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HOPF 2-ALGEBRAS AND BRAIDED MONOIDAL 2-CATEGORIES

HANK CHEN AND FLORIAN GIRELLI

Abstract. Following the theory of principal 8-bundles of Niklaus-Schreiber-Steveson,
we develop a homotopy categorification of Hopf algebras, which model quantum groups.
We study their higher-representation theory in the setting of 2VecthBC , which is a ho-
motopy refinement of the notion of 2-vector spaces due to Baez-Crans that allows for
higher coherence data. We construct in particular the 2-quantum double as a homo-
topy double crossed product, and prove its duality and factorization properties. We
also define and characterize ”2-R-matrices”, which can be seen as an extension of the
usual notion of R-matrix in an ordinary Hopf algebra. We found that the 2-Yang-Baxter
equations describe the braiding of extended defects in 4d, distinct from but not unlike
the the Zamolodchikov tetrahedron equations. The main results we prove in this paper
is that the 2-representation 2-category of a weak 2-bialgebra is braided monoidal if it is
equipped with a universal 2-R-matrix, and that our homotopy quantization admits the
theory of Lie 2-bialgebras as a semiclassical limit.
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1. Introduction

It is well-known that the algebra of excitations in 3D BF theory (equivalent to a Chern-
Simons theory [Wit88; OS13; CG22]) for a given gauge group is described by its Drinfel’d
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double quantum group [DDR17; Dup+25; OS13], which forms a quasitriangular Hopf
algebra [Maj90; Maj11]. The tensor category of its representations has equipped very
important monoidal structures that capture the essential topological properties of the
underlying topological field theory. In particular, the universal R-matrix equipped on
a Hopf algebra H defines the braiding map b “ flip ˝ R on its representation category
ReppHq.

The fact that the modules of such quantum group Hopf algebras are braided means
that ReppHq furnishes a representation of the Artin braid group [Maj90], which allows
quantum invariants of knots and tangles to be developed from the Hopf algebra machinery.
This was first pointed out byWitten [Wit90] in which the Jones polynomial knot invariants
were recovered from modules of the quantum Uqpsup2qq symmetry of SUp2q-Chern-Simons
theory. Indeed, the deep connection between Hopf algebras and 3d geometry/topology is
well-known [Hop41; Bor53].

The well-known 2d toric code [Kit03] is another fruitful example of such construction.
It has been shown to be described by a 3d Z2-gauge BF theory with the underlying Drin-
fel’d double DpZ2q symmetry. Moreover, the theory of non-degenerate fusion categories,
modelling 3-dimensional gapped topological phases and their boundary excitations, are
now very well-understood [KK12; CGW10; KW14].

The characterization of quasitriangular Hopf algebras/quantum groups, as well as
its R-matrix, plays also a central role in the theory of quantum and classical integrable
systems [Tom13; Adl78; OT03; Meu21]. In particular for 1-dimensional spin chains such as
the Toda lattice [Adl78] or the XXX/XXZ/XYZ family of Ising spins [Zha91], obtaining
the quantum R-matrix is equivalent to solving the entire model, through the method
known as quantum inverse scattering.

One might wonder how these different examples extend to a dimension up. For exam-
ple, one might wonder what is the right tool to characterize the algebra of excitations in
a 4d BF theory, or any higher-dimensional topological phases in general [Bul+17; LW19;
Kon+20], such as the 4d toric code [HZW05; KTZ20a; EN17]. In a similar way, given the
well-studied integrable systems are typically in 1+1 dimension, one could wonder what
would be the relevant structure for an integrable system in 2+1 dimension.

According to the dimensional (or categorical) ladder proposal [CF94; BD95; Mac00],
one way to obtain the relevant structure is through categorification. In fact, several
constructions already point to the efficiency of using 2-categories (arising from for instance
higher-representation theory [Neu97; Bae+12a; DR18; DT24]) to describe a 4-dimensional
gapped topological phases, such as the 4d toric code [HZW05; KTZ20a; EN17].

The goal of this paper is to describe a categorification of the rich and fruitful theory
of quantum groups, starting from the theory of higher-dimensional L8-algebras of [BC04;
BS04; NSS14; CG16]. Together with the quantization step, which we understand as
taking a Lie algebra to a quantum Hopf algebras (cf. Drinfel’d-Jimbo quantization [Maj11;
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Sem92; Dri86] and Kontsevich ‹-quantization [Kon03]), we arrive at the following diagram,

Lie (or Poisson) algebra (Poisson) L8-algebras

(Hopf) algebras (Hopf) A8-algebras

categorify

quantize quantize

categorify

. (1.1)

As such, focusing on 4-dimensions, it follows that a categorical quantum group living
on the bottom-right corner of (1.1) can be modelled as a ”2-bialgebra” G in the A8

context. We shall construct such a structure starting from the strict/associative 2-algebras
of [Wag21], then consider a weakening of the associativity up to homotopy expressed by a
Hochschild 3-cocycle T on G. Moreover, we will substantiate the diagram (1.1) in Section
B, where we prove that we recover the known notions of Lie 2-bialgebras [BSZ13; CSX13a;
CSX13b] by taking an appropriate ”classical limit”.

A structure of particular interest that we will also construct is the 2-quantum double,
which is a ”categorical Drinfel’d double” generalizing the works of Majid [Maj90; Maj94;
Maj11]. We will prove some crucial structural theorems about this 2-quantum double
construction, such as quasitriangularity and self-duality. We explicitly demonstrate that
these proofs run parallel to classical results for ordinary quantum doubles.

Next, we consider higher-representations of the weak 2-bialgebra G by examining its
action on 2-vector spaces. We emphasize that the 2-representation theory based on the
Baez-Crans notion of 2-vector spaces [Ang18] 2VectBC , which is equivalently a category
internal to Vect [BC04], is insufficient for our purposes [HE16]. Instead, we shall base
our ”weak 2-representation theory” on a modified version of 2VectBC , which we denote
simply by 2VecthBC . More precisely, if we think of V P 2VectBC as a Vect-algebra in
the bicategory Cat of (small) categories, then V P 2VecthBC can be thought of as as
psuedo-Vect-algebra [Fio06].

The 1- and 2-morphisms in this 2-category 2VecthBC are modelled respectively by
cochain maps and cochain homotopies equipped with homotopy witnesses for associativity.
In particular, the endormophism 1-categories of objects in 2VecthBC by definition have the
structure of a 2-term A8-algebra. We shall show how the theory of A8-algebras [Sta63]
provides the necessary commutativity of all diagrams in this 2-category 2VecthBC .

We denote the resulting 2-category of weak 2-representations by 2RepT
pGq. Weakening

the 2-representations is sufficient, and in fact necessary [HE16], in order for it to carry
higher-homotopical data. These play very important roles in the following main result of
this paper.

1.1. Theorem.The 2-representation 2-category 2RepT
pGq of a weak 2-bialgebra pG, T ,∆q

is braided monoidal (á la Gurski [Gur11]), with trivial left-/right-unitors, if G is equipped
with a universal 2-R-matrix R.

We will, in particular, universally characterize the quantum 2-R-matrices on G which is
responsible for the braiding, and provide the categorified 2-Yang-Baxter equations it
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satisfies. The theorem is then proven by translating the 2-algebraic properties to struc-
tures of the 2-representations, and explicitly checking all coherence diagrams [Gur11;
KTZ20b]. We will further prove in the appendix that the weak 2-representation the-
ory we develop here do indeed host the necessary homotopy data as that studied in the
literature [Del22; DT24; DR18; Bae+12a].

There is then naturally a forgetful functor 2ReppGq Ñ 2VecthBC into the 2-category of
weak 2-vector spaces discussed briefly above, and not the Baez-Crans 2-category 2VectBC .
However, 2VecthBC does not coincide with 2-vector spaces of the Karpanov-Voevodskey
type 2VectKV [KV94] — this issue is currently under investigation by one of the authors.

Outline. Section 2 constructs a strict 2-bialgebra (where associativity is retained) fol-
lowing the definition of a strict 2-algebra/algebra crossed-module in [Wag21]. In Section
2.10, we begin by introducing a graded coproduct ∆ on G, and define the appropriate
notion for two 2-bialgebras to be dually paired. The 2-bialgebra axiom plays a central
role in this notion of duality, just as in the case of the usual 1-bialgebra. We also pro-
vide a classic example of the function 2-bialgebra on a 2-group, and verify explicitly the
2-bialgebra axioms.

Section 3 delves into the construction of the 2-quantum double DpGq associated to
a pair of mutually dual 2-bialgebras G,G˚. We prove key structural theorems about
DpGq, such as its factorizability and self-duality. Furthermore, motivated by Majid’s
construction of the generalized double [Maj94], based on the existence of a quantum R-
matrix, we introduce the notion of 2-R-matrix R and derive explicitly the ”2-Yang-Baxter
equations” that R satisfies. We demonstrate in particular how DpGq is in fact naturally
equipped with a universal 2-R-matrix.

In Section 4, we weaken our 2-bialgebra construction by introducing a Hochschild 3-
cocycle that witnesses associativity. We note that we obtain precisely a 2-bialgebra in
the A8 context, which fits into the diagram (1.1) as desired. We prove that there is once
again a well-defined notion of duality in this case by extending the 2-bialgebra axioms to
take the weakened associativity/coassociativity into account.

In Section 5, we generalize the 2-quantum double construction, as well as their struc-
tural theorems, to the weak case. We specialize to the skeletal case, where the structural
t-map is trivial, in order to leverage the construction given in the strict case.

In Section 6, we discuss directly the notion of weak 2-representations 2ReppGq living
in 2VecthBC , based on a modified notion of Baez-Crans 2-vector spaces. We discuss the
different key aspects of the 2-category 2RepT

pGq, namely the monoidal structure and
the braiding. We will in particular prove the naturality of these struvtures form the
underlying properties of the 2-bialgebra.

Finally, in Section 7, we prove the main theorem by explicitly checking all the relevant
coherence diagrams of a braided monoidal 2-category. We will moreover emphasize how
the fusion associators/pentagonators and braiding hexagonators arise from the homotopy
data attached to a weak quasitriangular 2-bialgebra pG, T ,Rq, as well as its weak 2-
representation theory 2RepT

pGq.
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We collect some supplementary but also important results that we have obtained in
the Appendix. In Section A, we provide an appropriate definition of an antipode in the
strict case, and examine briefly its properties.

In Section B, we prove that under an appropriate ”classical limit”, the quantum 2-
bialgebra and the universal 2-R-matrix that we have defined in fact recovers the Lie
2-bialgebra and the classical 2-r-matrix as studied in [BSZ13; CSX13a; CSX13b].

And finally, in Section C, we will demonstrate that the theory of weak 2-representations,
as developed in this paper, has the same homotopy theory as the 2-representation theory
of skeletal 2-groups as studied in the literature [DR18; Bae+12a; Del22]. The latter is
typically understood to be a symmetric monoidal 2-category, but our theory allows for
non-trivial braiding data for the 2-representations.

Acknowledgements. The authors would like to thank Matthew Yu, Theo Johnson-
Freyd, David Green, Liang Kong, and Matt Hogencamp for valuable discussions and
suggestions throughout the completion of this work.

2. Strict 2-bialgebras

Quantum groups are Hopf algebras, hence we expect to define quantum 2-groups as ”Hopf
2-algebras”. Different notions of 2-Hopf algebra have already been previously proposed in
[Maj12; Wag21; Pfe07; GS01], but we shall work primarily in the context of Baez-Crans
2-vector spaces [BC04].

A Baez-Crans 2-vector space V P 2VectBC is a category internal to the category
Vect of C-vector spaces. The following characterization result was obtained in [BC04].

2.1. Proposition. There is an equivalence 2VectBC
» 2ChpVectq with the 2-category of

2-term C-vector space chain complexes.

One side of the equivalence, given a V “ V1

s
Ñ
t
V0 P 2VectBC , is

V´1 “ ker s, V0 “ V0,

whence the map t : V´1 Ñ V0 defined by

µ1pfq “ x1
´ x, f : x Ñ x1

P V

determines a 2-term chain complex.

2.2. Associative 2-algebras. We begin with the following definition, then build up
to the definition of an associative 2-algebra in [Wag21].

2.3. Definition. Let G0,G´1 denote a pair of associative algebras. We say that G´1 is
a G0-bimodule if we have a left and a right action1 ¨l, ¨r of G0 on G´1 which commute.

px1xq ¨ y “ x1
¨ px ¨ yq, px ¨ yq ¨ x1

“ x ¨ py ¨ x1
q, y ¨ pxx1

q “ py ¨ xq ¨ x1 (2.1)

1We will often omit the subscript when there is no ambiguity.
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for all y P G´1 and x1, x P G0.

Equivalently we can demand that the following diagrams are commutative. We note
µi the multiplication in Gi, i “ ´1, 0.

The associativity of the multiplication is encoded in the usual diagram.

Gi b Gi b Gi

Gi b Gi Gi b Gi

Gi

idbµi

µibid

µi

µi

. (2.2)

The bimodularity conditions (2.1) read as commutative diagrams,

G0 b G0 b G´1

G0 b G´1 G0 b G´1

G´1

µ0bid

idb¨l

¨l

¨l

G´1 b G0 b G0

G´1 b G0 G´1 b G0

G´1

idbµ0

¨rbid

¨r

¨r

(2.3)

and the bimodule condition, the middle one of (2.1) is

G0 b G´1 b G0

G´1 b G0 G0 b G´1

G´1

¨lbid

idb¨r

¨r

¨l

(2.4)

If we introduce a homomorphism t between G´1 and G0, subject to some conditions,
then G´1 and G0 can be used to define a crossed module of algebras.

2.4. Definition. An associative 2-algebra G is an algebra object in 2VectBC.

Through the characterization Proposition 2.1, we equivalently have the following.
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2.5. Definition. An associative 2-algebra is a crossed-module of (finite dimensional)
associative algebras. More precisely, G is the data of a pair of associative algebras G0, G´1

and an algebra homomorphism t : G´1 Ñ G0 satisfying the following:

1. G´1 is a G0-bimodule,

2. t is two-sided G0-equivariant,

tpx ¨ yq “ xtpyq, tpy ¨ xq “ tpyqx (2.5)

for all y P G´1, x P G0, and

3. the Peiffer identity is satisfied,

tpyq ¨ y1
“ yy1

“ y ¨ tpy1
q, (2.6)

where y, y1 P G´1.

We call the latter two the Peiffer conditions. We denote an associative 2-algebra simply
by G, or by pG, ¨q to emphasize the bimodule structure. Let k denote the ground ring of the
2-vector space underlying G. We call G unital if there exists a unit map η “ pη´1, η0q :
k Ñ G such that

η´1y “ yη´1 “ y, η0x “ xη0 “ x, (2.7)

for all y P G´1, x P G0. Moreover, t should respect the units, ie. tpη´1q “ η0.

Note that one may consider G´1 first as a vector space and define its product with the
Peiffer identity. This notion is how one may show the bijective correspondence between
Lie algebra crossed-modules and 2-term L8-algebras [BSZ13; CSX13a]. However, in the
skeletal case, since the Peiffer identity is empty, which forces the product on G´1 to be
trivial.

2.6. Remark. If t ‰ 0 were non-trivial then the Peiffer conditions, together with bimod-
ularity, imply that

x ¨ pyy1
q “ px ¨ yqy1, ypx ¨ y1

q “ py ¨ xqy1, pyy1
q ¨ x “ ypy1

¨ xq

for each x P G0, y, y
1 P G´1. This puts strong constraints on the algebra action ¨, which is

not necessarily imposed in the skeletal t “ 0 case.

Equivalently, we can encode the different conditions defining the 2-algebra in terms of
commutative diagrams. The equivariance reads

G0 b G´1

G´1 G0 b G0

G0

¨l

idbt

t
µ0

,

G´1 b G0

G´1 G0 b G0

G0

¨r

tbid

t
µ0

(2.8)
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and the Peiffer identity is

G´1 b G´1

G0 b G´1 G´1 b G0

G´1

tbid

µ´1

idbt

¨l

¨r

. (2.9)

Finally the unit map is encoded in the following commutative diagrams.

Gi b Gi

k b Gi Gi Gi b k

µi
ηibid

– –

idbηi (2.10)

G0 b G´1

k b G´1 G´1

¨r
η0bid

–

G´1 b G0

G´1 b k G´1

¨l
idbη0

–

G´1

k G0

t
η´1

η0

2.6.1. Classification of 2-groups and associative 2-algebras. Recall a 2-group
is a connected 2-groupoid rG´1s, G0, pts [Bae+12a; Bae+12b], or equivalently its loop 1-
groupoid G´1 ¸ G0 Ñ G0 [DR18]. These are equivalent to the following crossed-module
description [CSX13a; Bae+12b].

2.7. Definition. The crossed-module model of a 2-group G is a group homomorphism
t : G´1 Ñ G0 together with an action ▷ of G0 on G´1 such that the following conditions

tpx▷ yq “ xtpyqx´1, ptyq▷ y1
“ yy1y´1 (2.11)

are satisfied for each x P G0 and y, y1 P G´1. The first and second conditions are known
respectively as the equivariance and the Peiffer identity.

A 2-group homomorphism, is a graded map ϕ “ pϕ´1, ϕ0q : G Ñ G1 such that

1. ϕ0 : G0 Ñ G1
0 and ϕ´1 : G´1 Ñ G1

´1 are group homomorphisms,

2. ϕ´1px▷ yq “ pϕ0xq▷1 pϕ´1yq for each x P G0, y P G´1, and

3. ϕ0t “ t1ϕ´1.

We say that two (strict) 2-groups G,G1 are elementary equivalent, or quasi-isomorphic,
if there exists an invertible 2-group homomorphism between them. The fundamental
classification result [ZLW19; KT17] is that
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2.8. Theorem. (Gerstenhaber, attr. Mac-Lane). 2-groups are classified up to
quasi-isomorphism by a degree-3 group cohomology class τ P H3pN, V q, where N “

coker t, V “ ker t.

τ is also called thePostnikov class in the literature [KT17; AP18; CG22]. Note V “ ker t
must be Abelian due to the Peiffer identities. The tuple pN, V, τq is known as Hoáng data
[AP18; NPN14], which was proven by Hoáng to classify ”Gr-categories”.

Similar to the case of 2-groups [BC04; Wag21], a 2-algebra homomorphism f “

pf´1, f0q : G Ñ G 1 is a graded pair of algebra homomorphisms that respect the underlying
bimodule structure; namely,

1. f0 : G0 Ñ G 1
0 and f1 : G´1 Ñ G 1

´1 are algebra homomorphisms,

2. f´1px ¨ yq “ pf0xq ¨1 pf´1yq and f´1py ¨ xq “ pf´1yq ¨1 pf0xq for each x P G0, y P G´1,
and

3. f0t “ t1f´1.

We say that two 2-algebras are elementary equivalent, or quasi-isomorphic, if there exists
an invertible 2-algebra homomorphism between them.

2.9. Theorem. (Gerstenhaber, attr. Wagemann [Wag21]). Associative 2-algebras
are classified up to quasi-isomorphism by a degree-3 Hochschild cohomology class T P

HH3pN , V q, where N “ coker t and V “ ker t.

See [Wag21] for a definition of Hochschild cohomology of an algebra. The Peiffer identity
implies that V Ă ZpG´1q is in the nucleus of G´1; it is in fact a square-free ideal [Wag21].
Note the nucleus is not the same as the centre, which have commutative (but non-trivial)
multiplication.

2.9.1. Example: group 2-algebras from 2-groups. Let k denote a field of char-
acteristic zero. One example of 2-algebras comes from using a 2-group G. One way to
construct a 2-algebra from G is to take the group algebra functor kG [Pfe07], and extend
the t-map linearly such that t : kG´1 Ñ kG0 is an algebra map. To form an associative
2-algebra, we need a kG0-bimodule structure on kG´1, which can be induced from the
group action

x ¨ y “ x▷ y, y ¨ x “ x´1 ▷ y,

where x P G0, y P G´1.
However, the subtlety here is that G0 acts by group automorphism, not algebra auto-

morphism,
x ¨ pyy1

q “ px ¨ yqpx ¨ y1
q ‰ px ¨ yqy1, (2.12)

which contradicts the condition listed in Remark 2.6 if t ‰ 0 or the group action ▷ ‰ 0
were non-trivial.

We are going to present three alternative ways to circumvent this issue, which will rely
on different properties of the 2-group G. We will therefore obtain three different resulting
2-algebras kG associated to G (depending on the properties of G).
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a) Wagemann’s quotienting construction. The first way to guarantee the functo-
riality of the map G ÞÑ kG follows [Wag21]. Essentially, this amounts to quotienting out
certain terms such that we can recover the algebra automorphism.

We begin with the group algebra kpG´1 ˆ G0q equipped with the balanced algebra
structure

py, xq ¨ py1, x1
q “ pyy1

` y ¨ x1
` x ¨ y1, xx1

q, x, x1
P kG0, y, y1

P kG´1,

and let π0 denote the projection onto kG0. Embed kG´1 ãÑ kpG´1 ¸ G0q by y ÞÑ py, 0q

as a subalgebra, and define the ideal

X “ kG´1 ¨ D ` D ¨ kG´1, with D Ă tpy, xq P kpG´1 ¸ G0q | tpyq “ ´xu

where D is the maximal subalgebra within the kernel subspace.
Explicitly, elements in the subspace D Ă kpG´1 ¸ kG0q satisfy tpyq “ ´x, and hence

consist of pairs py, xq “ py,´tpyqq parameterized by y P kG´1. The ideal X is then a
direct sum of elements of the forms

py1, 0q ¨ py, xq “ py1y ´ tpy´1
q▷ y1, 0q “ py1y ´ y´1y1y, 0q,

py, xq ¨ py1, 0q “ pyy1
´ tpyq▷ y1, 0q “ pyy1

´ yy1y´1, 0q

using the 2-group properties, where y1 P kG´1, x P kG0 are arbitrary.
We now form the algebra quotient kpG´1 ¸ G0q{X, and denote by π̃0 : kpG´1 ¸

G0q{X Ñ kG0 the induced projection map. Explicitly, this quotient consist of pairs
py, y1q P kpG´1q b kpG´1q such that

py1
´ y´1y1

qy “ 0, ypy1
´ y1y´1

q “ 0, y, y1
P kG´1. (2.13)

Put t̃ “ t|
ČkG´1

as the restriction of the t-map onto the kernel ĆkG´1 ” ker π̃0 — in other

words, ĆkG´1 consist of the G´1-invariant elements of kG´1 under both left- and right-
multiplication. The induced t-map then induces the following 2-vector space

kG :“ ĆkG´1
t̃

ÝÑ kG0 (2.14)

which has an associative 2-algebra structure. For a proof that this construction indeed
yields an associative 2-algebra, see Theorem 3.8.3 of [Wag21].

b) 2-group with adjoint action. The condition (2.13) is a very stringent requirement,
especially in the t “ id case. As an alternative, we can follow a different route when the
2-group action is given by the adjoint action. In this case, to guarantee the functoriality
of the map G ÞÑ kG, one needs to find bilinear maps ¨ : kG´1¸kG0‘kG0bkG´1 Ñ kG´1

satisfying
x▷ y “ x ¨ y ¨ x´1, x P G0, y P G´1. (2.15)
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Provided ¨ extends linearly to left- and right-regular algebra representations, one may use
it directly to define the kG0-bimodule structure of kG´1. The equivariance condition and
Peiffer identity

xtpy ¨ x´1
q “ tpx ¨ yqx´1

“ tpx ¨ y ¨ x´1
q “ tpx▷ yq “ xtpyqx´1,

yy1y´1
“ tpyq▷ y1

“ tpyq ¨ y1
¨ tpy´1

q.

are directly verified. This construction is closely related to the invertibles functor G ÞÑ

G “ Gˆ, which is left-adjoint to the group algebra functor [Wag21].

If G “ pG´1
t“id
ÝÝÑ G0q is a trivial 2-group, the t-map is the identity and there is no

group kernel nor cokernel. Hence it is in the trivial class under elementary equivalence
[Wag06; BS04] of 2-groups — this is why such 2-groups are called trivial. By definition, the
group action ▷ must be the conjugation action. Hence the second approach to associate
a 2-algebra to G seems well suited to this case.

The identity t-map extends id : kG´1 Ñ kG0 directly to the group algebras, whence
we obtain an associative 2-algebra kG. Following (2.15), the kG0-bimodule structure of
kG´1 is given by group multiplication, and not conjugation. Similarly to the 2-group,
there is no algebra kernel nor cokernel, whence kG is in the trivial class under elementary

equivalence of 2-algebras [Wag21]. As such, we shall also call such 2-algebras A
id
ÝÑ A

trivial.
This construction defines a functor G0 ÞÑ G assigning the group G0 (resp. the algebra

A0) to the associated trivial 2-group G (resp. the trivial associative 2-algebra A), which
commutes with the group algebra functor [Wag21]. We will show in Section 2.14.1 that
this functor, which defines an embedding of the category of associative algebras into that
of associative 2-algebras, can be extended to the bialgebra/2-bialgebra context.

c) The skeletal case. The skeletal case is peculiar enough, that it deserves its own
consideration. Recall for a skeletal 2-group, the t-map t “ 1 : G´1 Ñ G0 is the constant
map onto to identity 1 P G0. By the (2-group) Peiffer identity, G´1 must be Abelian, and
the group kernel ker t “ G´1 is the entire group G´1. If we take the group algebras and
simply extend t linearly, we obtain the augmentation t : kG´1 Ñ k ¨ 1 “ k, whose algebra
kernel ker t “ I is the augmentation ideal, which is in general distinct from the group
algebra kG´1.

This case is in drastic contrast with the trivial t “ id case. The Peiffer identity dictates
that kG´1 is commutative, but not nuclear, and hence kG would be non-skeletal. In other
words, merely taking the group algebras of the graded components of a 2-group does not
preserve skeletality, and hence does not preserve its elementary equivalence class. Since
the linearized t-map is non-trivial t ‰ 0, there are then two ways to see kG as a 2-algebra:

1. By following the quotient prescription (2.14), we must kill the entire degree-(-1)
structure, yielding t̃ : 0 Ñ kG0. Indeed, the only totally invariant subgroups of an
Abelian group under group multiplication by itself is trivial, and D – kpker tq “

kG´1 is the entire group algebra. This is the only group 2-algebra one can construct
associated to a skeletal 2-group G following the prescription by Wagemann [Wag21].
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2. Alternatively, we may seek to solve (2.15) with the given group action ▷. However,
solutions do not exist unless x▷ P AutpG´1q is inner for all x P G0, which is certainly
not always the case. This gives us a broader class of skeletal 2-groups with which
we may form the 2-group algebra by linearly extending t.

Yet another alternative construction (which we emphasize is specialized to the skeletal
case) is to linearly extend the group action ▷ but not the t-map. Instead, we take the
skeletal 2-algebra t “ 0 : kG´1 Ñ kG0, whose trivial t-map allows us to circumvent
the issues posed by (2.12). This construction G ÞÑ kG not only holds for any skeletal
2-group G, but for certain G´1, G0 it also preserves the classification! This is due to a
deep result in [SW99], which computes an explicit isomorphism between the Hochshild
cohomology and group cohomology in certain cases. We will adopt this approach in an
accompanying paper [Che23], which applies the general framework of Hopf 2-algebras that
we shall develop here to construct excitations in the 4d Kitaev model.

With either (2.14), (2.15), or the skeletal case proposal understood, we shall neglect

the tilde on the t-map and simply denote kG “ kG´1
t

ÝÑ kG0 in the following. Given a
2-group G, while we can construct in effect different 2-algebras kG with the above two
proposals, at the end of the day, we will obtain an associative 2-algebra, which will be the
starting point of the 2-bialgebra definition.

