor L : 2Alg,.. — Lie2Alg lifts to associative 2-
algebras (see Definition 2.5 ), where g(G) = L(G_1) - L(Go) is a Lie 2-algebra with

X>Y=X-Y-Y X, X =L(x), Y =L(y),

where x € Gy, y € G_1. Moreover, the universal enveloping functor U also lifts to Lie

2-algebras U(g) = U(g_1) LN U(go), such that U is left-adjoint to L.

In the following, we shall write [-,-] : g** — g as the binary Lo-bracket on g, which
consists of the Lie bracket in gy as well as the action > of go on g_; [BSZ13; CG22].

Note Lie-ification £ is a functor. This means that, in particular, it sends a 2-algebra
representation p : G — End(V) on 2-vector space V to a Lie 2-algebra representation
L(p) : g(G) — gl(V) as defined in [BSZ13; Angl8].

B.2. LIE 2-BIALGEBRAS AND THE 2-CLASSICAL DOUBLE. We now extend the above
lemma to associative 2-quantum doubles. Let (G,-, A) denote a strict 2-bialgebra as
defined in Definition 3.2, and let (G*, -*, A*) denote its dually-paired 2-algebra. We put
g = L(G) and g* = L(G*) as the corresponding Lie-ification of these 2-bialgebras.

The Lie-ification procedure can be understood loosely as an ”expansion”, or lineariza-
tion, z ~ 1 + X near the identity. Indeed, we have

' — e~ (1+X)1+X) -1+ X1+ X) ~ [X,X]
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modulo terms of higher order. We make use of this notion on the coproduct (2.16),

and also perform a skew-symmetrization, in order to define a Lie 2-algebra 2-cochain
L(A)=d=10_1+ 3 on g,

5,1(Y) = }/(1) Al+1A Y'(Q),
0o(X) = [Xy = Xip] A1+ 1A [Xp — X(y)]
= X(l) Al+1A X(Q), (B1>

where we have made use of the Sweedler notation (2.17), and the conventional notation A
to denote skew-symmetric tenor products. Note the skew-symmetrization G_; A Gy lands

as a subspace in G_1 ® Gy DGy R®G_1.
In degree-0, we have of course also the coproduct Af defined in (2.19). It gives rise to
a Lie algebra cochain on £(Gy) = go by

(56(X) = X(l) AL+1A X(z) = tX(l) Al+1A X(g),

where X(1), X(2) have been given in (B.1).

B.3. PROPOSITION. The Lie-ification functor L sends a strict 2-bialgebra (G, A) to a Lie
2-bialgebra (g,9).

PROOF. Recall (g,0) is a Lie 2-bialgebra iff § is a Lie 2-algebra 2-cocycle [BSZ13]. There-
fore it suffices to show that the 2-cochain defined in (B.1) is a 2-cocycle. This shall follow
from the fact that (G, -, A) is a 2-bialgebra — namely the coproduct map A (2.16) satisfies
(2.22), (2.24) and (2.31).

First note that (2.22) and (2.24) for the coproduct A translates directly to the condi-
tions

tR1+1Qt)0_ =dyot, (tR1—1®t)d =0

for the 2-cochain 6 = 6_1 + dp. Now by a direct computation using (B.1), the condition
(2.31) implies

o[X, X'l = 6(XX')—6(X'X)
= X(l)Xél) Al+1A X( )X(I 2)
— (Xn X A 1+1 A Xy X))
= X, X(l)] AL+ 1A [X), Xy
= tX(l) > X(l) Al+1A [X(Q) X(,2)]

= (X > ®]. +1 ® adX(Q))&)( ) (XEI) > ®1 +1 ® adXEQ))(So(X),

where we have used the the Peiffer identity and the fact that X 1) = tX(1) inherited from
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the constraints (2.30), and

