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ABSOLUTE CONTINUITY, SUPPORTS AND IDEMPOTENT
SPLITTING IN CATEGORICAL PROBABILITY

TOBIAS FRITZ, TOMÁŠ GONDA, ANTONIO LORENZIN, PAOLO PERRONE, AND
DARIO STEIN

Abstract. Markov categories have recently turned out to be a powerful high-level
framework for probability and statistics. They accommodate purely categorical definitions
of notions like conditional probability and almost sure equality, as well as proofs of
fundamental results such as the Hewitt–Savage 0/1 Law, the de Finetti Theorem and
the Ergodic Decomposition Theorem.

In this work, we develop additional relevant notions from probability theory in the
setting of Markov categories. This comprises improved versions of previously introduced
definitions of absolute continuity and supports, as well as a detailed study of idempotents
and idempotent splitting in Markov categories. Our main result on idempotent splitting
is that every idempotent measurable Markov kernel between standard Borel spaces splits
across another standard Borel space, and we derive this as an instance of a general
categorical criterion for idempotent splitting in Markov categories.
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1. Introduction

In recent years, there has been growing interest in categorical methods for probability
theory and related fields. Structures such as garbage-share monoidal categories [21] (also
called copy-discard categories [9]) and Markov categories [12] have appeared in contexts as
diverse as mathematical statistics [19], graphical models [13], ergodic theory [32], machine
learning [43], and information theory [39].
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The common theme in all these works is the aim to distil the most conceptual aspects
of reasoning in the face of uncertainty, such as stochastic independence or the composition
of Markov kernels, and to prove theorems in probability theory in terms of these prime
principles. The hope is to achieve both greater conceptual clarity and generality. There
are several aspects of probability theory that lend themselves very well to this point
of view. The idea of forming conditional distributions and Bayesian inverses can be
expressed categorically and even graphically [9], and proofs in probability theory involving
conditioning can be simplified by resorting to this abstract definition. This facilitated
for example the categorical proofs of de Finetti’s theorem [16] and the Aldous–Hoover
theorem [8], as well as a generalization of Blackwell’s theorem on the comparison of
statistical experiments to the case of nondiscrete random variables [19]. Similarly, a
categorical notion of determinism has allowed us to formulate and prove certain zero-one
laws [15], and can be seen to be the main idea behind the concept of ergodicity [32].
Moreover, measuring the deviation from determinism can lead to the notion of entropy [39].
Last but not least, the aforementioned idea of stochastic dependence and independence can
be refined to a rich theory of conditional independence and Markov separation properties
that reduces stochastic dependencies to topological path-connectedness in a graph [13].

Supports. One of the conceptual aspects of probabilistic processes that we address in
this work is the notion of support. Roughly speaking, one could define the support of
a probability measure as the smallest set of probability 1, if it exists. For example, the
probability distribution p on the set {a, b, c} given by

a b c

p(a) = p(b) = 1/2, p(c) = 0.

has as support the subset {a, b}. For distributions on discrete spaces, this definition is
appropriate, and the support consists exactly of the points with non-zero probability.

In the case of continuous sample spaces, points may have measure zero while still being
in the support — this is the case, for example, for the normal distribution:

x

pdf(x)

x0

In this case, one can say that a point x0 ∈ X lies in the support of a probability measure
if every open neighborhood U of x0 has non-zero measure. This is equivalent to saying
that the support is the smallest closed subset of full measure. Such an approach, which we
call the topological support (Example 3.6), works well for (τ -smooth) probability measures
on topological spaces [17].
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On a general measurable space, there are no closed sets, and so this approach cannot
work. Moreover, even in those measurable spaces which do come from a topological space,
such as real numbers, using a topological notion in a measure-theoretic context is not
going to be invariant under isomorphism. For example, we can equip the unit interval
with the following two probability measures:

x

pdf(x)

0 1
x

pdf(x)

