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STRICT STABILITY OF EXTENSION TYPES

JONATHAN WEINBERGER

ABSTRACT. The theory of (00, 1)-categories can be developed synthetically in an aug-
mentation of homotopy type theory introduced by Riehl-Shulman. Central to their
development is an additional type forming operation called extensions. The original
article sketches the semantics of this formal system, explaining how the simplicial ho-
motopy theory can be used to reason about (oo, 1)-categories presented using the Segal
space model. However, they leave it open to demonstrate the strict stability of exten-
sion types. We prove this using the splitting method of Voevodsky, later generalized
by Lumsdaine-Warren to local universes. The practical upshot is that this system has
semantics in simplicial objects of an co-topos, and thus can be used to prove theorems
about internal oo-categories in the sense of Martini—Wolf.

1. Introduction

1.1. OVERVIEW. In this note, we prove that the extension types from Riehl-Shulman’s
type theory for synthetic (0o, 1)-categories [Riehl and Shulman, 2017], as explained and
further developed in [Riehl, 2023, Riehl, 2025, Buchholtz, 2019, Buchholtz and Wein-
berger, 2023, Weinberger, 2024b, Weinberger, 2024c, Weinberger, 2024a, Kudasov, Riehl
and Weinberger, 2024] as well as in [Gratzer, Weinberger and Buchholtz, 2024, Gratzer,
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Weinberger and Buchholtz, 2025, Gratzer, Weinberger and Buchholtz, 2026]' can be in-
terpreted in a way so that they are strictly stable under substitution. Semantically, this
corresponds to a uniform choice of pullbacks, up to equality of objects and morphisms.

To achieve this, we use the splitting method described by Voevodsky in [Voevodsky,
2009, Section 4] and [Voevodsky, 2017], a self-contained account of which is given by
Streicher [Streicher, 2014, Streicher, 2021, Appendix C]. The central technical parts of
our treatise as well as the pedagogical recap on the analogous, earlier results for II-types
mimick the methods used by Awodey in his work on natural models [Awodey, 2018].

Going back to unpublished work by Lumsdaine-Shulman, extension types play a cen-
tral role in Riehl-Shulman’s simplicial homotopy type theory [Riehl and Shulman, 2017,
Section 2.2] where they are used to define hom-types as well as generalizations of those
to other shapes. The very important path types in cubical type theory [Cohen et al.,
2018, Orton and Pitts, 2016] can also be regarded as an instance.

Further applications of extension types are developed in [Gratzer et al., 2025, Zhang,
2024].

1.2. CONTRIBUTION. Our contribution consists in applying a splitting mentioned as
in [Voevodsky, 2015, Lumsdaine and Warren, 2015, Awodey, 2018, Streicher, 2014] to
the extension type formers in simplicial HoTT so as to make them strictly stable under
pullback. This is Theorem 3.8. We are working with respect to to just one fixed uni-
verse. Furthermore, the shapes are taken to be fibrant as well. This simplifies the setting
on a technical level while retaining its applicability to the class of models of the form
s€ := &2 for a type-theoretic model topos (TTMT) &, and beyond [Rasekh, 2025].

An earlier version of the present text is to be found as [Weinberger, 2022, Chapter 6]
of the author’s doctoral dissertation under the supervision of Thomas Streicher at TU
Darmstadt, Germany.

1.3. NOTATION. Since we work in the extensional type theory of the intended model,
we will not distinguish between extensional and intensional equality, and mostly use the
symbol = to denote either.

We will often consider type families A : I' x v — U and their reindexings either
along the shape part of the context via a map j : ¢ ~— 1, or the standard part of the
context via a map o : A — I'. To ease the notation, we will supress the part that
is not reindexed in the notation and denote both results in the same way, namely as
JJA=Ao(I'xj): I'xp —>Uand 0*A:= Ao (0 x 1) : A x 1. Analogous conventions
will be used for dependent terms.

Sometimes, when considering maps in a comma category

A L v B
r

Lthough the latter ones do not make explicit use of strict extension types
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we denote them as ¢ : A —r B.

2. Strict stability of II-types

We first recall how to model II-types strictly stably under substitution. The appropriate
structure will be defined using universes categories a la Voevodsky.

2.1. UNIVERSE CATEGORIES.

2.2. DEFINITION. [Universe categories, [Voevodsky, 2015]] Let C be a category. A universe
in C is an object U € C together with a map 7 : U — U and a choice of pullback squares,
assigning to any object I' € C and map A:T' - U mapspa :T.A—=T and qa : T A= U
such that the square

L

I.A aa
pAl ’
r

commutes and is cartesian, i.e., a pullback. Any such cartesian square is called a split
cartesian or chosen square.