SAXBY) = 64(X-Y) =5 (Y-X)
= Xu Yo Al+1aXp Yy
— (Yo - Xy A1 =1 A Yoy X))
= XYy Al+la(Xe>Yy)
[X), Yl A1+ 1A (Xg) > Vg)
= (adx,, ®1 + 1® X9)>)5_1(Y) — (ady,, ®1 — 1® Ty, )d6(X),

where X (2) = X(2). These are precisely the Lie 2-algebra 2-cocycle conditions for § [BSZ13;
CG22). n

Now the characterization result in [BSZ13] states that (g, g*) form a matched pair of
Lie 2-bialgebras iff § is a Lie 2-algebra 2-cobracket on g, namely § satisfies the 2-coJacobi
identities. For the 2-cocycle § = L£(A) defined in (B.1), this is guaranteed precisely by
coassociativity (2.22), (2.24). We have therefore the immediate corollary:

B.4. COROLLARY. Suppose (G,G*) form a matched pair of strict 2-bialgebras. The Lie-
ification functor L sends a 2-quantum double D(G) = GG* to a 2-Manin triple d = g i<
g*[1].

In other words, our construction of the 2-quantum double D(G) admits the classical 2-
Drinfel’d double as a classical limit, which directly categorifies an analogous statement

between the general quantum double construction of Majid [Majo4] and the classical
Drinfel’d double [Sem92].

B.5. THE CLASSICAL 2-r-MATRIX. Let us now turn to the classical limit of the 2-R-
martrix as defined in Section 3.11. Prior to that, we first describe one of the key properties
of the duality pairing on a 2-quantum double, namely its nvariance. This is expressed
by, for instance, (6.4) in the case of the coadjoint representation. For the sew-pairing
(-, sk forming the 2-quantum double D(G,G) = G=G°PP, however, G acts on GPP via its
underlying (opposite) 2-algebra structure, which means that the skew-pairing satisfies the
invariance property

(@2, o = =@ g, @y, Ha = U fa, S wa =~ f Pae
Given the adjoint action > = (T, (>, >_1)) of G on GPP,
r>og=g-x, axbaf=fr, T, f=f-y,
this invariance property translates to the following conditions on the 2- R-matrix R,
(z-®1+1®z>¢)R' = 0, (z-®@)R"+(1®z>_1)R' =0, (f-®1+1®f>0)R" = 0.

Consider the first and last conditions with = f € Gy. They can be rewritten equivalently
as the conditions

(z- @R '+ 1@ a>0)R" =0, (z-@NR"+ (1Qx>0)R =0,
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which together with the second condition may be compactly expressed as, using the graded
sum,

(>®1+1®a>)(R+0(R)) =0, V x € Gy, (B.2)

where o is a permutation of the Gy, G_; components.
Let us now finally recover the classical 2-r-matrix. This is once again accomplished
by taking the Lie-ification functor on the quantum 2-R-matrix, vt = L(R) € g® g, whence

g1 ®goot =L(R"), g ®g_ 2t = L(RY. (B.3)
The equivariance condition (3.28) clearly implies
Dyt =0, (B.4)
while applying the Lie-ification functor £ to (B.2) gives
[X®1+1® X,t+0(r)] =0, X = L(z) € go.

Here, we have used the fact that the adjoint action p of G on itself gives rise to the adjoint
representation ( using the graded Lie bracket) £(>) = [-, -] of g on itself [BSZ13].

Finally, we consider the 2-Yang-Baxter equations (3.29). We sum each equation in
(3.29) in the total graded complex G3®, and rearragnge them to the form

0 = ( 131 Rl ) (R12 T ) 53)
+ (Rls 1 Ri5) Ry = Ri5(Ris » Ras))
+ (R 5(Rig r ) (Riy 1 Riz) RS 5)
+ (( 23 TR )R12_Rll (R 13 lR )) (B-5)

Applying the Lie-ification functor £ to this equation yields

0 = ([t7{3a tl12] + [ths, v13] + [, tl12]) et + ([tl237 T3] + [tl237 o] + [tls, t§2]> |irr
+ ([tll3at7{2] + [thy, thg] + [tl237t7£2]) lur + ([tgsatll?,] + [ths, thy] + Msatllz]) it
where the subscripts indicate where each term came from in (B.5).