2.10. Associative 2-bialgebras.

2.10.1. Definition.

Coassociative 2-coalgebra. We seek a dual notion of an associative 2-algebra Defini-
tion 2.5. The idea will be to reverse the arrows in the diagrams and swap the degree.
Indeed, our duality structure will typically swap degrees. This is a consequence of how
”dualization” is defined in homological algebra [BSZ13; CG22; CSX13a; CSX13b].

Let us consider a pair of vector spaces, G0,G´1 with the map t : G´1 Ñ G0. In direct
analogy with the 2-cocycle δ “ δ´1 ` δ0 that were introduced to define a classical Lie
2-bialgebra [BSZ13; CG22], we introduce the coproduct maps

∆´1 : G´1 Ñ G´1 b G´1, ∆0 : G0 Ñ pG´1 b G0q ‘ pG0 b G´1q. (2.16)

Note that ∆0 comes in two graded components ∆0 “ ∆l
0 ` ∆r

0 with

∆l
0 : G0 Ñ G´1 b G0, ∆r

0 : G0 Ñ G0 b G´1.

In the following, we shall use extensively the conventional Sweedler notation

∆py, xq ” ∆´1pyq ` ∆0pxq “ yp1q b yp2q ` pxl
p1q b xl

p2q ` xr
p1q b xr

p2qq (2.17)

where xl
p2q
, xr

p1q
P G0 and yp1q, yp2q, x

l
p1q
, xr

p2q
P G´1.

Now let
∆1

0 : G0 Ñ G0 b G0
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denote a coproduct in degree-0, such that ∆´1,∆
1
0 are subject to the following coasso-

ciativity conditions

pidb∆´1q ˝ ∆´1 “ p∆´1 b idq ˝ ∆´1, pidb∆1
0q ˝ ∆1

0 “ p∆1
0 b idq ˝ ∆1

0,(2.18)

which can be obtained by reversing the arrows in (2.2) for the products µ´1 and µ0. Hence
pG´1,∆´1q and pG0,∆

1
0q are coassociative coalgebras if (2.18) is satisfied [Maj11]. In

the following, we shall use the Sweedler notation

∆1
0pxq “ x̄p1q b x̄p2q P G0 b G0. (2.19)

2.11. Definition. Let pG´1,∆´1q and pG0,∆
1
0q denote a pair of coassociative coalgebras

with the coactions ∆l
0 and ∆r

0. We say that G0 forms a G´1-cobimodule if the following
cobimodularity conditions

p∆´1 b idq ˝ ∆l
0 “ pidb∆l

0q ˝ ∆l
0,

pidb∆´1q ˝ ∆r
0 “ p∆r

0 b idq ˝ ∆r
0,

pidb∆r
0q ˝ ∆l

0 “ p∆l
0 b idq ˝ ∆r

0 (2.20)

are satisfied. In terms of commutative diagrams, we have

G0

G´1 b G0 G´1 b G0

G´1 b G´1 b G0

∆l
0

∆l
0

idb∆l
0

∆´1bid

,

G0

G0 b G´1 G0 b G´1

G0 b G´1 b G´1

∆r
0

∆r
0

∆r
0bid

idb∆´1

G0

G0 b G´1 G´1 b G0

G´1 b G0 b G´1

∆r
0

∆l
0

∆l
0bid idb∆r

0

(2.21)

We emphasize again that, upon dualizing the commutative diagrams (2.2)-(2.10), we
must also swap the grading: the action ¨l : G0 b G´1 Ñ G´1 is dualized to the coaction
component ∆l

0 : G0 Ñ G´1 b G0 of the coproduct.
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2.12. Definition. A coassociative 2-coalgebra pG,∆q is a coalgebra homomorphism
t : G´1 Ñ G0 such that

1. G0 is a G´1-cobimodule,

2. t is coequivariant
D`

t ˝ ∆´1 “ ∆0 ˝ t, (2.22)

where we have introduced a convenient tensor notation for the induced t-map

D˘
t :“ t b 1 ˘ 1 b t

in terms of the graded sum. This condition is encoded by the following commutative
diagram.

G´1

G0 G´1 b G´1

G0 b G´1 ‘ G´1 b G0

t

∆´1

∆0

D`
t

(2.23)

3. the coPeiffer identity

pt b idq ˝ ∆l
0 “ ∆1

0 “ pidbtq ˝ ∆r
0, (2.24)

which in particular means that we must necessarily have

D´
t ∆0 “ pt b idq ˝ ∆l

0 ´ pidbtq ˝ ∆r
0 “ 0.

It is encoded in the following commutative diagram

G0 b G0

G0 b G´1 G´1 b G0

G0

idbt

tbid

∆r
0

∆1
0

∆l
0

. (2.25)

We call pG,∆q counital if there is a counit map ϵ “ pϵ´1, ϵ0q : G Ñ k such that

id “ pidbϵ´1q ˝ ∆´1, id “ pϵ´1 b idq ˝ ∆´1,

id “ pϵ´1 b idq ˝ ∆l
0, id “ pidbϵ´1q ˝ ∆r

0. (2.26)
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Moreover, ϵ should respect the t-map such that ϵ´1 “ ϵ0 ˝ t.

The counit conditions can be seen as reversing the arrows of the diagrams (2.10) (and
also a swap of the grading since we are dualizing).

G´1 b G´1

k b G´1 G´1 G´1 b k

ϵ´1bid idbϵ´1

–

∆´1

–

(2.27)

G0 b G´1

G0 b k G0

idbϵ´1

–

∆r
0

G´1 b G0

k b G0 G0

ϵ´1bid

–

∆l
0

G´1

k G0

t
ϵ´1

ϵ0

Note again thatin Definition 2.12, the coequivariance and coPeiffer identity are
treated as constraints between two coalgebras and the coalgebra homomorphism t between
them. With these constraints, we can deduce

id “ pϵ0 b idq ˝ ∆1
0 “ pidbϵ0q ˝ ∆1

0 (2.28)

from (2.19) and (2.26). In the skeletal t “ 0 case, the coproducts ∆´1,∆0,∆
1
0 and the

counits ϵ´1, ϵ0 are independent, and this condition is separate from (2.26).

2.13. Remark. Similar to the 2-algebra case, if t ‰ 0 were not trivial, then we could
have the following conditions

pidb∆1
0q ˝ ∆l

0 “ p∆l
0 b idq ˝ ∆1

0,

p∆1
0 b idq ˝ ∆r

0 “ pidb∆r
0q ˝ ∆1

0,

pidb∆l
0q ˝ ∆1

0 “ p∆r
0 b idq ˝ ∆1

0 (2.29)

between the coproducts ∆0 and ∆1
0. By making use of the Sweedler notation (2.17), (2.19),

the coequivariance and the coPeiffer identities translate to

#

typ1q “ ptyqr
p1q

typ2q “ ptyql
p2q

,

#

x̄p1q “ txl
p1q

“ xr
p1q

x̄p2q “ xl
p2q

“ txr
p2q

. (2.30)

When combined, they give styp1q “ typ1q, styp2q “ typ2q which will become important later. In
the skeletal case, the constraints involving t drop.

2-bialgebras. Using the Sweedler notations (2.17), (2.19), we state the condition that
the coproduct map ∆ given in (2.16) preserves the algebra/bimodule structure:

∆´1px ¨ yq “ x̄p1q ¨ yp1q b x̄p2q ¨ yp2q, ∆´1py ¨ xq “ yp1q ¨ x̄p1q b yp2q ¨ x̄p2q,

∆l
0pxx

1
q “ xl

p1qx
1l
p1q b xl

p2qx
1l
p2q, ∆r

0pxx
1
q “ xr

p1qx
1r
p1q b xr

p2qx
1r
p2q. (2.31)
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We call these conditions the 2-bialgebra axioms.

The bialgebra axioms in each degree,

∆´1pyy
1
q “ yp1qy

1
p1q b yp2qy

1
p2q, ∆1

0pxx1
q “ x̄p1qx̄

1
p1q b x̄p2qx̄

1
p2q,

follow directly from (2.31) and the coequivariance and coPeiffer identities (2.22), (2.24);
see Remark 2.13.

2.14. Definition. The tuple pG, ¨,∆q is an associative 2-bialgebra iff pG, ¨q is an
associative 2-algebra and pG,∆q is a coassociative 2-coalgebra such that the two structures
are mutually compatible; namely ∆ satisfies (2.31).

We call pG, ¨, η,∆, ϵq unital if pG, ¨, ηq and pG,∆, ϵq are respectively unital and counital.

The 2-bialgebra axioms are equivalently described in terms of the following commuta-
tive diagrams, where we use the swap σ : G0bG´1 Ñ G´1bG0 and σ1 : G´1bG0 Ñ G0bG´1,

G0 b G´1

G´1 G0 b G0 b G´1 b G´1

G0 b G´1 b G0 b G´1

G´1 b G´1

¨l
∆1

0b∆´1

∆´1

idbσbid

¨lb¨l

G´1 b G0

G´1 G´1 b G´1 b G0 b G0

G´1 b G0 b G´1 b G0

G´1 b G´1

¨r
∆´1b∆1

0

∆´1

idbσ1bid

¨rb¨r

G0 b G0

G0 G´1 b G0 b G´1 b G0

G´1 b G´1 b G0 b G0

G´1 b G0

µ0
∆l

0b∆l
0

∆l
0

idbσbid

µ´1bµ0

G0 b G0

G0 G0 b G´1 b G0 b G´1

G0 b G0 b G´1 b G´1

G0 b G´1

µ0
∆r

0b∆r
0

∆r
0

idbσ1bid

µ0bµ´1

2.14.1. Example: function 2-bialgebras on 2-groups. Let k denote a field of
characteristic zero, and let G denote a (finite) 2-group.

Function 2-coalgebra on a (finite) 2-group. Consider the 2-group 2-algebra kG
constructed in section 2.9.1. We denote its linear dual by krGs “ HomkpkG, kq, which
consist of k-linear functions on kG. This space inherits the dual grading of the 2-group
2-algebra kG, in the sense that krG´1s is in degree-0 while krG0s is in degree-(-1). Each
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element F P krGs, then admits a decomposition in terms of this grading, F “ ξ ‘ ζ, with
ξ P krG0s, ζ P krG´1s, for which the t-map is given by the pullback,

krGs “ krG0s
t˚

ÝÑ krG´1s, pt˚ξqpyq “ ξptyq,

where y P kG´1. Note this t-map is the one on kG defined in (2.14), which may differ
from that of the underlying 2-group G.

The reversal of degree for the function 2-coalgebra allows us to define a grading-odd
duality pairing given by the function evaluation

xpy, xq, pξ, ζqy “ evppy, xq b pξ, ζqq “ ξpxq ` ζpyq,

with respect to which the coproduct ∆ on krGs defined in (2.32) is dual to the 2-algebra
structure on kG. Conversely, if there is a well-defined coassociative coproduct ∆ on kG
(ie. satisfying (2.22)-(2.24)), then the evaluation pairing dualizes it to a well-defined
associative 2-algebra structure on krGs. This is a guiding principle with which we shall
construct the 2-quantum double in the following sections.

The natural coproduct ∆˚ “ ∆˚
´1 `∆˚

0 on krGs, is induced by the 2-algebra structure
on kG,

∆˚
´1pξq “ ξp1q b ξp2q ðñ ξpxx1

q “ ξp1qpxqξp2qpx
1
q,

p∆˚
0q

l
pζq “ ζ lp1q b ζ lp2q ðñ ζpx ¨ yq “ ζ lp1qpxqζ lp2qpyq,

p∆˚
0q

rζ “ ζrp1q b ζrp2q ðñ ζpy ¨ xq “ ζrp1qpyqζrp2qpxq, (2.32)

where x, x1 P kG0 and y P kG´1. The superscript ˚ encodes the fact we are considering
the dual of kG as we will emphasize soon. The induced coproduct ∆˚

0
1 in degree-0 is

induced from the product µ´1,

∆˚
0

1
pζq “ ζ̄p1q b ζ̄p2q ðñ ζpyy1

q “ ζ̄p1qpyqζ̄p2qpy
1
q,

and is also related to the actions, thanks to the Peiffer identity, so that ∆˚
0

1 “ 1
2
D`

t˚∆0. In
a similar way, all the 2-co-algebra axioms are satisfied as we are dualizing all the properties
of the 2-algebra kG, hence we are reversing the arrows.

For example, the co-bimodularity is obtained from the bimodularity in kG.

p∆˚
0q

l
pt˚ξqpx, yq “ ξptpx ¨ yqq “ ξpxtpyqq “ ξp1qpxqξp2qptpyqq “ pp1 b t˚

q∆˚
´1pξqqpx, yq,

p∆˚
0q

r
pt˚ξqpy, xq “ ξptpy ¨ xqq “ ξptpyqxq “ ξp1qptyqξp2qpxq “ ppt˚

b 1q∆˚
´1pξqqpy, xq,

The co-Peiffer identity is obtained from the Peiffer identity

ζpyy1
q “ ζpty ¨ y1

q “ ζpy ¨ ty1
q ùñ pt˚

b 1qp∆˚
0q

l
pζq “ p1 b t˚

qp∆˚
0q

r
pζq,

and so on and so forth.
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Moreover, there is also a counit ϵ : krGs Ñ k given by evaluation at the identity,
ϵ´1pξq “ ξp1q, ϵ0pζq “ ζp1q. Since the t-map respects the identity, we have ϵ´1pt

˚ξq “

t˚ξp1q “ ξp1q “ ϵ0pξq, as desired for a counit.

In order to determine the 2-algebra structure of krGs, we can use the coalgebra struc-
ture of kG. For this we are going to consider the specific case t “ id as otherwise we
cannot make the example as explicit as one would wish, due to the constraints (2.30).

The trivial 2-algebra. Recall a trivial 2-group G has G´1 “ G0 and the t-map is the
identity t “ id. This the simplest case one can consider, as its corresponding 2-group 2-
algebra kG is obtained by just extending every structure k-linearly. We shall now consider
endowing a coproduct on kG from that of kG0.

Let ∆ denote a coproduct on kG. (2.22), (2.24) dictates that all components ∆´1,∆0,∆
1
0

of the coproduct are identical, and hence pkG0,∆
1
0q is a coalgebra iff pkG,∆q is also one.

Indeed, if ∆1
0pxq “ xp1q b xp2q then we must have

∆´1pyq “ yp1q b yp2q, ∆0pxq “ yp1q b xp2q ` xp1q b yp2q,

where yp1q, yp2q are identical to xp1q, xp2q P kG0 as elements of the group algebra kG0, but
with degree-(-1); in other words, we have tpyp1qq “ xp1q under t “ id. Explicitly, we can
choose the group like coproduct

∆1
0pxq “ x b x ∆´1pyq “ y b y, ∆0pxq “ y b x ` x b y, with ty “ y “ x

We recover then a 2-algebra structure on the graded function space krGs, for which

ζζ 1
pyq “ ζpyp1qqζ

1
pyp1qq “ ζpyqζ 1

pyq, ξξ1
pxq “ ξpxp1qqξ

1
pxp2qq “ ξpxqξ1

pxq,

pζ ¨ ξqpxq “ ζpyp1qqξpxp2qq “ ζpyqξpxq, pξ ¨ ζqpxq “ ξpxp1qqζpyp2qq “ ξpxqζpyq.

We have recovered the pointwise products on krG0s and krG´1s, the bimodule structure
in terms of these pointwise product (since ty “ y “ x). Moreover, one can check that we
have the 2-bialgebra axioms (2.31),

pζζ 1
qpx ¨ yq “ pζζ 1

q
l
p1qpxqpζζ 1

q
l
p2qpyq “ ζ lp1qpxp1qqζ

1l
p1qpxp2qqζ

l
p2qpyp1qqζ

1l
p2qpyp2qq

“ pζ lp1qζ
1l
p1qqpxqpζ lp2qζ

1l
p2qqpyq,

pζζ 1
qpy ¨ xq “ pζζ 1

q
r
p1qpyqpζζ 1

q
r
p2qpxq “ ζrp1qpyp1qqζ

1r
p1qpyp2qqζ

r
p2qpxp1qqζ

1r
p2qpxp2qq

“ pζrp1qζ
1r
p1qqpxqpζrp2qζ

1r
p2qqpyq

pζ ¨ ξqpxx1
q “ pζ ¨ ξqp1qpxqpζ ¨ ξqp2qpx

1
q “ ζp1qpyp1qqξp1qpxp2qqζp2qpx

1
p1qqξp2qpx

1
p2qq

“ pζp1qξp1qqpxqpζp2qξp2qqpx1
q;

note ζ̄ “ ζ as the t-map is the identity. Therefore pkrGs,∆˚q and pkG,∆q are (unital)
associative 2-bialgebras that are mutually dual in a certain sense, with the former being
commutative and the latter being cocommutative, when using the group-like coproducts,
just as in the 1-group case [Maj94]. We shall rigorously establish this general 2-bialgebra
duality in Proposition 3.2.
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2.15. Remark. In general, given an ordinary 1-bialgebra G, we can form its associated

trivial 2-bialgebra G “ G
id
ÝÑ G in analogy with the above. Moreover, it is clear that any

bialgebra homomorphism f : G Ñ G1 extends to a 2-bialgebra homomorphism f ‘f : G Ñ

G 1, whose graded components are just copies of f . We therefore have an embedding

Bialgass ãÑ 2Bialgass (2.33)

of the category of associative bialgebras into the category of associative 2-bialgebras. This
is a ”quantum” version of an analogous result for Lie 2-bialgebras stated in Remark 3.11
of [Bai07].

3. Strict 2-quantum doubles and the 2-R-matrix

In this section, we construct our main example of a strict 2-bialgebra given by the strict
2-quantum doubles which can be seen a categorification of the standard quantum double
[Maj11], and the quantization of a classical 2-double [CSX13a; CG22] of Lie 2-algebras.

The goal for studying (2-)quantum doubles is that, for the ordinary 1-bialgebra H,
the skew-pairing involved in the construction of the quantum double DpH,Hq of Majid
[Maj94] provides a characterization of R-matrices on H. Moreover, this construction
reveals that any R-matrix on H can be derived in this way from DpH,Hq. We wish to
directly categorify Majid’s construction, and derive a universal characterization of 2-R-
matrices from our construction of a 2-quantum double.

Our strategy will be as follows. Firstly, we consider a pair of dual associative 2-
bialgebras. They are dual in the sense that the coalgebra sector is given by the algebra
sector of its dual counterpart. We then define a notion of a canonical coadjoint action
of a 2-bialgebra on its dual. By requesting that the mutually-dual 2-bialgebras act on
each other by such coadjoint actions, we are then able to form the 2-quantum double as a
2-bialgebra. We will then also prove a key factorization theorem for 2-quantum doubles.

3.1. Matched pair of 2-(bi)algebras.

Dually paired 2-bialgebras Let pG, ¨,∆q denote a (finite dimensional) 2-bialgebra,
and let G˚ denote its linear dual, defined with respect to the following duality evalua-
tion/pairing map2

xpg, fq, py, xqy “ xf, yy´1 ` xg, xy0 (3.1)

for each x P G0, y P G´1, f P G˚
´1, g P G˚

0 . Note that the grading is flipped by dualizing the
t-map: xt˚¨, ¨y “ x¨, t¨y, whence t˚ : G˚

0 Ñ G˚
´1 and G˚ is skeletal whenever G is. In the

following, we shall denote this pairing also by an evaluation ev.
So far, G˚ merely forms a 2-vector space. By leveraging the duality (3.1), we can

induce algebraic structures on G˚ according to the coalgebraic structures (2.16), (2.19) on

2We shall drop the subscripts on the pairing forms x¨, ¨y when no confusion arises.
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G as follows:

xf b f 1,∆´1pyqy “ xff 1, yy, xg b g1,∆1
0pxqy “ xgg1, xy,

xf b g,∆l
0pxqy “ xf ¨

˚ g, xy, xg b f,∆r
0pxqy “ xg ¨

˚ f, xy,

x∆˚
0

1f, y b y1
y “ xf, yy1

y, x∆˚
´1g, x b x1

y “ xg, xx1
y,

x∆˚
0
lf, x b yy “ xf, x ¨l yy, x∆˚

0
rf, y b xy “ xf, y ¨r xy.

The conditions (2.22), (2.24), (2.18), (2.20), then ensure that pG˚, ¨˚q forms an associative
2-algebra. More is true, in fact, which we now prove in the following.

3.2. Proposition. Let G,G˚ be dually paired as in (3.1), then pG, ¨,∆q is an (unital)
associative 2-bialgebra iff pG˚, ¨˚,∆˚q is an (unital) associative 2-bialgebra.

Proof. This is a straightforward computation using the pairing (3.1). In particular, the
equivariance and Peiffer identity of t˚, as well as the fact that G˚

0 forms a G˚
´1-bimodule,

follow directly from dualizing (2.22), (2.24), (2.18), (2.20).
What is non-trivial is (2.31). Define ∆˚

0 by dualizing the bimodule structure ¨ of G,
then we have

xp∆˚
0q

l
pff 1

q, x b yy “ xf b f 1,∆´1px ¨ yqy, xp∆˚
0q

r
pff 1

q, y b xy “ xf b f 1,∆´1py ¨ xqy,

xp∆˚
´1qpf ¨

˚ gq, x b x1
y “ xf b g,∆l

0pxx
1
qy, xp∆˚

´1qpg ¨
˚ fq, x b x1

y “ xf b g,∆r
0pxx

1
qy.

We now compute using analogues of (2.31) for ∆˚, that

xf l
p1qf

1l
p1q b f l

p2qf
1l
p2q, x b yy “ xpf l

p1q b f 1l
p1qq b pf l

p2q b f 1l
p2qq, px̄p1q b x̄p2qq b pyp1q b yp2qqy

“ xp∆˚
0q

l
pfq b p∆˚

0q
l
pf 1

q, px̄p1q b yp1qq b px̄p2q b yp2qqy

“ xf b f 1, px̄p1q ¨ yp1qq b px̄p2q ¨ yp2qqy,

xf r
p1qf

1r
p1q b f r

p2qf
1r
p2q, y b xy “ xf b f 1, pyp1q ¨ x̄p1qq b pyp2q ¨ x̄p2qqy,

and similarly

xf̄p1q ¨
˚ gp1q b f̄p2q ¨ gp2q, x b x1

y “ xpf̄p1q b gp1qq b pf̄p2q b gp2qq, pxl
p1q b xl

p2qq b px1l
p1q b x1l

p2qqy

“ x∆1˚
0 pfq b ∆˚

´1pgq, pxl
p1q b x1l

p1qq b pxl
p2q b x1l

p2qqy,

“ xf b g, xl
p1qx

1l
p1q b xl

p2qx
1l
p2qy,

xgp1q ¨
˚ f̄p1q b gp2q ¨

˚ f̄p2q, x b x1
y “ xg b f, xr

p1qx
1r
p1q b xr

p2qx
1r
p2qy,

hence ∆ also satisfies (2.31). This proves that pG˚, ¨˚,∆˚q is an associative 2-bialgebra iff
pG, ¨,∆q also is.

Now consider the units and counits. Given

xg, ηxy “ xpη˚
b idq ˝ ∆˚

´1pgq, xy, xg, xηy “ xpidbη˚
q ˝ ∆˚

´1pgq, xy,

xf, η ¨ yy “ xpη˚
b idq ˝ p∆˚

0q
l
pfq, yy, xf, y ¨ ηy “ xpidbη˚

q ˝ p∆˚
0q

r
pfq, yy,

we see that η is a unit for pG, ¨q (ie. these quantities all vanish) iff η˚ is a counit for
pG˚,∆˚q. Similarly, ϵ is a counit for pG,∆q iff ϵ˚ is a unit for pG˚, ¨˚q.
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Coadjoint action.

3.3. Definition. The canonical coadjoint action of G on G˚ is specified in terms of
three components, ▷̄ “ pp▷0,▷´1q,Υq given by

▷0 : G0 Ñ EndG˚
0 , xg, xx1

y “ ´xx▷0 g, x
1
y,

▷´1 : G0 Ñ EndG˚
´1, xf, x ¨ yy “ ´xx▷´1 f, yy,

Υ : G´1 Ñ HompG˚
´1,G˚

0 q, xf, y ¨ xy “ ´xΥyf, xy. (3.2)

As we will see when discussing 2-representations in Section 6, the coadjoint action can
also be interpreted as a weak 2-representation.

Analogously, we have the coadjoint back-action ◁̄ “ pp◁0,◁´1q, Υ̃q of G˚ on G, which
we write from the right3. The ”bar” notation is used to distinguish ▷̄ from the group
action ▷ in the case where G “ kG is defined through a 2-group G.

Matched pair. We now allow a given pair pG,G˚q of strict 2-bialgebras to act upon each
other by coadjoint actions ▷̄ and ◁̄. In analogy with [Maj11], we impose the following
monstrous set of twelve compatibility conditions

x▷´1 pff 1
q “ ptxl

p1q ▷0 f
l
p1qq ¨

˚
ppxl

p2q ◁´1 f
l
p2qq▷´1 f

1
q ` pxr

p1q ▷0 f
l
p1qq ¨

˚
pΥxr

p2q
◁0f l

p2q
f 1

q

` pΥxl
p1q
f r

p1qq ¨
˚

pΥxl
p2q

Υ̃fr
p2q

f 1
q ` pxr

p1q ▷´1 f
r
p1qq ¨

˚
pΥxr

p2q
◁0pt˚fr

p2q
qf

1
q,

Υypff 1
q “ pptyp1qq▷0 f

l
p1qq ¨

˚
pΥyp2q◁0f l

p2q
f 1

q ` pΥyp1q
f r

p1qq ¨
˚

pΥyp2q◁0pt˚fr
p2q

qf
1
q,

x▷0 pf ¨
˚ gq “ ptxl

p1q ▷0 f
l
p1qq ¨

˚
ppxl

p2q ◁´1 f
l
p2qq▷0 gq ` pxr

p1q ▷0 f
l
p1qq ¨

˚
ptpxr

p2q ◁0 f
l
p2qq▷0 gq

` pΥxl
p1q
f r

p1qq ¨
˚

ptpxl
p2qΥ̃fr

p2q
q▷0 gq ` pxr

p1q ▷´1 f
r
p1qq ¨

˚
ptpxr

p2q ◁0 pt˚f r
p2qqq▷0 gq,

ty ▷0 pf ¨
˚ gq “ ptyp1q ▷0 f

l
p1qq ¨

˚
ptpyp2q ◁0 f

l
p2qq▷0 gq ` pΥyp1q

f r
p1qq ¨

˚
ptpyp2q ◁0 pt˚f r

p2qqq▷0 gq,

x▷0 pg ¨
˚ fq “ ptxl

p1q ▷0 gp1qq ¨
˚

pΥxl
p2q

Υ̃gp2q

fq ` pxr
p1q ▷0 gp1qq ¨

˚
pΥxr

p2q
◁0pt˚gp2qqfq

ty ▷0 pg ¨
˚ fq “ ptyp1q ▷0 gp1qq ¨

˚
pΥyp2q◁0pt˚gp2qqfq,

pxx1
q◁´1 f “ pxΥ̃tx1l

p1q
▷0f l

p1q
q ¨ px1l

p2q ◁´1 f
l
p2qq ` pxΥ̃x1r

p1q
▷0f l

p1q
q ¨ px1r

p2q ◁0 f
l
p2qq

` pxΥ̃Υ
x1l

p1q

fr
p1q

q ¨ px1l
p2qΥ̃fr

p2q
q ` px◁´1 px1r

p1q ▷´1 f
r
p1qqq ¨ px1r

p2q ◁0 pt˚f r
p2qqq,

pxx1
qΥ̃g “ pxΥ̃tx1l

p1q
▷0gp1q

q ¨ px1l
p2qΥ̃gp2q

q ` pxΥ̃x1r
p1q
▷0gp1q

q ¨ px1r
p2q ◁0 pt˚gp2qqq,

py ¨ xq◁0 f “ py ◁0 t
˚
ptxl

p1q ▷0 f
l
p1qqq ¨ pxl

p2q ◁´1 f
l
p2qq ` py ◁0 t

˚
pxr

p1q ▷0 f
l
p1qqq ¨ pxr

p2q ◁0 f
l
p2qq

` py ◁0 t
˚
pΥxl

p1q
f r

p1qqq ¨ pxl
p2qΥ̃fr

p2q
q ` py ◁0 pxr

p1q ▷´1 f
r
p1qqq ¨ pxr

p2q ◁0 pt˚f r
p2qqq,

py ¨ xq◁0 t
˚g “ py ◁0 t

˚
ptxl

p1q ▷0 gp1qqq ¨ pxl
p2qΥ̃gp2q

q ` py ◁0 t
˚
pxr

p1q ▷0 gp1qqq ¨ pxr
p2q ◁0 t˚

g
p2q

q,

px ¨ yq◁0 f “ pxΥ̃typ1q▷0f l
p1q

q ¨ pyp2q ◁0 f
l
p2qq ` pxΥ̃Υyp1q

fr
p1q

q ¨ pyp2q ◁0 pt˚f r
p2qqq,

px ¨ yq◁0 t
˚g “ pxΥ̃typ1q▷0gp1q

q ¨ pyp2q ◁0 t
˚gp2qq,

3This means that we have, for instance, xg ¨˚ f, xy “ ´xg, x◁´1 fy and xf ¨˚ g, xy “ ´xf, xΥ̃gy.
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where we have made use of the Sweedler notation (2.17).