A category together with a universe is called a universe category.

We denote the classifying map ™ by a double-headed arrow w: U — U, as well as any

pullback of .

We follow Streicher [Streicher, 2014, Streicher, 2021, Appendix C] and Voevodsky [Vo-
evodsky, 2009, Voevodsky, 2017] to define a class of maps strictly stable under substitution.
Namely, using meta-theoretic global choice, for each family A : I' — U, we select a square:

«—
3

|

FA qA

pa
r

Q«:]—QZ

]

Consider a square:
AB—1 5 TA

pBl lpA (1)

Then, Square (1) is split cartesian if and only if B = Ao o and gg = ¢4 o ¢, meaning the
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squares assemble as follows:

This then necessarily implies that the left-hand side is a pullback as well. Since the iden-
tites involved are strict equalities between objects and morphisms involving distinguished
squares, this models substitution up to equality on the nose, where 0*A := B. We write
the gap map q as ¢ = qa ..

Both for the definition of 1I- and extension types we will need to consider sections of
the maps p4 : A — I'. These can be expressed in terms of the universe as follows.

2.3. PROPOSITION. [Classification of sections] Let A : T' — U be a family and T+ a : A be
a section of A. Then, in the model there is a correspondence between sectionsa : I' = T'.A

Of b4, i'e'7

and maps a : I' — U such that:

PROOF. Given a section a : I' — I'.A of p4, we define @ to be the composite
a:T3T.ABU.

On the other hand, given a map a : I' — U such that 7o a = A, we obtain a gap map
a:I'— T'.A as in the following diagram:

rA-—“5y
pAi ’ lw
FTH/I

In particular, as desired ps oa = idr. By universality of the pullback, one checks that the
assignments (-) and (-) are mutually inverse. "
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Next, we make precise how reindexing by a context morphism, both on the level of
dependent types and terms corresponds to precomosition of their classifying maps.

2.4. PROPOSITION. [Reindexing is precomposition| Let A : I' — U be a family and a :
[I; A be a section. Then, reindexing by a morphism o : A — I is given by precomposition

as follows:
A ——T >
~_

Q«TQ

A
o*A

PROOF. The reindexing of A by o is given by the pullback:

o*(D.A) 275 1A

a
Po* A ba

A — r
But this can be extended by the classifying pullback for A:

q

o*(T.A) 25 T A2y
pd*Al - PAJ iﬂ
A I —— U

By composition, we obtain:

o*(I'.A)
Po*Al . ™
A ' —
\ N /

This shows that c*A = A o o, which we also write as o*A. n

Relative to this universe structure, one defines new type formers using appropriate
classifying objects, which are also regarded as generic contexts for the corresponding
type-theoretic rules.

In parallel to their categorical semantics, one can also understand these generic con-
texts in terms of the internal extensional type theory (ETT) of the ambient topos as
is also done in [Kapulkin and Lumsdaine, 2021, Awodey, 2018, Lumsdaine and Warren,
2015].
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We now assume C to be, moreover, locally cartesian closed category. Given a map
f: B — A, we denote the ensuing adjoint triple byp:

/Xj_f\
C/A — - — C/B
\ﬁf/

With this notation, and conflating objects with their terminal projections, the polynomaial
functor associated to a morphism f : B — A [Gambino and Kock, 2013, Awodey, 2018,
Aberlé and Spivak, 2025] is defined as the composite:

i Ny SR LUy Y SR S S

\Pf/

The action on objects is given by

Pr(X)=> [[BxX)=]]BxX)ec
A f

f

¢

Writing B, := f*a, this reads in the internal type theory of € as
Pp(X) =) X",
a:A

which shows how the adjoint triple aligns with the internal type theory of €.
The action on morphisms is given by

Pik:Y = X) = (H(ka):H(YxB)%H(XxB)).
! f f

For the universal fibration 7 : U — U , the total object denotes the generic context

U= A=[A:U.a: 4],
AU

and 7 U = > au A — U acts as projection (A, a) = A.

We first recall how to define the structure of Il-types relative to this structure a
la [Awodey, 2018, Proposition 2.4]. This will serve to motivate the ideas behind the
case of extension types which are a kind of II-type with additional judgmental boundary
conditions.
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I' F A type A+ B type
I+ [ B
a:A

(II-ForM)

Figure 1: ITl-types: formation

2.5. STRICTLY STABLE II-TYPES (RECOLLECTION). The formation rule for dependent
function types is given in Figure 1.
The premise of this rule is

I' - A type I'"AF B type.