Consider the two places in which th,t], occurs in the above. These terms take the
form respectively in Sweedler notation

thtlalirr = o ® tl(l)tq("z) ® tl(z) “1-1,

thstlalur = -1 ® tl(1)t7(42) ® tl(z)nm
where 19, 7_1 are the units in Gy, G_;. By using the Peiffer identity and the equivariance
condition (B.4)

() @ty = @Y = 1@ )" = 3y ® (tr(y),
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we can compute that

tl23t§2|llr = t?1) N1 ® tl ( ) ® tl(2

= t(1)77—1 ®t(1 2) ® tl(2 =t
= thy -ty = Th3 1 Uy
As such, we have
[ths, t1o] = [th, vl = [thy, 1],
and hence collecting all terms from the above gives

T

[t1, tia] = [tla, ¥ia] + [t]o, vig] + [tho, vig] + [th, vi5]
[t13, 23] = [v]3, ths] + [T, t123] + [tllsa ty3] + [tllsa t123]
[t12, 23] = [¥]a, ths] + [y, t123] + [ely, ty3] + [t]a, t123]
This is precisely the 2-graded classical Yang-Baxter equation of [BSZ13]
[t,c] = [t12, i3] + [v13, vas] + [t12,t23] = 0

for the expansion v = L(R) = t" + t\.

B.6. THEOREM. R admits v as a classical limit: the Lie-ification functor sends the 2-R-

matriz to a 2-graded classical r-matrix.

In other words, the ”quantization” of the classical 2-r-matrix and the associated Lie

r
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thstholir = ty70 @ (te(yy) - Ty @ ¥gy - 11
= (teyy) - n1 ®t(1) tlo) ® T = (Mo @ T(yy * Tzy @ (t¥(y)) * 11
(W) ®¥1) 1 ¥z) @ TzyN-1

2-bialgebra g yields a 2-R-matrix with the associated quasitriangular 2-bialgebra G, as

expected from (1.1).

B.7. WEAK LIE 2-BIALGEBRAS. We now prove the weak analogues of the classical limit

for 2-bialgebras.

B.8. LEMMA. The Lie-ification functor L : Alg — Lie extends to weak 2-algebras, as-

signing (G, T) to a weak Lie 2-algebra (§(G), pus) where the homotopy map ps is the total

skew-symmetrization of T .

PROOF. We construct the Lie 2-algebra structure as in Lemma B.1. Let U3 = LoT oL
denote the induced trilinear map on £(G). We apply L to the Jacobiator J(X, X', X”) =

[ X7 XP]] o+ [X [X7 X+ (X [ X7,

JIX, XL X)) = X(X'X") = X(X'X') = (X'X")X + (X"X')X
FX(X'X) - X'(XX") — (X"X)X' + (XX") X'
FX(XX) = X'(X'X) — (XX)X" + (X' X)X"
= tUs(X, X, X") = tU(X, X", X') + tUs(X', X", X)
— tU5(X, X, X") + tUs(X", X', X) — tUs (X", X, X')
= HU(X, X, X") = Us(X, X", X') + Us(X', X", X)
— Us(X', X, X") + Us(X", X, X)) = Us(X", X, X),

Y



1502 HANK CHEN AND FLORIAN GIRELLI

where we have used the weak 1-associativity condition for G. Similarly, for J(X, X" Y) =
X>X'>Y)-X'>(X>Y)—-[X, X']|>Y we have
J(X,X’,Y) = t(U3(XaX/atY) _U3<X7tKX,) +U3(X,7tKX)
— Us(X', X, tY) + Us(tY, X, X") — Us(tY, X', X),

hence if we define the total skew-symmetrization

us(X, X' X" = Us(X, X', X")—Us(X, X", X') + U3 (X', X", X)
_UB(X/aXa X”) + U3<X”7X> X/) - U3(X”>X/>X)>
then weak 1-associativity implies the 2-Jacobi identity on £(G).