We define a shorthand notation where z “ py, xq P G, h “ pg, fq P G˚, such that the
following

z▷̄ph ¨
˚ h1

q “ pzp1q▷̄hp1qq ¨
˚

ppzp2q◁̄hp2qq▷̄h
1
q, (3.3)

pz ¨ z1
q◁̄h “ pz◁̄pz1

p1q▷̄hp1qqq ¨ pz1
p2q◁̄hp2qq (3.4)

encode respectively the first six and last six of the above conditions. We also have the
cross relations

zp1q◁̄hp1q b zp2q▷̄hp2q “ zp2q◁̄hp2q b zp1q▷̄hp1q, (3.5)

as well as the unity axioms against the unit η and counit ϵ,

z▷̄η “ ϵpzq, η◁̄h “ ϵphq. (3.6)

3.4. Definition. We call a tuple pG,G˚q of (finite dimensional) 2-bialgebras satisfying
(3.3)-(3.6) a matched pair.

3.5. Remark. Note that in the skeletal case t, t˚ “ 0, the crossed relations (3.3), (3.4)
reduce to just two non-trivial equations. These are given by

x▷´1 pff 1
q “ pxr

p1q ▷0 f
l
p1qq ¨

˚
pΥxr

p2q
◁0f l

p2q
f 1

q ` pΥxl
p1q
f r

p1qq ¨
˚

pΥxl
p2q

Υ̃fr
p2q

f 1
q

” pxp1q▷̄fp1qq ¨
˚

ppxp2q◁̄fp2qq▷̄f
1
q,

pxx1
q◁´1 f “ pxΥ̃x1r

p1q
▷0f l

p1q
q ¨ px1r

p2q ◁0 f
l
p2qq ` pxΥ̃Υ

x1l
p1q

fr
p1q

q ¨ px1l
p2qΥ̃fr

p2q
q

” px◁̄px1
p1q▷̄fp1qqq ¨ pxp2q◁̄fp2qq, (3.7)

where we have used a convenient notation for brevity. One may notice that these are pre-
cisely the usual crossed relations for a quantum double group (cf. [Maj11]) of a semidirect
product 2-bialgebra G´1 ¸ G0, where G´1 is nuclear.

3.6. Construction of the strict 2-quantum double. Inspired by the above, we
now begin our construction of the general 2-quantum double given a matched pair pG,G˚q.
We shall explicitly construct its 2-bialgebra structure such that its self-duality is manifest.

2-algebra structure. We consider DpGq defined in terms of the graded components
given by

DpGq0 – G0 b G˚
´1 Q px, fq, DpGq´1 – G´1 b G˚

0 Q py, gq,

for which we have a ”right-moving” semidirect product ÝÑ
ˆ “ p¨, ▷̄q, giving rise toDpGq´1

ÝÑ
¸DpGq0.

Similarly, we also have a ”left-moving” semidirect product ÐÝ
ˆ “ p¨˚, ◁̄q giving rise to

DpGq´1
ÐÝ
¸DpGq0. The combined t-map T “ t b t˚ is equivariant with respect to these

semidirect products

t˚
px▷0 gq “ x▷´1 t

˚g, tpy ◁0 fq “ ptyq◁´1 f, (3.8)
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since the coadjoint action is a 2-representation, while the definition of the adjoint t˚

implies

ptyq▷0 g “ Υypt˚gq, y ◁0 pt˚gq “ ptyqΥ̃g,

ptyq▷´1 f “ t˚
pΥyfq, x◁´1 pt˚gq “ tpxΥ̃gq. (3.9)

These are in fact generalizations of the Peiffer identity.

3.7. Proposition. If ▷̄, ◁̄ are given by the coadjoint representations (see (6.4)), then
(3.9) reproduces the Peiffer identity.

Proof. This is a direct computation. By the equality in the second row of (3.9), we have

xf, y ¨ ty1
y “ ´xt˚Υyf, y

1
y “ ´xptyq▷´1 f, y

1
y “ xf, ty ¨ y1

y,

giving ty ¨ y1 “ y ¨ ty1. Now by the fact that t is an algebra homomorphism, we have

xptyq▷0 g, ty
1
y “ ´xg, ptyqpty1

qy “ ´xg, tpyy1
qy,

xΥypt˚gq, ty1
y “ ´xt˚g, y ¨ ty1

y “ ´xg, tpy ¨ ty1
qy,

for which the first row of (3.9) states yy1 “ y ¨ ty1. Altogether yields

yy1
“ y ¨ tpy1

q “ tpyq ¨ y1

for any y, y1 P G´1, which is precisely the Peiffer identity on G. Similarly, if ◁̄ is the
coadjoint representation then (3.9) reproduces the Peiffer identity on G˚.

In other words, the Peiffer identity in DpGq is by definition given as in (3.9). The multi-
plication between the sectors G´1,G˚

´1 is given by yg “ Υypt˚gq and gy “ ptyqΥ̃g.
Now that we have defined the product of the graded components and the t-map asso-

ciated to DpGq, we can identify the bimodule structure.

We combine the right-moving ÝÑ
ˆ “ p¨, ▷̄q and left-moving ÐÝ

ˆ “ p¨˚, ◁̄q multiplications
on DpGq to form ˆ̈“

ÝÑ
ˆ `

ÐÝ
ˆ ,

pz, hq̂¨pz1, h1
q “ pz ¨ z1

` z◁̄h1
` z1◁̄h, h ¨ h1

` z▷̄h1
` z1▷̄hq, z, z1

P G, h, h1
P G˚. (3.10)

Since ˆ̈ is a combination of the internal 2-algebra structures of G,G˚ and the 2-representations
▷̄, ◁̄, we have respectively the Peiffer conditions and associativity for G,G˚, as well as
the 2-representation properties (3.8), (3.9) and the matched pair conditions (3.3), (3.4),
(3.6). These imply that the map ˆ̈

(i) is associative,

(ii) makes DpGq´1 into a DpGq0-bimodule,

(iii) satisfies the Peiffer conditions under T “ t b t˚.

Hence pDpGq, ˆ̈ q is a 2-algebra.
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2-coalgebra structure. We intend now to construct the coproduct ∆D : DpGq Ñ

DpGq2b. We have to build the components

∆D´1 : DpGq´1 Ñ DpGq´1 b DpGq´1 “ pG´1 b G˚
0 q b pG´1 b G˚

0 q

∆D0 : DpGq0 Ñ pDpGq´1 b DpGq0q ‘ pDpGq0 b DpGq´1q

We can directly infer some of the components ∆D´1 from the coproducts ∆´1,∆
˚
´1 of

G,G˚. Explicitly, it is defined as

∆D
d
´1 “ ∆´1 b ∆˚

´1.

This coproduct by construction encodes the separate coproducts ∆ “ ∆D|G,∆
˚ “ ∆D|G˚

by restriction and it is consistent with the products of each 2-algebras. These components
are diagonal in a sense and we need to introduce some off diagonal contributions,

ξ´1 : G´1 Ñ G˚
0 b G´1, ζ´1 : G˚

0 Ñ G´1 b G˚
0 ,

such that
∆D´1 “ p∆Dq

d
´1 ` ξ´1 b ζ´1. (3.11)

ξ´1 and ζ´1 can be interpreted as coactions and are defined as dualized components of
the coadjoint actions. Taking as usual px, fq P DpGq0 – G0 b G˚

´1 and py, gq P DpGq´1 –

G´1 b G˚
0 we have

xξ´1pyq, x b fy :“ xy, x▷´1 fy, xζ´1pgq, f b xy :“ xg, x◁´1 fy. (3.12)

These coactions are 2-algebra maps by (3.5), and hence ∆D´1 satisfies (2.31) on DpGq.

In a similar way, ∆D0 is also made of several components. We use the components
∆0 : G0 Ñ pG0 b G´1q ‘ pG´1 b G0q and ∆˚

0 : G˚
´1 Ñ pG˚

0 b G˚
´1q ‘ pG˚

´1 b G˚
0 q of G and G˚

to define the ”diagonal” contribution,

p∆l
Dq

d
0 :“ ∆l

0 b ∆˚l
0 , p∆r

Dq0 :“ ∆r
0 b ∆˚r

0 .

Once again, by restriction, one recovers the separate coproducts ∆r,l
0 and ∆˚r,l

0 on respec-
tively G and G˚.

We also have to recover the mixed terms.

ξl0 : G0 Ñ G˚
0 b G0, ξr0 : G0 Ñ G˚

´1 b G´1

ζ l0 : G˚
´1 Ñ G´1 b G˚

´1, ζr0 : G0 Ñ G0 b G˚
0 ,

such that
p∆r,l

D q0 :“ p∆l
Dq

d
0 ` ξr,l0 b ζr,l0 . (3.13)

These mixed terms are again obtained by dualizing the components of the coadjoint
actions

xξl0pxq, x1
b gy :“ xx, x1 ▷0 gy, xξr0pxq, y b fy :“ xx,Υyfy,

xζ l0pfq, f 1
b yy :“ xf, y ◁´1 f

1
y, xζr0pfq, g b xy :“ xf, xΥ̃gy. (3.14)
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Once again, these coactions are 2-algebra maps by (3.5), and hence ∆D satisfies (2.31) on
DpGq.

We now need to show that it also satisfies (2.22), (2.24). We do this by leveraging
the self-duality DpGq – DpGq˚ under the natural non-degenerate self-pairing via (3.1) (cf.
[BSZ13]),

xpz, hq, pz1, h1
qy “ xf, y1

y ` xg, x1
y ` xf 1, yy ` xg1, xy. (3.15)

By Proposition 3.2, pDpGq, ¨q is an associative 2-algebra iff pDpGq˚ – DpGq,∆Dq is a
coassociative 2-coalgebra, which implies (2.22)-(2.24) for ∆D.

3.8. Definition. We call the 2-bialgebra

G’̄G˚ :“ DpGq “ pDpGq´1
T
ÝÑ DpGq0,ˆ̈,∆Dq

built out of the the matched pair of strict 2-bialgebras pG,G˚q with the product, coproduct,
and counit given respectively in (3.10), (3.11) and (3.13), (3.14), the strict 2-quantum
double of G.

3.9. Factorizability of 2-bialgebras.Conversely, we can determine when a strict 2-
bialgebra is actually a strict 2-quantum double, which is given by a factorizability/splitting
condition. In fact, we prove that any 2-bialgebra that factorizes appropriately into 2-
bialgebras will automatically determine a 2-quantum double.

3.10. Theorem. Suppose a (unital) 2-bialgebra pK “ K´1
T
ÝÑ K0,ˆ̈q factorizes into two

(unital) sub-2-bialgebras G,H, meaning that there is a span of inclusions,

G ι
ãÝÑ K ȷ

ÐÝâ H, (3.16)

such that ˆ̈˝pιb ȷq is an isomorphism of 2-vector spaces and such that the 2-sub-bialgebras
G,H are dually paired, with their t-maps satisfying xtG¨, ¨y “ x¨, tH¨y. Then pG,Hq is a
matched pair and K – G’̄H.

Proof. Let K “ K´1
T
ÝÑ K0 be a 2-bialgebra factorizing into two 2-subbialgebras G,H,

with typical elements w P K0 and e P K´1. Its 2-algebra structure ˆ̈ contains a multiplica-
tion ww1 in K0 and a K0-bimodule structure wˆ̈e, ê¨w on K´1, which are both associative.
Since (3.16) is a span of 2-vector spaces, we have

T ˝ pι´1 b ȷ´1q “ pι0 ˝ tGq b pȷ0 ˝ tHq “ pι0 b ȷ0q ˝ ptG b tHq,

where tG, tH are the t-maps in G,H respectively, and ι´1, ι0 are the graded components
of the inclusion ι; similarly for ȷ.

We now separate the bimodule structure ˆ̈ into components according to the span
(3.16),

▷̂ ” ˆ̈|impι0bȷ´1q, Υ̂ ” ˆ̈|impι´1bȷ0q,

then for e “ ι´1pyq, e1 “ ȷ´1pgq where y P G´1, g P H´1 we have

pTι´1pyqq▷̂ȷ´1pgq “ ι0ptGyq▷̂ȷ´1pgq.
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By the Peiffer identity in K, this should read as a left-multiplication of y on g. We lift
this action along tH to create a map Υ̂y : H0 Ñ H´1, for which Υ̂yptHgq denotes the left-

multiplicaion of y by g. Similarly we have the lift Υ̂g : G0 Ñ G´1 of the right-multiplication
of g on y.

Provided we identify Υ̂ybg “ Υy b Υ̃g, the Peiffer conditions in K are then equivalent
to the 2-representation properties (3.8), (3.9). In particular, the multiplication y ¨ g “

Υypt˚gq “ ptyqΥ̃g is given by the generalized Peiffer identity as shown in Proposition
3.7.

Now we prove that (3.16) is in fact a span of 2-algebras. Due to the linear isomorphsm
ˆ̈˝pιbȷq, there exists a tuple of well-defined linear maps Ψ “ pΨ0,Ψ´1; Ψ̄q : GbH Ñ HbG,
called the braided transposition, such that

ι0pxq ¨ ȷ0pfq “ ¨ ˝ pȷ0 b ι0q ˝ Ψ0px b fq,

ι0pxq▷̂ȷ´1pgq “ Υ̂ ˝ pȷ´1 b ι0q ˝ Ψr
´1px b gq,

ι´1pyqΥ̂ȷ0pfq “ ◁̂ ˝ pȷ0 b ι´1q ˝ Ψl
´1py b fq,

ι´1pyq ¨ ȷ´1pgq “ ¨ ˝ pȷ´1 b ι´1q ˝ Ψ̄py b gq,

where Ψ´1 “ Ψl
´1 ` Ψr

´1 and x P G0, y P G´1, f P H0, g P H´1. Due to Peiffer conditions
on K, these braiding maps are not independent and must satisfy

ptH b 1q ˝ Ψr
´1 “ Ψ0 ˝ p1 b tHq, p1 b tGq ˝ Ψl

´1 “ Ψ0 ˝ ptG b 1q,

Ψr
´1 ˝ ptG b 1q “ Ψ̄ “ Ψl

´1 ˝ p1 b tHq.

By collecting all of the graded components of Ψ in accordance with the shorthand notation
z “ py, xq P G, h “ pg, fq P H, the definition of Ψ can be concisely written as

ιpzq ˆ̈ ȷphq “ ˆ̈˝ pȷ b ιq ˝ Ψpz b hq, (3.17)

and the relations between its components is summarized as

T 1
˝ Ψ´1 “ Ψ0 ˝ T, Ψ̄ “ Ψ´1 ˝ T, (3.18)

where T 1 “ tH b tG is the t-map of the 2-bialgebra K1 – H b G with G,H swapped in
the span (3.16). (3.18) then implies in particular that Ψ : K Ñ K1 is a 2-vector space
homomorphism.

We now proceed formally as in the 1-bialgebra case [Maj11; Maj94]. The associativity
in K is

pιpzq̂¨ιpz1
qq̂¨ȷphq “ ιpzq̂¨pιpz1

q̂¨ȷphqq,

pιpzq̂¨ȷphqq̂¨ȷph1
q “ ιpzq̂¨pȷphq̂¨ȷph1

qq,

which yields the 2-braiding relations

Ψ ˝ p̂¨ b idq “ pidbˆ̈q ˝ Ψ12 ˝ Ψ23,

Ψ ˝ pidbˆ̈q “ p̂¨ b idq ˝ Ψ23 ˝ Ψ12. (3.19)
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This then allows us to define the actions

▷̄ “ pidbϵq ˝ Ψ : G b H Ñ H,

◁̄ “ pϵ b idq ˝ Ψ : G b H Ñ G,

where ϵ denotes the counit map. Applying idbϵ and ϵ b id respectively to the first and
second equation of (3.19) implies that ▷̄, ◁̄ respect the semidirect product structures
G´1 ¸ G0,H´1 ¸ H0, respectively. Together with our above result, (3.16) is in fact a span
of 2-algebras.

We now prove that (3.16) is actually a span of 2-bialgebras, which proves the theorem.
Applying ϵ b id and idbϵ respectively to the first and second (3.19) yields

pz ¨ z1
q◁̄h “ ˆ̈pz◁̄Ψpz1

b hqq, z▷̄ph ¨ h1
q “ ˆ̈pΨpz b hq▷̂h1

q. (3.20)

We now take the coproduct ∆K : K Ñ K2b on K, given in components and Sweedler
notation (see (2.16), (2.17)) by

p∆Kq´1peq “ ep1q b ep2q, p∆Kq0pwq “ wl
p1q b wl

p2q ` wr
p1q b wr

p2q;

note wl
p1q
, wr

p2q
P K´1. With the span (3.16), we can write w “ ι0pxqȷ0pfq, e “ ι´1pyqȷ´1pgq

for some appropriate elements x, f, y, g such that

p∆Kq´1py, gq “ pyp1q b gp1qq b pyp2q b gp2qq,

p∆l
Kq0px, fq “ pxl

p1q b f l
p1qq b pxl

p2q b f l
p2qq,

p∆r
Kq0px, fq “ pxr

p1q b f r
p1qq b pxr

p2q b f r
p2qq.

This then allows us to define coproducts on G,H by

p∆Gq´1pyq “ yp1q b yp2q, p∆Gq0pxq “ xl
p1q b xl

p2q ` xr
p1q b xr

p2q,

p∆Hq´1pgq “ gp1q b gp2q, p∆Hq0pfq “ f l
p1q b f l

p2q ` f r
p1q ` f r

p2q,

whence ∆K “ ∆GbH, which implies that ˆ̈˝ pι b ȷq and ˆ̈˝ pȷ b ιq by construction respects
the coproducts.

As such, Ψ is a 2-coalgebra map. In particular, we have

∆K ˝ Ψ “ pΨ b Ψq ˝ ∆K1 , pϵ b ϵq ˝ Ψ “ ϵ b ϵ (3.21)

where K1 is the 2-bialgebra with G,H swapped in the span (3.16). An application of
ϵ b idbϵ b id and idbϵ b idbϵ to (3.21) gives

∆G ˝ ◁̄ “ p◁̄b ◁̄q ˝ ∆K, ∆H ˝ ▷̄ “ p▷̄b ▷̄q ˝ ∆K,

which ensures that ▷̄, ◁̄ are 2-coalgebra maps.
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Now applying ϵ b idb idbϵ and idbϵ b ϵ b id to (3.21) yields

zp1q◁̄hp1q b zp2q▷̄hp2q “ τ ˝ Ψpz b hq,

zp1q▷̄hp1q b zp2q◁̄hp2q “ Ψpz b hq.

Using the second equation, together with (3.20), gives (3.6) and

z▷̄pĥ¨|Hh
1
q “ ˆ̈ppzp1q▷̄hp1q b zp2q◁̄hp2qq▷̂h

1
q “ pzp1q▷̄hp1qq̂¨|Hppzp2q◁̂hp2qq▷̄h

1
q,

pzˆ̈|Gz
1
q◁̄h “ ˆ̈pz◁̄pz1

p1q▷̄hp1q b z1
p2q◁̄hp2qqq “ pz◁̄pz1

p1q▷̄hp1qqq̂¨|Gpz1
p2q◁̂hp2qq,

which are precisely the matched pair conditions (3.3), (3.4) for ˆ̈|G “ ¨,ˆ̈|H “ ¨˚. On the
other hand, using the first equation gives (3.5). Thus (3.16) is a span of 2-bialgebras and
so K – G’̄H.

Note that the span (3.16) factorizes the 2-algebra structure on K into the right- ÝÑ
ˆ “

p̂¨|G, ◁̄q and left-moving ÐÝ
ˆ “ p̂¨|

opp
H , ▷̄opp

q 2-algebra structures. In other words, in order
to identify K with a 2-quantum double, we must have [Maj94]

K – G’̄H – DpG,Hopp
q, (3.22)

where Hopp denotes the opposite 2-algebra; see Appendix A.
This is because, as can be seen in (3.14), the back-action ◁̄ is written from right to

left.

3.11. Universal characterization of quantum 2-R-matrices. As we have men-
tioned in the beginning of this section, we wish to leverage the 2-quantum double con-
struction we have given above in order to provide a notion of a quantum R-matrix on a
2-bialgebra G. More precisely, we shall use the skew-pairing on G used in forming the
2-quantum double DpG,Gq “ G’̄Gopp in order to provide a definition of the 2-R-matrix
on G (and not just on DpGq!). We shall show in Section 7.5 that our definition of a
2-R-matrix indeed gives rise to a braiding on the 2-representations of G.
Review of the 1-bialgebra case. We first recall the explicit construction of the R-
matrix for the ordinary 1-bialgebra H. It was noted by Majid (see eg. [Maj94; Maj11])
that, in forming the quantum double DpH,Hq “ H ’ Hopp as a double crossed product,
the (non-degenerate) skew-pairing which dualizes H with itself satisfies

xxx1, gysk “ xx b x1,∆pgqysk “ xx, gp1qysk xx1, gp2qysk,

xx, gg1
ysk “ x∆pxq, g1

b gysk “ xxp1q, g
1
ysk xxp2q, gysk,

where x, x1 P H and g, g1 P Hopp – H. If we define this skew-pairing as a functional
x¨, ¨ysk “ R˚ : H2b Ñ k, then we see that the above conditions translate to the following
operational condition

R˚
˝ pµ b idq “ R˚

13R
˚
23, R˚

˝ pidbµq “ R˚
13R

˚
12, (3.23)



1454 HANK CHEN AND FLORIAN GIRELLI

which is nothing but the defining properties of a dual R-matrix. Indeed, together with
the property

xp1q x
1
p1q R

˚
px1

p2q, xp2qq “ R˚
px1

p1q, xp1qq x
1
p2q xp2q, x, x1

P H (3.24)

we obtain the (dual) Yang-Baxter equations [Maj94; Maj11].
In summary, we see that the Drinfel’d double DpH,Hq “ H ’ Hopp is canonically

equipped with a quasitriangular R-matrix, which we call the universal R-matrix. This
then allows us to characterize the algebraic properties satisfied by R-matrices by studying
Drinfel’d doubles and its skew self-pairing — a (dual) quasitriangularity structure R˚ on
a Hopf algebra A should satisfy the operational condition (3.23) and the Yang-Baxter
equations. If such a R˚ furthermore defines a self skew-paring x¨, ¨ysk on A, then A “ DpHq

should itself form a Drinfel’d double.

(Dual) 2-R-matrix. We now follow an analogous treatment to characterize dual 2-R-
matrices of a quasitriangular 2-bialgebra G. Take the 2-quantum double DpG,Gq, whose
underlying duality pairing (3.15) is given by a non-degenerate self-duality skew-pairing
x¨, ¨ysk : G b G Ñ k. Explicitly, this pairing satisfies

xx ¨l y, fysk “ xx b y,∆l
0pfqysk, xy ¨r x, fysk “ xy b x,∆r

0pfqysk,

xx, f ¨l gysk “ x∆r
0pxq, g b fysk, xx, g ¨ fysk “ x∆l

0pxq, f b gysk, (3.25)

and also in addition to the fact that it should respect the t-map T “ t b t on DpG,Gq,

xty, gysk “ xy, tgysk,

where x, f, f 1 P G0 and y, g P G´1. Writing the skew-pairing in terms of a functional
R˚ : G2b Ñ k by

R˚
l py, fq “ xy, fysk, R˚

r px, gq “ xx, gysk,

we can rewrite (3.25) as

R˚
l ˝ p¨l b idq “ pR˚

r q13pR˚
l q23, R˚

l ˝ p¨r b idq “ pR˚
l q13pR˚

r q23,

R˚
r ˝ pidb¨lq “ pR˚

l q13pR˚
r q12, R˚

r ˝ pidb¨rq “ pR˚
r q13pR˚

l q12,

where ¨l, ¨r denotes respectively the left and right G0-actions on G´1. We also have the
compatibility conditions with the t-map:

R˚
r ˝ pidbtq “ R˚

l ˝ pt b idq P G2b
´1 .

An intrinsic notion of higher-quasitriangularity can then be inferred from these properties.

Inspired by the above functional R˚, we characterize the 2-R-matrix R for a single
copy of G.
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3.12. Definition.A quasitriangular 2-R-matrix of a 2-bialgebra pG, ¨,∆q is an element
R P G b G of total degree -1, consisting of the graded components

Rl
P G´1 b G0, Rr

P G0 b G´1,

such that the following identities are satisfied:

1. the compatibility with the coproduct

p∆l
0 b idqRr

“ Rl
13 ¨l Rr

23, p∆r
0 b idqRr

“ Rr
13 ¨r Rl

23,

pidb∆l
0qRl

“ Rl
13 ¨r Rr

12, pidb∆r
0qRl

“ Rr
13 ¨l Rl

12, (3.26)

2. the coproduct permutation identity

Rr∆r
0pxq “ pσ ˝ ∆l

0pxqqRr, Rl∆l
0pxq “ pσ ˝ ∆r

0pxqqRl (3.27)

for each x P G0, where σ : G b G Ñ G b G is the permutation of tensor factors, and

3. the equivariance condition

D´
t R “ 0 ðñ pt b idqRl

“ pidb tqRr
P G2b

0 . (3.28)

We call the tuple R invertible iff Rl,Rr are both invertible.

For the canonical, universal quasitriangular structure on the double G “ DpH,Hq, see
Remark 3.14.

We now derive the categorified notion of the Yang-Baxter equations.

3.13. Proposition. The 2-R-matrix of a quasitriangular 2-bialgebra pG, ¨,∆,Rq satisfies
the 2-Yang-Baxter equations

Rr
23pRr

13 ¨l Rl
12q “ pRl

12 ¨r Rr
13qRr

23, pRl
23 ¨l Rr

13qRr
12 “ Rr

12pRr
13 ¨r Rl

23q,

Rl
23pRl

13 ¨r Rr
12q “ pRr

12 ¨l Rl
13qRl

23, pRr
23 ¨r Rl

13qRl
12 “ Rl

12pRl
13 ¨l Rr

23q. (3.29)

Proof. Recall that R is quasitriangular iff Rl,Rr are square and invertible. This pairs G
with itself and hence dimG0 “ dimG´1. We calculate pidbσ ˝∆l

0qRl and pσ ˝∆l
0 b idqRr,

as well as pidbσ ˝ ∆r
0qRl and pσ ˝ ∆r

0 b idqRr in two ways. First using (3.26), we have

pidbσ ˝ ∆l
0qRl

“ pidbσqRl
13 ¨r Rr

12 “ Rl
12 ¨r Rr

13,

pσ ˝ ∆l
0 b idqRr

“ pσ b idqRl
13 ¨l Rr

23 “ Rl
23 ¨l Rr

13,

pidbσ ˝ ∆r
0qRl

“ pidbσqRr
13 ¨l Rl

12 “ Rr
12 ¨l Rl

13,

pσ ˝ ∆r
0 b idqRr

“ pσ b idqRr
13 ¨r Rl

23 “ Rr
23 ¨r Rl

13.

