
Theory and Applications of Categories, Vol. 45, No. 37, 2026, pp. 1515–1554.

PROJECTIVE AND ANOMALOUS REPRESENTATIONS OF
CATEGORIES AND THEIR LINEARIZATIONS

DOMENICO FIORENZA AND CHETAN VUPPULURY

Abstract. We investigate the relation between projective and anomalous representa-
tions of categories, and show how to any anomaly J : C → 2Vect one can associate an
extension CJ of C and a subcategory CJ

ST of CJ with the property that: (i) anomalous
representations of C with anomaly J are equivalent to Vect-linear functors E : CJ → Vect,
and (ii) these are in turn equivalent to linear representations of CJ

ST where “J acts as
scalars”. This construction, inspired by and generalizing the technique used to linearize
anomalous functorial field theories in the physics literature, can be seen as a multi-object
version of the classical relation between projective representations of a group G, with
given 2-cocycle α, and linear representations of the central extension Gα of G associated
with α.
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1. Introduction

A functorial field theory is a (smooth) symmetric monoidal functor from a category of
bordisms endowed with geometric structure (e.g., a Riemannian metric) to a linear category,
such as finite-dimensional vector spaces or Hilbert spaces. This perspective, originating
in the work of Atiyah and Segal [Atiyah, 1988, Segal, 2004], has become a fundamental
organizing principle in quantum field theory. For instance, a 2-dimensional conformal
field theory with values in super (i.e. Z/2-graded) Hilbert spaces can be described as a

Received by the editors 2025-07-07 and, in final form, 2026-06-05.
Transmitted by Rune Haugseng. Published on 2026-06-05.
2020 Mathematics Subject Classification: 18D25.
Key words and phrases: Projective representations; anomalies.
© Domenico Fiorenza and Chetan Vuppulury, 2026. Permission to copy for private use granted.

1515



1516 DOMENICO FIORENZA AND CHETAN VUPPULURY

symmetric monoidal functor
Z : Bordconf

2 → sHilb,

where Bordconf
2 denotes the category of 1-dimensional spin manifolds and conformal spin

bordisms. A recurring phenomenon in the construction of such theories is a systematic
but controlled failure of strict functoriality, commonly referred to as an anomaly in the
physics literature. This phenomenon has been extensively studied from both physical and
mathematical perspectives; see, for example, the recent overview by Freed in [Freed, 2023]
as well as the treatment in [Freed, 2014, Freed and Teleman, 2014]. A typical example is
the fermionic anomaly of conformal spin field theories [Ludewig and Roos, 2020].

One way to accommodate anomalies is to enlarge the bordism category so that the
additional data compensates for the failure of functoriality. For instance, in [Stolz and
Teichner, 2004], Stolz and Teichner define a Clifford linear conformal field theory of degree
n ∈ Z, as a continuous functor

E : CliffordBordconf
2;n → sHilb,

where CliffordBordconf
2;n is a category whose objects are the same as Bordconf

2 , but whose
morphisms are pairs (Σ,Ψ), where Σ is a conformal spin bordism, and Ψ is an element
in the n-th tensor power of the fermionic anomaly line. While this construction may
appear somewhat ad hoc at first sight, it reflects a more general and conceptually natural
mechanism.

From a higher-categorical viewpoint, anomalous functoriality can be encoded in several
equivalent ways. On the one hand, one may consider functors valued in a projectivization
of a linear category, in which scalar automorphisms are promoted to elements in the
Picard 2-group or its higher versions. On the other hand, anomalous theories can be
described in terms of cocycle data valued in suitable higher groupoids, together with
coherence data controlling the failure of strict functoriality. A third perspective realizes
anomalous theories as honest linear functors defined on suitable extensions of the source
category classified by such cocycles. Variants of these constructions appear throughout
the literature on higher category theory, projective representations, and extended field
theories; in addition to the aforementioned references, see, for example, [Lurie, 2009b, Stolz
and Teichner, 2011, Bartlett Douglas, Schommer-Pries, and Vicary, 2015, Fiorenza and
Valentino, 2015, Johnson-Freyd and Scheimbauer, 2017, Scheimbauer and Stempfhuber,
2025].

These different viewpoints are closely related to well-known categorical constructions.
In particular, the passage from projectivized targets to cocycle data and vice versa
can be understood in terms of universal properties of categorical quotients, while the
relationship between cocycle-adapted coherence data and extensions is expressed through
a Grothendieck construction, and so it is a version of the straightening/unstraightening
correspondence in higher category theory [Lurie, 2009a]. Despite their ubiquity, these
perspectives are often developed in different contexts and with different conventions, and
their precise relationship is not always made explicit.
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The aim of the present article is to provide a systematic and self-contained comparison
of these approaches in the setting of higher categories. More precisely, given a functor

J : C → 2Vect,

where C is an ∞-category and 2Vect denotes the Morita 2-category of finite-dimensional
algebras, bimodules, and intertwiners, we introduce a notion of Vect-valued anomalous
representations of C with anomaly J . We show that these are equivalent to Vect-linear
functors defined on a canonical extension CJ of C, which carries a natural structure of
module category over Vect.

Moreover, CJ contains a distinguished subcategory CJ
ST, with the same objects as C,

such that Vect-linear functors from CJ to Vect correspond to linear representations of CJ
ST

in which the anomaly J acts by scalars. This result can be regarded as a multi-object
analogue of the Eilenberg–Watts theorem on additive and cocontinuous functors between
categories of modules [Eilenberg, 1960, Watts, 1960], and is closely related to the classical
correspondence between projective representations of a group and linear representations
of its central extensions. In particular, when the anomaly J is invertible and suitably
structured, anomalous representations reduce to projective representations. In this sense,
the framework developed here provides a natural higher-categorical generalization of
projective representation theory.

The constructions considered in this paper admit further generalizations, for instance
to super vector spaces and to analytic settings involving (super) Hilbert spaces and (super)
2-Hilbert spaces, modelled as the 2-category of (super) von Neumann algebras, Hilbert
bimodules and continuous intertwiners. [Schmidpeter, 2026]. While we do not pursue
these analytic aspects in detail here, the formalism developed in the present work applies
directly to such settings. In particular, when applied to the n-th tensor power of the
fermionic anomaly

JFermionic : Bord
conf
2 → s2Hilb,

our construction recovers the degree n Clifford-linear conformal field theories of Stolz and
Teichner as instances of a general universal procedure.

This article is based on C.V. PhD Thesis [Vuppulury 2025]. We thank Matthias
Ludewig, Christoph Schweigert, Jim Stasheff, and the referee for very useful comments and
suggestions. D.F. was partially supported by 2023 Sapienza research grant “Representation
Theory and Applications”, by 2024 Sapienza research grant “Global, local and infinitesimal
aspects of moduli spaces”, and by PRIN 2022 “Moduli spaces and special varieties” CUP
B53D23009140006. D.F. is a member of the Gruppo Nazionale per le Strutture Algebriche,
Geometriche e le loro Applicazioni. (GNSAGA-INdAM).
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2. Notation and conventions

Throughout the whole paper, K will denote a field. By VectK we denote the symmetric
monoidal category of finite dimensional vector spaces over K. For A and B two K-algebras,

AModB will denote the abelian category of (A,B)-bimodules that are finite dimensional
over K. By 2VectK we denote the Morita 2-category of finite dimensional K-algebras,
bimodules, and intertwiners. That is, 2VectK is the 2-category whose objects are finite
dimensional K-algebras, whose 1-morphisms are finite dimensional (over K) bimodules,
and whose 2-morphisms are morphisms of bimodules:

2VectK(A0, A1) = A1ModA0 .

The composition of 1-morphisms is given by tensor products:

2VectK(A1, A2)× 2VectK(A0, A1)
◦−→ 2VectK(A0, A2)

is given by

A2ModA1 × A1ModA0 → A2ModA0

(M21,M10) 7→ M21 ⊗A1 M10.

The identity 1-morphisms are algebras sees as bimodules over themselves. Tensor product
of algebras over K endows 2VectK with a natural structure of symmetric monoidal 2-
category, with unit object the K-algebra K; see, e.g.[Shulman, 2020]. We will take 2VectK
as our preferred model for the symmetric monoidal 2-category of finite dimensional 2-vector
spaces over K, hence the notation.

We will be constantly identifying a (higher) category with its nerve. Indeed, at least for
low values of n, an (∞, n)-category can be explicitly described as a simplicial set with a
few special properties. For instance, (∞, 0) categories (or, equivalently, ∞-groupoids) can
be defined as Kan complexes (i.e., simplicial sets for which all the horns are required to
have a filler) and (∞, 1)-categories as weak Kan complexes (i.e., simplicial sets for which
only the internal horns are required to have a filler). The simplicial characterization of
(∞, 2)-categories appears to be a little less widely known than the n = 0, 1 cases; a good
reference where it can be found spelled out in detail is Section 5.4 of Lurie’s Kerodon
[Lurie, 2018]. In these terms 2VectK is the 2-category whose 0-simplices are algebras Ai,
whose 1-simplices are bimodules Mij , where Mij is a left Ai-module and a right Aj-module,
whose 2-simplices are morphisms of bimodules

φijk : Mij ⊗Aj
Mjk → Mik,

whose 3-simplices are commutative tetrahedra, i.e., commutative diagrams of the form

Mij ⊗Aj
Mjk ⊗Ak

Mkl Mik ⊗Ak
Mkl

Mij ⊗Aj
Mjl Mil

id⊗φjkl

φijk⊗id

φikl

φijl

.
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Higher simplices are defined by the condition that the nerve of a 2-category is 3-coskeletal,
i.e., for k ≥ 4 a k-simplex is in the nerve of 2VectK if and only if all of its faces are in the
nerve.

By K∗ we denote the multiplicative group of the field K, and by B2K∗ the 2-group
given by the double delooping of the abelian group K∗, i.e., the 2-groupoid having a
single object with only the identity 1-morphism and with K∗ as automorphism group
of the identity 1-morphism. There is a canonical embedding ι : B2K∗ ↪→ 2VectK that
maps the unique object of B2K∗ to the K-algebra K, the identity 1-morphism in B2K∗ to
the (K,K)-bimodule K, and the elements of K∗ to themselves seen as (K,K)-bimodule
morphisms from K to K. In simplicial terms, B2K∗ is the simplicial abelian group whose
2-simplices are decorated by elements α in K∗ and whose 3-simplices are characterized
by the 2-cocycle condition α023α012 = α013α123. The realization of B2K∗ as subsimplicial
object of 2VectK is manifest.