Using the Peiffer conditions on this fact, we see that the weak bimodularity condition
also implies the 2-Jacobi identity, with two tY’s inserted in Uj instead. Similar com-
putations show that the Hochschild 3-cocycle condition for T implies the Lie 3-cocycle
condition for pus.

Finally, let F': (G,T) — (G',T’) denote a weak 2-algebra homomorphism as defined
in (4.1). By applying the Lie-ification functor and appropriately skew-symmetrizing 7, 7"
and the 2-algebra structure, we recover precisely the definition of a weak 2-algebra map
L(F):(g,u) — (¢, 1) [Bae+07]. Thus L is functorial. =

Similar to the Lie 2-algebra 2-cocycle (B.1) defined from the coproduct A, we form
the classical limit of the coassociator A; by totally skew-symmetrizing and linearizing it,
such that we have the Lie cochain

H(X) =X ALTALT=1AXgAl+1TALAXq), X e go = L(Gy). (B.6)
It is not hard to see by, for instance, dualizing the computations in the proof of Lemma
B.8, that the conditions (4.3), (4.5) reduce to
d 1001 = ot cf. (42) in [CSX13a]
(01 +dp)0dg = Dyody, cf. (43) in [CSX13a],
0100yp = 0_100, cf. (44) in [CSX13a].
Let (G,T,A;) be a weak 2-bialgebra as given in Definition 4.6. The conditions (4.7)
translate directly to
o1 (ps(X, X', X)) = MS(X(l)aX(/1)>Xf/1)) A M3(X(2)aX(/2)a)_(€lz)),
a([X, X)) = [Xa, X(pl ATAT =14 [Xg), Xg]l A L+1TAT1A[Xg), X(3],

which are precisely the conditions for a weak-Lie 2-bialgebra (g, us, d) [CSX13b], expressed
explicitly. In other words, we have the weak version of Proposition B.3:

B.9. PROPOSITION. The Lie-ification functor takes a weak 2-bialgebra (G, T, A) to a weak
Lie 2-bialgebra (g, 1, 0), with the 2-cocycle data given as in (B.1), (B.6).

Note that this is a general result, which does not require the skeletality assumption on
G. When T = 0 and u3 = 0, we recover the conditions for a quasi-Lie 2-bialgebra studied
also in [CSX13a].
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C. Module 2-categories and 2-representation theory

As mentioned in Remark 6.3, the weak 2-algebras live in the homotopy refinement 2Vect"?¢

of the 2-category 2Vect?C of Baez-Crans 2-vector spaces. We now show that the 2-
representation theory developed here is nothing more than the 2-category of G-modules
over the 2-category 2Vect"P¢.

Recall briefly some key aspects of modules in a 2-category D of (certain types of)
categories [Del22; DT24].

C.1. DEFINITION. Let C € D denote a monoidal category. The 2-category Modp(C)
of C-modules in D consist of objects D € D equipped with a C-action 1-morphism
>:C x D — D and a set of pseudonatural transformations (the associators)

Oéxy|D2(X®Y)I>——>XI>(Y|>—)

for each XY € C, satisfying the module pentagon relations up to a possibly non-trivial
module pentagonator 2-morphism wxyz. The 1-morphisms are C-module functors, and
the 2-morphisms are C-module natural transformations.

Crucially, the module pentagonators m must satisfy on the nose a coherence condition,

called the associahedron condition. The explicit expressions of these conditions can be
found in [Del22; DT24].

Consider a 2-bialgebra G as an algebra object in D = 2Vect"“. Evaluating an
action 2-functor > : G x 2Vect"?Y — 2Vect"PC on the object V gives precisely a weak
2-representation p : G — Endyynse(V) = End(V) of G on V e 2Vect"?“ | as we have
defined in the main text.