On the other hand from (3.27), we have that,

pidbσ ˝ ∆l
0qRl

“ Rr
23ppidb∆r

0qRl
qRr´1

23 “ Rr
23pRr

13 ¨l Rl
12qRr´1

23

pσ ˝ ∆l
0 b idqRr

“ Rr
12pp∆r

0 b idqRr
qRr´1

12 “ Rr
12pRr

13 ¨r Rl
23qRr´1

12 ,

pidbσ ˝ ∆r
0qRl

“ Rl
23ppidb∆l

0qRl
qRl´1

23 “ Rl
23pRl

13 ¨r Rr
12qRl´1

23

pσ ˝ ∆r
0 b idqRr

“ Rl
12pp∆l

0 b idqRr
qRl´1

12 “ Rl
12pRl

13 ¨l Rr
23qRl´1

12

Putting each equation with its above counterpart leads to (3.29).
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To see how Definition 3.12 reduces to an ordinary R-matrix at degree-0 G0, we direct
the reader to the beginning of §7, as well as §7.5 in the weakened case.

3.14. Remark. As we have noted in the beginning of this section, the 2-quantum double
G “ DpHq by construction has equipped a canonical invertible quasitriangularity structure,
which splits into two copies of its (skew) self-pairing form (3.15). Conversely, if a quasi-
triangular 2-bialgbera pG,Rq defines a skew self-pairing, then G factorizes by Theorem
3.10 and forms a 2-Drinfel’d double. See also the ensuing paragraph for more details.

The (dual) 2-R-matrix from factorizability. Due to the factorizability result Theo-
rem 3.10, we could have begun our characterization with a general associative 2-bialgebra
K which factorizes into two copies of G, instead of the 2-quantum double DpG,Gq. This
introduces the braided transposition Ψ : G bG Ñ G bG given in (3.17) into the definition
of the dual 2-R-matrix:

R˚
l “ evl ˝Ψl

´1, R˚
r “ evr ˝Ψr

´1

where ev “ evl ` evr is precisely the skew-pairing x¨, ¨ysk that we have introduced previ-
ously.

Dualizing this construction then gives

Rl
“ Ψl

´1 ˝ coevl, Rr
“ Ψr

´1 ˝ coevr, (3.30)

where coev “ coevl ` coevr : k Ñ G b G is the coevaluation. In other words, we are able
to reconstruct the 2-R-matrix from the braided transposition Ψ on the 2-quantum double
K – DpG,Gq. Indeed, (3.18) gives the equivariance (3.28), and the relation (3.19) implies
(3.26).

The odd-degreeness of the self-duality on K – DpHq explains why only Ψ´1 appears
in the reconstruction of the invertible 2-R-matrix in the factoriable case: the degree-0
component Ψ0 dualizes to that in degree-(-2) Ψ̄˚ for the dual K˚ – K, which has the
same t-map T “ t b t. As Ψ̄˚ is determined by pΨ˚

´1q
l,r “ Ψr,l

´1 per (3.18), the component
Ψ0 is also completely determined by Ψ´1.

4. Weak 2-bialgebras

We now begin our endeavour to weaken the associativity conditions in the above 2-
quantum double construction. The idea of non-associative 2-algebra has not been de-
veloped nearly as much as their associative counterpart, but we shall take inspiration
from their Lie 2-algebra counterparts.

The motivation for this endeavour is twofold:

1. Mathematically, it is known [HE16] that the 2-representations of associative 2-
algebras do not carry non-trivial k-invariants — namely, all coherences such as
the associators, unitors, pentagonators etc. are identities.
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2. Physically, it is understood that the L8-algebra of semiclassical observables in
higher-dimensional field theories [Bud+23; CG16] will, in general, acquire higher
homotopy products upon perturbative quantization.

We will then introduce a homotopy-refinement of Baez-Crans 2-vector spaces, forming a
2-category 2VecthBC , by considering pseudo Vect-algebras [Fio06] in Cat.

4.1. Definition of weak 2-algebras. Operationally, through the macrocosm prin-
ciple [BD95], algebra objects in 2VecthBC are 2-term A8-algebras of Stasheff [Sta63]. We
can explicitly describe them by generalizing Definition 2.5.

4.2. Definition. A 2-term A8-algebra, or equivaelntly a weak 2-algebra pG, T q, is a
map t : G´1 Ñ G0 between a pair of not necessarily associative algebras, together with an
invertible homotopy map T : G3b

0 Ñ G´1 such that we have the conditions (2.5), (2.6), as
well as

1. the weak 1-associativity,

pxx1
qx2

´ xpx1x2
q “ tT px, x1, x2

q, pyy1
qy2

´ ypy1y2
q “ T pty, ty1, ty2

q

and the weak bimodularity,

x ¨ px1
¨ yq ´ pxx1

q ¨ y “ T px, x1, tyq px ¨ yq ¨ x1
´ x ¨ py ¨ x1

q “ T px, ty, x1
q,

py ¨ xq ¨ x1
´ y ¨ pxx1

q “ T pty, x, x1
q,

for each x, x1, x2 P G0 and y, y1, y2 P G´1,

2. the Hochschild 3-cocycle condition,

x1¨T px2, x3, x4q`T px1, x2, x3q¨x4 “ T px1x2, x3, x4q´T px1, x2x3, x4q`T px1, x2, x3x4q

for each x1, . . . , x4 P G0.

We call pG, T q a unital weak 2-algebra if we have a unit map η : k Ñ G that satisfies the
usual conditions (2.7), and such that T is normalized — namely it vanishes whenever
any of its arguments are 0 or η0.

We note here that this structure is precisely the definition of a 2-term homotopy A8-
algebra [Sta63], together with the Peiffer identity constraint (2.6). The correspondence
between the n-nary product mn P Homn´2

pGnb,Gq and the weak 2-algebra structure is
given by

m1p´q “ tp´q, m2p´,´q “ p´´,´ ¨ ´q, m3p´,´,´q “ T p´,´,´q,

with mn “ 0 trivial for n ě 4. Nevertheless, we shall see that the Peiffer identity on G
shall play a very important role.

Similar to Remark 2.6, the Peiffer identity implies the further constraints

px ¨ yqy1
´ x ¨ pyy1

q “ T px, ty, ty1
q, py ¨ xqy1

´ ypx ¨ y1
q “ T pty, x, ty1

q,

ypy1
¨ xq ´ pyy1

q ¨ x “ T pty, ty1, xq

for t ‰ 0, where x P G0, y, y
1 P G´1.
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4.2.1. Weak 2-algebra homomorphisms. We define a map between weak 2-algebras
pG, T q Ñ pG 1, T 1q as a cochain map F “ pF1, F0, F´1q : G Ñ G 1:

F1 : G2b
0 Ñ G 1

´1, F0 : G0 Ñ G 1
0, F´1 : G´1 Ñ G 1

´1,

such that t1 ˝ F´1 “ F0 ˝ t and the following conditions are satisfied,

t1F1px, x
1
q “ F0pxx

1
q ´ F0pxqF0px

1
q,

F1px, tyq “ F´1px ¨ yq ´ F0pxq ¨
1 F´1pyq,

F1pty, xq “ F´1py ¨ xq ´ F´1pyq ¨
1 F0pxq

T 1
pF0pxq, F0px

1
q, F0px

2
qq “ F0pxq ¨

1 F1px1, x2
q ´ F1pxx

1, x2
q

` F1px, x1x2
q ´ F1px, x1

q ¨
1 F0px2

q

` F´1pT px, x1, x2
qq. (4.1)

In other words, F1 contributes as an ”obstruction” for the other components pF0, F´1q to
define a strict 2-algebra homomorphism, but only up to homotopy in the sense that F1 by
definition (see the last equation of (4.1)) gives an explicit trivialization of the Hochschild
cohomology class rT 1 ˝ F0s ´ rF´1 ˝ T s “ 0.

It can then be deduced that quasi-isomorphism classes of weak 2-algebras — where
G „ G 1 are said to be quasi-isomorphic iff there exists a weakly inertible cochain map
(4.1) between them — is still labeled by Hochschild cohomology classes T P HH3pN , V q,
where N “ coker t and V “ ker t. In particular, pG, T q is always quasi-isomorphic to its

skeleton pN 0
ÝÑ V, rT sq, which is in fact associative.

4.2.2. Example: weak 2-group algebras. Our definition of the weak 2-algebra is
less natural in the context of groups, as weakening the associativity in a group G reads

pxx1
qx2

“ τpx, x1, x2
q ¨ xpx1x2

q, x, x1, x2
P G,

which does not reproduce our above notion of a weak 2-algebra when we pass to the group
algebra kG. There is hence an inherent disconnect between a natural notion of a ”weak
2-group” and that of a weak 2-algebra.

Consider a skeletal 2-group G with Hoáng data pG0, G´1, τq as a categorical group
[CW17]. There is a copy of G´1 over each object x P G0 as the space of endomorphisms
on x. Notice here that G0 is a genuine group with an associative product, but there are
distinguished associator isomorphisms valued in G´1,

τpx, x1, x2
q : pxx1

qx2
Ñ xpx1x2

q, x, x1, x2
P G0,

that represents the Postnikov class τ P H3pG0, G´1q. The 3-cocycle condition for τ holds
due to the pentagon relation. Note the group G´1 is Abelian (G being skeletal) and we
use the addition for its product.
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We wish to take the same point of view with weak 2-algebras. Suppose G : G´1
0
ÝÑ G0

is a weak skeletal 2-algebra, then G0 is in fact associative, and G´1 is an associative G0-
bimodule. The difference with the strict case is that there are now distinguished associator
isomorphisms

T px, x1, x2
q : pxx1

qx2
Ñ xpx1x2

q, (4.2)

which is given by the data of the homotopy map T . Unfortunately, the construction of a
2-group algebra kG described in (2.14), (2.15) does not preserve the classifying 3-cocycles.
This is because that the t-map on kG is the augmentation, and hence kG is classified by
HH3pkG0{k, εq where im t – k while ε “ ker t is the augmentation ideal.

It is, however, possible to construct a version of the group 2-algebra kG that does give
rise to a correspondence

H3
pG0, G´1q Ñ HH3

pkG0, kG´1q, τ ÞÑ T ,

as we have noted at the end of Section 2.9.1. Moreover, for certain skeletal 2-groups, one
may even leverage the natural (ring!) isomorphism HH˚pkN, kNq – H˚pN, kNq [SW99]
to produce a bijective correspondence between these classifying 3-cocycles. This fact is
used in the accompanying work [Che23].

4.3. Weak 2-coalgebras. We begin by defining the notion of a weak 2-coalgebra.
Recall that the weakening in Definition 4.2 concerns only the associativity of the 2-
algebra structure. Correspondingly, the weakening of a 2-coalgebra should only concern
the coassociativity.

For brevity of notation later, we first rewrite the equations (2.18), (2.20) in a more
concise way. Consider coassociativity (2.18); we naturally extend ∆´1 to act on tensor
products (with alternating sign) such that

∆´1 ˝ ∆´1 ” pidb∆´1q ˝ ∆´1 ´ p∆´1 b idq ˝ ∆´1.

Secondly, we recombine ∆0 “ ∆l
0 `∆r

0 and extend it as well to tensor products, such that

p∆´1 ` ∆0q ˝ ∆0 ”
“

p∆´1 b idq ˝ ∆l
0 ´ pidb∆l

0q ˝ ∆l
0

‰

` rpidb∆´1q ˝ ∆r
0 ´ p∆r

0 b idq ˝ ∆r
0s

encodes two expressions in (2.20). We extend the t-map to the triple tensor product,

Dt “ idb idbt ´ idbt b id`t b idb id,

such that the equation
Dt ˝ ∆0 ˝ ∆0 “ ∆0 ˝ Dt ˝ ∆0

encodes all three equations in (2.29). For convenience, we define also the map

Dtr2s ” t b t b id´t b idbt ` idbt b t,

which is an extension of two applications of t to the 3-fold tensor product.
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4.4. Definition. Let ∆1 : G0 Ñ G3b
´1 denote an invertible trilinear map. Together with

the maps p∆´1,∆0q defined as in (2.16), we say that the tuple pG,∆ “ p∆´1,∆0,∆1qq is
a weak 2-coalgebra iff coequivariance (2.22), coPeiffer identity (2.24), weak coasso-
ciativity

∆´1 ˝ ∆´1 “ ∆1 ˝ t,

p∆´1 ` ∆0q ˝ ∆0 “ Dt ˝ ∆1, (4.3)

and 2-coassociativity
∆1 ˝ ∆0 “ ∆´1 ˝ ∆1 (4.4)

are satisfied. In which case we call ∆1 the coassociator of G.
We call pG,∆q counital if it is equipped with a counit ϵ : k Ñ G satisfying the usual

conditions, and ϵ ˝ ∆1 “ 0.

Notice that, provided the coequivariance and the coPeiffer identity are satisfied, ap-
plying one more t-map to (4.3) yields

∆1
0 ˝ ∆0 ´ ∆0 ˝ ∆1

0 “ Dtr2s ˝ ∆1, (4.5)

which is a monoidal weakening of the condition (2.29). Similarly, applying the t-map yet
once more gives a map Φ ” pt b t b tq∆1 : G0 Ñ G3b

0 that lands only in G0. We write this
element multiplicatively such that

p∆1
0 b idq ˝ ∆1

0 “ Φ ˝ pidb∆1
0q ˝ ∆1

0. (4.6)

Recall that, in the skeletal case where t “ 0, the coproducts ∆´1,∆0,∆
1
0 are independent

and hence (4.6) should also be imposed independently from (4.3).

4.5. Weak 2-bialgebras. Suppose now pG, T q is a weak 2-algebra equipped with the
tuple ∆ “ p∆´1,∆0,∆1q of linear maps. Recall the Sweedler notation (2.19) for ∆1

0 :
G0 Ñ G2b

0 . We use it to state the condition that the coassociator ∆1 preserves the algebra
structure on G,

p∆´1 ˝ T qpx, x1, x2
q “ T px̄p1q, x̄

1
p1q, x̄

2
p1qq b T px̄p2q, x̄

1
p2q, x̄

2
p2qq,

∆1pxx
1
q “ xp1qx

1
p1q b xp2qx

1
p2q b xp3qx

1
p3q, (4.7)

for x, x1, x2 P G0. Note that x̄p1q, x̄p2q P G0 are not to be confused with the elements xl,r
p1q

in

(2.17).

4.6. Definition. The tuple pG, T ,∆q is a (unital) weak 2-bialgebra iff pG, T q is a
weak 2-algebra and pG,∆q is a (counital) weak 2-coalgebra. Equivalently, pG, T ,∆q is a
weak 2-bialgebra iff the tuple ∆ “ p∆1,∆0,∆´1q satisfies (2.24), (2.22), (4.3)-(4.5), (2.31)
and (4.7).

A weak 2-bialgebra pG, T ,∆q is called quasi-2-bialgebra if T “ 0.
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Similar to what we have done for the strict case, we suppose G is dually paired with
its dual 2-algebra through (3.1). The coassociator ∆1 on G induces a linear map T ˚ :
G˚

´1 Ñ G˚
0 by

xf b f 1
b f2,∆1pxqy “ xT ˚

pf, f 1, f2
q, xy.

Similarly, the Hochschild 3-cocycle T on G induces a linear map ∆˚
1 : G˚

´1 Ñ pG˚
0 q3b. We

form the tuple ∆˚ “ p∆˚
1 ,∆

˚
0 ,∆

˚
´1q.

4.7. Proposition. Let G,G˚ be dually paired, then pG, T ,∆q is a (unital) weak 2-bialgebra
iff pG˚, T ˚,∆˚q is a (unital) weak 2-bialgebra.

Proof. Let pG˚, T ˚,∆˚q be the dual weak 2-bialgebra. By a straightforward computation,
it is obvious that the conditions (2.22), (2.24), (4.3), (4.5) on pG˚,∆˚q hold iff the Peiffer
conditions, weak 1-associativity and weak bimodularity hold for the 2-algebra G. The fact
that p∆˚

´1,∆
˚
0q are 2-algebra maps, as well as the units/counits, are treated the same way

as in the proof of Proposition 3.2.
The two non-trivial identities to check are (4.4), (4.7). We will use the Sweedler

notation for ∆1, ∆1x “ xp1q b xp2q b xp3q. Note x P G0, but xpiq P G´1 for i “ 1, 2, 3.
We begin first with the latter, and check that ∆1 is a 2-algebra map. We have

x∆˚
1pff 1

q, x b x1
b x2

y “ xff 1, T px, x1, x2
qy “ xf b f 1,∆´1T px, x1, x2

qy,

while (recall ∆1
0 dualizes to the multiplication on G˚

0 , and fpiq P G˚
´1)

xfp1qf
1
p1q b fp2qf

1
p2q b fp3qf

1
p3q, x b x1

b x2
y “ x

3
â

i“1

fpiq b f 1
piq,∆

1
0pxq b ∆1

0px
1
q b ∆1

0px
2
qy

“ xpfp1q b f 1
p1qq b pfp2q b f 1

p2qq b pfp3q b f 1
p3qq,

px̄p1q b x̄p2qq b px̄1
p1q b x̄1

p2qq b px̄2
p1q b x̄2

p2qqy

“ x∆˚
1pfq b ∆˚

1pf 1
q,

px̄p1q b x̄1
p1q b x̄2

p1qq b px̄p2q b x̄1
p2q b x̄2

p2qqy

“ xf b f 1, T px̄p1q, x̄
1
p1q, x̄

2
p1qq b T px̄p2q, x̄

1
p2q, x̄

2
p2qqy,

meaning that ∆1 is a 2-algebra map on pG, T q iff ∆˚
1 is also one on pG˚, T ˚q.

We now check (4.5). Fix arbitrary elements f1, . . . , f4 P G˚
´1, we compute

xf1 ¨ T ˚
pf2, f3, f4q, xy “ xf1 b T ˚

pf2, f3, f4q,∆
l
0pxqy “ xf1 b ¨ ¨ ¨ b f4, p1 b ∆1q ˝ ∆l

0pxqy,

xT ˚
pf1, f2, f3q ¨ f4, xy “ xT ˚

pf1, f2, f3q b f4,∆
r
0pxqy “ xf1 b ¨ ¨ ¨ b f4, p∆1 b 1q ˝ ∆r

0pxqy;

on the other hand, we have

xT ˚
pf1f2, f3, f4q, xy “ xf1f2 b f3 b f4,∆1pxqy “ xf1 b ¨ ¨ ¨ b f4, p∆´1 b 1 b 1q ˝ ∆1pxqy,

xT ˚
pf1, f2, f3f4q, xy “ xf1 b f2 b f3f4,∆1pxqy “ xf1 b ¨ ¨ ¨ b f4, p1 b 1 b ∆´1q ˝ ∆1pxqy,

xT ˚
pf1, f2f3, f4q, xy “ xf1 b f2f3 b f4,∆1pxqy “ xf1 b ¨ ¨ ¨ b f4, p1 b ∆´1 b 1q ˝ ∆1pxqy.

By summing these up, the Hochschild 3-cocycle condition for T ˚ is equivalent to

p1 b ∆1q ˝ ∆l
0 ` p∆1 b 1q ˝ ∆r

0 “ ∆1 ˝ ∆0 “ ∆´1 ˝ ∆1.

which is exactly (4.5).
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Given pG,G˚q are dually paired 2-bialgebras, we see that a quasi-2-bialgebra pG, T “ 0,∆q

encode the same data as a weak but coassociative 2-bialgebra pG˚, T ˚,∆˚q, in which
∆˚

1 “ 0.

5. Weak (skeletal) 2-quantum doubles

Let G,G˚ be dually paired (weak) 2-bialgebras. To form its weak 2-quantum double, we
require them to act on each other weakly. This means, in particular, that the coadjoint
actions ▷̄, ◁̄ now come with the additional components

▷1 : G2b
0 Ñ HompG˚

´1,G˚
0 q, ◁1 : pG˚

´1q
2b

Ñ HompG0,G´1q.

This will be justified further in Section 6.1 where we show that the coadjoint action can
be interpreted weak representation. More specifically, just like the product and actions
in (3.2) contribute to defining dually some (crossed) relations, the cocycle T should also
contribute dually to the adjoint action. This is what ▷1 and ◁1 stand for, as we will see
in (5.1).

To construct non-skeletal weak 2-quantum doubles, one must explicitly keep track of
how T , T ˚,▷1,◁1 appear in the crossed-relations (3.3), (3.4), (3.5). This is a Herculean
task that we leave to the ambitious reader. We will restrict from now on to the skeletal
case when defining the quantum double.

5.1. Matched pair of skeletal weak 2-bialgebras. Though the situation is dras-
tically simplified in the skeletal case t “ 0, it is now important for us to keep track of the
associators. We shall do this by using the notation of (4.2).

The non-trivial crossed relations (3.7), in particular, are attached with the components
▷1,◁1 of the coadjoint actions,

pxq◁f,f 1

1 : x▷´1 pff 1
q

„
ÝÑ pxp1q▷̄fp1qq ¨

˚
ppxp2q◁̄fp2qq▷̄f

1
q,

▷x,x1

1 pfq : pxx1
q◁´1 f

„
ÝÑ px◁̄px1

p1q▷̄fp1qqq ¨ pxp2q◁̄fp2qq,

where we have made use of the shorthand notation defined in Remark 3.5. These come
together to allow us to define a Hochschild 3-cochain on the 2-quantum double DpGq,

TD : DpGq
3b
0 Ñ DpGq´1, TDpw,w1, w2

q “

$

’

’

’

&

’

’

’

%

T px, x1, x2q

▷x,x1

1 pf2q

pxq◁f 1,f2

1

T ˚pf, f 1, f2q

, (5.1)

where w “ px, fq P DpGq0 is a degree-0 element, with x P G0 and f P G˚
´1.
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5.2. Definition. The pair pG,G˚q of mutually paired weak skeletal 2-bialgebras forms a
(skeletal) matched pair iff, in addition to the compatibility conditions (3.3)-(3.6), the
3-cochain TD defined in (5.1) is a Hochschild 3-cocycle on DpGq – G b G˚.

For arguments contained solely in G0 or G˚
´1, this condition merely states the 3-cocycle

conditions for T , T ˚, respectively. The other ones mix non-trivially the different compo-
nents of the 3-cocycle TD,

x1 ▷0 p▷x2,x3

1 pfqq ´ T px1, x2, x3q◁0 f “ ▷x1x2,x3

1 pfq ´▷x1,x2x3

1 pfq ` T px1, x2, x3 ◁´1 fq,

x1 ¨ px2q◁f1,f2
1 ´▷x1,x2

1 pf1q ¨
˚ f2 “ px1x2q◁

f1,f2
1 ´px1q◁

x2▷´1f1,f2
1 `▷x1,x2

1 pf1f2q,

x▷0 T ˚
pf1, f2, f3q ´ ppxq◁f1,f2

1 q◁0 f3 “ T ˚
px▷´1 f1, f2, f3q ´ pxq◁f1f2,f3

1 `pxq◁f1,f2f3
1 .

(5.2)

Then, we construct DpGq as a 2-bialgebra as in Section 3.
Since we are in the skeletal case, it is easy to see from (4.1) that the 2-quantum double

is weakly self-dual DpGq „ DpGq˚, where we recall „ denotes equivalence of 2-algebras
under the classification result Theorem 2.9. This means that the associated Hochschild
3-cocycles TD, T ˚

D are cohomologous, where

T ˚
D : DpGq

3b
0 Ñ DpGq´1, T ˚

D pw,w1, w2
q “

$

’

’

’

’

&

’

’

’

’

%

T̊ pf, f 1, f2q

▷̊f,f 1

1 px2q

pfq◁̊x1,x2

1

T̊ ˚px, x1, x2q

,

denotes the dual of the 3-cocycle TD. The ”dual” version of (5.2) reads

f1 ◁0 p▷̊f2,f3
1 pxqq ´ T̊ pf1, f2, f3q▷0 x “ ▷̊f1f2,f3

1 pxq ´ ▷̊f1,f2f3
1 pxq ` T̊ pf1, f2, f3 ◁´1 xq,

f1 ¨
˚

pf2q◁̊
x1,x2

1 ´ ▷̊f1,f2
1 px1q ¨ x2 “ pf1f2q◁̊

x1,x2

1 ´ pf1q◁̊f2◁´1x1,x2

1 ` ▷̊f1,f2
1 px1x2q,

f ◁0 T̊ ˚
px1, x2, x3q ´ ppfq◁̊x1,x2

1 q▷0 x3 “ T̊ ˚
pf ▷´1 x1, x2, x3q ´ pfq◁̊x1x2,x3

1 ` pfq◁̊x1,x2x3

1 .
(5.3)

It is important to note that the components ▷1,◁1 do not form Hochschild 3-cocycles by
themselves, and similarly for the components ▷̊1, ◁̊1.

5.3. Factorizability of weak 2-bialgebras. We now prove the analogue of The-
orem 3.10.

5.4. Theorem. Suppose pK,ˆ̈, TKq is a weak 2-bialgebra that weakly factors into two
skeletal weak sub-2-bialgebras G,H, namely the inclusions in the span (3.16) are weak
homomorphisms as defined in (4.1), then K „ DpGq are equivalent as 2-bialgebras.

Recall two weak 2-bialgebras are equivalent when there exists an invertible weak 2-
homomorphism (4.1) between them.
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Proof. The fact that K factors into skeletal 2-subalgebras means that it must also be
skeletal itself. This allows us to leverage the proof of Theorem 3.10 to reconstruct the
underlying 2-bialgebra structure of K – DpGq as a 2-quantum double.

The subtlety here is that we must now keep track of the 3-cocycle TK : K3b
0 Ñ K´1 in

K when we, in particular, invoke associativity in the form

TKpι0pxq, ι0px1
q, ȷ0pfqq ” ▷x,x1

1 pfq : pι0pxq̂¨ι0px
1
qq̂¨ȷ0pfq

„
ÝÑ ι0pxq̂¨pι0px

1
q̂¨ȷ0pfqq,

TKpι0pxq, ȷ0pfq, ȷ0pf
1
qq ” pxq◁f,f 1

1 : pι0pxq̂¨ȷ0pfqq̂¨ȷ0pf
1
q

„
ÝÑ ι0pxq̂¨pȷ0pf q̂¨ȷ0pf

1
qq.

Now in the skeletal case, the braiding map Ψ “ pΨ0,Ψ´1; Ψ̄q : G b H Ñ H b G is still
defined as in (3.17). However, the components ▷1,◁1 now give rise to associators

▷1 : Ψ ˝ p̂¨ b idq
„
ùñ pidbˆ̈q ˝ Ψ12 ˝ Ψ23,

◁1 : Ψ ˝ pidbˆ̈q
„
ùñ p̂¨ b idq ˝ Ψ23 ˝ Ψ12 (5.4)

that implement the braiding relations (3.19). These braiding associators satisfy a set of
algebraic conditions following from the 3-cocycle condition (5.2) for TK .

With the components▷1,◁1 as defined above, we now wish to reconstruct the Hochschild
3-cocycles TG, TH of G,H from TK . Note this cannot be achieved by just restricting TK via
the span (3.16), as this does not have the desired codomains. For instance, the restriction
TK |im ι“G : G3b

0 Ñ K´1 – G´1 b H´1 in general lands in the tensor product, for which
only the G´1-valued component gives the desired 3-cocycle TG on G. Nevertheless, with
TG, TH defined in this way, having the span (3.16) means that the 3-cocycle condition for
TK implies pG, TGq, pH, THq form a matched pair of weak 2-bialgebras, as in (5.2).