0 1
(1.1)

Topologically, it is clear that the first measure has full support, and the second measure is
supported on [0, 1 2]. However, as measure spaces, the two are isomorphic, as we show
in Theorem B.1. In particular, no invariant of measure spaces can tell the two situations
apart. Intuitively, the reason is that measurable functions alone cannot tell apart a region
of zero measure which is outside the (topological) support, such as the half-interval (1 2, 1]
on the right-hand side, from a region within the topological support, but which does not
fill the space enough to have positive measure (see Appendix B for details). On this note,
we may wonder whether such probability measures should even admit a support. In fact,
the existence of a support is deeply connected to the notion of atomicity (Corollary 3.39,
Example 3.40). In particular, non-atomic measures like the two described in (1.1) will
never admit a support.

In this work, we provide a categorical perspective on supports. Both the topological and
measure-theoretic perspectives on supports are reflected in the general categorical notion.
It is not obvious how to define a notion of support in categorical terms, since abstracting
away from the concrete category of measurable spaces and Markov kernels deprives one of
the possibility to talk about sets of measure zero. The way we deal with such situations
abstractly is via the categorical notion of almost sure equality [12, Section 13], which
we discuss in more detail in Section 2.1 of the present paper. This concept reduces to
the usual almost sure equality of functions and kernels when instantiated in the category
BorelStoch of standard Borel spaces and Markov kernels, and can be used conveniently in
statements and proofs. For example, conditionals and Bayesian inverses, when they exist,
are unique up to almost sure equality in any Markov category (Lemma A.13), and this is
an immediate consequence of the definition.

What could then be a categorical definition of support? In discrete probability theory,
two functions on a probability space are almost surely equal if and only if they agree on
the support of the probability measure. One can turn this idea into a categorical definition
of support via the universal property of representing almost sure equality in the sense of
representable functors. This was suggested in [12, Definition 13.20], and then used in [6]
and [7]. Similar ideas were given in [11] as well.

Here we expand on that idea, but we also give an alternative and weaker definition
of support. The notion from the previous paragraph — which we rename to split support
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in this paper — is a “mapping-out” universal property, i.e. it is about representing a
covariant functor to Set. We can also define supports via a “mapping-in” universal
property, representing a contravariant functor to Set. The latter notion is called a support
in the present article (Definition 3.3), and we show that it is strictly weaker than that of a
split support (Proposition 3.83). Concrete instantiations of the resulting theory are the
following:

• In the category FinStoch of finite sets and stochastic matrices, all supports exist
(Example 3.5), and the support of every morphism with non-empty domain is split
(Example 3.73).

• In the category TychStoch of Tychonoff topological spaces and continuous Markov
kernels from Example A.5, all supports exist and they correspond exactly to the
traditional topological supports (Example 3.6). Note that Tychonoff topological
spaces include all metric spaces and all compact Hausdorff spaces. However, these
supports do not split in general (Proposition 3.83).

• For measure-theoretic probability theory, i.e. in BorelStoch, a probability measure has
a support if and only if it is atomic, and similarly for Markov kernels (Theorem 3.29).
In particular, the Lebesgue measure on the unit interval has no support in our sense.

The second item in particular shows that our newly developed mapping-in universal
property of support seems to be the right notion to use in general. The third item is what
one should expect in light of isomorphisms like the one of (1.1) above.

Another weaker property that has a similar flavour is a condition that we call the
equalizer principle (Section 3.60). It states that if two deterministic morphisms agree
p-almost surely, then p factors across their equalizer. If supports exist, this simply means
that the support of p is included in the equalizer, but it makes sense and is useful even
when p has no support. This property always holds in BorelStoch, and it is crucial for our
results about idempotents in Section 4.