Through the whole paper we assume familiarity with basic construtions in higher
category theory. A comprehensive treatment can be found in [Lurie, 2018].

3. The standard BK∗-action on VectK

The 2-group BK∗ has a distinguished action on the symmetric monoidal category VectK,
i.e., there is a symmetric monoidal (2, 1)-category1 VectK//BK∗ fitting into a homotopy
pullback diagram of the form

VectK ∗

VectK//BK∗ B2K∗

⌟
. (3.1)

The symmetric monoidal category VectK//BK∗ will be the natural target for projective
representations.2 The construction begins by noticing that the 2-category 2VectK is
naturally pointed, with pointing given by the unit object K. One can then form the loop
space 2-category Ω2VectK, defined as the lax3 homotopy pullback

Ω2VectK ∗

∗ 2VectK.

⌟ (3.2)

One has a natural equivalence of symmetric monoidal categories Ω2VectK ∼= VectK. In
particular, Ω2VectK which is a priori a 2-category is actually equivalent to a 1-category.

1I.e., a 2-category whose k-morphisms for k > 1 are invertible.
2The fact that this target is naturally a 2-category justifies the motto that “The theory of projective

representations is a piece of 2-category theory fallen into the realm of 1-category theory.”.
3Here and in what follows we will always say ‘lax’ to mean the 2-cell is not necessarily invertible; when

the adjective ‘lax’ is omitted it is meant that the 2-cell is invertible. To avoid possible confusion, we will
occasionally write ‘strong’ to stress that a certain homotopy commutativity is with an invertible 2-cell.
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3.1. Definition. The symmetric monoidal (2, 1)-category VectK//BK∗ is defined by the
lax homotopy pullback

VectK//BK∗ B2K∗

∗ 2VectK.

⌟
ι (3.3)

Here, the symmetric monoidal structure comes from the fact that the natural embedding
ι : BK∗ ↪→ 2VectK is symmetric monoidal, and the fact that VectK//BK∗ is a (2, 1)-category
from the fact that all k-morphisms in BK∗ for k > 1 and all k-morphisms in 2VectK for
k > 2 are invertible. This will be manifest in the simplicial description of VectK//BK∗ we
provide below. By the pasting law for lax homotopy pullbacks, from the defining diagram
(3.3) we obtain the diagram

VectK ∗

VectK//BK∗ B2K∗

∗ 2VectK,

⌟

⌟
ι

(3.4)

where the 2-out-of-3 rule has been used to identify the top left corner with the category
VectK of vector spaces over K. In the top square4 of (3.4) we find the announced diagram
(3.1), encoding a higher group action of the 2-group BK∗ on the linear category VectK.
We will refer to this action as to the standard 2-action of BK∗ on VectK. One easily
obtains the following explicit description of the (2, 1)-category VectK//BK∗.

3.2. Lemma. The nerve of the (2, 1)-category VectK//BK∗ is given by the following data:

� 0-simplices are (finite dimensional) vector spaces over K;

� 1-simplices are morphisms ϕij : Vi → Vj of vector spaces;

� 2-simplices are homotopy commutative diagrams of the form

Vi Vk

Vj

ϕik

ϕij

αijk

ϕjk ,

i.e., are the datum of three morphisms of K-vector spaces ϕij : Vi → Vj and of a
scalar αijk ∈ K∗ such that

ϕik · αijk = ϕjk ◦ ϕij;

4Notice that this top square is automatically a strong homotopy pullback, since B2K∗ is a 2-groupoid.
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� 3-simplices are characterized by the fact that the decorations αijk of the faces satisfy
the 2-cocycle condition

αiklαijk = αijlαjkl

� higher simplices are determined by the 3-coskeletality condition, i.e., for k ≥ 4 one
has

∆k(VectK//BK∗) = (∂∆k)(VectK//BK∗).

3.3. Remark. In terms of nerves, the morphism VectK//BK∗ → B2K∗ in diagram (3.1)
simply consists in forgetting all 0-simplex and 1-simplex decorations, and retaining the
2-simplex decorations.

3.4. Remark. The content of Lemma 3.2 can be taken as a definition of the (2, 1)-category
VectK//BK∗. This allows defining VectK//BK∗ with no reference to 2VectK.

3.5. Remark. The symmetric monoidal structure on VectK naturally induces a symmetric
monoidal structure on VectK//BK∗.

4. Projective representations of categories

The 2-category VectK //BK∗ is the natural target of projective representations: given
a category C.5

4.1. Definition. Let C be a category. A K-linear representation of C is a functor
ρ : C → VectK. A projective representation of C (over K) is a functor ρ : C → VectK //BK∗.
A 2-cocycle on C with values in K∗ is a functor α : C → B2K∗.

Every projective representation has an associated 2-cocycle, given by the composition of
ρ : C → VectK //BK∗ with the canonical morphism VectK//BK∗ → B2K∗. More generally,
we can give the following.

4.2. Definition. Let α : C → B2K∗ be a K∗-valued 2-cocycle on C. A projective repre-
sentation of C of class α is a lax homotopy commutative diagram of the form

C VectK//BK∗

B2K∗

ρ

α β .

4.3. Remark. When the filler β is the identity, this precisely says that ρ is a projec-
tive representation of C with associated 2-cocycle α. For a general β, the projective
representation ρ will have a 2-cocycle equivalent to α via the equivalence β.

5Here and in what follows by category we will usually mean ∞-category, and by functor we will mean
∞-functor, using 1-category and 1-functor when we want to stress that we are in the non higher context.
Clearly, every 1-category is also an ∞-category and so a category in our use of the term, so expressions
like “the category of vector spaces” will be non-ambiguous.
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4.4. Remark. Since VectK //BK∗ is a 2-category, a projective representation of C will
factor through the 2-truncation of C. Hence will not be restrictive to assume C is a
2-category from the beginning, and we often will tacitly make this assumption, e.g., in not
discussing the data for k-simplices of C for k ≥ 4.

4.5. Remark. Spelling out the definition, the functor ρ of a projective representation of
C associates with an object Xi of C an object VXi

of VectK//BK∗, i.e., a K-vector space;
with a 1-morphism fij : Xi → Xj in C a linear map

ρfij : VXi
→ VXj

and with a 2 simplex

Xi Xk

Xj

fik

fij
Ξijk

fjk ,

of C an element αΞijk
∈ K∗ such that ρfjk ◦ ρfij = ρfik ·αΞijk

. Functoriality of ρ also tells us
that for a a 3-simplex in C we have αΞikl

αΞijk
= αΞijl

αΞjkl
, that is the equation expressing

the fact that α is a 2-cocycle on C with values in K∗.

4.6. Example. When C = BG, the above definition precisely reproduces the classical
definition of a projective representation of the group G, and the definition of 2-cocycle
reproduces that of a group 2-cocycle with values in K∗ as a trivial G-module. The
equivalence class of the 2-cocycle α : BG → B2K∗ is an element in the second group
cohomology group H2

Grp(G,K∗) of G, and saying that a projective representation ρ is of
class α precisely means that the 2-cocycle associated with the projective representation ρ
is in the same cohomology class as α. More precisely, these two 2-cocycles are related by
the coboundary corresponding to the filler β of Definition 4.2.

4.7. Definition. Let α : C → B2K∗ be a 2-cocycle. A trivialization of α is a homotopy
commutative diagram of the form

∗

C B2K∗
α

β
.

4.8. Example. When C = BG, a trivialization in the above sense is precisely the datum
of a K∗-valued 1-cochain on G with dGrpβ = α, where dGrp is the differential of the usual
cochain complex computing group cohomology.

4.9. Lemma. Let ρ : C → VectK //BK∗ be a projective representation, and let α be its
associated 2-cocycle. Then a trivialization of α is equivalent to a lift of ρ to a linear
representation ρ̂ : C → VectK.
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Proof. Since α is the 2-cocycle associated with ρ, a trivialization of α is a homotopy
commutative diagram of the form

C ∗

VectK//BK∗ B2K∗

ρ
β

. (4.1)

By the universal property of lax homotopy pullback and by the top square in (3.4), diagram
(4.1) uniquely6 factors as

C

VectK ∗

VectK//BK∗ B2K∗

ρ̂

ρ ⌟β̂
, (4.2)

where the filler in the bottom right square has no name since it is the canonical filler for
the lax homotopy pullback and the filler in the top triangle has no name since ∗ is the
terminal 2-category and so there is a unique7 triangle as the top one. Vice versa, given a
lift ρ̂ of ρ to a linear representation, i.e., a lax homotopy commutative diagram of the form

C VectK

VectK//BK∗

ρ̂

ρ

β̂

,

we can uniquely form a diagram of the form (4.2) (again by the uniqueness of the upper
right triangle in (4.2)), and the outer diagram of this is a diagram of the form (4.1), i.e., a
trivialization of α.

4.10. Remark. Spelling out the definition, we see that a trivialization of α consists in
associating with any morphism fij : Xi → Xj in C an element βfij in K∗ in such a way
that for any 2-simplex

Xi Xk

Xj

fik

fij
Ξijk

fjk ,

6As always in the context of higher categories, uniqueness is up to homotopies, that are unique up to
2-homotopies, that are unique up to 3-homotopies, et cetera.

7Again, uniqueness is up to homotopy: one means that the space of all such triangles is contractible.
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in C the equations βfikαΞijk
= βjkβij are satisfied. The lift ρ̂ associated with the trivializa-

tion β is ρ̂fij = β−1
fij

ρfij . One then easily directly checks that ρ̂ is a linear representation of
C.

4.11. Remark. The monoidal structure on VectK//BK∗ from Remark 3.5 induces a
tensor product on projective representations. One immediately sees that if ρ1 and ρ2 are
projective representations of C of classes α1 and α2, respectively, then ρ1⊗ρ2 is a projective
representation of C of class α1α2. It follows that if two projective representations ρ and η
of C are such that their associated 2-cocycles are inverse to each other then ρ⊗ η lifts to a
linear representation of C.

4.12. Remark. Let ρ be a projective representation of C with associated 2-cocycle α.
Assume α has a trivialization β. Then from β we can construct a projective representation
ηβ as follows

ηβ : Xi 7→ K
fij 7→ β−1

fij

Ξijk 7→ β−1
fij

β−1
fjk

βfik .