The ”undesirable” piece T̃G, namely the component of TK |G valued in H´1, is a
Hochschild coboundary. This follows from the definition of the inclusion ι “ pι´1, ι0, ι1q :
G ãÑ K as a weak homomorphism. Indeed, by projecting the last of (4.1) for ι1 to H, the
first term ι´1pTGpx, x1, x2qq|H “ 0 vanishes whence

T̃G ” TKpι0pxq, ι0px
1
q, ι0px2

qq|H

“ ι0pxqˆ̈ι1px
1, x2

q|H ´ ι1pxx
1, x2

q|H ` ι1px, x
1x2

q|H ´ ι1px, x
1
q|Hˆ̈ι0px

2
q

“ dHHrι1|Hspx, x1, x2
q,

where dHH is the Hochschild differential [Wag21]. Similar arguments show that T̃H “

dHHrȷ1|Gs is a Hochschild coboundary as well. This establishes the weak equivalence
K „ DpGq.

The same argument as above, but dualized, is applied to reconstruct p∆Gq1 and p∆Hq1

from the coassociator p∆Kq1. The coassociator conditions (4.3)-(4.5), as well as (4.7), for
them follow from those for p∆Kq1.

Note the coadjoint actions ▷,◁ only define genuine algebra representations when
T , T ˚ “ 0 (as in Theorem 3.10), or when t, t˚ “ 0. Without skeletality, the braiding

transposition Ψ is no longer of the form given in (3.17). Terms like ▷t¨,¨
1 ,◁t˚¨,¨

1 must now
appear. This, of course, would modify (3.19) in a complicated and intricate manner.
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5.5. Remark. If the components ι1, ȷ1 are not required as part of the data for the in-
clusions ι, ȷ in the span (3.16), then K ȷ DpGq in general. In particular, without the
component ι1 trivializing T̃G by (4.1), its (possibly non-trivial) Hochschild class rT̃Gs P

HH3pK0,K´1q is in fact an extra piece of data in K that is not in DpGq, despite them
sharing the same 2-bialgebra structure. Such a factorizable weak 2-bialgebra is still weakly
self-dual K „ K˚.

In the following, we shall shift gears a bit and study the 2-representation theory of
quasitriangular 2-bialgebras, and finally work our way towards proving the main theorem.

6. The monoidal 2-category of 2-representations

With the above algebraic machinery in place, we are now ready to discuss the 2-representations
of a strict or weak 2-bialgebra G. In the following, we shall follow the Baez-Crans defini-
tion of a 2-vector space and the monoidal 2-category 2VectBC they form [BC04; BH11].

Recall that a Baez-Crans 2-vector space is equivalent to a 2-term cochain complex
of vector spaces from Proposition 2.1. Also equivalently, a 2-vector space is a nuclear
2-algebra [Wag21], or an Abelian Lie 2-algebra [BSZ13; CSX13a].

2-vector spaces of this type form a 2-category 2VectBC in which the 1-morphisms are

cochain maps and 2-morphisms are cochain homotopies. Concretely, let V “ V´1
B
ÝÑ

V0,W “ W´1
B1

ÝÑ W0 denote two 2-vector spaces. A cochain map f : V Ñ W is a
collection linear maps f0,´1 : V0,´1 Ñ W0,´1 such that

B
1f´1 “ f0B.

Given two such cochain maps f, g, a cochain homotopy q : f ñ g is a linear map q : V0 Ñ

W´1 such that
Bq “ f0 ´ g0, qB “ f´1 ´ g´1.

We shall refine these notions to fit the definition of a 2-representation of G in the following.

6.1. Weak 2-representations. Recall that a representation of an ordinary algebra
A on the vector space V is an algebra homomorphism A Ñ EndpV q. Morally, a 2-
representation should therefore be a 2-algebra homomorphism between a 2-algebra G and
a ”categorified” notion of the endomorphism algebra EndpV q. Correspondingly, a weak 2-
representation should be a weak 2-homomorphism as in (4.1) into a ”weak endomorphism
2-algebra”.

6.1.1. Endomorphism 2-algebra on a 2-vector space. In the strict case, the en-
domorphisms of a 2-vector space are naturally given in the setting of 2VectBC — namely

EndpV q “ End2VectBC pV q, which forms an associative 2-algebra EndpV q “ EndpV q´1
δ

ÝÑ

EndpV q0 of linear transformations on a 2-term cochain complex V [Ang18],

EndpV q0 “ tpM,Nq P EndpV´1q ˆ EndpV0q | BM “ NBu,

EndpV q´1 “ tA P HompV0, V´1q | pAB, BAq P EndpV´1q ˆ EndpV0qu,
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equipped with the 2-algebra structure (take A P EndpV q´1, pM,Nq P EndpV q0)

δ : A ÞÑ pAB, BAq, pM,Nq ¨ A “ MA, A ¨ pM,Nq “ AN.

The associativity of matrix multiplication implies that EndpV q´1 is clearly a EndpV q0-
bimodule, Moreover, we have the Peiffer conditions (note A,A1 P EndpV q´1)

δppM,Nq ¨ Aq “ pMAB, BMAq “ pMAB, NBAq “ pM,NqδpAq,

δpA ¨ pM,Nqq “ pANB, BANq “ pABM, BANq “ δpAqpM,Nq,

A ˚ A1
” δpAq ¨ A1

“ ABA1
“ A ¨ δpA1

q,

and hence EndpV q is an associative 2-algebra. Note that none of the matrices here are
required to be invertible.

As weak 2-algebras are no longer associative, the above presentation of EndpV q in
terms of matrices is no longer sufficient: we require a weaker version of EndpV q. Such
a notion of the weak endomorphism 2-algebra EndpV q would still have the same graded
structure δ : EndpV q´1 Ñ EndpV q0 as in the strict case above, but its algebra structure
should have its associativity controlled by a Hochschild 3-cocycle T, in accordance with
Definition 4.2.

To begin, we extend the idea of [Sch55] to weak 2-algebras. In essence, we leverage the
observation in the strict case that an algebra 2-homomorphism G Ñ EndpV q is equivalent
to a G-bimodule structure on V . We are going to provide a weak generalization of such a
G-bimodule structure in Definition 6.2.

Let 2Alg denote the category of weak 2-algebras pG, T q, which contains the full sub-
category 2Algass of strict 2-algebras. A 2-vector space V P 2Vect Ă 2Algass Ă 2Alg fits as
a strict 2-algebra with trivial multiplication. We consider G as a weak 2-algebra (as de-
fined in Definition 4.2). We then equip the direct sum G ‘V with a semidirect product
structure,

pz ` uq ¨ pz1
` u1

q “ yy1
` x ¨l y

1
` y ¨r x

1
` xx1

` x▷ w1
` x▷ v1

` y � w1
` y � v1

` w ◁ x1
` v ◁ x1

` w � y1
` v � y1,

where we have used the shorthand notation z “ py, xq P G´1 ˆ G0 “ G, u “ pw, vq P

V´1 ˆ V0 “ V and where

¨l : G0 b G´1 Ñ G´1, ¨r : G´1 b G0 Ñ G´1,

▷ : G0 b V Ñ V, ◁ : V b G0 Ñ V,

� : G´1 b V Ñ V, � : V b G´1 Ñ V

are all bilinear maps.
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6.2. Definition.We say that V is a G-bimodule if pG‘V, ¨q P 2Alg is a weak 2-algebra.
In other words,

(i) pG ‘ V q´1 ” G´1 ‘ V´1 is a weak pG ‘ V q0 :“ G0 ‘ V0-bimodule,

(ii) the map t‘ B : G´1 ‘V´1 Ñ G0 ‘V0 is equivariant with respect to ¨ and satisfies the
Peiffer identity4,

(iii) there exists a well-defined trilinear invertible map pG0 ‘ V0q
3b Ñ G´1 ‘ V´1 that

satisfies the Hochschild 3-cocycle condition.

By the macrocosm principle [BD95], this puts us in the context of a homotopy re-
finement 2VecthBC of the Baez-Crans 2-vector spaces. In this linear 2-category, each
endomorphism category “ EndpV q can be thought of as the weak 2-algebra EndpV q,
and a G-bimodule structure on V P 2VecthBC is equivalent to a 2-homomorphism G Ñ

End2VecthBC pV q “ EndpV q. We call EndpV q the weak endomorphism 2-algebra on V ,
and denote by T : EndpV q

3b
0 Ñ EndpV q´1 its Hochschild 3-cocycle obtained from the third

point of Definition 6.2. This motivates our following theory of weak 2-representations.

6.3. Remark. We emphasize here that the 2-category 2VectBC of Baez-Crans 2-vector
spaces is completely strict [BC04], and hence its algebra objects (ie. associative 2-algebras/algebra
crossed-modules) and its endomorphism categories EndpV q “ End2VectBC pV q do not carry
homotopy data. Weak 2-algebras/2-term A8-algebras are therefore not part of the theory
of the usual Baez-Crans 2-vector spaces. Instead, they constitute algebra objects in the
homotopy refinement 2VecthBC of 2VectBC. The difference between the setting 2VecthBC

and the Kapranov-Voevodsky setting 2VectKV is currently under investigation by one of
the authors. In Appendix C, we shall establish properties of weak 2-representations and
relate it to those in the literature [Del22; DT24; DR18; Bae+12a].

6.3.1. Weak 2-representations, weak 2-intertwiners and modifications.

6.4. Definition. A weak 2-representation pϱ, ρq : G Ñ EndpV q of G on V is a
homomorphism between weak 2-algebras as in (4.1). In other words, ρ “ pρ0, ρ1q is a
chain map

G´1 G0

EndpV q´1 EndpV q0

ρ1

t

ρ0

δ

(6.1)

which preserves the 2-algebra structures up to homotopy,

δϱpx, x1
q “ ρ0pxx

1
q ´ ρ0pxqρ0px1

q,

ϱpx, tyq “ ρ1px ¨ yq ´ ρ0pxq ¨ ρ1pyq,

ϱpty, xq “ ρ1py ¨ xq ´ ρ1pyq ¨ ρ0pxq, (6.2)

4The Peiffer identity states y �w “ ptyq▷w “ y � pBwq, and similarly w � y “ pBwq � y “ w◁ ptyq. If
we write y � v “ Υyv, then we reproduce precisely the 2-representation properties (3.9).
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and for which the Hochschild 3-cocycles T ,T of respectively G and EndpV q satisfy the
following compatibility conditions

ρ1pT px, x1, x2
qq “ ρ0pxq ¨ ϱpx1, x2

q ´ ϱpxx1, x2
q

` ϱpx, x1x2
q ´ ϱpx, x1

q ¨ ρ0px
2
q

` Tpρ0pxq, ρ0px
1
q, ρ0px

2
qq, (6.3)

where x, x1, x2 P G0 and y P G´1. We require ϱ to be invertible.
We call ρ a strict 2-representation if ϱ “ 0 identically.

As T ,T are normalized, ϱ by definition vanishes if any of its arguments are 0 or the unit
η0 P G0.

6.5. Remark. Due to the classification Theorem 2.9 of 2-algebras [Wag21], a non-
trivial 2-algebra G with T ‰ 0 cannot admit a strict 2-representation. Conversely, how-
ever, 2-representations of a strict 2-algebra can still be weak, as (6.3) only states that the
cohomology class of T is trivial, not that it is trivial as a 3-cocycle. However, if we further
restrict to the case where V is a strict G-bimodule (ie. the trilinear map in Definition
6.2 vanishes), then T “ 0 and EndpV q is isomorphic to EndpV q.

Example: weak coadjoint representation. A very natural example of a 2-representation
is achieved by dualizing, using (3.1), the 2-representation G Ñ EndpGq given by the weak
2-algebra structure of G on itself.

This gives rise to the coadjoint representation (cf. [BSZ13; CG22]) ▷̄ “ p▷1, p▷0,▷´1q,Υq :
G Ñ EndpG˚q of G on its dual G˚, given explicitly by

▷0 : G0 Ñ EndpG˚
0 q, xg, xx1

y “ ´xx▷0 g, x
1
y,

▷´1 : G0 Ñ EndpG˚
´1q, xf, x ¨ yy “ ´xx▷´1 f, yy,

Υ : G´1 Ñ HompG˚
´1,G˚

0 q, xf, y ¨ xy “ ´xΥyf, xy (6.4)

and

▷1 : G2b
0 Ñ EndpG˚

q´1 “ HompG˚
´1,G˚

0 q, xf, T px, x1, x2
qy “ `x▷x,x1

1 pfq, x2
y. (6.5)

Notice a plus sign occurs here, in contrast with the rest of the components defined in
(6.4). This is because we have dualized two elements in G, instead of one.

Analogously, we have the coadjoint back-action ◁̄ “ pp◁0,◁´1q, Υ̃q of G˚ on G, which
we write from the right5. The ”bar” notation is used to distinguish ▷̄ from the crossed-
module action ▷ in the case where G “ kG is the 2-group algebra defined in (2.14).

Due to (6.2), the components of a weak 2-representation are not genuine algebra
representations in general, but only up to homotopy. We have in general that

pxx1
q▷0 g “ x▷0 px1 ▷0 gq `▷x,x1

1 pt˚gq, pxx1
q▷´1 f “ x▷´1 px1 ▷´1 fq ` t˚ ▷x,x1

1 pfq,

5This means that we have, for instance, xg ¨˚ f, xy “ ´xg, x◁´1 fy and xf ¨˚ g, xy “ ´xf, xΥ̃gy.
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where t˚ is the dual t-map on G˚, and

Υx¨yf “ x▷0 pΥyfq `▷x,ty
1 pfq, Υy¨xf “ Υypx▷´1 fq `▷ty,x

1 pfq.

Of course, these components reduce to genuine strict algebra representations if ▷1 “ 0 or
t “ 0, which simplifies the situation considerably.

6.6. Remark. Recall the 2-algebra G “ kG associated to the 2-group G in Example 2.9.1
In the skeletal case, we can induce a 2-representation ρ of the 2-algebra from that of the
2-group, by extending it linearly. All 2-representations of kG shall arise this way, in this
case.

1- and 2-morphisms on the weak 2-representation 2-category. With Definition
6.4 in hand, we are now ready to define the morphisms on the weak 2-representations. Let
ρ “ pϱ, ρ0, ρ1q and ρ1 “ pϱ1, ρ1

0, ρ
1
1q denote two weak 2-representations on V,W P 2RepT

pGq,
respectively.

6.7. Definition. A weak 2-intertwiner i “ pI, i1, i0q : V Ñ W consist of a 2-vector
space homomorphism pi1, i0q : V Ñ W together with a collection of invertible cochain
homotopies Ix,i : V0 Ñ W´1 satisfying

BIx,i “ i0 ˝ ρ00pxq ´ ρ10
0 pxq ˝ i0, Ix,iB “ i1 ˝ ρ10pxq ´ ρ11

0 pxq ˝ i1

for each x P G0, as well as

Ity,i “ i1 ˝ ρ1pyq ´ ρ1
1pyq ˝ i0

for each y P G´1. Moreover, I‚,i trivializes ϱ ´ ϱ1 as a Hochschild 2-cocycle, in the sense
that for each x, x1 P G0,

idi bϱpx, x1
q ´ ϱ1

px, x1
q b idi “ idρ0pxq bIx1,i ´ Ixx1,i ` Ix,i b idρ0px1q, (6.6)

where idi : i ñ i denotes the identity cochain homotopy on the intertwiner i.

In other words, a weak 2-intertwiner i : V Ñ W is such that the following diagrams

V´1 V0

W´1 W0

V´1 V0

W´1 W0

i1

B

ρ10

i0

ρ00

B1

ρ11
0 ρ10

0

B

i1 i0

B1

,

V0 V´1

W0 W´1

ρ1

i0 i1

ρ1
1

(6.7)

commute up to a natural invertible 2-morphism given by I‚,i. By definition, we have
I0,i “ Iη0,i “ 0 where η0 is the unit of G0.

Now let i, i1 : ρ Ñ ρ1 denote two weak 2-intertwiners, we have the following.
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6.8. Definition. A modification µ : i ñ i1 between two weak 2-intertwiners is a G-
equivariant cochain homotopy

V´1 V0

W´1 W0

B

i1´i1
1

µ
i0´i1

0

B1

, (6.8)

where µ intertwines between ρ1pyq, ρ1
1pyq for each y P G´1, as cochain homotopies. More-

over, µ trivializes I¨,i ´ I¨,i1 as a Hochschild 1-cocycle, in the sense that

Ix,i ´ Ix,i1 “ idρ0pxq bµ ´ µ (6.9)

for all x P G0, as a relation between cochain homotopies.

We shall denote by 2RepT
pGq the 2-category of weak 2-representations of the weak

2-bialgebra pG, T q, consisting of weak 2-representation pV, ρq objects, weak 2-intertwiners
i as 1-morphisms and modifications µ as 2-morphisms. We will prove in Appendix C
that our definition in fact coincides with the higher-representation theory developed in
the literature [BW15; DR18; Del22; DT24], in the case where G “ kG corresponding to
a skeletal 2-group G. We devote the remainder of this section to proving that 2RepT

pGq

forms a monoidal 2-category.

6.9. Monoidal structure on the 2-representations. Recall that vector space
cochain complexes come equipped with natural notions of direct sum ‘, as well as tensor
product b, which satisfy the distributive law

V b pW ‘ Uq “ pV b W q ‘ pV b Uq,

where V,W,U are vector space cochains. For chain complexes, the direct sum is given
simply by

V ‘ W “ V´1 ‘ W´1
B‘B1

ÝÝÑ V0 ‘ W0,

while the tensor product is given by the following complex

V b W “ V´1 b W´1
looooomooooon

deg“´2

D`

ÝÝÑ V´1 b W0 ‘ V0 b W´1
looooooooooooomooooooooooooon

deg“´1

D´

ÝÝÑ V0 b W0
looomooon

deg“0

, (6.10)

where D˘ “ ˘1 b B1 ` B b 1 is the tensor extension of the differentials B : V´1 Ñ V and
B1 : W´1 Ñ W0.

We endow the direct sum and tensor product structure on 2-representations of G in
the same way as above. Note the direct double G2‘ and the tensor square G2b of a strict
2-algebra G also have the same structure.
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Direct sums. For the direct sum 2-representation, this is simply accomplished by ex-
tending Definition 6.4 to a direct sum of 2-algebra homomorphisms

pϱ, ρq ‘ pϱ1, ρ1
q “ pϱ ‘ ϱ1, ρ ‘ ρ1

q : G ‘ G Ñ EndpV q ‘ EndpW q.

In particular, the direct sum V ‘W of 2-representations of G is given by the components

pρ ‘ ρ1
q
0
0 “ ρ00 ‘ ρ10

0, pρ ‘ ρ1
q
1
0 “ ρ10 ‘ ρ11

0, pρ ‘ ρ1
q1 “ ρ1 ‘ ρ1

1

such that the square (6.1) commutes,

pρ ‘ ρ1
q0 ˝ pt ‘ tq “ pδ ‘ δ1

q ˝ pρ ‘ ρ1
q1,

where δ, δ1 are the differentials of the two 2-algebras EndpV q,EndpW q, respectively. The
zero 2-representation under direct sum is of course the trivial complex 0 Ñ 0.

6.9.1. Tensor product.As in the 1-bialgebra case, the tensor product of 2-representations
is accomplished by precomposing with the coproduct. However, the graded components
of the coproduct ∆ “ ∆´1 ` ∆0 in (2.16), as well as ∆1

0 in (2.19), allows us to define the
tensor product between 2-representations V b W

ρV bW pxq “
`

pρV q0 b pρW q0
˘

˝ ∆1
0pxq, x P G0, (6.11)

as well as its weak component (cf. Definition 6.4)

ϱV bW px, x1
q “ ϱV px̄p1q, x̄

1
p1qq b ϱW px̄p2q, x̄

1
p2qq, x, x1

P G0.

We also have the tensor product between a 2-intertwiner i : V Ñ U and a 2-representation

ρibW pxq “
`

pρUq1 ˝ i b pρW q0
˘

˝ ∆l
0pxq ` p´1q

deg
`

i ˝ pρV q0 b pρW q1
˘

˝ ∆r
0pxq,

ρWbipxq “
`

pρW q0 b pρUq1 ˝ i
˘

˝ ∆r
0pxq ` p´1q

deg
`

pρW q1 b i ˝ pρV q0
˘

˝ ∆l
0pxq (6.12)

for each x P G0, where the sign depends on the degree of the components in (6.10). Lastly,
the tensor product between 2-intertwiners i : V Ñ U, j : W Ñ T is given by just

ρibjpyq “
`

pρUq1 ˝ i b pρT q1 ˝ j ` p´1q
degi ˝ pρV q1 b j ˝ pρW q1

˘

˝ ∆´1pyq (6.13)

for each y P G´1. This defines the invertible natural 2-morphism Iibj,‚ (cf. Definition
6.7).

The fact that (6.11), (6.12), (6.13) define genuine 2-representations (up to the homo-
topy ϱ; cf. Definition 6.4 and (6.2)), for instance

δϱV bW px, x1
q “ ρV bW pxx1

q ´ ρV bW pxqρV bW px1
q,

requires the 2-bialgebra axioms (2.31).
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Tensor unit. Now if G is a unital 2-bialgebra, then there is a tensor unit, denoted by

I P 2RepT
pGq given by the ground field complex k

1
ÝÑ k, and a unit 2-intertwiner given by

the identity idI : 1 Ñ 1, such that G acts on them through multiplication of the counit ϵ,

ρIpxq “ ϵ0pxq, ρidI pyq “ ϵ´1pyq.

From (6.2), the corresponding component ϱ “ id for the tensor unit I is clearly the identity
2-morphism. In according with (6.11), (6.12), (6.13), the condition (2.26) then implies
that the left- and right-unitor morphisms in 2RepT

pGq are all 1- and 2-isomorphisms. For
instance, (2.28) implies

ρV b1 “ ρV “ ρ1bV ,

whence V b 1, 1 b V and V coincides as 2-representations.
Due to this, all coherence diagrams in 2RepT

pGq concerning the unitors, such as the
homotopy triangle and the zig-zag axioms [Kon+20; Gur11], are trivially satisfied, and
hence we will not directly prove them. The conditions (2.26), (2.28) can of course be
easily relaxed to give non-trivial unitors, but we shall not consider this here.

6.9.2. Naturality and the Gray-property of the tensor product. Recall the
space EndpV q´1 is modelled by cochain homotopies, which can be interpreted as ”endo-
morphisms” on EndpV q0. Using this perspective, we will prove the following key results.

6.10. Lemma. Let i : V Ñ U denote a 2-intertwiner. We have the following diagrams

V b W V b W

ρibW
ùùùñ

U b W U b W

ρV bW

i i

ρUbW

,

W b V W b V

ρWbi
ùùùñ

W b U W b U

ρWbV

i i

ρWbU

in 2RepT
pGq.

Proof. Let us focus first on the left diagram. The goal is to show that ρibW defines a
cochain homotopy which fits into the following diagram

V´1 b W´1 V´1 b W0 ‘ V0 b W´1 V0 b W0

U´1 b W´1 U´1 b W0 ‘ U0 b W´1 U0 b W0

D` D´

ρibW
ρibW

D` D´

,

where the horizontal maps are the differentials given in (6.10), and the vertical maps are
various components of ρV bW ˝ i ´ i ˝ ρV bW .
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The key is the commutation relation (6.1), which allows us to write

δpρ1pyqq “ pρ1pyqB, Bρ1pyqq “ pρ10ptyq, ρ00ptyqq

for each y P G´1, as well as the definition (2.19) of ∆1
0. Directly computing, we have for

the rightmost triangle

D´ρibW “ BUpρUq1px
l
p1qq ˝ i b pρW q

0
0pxl

p2qq ´ p´1q
degi ˝ pρV q0pxr

p1qq b BW pρW q
0
0px

r
p2qq

“ pρUq
0
0ptxl

p1qq ˝ i b pρW q
0
0px

l
p2qq ´ i ˝ pρV q

0
0px

r
p1qq b pρW q

0
0ptx

r
p2qq

“ ρUbW ˝ i ´ i ˝ ρV bW

as maps on V0 b W0 (with deg = 0), and similarly we have for the leftmost triangle

ρibWD`
“ pρUq1pxl

p1qqBU ˝ i b pρW q
1
0pxl

p2qq ` p´1q
degi ˝ pρV q0px

r
p1qq b pρW q

0
0px

r
p2qqBW

“ pρUq
1
0ptxl

p1qq ˝ i b pρW q
1
0px

l
p2qq ´ i ˝ pρV q

1
0px

r
p1qq b pρW q

1
0ptx

r
p2qq

“ ρUbW ˝ i ´ i ˝ ρV bW

as maps on V´1 b W´1 (with deg = -1).
Now consider the middle section. We need to compute

D`ρibW “ pρUq
1
0ptx

l
p1qq ˝ i b pρW q

0
0px

l
p2qq ´ i ˝ pρV q

0
0px

r
p1qq b pρW q

1
0ptxr

p2qq,

ρibWD´
“ pρUq

0
0ptx

l
p1qq ˝ i b pρW q

1
0px

l
p2qq ´ i ˝ pρV q

1
0pxr

p1qq b pρW q
0
0ptxr

p2qq,

and sum them to find

D`ρibW ` ρibWD´
“

“

pρUq
1
0ptx

l
p1qq b pρW q

0
0pxl

p2qq ` pρUq
0
0ptxl

p1qq b pρW q
1
0px

l
p2qq

‰

˝ i

´ i ˝
“

pρV q
0
0pxr

p1qq b pρW q
1
0ptxr

p2qq ` pρV q
1
0pxr

p1qq b pρW q
0
0ptxr

p2qq
‰

“ ρUbW ˝ i ´ i ˝ ρV bW

as maps on V´1 b W0 ‘ V0 b W´1. The other diagram is treated identically.

We now show that (6.13) is in fact not independently defined.

6.11. Lemma. If j : W Ñ T is another 2-intertwiner, then i b j decomposes as i b j “

i b T ˝ V b j – U b j ˝ i b W . The homotopy Iibj,‚ “ IibidW ˚ IidV bj also decomposes
accordingly.

Proof. What we need to show is that ρibj “ pρibT ˚ ρV bjq ˝ t “ pρUbj ˚ ρibW q ˝ t as
2-morphisms. Recall cochain homotopies q : f ñ g, p : g ñ h in 2VecthBC compose by
p ˚ q “ pBUq : f ñ h, where U is the source 2-vector space of the cochain map g. Indeed,
we have

BW pp ˚ qq “ pBWpq ˝ pBUqq “ pg0 ´ h0q ˝ pf0 ´ g0q,

pp ˚ qqBV “ ppBUq ˝ pqBV q “ pg´1 ´ h´1q ˝ pf´1 ´ g´1q
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as desired, where W is the target of h and V is the source of f . Notice this is exactly how
elements in EndpV q´1 compose, A ˚ A1 “ AδA.