To split the II-type former, we seek to define an object U™ which classifies this data in
the following sense: for any object I', morphisms I' — U™ correspond to pairs (A, B) with
A:T'—-U and B :T.A — U, and this correspondence is natural in I'.

The introduction rule for the II-type is given by Figure 2.

I' - A type I'"AF B type NAFb: B
'FAab: HB(a)

a:A

(II-INTRO)

Figure 2: Il-types: introduction

To model this rule, we are likewise looking for an object ¢ such that for any object

', a morphism I' = * corresponds to the premises of the introduction rule, i.e., triples
(A,B,by with A:T"—- U, B:T.A— U, and sections b : ''A - T"A.B of pg : "A.B —
I'.A. It is well known how to define the desired objects U™ and U*.

2.6. DEFINITION. [Generic contexts for II-types| Let C be a locally cartesian closed cate-
gory and m: U — U a map in C (to be thought of as the universe of small types).

1. The generic context for II-formation s defined to be the object
Ut = ZL{A.
AU

2. The generic context for II-introduction is denoted by the object

Ut = ZﬁA.
A:U
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Indeed, one can show that the type U™ classifies the data of the premise of the II-
formation rule, i.e., a dependent type I' = A over some context I', together with a depen-
dent type I''A F B depending on (the extended context made up from) I" and A:

I' F A type I'"AF B type

Analogously, the type U* classifies the data of the premise of the Il-introduction rule,
i.e., dependent types I' H A and I''"A + B as above, together with a dependent term
"AFb: Bin B:

I' E A type I'"AF B type I'AFb: B

This is proven by [Awodey, 2018, Proposition 2.2]:

2.7. PROPOSITION. [Generic contexts for Il-types| The generic contexts from Defini-
tion 2.6 classify the following data:

1. For any object ' € €, maps o : I' — U™ are in natural bijection with pairs (A, B)
where A: T —U and B:T.A —U.

2. For any object T' € C, maps 8 : I' — U* are in natural bijection with triples
(A,B,b) where A:T" - U, B:T.A—U, and b : "A — T".A.B is a section of
pg:"A.B — I'.A.

The postulated bijections are natural in the underlying context I, i.e., for any morphism
o : A — T we have that the composite

a=(A,a)

A g y T » UM

classifies pairs (Ao o, B oqa,) arising from the diagram:

e N
Ado " anm s TA o

U
PAc paA lﬂ'
A o > I A > U

BqA,o'

Given a composite
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'+ A type 'AF B type 'ta:A Fl—f:HB(x)

z:A
(II-EL1M)
I+ app(f,a): [] Bla)
a:A
Figure 3: Il-types: elimination
I' - A type I'"AF B type 'Fz: A F.Al—b:B(Hﬁ)

['F (Aa.b)(x) = blz/al

Figure 4: II-types: S-rule

additionally gives a reindezed section arising as follows:

A.Ac.a o040

!
A.Ao.Bo — 27 L T.AB

[ Jr»
A Ao > LA

qA,o

To analyze the generic contexts in the internal language of the ambient lccc, the
following well-known result is of central importance.

2.8. PROPOSITION. [Distributivity of ¥ over 1] In extensional type theory with judgmen-
tal - and I1-constructors, let A be a type A+ B a dependent type over A and A.B+ C
a dependent type over the extended context A.B. Then

11 Z C(a,b) = Z H C(a, f(a
a:A b:B(a fiIl,.4 B(x)
By Proposition 2.8, we obtain that
P U= (A=) B) =3 > [IBw
AU AU B:U AU B:A—-U a:A

This corresponds to the generic dependent term, captured by the context
[A:U,B:U— Aja: AFb: B(a)].

The universe then admits II-types (cf. II-structure, cf. [Kapulkin and Lumsdaine, 2021,
Definition 1.4.2, Theorem 1.4.15]), with the standard rules of formation, introduction,
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'+ A type ['"AF B type IN"AFb: B
I'Fb= Xa.b(a)

(I-n)

Figure 5: Il-types: n-rule

elimination, and (- and n-computation, if and only if there exist maps II : UM — U and
A : U* — U making the square

u —2 sy

| )

UHTU

commute, and moreover rendering it as a pullback.
These maps are supposed to implement the formation and introduction rule. So if the
universe U is indeed closed under Il-types, we define

- U™ — U, TI(A, B) HB AU = U, MA,B,b) <HBb>

induced from the ambient category being locally cartesian closed. Externally, for maps
pa:T"A— T, pp:I"A.B — I'.A this amounts to defining II(A, B) := [[,  (ps) via the
pushforward functor [, F (pa)*.”