We can then form the tensor product ηβ ⊗ ρ. Since β is a trivialization of α, the 2-cocycle
for the projective representation ηβ is α−1

Ξijk
. So, by Remark 4.11, ηβ ⊗ ρ is a linear

representation of C. This is no surprise: making ηβ ⊗ ρ explicit we find

ηβ ⊗ ρ : Xi 7→ K⊗ VXi
= VXi

fij 7→ β−1
fij

ρfij = ρ̂fij

Ξijk 7→ β−1
fij

β−1
fjk

βfikαXiijk = 1.

That is, ηβ ⊗ ρ is precisely the linear lift ρ̂ of ρ associated with the trivialization β. This
shows that linear lifts of projective representations can be seen as particular instances of
tensor products of projective representations.

5. Anomalous representations of categories

A closely related notion to that of a projective representation of C with 2-cocycle α is
that of anomalous representation with an anomaly J endowed with an α-structure ξ.

5.1. Definition. Let J : C → 2VectK be a functor. An anomalous representation of C
with anomaly J is a lax homotopy commutative diagram of the form

C 2VectK

∗

J

Z
. (5.1)
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5.2. Remark. It is useful to make fully explicit the definition of an anomalous represen-
tation Z of C with anomaly J . This explicitation will serve as a model for making fully
explicit all of the constructions presented by universal properties in the following of the
present article. On several occasions we will directly use these explicit descriptions in the
proofs of a few results. The interested reader can easily derive these explicit descriptions
from the one presently given here, or find them in [Vuppulury 2025]. An anomalous
representation Z of C with anomaly J consists of

� a left J(Xi)-module Z(Xi), thought of as a (J(Xi),K)-bimodule, for every object
(0-simplex) Xi of C;

� a filler Z(fij) for the diagram

K K

J(Xi) J(Xj)

K

Z(Xi) Z(Xj)
Z(fij)

J(fij)

in 2VectK, i.e., a morphism of left J(Xj)-modules

Z(fij) : J(fij)⊗J(Xi) Z(Xi) → Z(Xj),

for any morphism fij : Xi → Xj in C;

such that the prism

K K

K

J(Xi) J(Xk)

J(Xj)

K

K

Z(Xi) Z(Xk)

K

Z(Xj)

Z(fij)

J(fij)

Z(fjk)

J(fik)

J(fjk)

1

J(Ξijk)

commutes in 2VectK, i.e., such that the diagram of morphisms of left J(Xk)-modules

J(fjk)⊗J(Xj) J(fij)⊗ Z(Xi) J(fjk)⊗J(Xj) Z(Xj)

J(fik)⊗J(Xi) Z(Xi) Z(Xk)

J(Ξijk)⊗id

id⊗Z(fij)

Z(fjk)

Z(fik)

(5.2)
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commutes, for any 2-simplex

Xj

Xi Xk

fjkfij

fik

Ξijk

.

of C
We now introduce the notion of invertible anomalies and of α-structures on a given

anomaly, where α is a 2-cocycle. The interplay between these two notions will lead to
Proposition 5.6, relating anomalous and projective representations.

5.3. Definition. The Picard 3-group Pic(2VectK) ⊆ 2VectK is the 3-group of invertible
algebras, invertible bimodules and invertible morphism of bimodules inside the Morita
2-category. We say that an anomaly J : C → 2VectK is invertible if it factors through
Pic(2VectK) ⊆ 2VectK, i.e., if one is given the datum of a strong8 homotopy commutative
diagram of the form

Pic(2VectK)

C 2VectK

ι

J

, (5.3)

where ι : Pic(2VectK) → 2VectK is the inclusion.

5.4. Definition. Let J : C → 2VectK be a functor, and let α : C → B2K∗ be a 2-cocycle
on C with values in K∗. An α-structure on J is the datum of a lax homotopy commutative
diagram of the form

B2K∗

C 2VectK

ι

J

α
ξ

. (5.4)

We say that an α structure is invertible if (5.4) is strong.

5.5. Remark. By composing a 2-cocycle α : C → B2K∗ with the inclusion ι : B2K∗ ↪→
2VectK one gets a functor

Jα = ι ◦ α : C → 2VectK

The anomaly Jα is endowed with a canonical invertible α-structure: the one with identity
filler ξ. We will call Jα, together with its canonical α-structure, the canonical anomaly
associated with the 2-cocycle α. Since the inclusion B2K∗ ↪→ 2VectK factors as

B2K∗ ↪→ BPic(VectK) ↪→ Pic(2VectK) ↪→ 2VectK .

we see that an anomaly J endowed with an invertible α-structure is automatically invertible.
In particular, Jα is an invertible anomaly.

8i.e., the 2-cell components are all invertible. Another terminology to express this consists in saying
that the 2-cell filler is a “pseudonatural transformation”, as opposed to “lax natural transformation”.
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5.6. Proposition. Let α : C → B2K∗ be a 2-cocycle on C with values in K∗. Then we
have an equivalence between the category of projective representations of C of class α and
the category of anomalous representations of C with anomaly Jα. More generally, if ξ
is an invertible α-structure on J : C → 2VectK, then ξ induces an equivalence between
the category of projective representations of C of class α and the category of anomalous
representations of C with anomaly J .

Proof. By pasting (5.4) with (5.1), we get the lax homotopy commutative diagram

C B2K∗

∗ 2VectK

α

ι
ξ◦Z

. (5.5)

By the universal property of lax pullbacks, this diagram can uniquely be factored as

C

VectK//BK∗ B2K∗

∗ 2VectK

ρξ◦Z

α

βξ◦Z

⌟
ι

.

From the top triangle in the above diagram, comparing with Definition 4.2, one sees that

ρξ◦Z : C → VectK//BK∗

is a projective representation of C of class α. Vice versa, since ∗ is the terminal 2-category,
given a projective representation of C of class α we can uniquely form the diagram

C

VectK//BK∗ B2K∗

∗ 2VectK

ρ

α

β

⌟
ι

.

whose outer square is a lax homotopy commutative diagram of the form

C B2K∗

∗ 2VectK

α

ι
Zρ,β , (5.6)
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Since the 2-cell ξ is invertible, we can write Zρ,β = ξ ◦ (ξ−1 ◦Zρ,β), and (5.6) is factored as

B2K∗

C 2VectK

∗

ια

J

ξ

ξ−1◦Zρ,β
,

thus exhibiting ξ−1 ◦ Zρ,β as an anomalous representation of C with anomaly J . By
uniqueness, the two constructions are inverse to each other, so that when the α-structure
ξ on J is invertible we find an equivalence.

5.7. Remark. The first part of the proof of Proposition 5.6 only uses the datum of the
α-structure on J and not its invertibility. So we still have that anomalous representations
of C with anomaly J induce projective representations of C of class α under the sole
assumption ξ is an α-structure on J . However, this will not be an equivalence unless ξ is
invertible.

5.8. Remark. For an object Xi in C, we have ρξ◦Z(Xi) = ξ(Xi) ⊗J(Xi) Z(Xi). For a
1-morphism fij : Xi → Xj in C we have that ρξ◦Z(fij) is the linear map

ξ(Xi)⊗J(Xi)Z(Xi)
ξ(fij)⊗idZ(Xi)−−−−−−−−→ ξ(Xj)⊗J(Xj)J(fij)⊗J(Xi)Z(Xi)

idξ(Xj)
⊗Z(fij)

−−−−−−−−→ ξ(Xj)⊗J(Xj)Z(Xj).

5.9. Remark. It is reasonable to expect that the constructions of the previous sections
make sense with an arbitrary 2-term Ω sequence of symmetric monoidal ∞-categories, i.e.,
for any sequence ((n+ 1)V , nV , (n− 1)V) where

� kV is a symmetric monoidal (∞, k)-category;

� (k − 1)V ∼= Ω(kV).
Writing simply V for 1V , the sequence we have been considering in the previous sections
has been

0V = 0VectK : the commutative algebra K of “numbers”, that can be thought of as

“0-vector spaces”

V = VectK : the symmetric monoidal category of K-vector spaces

2V = 2VectK the symmetric monoidal Morita 2-category of “2-vector spaces”

A second immediate example is the super-version of this Ω-triple:

0V = 0sVectK : the commutative algebra K of “numbers”, that can be thought of as

“super (i.e., Z/2Z-graded) 0-vector spaces”
V = sVectK : the symmetric monoidal category sVectK of super K-vector spaces

2V = 2sVectK : the symmetric monoidal Morita 2-category of “super 2-vector spaces”.
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Here, more explicitly, 2sVectK is the 2-category whose objects are (finite dimensional) super
(i.e., Z/2Z-graded) K-algebras, whose 1-morphism are (finite dimensional) Z/2Z-graded
bimodules and whose 2-morphisms are morphisms of Z/2Z-graded bimodules. As in the
non-super case, composition of 1-morphisms is given by tensor products, which in this
case is the tensor product of Z/2Z-graded bimodules.

Other examples are given by the Ω-triple

0V = 0HilbK : the commutative algebra C of complex numbers, thought of as

“0-Hilbert spaces”

V = HilbK : the symmetric monoidal category Hilb of Hilbert spaces

2V = 2Hilb : the symmetric monoidal Morita 2-category of ‘Hilbert 2-vector spaces”,

modelled as the 2-category of von Neumann algebras, Hilbert bimodules and continuous
intertwiners, as well by its super version, see [Schmidpeter, 2026] for details.

In the general setting, the chain of inclusions appearing in Remark 5.5 becomes

B2 Pic((n− 1)V) ↪→ BPic(nV) ↪→ Pic((n+ 1)V) ↪→ (n+ 1)V

and all of the constructions of the previous sections should verbatim translate to this more
general setting. In particular the target with projective nV-valued representations would
be the (∞, n− 1)-category

nV//BPic((n− 1)V).
A somehow more explicit notation for the same (∞, n− 1)-category is

nV//BAutnV(1nV),

where one stresses the fact that Pic((n− 1)V) is the group of automorphisms of the unit
object of the (∞, n)-symmetric monoidal category nV . Also notice that the possibility of
multiplying a morphism of vector spaces with an invertible scalar, that played a prominent
role into giving explicit equations for projective representations with values in VectK makes
perfect sense for any (∞, n)- symmetric monoidal category nV : the multiplication

K∗ × HomVectK(Vi, Vj) → HomVectK(Vi, Vj)

is a particular instance of the multiplication

AutnV(1nV)× HomnV(Vi, Vj) → HomnV(Vi, Vj)

given by

AutnV(1nV)× HomnV(Vi, Vj)
⊗−→ HomnV(1nV ⊗ Vi,1nV ⊗ Vj) ∼= HomnV(Vi, Vj)

(α, f) 7→ α⊗ f

Also notice that invertibility actually plays no role here: one could have K and EndnV(1V)
in place of K∗ and AutnV(1nV) in the above formulas.