Absolute continuity. The mapping-in universal property of supports discussed above is
based on the idea that a Markov kernel lands within the support of a measure if and only if
it is absolutely continuous with respect to that measure. In light of this conceptualization,
Section 2 is devoted to the notion of absolute continuity (Definition 2.9). This definition
improves upon our earlier definition given in [19, Definition 2.8] by allowing for extra
input wires. As we show, in the general categorical setting this new definition ensures
the compatibility with tensor products (Proposition 2.26), which the previous definition
does not (Remark 2.27). Moreover, this abstract absolute continuity reduces to the usual
measure-theoretic notion when instantiated in Stoch (Example 2.14), and it corresponds
to the inclusion of supports whenever they exist.

Idempotents. The other main theme of this paper is that of idempotents. While
Section 3 on supports makes use of concepts and results developed in Section 2, Section 4
on idempotents can be read independently of the other two for the most part.



ABSOLUTE CONTINUITY, SUPPORTS AND IDEMPOTENT SPLITTING 1587

To say that an endomorphism e : X → X is an idempotent means that it satisfies e e = e.
Idempotent Markov kernels secretly come up in several technical aspects of probability
theory and ergodic theory. For example, conditional expectations can be thought of
as idempotent kernels acting on bounded measurable functions by precomposition. In
the study of ergodic theorems, forming the long-term average of a process produces an
idempotent kernel [3, p. 560].

Given an idempotent e : X → X, it is typically of interest to know whether e splits [5].
Such a splitting is given by another object T together with morphisms

ι : T ↪→ X, π : X ↠ T

satisfying
π ι = idT , ι π = e.

When this is the case, we may think of e as projecting via π onto the subobject given
by ι. Conversely, whenever we have morphisms ι and π such that π ι = idT , then the
other composition ι π is an idempotent, which we think of as the projection onto T . For
example, split idempotents in this form arise from the split supports mentioned above: A
split support is a subobject onto which one can project.

As it turns out, there are different ways in which an idempotent can interact with the
Markov category structure (see Figure 1 in Section 4), and this is related to the problem
of splitting. A particularly important role is played by balanced idempotents, which are
defined as satisfying a form of detailed balance (Remark 4.10). About these, we prove
that:

• Every split idempotent in a positive Markov category, such as BorelStoch, is balanced
(Section 4.18).

• Under suitable extra conditions on a positive Markov category, every idempotent is
balanced and splits (Section 4.29).

• The free completion under balanced idempotents of a Markov category is again a
Markov category (Section 4.41).

The extra conditions for the second item are the aforementioned equalizer principle,
and the fact that the Markov category is observationally representable. “Representable”
roughly means that we are in the Kleisli category of a probability monad (see [19] for more
details). “Observational” means that morphisms into a space of distributions PX can
be distinguished by taking repeated independent samples, as it is in ordinary probability
(and as it reflects common practice in statistics and in all of science). The mathematical
details of this idea are outlined in Section A.14. Since BorelStoch is positive and satisfies
these extra conditions, we obtain our main result about measure-theoretic probability:
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Theorem. Every idempotent Markov kernel between standard Borel spaces is balanced
and splits.

We prove this as Corollary 4.34 and note that it strengthens a classical result of
Blackwell on idempotent Markov kernels (Theorem 4.35). As far as we know, this
strengthening is new, and in particular no measure-theoretic proof exists to date. We also
note the analogous result that idempotents in the category of compact Hausdorff spaces
and continuous Markov kernels are balanced and split (Corollary 4.39).

Outline. We start in Section 2 with an extended notion of almost sure equality (Defini-
tion 2.2) that appears subsequently in our new definition of absolute continuity between
morphisms in a Markov category (Definition 2.9). We then show that tensor product and
post-composition respect absolute continuity (Lemma 2.22 and Proposition 2.26).

In Section 3, we define the support of a morphism p via a mapping-in universal property
as the universal object classifying morphisms absolutely continuous with respect to p.
We study supports in this sense in some detail, showing in particular that this recovers
the traditional notion in FinStoch (Example 3.5), as well as in categories of continuous
Markov kernels between topological spaces (Example 3.6). We also show that a Markov
category with all supports is causal if and only if its supports assemble into a functor
(Theorem 3.20).