The goal is to prove that D˘ρibjpyq in fact decomposes as described above for each
y P G´1. This follows from the coequivariance condition (2.22). By direct computation,
precomposing (6.12) yields (here we neglect the 2-vector space subscripts for brevity)

ρibW ˝ t “ pρ1i b pρ0tq ` p´1q
degipρ0tq b ρ1q ˝ ∆´1

“ pρ1i b Bρ1 ` p´1q
degipBρ1q b ρ1q ˝ ∆´1,

ρUbj ˝ t “ ppρ0tq b ρ1j ` p´1q
degρ1 b ipρ0tqq ˝ ∆´1

“ ppρ1Bq b ρ1j ` p´1q
degρ1 b jpρ1Bqq ˝ ∆´1,

where we have used (6.1) to commute the t-map past the 2-representations to the differen-
tial B. Using the Sweeder notation (2.17) for ∆´1, we compute their graded composition
to be

pρUbjqptyq ˚ pρibW qptyq “ pρ1pyp1qqBqρ1pyp1qqi b ρ1pyp2qqjpBρ1pyp2qqq

` p´1q
degρ1pyp1qqpiBρ1pyp1qqq b jpρ1pyp2qqBqρ1pyp2qq

“ pρ1pyp1qq ˚ ρ1pyp1qqqi b jpρ1pyp2qq ˚ ρ1pyp2qqq

` p´1q
deg

pρ1pyp1qq ˚ ρ1pyp1qqqi b jpρ1pyp2qq ˚ ρ1pyp2qqq

“ pρ1i b ρ1j ` p´1q
degiρ1 b jρ1q ˝ ∆´1pyq “ ρibjpyq

as desired, where we have noted the property i´1pρV q1 “ pρUq1i0 of the 2-intertwiners
i, j to permute them past the ρ’s. This proves that the 2-algebra homomorphisms ρibj “

ρibT ˚ρV bj coincide. A similar argument shows that the 2-algebra homomorphisms ρibj “

ρUbj ˚ ρibW also coincide.
This is not sufficient to imply that ibT ˝V b j “ U b j ˝ ibW , however. Indeed, the

weak component ϱ of the two decomposed 2-representations in general may differ. After
some computations, one can show that we have

ϱpibT q˝pV bjq ˝ ∆0pxq “ ϱptxl
p1q, x

r
p1qq b ϱpxl

p2q, tx
r
p2qq ` p´1q

degϱpxr
p1q, tx

l
p1qq b ϱptxr

p2q, x
l
p1qq,

ϱpUbjq˝pibW q ˝ ∆0pxq “ ϱpxr
p1q, tx

l
p1qq b ϱptxr

p2q, x
l
p1qq ` p´1q

degϱptxl
p1q, x

r
p1qq b ϱpxl

p2q, tx
r
p2qq.

The difference ϕi,j “ ϱpibT q˝pV bjq ˚ϱ´1
pUbjq˝pibW q

between these 2-morphisms is precisely the
2-isomorphism i b T ˝ V b j – U b j ˝ i b W .

This 2-isomorphism is precisely the interchanger

ϕi,j : pi b idT q ˝ pidV bjq ñ pidU bjq ˝ pi b idW q (6.14)

of two 1-morphisms i : V Ñ U, j : W Ñ T . A key property of monoidal 2-categories,
or more generally Gray-enriched 3-categories, is that most of its coherence data can be
stritified away aside from this interchanger ϕ [Gur06; Neu97]. Conversely, given the
coherent choice of the interchanger, the tensor product between 1-morphisms can be
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determined by the product between objects and 1-morphisms through naturality. We call
this the ”Gray-property”.

These lemmas are important, as its proof techniques will be used repeatedly in what
follows.

6.12. Monoidal associators. In this section, we shall focus on the associator mor-
phisms attached to the 2-representations in 2RepT

pGq, as they play a direct role in the
main theorem. Other subtleties that show up are studied in detail in Appendix C.

Recall from Section 6.9.1 that the tensor product on 2ReppGq is given by the coproduct
∆. The associator morphisms a are therefore given by the coasscociator ∆1 : G0 Ñ G3b

´1

attached to the coproduct in G, and not the Hochschild 3-cocycle T . However, the data
∆1, T are dual to each other by Proposition 4.7, hence if G is self-dual (like the weak
(skeletal) 2-quantum double as we constructed in Section 5), they in fact constitute the
same data. As such we shall denote the weak 2-representation 2-category by 2RepT

pGq.
We shall neglect the tensor product notation b in the following.

We begin by constructing the associator 2-morphism aijk : pib jq b k ñ ib pj b kq on
the triple i : V Ñ V 1, j : W Ñ W 1, k : U Ñ U 1 of 2-intertwiners. By definition in section
4.3, we see that the following quantity

aijk “ ppρV 1q1˝ibpρW 1q1˝jbpρU 1q1˝k`p´1q
degi˝pρV q1bj˝pρW q1bk˝pρUq1q˝p∆1˝tq (6.15)

defines a cochain homotopy that fits into the following equation ρpijqk ´ρipjkq “ aijk, which
induces a 2-morphism (also denoted by aijk) between the 2-intertwiners

aijk : pijqk ñ ipjkq.

Secondly, (4.3) implies that the following quantities based on Dt∆1,

aV jk “ ppρV q0 b pρW 1q1 ˝ j b pρU 1q1 ˝ k ` p´1q
deg

pρV q0 b j ˝ pρW q1 b k ˝ pρUq1q

˝pt b 1 b 1q∆1,

aiWk “ ppρV 1q1 ˝ i b pρW q0 b pρU 1q1 ˝ k ` p´1q
degi ˝ pρV q1 b pρW q0 b k ˝ pρUq1q

˝p1 b t b 1q∆1,

aijU “ ppρV 1q1 ˝ i b pρW 1q1 ˝ j b pρUq0 ` p´1q
degi ˝ pρV q1 b j ˝ pρW q1 b pρUq0q

˝p1 b 1 b tq∆1, (6.16)

give rise to the associators for the following tensor products,

aV jk : pV jqk ñ V pjkq, aiWk : piW qk ñ ipWKq, aijU : pijqU ñ ipjUq

for the mixed tensor products defined by (6.12). Thirdly, (4.4) implies that the following
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quantities based in Dtr2s∆1,

aVWk “ ppρV q0 b pρW q0 b pρU 1q1 ˝ k ` p´1q
deg

pρV q0 b pρW q0 b k ˝ pρUq1q

˝pt b t b 1q∆1,

aiWU “ ppρV 1q1 ˝ i b pρW q0 b pρUq0 ` p´1q
degi ˝ pρV q1 b pρW q0 b pρUq0q

˝p1 b t b tq∆1,

aV jU “ ppρV q0 b pρW 1q1 ˝ j b pρUq0 ` p´1q
deg

pρV q0 b j ˝ pρW q1 b pρUq0q

˝pt b 1 b tq∆1, (6.17)

serve as the associators

aVWk : pVW qk ñ V pWkq, aV jU : pV jqU ñ V pjUq, aiWU : piW q ñ ipWUq,

Notice that these quantities we have defined so far are all cochain homotopies/2-mophisms
in 2RepT

pGq, due to the appearance of ρ1 in their tensor products.
Lastly, (4.5) allows us to define the associator 1-morphism,

aVWU “ ppρV q0 b pρW q0 b pρUq0qpΦq, (6.18)

with Φ ” pt b t b tq∆1 : G0 Ñ G3b
0 , which induces an invertible 1-morphism

aVWU : pVW qU Ñ V pWUq

that intertwines between ρpV bW qbU and ρV bpWbUq.
The adjoint associator 2-morphism a: is implemented by minus the corresponding

cochain homotopy. For (6.18), however, the adjoint morphism a:

VWU is given by the
inverse Φ´1.

The pentagon relation and naturality of the associator. We now prove the fol-
lowing.

6.13. Lemma. Suppose the 3-cocycle T “ 0 is trivial for the moment. The pentagon
relation for the associators a arising from (6.15), (6.16), (6.17), (6.18) follows from the
2-coassociativity condition (4.5) for ∆1.

Proof. Consider first (6.15). We precompose (4.5) with t and reconstruct the associators
corresponding to each term according to the definition,

pidbp∆1 ˝ tqq ˝ ∆´1 ⇝ idi bajkl, pp∆1 ˝ tq b idq ˝ ∆´1 ⇝ aijk b idl,

p1 b ∆´1 b 1q ˝ ∆1 ˝ t⇝ aipjkql, ´p∆´1 b 1 b 1q ˝ ∆1 ˝ t⇝ a:

pijqkl,

´p1 b 1 b ∆´1q ˝ ∆1 ˝ t⇝ a:

ijpklq,

where idi : i ñ i denotes the identity modification on the 2-intertwiner i. Now note that,
by coequivariance (2.22) Dt ˝ ∆´1 “ ∆0 ˝ t, we have

pidbp∆1 ˝ tqq ˝ ∆´1 “ pidb∆1q ˝ ∆l
0 ˝ t, pp∆1 ˝ tq b idq ˝ ∆´1 “ p∆1 b idq ˝ ∆r

0 ˝ t,
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whence the pentagon relation

ppijqkql

pijqpklq pipjkqql

ipjpklqq ippjkqlq

aijk idla:

pijqkl

aipjkql

a:

ijpklq

idi ajkl

(6.19)

is equivalently expressed as

0 “ p1 b ∆´1 b 1q ˝ ∆1 ˝ t ´ p∆´1 b 1 b 1q ˝ ∆1 ˝ t ´ p1 b 1 b ∆´1q ˝ ∆1 ˝ t

`p∆1 b 1q ˝ ∆r
0 ˝ t ` p1 b ∆1q ˝ ∆l

0 ˝ t

“ r´∆´1 ˝ ∆1 ` ∆1 ˝ ∆0s ˝ t,

which is nothing but the 2-coassociativity (4.5) precomposed with t. Now by the coPeiffer
identity ∆1

0 “ Dt∆0 (2.19), the same argument shows that the pentagon relations for the
rest of the associator 2-morphisms (6.16), (6.17) are equivalent to applying the t-map
Dt, Dtr2s to (4.5).

Similarly, under the complete t-map Dtr3s “ tb tb t, the 2-coasscociativity condition
(4.5) becomes

∆1
0 ˝ Φ “ Φ ˝ ∆1

0, (6.20)

which by (6.11) implies the pentagon relation for the associator 1-morphism (6.18).

We examine the case where T ‰ 0 is non-trivial in Appendix C. In particular, we show
in Proposition C.2 that T gives rise to the pentagonator 2-morphism π in 2RepT

pGq

implementing the pentagon axioms akin to (6.19).
Recall from Proposition 4.7 that, for a self-dual weak 2-bialgebra, (4.5) follows

from the 3-cocycle condition for the Hochschild 3-cocycle T . Thus the entirety of the 2-
bialgebra (or 2-Hopf algebra) structure plays a central role, precisely as one would expect
in Tannakian duality [Maj90; Pfe07].

6.14. Lemma. The associator 2-morphism (6.17) fits into diagrams of the form

pVW qU V pWUq

aV Wk
ùùùùñ

pVW qU 1 V pWU 1q

aV WU

k k

aV WU 1

(6.21)
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together with the associator morphism (6.18). Moreover, the associator 2-morphisms
(6.15), (6.16) are completely determined by (6.17), (6.18).

Proof. The first statement follows directly from the definitions, and by using the same
argument as in the proofs of Lemma 6.10, and also later in Lemma 7.4. Similarly,
by adapting the proof of Lemma 6.11, we see that (6.15), (6.16) admit the following
decompositions

aijk “ paV 1W 1k ¨ aijUq ˝ t “ . . . etc., DδaijU “ aV 1jU ¨ aiWU “ . . . etc.,

where Dδ is the tensor triple of the t-map δ on EndpV q, and ”etc.” means permutations
of the subscripts. This proves the second statement.

This naturaliy property shall become very important later in Section 7.5.

6.15. Remark. Suppose the endomorphism Φ in (6.18) is inner, in the sense that it is
given by conjugation with an element — also denoted Φ — of G3b

0 , then the coassociativity
condition becomes

pidb∆1
0q ˝ ∆1

0 “ Φpp∆1
0 b idq ˝ ∆1

0qΦ
´1,

and the 2-coassociativity condition (6.20) becomes

ppidb idb∆1
0qΦqpp∆1

0 b idb idqΦq “ pΦ b η0qppidb∆1
0 b idqΦqpη0 b Φq,

where η0 is the unit of G0. In other words, pG0,∆
1
0,Φq in fact forms a quasi-bialgebra

[Cae+19].

We have established 2RepT
pGq as a monoidal (fusion) 2-category, or equivalently a

monoidal bicategory. We now turn to the braiding structure in the following.

7. The braided monoidal 2-category of 2-representations

We now turn to the braiding structure on the weak 2-representations afforded by the
2-R-matrix R. We shall first examine some of the basic properties of the braiding map
in Section 7.1. We will then study how such braiding maps interact with the weakened
monoidal structures of the 2-representations in Section 7.5.

Let pG, ¨,∆,Rq denote a strict quasitriangular 2-bialgebra as defined in Section 3.11.
Recall that a 2-R-matrix R “ Rl ` Rr on the 2-bialgebra G consist of the following
components

Rl
“ Rl

p1q b Rl
p2q P G´1 b G0, Rr

“ Rr
p1q b Rr

p2q P G0 b G´1

for which (3.26), (3.27), (3.28) are satisfied. The equivariance condition, (3.28), unam-
biguously defines an element

R “ Rr
p1q b tRr

p2qp” Rr
q “ tRl

p1q b Rl
p2qp” Rl

q P G0 b G0, (7.1)
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where t : G´1 Ñ G0 is the t-map on G. Notice by applying the t-map (at every leg
in G´1) to (3.29), we obtain two identical expressions that are equivalent to the usual
1-Yang-Baxter equations

R12R13R23 “ R23R13R12

for the degree-0 R-matrix (7.1).

7.1. The braiding maps and their naturality. We shall use these components to
define the braiding b on 2RepT

pGq. Take two 2-representations V,W of G; we define the
braiding map between V,W by

bVW : V b W Ñ W b V, bVW “ flip ˝ ρ0pRq (7.2)

where ρ0 “ pρV q0 b pρW q0 on V b W , and R P G0 b G0 is given in (7.1). By (6.11), the
braiding between the tensor product 2-representations are then given by

bV pWbUq “ flip ˝ ρ0pp1 b ∆1
0qRq, bpV bW qU “ flip ˝ ρ0pp∆1

0 b 1qRq.

If W “ V are the same 2-representations of G, then we have the self-braiding map
bV “ bV V . On the other hand, we define the mixed braiding map between a 1-morphism
i : V Ñ U and an object W by

biW “ flip ˝
“

i ˝ ρ10pRl
q ` p´1q

degρ01pRr
q ˝ i

‰

,

bWi “ flip ˝
“

i ˝ ρ01pRr
q ` p´1q

degρ10pRl
q ˝ i

‰

, (7.3)

where we have used the shorthand ρ10 “ pρV q1 b pρW q0 and ρ01 “ pρUq0 b pρW q1. The
sign p´1qdeg depends on the degree of the complex V b W ; more explicitly, biW gives two
maps

b1iW : V0 b W0 Ñ pW´1 b U0q ‘ pW0 b U´1q,

b2iW : pV´1 b W0q ‘ pV0 b W´1q Ñ W´1 b U´1

on the tensor product V bW , the latter of which carries a non-trivial sign p´1qdeg “ ´1;
similarly for bWi.

7.2. Remark. We shall define the braiding maps bij between two 1-morphisms i, j by
the decomposition formula

ϕi,j “ bij “ bjU ¨ bWi “ bT i ¨ bjV ,

#

i : V Ñ U

j : W Ñ T
, (7.4)

and impose the condition that it be equal to the interchanger ϕi,j (6.14). This bypasses
the need for a R-matrix defined in degree-(-1), which is not encoded by the 2-R-matrix R
anyway.
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Let i : V Ñ V 1, j : U Ñ U 1 denote any 2-intertwiner. The above definition (7.3),
together with (6.12) then allows us to form

bpibW qj “ flippV 1bU 1qbW ˝
“

pi b jqρ101pp∆l
0 b 1qRr

q ` p´1q
degρ011pp∆r

0 b 1qRr
q ˝ pi b jq

‰

,

bipWbjq “ flipWbpV 1bU 1q ˝
“

pi b jqρ101ppidb∆r
0qRl

q ` p´1q
degρ110pp1 b ∆l

0qRl
q ˝ pi b jq

‰

.

By applying strict 2-representations to (3.26), we obtain the following strict higher hexagon
relations,

bpibW qj “ idi bbWj ˚ bWi b idj, bipWbjq “ idi bbjW ˚ biW b idj, (7.5)

in which the associator isomorphisms a have been suppressed. We will reinstate them
later in Section 7.5.

With the definitions (7.2), (7.3) in hand, we now need to prove some very important
lemmas.

7.3. Lemma. The maps bVW and biW , bWi are respectively 2-intertwiners and modifica-
tions in 2ReppGq for all 2-representation V,W and 2-intertwiner i iff (3.27) is satisfied.

Proof. Note for each 2-representation ρ, the flip map flip : V b W Ñ W b V is a
2-intertwiner between ρ and ρ1 “ ρ ˝ σ. Moreover, we interpret the cochain homotopy
defined by pρV bW q10pxq for each x P G0 as a modification between the action pρV bW q00pxq

and itself, treated as a 2-intertwiner; similarly for ρ1. Therefore, in order for the mixed
braiding map biW to be a modification in 2ReppGq, it must commute with the cochain
homotopy pρV bW q10pxq — namely

biW ˚ pρV bW q
1
0pxq “ pρ1

WbV q
1
0pxq ˚ biW ,

where ˚ denotes the composition of cochain homotopies. With ρ1
WbV “ pρW bρV q ˝σ ˝∆,

this is satisfied by definition (7.2) of biW iff

Rr∆r
0pxq “ σp∆l

0pxqqRr, Rl∆l
0 “ σp∆r

0pxqqRl, (7.6)

which is precisely (3.27).
Similarly, in order for the braiding map bVW to be a 2-intertwiner, it must commute

with the action pρV bW q00pxq for each x P G0:

bVW ˝ pρV bW q
0
0pxq “ pρ1

WbV q
0
0pxq ˝ bVW ,

where ˝ denotes the composition of 2-intertwiners.
First if the 2-representation ρ were strict, then this translates to the algebraic condition

σ∆1
0pxqR “ R∆1

0pxq,

which in fact follows also from (3.27). To see this, we recall the definitions (7.1) of R
and (2.19) of the coproduct ∆1

0, and simply apply t b 1 and 1 b t respectively to (3.27).
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The fact that t is an algebra homomorphism and that pt b 1q ˝ σ “ σ ˝ p1 b tq proves the
statement.

Second, if the 2-representation ρ were weak, then in general the component ϱ gives
rise to a possibly non-trivial invertible natural 2-morphism

ϱpσ∆1
0pxq, Rq ´ ϱpR,∆1

0pxqq.

We will not need this 2-morphism in the following so we shall suppose IbV W ,‚ “ id.

Notice this lemma implies that pG0,∆
1
0, Rq forms an ordinary quasitriangular 1-bialgebra

in degree-0. We can then leverage the well-known result in the literature [Maj11; JS93]
that the Yang-Baxter equation for R implies the hexagon relation for the braiding struc-
ture bVW at the level of the objects.

Next, we need to prove the naturality of b with respect to the 2-intertwiners i : V Ñ U .
We shall do this via the same technique as Lemma 6.10.

7.4. Lemma. Consider the intertwiners i : V Ñ U and j : U Ñ T . The mixed braiding
maps biW , bWi fit into the following diagrams

V b W W b V

U b W W b U

bV W

i i
biW

bUW

,

W b V V b W

W b U U b W

bWV

i i
bWi

bWU

in 2RepT
pGq. Moreover, given a 2-intertwiner j : U Ñ T composable with i, the corre-

sponding braiding 2-morphisms compose as bjW ˚ biW “ bj˝i,W .

V b W W b V

U b W W b U

T b W W b T

bV W

i i
biW

bUW

j j

bjW

bWT

“

V b W W b V

T b W W b T

bV W

j˝i j˝i

bpj˝iqW

bTW

Proof. For brevity, we shall suppress the subscripts V, U,W on the 2-representations.
Recall the two equivalent ways Rr, Rl to express R in (7.1). We can then write

bUW ˝ i “ flip ˝ ρ0pR
r
q ˝ i, i ˝ bVW “ i ˝ flip ˝ ρ0pR

l
q.
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Consider the left diagram. As 2-morphisms in 2ReppGq are given by cochain homo-
topies, we need to show that the definition (7.3) of the mixed braiding map biW “ b1iW `b2iW
fits into the following diagram

V´1 b W´1 V´1 b W0 ‘ V0 b W´1 V0 b W0

W´1 b U´1 W´1 b U0 ‘ W0 b U´1 W0 b U0

D` D´

b2iW

b1iW

D` D´

, (7.7)

where the vertical arrows are the various graded components of bUW ˝ i´ i ˝ bVW , and the
horizontal arrows are the differentials on the three-term tensor product complex (6.10);
for instance, the ones at the top row are given by D˘ “ 1 b BW ˘ BV b 1.

As in Lemma 6.10, the key towards this is the commutative square (6.1), which
states that for each y P G´1 we have

pρ1pyqB, Bρ1pyqq “ δpρ1qpyq “ pρ0qpTyq “ pρ10pTyq, ρ00pTyqq.

Let us examine first the commutative triangle on the ends of (7.7). First, for the right-
most triangle, we compute in terms of the components b1,2iW that

D´b1iW “ p1 b BV ´ BW b 1q ˝ flip ˝ ρpRq

“ flip ˝
“

ρ00pRr
p1qq b BW pρ1pRr

p2qqq ˝ i ´ i ˝ iBV pρ1pRl
p1qqq b ρ00pRl

p2qq
‰

“ flip ˝
“

ρ00pRr
p1q b tRr

p2qq ˝ i ` i ˝ ρ00p´tRl
p1q b Rl

p2qq
‰

“ bUW ˝ i ´ i ˝ bVW

as maps on V0 b W0. Similarly for the left-most triangle, we have

b2iWD`
“ flip ˝ ρpRq ˝ p1 b BW ` BV b 1q

“ flip ˝
“

ρ10pRr
p1qq b pρ1pRr

p2qqqBW ˝ i ´ i ˝ pρ1pRl
p1qqqBV b ρ10pRl

p2qq
‰

“ flip ˝
“

ρ10pRr
p1q b tRr

p2qq ˝ i ´ i ˝ ρ10ptRl
p1q b Rl

p2qq
‰

“ bUW ˝ i ´ i ˝ bVW

as maps V´1 b W´1. Note the sign p´1qdeg in (7.3) is non-trivial here as R acts on the
degree-(-1) part of the tensor product V b W .

We now turn to the middle section of (7.7). We are required to compute the following,

D`b2iW “ p1 b BV ` BW b 1q ˝ flip ˝ ρpRq

“ flip ˝
“

ρ10pRr
p1qq b BW pρ1pRr

p2qqq ˝ i ´ i ˝ BV pρ1pRl
p1qqq b ρ10pRl

p2qq
‰

“ flip ˝
“

ρ10pRr
p1qq b ρ00ptRr

p2qq ˝ i ´ i ˝ ρ00ptRl
p1qq b ρ10pRl

p2qq
‰

,

b1iWD´
“ flip ˝ ρpRq ˝ p1 b BW ´ BV b 1q

“ flip ˝
“

ρ00pRr
p1qq b ρ1pRr

p2qqBW ˝ i ´ i ˝ ρ1pRl
p1qqBV b ρ00pRl

p2qq
‰

“ flip ˝

”

ρ00pRr
p1qq b ρ10ptRr

p2qq ˝ i ´ i ˝ ρ10ptR
q

p1q
b ρ00pRl

p2qq

ı

.
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Summing these and rearranging terms gives, as maps on V´1 b W0 ‘ V0 b W´1,

flip ˝
“

ρ00pRr
p1qq b ρ10ptRr

p2qq ` ρ10pRr
p1qq b ρ00ptRr

p2qq
‰

˝ i (7.8)

´ flip ˝ i ˝
“

ρ10ptRl
p1qq b ρ00pRl

p2qq ` ρ00ptRl
p1qq b ρ10pRl

p2qq
‰

“ bUW ˝ i ´ i ˝ bVW .

The diagram on the right is treated identically, and this establishes the first statement.
The second statement directly follows from the fact that pj ˝iq˝ρV “ j ˝ρU ˝i “ ρX ˝pj ˝iq
for composable 2-intertwiners i, j.

In particular, since Lemma 7.3 proves that bVW is a 1-morphism, we can iterate the
braiding maps and define bbV WU as a 2-morphism. Lemma 7.4 then implies that this is
a 2-morphism

pV b W q b U U b pV b W q

bbV WU

ùùùùñ

pW b V q b U U b pW b V q

bpV W qU

bV W bV W

bpWV qU

(7.9)

on three 2-representations V,W,U , and similarly for bV bWU
. This will be important later

in Section 7.11.

Recall the ”higher-hexagon relations” (7.5) following directly from the identities (3.26).
We shall prove this in the weakened context in Section 7.5.

7.5. Braided 2-quasi-bialgebras; the modified hexagon relations. We now
wish to keep track of the interplay between the fusion associators a and the braiding
maps b — or, algebraically, the coassociator and the 2-R-matrix — on 2RepT

pGq. We
shall do this by revisiting the fundamental characterization of 2-R-matrices in Section
3.11. In other words, we are prompted to study the weak 2-quantum double DpG,Gq and
its braided transposition Ψ.

Fix the weak 2-bialgebra G. Despite the skeletal construction in Section 5, we are
able to form DpG,Gq here without assuming skeletality, since we know exactly how G acts
on itself by weak 2-representations — in the canonical way according to Definition 4.2.
This fact also allows us to identify TD as merely several copies of the 3-cocycle T on G,
and in particular the components ▷1 “ ◁1 “ T are equal.

To proceed, we recall in the factorizable case that associativity of K – DpG,Gq is
invoked to deduce the braiding relation (3.19) for the braided transposition Ψ. This
associativity is, of course, witnessed by the 3-cocycle T . Combined with the understanding
from Section 3.11 that the braided transposition gives rise to the canonical dual 2-R-
matrix, we then deduce the following.
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7.6. Definition. A 2-R-matrix R for a weak 2-bialgebra pG,∆,∆1q is defined as in
Definition 3.12, except that (3.26) is modified by the dual of T — ie. the coassociator
∆1 — namely, we have

Dt∆1pxq231 ¨ p1 b ∆0qR ¨ Dt∆1pxq123 “ R13 ¨ Dt∆1pxq213 ¨ R12,

Dt∆1pxq
´1
312 ¨ p∆0 b 1qR ¨ Dt∆1pxq

´1
213 “ R13 ¨ Dt∆1pxq

´1
132 ¨ R23, (7.10)

for each x P G0.

This condition bears a striking resemblance to the defining relations of a braided quasi-
bialgebra [Cae+19]; indeed, applying the double-t-map Dtr2s to (7.10) yields, by definition
(7.1), (6.18),

Φ231pxqp1b∆1
0qRΦ123pxq “ R13Φ213pxqR12, Φ´1

312pxqp∆1
0b1qRΦ´1

213pxq “ R13Φ
´1
132pxqR23,

(7.11)
which is precisely a braided quasi-bialgebra structure at degree-0 pG0,∆

1
0, R,Φq; see Re-

mark 6.15. This motivates the following definition.

7.7. Definition. A braided 2-quasi-bialgebra6 pG,∆ “ p∆1,∆0,∆´1q, T ,Rq is a
weak 2-bialgebra equipped with a 2-R-matrix R and a coassociator ∆1 : G0 Ñ G3b

´1 such
that (7.10), (7.11), (3.27) and (3.28) hold.

Similar to (7.5), by applying strict 2-representations ρ “ pρ1, ρ0q to (7.10), we obtain:

7.8. Lemma. For each X P 2RepT
pGq, we have the decompositions (the hexagon rela-

tions)

#

bpVW qX “ aXVW ˝ bV X ˝ a:

V XW ˝ bWX ˝ aVWX

bV pWXq “ a:

WXV ˝ bV X ˝ aWVX ˝ bVW ˝ a:

VWX

ðñ (7.11), (7.12)

#

bpV jqX “ aXV j ˚ idbV X
˚a:

V Xj ˚ bjX ˚ aV jX

bV pjXq “ a:

jXV ˚ idbV X
˚ajV X ˚ bV j ˚ a:

V jX

ðñ apply D`
t to (7.10),

#

bpiW qk “ akiW ˚ bik ˚ a:

ikW ˚ bWk ˚ aiWk

bipWkq “ a:

Wki ˚ bik ˚ aWik ˚ biW ˚ a:

iWk

ðñ (7.10),

as 1-/2-morphisms, and similarly for all the other possible braiding maps on tensor prod-
ucts.