1530 DOMENICO FIORENZA AND CHETAN VUPPULURY

One could therefore have given all definitions and constructions from the beginning
in the general setup considered in this Remark. Yet, a close inspection of the relevant
literature showed that many of the expected results these definitions and constructions
would be based on in the generality of symmetric monoidal (∞, n)-categories are, for n ≥ 3,
more part of a well-established folklore than being available in the form of rigorously
established results. So we preferred to limit ourselves to the treatment of the concrete
example of K-vector spaces, so to have the constructions presented in the paper based
on solid ground. The construction immediately extend to the other explicit examples
mentioned above, i.e., super-2-vector spaces and (super-)2-Hilbert spaces; the rigorous
extension to arbitrary symmetric monoidal (∞, n)-categories is the subject of [Vuppulury,
2026].

Focusing on 2VectK also has the benefit not to lose the reader into abstractness from
the very beginning, and to have a more immediate recognition of known results and
construction from the classical theory of projective representation of groups. At the
same time, we tried to present all constructions in a sufficient abstract way, using only
categorical properties of VectK, to make the transition to the general setting of of symmetric
monoidal (∞, n)-categories immediate once the needed basic results on ∞-group actions
on symmetric monoidal (∞, n)-categories are rigorously established.

6. From anomalous representations to linear representations

Let G be a finite group, and let α be a K∗-valued 2-cocycle on G. Then one can use α
to construct a K∗-central extension Gα of G by the rule: elements of Gα are pairs (g, λ)
with g ∈ G and λ ∈ K∗ and with the multiplication given by

(g1, λ1) · (g2, λ2) = (g1g2, α(g1, g2)λ1λ2).

In categorical terms, the construction of Gα is a homotopy pullback: the groupoid BGα is
the homotopy pullback

BGα BG

∗ B2K∗

⌟
α . (6.1)

6.1. Remark. Notice that we are saying “homotopy pullback” here instead of “lax
homotopy pullback” since the category in the bottom right corner is a 2-groupoid, and so
the filler of the 2-cell in (6.1) is automatically invertible.

A well know result from the theory of projective representations of group is that
projective representations of G with 2-cocycle α are equivalent to linear representations of
the central extension Gα. Actually, stated this way, the result is improperly stated. To
see this just consider the case where G = {e} is the trivial group. Then also α is trivial
and Gα = K∗. The statement would then say that projective representations of the trivial
group, that are necessarily trivial, are equivalent to linear representations of the group K∗,
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that are not necessarily trivial (already the 1-dimensional representation of K∗ acting on
K as scalars is nontrivial). The correct statement is: projective representations of G with
2-cocycle α are equivalent to linear representations of the central extension Gα such that
the subgroup K∗ ⊆ Gα acts as scalars. In this and in the following Section we are going to
present a generalization of this result to the case where BG is replaced by an arbitrary
category and α by an arbitrary anomaly. As in the previous Sections, we will present the
constructions with concrete linear targets such as VectK and 2VectK, but in such a way
that a generalization to an arbitrary symmetric monoidal 2-category V replacing 2VectK
should be immediate. There will be however also a few specificities of 2VectK, in particular
the fact that every algebra is a module over itself, that will play a role.

6.2. From anomalous representations to linear representations. We begin
by defining the main character of this Section, namely the category CJ , by generalizing
diagram (6.1). This amounts to performing a Grothendieck construction, so that the
properties of CJ are an instance of the straightening/unstraightening yoga in higher
category theory, see [Lurie, 2009a].

6.3. Definition. Let C be a category and J : C → 2VectK be a functor. The extension
of C with anomaly J is the category CJ defined by the lax homotopy pullback

CJ C

∗ 2VectK

⌟
J . (6.2)

6.4. Remark. Objects of CJ are pairs (Xi, LXi
), where X is an object in C and LXi

is a
right J(Xi)-module, and morphisms in CJ are pairs (fij, φfij), where fij : Xi → Xj is a
morphism in C and φfij is a morphism of right J(Xi)-modules φfij : LXi

→ LXj
⊗J(Xj)J(fij).

Finally, with any 2-morphism Ξijk in C it is associated a commutative diagram of morphisms
of right J(Xi)-modules

LXi
LXk

⊗J(Xk) J(fik)

LXj
⊗J(Xj) J(fij) LXk

⊗J(Xk) J(fjk)⊗J(Xj) J(fij)

φfij

φfik

φfjk
⊗id

id⊗J(Ξijk) . (6.3)

6.5. Remark. If C is a symmetric monoidal category and J is a symmetric monoidal
functor, then CJ is naturally endowed with a symmetric monoidal structure as well.

6.6. Remark. Let X be an object of C. Then we have an embedding

ιX : ModJ(X) → CJ

given by L 7→ (X,L) at the level of objects. At the level of 1-morphism, ιX is

ιX(Li
φij−−→ Lj) = (X,Li)

(idX ,φij)−−−−−→ (X,Lj).
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Here one is using the fact that J(idX) = J(X) as a (J(X), J(X))-bimodule, so that φij is
a morphism from Li to Lj ⊗J(X) J(idX). Finally, at the level of 2-simplices the functor ιX
acts as

ιX


Lj

Li Lk

φjkφij

φik

 =

(X,Lj)

(Xi, LXi
) (X,Lk)

(idX ,φjk)(idX ,φij)

(idX ,φik)

id
.

If E : CJ → VectK is a functor, then we can restrict it along ιX , i.e., consider the functor
E
∣∣
X
= E ◦ ιX : ModJ(X) → VectK. This way, once E is fixed, every object X of C defines

a functor from right J(X)-modules to K-vector spaces.

6.7. Definition. Let E : CJ → VectK be a functor. We say that E is additive and
cocontinuous over C if all of the functors E

∣∣
X
: ModJ(X) → VectK from Remark 6.6 are

additive and cocontinuous (i.e., preserving small colimits).

6.8. Remark. The functor ιX from Remark 6.6 identifies the lax fiber of CJ → C over the
object X with a copy of the category ModJ(X) of right J(X)-modules. This identification
can be canonically seen from the pasting law for lax homotopy pullbacks: in the diagram

ModJ(X) CJ ∗

∗ C 2VectK.

⌟ ⌟

X J

both the rightmost square (by definition of CJ) and the outer square are lax homotopy
pullbacks; by the 2-out-of-3 property also the leftmost square is a lax homotopy pullback.

6.9. Remark. The category CJ is naturally tensored over VectK: the VectK-action on CJ

is given by (V, (Xi, LXi
)) 7→ (Xi, V ⊗K LXi

).

By Remark 6.9, both CJ and VectK are VectK-linear categories, so one can look at
VectK-linear functors E from CJ to VectK. Putting this together with Definition 6.7, we
give the following definition, clearly hinting at the Eilenberg–Watts theorem [Eilenberg,
1960, Watts, 1960].

6.10. Definition. Let C be a category and J : C → 2VectK be a functor. We write
HomVectK(CJ ,VectK) for the category of VectK-linear functors that are additive and cocon-
tinuous over C.

Clearly HomVectK(CJ ,VectK) ⊆ Hom(CJ ,VectK), that is, every element of HomVectK(CJ ,
VectK) is in particular a linear representation of CJ . The VectK-linearity makes the elements
of HomVectK(CJ ,VectK) special among the linear representations of CJ ; as we are going to
see in detail in the subsequent section, this condition is akin to the “K∗ acting as scalars”
condition for the linear representations of Gα corresponding to projective representations
of G we mentioned at the beginning of this Section.
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6.11. Proposition. There is a distinguished natural map Z 7→ EZ, from anomalous
representations of C with anomaly J to HomVectK(CJ ,VectK), defined as follows in terms
of the notation of Remark 5.2.

� For an object (Xi, LXi
) of CJ one has

EZ(Xi, LXi
) = LXi

⊗J(Xi) Z(Xi), (6.4)

� For a 1-morphism (fij, φfij) in CJ , the morphism EZ(fij, φfij) in VectK is the com-
position

LXi
⊗J(Xi)Z(Xi)

φfij
⊗idZ(Xi)−−−−−−−→ LXj

⊗J(Xj)J(fij)⊗J(Xi)Z(Xi)
idLXj

⊗Z(fij)

−−−−−−−−→ LXj
⊗J(Xj)Z(Xj)

(6.5)

Proof. By pasting diagram (5.1) to diagram (6.2) we get a lax homotopy commutative
diagram of the form

CJ ∗

∗ 2VectK
Ẑ

. (6.6)

By the universal property of lax homotopy pullbacks, this uniquely9 factors as

CJ

VectK ∗

∗ 2VectK

EZ

⌟
,

giving a morphism EZ : CJ → VectK. We conclude the proof by showing that on objects
and 1-morphisms in CJ the functor EZ has the announced behavior. From this, the VectK-
linearity of EZ is manifest. Let (Xi, LXi

) be an object in CJ . As emphasized in Remark
5.2, the 2-cell Z from diagram (5.1) associates with Xi the left J(Xi)-module Z(Xi),
seen as a (J(Xi),K)-bimodule. Since diagram (6.6) is the pasting of diagram (5.1) with
diagram (6.2), the 2-cell Ẑ from diagram (6.6) associates with (Xi, LXi

) the composition of

1-morphisms K Z(Xi)−−−→ J(Xi)
LXi−−→ K in 2VectK, i.e., the K-vector space LXi

⊗J(Xi) Z(Xi),
seen as a (K,K)-bimodule. The description of EZ on 1-morphisms in CJ goes along the
very same lines. Finally, for every object Xi of C, we have EZ

∣∣
Xi

= − ⊗J(Xi) Z(Xi), so

EZ

∣∣
Xi

is both additive and cocontinuous.