In Section 3.22, we establish which morphisms stand a chance to have a support at all
(Lemma 3.23). We call morphisms satisfying this condition atomic (Definition 3.24). For
BorelStoch, we show that a Markov kernel is atomic in this sense if and only if it is atomic
in the standard measure-theoretic sense. However, not even all atomic morphisms have
a support, as Theorem 3.29 proves. We also show how to extend every causal Markov
category to a free regular support completion — another causal Markov category in which
every atomic morphism has a support (Theorem 3.38).

We give a first application of supports in Section 3.44. Under causality, supports and
an additional assumption, we construct a functor from a Markov category to SetMulti, the
category of sets and multivalued functions in Section 3.44. Intuitively, the functor assigns
to every morphism its “possibilistic shadow” in the form of the input-output relation.
In FinStoch, every object is mapped to the set of deterministic states on it, and every
stochastic matrix is sent to the relation of all input-output pairs with non-zero probability
(Example 3.51).

As another application of supports, we show in Section 3.55 how they allow one to
prove an equivalence between parametric statistical models and non-parametric statistical
models. In particular, we define a category in which the objects, thought of as parametric
statistical models, are morphisms in a suitable Markov category (Definition 3.56). We then
show an abstract version of the statement that the behavior of a statistical model p can
be identified with that of the collection of probability distributions that p parametrizes,
provided that p has a support (Proposition 3.58).

In Section 3.60, we argue that even in the absence of supports, the weaker equalizer
principle can be used as a substitute in certain situations. For example, it allows one
to talk about the largest subobject on which two deterministic morphisms agree. This
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principle holds in Markov categories with supports (Remark 3.62), but also in categories
such as BorelStoch (Proposition 3.64) in which generic morphisms do not have a support.
Equalizer principle also plays an important role in our study of idempotents.

We finally turn to split supports in Section 3.68, which extends the notion of supports
originally proposed in [12, Definition 13.20]. We introduce them as pre-supports for
which the support inclusion has a left inverse (Definition 3.70) and then describe their
universal property in Proposition 3.78. The support of every stochastic matrix is in fact a
split support (Example 3.73), and likewise all supports that exist in BorelStoch are split
(Example 3.74).

We then turn to idempotents in Section 4. First, we introduce several types of
interaction between idempotents and the structure of Markov categories (Definition 4.2).
These give rise to static, strong and balanced idempotents respectively. We give examples
of each kind and provide several reformulations of their definitions (Proposition 4.9,
Lemma 4.11). A simple but important observation is that in Markov categories that are
balanced (Definition 4.13), every idempotent is balanced (Theorem 4.14). This holds in
particular for any of the categories describing discrete or measure-theoretic probability
(Corollary 4.16).

In Section 4.18, we study split idempotents and give an illuminating characterization
of the above types of idempotents in terms of their splittings (Theorem 4.19). We also
present a number of examples of split idempotents.

The interplay between the two main themes of the paper, supports and idempotents,
is explored in Section 4.24. In particular, we prove that split supports are equivalently
splittings of certain static idempotents (Theorem 4.28).

With the goal of showing that all idempotents of BorelStoch split, we study sufficient
conditions for the splitting of balanced idempotents in Section 4.29. Our main result is
Theorem 4.32 that establishes conditions under which all (balanced) idempotents in a
Markov category split. It follows that every idempotent in BorelStoch splits (Corollary 4.34).
This strengthens an existing result of Blackwell (Theorem 4.35).

Finally, in Section 4.41, we define the Blackwell envelope as the balanced idempotent
completion that mimics the Karoubi envelope from ordinary category theory. We show that
the Blackwell envelope of a Markov category is also a Markov category (Proposition 4.45),
while the Karoubi envelope need not be.