Concretely, we have the following proposition, proven in [Awodey, 2018, Prop. 2.4].

2.9. PROPOSITION. [II-type structures]

1. The formation and introduction rules for Il-types are modeled by maps

I: U - U,
U= U.

making the following square commute:

U —2—— U

| |

UHTU

2In a homotopical setting, such as that of type-theoretic model categories, the universe 7 classifies
fibrations p4 which the pushforward is asked to preserve.
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2. The square is a weak pullback, with a distinguished section app as in

U™ Xy U — U X, U
if and only if the elimination rule with 3-computation holds.

3. It is a pullback if and only if in addition the n-computation rule holds.

In [Awodey, 2018, Rem. 2.6] it is shown that modeling the II-types via the generic
contexts is strictly stable under context substitution:

2.10. PROPOSITION. [Strict stability of II-types| The given interpretation of I-types is
strictly stable under substitution, i.e., given a context morphism o : A — I', we have:

o* (H(A, B)) =1l(c*A, 0" B)
o* ()\Ath.b) = )\U*A,U*BS.O*b

0" (f(a)) = (0" f)(07a)

3. Strict stability of extension types

3.1. GENERAL IDEAS. The rules for the extension types from [Riehl and Shulman, 2017]
are recalled in Appendix A.

We adapt the coherence construction presented in [Kapulkin and Lumsdaine, 2021,
Lumsdaine and Warren, 2015, Awodey, 2018], based on [Voevodsky, 2009, Voevodsky,
2017], so that in the model extension types a la [Riehl and Shulman, 2017] can be chosen
in a way that is strictly stable under pullback.

Our presentation is close to [Kapulkin and Lumsdaine, 2021, Awodey, 2018] in style.

In contrast to most of [Riehl and Shulman, 2017, Appendix A] we will assume the
shapes to be fibrant, which is justified by the intended standard models, namely simplicial
objects in an oco-topos.

As in [Riehl and Shulman, 2017, Theorem A.16], in the (injective) model structure
of the TTMT presenting s€ we interpret the extension types as ordinary 1-categorical
pullbacks of Leibniz cotensors. Since the model structure at hand is type-theoretic [Shul-
man, 2015, Definition 2.12] the Leibniz cotensors are fibrations, so are all their rein-
dexings, which in particular includes the (dependent) extension types. In the case of
non-fibrant shapes, the Leibniz cotensor is still a fibration because the model structure
is cartesian monoidal, as discussed in [Riehl and Shulman, 2017, Section 1, Section A.2].

In particular, the ensuing pullbacks are homotopy pullbacks as proven in [Lurie, 2009,
Proposition A.2.4.4 and Remark A.2.4.5].
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In the non-dependent case the extension type (¢ — A|¥) is thus given simply by
(ordinary, 1-categorical) the pullback:

(b Alf) —— A"
| |

1 s A¥

a

For the dependent case the construction will have to be relativized as we will see later on.
3.2. NotTATION. We will write II(A, B) and (II[p][A]|?), respectively, instead of [[, B

and <H¢ A
of the interpretation, in line with [Riehl and Shulman, 2017, Kapulkin and Lumsdaine,
2021, Kapulkin and Lumsdaine, 2021, Awodey, 2018].

f>, respectively, to designate the (strictly stable) type formers defined as part

We want to show that the interpretation of the extension types can be chosen in
a strictly pullback-stable way. In particular, after [Riehl and Shulman, 2017, Defi-
nition A.10, Theorem A.16] given a type family A — I' x ¢ and a partial section
a: I' X ¢ —rxy A substitution of the extension type (Il[p][A]|?) is only considered
along (type) context morphisms o : A — I, leaving the shape inclusion j : ¢ — ¥
fixed. Hence, we will understand the type former of the extension type as a family of type
formers Ext@j, given by

Ext@j(4,a) := (I][A][9)

indexed by the shape inclusions j. Note that, a posterior: this also yields stability with
respect to to reindexing along cube context morphisms 7 : J — [ pulling back shape
inclusions j : ¢ — 1 By their defining universal property, which only involves a condition
on reindexings of the type context I', the (pseudo-stable) extension types from [Riehl and
Shulman, 2017, Definition A.10] are determined uniquely up to isomorphism. The splitting
then yields uniqueness up to equality. Then, considering reindexings along shape maps
does not lead out of this class, so the choice remains strictly stable.

We now treat the extension types from [Riehl and Shulman, 2017] in a similar fashion.