9As usual and already remarked, uniqueness is in a homotopical sense: it means that the space of these
factorizations is contractible.
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6.12. Remark. In the proof of Proposition 6.11 we didn’t explicitly check that EZ maps
2-simplices in CJ to commutative diagrams of K-vector spaces. Since EZ is constructed
from universal properties, this is automatically satisfied. Yet, it is a simple check to
verify that the association EZ explicitly defined by equations (6.4)–(6.5) does indeed map
2-simplices in CJ to commutative diagrams of K-vector spaces, thus defining a functor
CJ → VectK. That is, a reader not wishing to dwell into higher categorical structures
may define EZ directly by (6.4)–(6.5), without relying on the notion and properties of lax
homotopy pullbacks. To see that (6.4)–(6.5) indeed define a functor, let

(Xj, LXj
)

(Xi, LXi
) (Xk, LXk

)

(fjk,φfjk
)(fij ,φfij

)

(fik,φfik
)

Ξijk

be a 2-simplex in CJ . By (6.4)–(6.5), the diagram of K-vector spaces

EZ(Xj, LXj
)

EZ(Xi, LXi
) EZ(Xk, LXk

)

EZ(fjk,φfjk
)EZ(fij ,φfij

)

EZ(fik,φfik
)

is the diagram

LXj
⊗J(Xj) Z(Xj)

LXj
⊗J(Xj) J(fij)⊗J(Xi) Z(Xi) LXk

⊗J(Xk) J(fjk)⊗J(Xj) Z(Xj)

LXk
⊗J(Xk) J(fjk)⊗J(Xj) J(fij)⊗J(Xi) Z(Xi)

LXi
⊗J(Xi) Z(Xi) LXk

⊗J(Xk) Z(Xk)

LXk
⊗J(Xk) J(fik)⊗J(Xi) Z(Xi)

φfjk
⊗idZ(Xj)

idLXj
⊗Z(fij)

φfjk
⊗idJ(fij)

⊗idZ(Xi)

idLXk
⊗Z(fjk)

idLXk
⊗J(Ξijk)⊗idZ(Xi)

idLXk
⊗idJ(fjk)⊗Z(fjk)

φfij
⊗idZ(Xi)

φfik
⊗idZ(Xi)

idLXk
⊗Z(fik)

and this commutes: the commutativity of the lower left square is diagram (6.3), the
commutativity of the lower right square is diagram (5.2), and the commutativity of the
top square is the functoriality of tensor product.

6.13. From linear representations to projective representations. In the
previous Section we have shown how an anomalous representation of C with anomaly J
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induces a linear representation of CJ . We now show how, given an α-structure on J , a
linear representation of CJ induces a projective representation of C of class α. Putting
these two constructions together we get a projective representation of C starting with an
anomalous one endowed with an α-structure. We have already described in Proposition 5.6
another way of producing projective representations out of anomalous ones. No surprise,
as we are going to show, these two constructions of projective representations out of
anomalous ones are equivalent. This ultimately relies on the fact that, since the groupoid
BK∗ is naturally a submonoidal category of VectK, a VectK-linear functor out of CJ is
naturally BK∗-equivariant.

Along the same line we used in Section 3 we produced the 2-category VectK //B2K∗

we can define the 2-category CJ//BK∗ by factoring the defining diagram (6.2) of CJ as

CJ ∗

CJ//BK∗ B2K∗

C 2VectK

⌟

⌟
ι

J

. (6.7)

6.14. Lemma. Let E : CJ → VectK be a VectK-linear functor. Then E is BK∗-equivariant,
i.e., it is part of a lax homotopy commutative diagram of the form

CJ VectK

CJ//BK∗ VectK//BK∗

B2K∗

E

π

E//BK∗
. (6.8)

Proof. We have to define the functor E//BK∗ : CJ//BK∗ → VectK //BK∗. Since 0- and
1-simplices in CJ//BK∗ and in VectK //BK∗ are the same as 0- and 1-simplices in CJ and
in VectK, respectively, we define E//BK∗ : CJ//BK∗ to coincide with E on these simplices.
For a 2-simplex ((Ξijk, αijk), ϕfij , ϕfjk , ϕfik) in CJ//BK∗, we define its image via E//BK∗

to be the 2-simplex

E(Xj, LXj
)

E(Xi, LXi
) E(Xk, LXk

)

E(fjk,φfjk
)

αijk

E(fij ,φfij
)

E(fik,φfik
)

.

Using the VectK-linearity of E, one easily checks that this indeed is a 2-simplex in
VectK //BK∗. It is straightforward to see that E//BK∗ maps 3-simplices of CJ//BK∗ to
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3-simplices of VectK; by 3-coskeletality this concludes the construction of E//BK∗. The
commutativity of (6.8) is manifest, with identity 2-cells.

6.15. Corollary. Let Z : C → 2VectK be an anomalous representation with anomaly J .
The morphism EZ : CJ → VectK is BK∗-equivariant.

6.16. Lemma. Let Z : C → 2VectK be an anomalous representation with anomaly J ,
and let ξ be an α-structure on J . Then ξ induces a lax section ξ̂ of the projection
π : CJ → CJ//BK∗.

Proof. The defining diagram (5.4) of the α-structure ξ can be read as a lax homotopy
commutative diagram of the form

C B2K∗

C 2VectK

α

id ι
ξ

J

. (6.9)

By the universal property of the lax homotopy pullback diagram defining CJ//BK∗, (the
bottom square in (6.7)), diagram (6.9) factors as

C

CJ//BK∗ B2K∗

C 2VectK

ξ̂

α

id
π

⌟
ι

. (6.10)

On the right of this diagram we read the lax homotopy commutative diagram

CJ//BK∗

C

πξ̂
.

telling us that ξ̂ is a lax section of CJ//BK∗ → C.

6.17. Remark. For any morphism fij : Xi → Xj in C one has ξ̂(Xi) = (Xi, ξ(Xi)) and

ξ̂(fij) = (fij, ξ(fij)).

6.18. Corollary. Let Z : C → 2VectK be an anomalous representation with anomaly J ,
and let ξ be an α-structure on J . Then with any VectK-linear morphism E : CJ → VectK
is naturally associated a projective representation of C of class α.
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Proof. With our data we can then form the composition C ξ̂−→ CJ//BK∗ E//BK∗

−−−−→
VectK//BK∗, that gives a projective representation of C. By (6.8), the 2-cocycle as-

sociated with this projective representation is the composition C ξ̂−→ CJ//BK∗ → B2K∗,
and by (6.10) this is α.

6.19. Two ways of going from anomalous representations to projective
ones. Putting the pieces together we see we have actually exhibited two ways of going
from anomalous representations endowed with α-structures to projective representations
of class α. The first one has been described in Section 5 and consists in producing
the functor ρZ◦ξ : C → VectK//BK∗ as described in Proposition 5.6 and Remarks 5.7
and 5.8. The second one consists in using the results from Section 6.13: one first
produces the VectK-linear representation EZ of CJ and then the projective representation
(EZ//BK∗) ◦ ξ̂ : C → VectK//BK∗ from Corollary 6.18. It will probably not be a surprise
that these two projective representations are equivalent. We state and prove this in the
following Proposition.

6.20. Proposition. Let Z : C → 2VectK be an anomalous representation with anomaly
J , and let ξ be an α-structure on J . Then we have a natural equivalence of projective
representations of class α

CJ//BK∗

C VectK//BK∗

EZ//BK∗
ξ̂

ρZ◦ξ

. (6.11)

Proof. We will recursively show that (6.11) strongly homotopy commutes, with canonical
2-cell given by the identity.10 By recursively, we mean that we will first show this on
0-simplices of C, next on 1-simplices, and finally on 2-simplices. By the 3-coskeletality of
VectK//BK∗, this will conclude the proof. We already have an explicit description of ρZ◦ξ
from Remark 5.8, so we just need to put together Proposition 6.11 with Remark 6.17 and
compare. Let Xi be an object of C. Then

(EZ//BK∗ ◦ ξ̂)(Xi) = EZ(Xi, ξ(Xi)) = ξ(Xi)⊗J(Xi) Z(Xi),

by (6.4). Therefore, EZ//BK∗ ◦ ξ̂ coincides with ρZ◦ξ on objects.
For a 1-morphism fij : Xi → Xj in C,

(EZ//BK∗ ◦ ξ̂)(fij) = EZ(fij, ξ(fij)),

and so it is given by the composition

ξ(Xi)⊗J(Xi)Z(Xi)
ξ(fij)⊗idZ(Xi)−−−−−−−−→ ξ(Xj)⊗J(Xj)J(fij)⊗J(Xi)Z(Xi)

idξ(Xj)
⊗Z(fij)

−−−−−−−−→ ξ(Xj)⊗J(Xj)Z(Xj)

10So it strictly commutes.
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by (6.5). Therefore, EZ//BK∗ ◦ ξ̂ coincides with ρZ◦ξ on 1-morphisms. For a 2-simplex

(Ξijk, ϕfij , ϕfjk , ϕfik) in C, its image via EZ//BK∗ ◦ ξ̂ is the 2-simplex

EZ(Xj, ξ(Xj))

EZ(Xi, ξ(Xi)) EZ(Xk, ξ(Xk))

EZ(fjk,ξ(fjk))

αijk

EZ(fij ,ξ(fij))

EZ(fik,ξ(fik))

,

and so the 2-simplex

ξ(Xj)⊗J(Xj) Z(Xj)

ξ(Xi)⊗J(Xi) Z(Xi) ξ(Xk)⊗J(Xk) Z(Xk)

E(fjk,ξ(fjk))

αijk

EZ(fij ,ξ(fij))

EZ(fik,ξ(fik))

,

of VectK //BK∗. Since in showing the coincidence of EZ//BK∗◦ ξ̂ with ρZ◦ξ on 1-morphisms
we have in particular shown that EZ(fij, ξ(fij)) = ρZ◦ξ(fij), this 2-simplex is

ξ(Xj)⊗J(Xj) Z(Xj)

ξ(Xi)⊗J(Xi) Z(Xi) ξ(Xk)⊗J(Xk) Z(Xk)

ρZ◦ξ(fjk)

αijk

ρZ◦ξ(fij)

ρZ◦ξ(fik)

,

showing that EZ//BK∗ ◦ ξ̂ coincides with ρZ◦ξ on 2-simplices, too.

7. The Stolz–Teichner subcategory CJ
ST

Let G be a finite group, and let α be a K∗-valued 2-cocycle on G, and Jα be the
composition of α with the inclusion B2K∗ ↪→ 2VectK . Then we have seen in Proposition
5.6 that we have an equivalence between the category of projective representations of the
group BG of class α and the category of anomalous representations of BG with anomaly
Jα, and in Proposition 6.11 that there is a distinguished natural map from anomalous
representations of BG with anomaly Jα to HomVectK((BG)Jα ,VectK. Putting these two
together, and recalling that a projective representation of the groupoid BG in the sense
of Section 4 is precisely a projective representation of the group G in the sense of group
representations, we get a distinguished natural map from projective representations of
G of class α to HomVectK((BG)Jα ,VectK). Comparing this with the classical equivalence
between projective representations of G of class α and linear representations of Gα such
that K∗ acts as scalars suggests that the category BGJα should be closely related to the
central extension Gα.