In Appendix A, we provide relevant background material on Markov categories used in
the rest of this work. We start with basic definitions and examples in Section A.1. After
that, the sections Section A.9 and Section A.14 present novel material. In the former, we
derive basic results on almost sure equality, which are used in Section 2. In the latter,
we give some results on observationally representable Markov categories. In particular,
every observationally representable Markov category is shown to be a.s.-compatibly
representable (Proposition A.16).

In Appendix B, we give an example of an isomorphism of measure spaces which does
not preserve topological supports, making mathematically precise some of the ideas given
in the introduction.
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2. Absolute continuity

The goal of this short section is to introduce and study absolute continuity in an improved
version and in more detail than was done in our earlier work [19], including the derivation
of some properties relevant for later in the paper. Throughout, all our considerations
take place in a Markov category C (for the basics of the theory, see Section A.1 and the
references therein).

2.1. An extended definition of almost sure equality. In the context of Markov
categories, almost sure equality has been defined in [12, Definition 13.1]. In our improved
notion of absolute continuity coming up as Definition 2.9, we use the following notion of
almost sure equality extended to morphisms with an extra input W .

2.2. Definition. Let p : A→ X and f, g : W ⊗X → Y . We say that f and g are p-a.s.
equal, and write f =p g, if we have

Y

A

=

X

f

p

W

Y

A

X

g

p

W

(2.1)

2.3. Remark. The original definition of almost sure equality [12, Definition 13.1] differs
from this one by not having the extra input W . Taking W = I (the monoidal unit) in
Definition 2.2 recovers this original definition modulo precomposition with the unitor
I ⊗X ∼= X.1 Throughout this paper, we will make a small abuse of notation by leaving
this unitor implicit and use the same notation =p for both notions of almost sure equality.

With this in mind, our new extended notion of almost sure equality can be interpreted
in terms of the original one without the extra wire upon replacing p by idW ⊗ p:

1Our extended notion of almost sure equality can also be interpreted in terms of parametric Markov
categories [19, Section 2.2]: Condition (2.1) is equivalent to the original definition of almost sure equality
interpreted in the parametric Markov category CW .
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2.4. Lemma. Let p : A→ X and f, g : W ⊗X → Y . Then we have

f =p g ⇐⇒ f =idW⊗p g (2.2)

Because of this, f =p g can also be read as a short-hand notation for f =idW⊗ p g.
When the object W is clear from context, we will not mention it explicitly.

Proof. In string diagrams, the equality f =idW⊗p g looks like

=

Y

A

X

f

p

W

W Y

A

X

g

p

W

W

(2.3)

By marginalizing the middle output W , we conclude f =p g in the sense of Equation (2.1).
For the converse, we merely copy the W input in Equation (2.1) (i.e. pre-compose the
equation with copyW ) and use standard string diagram manipulation to get f =idW⊗p g.

2.5. Example. Suppose that C is a cartesian monoidal category, or equivalently a Markov
category in which all morphisms are deterministic. Then the universal property of the
product X × Y shows that f =p g is equivalent to f (idW × p) = g (idW × p).

2.6. Example. For the category Stoch, we have that Markov kernels f, g : W ⊗X → Y
are p-almost surely equal for a probability measure p : I → X if and only if for every
w ∈ W and for p-almost all x ∈ X we have f( |w, x) = g( |w, x) (as measures on Y ). In
other words, we recover standard almost sure equality in X for every value of W .

The next result establishes the link between almost sure equality in Markov categories
of topological spaces and the topological notion of support.2 It can serve as a motivation
for several of the upcoming constructions in this manuscript. As detailed in Example A.5,
we consider TopStoch, the category of topological spaces and continuous τ -smooth Markov
kernels. A morphism p : A→ X in TopStoch has a support Sp ⊆ X defined as

Sp :=
⋂
{C ⊆ X closed | p(C|a) = 1 for all a ∈ A}. (2.4)

The τ -smoothness implies p(Sp|a) = 1 for all a ∈ A, and therefore Sp can also be
characterized as the smallest closed set of full measure under all p( |a).3

In the following result, we restrict to Tychonoff spaces, which plays an important role
in the proof.