3.3. STRICTLY STABLE EXTENSION TYPES: GENERIC CONTEXTS. Recall the rules from
[Riehl and Shulman, 2017, Figure 4].
To form an extension type, we start with a context fibered-over-shapes

I'»p—=
and a separate shape inclusion
Y= @o— 1.

The semantic reason for this is explained right before [Riehl and Shulman, 2017,
Theorem A.17]. Cf. also the explanation about the rules at the beginning of [Riehl and
Shulman, 2017, Section 2.2]
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The extension type is then formed for a pair (A, a) of a type A and a partial section
a where
CxY) A>T xyp—>exp—=2E2x1I, a:T'Xp—pey A (2)

In fact, the defining universal property for the extension types [Riehl and Shulman, 2017,
Definition A.10] asks for substitution (pseudo-)stability of A and a along morphisms
o : A — I'. Hence, we in fact consider a family of type formers (Ext@j);.,..,, indexed
externally by the shape inclusions j : ¢ — 1, so that

(Ext@j)(A, a) = (H[][A][7).

Thus, the input data to form the extension type Ext@j should be represented using a
suitable generic context U¥*®/ as a morphism

(A,a) : T — Bt

with (A4, a) as in (2).

Note that we are suppressing the further structure I' — ¢ ~— = here, in line with [Riehl
and Shulman, 2017, Definition A.10].

In analogy to the case of II-types, we form the generic contexts as follows. Consider
the universe 7 : U — U and consider the square induced by exponentiation with the shape
inclusion j : ¢ — :

ui

> UY

Ui
To set up our classifcation results we introduce the following notations:
3.4. DEFINITION. [Generic contexts for extension types| We call
1. the object UF*®I .= ¥ . U the generic context for Ext@j-formation,
2. the object UMY = U the generic context for Ext@j-introduction,
3. the object UPPYI = YFxYT U the generic context for Ext@j-elimination.

These then serve to define our generic contexts, classifying the data needed for the
extension type former:
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3.5. PROPOSITION. [Generic contexts for Ext@j-formation and introduction] The generic
contexts classify the following data:

1. UPXYCI classifies families over a shape with partial sections. Concretely: for any
object T' € €, maps o : T' — U™ are in natural bijection with pairs (A, a) where
A:T'x¢Y—U and a : Hrw A, as defined in the following diagram:

2

2. U classifies families over a shape with (total) sections, which in turn correspond
to partial sections together with an extension and witnessing equality. Concretely:
for any object T' € C, maps B : ' — UM are in natural bijection with triples
(A,a,b, ) where A:T'x ¢ —=U, a:[]p,,Aj, and b: [, A with 2 (§°b = a):

U <
b/{ﬂ'l )\//j*b
- a N\

I'x A>L{<j*A I'xp

PROOF. For (1), we use Proposition 2.8 (and exponential transposition), finding:
(D= UP™) = (F > HJ'*A) = > JITxira
Anp—U @ A:pxT'—=U T xep

We use this and another application of Proposition 2.8 to derive (2):

(I — Y ) < (P — ﬁ¢>

=|I=> > D> Ub=q

AUV a]], j*Ab]], A

S0 S DI SR TY Y

ApxT=U @[], p (1XT)* A b Tp, 4 A

Using the standard interpretation, it follows that these types correspond to the commu-
tative diagrams as stated. [
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3.6. PROPOSITION. The postulated bijections are natural in the underlying context T,
i.e., for any morphism o : A — I' we have that the composite

a=(A,a)

A z s T s ExtQs

classifies pairs (c* A, o*a) arising as in the diagram:

Gliven
B=(A,a,b)

> UMY

yields in addition a section b of ps : (I' x ¥).A — T x 1, together with its reindexing o*b
such that all the following subdiagrams commute and the postulated equalities between the

morphisms hold:
//’ u@ ()
T 273*b ota
/ J \

Axw—>F

FXg0<—A><g0

> U <
/ K.A\(J*A)"/

ProOF. This follows from Propositions 2.4 and 3.5. [

3.7. THEOREM. [Extension type structure| Let j: ¢ — 1 be a shape inclusion.

1. The formation and introduction rules for extension types with respect to the shape
inclusion j are modeled by maps

Ext@j: (™% 1y,
\Qj: YN Y,
making the following square commute:

A@j

Y Qi 1/7
uExt@j U

ExtQj
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2. Let us write YPPYI .= B9 x,, U. The above square 1s a weak pullback, with a
distinguished section app@j as in

u)\@j

app@j

1"

UYarrQi —— 74appQj
if and only if the elimination rule with S-computation holds.