The naive guess (BG)Jα ∼= BGα is clearly wrong, since (BG)Jα is not even a groupoid.
And even taking the core of (BG)Jα , i.e., its maximal subgroupoid, we still would not
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have an equivalence: (BG)Jα has many more objects than BGα (that has a single object).
Yet, as we are going to show in this section, the category CJ contains a distinguished
subcategory CJ

ST, with the same objects as C, capturing all the information of VectK-linear
functors out of CJ . Specializing this to the case where C = BG and J = Jα, one finds a
distinguished subcategory (BG)JαST of BGJα , that encodes all of the relevant information
of BGα.

More precisely, the fact that the subgroup K∗ acts as scalars means that the action
of K∗ is induced by the inclusion K∗ ⊆ K and by the action of K as field of scalars for
K-vector spaces. This means that the linear representations of the group central extension
Gα = K∗ ×α G such that K∗ acts as scalars are precisely the linear representations of the
monoid central extension Mα = K×α G such that K acts as the field of scalars. Therefore
we have an equivalence between projective representations of G of class α and linear
representations of Mα such that K acts as scalars, and what we are going to show is that
there is an equivalence BMα

∼= (BG)JαST.

7.1. Remark. The subscript “ST” stands for “Stolz–Teichner”. This choice is dictated
by the fact that, when C is the category of conformal spin bordisms and J is the n-th
tensor power of the so-called Fermionic (or Clifford/Fock) anomaly, the category CJ

ST is
the enriched bordism category considered by Stolz and Teichner in their description of
Clifford linear field theories of degree n in [Stolz and Teichner, 2004].

7.2. Definition. Let J : C → 2VectK be a functor. The Stolz–Teichner category CJ
ST is

the category defined as follows.

� 0-simplices of CJ
ST are the 0-simplices Xi of C.

� 1-simplices Xi

(fij ,vfij )−−−−−→ Xj of CJ
ST are pairs consisting of a 1-simplex fij : Xi → Xj of

C, together with a pointing, i.e., a distinguished element, vfij of the (J(Xj), J(Xi))-
bimodule J(fij).

� 2-simplices

Xj

Xi Xk

(fjk,vfjk )(fij ,vfij )

(fik,vfik )

Ξijk

.

of CJ
ST are pairs consisting of a 2-simplex

Xj

Xi Xk

fjkfij

fik

Ξijk

.
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of C and of a triple of 1-simplices

Xi

(fij ,vfij )−−−−−→ Xj, Xj

(fjk,vfjk )−−−−−→ Xk, Xi

(fik,vfik )−−−−−→ Xk

in CJ
ST such that J(Ξijk)(vfjk⊗vfij ) = vfik , i.e., such that J(Ξijk) : (J(fjk), vfjk)⊗J(Xj)

(J(fij), vfij) → (J(fik), vfik) is a morphism of pointed bimodules;

� For k ≥ 3, the set ∆k(CJ
ST) of k-simplices of CJ

ST is defined recursively as the fiber
product

∆k(CJ
ST) = ∆k(C)×∂∆k(C) ∂∆

k(CJ
ST).

7.3. Example. Let G be a finite group, and let α be a K∗-valued 2-cocycle on G, and
Jα be the composition of α with the inclusion B2K∗ ↪→ 2VectK . Then there is a natural
equivalence BMα

∼= (BG)JαST.

7.4. Proposition. Let J : C → 2VectK be a functor. The Stolz-Teichner category CJ
ST of

CJ is (naturally equivalent to) the full subcategory of CJ on the objects (Xi, J(Xi)), where
J(Xi) is seen as a right J(Xi)-module.

Proof. A 1-morphism from (Xi, J(Xi)) to (Xj, J(Xj)) in CJ is a pair (fij, φfij ) consisting

of a 1-simplex Xi
fij−→ Xj in C and a morphism of right J(Xi)-modules φfij : J(Xi) →

J(Xj)⊗J(Xj) J(fij) = J(fij). Via the canonical isomorphism of left J(Xj)-modules

HomModJ(Xi)
(J(Xi), J(fij))

∼−→ J(fij)

φ 7→ φ(1),

the morphism φfij is equivalently an element vfij of J(fij), i.e., a pointing of J(fij). In
other words, 1-simplices in CJ with vertices (Xi, J(Xi)) and (Xj, J(Xj)) are exactly the
1-simplices in CJ

ST with vertices Xi and Xj. Passing to 2-simplices, the commutativity of
the diagram of morphisms of right J(Xi)-modules

J(Xi) J(fik)

J(fij) J(fjk)⊗J(Xj) J(fij)

φfij

φfik

φfjk
⊗id

J(Ξijk)

is equivalent to the single equation φfij(1) = J(Ξijk)(φfjk(1)⊗ φfij(1)), i.e., to the single
equation vfij = J(Ξijk)(vfjk ⊗ vfij ). Since the higher simplices in CJ and in CJ

ST are trivial,
this concludes the proof.
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8. Linear representations of CJ
ST

By restricting along the full inclusion CJ
ST ↪→ CJ , linear representations of the category

CJ induce linear representations of of the category CJ
ST. In this section we are going to

characterize those linear representations of CJ
ST that are obtained this way. As a first step

we will define a notion of “J acting as scalars” for a linear representation of CJ
ST and will

show that restriction to CJ
ST induces a morphism

HomVectK(CJ ,VectK) → {F ∈ Hom(CJ
ST,VectK)| J acts as scalars}.

Next we will show that this is indeed an equivalence. This fact can be seen as a multi-object
version of the Eilenberg–Watts theorem.

8.1. Lemma. Let F : CJ
ST → VectK be a functor. Then for any object X in C the map

λX : J(X) → EndK(F (X))

j 7→ F (idX , j)

is a map of monoids.

Proof. We begin by showing that λX is indeed well defined. Since J(idX) is the
(J(X), J(X)) bimodule J(X), an endomorphism of X in CJ

ST covering idX : X → X

is a pointing of J(X). Therefore we have that X
(idX ,j)−−−−→ X is a morphism in CJ

ST for

any j ∈ J(X), and so F (X)
F (idX ,j)−−−−−→ F (X) is a morphism in VectK. Since the natural

isomorphism J(X)⊗J(X) J(X) → J(X) corresponding to the identity idX ◦ idX = idX is
the multiplication of J(X), the 2-simplex

X

X X

idXidX

idX

id
.

of C and the triple of 1-simplices

X
(idX ,j1)−−−−→ X, X

(idX ,j2)−−−−→ X, X
(idX ,j1j2)−−−−−→ X

in CJ
ST are such that J(id)(j1 ⊗ j2) = j1j2. So we have the 2-simplex

X

X X

(idX ,j1)(idX ,j2)

(idX ,j1j2)

id
.

in CJ
ST. Applying F to this 2-simplex we find the identity F (idX , j1j2) = F (idX , j1) ◦

F (idX , j2), i.e., the identity λX(j1j2) = λX(j1) ◦ λX(j2).
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8.2. Definition. Let F : CJ
ST → VectK be a functor. We say that F is such that J acts

as scalars if the map λX from Lemma 8.1 is a map of K-algebras, for any object X of C.
Equivalently, J acts as scalars if λX makes F (X) a left J(X)-module, for any object X of
C.

8.3. Lemma. Let E : CJ → VectK be a VectK-linear functor which is additive and cocon-
tinuous over C, and let EST : CJ

ST → VectK be the restriction of E to CJ
ST. Then EST is

such that J acts as scalars.

Proof. Let X be an object of C. Since E
∣∣
X
: ModJ(X) → VectK is additive and cocontinu-

ous, by the Eilenberg–Watts theorem, we have that E
∣∣
X
∼= −⊗J(X) VX for some left J(X)-

module VX . We therefore have EST(X) = E(X, J(X)) = E(ιX(J(X)) = E
∣∣
X
(J(X)) = VX ,

and EST(idX , j) is the morphism of K-vector spaces given by

VX
∼= J(X)⊗J(X) VX

j⊗idVX−−−−→ J(X)⊗J(X) VX
∼= VX

v 7→ 1⊗ v 7→ j ⊗ v 7→ j · v,

where we used that left multiplication by an element j ∈ J(X) is naturally a morphism of
right J(X)-modules from J(X) to itself. The map λX from Lemma 8.1 is then j 7→ j · −
and this is a map of K-algebras from J(X) to EndK(VX).

Summing up, writing HomK(CJ
ST,VectK) to denote the subset of Hom(CJ

ST,VectK)
consisting of those linear representations of CJ

ST such that J acts as scalars, we have
proved that the restriction along the full embedding CJ

ST ↪→ CJ induces a morphism
HomVectK(CJ ,VectK) → HomK(CJ

ST,VectK).

8.4. A multiobject Eilenberg-Watts type theorem. By Proposition 6.11 we
have a distinguished map from anomalous representations of C with anomaly J to
HomVectK(CJ ,VectK) and by the results in the previous section we have a restriction
functor HomVectK(CJ ,VectK) → HomK(CJ

ST,VectK). In this section we will show that
there is also a natural functor bringing us back, from HomK(CJ

ST,VectK) to anomalous
representations of C with anomaly J , establishing a commuting triple of equivalences

HomVectK(CJ ,VectK) HomK(CJ
ST,VectK)

{anomalous representations of C with anomaly J}.

The proof of this result, given as Theorem 8.9 below, will take the whole remainder of
this section and will suggest regarding the above commutative triple of equivalences as
a multi-object analogue of the Eilenberg–Watts theorem on additive and cocontinuous
functors between categories of modules.
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8.5. Lemma. Let J : C → 2VectK be a functor and let F ∈ HomK(CJ
ST,VectK). Then

there is an anomalous representation ZF of C with anomaly J ,

C 2VectK

∗

J

ZF
,

with ZF (X) = F (X), for any object X in X.