The decomposition formula for bijk follows from these, as well as the fact that bij, aijk are
all determined by the mixed braiding/associators.

6Note that a quasi 2-bialgebra, as opposed to a 2-quasi-bialgebra here, refers to a weak 2-bialgebra
with trivial 3-cocycle T “ 0 but non-trivial coassociator ∆1.
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The 2-morphism bpiW qX , for instance, can be expressed in terms of the following com-
position diagram

pVW qX V pWXq V pXW q pV XqW pXV qW XpVW q

pUW qX V pWXq UpXW q pUXqW pXUqW XpUW q

i

aV WX

i

bWX a:

V XW

i

bV X

i

aXV W

i i

aUWX bWX a:

UXW bUX aUV W

,

(7.13)
which has also appeared in [KTZ20b]. This establishes most of the structural properties of
2RepT

pGq as a braided 2-category, and the final ingredient to introduce is the hexagonator.

7.9. The braiding hexagonator: weak 2-representations of a braided 2-
quasi-bialgebra. We obtained the decomposition Lemma 7.8 by applying a strict
2-representation to (7.10). However, as we have noted previously in Remark 6.5, 2-
representations of a weak 2-bialgebra pG, T q cannot be strict, even when G is skeletal. As
such, we must take into account the additional component ϱ : G2b

0 Ñ EndpV q´1 when
deriving the decompositions above (in particular (7.12)).

For the rest of the paper, it suffices to consider the case t “ 0 or t “ η0, the constant
map to the unit η0 P G0. Since ϱ is normalized and the second and third equations in
(6.2) involve pre-composing ϱ with t, the only non-trivial relation is

ρ0pxx
1
q ´ ρ0pxqρ0px

1
q “ δϱpx, x1

q, x, x1
P G0,

where we recall that δ : EndpV q´1 Ñ EndpV q0 is the t-map on the weak endomorphism
2-algebra. Therefore, in order to obtain the decomposition of the form (7.12) from (7.11),
we must keep track of the terms involving ϱ that appear. For instance, we have

ρ3b
0 pR13Φ213q ´ ρ3b

0 pR13qρ3b
0 pΦ213q “ pδϱq

3b
pR13,Φ213q,

in which we notice that the second term on the left-hand side is the composition bV U ˝

aWV U .
More explicitly, translating (7.11) to (7.12) comes at a price given by a cochain ho-

motopy

ΩV |WUpxq “ pϱV b ϱW b ϱUqpΦ231pxq, p1 b ∆1
0qRΦ123pxqq

´ pϱV b ϱW b ϱUqpR13,Φ213pxqR12q

` pϱV b ϱW b ϱUqpp1 b ∆1
0qR,Φ123pxqq

´ pϱV b ϱW b ϱUqpΦ213pxq, R12q (7.14)

between the two sides of (7.11) for each x P G0, and similarly its adjoint Ω:

V |WU . We thus
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have the following diagrams

pV´1 b W´1q b U´1 pV0 b W0q b U0

W´1 b pU´1 b V´1q W0 b pU0 b V0q

B3b

ΩV |WU

B3b

,

V´1 b pW´1 b U´1q V0 b pW0 b U0q

pU´1 b V´1q b W´1 pU0 b V0q b W0

B3b

Ω:

V |WU

B3b

,

where the vertical arrows denote the decomposition (7.12). These diagrams cast Ω,Ω: as
the hexagonator 2-morphisms in 2RepT

pGq:

V pWUq pWUqV

pVW qU W pUV q

pWV qU W pV Uq

bV pWUq

aWUVaV WU

bV W

ΩV |WU

aWV U

bV U

,

pVW qU UpVW q

V pWUq pUV qW

V pUW q pV UqW

bpV W qU

a:

UV Wa:

V WU

bWU

Ω:

V |WU

a:

V UW

bV U

.

In other words, the quantities ΩV |WU ,Ω
:

V |WU by definition is an invertible modification

implementing the two sides of the decomposition (7.12).
Now by the diagram (7.13), the 2-intertwiners i : V Ñ U and their associated mixed

braiding maps biW preserve these hexagon relations. This leads to the naturality of the
hexagonator ΩV |WU with respect to 2-intertwiners such that we have (cf. diagram (2.2)
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in [KTZ20b])

ΩV |WX “

V pWXq pWXqV

UpWXq pWXqU

pVW qX pUW qX W pXUq W pXV q

pWUqX W pUXq

pWV qX W pV Xq

i i

bipWXq

bUpWXq

aWXU

aV WX

bV W

i

aUWX

bUW

ΩU |WX i

biW

aWUX

bUX

biX

aWV X

i
bV X

i

,

and similarly for the adjoint diagrams with Ω:. The tensor product V X of 2-representations
is equipped with the tensor product ΩV X|WU hexagonator, which are by construction nat-
ural and invertible.

7.10. Remark. Notice we did not define any associators for the 2-morphisms µ in
2RepT

pGq. This is because 2-morphisms in a 2-category the tensor product µ b ν “ µ ˚ ν
given by composition is strictly associative; indeed, such an associator aµνλ : pµνqλ ⇛
µpνλq would have to be a 3-morphism.

By the same token, the hexagon relations involving the mixed braiding maps (ie. the
decompositions in Lemma 7.8 aside from (7.12)), as well as the pentagon relations for the
associator 2-morphisms (6.15), (6.16), (6.17), must hold strictly on-the-nose. However,
the fact that aVWU is a 1-morphism implies we can have a 2-morphism π, called the
pentagonator, that implements its pentagon relation. We will show in Appendix C that
π is given by the Hochschild 3-cocycle T attached to the weak endomorphism 2-algebra
EndpV q.

7.11. Main theorem and its proof.We are finally ready to state and prove the main
theorem. As earlier, we will often omit the tensor products to lighten the notations.

7.12. Theorem. The 2-representation 2-category 2RepT
pGq of a weak quasitriangular 2-

bialgebra G is a braided monoidal 2-category with trivial left-/right-equivalences l : 1V
„
ÝÑ

V , r : V 1
„
ÝÑ V .

We will prove this by using algebraic and diagrammatic manipulations that we have
outlined throughout the paper, and reproduce all the coherence relations defining a



1488 HANK CHEN AND FLORIAN GIRELLI

braided monoidal 2-category in [Gur11]. On the way, we shall also construct quantities
that has also appeared in [KTZ20b].

Recall first that, from Section 6.9, we have trivial left- and right-unitors l : 1V Ñ V, r :
V 1 Ñ V , and hence all coherence relations involving them (ie. diagrams (2.5), (2.7)-(2.9)
of [KTZ20b]) are vacuously satisfied.

Braiding on the associator; the third Gurski axiom. Let V,W,U P 2RepT
pGq

be four 2-representations. Consider the mixed braiding 2-morphism baV WUX , which by
Lemma 7.4 fits into a diagram of the form

ppVW qUqX XppVW qUq

baV WUX

ùùùùùñ

pV pWUqqX XpV pWUqq

bppV W qUqX

aV WU aV WU

bpV pWUqqX

.

Lemma 7.8 states that we can in fact decompose the top and bottom 1-morphisms in
this diagram, provided we keep in mind the hexagonator Ω,Ω: (7.14) that appears in
doing so. We thus obtain a formula of the form

bppVW qUqX

Ω:

pV W q|UX

ùùùùùùñ aXpVW qU ˝ bpVW qX ˝ a:

pVW qXU ˝ bUX ˝ apVW qUX

Ω:

V |WX

ùùùùùñ aXpVW qU ˝

”

aXVW ˝ bV X ˝ a:

V XW ˝ bWX ˝ aVWX

ı

˝ a:

pVW qXU ˝ bUX ˝ apVW qUX , (7.15)

and similarly for the bottom 1-morphism bpV pWUqqX ,

bpV pWUqqX

Ω:

V |pWUqX

ùùùùùùñ aXV pWUq ˝ bV X ˝ a:

V XpWUq
˝ bpWUqX ˝ aV pWUqX

Ω:

W |UX

ùùùùñ aXV pWUq ˝ bV X ˝ a:

V XpWUq

˝

”

aXWU ˝ bWX ˝ a:

WXU ˝ bUX ˝ aWUX

ı

˝ aV pWUqX . (7.16)

Now notice that there are three identical braiding maps that appear in both of these
formulas, bV X , bWX , bUX , but they act on objects that differ by an associator: we have
bUX : pVW qpUXq Ñ pVW qpXUq from (7.15) and bUX : V pW pUXqq Ñ V pW pXUqq from
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(7.16), for instance. Such a square is precisely given by the diagram (6.21),

pVW qpUXq V pW pUXqq

aV WbUX
ùùùùùñ

pVW qpXUq V pW pXUqq

aV W pUXq

bUX bUX

aV W pXUq

,

and similarly for the other braiding maps that occur in both (7.16), (7.15).
Putting this all together, by successively decomposing the braiding maps, we achieve

the following diagrammatic expression for baV WUX (here we only label the 2-morphisms
for clarity):

ppVW qUqX XppVW qUq

pVW qpUXq pVW qpXUq ppVW qXqU pXpVW qqU

pV pWXqqU pV pXW qqU ppV XqW qU ppXV qW qU

V pW pUXqq V pW pXUqq V ppWXqUq V ppXW qUq

V ppWUqXq V pXpWUqq pV XqpWUq pXV qpWUq

pV pUW qqX XpV pUW qq

aV WbUX

Ω:

V |WX

aV bWXU

abV XWU

Ω:

W |UX

Ω:

V |pWUqX

Ω:

pV W q|UX

This is precisely the third axiom in [Gur11]; cf. diagram (2.6) in [KTZ20b].

The hexagonator ΩV X|WU ; the third Gurski axiom. We shall apply the same
procedure as above to expand the defining diagram for ΩV X|WU ,

pV XqpWUq pWUqpV Xq

ppV XqW qU W pUpV Xqq

pW pV XqqU W ppV XqUq

bpV XqpWUq

aWUpV XqapV XqWU

bpV XqW

ΩV X|WU

aW pV XqU

bpV XqU

.
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By rewriting each of the associator and braiding maps appearing here using (7.8) and
the pentagonator π (C.1) introduced in Appendix C, we obtain precisely diagram (2.4)
in [KTZ20b] as the ΩV X|WU . The third axiom of [Gur11] then follows.

Iterating the braiding map; the fourth Gurski axiom. Now consider the iterated
braiding 2-morphism bV bUW

(7.9). By the same logic as above, we can use the decompo-
sition (7.12) once again on the top and bottom braiding morphisms that appear in the
diagram,

bV pUW q

ΩV |UW

ùùùùñ a:

UWV ˝ bVW ˝ aUVW ˝ bV U ˝ a:

V UW ,

bV pWUq

ΩV |WU

ùùùùñ a:

WUV ˝ bV U ˝ aWV U ˝ bVW ˝ a:

VWU .

We can thus form the composition

bΩV |WU ” Ω´1
V |WU ¨ bV bUW

¨ ΩV |UW , (7.17)

which fits into a diagram that ”pastes” two hexagon diagrams together,

W pV Uq pWV qU pVW qU V pWUq V pUW q pV UqW

ΩV |WU

ùùùùñ
bV bUW

ðùùùù
ΩV |UW

ðùùùù

W pUV q pWUqV pUW qV UpWV q UpVW q pUV qW

bV U

aWV U

aV WUbV W

bV pWUq

bV pUW q

bUW

bV U

aV WU

bpV UqW

aWUV

aUWVbUW bV W

aUV W

bpUV qW

Note that, by construction (7.17), the 2-morphisms bΩV |‚‚ are natural and invertible.
Moreover, its definition is precisely (2.10) in [KTZ20b], and hence the fourth axiom of
[Gur11] follows.
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Hochchild descent; the second Gurski axiom. Let us now focus on (6.3). Recall
that it states, for x1, x2, x3 P G0, that

ρ1pT px1, x2, x3qq ´ Tpρ0px1q, ρ0px2q, ρ0px3qq “ ρ0px1q ¨ ϱpx2, x3q ´ ϱpx1x2, x3q

` ϱpx1, x2x3q ´ ϱpx1, x2q ¨ ρ0px3q,

where T is the Hochschild 3-cocycle on the weak endomorphism 2-algebra EndpV q of a
particularly chosen weak 2-vector space V P 2VecthBC . We shall now specialize x1, . . . , x3

to the elements in G0 of (7.11), and let the equation act on V .
By some computations, we see that the right-hand side translates to the composition

of 2-morphisms

ididW ΩV |UX ˚ ΩV |W pUXq ˚ Ω´1
V |pWUqX ˚ pΩV |WU ididX q

´1,

while on the term ρ ˝T on the left dualizes to terms of the form pρV b ¨ ¨ ¨ b ρXqp∆1 ˝R´

R ˝ D`
t ∆1q, which translates to

a:

WbV UX ˚ abV WUX ˚ a:

WUbV X
˚ bV aWUX

.

Now by leveraging the result Proposition C.2 in Appendix C, the term T ˝ ρ3b
0 in

fact defines the pentagonators π on 2Repτ
pGq. The left-hand side then acquires also the

contribution
πWV UX ˚ πWUVX ˚ π:

VWUX ˚ π:

WUXV ,

where πWUXV pxq “ TppρW q0pxq, pρUq0pxq, pρXq0pxqqpV q; see (C.1).
Altogether, this gives rise to the equation

πWV UX ˚ πWUVX ˚ ididW ΩV |UX ˚ ΩV |W pUXq ˚ a:

bV WUX ˚ b:

V aWUX
“

πVWUX ˚ πWUXV ˚ ΩV |WU ididX ˚ΩV |pWUqX ˚ a:

WbV UX ˚ a:

WUbV X

for V,W,U,X P 2RepT
pGq, which is precisely the second axiom in [Gur11] (or equivalently

axiom (2.1) in [KTZ20b]). In [KTZ20b], this axiom was also captured in a cohomological
manner in (3.2) there, but where the adjoint equivalences aiV W , a:

iV W are omitted.

In summary, we find that 2RepT
pGq has the following ingredients:

objects 1-morphisms 2-morphisms

2-representations 2-intertwiners equivariant
cochain homotopies

pV, bV ‚,ΩV |‚‚q pi, bi‚q µ

This establishes Theorem 7.12 and concludes our paper.
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8. Conclusion

In this paper, we have given a construction of a categorified notion of a quantum double
suited for 2-groups/2-algebras [Wag21]. This was accomplished by naturally lifting Ma-
jid’s quantum double construction [Maj94; Maj11] to internal categories, which makes the
structural theorems manifest. In particular, we have provided explicit algebraic computa-
tions that demonstrate concretely the notion of duality between 2-bialgebras, and how two
2-bialgebras can be ”pasted together” through the notion of 2-representations [Ang18].
We have also given examples which demonstrate that the category of bialgebras (and
their quantum doubles) embeds into the category of 2-bialgebras (and their 2-quantum
doubles), generalizing an analogous statement proven in [BSZ13] for the classical case.

By endowing Baez-Crans 2-vector spaces 2VectBC with higher homotopical data, we
described the weak 2-representation theory for 2-bialgebras G. We give a concrete descrip-
tion of the 2-category 2RepT

pGq, which by definition comes with a forgetful 2-functor
2ReppGq Ñ 2VecthBC into the k-linear 2-category 2VecthBC of such ”deformed” Baez-
Crans 2-vector spaces. Though we had provided an operational description of 2VecthBC

— in particular the property that its endomorphism categories and algebra objects are
modelled by 2-term A8-algebras — its precise construction shall appear soon in a later
work.

As in the case of 1-Hopf algebras [Maj11], the monoidal structure on 2RepT
pGq is

controlled by the coproduct and the coassociator, whence the naturality and the Gray-
property of the tensor product follow from the coequivariance and coPeiffer identities
(Lemmas 6.10, 6.11). We have also introduced the 2-R-matrix R of G, which was
defined naturally from the properties of the 2-quantum double DpG,Gq. We show that
the resulting braiding on 2RepT

pGq is in fact natural and coherent (Lemmas 7.3, 7.4).
Then, together with the structure of weak 2-representations, we identified the pentago-

nator and hexagonator 2-morphisms and exhibited all the necessary coherence diagrams to
prove Theorem 7.12. This gives a direct correspondence of the ingredients of a braided
monoidal 2-category [Gur11; KTZ20b] with those of an underlying weak quasitriangular
2-bialgebra G.

We also note that Theorem 7.12 hints towards a (braided) higher Tannakian recon-
struction (cf. [Pfe07]). It should state that, morally, given a sufficiently ”nice” braided
2-category (such as the Drinfel’d centre Z1pDq of a monoidal 2-category D [KTZ20b] or
a fusion 2-category [DR18]) and a fibre 2-functor F : C Ñ 2VecthBC , there is a braided
equivalence C » 2RepT

pGq such that the diagram

C 2VecthBC

2RepT
pGq

„

F

commutes. The authors are aware that efforts towards such a result in the semisimple
setting are currently being undertaken. Together with this work, it allows to distill all
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coherences in C into a sequence of Hochschild cohomological descent equations between
the weak 2-bialgebra pG, T ,Rq and the weak 2-endormophism 2-algebra EndpV q.

Furthermore, as mentioned in the Introduction, such a braided equivalence would also
allow us to reconstruct the topological field theory associated to a 4D gapped topological
phase, described by a braided 2-category [Joh20]. The work towards this goal, in the case
of the 3D toric code as well as its spin-Z2 variant, is in [Che23].

We will show in Appendix C that our framework is able to produce the k-invariants of
the 2-representation theory for a skeletal 2-group G [DT24; DR18], which demonstrates
that this work does in fact remedy the issues mentioned at the beginning of Section 4
from [HE16].

Relations with existing quantum group categorifications. Following the main
text, we introduce the notion of (strict) Hopf 2-algebras in Appendix A. There have
been numerous proposals for the notion of ”categorified Hopf algebras” in the literature,
such as the trialgebra proposal of Pfeiffer [Pfe07], the quantum 2-group of Majid [Maj12],
or the quantum groupoid of Lu [LU96]. It is well-known that group crossed-modules
are equivalent to 2-groups and group groupoids [CSX13a], and the cat1-Hopf algebras of
Wagemann [Wag21] coincide with trialgebras in the cocommutative case [Pfe07]. Hence
our definition of strict 2-bialgebras are very closely related to all of these alternative
formulations.

On the other hand, the content of Theorem 1.1 has been explored in the context of
Hopf categories of Gurski [Gur06] by Neuchl [Neu97]. Hence, we posit that the relationship
between our weak 2-bialgebras and these Hopf categories should be understood through
a monoidal ”model change” from 2-vector spaces of the ”homotopy/weak Baez-Crans”
sense 2VecthBC to the Kapranov-Voevodsky sense 2VectKV [KV94].7 This problem is
beign tackled currently by one of the authors.

Ribbon tensor 2-categories and modular invariants of 4-manifolds. Recall that,
in the 1-Hopf algebra case H, the representation category ReppHq can be modelled with
ribbon diagrams [Maj11], which are pictorial presentations for the computations one can
do in ReppHq. This allowed one to deduce quantum invariants of 3-manifolds from the
underlying pivotal braided tensor category: such as the Turaev-Viro state-sum invariants
[TV92; BW96], the multifusion invariants of Cui [CW17], and the modular invariants of
Reshetikhin-Turaev [RT91].

The above Turaev-Viro state summodel has seen a recent generalization to 4-dimensions,
known as the Douglas-Reutter model [DR18]. This is a state sum model which takes as
input a fusion spherical 2-category, and outputs a 4-manifold invariant. Similar construc-
tions had also been studied by Mackaay [Mac00; MP; Mac99], but the 2-ribbon calculus
underlying the Douglas-Reutter model served tantamount importance.

Nevertheless, these invariants are not modular, and a 4-dimensional analogue of the
Reshetikhin-Turaev invariant is still unknown. For this, one requires the notion of a

7We emphasize that this model change would not be possible in the strict Baez-Crans sense, as 2VectBC

is known to be completely strict, while 2VectKV cannot be strictified.
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ribbon tensor 2-category, in which both the braiding and the twist operations of the
underlying tensor 2-category play a central role. Algebraically, we expect such higher
ribbon structures to be captured by ribbon Hopf 2-algebras. We shall pursue this line
of thinking in a followup work, in an effort to construct a 4-dimensional analogue of the
Reshetikhin-Turaev modular functor.
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A. Hopf 2-algebras

Recall in the usual 1-algebra case that a Hopf algebra H is by definition a bialgebra
equipped with an antipode S : H Ñ H which is an anti-algebra and anti-coalgebra map,
satisfying

¨ ˝ pidbSq ˝ ∆ “ ¨ ˝ pS b idq ˝ ∆ “ η ˝ ϵ,

where ¨,∆ are the product/coproduct on H and η, ϵ are the unit/counit maps. Corre-
spondingly, we shall define a 2-Hopf algebra G as a 2-bialgebra equipped with an appro-
priate notion of an antipode S : G Ñ G.
Opposite 2-algebras. Recall that any algebra A comes with an ”opposite” algebra Aopp,
for which the algebra structure is written ”backwards”; the multiplication is given by

A b A Ñ A, x b x1
ÞÑ x1x.

Similarly, an opposite 2-algebra Gopp of a (strict) 2-algebra G consist of opposites
Gopp
0 ,Gopp

´1 of the graded components of G, and a ”swapped” G0-bimodule structure on
G´1:

¨
opp
l : G0 b G´1 ÞÑ G´1

x b y ÞÑ y ¨ x “ x ¨
opp
l y

,
¨oppr : G´1 b G0 ÞÑ G´1

y b x ÞÑ x ¨ y “ y ¨oppr x.
(A.1)

In other words, the left G0-module structure of G´1 is swapped with the right one. It is
easy to see that the equivariance property and Peiffer identity for t still take the form
(2.5), (2.6).

Antipode and Hopf 2-algebras. In analogy with the 1-algebra case, an anti-2-algebra
map on G is equivalent to a 2-algebra map G Ñ Gopp into the opposite 2-algebra Gopp as
defined above. More explicitly, an anti-2-algebra map ϕ : G Ñ G has graded components
ϕ0,´1 : G0,´1 Ñ G0,´1 as anti-algebra maps, such that ϕ0t “ tϕ´1 and

ϕ´1px ¨ yq “ ϕ´1pyq ¨ ϕ0pxq, ϕ´1py ¨ xq “ ϕ0pxq ¨ ϕ´1pyq

for each x P G0, y P G´1.
This allows us to define an antipode S0 “ pS1

0 , S
0
0q : G Ñ G as an anti-2-algebra map

on G such that

¨ ˝ pidbS1
0q ˝ ∆´1 “ ¨ ˝ pS1

0 b idq ˝ ∆´1 “ η´1ϵ´1,

¨ ˝ pidbS0
0q ˝ ∆l

0 “ ¨ ˝ pS1
0 b idq ˝ ∆l

0 “ η´1ϵ0,

¨ ˝ pidbS1
0q ˝ ∆r

0 “ ¨ ˝ pS0
0 b idq ˝ ∆r

0 “ η´1ϵ0, (A.2)

where ¨,∆ are the 2-bialgebra product/coproduct and η, ϵ are the unit/counit on G.
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A.1. Definition.A (strict) 2-Hopf algebra is a Hopf algebra object in 2VectBC. Equiv-
alentlly, it is a (strict) counital 2-bialgebra pG, ¨,∆, ϵq, as in Definition 2.14, equipped
with an antipode S0 satisfying (A.2).

Note (A.2) directly implies that pG´1,∆´1, S
1
0q forms a Hopf algebra. Furthermore,

recalling the definition (2.19) ∆1
0 “ 1

2
D`

t ∆0 of the coproduct in degree-0, as well as the
property that tη´1 “ η0, we have

¨ ˝ pidbS0
0q ˝ ∆1

0 “ ¨ ˝ pS0
0 b idq ˝ ∆1

0 “ η0 ˝ ϵ0

from (A.2), as the t-map by definition intertwines between the antipodes S0
0t “ tS1

0 .
As such, pG0,∆

1
0, S

0
0q itself forms a Hopf algebra for which the t-map is a Hopf algebra

map, given the conditions (2.18), (2.20), (2.22), (2.24) hold. Moreover, the 2-coalgebra
compatibility conditions (2.31) implies that H´1 “ pG´1,∆´1, S

1
0q forms a Hopf bimodule

algebra over H0 “ pG0,∆
1
0, S

0
0q.

In other words, our definition of a strict 2-Hopf algebra gives rise to a crossed-module
of Hopf algebras t : pG´1,∆´1, S

1
0q Ñ pG0,∆

1
0, S

0
0q, which is precisely the definition of

a ”cat1-Hopf algebra” of [Wag21]. We are able to go even further, as we are able to
introduce the 2-R-matrix, as well as study the monoidal weakening of G. We shall say a
bit more about the former in the following.

Quasitriangular strict Hopf 2-algebras. Now let pG,∆,Rq denote a quasitriangular
2-bialgebra, equipped with the 2-R-matrix R. Recall that an antipode S : G Ñ G is a
anti-2-algebra map on G such that (A.2) are satisfied. Together with the 2-R-matrix and
(3.26), it follows that we must have

pS1
0 b idqRl

¨ Rr
“ η2b

´1, pS0
0 b idqRr

¨ Rl
“ η2b

´1,

pidbS1
0qRr

¨ Rl
“ η2b

´1, pidbS0
0qRl

¨ Rr
“ η2b

´1. (A.3)

Note here that, as the skew-paring x¨, ¨ysk is non-degenerate (the ”quasi” in quasitrian-
gular), the 2-R-matrix components Rl,r are square and hence admit uniquely defined
inverses as square matrices.

A.2. Definition. Such a tuple pG,∆,R, Sq satisfying (A.3) defines a strict quasitri-
angular strict 2-Hopf algebra.

If G “ kG were the 2-group algebra constructed from (2.15), then the algebra action ¨ is
simply matrix product, and we recover the usual notion that pS b idqR, pidbSqR “ R´1

provided R is quasitriangular.
To not bloat up this paper anymore than we already have, we conclude this section by

noting that the embedding in Remark 2.33 extends to (quasitriangular) Hopf 2-algebras,

HopfAlg ãÑ 2HopfAlg, H ÞÑ H “ H
id
ÝÑ H.

The antipode on H is simply two copies of that S on H, and (A.2), (A.3) is automatically
satisfied as the coproduct components ∆´1 “ ∆0 “ ∆1

0 and the R-matrices R “ R all
coincide; see Section 2.14.1.
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In general, we should consider a weakened form of this 2-Hopf structure, based on
weak 2-bialgebras that we have introduced in the main text. In particular, there is a
”cochain homotopy” component S1 : G0 Ñ G´1 to the antipode which ”deforms” the
relations (A.2), (A.3). We shall study this structure in more detail in a followup paper.

B. Classical limits of (weak) 2-bialgebras and 2-R-matrices

In this section, we prove that the notion of 2-quantum doubles we have defined in Section
3 in the main text reproduces the known notion of 2-Manin triples of Lie 2-bialgebras
[BSZ13; CG22] in the classical limit. We shall also examine the quasi-weak case and show
that a weak/quasi-2-bialgebra as defined in Definition 4.6 reproduces a weak/quasi-Lie
2-bialgebra as defined in [CSX13a; CSX13b].

Classical limit and the Lie-ification functor. Given an (associative) algebra A P

Algass, it is well-known [Maj11; Wag21] that there is a Lie-ification functor L : Algass Ñ

LieAlg that assigns A to its ”classical” Lie algebra gpAq. The Lie bracket is given by the
commutator rX,X 1s “ XX 1 ´ X 1X, where X P gpAq is the image of an element x P A
under L. The associativity of A implies the Jacobi identity of r¨, ¨s; note A only needs
to be left-symmetric (not necessarily associative) in order for gpAq to enjoy the Jacobi
identity [BSZ13].