3. It is a pullback if and only if in addition the n-computation rules holds.
Proor. Ad 1: We have that

uExt@j _ Z H]*A

AUV

and
=S I-Y Y S -0
AUY Y AUY a:HApj*AbZHwA

We have 7/ : UM — U with 7/ (A, a, b, *) := (A, a). We directly see that the map
Ext@j : U™ 5 U, (A a) — Ext@j(A, a)
models the introduction rule for extension types:

{t: I'| ¢} shape {t:I|v¢}shape t:1|pk1
Z|PFT ctx Et:1|®,9|T'F Atype =t | P, p|THa:A

=@ T ([T, A7) tyve
The map A@j : U % — U acts maps (A, a,b,*) into U = > 7y U. But commutativ-

ity of the diagram tells us that the type of the term that is the second component of
AQj (A, a,b,*) is Ext@Qj(A,a). This means, A@j implements the introduction rule:

{t: I'| ¢} shape {t:I]|}shape t:1|pk1
ElpkTetx Et: 1| ®,0|TF Atype Et:1]|P,p|TkFa:A
Et: 1P| THbL:A Et:1|®,0|THFb=a

210 T M b (T Al

Given A, a,b as in the premise, the A-term \t/1V.b <HMW} A
is formed by composition:

(ExT-FORM)

(EXT-INTRO)

f> together with its typing

Q@ Z/N{
\ A@j(A,a, ):
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Ad 2: We turn to interpreting the elimination rule

{t: I'| ¢} shape {t:I]|}shape t:1|pk1
Z|OFT etx Zt: 1| P9 | ' Atype Zt: |0, | 'Fa: A
| y i
E|<D|FFf:<Ht:I|¢A‘f> Sks:I  E|eF s/t

E1O|TF f(s): A(s)

(ExT-ELIM)

together with the computation rule
{t : I'| ¢} shape {t: 1|} shape t:1|pk1
E]dFT ctx E;t: 1| P9 |TF Atype Et:1]|®,p|Tka:A
E|<I>|FFf:<Ht:WAf> Sks:]  E|0F s/t
E||TF f(s)=als/t] : A(s)

(ExT-CowmpP)

and the S-rule:

{t : I'| ¢} shape {t:I]|+}shape t:1|pk1
E]PFT cetx Et: 1| P9 |TF Atype Et:1|®,p|Tka:A
=t |9 |THb:A
Et:1]dp|'Fb=a ZEks: I =Pk ls/t]

Z|® | T F (M b)(s) = bls/t]

(ExT-5)

For a family A: T x ¥ — ¢/ and a section f: T x U — I with mo f = A we model Als]
and b[s] by precomposition with s : 1 — I" x U:

We assume U*% is a weak pullback of 7 : U — U and Ext@j : Y®*® — 1. Then the
premise of the elimination rule gives us:
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By our description of Y%/ a map (4, a, fv) : T — U corresponds to a section ¢ | T =
f A that strictly restricts to a over :

We then set

so that ¢ | T'F f(s) : Als| since:
% i
1 —=—TxW¥ — U
Als]

For the B-computation rule, let us consider a map (A4,a,b) : T' — U *. Consider the
induced map in the following pullback:

r

@]Aa
( am

uapp@y

U
(A,a) l
uExt@] U

Ext@Qj

/Z

F><go>—>1“><w—>

But coming back to the initial data

we see that this induces the map (A4,a,b) : I' — U*P® that also is a gap map for the
above pullback, hence T'|¢) = b = AQj(A, a,b). Thus, for s : 1) we get

F (AQ44(0))(5) = (AQj 4 4(b))[s] = b[s] = Als].
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_Ad 3: For the n-computation rule, assume that U is an actual, strict pullback of
U and UP,

We first establish some more setup. Given a family A : I' x ¥».A — U, consider its
reindexing along pa : I' X ¥».A — A, namely the family Aps : I' x . A — U given as
follows:

T x . AAps 24 Tx A Y U
|
e

Apa

We will abbreviate A" := Apy : I' x .A — U.
Then from

(T x).A —“5 U

TR
Pxy —— U

we get that g4 can be viewed as a section of the family A’

T x . AAps —25 U

a a
qA : lPA/ ™

F><1/J.AL>U

Furthermore, let a : I' X ¢ — j*A be a partial section of A. We can then consider its
pullback along pj-a, written a’ := p3. 4(a):

I'x @ j*Aj Apjsa — I' x p.j* A

T g R
a'’ lqj*Apj*A ai  |Pj*a

I x w.J A A s T x ©

Let us abbreviate A" := j*Apja : ' X @.j*A = U.
Now, consider a term f of Ext@Qj(A,a):
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Now, precomposition by p, yields the term