Proof. By Remark 5.2, to define ZF we need to provide

� a left J(Xi)-module ZF (Xi), thought of as a (J(Xi),K)-bimodule, for every object
(0-simplex) Xi of C;

� a morphism of left J(Xj)-modules

ZF (fij) : J(fij)⊗J(Xi) ZF (Xi) → ZF (Xj),

for any morphism fij : Xi → Xj in C;

such that the diagram of morphisms of left J(Xk)-modules

J(fjk)⊗J(Xj) J(fij)⊗ ZF (Xi) J(fjk)⊗J(Xj) ZF (Xj)

J(fik)⊗J(Xi) ZF (Xi) Z(Xk)

J(Ξijk)⊗id

id⊗ZF (fij)

ZF (fjk)

ZF (fik)

(8.1)

commutes, for any 2-simplex

Xj

Xi Xk

fjkfij

fik

Ξijk

.

of C. We set ZF (Xi) = F (Xi), with the left J(Xi)-module structure given by the fact that
F is an element in HomK(CJ

ST,VectK). Next, to define the morphism of left J(Xj)-modules
ZF (fij) : J(fij)⊗J(Xi) F (Xi) → F (Xj). we notice that, for any fixed fij : Xi → Xj , for any
element jfij ∈ J(fij) we have a morphism (fij, jfij) from Xi to Xj in CJ

ST. Then we define
ZF (fij)(jfij ⊗ vi) = F (fij, jfij)(vi). We have to check that this is well defined, i.e., that,

ZF (fij)(jfij · jXi
⊗ vi) = ZF (fij)(jfij ⊗ jXi

· vi) (8.2)

for any jXi
∈ J(Xi), and that ZF (fij) is a morphism of left J(Xj)-modules, i.e.,

ZF (fij)(jXj
· jfij ⊗ vi) = jXj

· ZF (fij)(jfij ⊗ vi), (8.3)
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for any jXj
∈ J(Xj). To prove (8.2), we use the definition of the J(Xi)-module structure

on F (Xi) to compute

ZF (fij)(jfij ⊗ jXi
· vi) = F (fij, jfij)(jXi

· vi)
= (F (fij, jfij) ◦ F (idXi

, jXi
))(vi)

= F (fij, jfij · jXi
)(vi)

= ZF (fij)(jfij · jXi
⊗ vi),

where in the next to last step we used that we have the 2-simplex

Xi

Xi Xj

(fij ,jfij )(idXi
,jXj

)

(fij ,jXj
·jfij )

id
.

in CJ
ST. Similarly, to prove (8.3), we use the definition of the J(Xj)-module structure on

F (Xj) to compute

jXj
· ZF (fij)(jfij ⊗ vi) = F (idXj

, jXj
)ZF (fij)(jfij ⊗ vi)

= (F (idXj
, jXj

) ◦ F (fij, jfij))(vi)

= F (fij, jxj
· jfij)(vi)

= ZF (fij)(jXj
· jfij ⊗ vi),

where in the next to last step we used that we have the 2-simplex

Xj

Xi Xj

(idXj
,jXj

)(fij ,jfij )

(fij ,jXj
·jfij )

id
.

in CJ
ST. Finally, we verify that the diagram (8.1) commutes. We have

(ZF (fjk) ◦ (idJ(fjk) ⊗ ZF (fij)))(jfjk ⊗ jfij ⊗ vi) = ZF (fjk(jfjk ⊗ ZF (fij)))(jfij ⊗ vi)

= ZF (fjk(jfjk ⊗ F (fij, jfij)(vi))

= F (fjk, jfjk)(F (fij, jfij)(vi)))

= (F (fjk, jfjk) ◦ F (fij, jfij))(vi).

Let jfik be the element of J(fik) defined by jfik = J(Ξijk)(jfjk ⊗ jfij). Then

Xj

Xi Xk

(fjk,jfjk )(fij ,jfij )

(fik,jfik )

Ξijk
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is a 2-simplex in CJ
ST and so

F (Xj)

F (Xi) F (Xk)

F (fjk,jfjk )F (fij ,jfij )

F (fik,jfik )

is a 2-simplex in VectK, i.e., F (fjk, jfjk) ◦ F (fij, jfij) = F (fik, jfik). We then conclude by
computing

(ZF (fik) ◦ (J(Ξijk)⊗ id)ZF (Xi)))(jfjk ⊗ jfij ⊗ vi) = ZF (fik)(J(Ξijk)(jfjk ⊗ jfij)⊗ vi)

= ZF (fik)(jfik ⊗ vi)

= F (fik, jfik)(vi).

8.6. Proposition. The correspondence

HomK(CJ
ST,VectK) → {anomalous representations of C with anomaly J}

F 7→ ZF

from Lemma 8.5 is the inverse of the composition

{anom. representations of C with anomaly J} → HomVectK(CJ ,VectK) → HomK(CJ
ST,VectK)

Z 7→ EZ 7→ (EZ)ST,

where Z 7→ EZ is the construction from Proposition 6.11, and (−)ST is the restriction to
the full subcategory CJ

ST of CJ . In other words, the triangle

HomVectK(CJ ,VectK) HomK(CJ
ST,VectK)

{anomalous representations of C with anomaly J}.

(8.4)

is the identity on HomK(CJ
ST,VectK).

Proof. Let Xi be an object in CJ
ST. Then, by Proposition 6.11,

(EZF
)ST(Xi) = EZF

(Xi, J(Xi)) = J(Xi)⊗J(Xi) ZF (Xi) = F (Xi),

where in the last step we used that, by Lemma 8.5, ZF (Xi) is the K-vector space F (Xi)
endowed with a certain left J(Xi)-module structure. Let now (fij, jfij) : Xi → Xj be
a morphism in CJ

ST. We have (EZF
)ST(fij, jfij) = EZF

(fij, φjfij
), where φw : J(Xi) →
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J(Xj)⊗J(Xj) J(fij) = J(fij) is the unique morphism of left J(Xi) modules with φw(1) = w.
By Proposition 6.11, the morphism EZF

(fij, φjfij
) is the composition

J(Xi)⊗J(Xi) ZF (Xi)
φjfij

⊗idZF (Xi)

−−−−−−−−−→J(Xj)⊗J(Xj) J(fij)⊗J(Xi) ZF (Xi)

idJ(Xj)
⊗ZF (fij)

−−−−−−−−−→ J(Xj)⊗J(Xj) ZF (Xj).

The source and target of this morphism are canonically identified with F (Xi) and
F )Xj), respectively. With this identification, the image of an element v in F (Xi) under
(EZF

)ST(fij, jfij) is given by

ZF (fij)(jfij ⊗ v) = F (fij, jfij)(v),

by definition of ZF on morphisms (see the proof of Lemma 8.5). This shows that
(EZF

)ST(fij, jfij) coincides with F at the level of 1-morphisms, too. Since the target
VectK of the functors (EZF

)ST(fij, jfij) and F is a 1-category, this concludes the proof.

8.7. Proposition. The triangle (8.4) is the identity on HomVectK(CJ ,VectK).

Proof. Let E ∈ HomVectK(CJ ,VectK), and let (Xi, LXi
) be an object in CJ . By Proposition

6.11, Lemma 8.5 and Proposition 7.4, we have

EZEST
(Xi, Li) = LXi

⊗J(Xi) ZEST
(Xi) = LXi

⊗J(Xi) EST(Xi) = LXi
⊗J(Xi) E(Xi, J(Xi)).

On the other hand, E(Xi, LXi
) = E

∣∣
Xi
(LXi

). Since E
∣∣
Xi

is additive and cocontinuous

by definition of HomVectK(CJ ,VectK), by the Eilenberg-Watts theorem we have E
∣∣
Xi

∼=
−⊗J(Xi) E

∣∣
Xi
(J(Xi)), so that we have a natural isomorphism

E(Xi, LXi
) ∼= LXi

⊗J(Xi) E
∣∣
Xi
(J(Xi)) = LXi

⊗J(Xi) E(Xi, J(Xi)) = EZEST
(Xi, Li).

More precisely, the isomorphism LXi
⊗J(Xi)E(Xi, J(Xi))

∼−→ E(Xi, LXi
) is given as follows:

LXi
⊗J(Xi) E(Xi, J(Xi))

E(idXi
,φ−)

−−−−−−→ E(Xi, LXi
)

li ⊗ vi 7→ E(idXi
, φli)(vi),

where φli : J(Xi) → LXi
is the unique morphism of right J(Xi)-modules with φli(1) = li.

Let now (fij, φfij) : (Xi, LXi
) → (Xj, LXj

) be a morphism in CJ . Then EZEST
(fij, φfij)

is the composition

LXi
⊗J(Xi) ZEST

(Xi)
φfij

⊗idZEST
(Xi)−−−−−−−−−−→ LXj

⊗J(Xj) J(fij)⊗J(Xi) ZEST
(Xi)

idLXj
⊗ZEST

(fij)

−−−−−−−−−−→ LXj
⊗J(Xj) ZEST

(Xj),
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i.e., the composition

LXi
⊗J(Xi) E(Xi, J(Xi))

φfij
⊗idE(Xi,J(Xi))−−−−−−−−−−−→ LXj

⊗J(Xj) J(fij)⊗J(Xi) E(Xi, J(Xi))

idLXj
⊗ZEST

(fij)

−−−−−−−−−−→ LXj
⊗J(Xj) E(Xj, J(Xj)).

Now we use the Eilenberg-Watts theorem again. The naturality of the isomorphism
E
∣∣
Xi

∼= −⊗J(Xi) E
∣∣
Xi
(J(Xi)) = −⊗J(Xi) E(Xi, J(Xi)) gives us the commutative diagram

LXi
⊗J(Xi) E(Xi, J(Xi)) LXj

⊗J(Xj) J(fij)⊗J(Xi) E(Xi, J(Xi))

E
∣∣
Xi
(LXi

) E
∣∣
Xi
(LXj

⊗J(Xj) J(fij))

≀

φfij
⊗idE(Xi,J(Xi))

≀
E|Xi

(φfij
)

,

i.e., the commutative diagram

LXi
⊗J(Xi) E(Xi, J(Xi)) LXj

⊗J(Xj) J(fij)⊗J(Xi) E(Xi, J(Xi))

E(Xi, LXi
) E(Xi, LXj

⊗J(Xj) J(fij))

≀

φfij
⊗idE(Xi,J(Xi))

≀
E(idXi

,φfij
)

For every right J(Xj)-module LXj
, we have a morphism

(Xi, LXj
⊗J(Xj) J(fij))

(fij ,idLXj
⊗J(Xj)

J(fij)
)

−−−−−−−−−−−−−→ (Xj, LXj
)

in CJ and so a morphism

E(Xi, LXj
⊗J(Xj) J(fij))

E(fij ,idLXj
⊗J(Xj)

J(fij)
)

−−−−−−−−−−−−−−→ E(Xj, LXj
)

in VectK. This gives linear natural transformation between cocontinuous additive functors

KModJ(Xj) KModK = VectK,

E|Xi
◦(−⊗J(Xj)