2See [17, Section 5] for a treatment of the support as a morphism of monads.
3See e.g. [17, Proposition 5.2], where this is spelled out for A = I, i.e. for probability measures without

an additional parameter.
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2.7. Proposition. In the category TychStoch of Tychonoff spaces and continuous Markov
kernels (see Example A.5 for more details), almost sure equality is equality on the support:
For p : A→ X and f, g : W ⊗X → Y , we have

f =p g ⇐⇒ f( |w, x) = g( |w, x) ∀w ∈W, x ∈ Sp, (2.5)

where Sp is given by Equation (2.4).

Proof. Two τ -smooth probability measures on a topological space are equal if and only if
they coincide on a basis of opens [17, Proposition 3.8]. In particular, we can test equality
of morphisms on a product space by checking equality on all product opens. Therefore,
the almost sure equality f =p g can be explicitly written out as∫

x∈U
f(V |w, x) p(dx|a) =

∫
x∈U

g(V |w, x) p(dx|a) (2.6)

for all a ∈ A and w ∈W and all opens U ⊆ X and V ⊆ Y . Suppose now that equality on
the support in the sense of Equation (2.5) holds. Then also Equation (2.6) holds, since by
p(X \ Sp|a) = 0 the integrands coincide almost everywhere.

The converse direction is more difficult. Assuming Equation (2.6), we want to show
that f( |w, x) = g( |w, x) for all w ∈W and x ∈ Sp. Since w can be fixed throughout, let
us suppress it from the notation to improve readability. Then since Y is Tychonoff, the
two probability measures f( |x) and g( |x) on Y are equal if and only if the expectation
values of all bounded continuous functions coincide (see for example [17, Proposition 4.7]).
Therefore it is enough to show that for every x ∈ Sp and every bounded continuous
h : Y → R, we have ∫

y∈Y
h(y) f(dy|x) =

∫
y∈Y

h(y) g(dy|x). (2.7)

What we know from Equation (2.6) is that∫
x∈U

∫
y∈Y

h(y) f(dy|x) p(dx|a) =

∫
x∈U

∫
y∈Y

h(y) g(dy|x) p(dx|a),

where we have switched the order of integration by Fubini’s theorem. Since this holds
for arbitrary open U ⊆ X, it likewise holds for every Borel set in place of U . The crucial
point is now that the difference of the two integrands,

D(x) :=

∫
y∈Y

h(y) f(dy|x)−
∫
y∈Y

h(y) g(dy|x),

is a continuous function of x, since integrating against h is itself a continuous function
on the space of probability measures [17, Proposition 4.7]. For every a ∈ A, applying the
previous integral equality to the open sets D−1((0,∞)) and D−1((−∞, 0)) shows that both
of these have p( |a)-measure zero. Thus the closed set D−1({0}) has full measure with
respect to p( |a) for every a ∈ A. By the definition of Sp, we conclude Sp ⊆ D−1({0}),
and therefore Equation (2.7) holds for all x ∈ Sp, as was to be shown.
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Some additional properties of almost sure equality used throughout the paper can also
be found in Section A.9.

2.8. Definition and examples of absolute continuity. A definition of absolute
continuity for morphisms in Markov categories was first given in [19, Definition 2.8]. Here
we introduce and study an improved version of that definition. One important improvement
is that it is automatically compatible with ⊗, as we show in Proposition 2.26, while this
fails for the earlier one (Remark 2.27). We also show that the two definitions coincide in
the main examples of Markov categories.