C.2. THEOREM. Weak 2-representations are G-modules in 2Vect"PC :

ZRGPT(g) = MOdZVecthBC (g) :

PRrROOF. As foretold, we reconstruct the module associator a and pentagonator 7 of the
G-modules V € 2Vect"¢ by taking

Uyalv = (P0(21), po(22))(V), Ty = Tpo(21), po(2), po(w3)) (V) (C.1)

where p = (0, p0,p1) : G — €End(V) is a weak 2-representation and ¥ is the Hochschild
3-cocycle on End (V). We now proceed level by level.

Objects. We identify the action 2-functor > as the weak 2-representation p such that
x>V = po(x)V for each z € Gy. An arrow x>V — 2’ >V is therefore expressed as

p1(y)V, where y € G_; is interpreted as a 2-morphism z = 2/ between z, 2’ = x + ty

[Wag21; BCO04], or simply by pi(y). What we need to prove is the pentagon relation
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between «, 7, as well as the associahedron condition for 7. The pentagon relation can be
written as

v p1(T (z1,22,23)) ( v o(z1,2223)

<<$11’2>I3) > Il(xzﬂig)) > x> ((.’]72333) > V)

o(@122,x3) % po(z1)o(z2,23)
(2122) > (23> V) ez ) r 11 D> (22 > (23> V)))

Rewriting 7 in terms of the 3-cocycle ¥, we have

T(po(w1), po(x2), po(w3)) = —o(x122,23) — o(1, 22)po(73)
+ pi(T (w1, 22, 23)) + 0(21, 2273) + po(71)0(T2, 3),

which is nothing but the last equation of (4.1). It is then easy to see that the associahedron
condition follows from the Hochschild 3-cocycle condition for ¥.

2-intertwiners. Recall the notion of weak 2-intertwiners that we have given in Def-
inition 6.7. By treating V as a G-module 2-category and taking t>,>’ as the action
2-functors corresponding to the 2-representations p, p’, we equivalently characterize the
cochain homotopy I as a collection of invertible natural transformations I, ; : i(e > V) =
e >’ i(V), such that the following pentagon relation

Im/’i ’ ’ .
i(po(aa’) V')  phlaa’) o i(V)

ioo(z,x") o' (z,z")oi

. / L2,i®id o0y . / Po(2)®Ly ; / 1o :
i(po(x)po(2)V) ———— pi(x) o ipo(2")V) ——— po(x)ph(a’) o i(V)

follows directly from (6.6) This recovers precisely the notion of a G-module functor [DT24].
Notice no pentagonator appears here, as this is a relation on the 2-morphisms in 2RepT(g )
and hence a pentagonator for it would have to be a 3-morphism.

Modifications. Now let us consider the notion of modifications in 2Rep” (G) we have
defined in Definition 6.8. The condition (6.9) is equivalent to the composition of 2-

morphisms (id,yq) @) * Iz = Iy * p, which is exactly a module natural transformation
[DT24]. n
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We show in this Section that End(V') can be interpreted in the context of module
2-categories.

We first recall briefly some key aspects of a module 2-category [Del22; DT24]. To
be more concrete, let C denote a semisimple (monoidal) 2-category. A C-module 2-
category is a k-linear semisimple 2-category D with a C action 2-functor > : C x D — D
and a set of adjoint natural equivalences (the associators)

axyja: (X®Y)>A—- X (Y>A)

for each X,Y € C and A € D, satisfying the module pentagon relations up to a possibly
non-trivial module pentagonator 2-morphism 7xyz 4. These pentagonators must satisfy
on the nose an additional coherence condition, called the associahedron condition. The
explicit expressions of these conditions can be found in [Del22; DT24].

C.3. HIGHER-REPRESENTATIONS OF 2-GROUPS. For simplicity, consider the special case
of a finite skeletal 2-group G = G_4 4 Gy, where 1 = 19 denotes the group unit in Gy,
and take the corresponding 2-group algebra kG via part c¢) of Example 2.9.1. We also
assume G splits, namely it has a trivial Postnikov class 7 = 0 (and hence the Hochschild
3-cocycle T = 0 is trivial on the associated 2-group algebra kG).