J(fij)

E|Xj

E(id−)

where E(idLXj
) is a shorthand notation for E(fij, idLXj

⊗J(Xj)
J(fij)). By the Eilenberg–Watts

theorem we then have a commutative diagram

LXj
⊗J(Xj) J(fij)⊗J(Xi) E(Xi, J(Xi)) LXj

⊗J(Xj) E(Xi, J(fij)) LXj
⊗J(Xj) E(Xj, J(Xj))

E
∣∣
Xi
(LXj

⊗J(Xj) J(fij)) (E
∣∣
Xi

◦ (−⊗J(Xj) J(fij))(LXj
) E

∣∣
Xj
(LXj

)

idLXj
⊗E(idXi

,φ−)

≀ ≀

idLXj
⊗E(fij ,idJ(fij)

)

≀
E(fij ,idLXj

⊗J(Xj)
J(fij)

)

,
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and so a commutative diagram

LXj
⊗J(Xj) J(fij)⊗J(Xi) E(Xi, J(Xi)) LXj

⊗J(Xj) E(Xj, J(Xj))

E(Xi, LXj
⊗J(Xj) J(fij)) E(Xj, LXj

)

idLXj
⊗E(fij ,φ−)

≀ ≀
E(fij ,idLXj

⊗J(Xj)
J(fij)

)

,

where in the top horizontal arrow we used that for any jfij in J(fij) we have the 2-simplex

(Xi, J(fij))

(Xi, J(Xi)) (Xj, J(Xj))

(fij ,idJ(fij)
)(idXi

,φjfij
)

(fij ,φjfij
)

id

in CJ . By Lemma 8.5, we have

ZEST
(fij)(jfij ⊗ vi) = EST(fij, jfij)(vi) = E(fij, φjfij

)(vi),

for any jfij in J(fij) and any vi in E(Xi, J(Xi)), that is,

ZEST
(fij) = E(fij, φ−) : J(fij)⊗J(Xi) E(Xi, J(Xi)) → E(Xj, J(Xj)).

Putting all the pieces together, we get the commutative diagram

LXi
⊗J(Xi) ZEST

(Xi) LXj
⊗J(Xj) J(fij)⊗J(Xi) ZEST

(Xi) LXj
⊗J(Xj) ZEST

(Xj)

E(Xi, LXi
) E(Xi, LXj

⊗J(Xj) J(fij)) E(Xj, LXj
)

≀

φfij
⊗idZEST

(Xi)

≀

idLXj
⊗ZEST

(fij)

≀
E(idXi

,φfij
) E(fij ,idLXj

⊗J(Xj)
J(fij)

)

,

and so the commutative diagram

EZEST
(Xi, LXi

) EZEST
(Xj, LXj

)

E(Xi, LXi
) E(Xj, LXj

)

≀

EZEST
(fij ,φfij

)

≀
E(fij ,φfij

)

,

where in the bottom horizontal arrow we used the 2-simplex

(Xi, LXj
⊗J(Xj) J(fij))

(Xi, LXi
) (Xj, LXj

)

(fij ,idLXj
⊗J(Xj)

J(fij)
)(idXi

,φfij
)

(fij ,φfij
)

id

in CJ , and where the vertical arrows are the isomorphisms given by the Eilenberg–Watts
theorem. Hence we see that the Eilenberg–Watts theorem identifies EZEST

with E both at
the objects and at the 1-morphisms level. Since the target VectK of the functors EZEST

and E is a 1-category, this concludes the proof.
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8.8. Proposition. The triangle (8.4) is the identity on anomalous representations of C
with anomaly J .

Proof. Let Xi be an object of C. Then, by Lemma 8.5 and Proposition 6.11 we have

Z(EZ)ST(Xi) = (EZ)ST(Xi) = EZ(Xi, J(Xi)) = J(Xi)⊗J(Xi) Z(Xi) = Z(Xi).

If fij : Xi → Xj is a morphism in C, then by Lemma 8.5 the morphism Z(EZ)ST(fij) : J(fij)⊗J(Xi)

Z(EZ)ST(Xi) → Z(EZ)ST(Xj) is given by

Z(EZ)ST(fij)(jfij ⊗ vi) = (EZ)ST(fij, jfij)(vi) = EZ(fij, φjfij
)(vi),

where φjfij
: J(Xi) → J(fij) is the unique morphism of right J(Xi)-modules with φjfij

(1) =

jfij . By Proposition 6.11, EZ(fij, φjfij
) is the composition

Z(Xi) = J(Xi)⊗J(Xi) Z(Xi)
φjfij

⊗idZ(Xi)

−−−−−−−−→ J(fij)⊗J(Xi) Z(Xi)
idZ(fij)−−−−→ Z(Xj)

and so it is given by vi 7→ Z(fij)(jfij ⊗vi). This shows Z(EZ)ST(fij) = Z(fij). So we see that
Z(EZ)ST and Z coincide both at the level of objects and at the level of 1-morphisms of C.
Since higher simplices in C do not provide additional data for an anomalous representation,
but constraints for the data {Z(Xi), Z(fij)}, see Remark 5.2, this implies Z(EZ)ST = Z.

Summing up, we have proved the following result.

8.9. Theorem. There is an explicit commuting diagram of equivalences

HomVectK(CJ ,VectK) HomK(CJ
ST,VectK)

{anomalous representations of C with anomaly J}.

8.10. Example. Let G be a finite group, and let α be a K∗-valued 2-cocycle on G, and Jα
be the composition of α with the inclusion B2K∗ ↪→ 2VectK . Then Theorem 8.9 recovers
the classical equivalence between projective representations of G with 2-cocycle α and
linear representations of Gα such that K∗ acts as scalars.

A. The twisted group algebra Kα[G] as a Kan extension

In this final section we show how one recovers the classical equivalence between the
category of projective representations of G with 2-cocycle α and that of Kα[G]-modules,
where Kα[G] is the twisted group algebra of G, with twist given by the 2-cocycle α, within
the framework presented in the main body of the article. To begin with, recall we have
shown that projective representations of G with 2-cocycle α are equivalently anomalous
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representations of BG with anomaly Jα, i.e., lax homotopy commutative diagrams of the
form

BG 2VectK

∗

Jα

Z
K ,

where now we are stressing that the rightmost bottom arrow picks the algebra K. Forgetting
the rightmost algebra we are left with a diagram of the form

BG 2VectK

∗

Jα

, (A.1)

and we can look for a universal completion of it of the form

BG 2VectK

∗

Jα

Θ
A , (A.2)

where universality means that, if a completion of the form

BG 2VectK

∗

Jα

N
B (A.3)

is given, then (A.3) uniquely factorizes as

BG 2VectK

∗

Jα

Θ A

B
M

, (A.4)

where as usual uniqueness is up to homotopies that are unique up to higher homotopies,
etc. The universal diagram (A.2), if it exists, is called the right Kan extension of Jα along
the terminal morphism BG → ∗. as usual when dealing with universal properties, the
right Kan extension, if it exists, is unique.



PROJECTIVE AND ANOMALOUS REPRESENTATIONS OF CATEGORIES 1551

A.1. Lemma. The right Kan extension (A.2) exists.

Proof. The category BG is small and 2VectK is complete. These conditions are sufficient
to ensure the existence of right Kan extensions, see, e.g. [MacLane, 1971] for the classical
case and [Lurie, 2009a] for the higher categorical version.

A.2. Lemma. Let A be the right Kan extension (A.2). Then we have an equivalence
between the category of lax homotopy commutative diagrams of the form

BG 2VectK

∗

Jα

N
B

and the category of (A,B)-bimodules.

Proof. The category of natural transformations

∗ ⇑M 2VectK

A

B

is (equivalent to) the category of (A,B)-bimodules.

A.3. Lemma. The right Kan extension (A.2) is

BG 2VectK

∗

Jα

Kα[G]

Kα[G] ,

where Kα[G] is the α-twisted group algebra , i.e., the K-algebra generated by the elements
xg, with g in the group G, with multiplication xg · xh = α(g, h)xgh.

Proof. A diagram of the form (A.3) is the datum of a pair (B,N), where B is a K-algebra
and N is a right B-module such that

1. For every g in G we have a morphism of right B-modules

ξg : N → N ⊗B B = N.

2. The morphisms ξg are such that

ξg ◦ ξh = ξgh · α(g, h) = α(g, h) ξgh.
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From this we see that the pair (Kα[G],Kα[G]), with ξg the left multiplication by xg defines
a diagram of the form (A.3). To see that it is universal, notice that for every (B,N), the
multiplication

xg · n = ξg(n)

makes N a (Kα[G], B)-bimodule, and with this bimodule structure the isomorphism of
right B-modules

Kα[G]⊗Kα[G] N ∼= N

provides the factorization (A.4). Uniqueness is clear: if M is a (Kα[G], B)-bimodule
providing another factorization then we have an isomorphism of right B-modules M ∼=
Kα[G] ⊗Kα[G] M ∼= N by definition of the factorization. Under this isomorphism, the
left Kα[G]-module structure induced on N becomes a left Kα[G]-module structure on
Kα[G]⊗Kα[G]M that is seen to be the natural leftKα[G]-module structure onKα[G]⊗Kα[G]M
and so the left Kα[G]-module structure on M . This shows that M and N with the induced
left Kα[G]-module structure are isomorphic as (Kα[G], B)-bimodules.

A.4. Corollary. We have an equivalence between the category of lax homotopy com-
mutative diagrams of the form

BG 2VectK

∗

Jα

N
B

and the category of (Kα[G], B)-bimodules.

By taking B = K in the above Corollary, we get the following.

A.5. Corollary. We have an equivalence of categories between the category of projective
representations of G with 2-cocycle α and the category of Kα[G]-modules.

A.6. Remark. Up to smallness issues, the construction presented in this section works
for an arbitrary diagram of the form

C 2VectK

∗

J

.

To be rigorous, the construction in [Lurie, 2009a] only deals with (∞, 1)-categories, so it
applies to the case of BG considered above but not directly to an arbitrary higher category
C. Here, since the target is 2VectK, it is not restrictive to assume that C is a 2-category.
In this case, Kan extensions of the kind we are considering here are implicitly considered
in [Johnson-Freyd and Reutter, 2024]. We therefore see that there exists an algebra KJ [C],
unique up to Morita equivalence, such that there is an equivalence between the category
of anomalous representations of C with anomaly J and the category of KJ [C]-modules.
Notice that with this notation we have Kα[G] ∼= KJα [BG].
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