Pxp A1 Lo

\fPA/

fitting into the diagram:
I'xy. A

This allows us to consider “application” of fpa to qa, giving rise to the term fpa(qa) :

T x ¢ — U
(fpa)(qa)
pr l

'xyp —————— T x1.AApy — A U
We note that ]/“;7,/4 = pr. Thus
(fpa)(qa) = fpalaa] = fpa(L,pa) = fpa(l,qa) = [

From this, we get

/\@jA,a(pr(qA>) = )‘@] © (A7 a, pr(QA)) = )‘@] © f: fa
as desired. n

The strict stability result can then be phrased as the following theorem:

3.8. THEOREM. [Strict stability of extension types| Let € be a type-theoretic model topos,
and consider the interpretation of simplicial homotopy type theory a la [Riehl and Shul-
man, 2017, Shulman, 2019, Riehl, 2024] in the type-theoretic model topos s€. Then, a
fized splitting of the standard type formers induced by the universal fibration m : U—u for
small fibrations yields an interpretation of the extension types ExtQj (where j : ¢ —1 ¢
is a fized shape inclusion relative to some cube I) that is strictly stable under pullback.
This means, for families A :T' x ¢ — U and partial sections a : I' X ¢ —pyy A we have:

1. o (Ext@j(A, a)) = Ext@Qj(c* A, 0%a)
2. 0" ()‘@jA,a(b)) = )\@ja*A,U*a(U*b>

3. o* (app@jfm(f7 s)) = app@ja*A,a*a(a*f, o*s)
In what follows, we establish the proof of this theorem by splitting the extension type

formers, assuming all the necessary and pre-established logical and model-categorical
structure in the background.
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Proor. Eq. 1: The formation and introduction rule are, top to bottom, Rule 1 and 2,
respectively, in [Riehl and Shulman, 2017, Figure 4] (or cf. Figure 6).
Morphisms from I" into the object U %/ consist of triples (A, a, b) as in

FXQOF—X]>FXTZJ

i.e., strictly @ = bo (I' x j). Considering the projection U*®/ — UF¥¥®J the fiber at an
instance (A, a) is exactly the semantic extension type

Ext@j(A, a) := (I[y][A]|)

defined by the split cartesian square, after [Riehl and Shulman, 2017, Theorem A.16].
This means, the object (II[¢)][A]|#) and its projection to I' have been chosen:

a

(I][A][Z) » AV

T Oy AP X gy (T X )

In particular, the right vertical map is a fibration, so the object Ext@j(A, a) is fibrant. If
shapes are taken to be fibrant, said map being a fibration follows from type-theoretic-ness
of the model structure. Otherwise one would have to use that the model structure is
cartesian monoidal as in [Riehl and Shulman, 2017, Lemma A.4].
Note that in the extensional type theory of the ambient topos one could describe the
extension type also as the X-type
> (boj=a),

byp—A

where (—1) = (—2) stands for the extensional identity type.

Now, in analogy to [Kapulkin and Voevodsky, 2020, Theorem 1.4.15], we define the
map Ext@j : Y% — U by the universal property of the extension type. The generic
context U consists of triples (A, a, b) s.t.

AY

I (a—’f7>> A? prwtp (F X w)"/’
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where n : I' — (I x 9)¥ denotes the transpose of the identity of ' x 1. Now, we define
the generic A-term of the extension type as the gap map (AQ@j)(b) := b of the pullback:

As shown prior, defining

L = G

us

then the square

UBE Ext@j ’
being a pullback precisely captures the universal property.

In the terminology of [Kapulkin and Lumsdaine, 2021, Theorem 2.3.4] this means that
the projection U % — UF*¥*®J is the universal dependent extension type over U™ In
particular, in presence of the splitting it is a chosen small fibration. Thus, as illustrated
e.g. in [Awodey, 2018, Remark 2.6] we obtain strict pullback stability: everything in

A

(c*A,o*a)

ag
Uy e U
\ (Ext@j)(A,a)

(Ext@Qyj)(c*A,0*a)



STRICT STABILITY OF EXTENSION TYPES 1577

commutes strictly yielding as desired
ExtQj(A,a) oo = ExtQj(Ao, ao).

Eq. 2:

Similarly, and using that the generic lifts b are given by gap maps of (strict) pullbacks
we obtain

AQj(A, a,b) oo =ExtQj(Aoc, ac, bo).

Eq. 3:

The elimination and computation rule are Rule 3 and 4, respectively, in [Riehl and
Shulman, 2017, Figure 4] (or cf. Figure 7).