Recall the definition of a 2-representation of G in 2-category D in Definition C.1.
As shown in Theorem C.2, if we take D = 2Vect"®“ then we recover the weak 2-
representations as defined in Definition 6.4 — cochain homotopies play the role of
natural transformations/2-morphisms in this setting.

On the other hand, one typically considers the 2-category C = 2Vect®" of Kapranov-
Voevodsky 2-vector spaces [KV94] in the usual literature [Bae+12a; DR18; Del22; DT24;
Bar+24; BBG23]. We shall denote the former 2-representation 2-category by 2Rep(kG),
and the latter by 2Repg.

It is clear that the weak 2-representation theory developed in this paper hosts non-
trivial k-invariants, and does hence indeed bypass the results of [HE16]. We will now
show moreover that, specifically for finite 2-groups, the k-invariants in 2Rep(kG) are in
bijection with those found in 2Rep; in recent literature.

Since t = 1 and by definition o(z,1) = p(1,2) = 0, the left-bimodule structure in
particular is respected pi(z - y) = po(z)p1(y) from (6.2). As the left-bimodule action -
coincides with the group action > by construction (2.15), this implies the condition

plr>y), = P(?J)p(:p)v, Ve e Gy, veV

for each y € G_1, which has also appeared in the 2-representation theory 2Rep. based on
the Kaparanov-Voevodsky setting [DT24]. However, in there we also have the following
data

1. The composition of elements x € Gy is preserved only up to an invertible natural
transformation

~

Payzo p(x1) o p(x2) = p(x172),
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satisfying
Pzyaoms * (idp(an) Opwz,ms) = Pzizo,z3 * (pm,xz © idp(afs))a (C.2)

where * is the composition of 2-morphisms.

2. A l-morphism 7 : p — p' between two 2-representations assigns an object i, €
Fun(p(pt), p'(pt)) and an invertible natural transformation i, : i;op(z) = p'()oiy,

to each x € Gy satisfying

<p3317$2 © idipt) * (idp(m) Oixz) * (il'l © idp(ﬂﬁz)) = i$1$2 * (idipt Opr1,12)7 (CS)

as well as the naturality condition

iz * (idiy, op(y)) = (p'(y) 0 idyy,) *ix (C4)
for each x € Go,y € G_;.

3. A 2-morphism p : i = 7' between two 1-morphisms assigns a natural transformation
ps € Fun(ipg, 77, ) satisfying

(idp(x) O,U,*) * Z'x = Z; * Ly (05)

Now let p = (0, po, p1) € 2Rep(kG) denote a weak 2-representation as we have defined
in the main text. We will demonstrate that an identical set of coherence witnesses are
encoded in Definition 6.4.

e We identify the invertible natural transformation p,, ., with o(po(z1), po(z2)) for
each x1,x9 € Go; as 7 = 0 is trivial, the Hoschild 3-cocycles T, % are both trivial,
whence last equation of (4.1) implies (C.2).

e Take p(x) = V and p/(x) = W, a l-morphisms i, clearly denote a cochain map
1:V — W. We identify the invertible natural transformation ¢, with the cochain
homotopy I, ; defined in Definition 6.7, whence (C.3) is equivalent to (6.6). More-
over, as G is skeletal t = 1, the 2-morphisms id; op(y), p(y) oid; are self-modifications
p i =1oni=iy, whence (C.4) follows from (6.9).

o We identify the 2-morphism p, with a modification p as defined in Definition 6.8.
(C.5) then clearly follows also from (6.9).

The set of k-invariants in 2Rep” (kG) = Mody,nse (kG) — coming from A,-algebras —
therefore coincide with that coming from 2Rep, = Mod,yexv (G). This fact is crucial
for the main result in [Che23].
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