There is a left-adjoint to the Lie-ification functor given by the universal envelope
U : g ÞÑ Upgq, which can be understood as a ”quantization” map [Maj94]. There is an
analogous result for associative 2-algebras [Wag21].

B.1. Lemma. The Lie-ification functor L : 2Algass Ñ Lie2Alg lifts to associative 2-

algebras (see Definition 2.5), where gpGq “ LpG´1q
t

ÝÑ LpG0q is a Lie 2-algebra with

X ▷ Y “ X ¨ Y ´ Y ¨ X, X “ Lpxq, Y “ Lpyq,

where x P G0, y P G´1. Moreover, the universal enveloping functor U also lifts to Lie

2-algebras Upgq “ Upg´1q
t

ÝÑ Upg0q, such that U is left-adjoint to L.
In the following, we shall write r¨, ¨s : g2^ Ñ g as the binary L2-bracket on g, which
consists of the Lie bracket in g0 as well as the action ▷ of g0 on g´1 [BSZ13; CG22].

Note Lie-ification L is a functor. This means that, in particular, it sends a 2-algebra
representation ρ : G Ñ EndpV q on 2-vector space V to a Lie 2-algebra representation
Lpρq : gpGq Ñ glpV q as defined in [BSZ13; Ang18].

B.2. Lie 2-bialgebras and the 2-classical double. We now extend the above
lemma to associative 2-quantum doubles. Let pG, ¨,∆q denote a strict 2-bialgebra as
defined in Definition 3.2, and let pG˚, ¨˚,∆˚q denote its dually-paired 2-algebra. We put
g “ LpGq and g˚ “ LpG˚q as the corresponding Lie-ification of these 2-bialgebras.

The Lie-ification procedure can be understood loosely as an ”expansion”, or lineariza-
tion, x « 1 ` X near the identity. Indeed, we have

xx1
´ x1x « p1 ` Xqp1 ` X 1

q ´ p1 ` X 1
qp1 ` Xq « rX,X 1

s
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modulo terms of higher order. We make use of this notion on the coproduct (2.16),
and also perform a skew-symmetrization, in order to define a Lie 2-algebra 2-cochain
Lp∆q “ δ “ δ´1 ` δ0 on g,

δ´1pY q “ Yp1q ^ 1 ` 1 ^ Yp2q,

δ0pXq “
“

X l
p1q ´ Xr

p2q

‰

^ 1 ` 1 ^
“

X l
p2q ´ Xr

p1q

‰

” Xp1q ^ 1 ` 1 ^ Xp2q, (B.1)

where we have made use of the Sweedler notation (2.17), and the conventional notation ^

to denote skew-symmetric tenor products. Note the skew-symmetrization G´1 ^ G0 lands
as a subspace in G´1 b G0 ‘ G0 b G´1.

In degree-0, we have of course also the coproduct ∆1
0 defined in (2.19). It gives rise to

a Lie algebra cochain on LpG0q “ g0 by

δ1
0pXq “ X̄p1q ^ 1 ` 1 ^ X̄p2q “ tXp1q ^ 1 ` 1 ^ Xp2q,

where Xp1q, Xp2q have been given in (B.1).

B.3. Proposition. The Lie-ification functor L sends a strict 2-bialgebra pG,∆q to a Lie
2-bialgebra pg, δq.

Proof. Recall pg, δq is a Lie 2-bialgebra iff δ is a Lie 2-algebra 2-cocycle [BSZ13]. There-
fore it suffices to show that the 2-cochain defined in (B.1) is a 2-cocycle. This shall follow
from the fact that pG, ¨,∆q is a 2-bialgebra — namely the coproduct map ∆ (2.16) satisfies
(2.22), (2.24) and (2.31).

First note that (2.22) and (2.24) for the coproduct ∆ translates directly to the condi-
tions

pt b 1 ` 1 b tqδ´1 “ δ0 ˝ t, pt b 1 ´ 1 b tqδ0 “ 0

for the 2-cochain δ “ δ´1 ` δ0. Now by a direct computation using (B.1), the condition
(2.31) implies

δ0rX,X 1
s “ δ0pXX 1

q ´ δ0pX 1Xq

“ Xp1qX
1
p1q ^ 1 ` 1 ^ Xp2qX

1
p2q

´
`

X 1
p1qXp1q ^ 1 ` 1 ^ X 1

p2qXp2q

˘

“ rXp1q, X
1
p1qs ^ 1 ` 1 ^ rXp2q, X

1
p2qs

“ tXp1q ▷X 1
p1q ^ 1 ` 1 ^ rXp2q, X

1
p2qs

“ pX̄p1q ▷b1 ` 1 b adXp2q
qδ0pX 1

q ´ pX̄ 1
p1q ▷b1 ` 1 b adX 1

p2q
qδ0pXq,

where we have used the the Peiffer identity and the fact that X̄p1q “ tXp1q inherited from



HOPF 2-ALGEBRAS AND BRAIDED MONOIDAL 2-CATEGORIES 1499

the constraints (2.30), and

δ´1pX ▷ Y q “ δ´1pX ¨ Y q ´ δ´1pY ¨ Xq

“ X̄p1q ¨ Yp1q ^ 1 ` 1 ^ X̄p2q ¨ Yp2q

´
`

Yp1q ¨ X̄p1q ^ 1 ´ 1 ^ Yp2q ¨ X̄p1q

˘

“ pX̄p1q ▷ Yp1qq ^ 1 ` 1 ^ pX̄p2q ▷ Yp2qq

“ rXp1q, Yp1qs ^ 1 ` 1 ^ pXp2q ▷ Yp2qq

“ padXp1q
b1 ` 1 b Xp2q▷qδ´1pY q ´ padYp1q

b1 ´ 1 b ΥYp2q
qδ0pXq,

where X̄p2q “ Xp2q. These are precisely the Lie 2-algebra 2-cocycle conditions for δ [BSZ13;
CG22].

Now the characterization result in [BSZ13] states that pg, g˚q form a matched pair of
Lie 2-bialgebras iff δ is a Lie 2-algebra 2-cobracket on g, namely δ satisfies the 2-coJacobi
identities. For the 2-cocycle δ “ Lp∆q defined in (B.1), this is guaranteed precisely by
coassociativity (2.22), (2.24). We have therefore the immediate corollary:

B.4. Corollary. Suppose pG,G˚q form a matched pair of strict 2-bialgebras. The Lie-
ification functor L sends a 2-quantum double DpGq “ G’̄G˚ to a 2-Manin triple d “ g ’

g˚r1s.

In other words, our construction of the 2-quantum double DpGq admits the classical 2-
Drinfel’d double as a classical limit, which directly categorifies an analogous statement
between the general quantum double construction of Majid [Maj94] and the classical
Drinfel’d double [Sem92].

B.5. The classical 2-r-matrix. Let us now turn to the classical limit of the 2-R-
martrix as defined in Section 3.11. Prior to that, we first describe one of the key properties
of the duality pairing on a 2-quantum double, namely its invariance. This is expressed
by, for instance, (6.4) in the case of the coadjoint representation. For the sew-pairing
x¨, ¨ysk forming the 2-quantum double DpG,Gq “ G’̄Gopp, however, G acts on Gopp via its
underlying (opposite) 2-algebra structure, which means that the skew-pairing satisfies the
invariance property

xxx1, gysk “ ´xx1, g ¨ xysk, xx ¨ y, fysk “ ´xy, fxysk, xff 1, yysk “ ´xf 1, f ¨ yysk.

Given the adjoint action ▷̄ “ pΥ, p▷0,▷´1qq of G on Gopp,

x▷0 g “ g ¨ x, x▷´1 f “ fx, Υyf “ f ¨ y,

this invariance property translates to the following conditions on the 2-R-matrix Rl,r,

px ¨b1`1bx▷0qRl
“ 0, px ¨b1qRr

`p1bx▷´1qRl
“ 0, pf ¨b1`1bf▷0qRr

“ 0.

Consider the first and last conditions with x “ f P G0. They can be rewritten equivalently
as the conditions

px ¨ b1qRl
` p1 b x▷0qRr

“ 0, px ¨ b1qRr
` p1 b x▷0qRl

“ 0,
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which together with the second condition may be compactly expressed as, using the graded
sum,

px▷̄b 1 ` 1 b x▷̄qpR ` σpRqq “ 0, @ x P G0, (B.2)

where σ is a permutation of the G0,G´1 components.
Let us now finally recover the classical 2-r-matrix. This is once again accomplished

by taking the Lie-ification functor on the quantum 2-R-matrix, r “ LpRq P gb g, whence

g´1 b g0 Q rr “ LpRr
q, g0 b g´1 Q rl “ LpRl

q. (B.3)

The equivariance condition (3.28) clearly implies

D´
t r “ 0, (B.4)

while applying the Lie-ification functor L to (B.2) gives

rX b 1 ` 1 b X, r ` σprqs “ 0, X “ Lpxq P g0.

Here, we have used the fact that the adjoint action ρ of G on itself gives rise to the adjoint
representation ( using the graded Lie bracket) Lp▷̄q “ r¨, ¨s of g on itself [BSZ13].

Finally, we consider the 2-Yang-Baxter equations (3.29). We sum each equation in
(3.29) in the total graded complex G3b, and rearragnge them to the form

0 “
`

Rr
23pRr

13 ¨l Rl
12q ´ pRl

12 ¨r Rr
13qRr

23

˘

`
`

Rl
23 ¨l Rr

13qRr
12 ´ Rr

12pRr
13 ¨r Rl

23q
˘

`
`

Rl
23pRl

13 ¨r Rr
12q ´ pRr

12 ¨l Rl
13qRl

23

˘

`
`

pRr
23 ¨r Rl

13qRl
12 ´ Rl

12pRl
13 ¨l Rr

23q
˘

. (B.5)

Applying the Lie-ification functor L to this equation yields

0 “
`

rrr13, r
l
12s ` rrr23, r

r
13s ` rrr23, r

l
12s

˘

|rrl `
`

rrl23, r
r
13s ` rrl23, r

r
12s ` rrr13, r

r
12s

˘

|lrr

`
`

rrl13, r
r
12s ` rrl23, r

l
13s ` rrl23, r

r
12s

˘

|llr `
`

rrr23, r
l
13s ` rrr23, r

l
12s ` rrl13, r

l
12s

˘

|rll,

where the subscripts indicate where each term came from in (B.5).
Consider the two places in which rl23r

r
12 occurs in the above. These terms take the

form respectively in Sweedler notation

rl23r
r
12|lrr “ rrp1qη0 b rlp1qr

r
p2q b rlp2q ¨ η´1,

rl23r
r
12|llr “ rrp1q ¨ η´1 b rlp1qr

r
p2q b rlp2qη0,

where η0, η´1 are the units in G0,G´1. By using the Peiffer identity and the equivariance
condition (B.4)

ptrlp1qq b rlp2q “ pt b 1qrl “ p1 b tqrr “ rrp1q b ptrrp2qq,
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we can compute that

rl23r
r
12|llr “ rrp1q ¨ η´1 b rlp1q ¨ ptrrp2qq b rlp2qη0

“ ptrlp1qq ¨ η´1 b rlp1q ¨ rlp2q b rlp2qη0

“ rlp1qη´1 b rlp1q ¨r r
l
p2q b rlp2qη0

“ rl23 ¨r r
l
12

rl23r
r
12|lrr “ rrp1qη0 b ptrlp1qq ¨ rrp2q b rlp2q ¨ η´1

“ rrp1qη0 b rrp1q ¨ rrp2q b ptrrp2qq ¨ η´1

“ rrp1qη0 b rrp1q ¨l r
r
p2q b rrp2qη´1

“ rr23 ¨l r
r
12

,

As such, we have
rrl23, r

r
12s “ rrl23, r

l
12s “ rrr23, r

r
12s,

and hence collecting all terms from the above gives

rr12, r13s “ rrr12, r
r
13s ` rrr12, r

l
13s ` rrl12, r

r
13s ` rrl12, r

l
13s

rr13, r23s “ rrr13, r
r
23s ` rrr13, r

l
23s ` rrl13, r

r
23s ` rrl13, r

l
23s

rr12, r23s “ rrr12, r
r
23s ` rrr12, r

l
23s ` rrl12, r

r
23s ` rrl12, r

l
23s

This is precisely the 2-graded classical Yang-Baxter equation of [BSZ13]

Jr, rK “ rr12, r13s ` rr13, r23s ` rr12, r23s “ 0

for the expansion r “ LpRq “ rr ` rl.

B.6. Theorem. R admits r as a classical limit: the Lie-ification functor sends the 2-R-
matrix to a 2-graded classical r-matrix.

In other words, the ”quantization” of the classical 2-r-matrix and the associated Lie
2-bialgebra g yields a 2-R-matrix with the associated quasitriangular 2-bialgebra G, as
expected from (1.1).

B.7. Weak Lie 2-bialgebras. We now prove the weak analogues of the classical limit
for 2-bialgebras.

B.8. Lemma. The Lie-ification functor L : Alg Ñ Lie extends to weak 2-algebras, as-
signing pG, T q to a weak Lie 2-algebra pgpGq, µ3q where the homotopy map µ3 is the total
skew-symmetrization of T .

Proof. We construct the Lie 2-algebra structure as in Lemma B.1. Let U3 “ L ˝ T ˝L
denote the induced trilinear map on LpGq. We apply L to the Jacobiator JpX,X 1, X2q “

rX, rX 1, X2ss ` rX 1, rX2, X 1s ` rX2, rX,X 1ss,

JpX,X 1, X2
q “ XpX 1X2

q ´ XpX2X 1
q ´ pX 1X2

qX ` pX2X 1
qX

`X 1
pX2Xq ´ X 1

pXX2
q ´ pX2XqX 1

` pXX2
qX 1

`X2
pXX 1

q ´ X2
pX 1Xq ´ pXX 1

qX2
` pX 1XqX2

“ tU3pX,X 1, X2
q ´ tU3pX,X2, X 1

q ` tU3pX 1, X2, Xq

´ tU3pX
1, X,X2

q ` tU3pX2, X 1, Xq ´ tU3pX2, X,X 1
q

“ tpU3pX,X 1, X2
q ´ U3pX,X2, X 1

q ` U3pX 1, X2, Xq

´ U3pX
1, X,X2

q ` U3pX
2, X,X 1

qq ´ U3pX
2, X 1, Xq,
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where we have used the weak 1-associativity condition for G. Similarly, for JpX,X 1, Y q “

X ▷ pX 1 ▷ Y q ´ X 1 ▷ pX ▷ Y q ´ rX,X 1s▷ Y we have

JpX,X 1, Y q “ tpU3pX,X 1, tY q ´ U3pX, tY,X 1
q ` U3pX

1, tY,Xq

´ U3pX
1, X, tY q ` U3ptY,X,X 1

q ´ U3ptY,X
1, Xq,

hence if we define the total skew-symmetrization

µ3pX,X 1, X2
q ” U3pX,X 1, X2

q ´ U3pX,X2, X 1
q ` U3pX 1, X2, Xq

´U3pX 1, X,X2
q ` U3pX

2, X,X 1
q ´ U3pX

2, X 1, Xq,

then weak 1-associativity implies the 2-Jacobi identity on LpGq.
Using the Peiffer conditions on this fact, we see that the weak bimodularity condition

also implies the 2-Jacobi identity, with two tY ’s inserted in U3 instead. Similar com-
putations show that the Hochschild 3-cocycle condition for T implies the Lie 3-cocycle
condition for µ3.

Finally, let F : pG, T q Ñ pG 1, T 1q denote a weak 2-algebra homomorphism as defined
in (4.1). By applying the Lie-ification functor and appropriately skew-symmetrizing T , T 1

and the 2-algebra structure, we recover precisely the definition of a weak 2-algebra map
LpF q : pg, µq Ñ pg1, µ1q [Bae+07]. Thus L is functorial.

Similar to the Lie 2-algebra 2-cocycle (B.1) defined from the coproduct ∆, we form
the classical limit of the coassociator ∆1 by totally skew-symmetrizing and linearizing it,
such that we have the Lie cochain

δ1pXq “ Xp1q ^ 1 ^ 1 ´ 1 ^ Xp2q ^ 1 ` 1 ^ 1 ^ Xp3q, X P g0 “ LpG0q. (B.6)

It is not hard to see by, for instance, dualizing the computations in the proof of Lemma
B.8, that the conditions (4.3), (4.5) reduce to

δ´1 ˝ δ´1 “ δ1 ˝ t, cf. (42) in [CSX13a]

pδ´1 ` δ0q ˝ δ0 “ Dt ˝ δ1, cf. (43) in [CSX13a],

δ1 ˝ δ0 “ δ´1 ˝ δ1, cf. (44) in [CSX13a].

Let pG, T ,∆1q be a weak 2-bialgebra as given in Definition 4.6. The conditions (4.7)
translate directly to

δ´1pµ3pX,X 1, X2
qq “ µ3pX̄p1q, X̄

1
p1q, X̄

2
p1qq ^ µ3pX̄p2q, X̄

1
p2q, X̄

2
p2qq,

δ1prX,X 1
sq “ rXp1q, X

1
p1qs ^ 1 ^ 1 ´ 1 ^ rXp2q, X

1
p2qs ^ 1 ` 1 ^ 1 ^ rXp3q, X

1
p3qs,

which are precisely the conditions for a weak-Lie 2-bialgebra pg, µ3, δq [CSX13b], expressed
explicitly. In other words, we have the weak version of Proposition B.3:

B.9. Proposition.The Lie-ification functor takes a weak 2-bialgebra pG, T ,∆q to a weak
Lie 2-bialgebra pg, µ, δq, with the 2-cocycle data given as in (B.1), (B.6).

Note that this is a general result, which does not require the skeletality assumption on
G. When T “ 0 and µ3 “ 0, we recover the conditions for a quasi-Lie 2-bialgebra studied
also in [CSX13a].
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C. Module 2-categories and 2-representation theory

As mentioned in Remark 6.3, the weak 2-algebras live in the homotopy refinement 2VecthBC

of the 2-category 2VectBC of Baez-Crans 2-vector spaces. We now show that the 2-
representation theory developed here is nothing more than the 2-category of G-modules
over the 2-category 2VecthBC .

Recall briefly some key aspects of modules in a 2-category D of (certain types of)
categories [Del22; DT24].

C.1. Definition. Let C P D denote a monoidal category. The 2-category ModDpCq

of C-modules in D consist of objects D P D equipped with a C-action 1-morphism
▷ : C ˆ D Ñ D and a set of pseudonatural transformations (the associators)

αXY |D : pX b Y q▷´ Ñ X ▷ pY ▷´q

for each X,Y P C, satisfying the module pentagon relations up to a possibly non-trivial
module pentagonator 2-morphism πXY Z. The 1-morphisms are C-module functors, and
the 2-morphisms are C-module natural transformations.

Crucially, the module pentagonators π must satisfy on the nose a coherence condition,
called the associahedron condition. The explicit expressions of these conditions can be
found in [Del22; DT24].

Consider a 2-bialgebra G as an algebra object in D “ 2VecthBC . Evaluating an
action 2-functor ▷ : G ˆ 2VecthBC

Ñ 2VecthBC on the object V gives precisely a weak
2-representation ρ : G Ñ End2VecthBC pV q “ EndpV q of G on V P 2VecthBC , as we have
defined in the main text.

C.2. Theorem. Weak 2-representations are G-modules in 2VecthBC:

2RepT
pGq “ Mod2VecthBC pGq.

Proof. As foretold, we reconstruct the module associator α and pentagonator π of the
G-modules V P 2VecthBC by taking

αx1x2|V “ ϱpρ0px1q, ρ0px2qqpV q, πx1x2x3|V “ Tpρ0px1q, ρ0px2q, ρ0px3qqpV q, (C.1)

where ρ “ pϱ, ρ0, ρ1q : G Ñ EndpV q is a weak 2-representation and T is the Hochschild
3-cocycle on EndpV q. We now proceed level by level.

Objects. We identify the action 2-functor ▷ as the weak 2-representation ρ such that
x ▷ V “ ρ0pxqV for each x P G0. An arrow x ▷ V Ñ x1 ▷ V is therefore expressed as

ρ1pyqV , where y P G´1 is interpreted as a 2-morphism x
y
ùñ x1 between x, x1 “ x ` ty

[Wag21; BC04], or simply by ρ1pyq. What we need to prove is the pentagon relation
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between α, π, as well as the associahedron condition for π. The pentagon relation can be
written as

ppx1x2qx3q▷ V px1px2x3qq▷ V x1 ▷ ppx2x3q▷ V q

πx1x2x3|V

ùùùùùùñ

px1x2q▷ px3 ▷ V q x1 ▷ px2 ▷ px3 ▷ V qqq

ρ1pT px1,x2,x3qq ϱpx1,x2x3q

ϱpx1,x2qqρ0px3q

ϱpx1x2,x3q ρ0px1qϱpx2,x3q

Rewriting π in terms of the 3-cocycle T, we have

Tpρ0px1q, ρ0px2q, ρ0px3qq “ ´ϱpx1x2, x3q ´ ϱpx1, x2qρ0px3q

` ρ1pT px1, x2, x3qq ` ϱpx1, x2x3q ` ρ0px1qϱpx2, x3q,

which is nothing but the last equation of (4.1). It is then easy to see that the associahedron
condition follows from the Hochschild 3-cocycle condition for T.

2-intertwiners. Recall the notion of weak 2-intertwiners that we have given in Def-
inition 6.7. By treating V as a G-module 2-category and taking ▷,▷1 as the action
2-functors corresponding to the 2-representations ρ, ρ1, we equivalently characterize the
cochain homotopy I as a collection of invertible natural transformations I‚,i : ip‚▷ V q ñ

‚▷1 ipV q, such that the following pentagon relation

ipρ0pxx
1qV q ρ1

0pxx
1q ˝ ipV q

ipρ0pxqρ0px
1qV q ρ1

0pxq ˝ ipρ0px
1qV q ρ1

0pxqρ1
0px1q ˝ ipV q

Ixx1,i

i˝ϱpx,x1q

Ix,ibidρ0px1q ρ1
0pxqbIx1,i

ϱ1px,x1q˝i

follows directly from (6.6) This recovers precisely the notion of a G-module functor [DT24].
Notice no pentagonator appears here, as this is a relation on the 2-morphisms in 2RepT

pGq

and hence a pentagonator for it would have to be a 3-morphism.

Modifications. Now let us consider the notion of modifications in 2RepT
pGq we have

defined in Definition 6.8. The condition (6.9) is equivalent to the composition of 2-
morphisms pidρ0pxq µq ˚ Ix,i “ Ix,i1 ˚ µ, which is exactly a module natural transformation
[DT24].
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We show in this Section that EndpV q can be interpreted in the context of module
2-categories.

We first recall briefly some key aspects of a module 2-category [Del22; DT24]. To
be more concrete, let C denote a semisimple (monoidal) 2-category. A C-module 2-
category is a k-linear semisimple 2-category D with a C action 2-functor ▷ : C ˆD Ñ D
and a set of adjoint natural equivalences (the associators)

αXY |A : pX b Y q▷ A Ñ X ▷ pY ▷ Aq

for each X,Y P C and A P D, satisfying the module pentagon relations up to a possibly
non-trivial module pentagonator 2-morphism πXY Z|A. These pentagonators must satisfy
on the nose an additional coherence condition, called the associahedron condition. The
explicit expressions of these conditions can be found in [Del22; DT24].

C.3. Higher-representations of 2-groups. For simplicity, consider the special case

of a finite skeletal 2-group G “ G´1
1
ÝÑ G0, where 1 “ η0 denotes the group unit in G0,

and take the corresponding 2-group algebra kG via part c) of Example 2.9.1. We also
assume G splits, namely it has a trivial Postnikov class τ “ 0 (and hence the Hochschild
3-cocycle T “ 0 is trivial on the associated 2-group algebra kG).

Recall the definition of a 2-representation of G in 2-category D in Definition C.1.
As shown in Theorem C.2, if we take D “ 2VecthBC then we recover the weak 2-
representations as defined in Definition 6.4 — cochain homotopies play the role of
natural transformations/2-morphisms in this setting.

On the other hand, one typically considers the 2-category C “ 2VectKV of Kapranov-
Voevodsky 2-vector spaces [KV94] in the usual literature [Bae+12a; DR18; Del22; DT24;
Bar+24; BBG23]. We shall denote the former 2-representation 2-category by 2ReppkGq,
and the latter by 2RepG.

It is clear that the weak 2-representation theory developed in this paper hosts non-
trivial k-invariants, and does hence indeed bypass the results of [HE16]. We will now
show moreover that, specifically for finite 2-groups, the k-invariants in 2ReppkGq are in
bijection with those found in 2RepG in recent literature.

Since t “ 1 and by definition ϱpx, 1q “ ϱp1, xq “ 0, the left-bimodule structure in
particular is respected ρ1px ¨ yq “ ρ0pxqρ1pyq from (6.2). As the left-bimodule action ¨

coincides with the group action ▷ by construction (2.15), this implies the condition

ρpx▷ yqv “ ρpyqρpxqv, @x P G0, v P V

for each y P G´1, which has also appeared in the 2-representation theory 2RepG based on
the Kaparanov-Voevodsky setting [DT24]. However, in there we also have the following
data

1. The composition of elements x P G0 is preserved only up to an invertible natural
transformation

px1,x2 : ρpx1q ˝ ρpx2q
„
ùñ ρpx1x2q,
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satisfying
px1,x2x3 ˚ pidρpx1q ˝px2,x3q “ px1x2,x3 ˚ ppx1,x2 ˝ idρpx3qq, (C.2)

where ˚ is the composition of 2-morphisms.

2. A 1-morphism i : ρ Ñ ρ1 between two 2-representations assigns an object ipt P

Funpρpptq, ρ1pptqq and an invertible natural transformation ix : ipt˝ρpxq
„
ùñ ρ1pxq˝ipt

to each x P G0 satisfying

ppx1,x2 ˝ idiptq ˚ pidρpx1q ˝ix2q ˚ pix1 ˝ idρpx2qq “ ix1x2 ˚ pidipt ˝px1,x2q, (C.3)

as well as the naturality condition

ix ˚ pidipt ˝ρpyqq “ pρ1
pyq ˝ idiptq ˚ ix (C.4)

for each x P G0, y P G´1.

3. A 2-morphism µ : i ñ i1 between two 1-morphisms assigns a natural transformation
µ˚ P Funpipt, i

1
ptq satisfying

pidρpxq ˝µ˚q ˚ ix “ i1
x ˚ µ˚. (C.5)

Now let ρ “ pϱ, ρ0, ρ1q P 2ReppkGq denote a weak 2-representation as we have defined
in the main text. We will demonstrate that an identical set of coherence witnesses are
encoded in Definition 6.4.

• We identify the invertible natural transformation px1,x2 with ϱpρ0px1q, ρ0px2qq for
each x1, x2 P G0; as τ “ 0 is trivial, the Hoschild 3-cocycles T ,T are both trivial,
whence last equation of (4.1) implies (C.2).

• Take ρp˚q “ V and ρ1p˚q “ W , a 1-morphisms ipt clearly denote a cochain map
i : V Ñ W . We identify the invertible natural transformation ix with the cochain
homotopy Ix,i defined in Definition 6.7, whence (C.3) is equivalent to (6.6). More-
over, as G is skeletal t “ 1, the 2-morphisms idi ˝ρpyq, ρpyq˝idi are self-modifications
µ : i ñ i on i “ ipt, whence (C.4) follows from (6.9).

• We identify the 2-morphism µ˚ with a modification µ as defined in Definition 6.8.
(C.5) then clearly follows also from (6.9).

The set of k-invariants in 2RepT
pkGq “ Mod2VecthBC pkGq — coming from A8-algebras —

therefore coincide with that coming from 2RepG “ Mod2VectKV pGq. This fact is crucial
for the main result in [Che23].
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