To interpet the elimination rule, note first that the exponential A¥ comes with a
(chosen) evaluation map:

AY xp (T x 1) =~ y A
\ F
By pulling this back along the (chosen) map from the extension type, we obtain a map
ev: Ext@Qj(A,a) xp (I' x ¢) —r A,

fibered over I'. Now,we want to define application app@j of a function f : I' —r
Ext@j(A,a) to a section s : I' = I' x ¢. Analogously to [Kapulkin and Lumsdaine,
2021, Theorem 1.4.15], we take the composition:

appQj(f,s)

PWWMFW =~ 3 A
\F/

This validates the rule, since app@j(f,s) : I' —r A, as desired. For substitution along
o: A — T, consider the following diagram involving chosen fibrations and split cartesian
squares:

ExtQj(c*A,0%a) X a(A X ) ——— Ext@j(A,a) xp (I' x ¢)

\
app@j(f,s)

A ~o 4 - . -

; ~~._ appQ@j(o*f,o*s) ’
__" \\\\) <f,CL> \

(0" f.o"a): oc*A : > A

\
7
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This uniquely defines the map app@j(c*f, c*s), and by construction
o"app@j(f, s) = app@j(o”f,0"s).

Furthermore the desired computation rule holds, saying that for a term s in the smaller
tope @, one judgmentally has app@j(f, s) = a[s]. This is established by the commutation
of the diagram:

I'x g p— T

s . app@j(f,s)

The - and n-rule (cf. [Riehl and Shulman, 2017, Figure 4]) can be proven to hold
similarly (Rule 5 and 6, respectively, in [Riehl and Shulman, 2017, Figure 4|, or cf. Fig-
ure 8). =

4. Outlook

We have used Veovdosky’s splitting method from [Voevodsky, 2009, Section 4, Defini-
tion 0.1] to split the extension type formers from Riehl-Shulman’s synthetic (oo, 1)-
category theory [Riehl and Shulman, 2017]. Our presentation also closely follows and
parallels Awodey’s work on natural models [Awodey, 2018].

Notably, we have only worked using a single universe. We believe there to be no
essential problems generalizing this line of reasoning to the case of a hierarchy of universes,
cf. [Lumsdaine and Warren, 2015, Shulman, 2019, Riehl and Shulman, 2017]. We also
worked in a simplified technical setting with fibrant shapes, blurring the lines to the pre-
type layers which are treated quite explicitly in [Riehl and Shulman, 2017, Appendix A].
While this can be justified semantically, one could still try to adapt the splitting to a
setting more faithful to the original theory [Riehl and Shulman, 2017] and its fibered
structure/multi-part contexts. Already in [Riehl and Shulman, 2017] it is suggested that
it should be possible to do so along the lines of [Lumsdaine and Warren, 2015].

Yet another line of investigation could consist of trying to capture extension types in
the recent 2-categorical framework of Coraglia—Di Liberti [Coraglia and Di Liberti, 2021].

A. Rules for extension types

The rules for the extension types of sHoTT have been taken from [Riehl and Shulman,
2017, Figure 4]. In simplicial HoTT, a general typing judgment has the form

Ele|TFAtype
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where = denotes a cube context, ¢ a shape context, and I' a type context in the stan-
dard sense. The rules are analogous to that of Il-types, but with strict judgmental side
conditions added.

{t: I'| ¢} shape {t:I|v}shape t:1|pk1
ElpkTetx  ZEt: 19,9 |TF Atype Et:1|®,p|THa:A

Ele |+ <Ht;1|wA f> type

(ExT-FORM)

{t : I'| ¢} shape {t:I|v¢}shape t:1|pk1
E]PFT cetx Et:1]®,¢ | T Atype Et:1|P,p|kFa:A
Et: 1P| THbL:A Et:1|®,p|TFb=a

E|®|FkAHWb:<H“WAf>

Figure 6: Extension types: formation and introduction

(EXT-INTRO)

{t: 1| ¢} shape {t:I|v}shape t:1|pk1
E|PFT ctx Et:1|®,9|T'F Atype Et:I|®,9o|Fa:A

E]@\FFf:<H“WAk> ksl Z|dk gs/d]
ElO|THF f(s): A(s)

(ExT-ELIM)

{t : I'| ¢} shape {t: 1|} shape t:1|pk1
E]PFT ctx Et: 1| P90 |TF Atype Et:1]|®,p|Tka:A

E|®|FFf:<H“WAk> Sks:I E |k ols/t]
E||TF f(s)=als/t] : A(s)

(ExT-CowmpP)

Figure 7: Extension types: elimination and computation
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