2.9. Definition. [Absolute continuity] Let p : A→ X and q : B → X be morphisms in
a Markov category C. We say that p is absolutely continuous with respect to q,
denoted4

p≪ q or q ≫ p,

if for all objects W and Y and any two parallel morphisms f, g : W ⊗X → Y , we have

Y

B

=

X

f

q

W

=⇒

Y

B

X

g

q

W

Y

A

=

X

f

p

W

Y

A

X

g

p

W

(2.8)

More concisely, q ≫ p says that q-a.s. equality implies p-a.s. equality. Since the relation
≫ is clearly reflexive and transitive, it equips the class of morphisms having the same
codomain X with a preorder relation.

2.10. Example. Since f =idX g is equivalent to f = g, every morphism p : A → X
satisfies idX ≫ p. In other words, idX is a greatest element with respect to ≫.

One may wonder whether it is enough to consider the case W = I only in Definition 2.9.
That is, can one detect absolute continuity by merely comparing almost sure equality
of morphisms without an extra input W? This turns out to be related to the following
notions.

2.11. Definition. A Markov category C is:

(i) locally state-separable if for any parallel morphisms f, g : W ⊗X → Y , we have

f

Y

=
w

X

g

Y

w

X

f = g.∀ w ∈ C(I,W ) =⇒ (2.9)

4While the notation p≪ q is arguably more commonly used in measure theory, we write q ≫ p in this
section as it matches the direction of implication (2.8).
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(ii) point-separable if for all parallel morphisms f, g : X → Y , we have

f

Y

=

a

f = g.∀ a ∈ Cdet(I,X) =⇒g

Y

a

(2.10)

For example, it is easy to see that all of the usual Markov categories of interest in
categorical probability (like FinStoch, BorelStoch and Stoch) are point-separable. We
introduce the point-separation condition mainly since it provides a convenient way to
verify local state-separation:

2.12. Lemma. If C is point-separable, then it is locally state-separable.

Proof. To show that point-separability implies local state-separability, assume that the
antecedent of Implication (2.9) holds. Then we have

f

Y

w

=

x

g

Y

w x

(2.11)

for all deterministic states x : I → X and w : I → W . But since every deterministic state
on W ⊗X is of the form w⊗ x (because Cdet is cartesian monoidal), we obtain the desired
f = g from the assumed point-separability.

This gives a criterion for when absolute continuity can be detected without the extra
wire W .

2.13. Proposition. Consider a locally state-separable Markov category and morphisms
p : A→ X and q : B → X. Then q ≫ p holds if and only if we have

Y

A

=

X

m

q

=⇒

Y

A

X

k

q

Y

B

=

X

m

p

Y X

k

p

B

(2.12)

for all m, k : X → Y .

Proof. The “only if” direction is trivial, since each Implication (2.12) is a special case
of Implication (2.8). For the converse direction, assume that all Implications (2.12) hold.
Further note that, by local state-separability, the antecedent of Implication (2.8) — the
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defining property of the relation q ≫ p— is equivalent to

=

Y

A

X

g

q
w

Y

A

X

f

q
w (2.13)

for all w : I →W , and similarly for the consequent with p instead of q. In this way, each
Implication (2.8) becomes of the form of the assumed (2.12), thus proving the result.

2.14. Example. For two Markov kernels p : A→ X and q : B → X (i.e. morphisms in the
Markov category Stoch), we can use Proposition 2.13 to characterize q ≫ p. In particular,
it says that for all measurable sets S ∈ ΣX we have

q(S|b) = 0 ∀b ∈ B =⇒ p(S|a) = 0 ∀a ∈ A. (2.14)

Indeed it is known that m =q k holds if and only if for every T ∈ ΣY , the measurable
functions

m(T | ), k(T | ) : X → [0, 1] (2.15)

are almost surely equal with respect to the probability measure q( |b) for every b ∈ B
[12, Example 13.3], and this directly shows Implication (2.14) by choosing the indicator
functions. Conversely, if Implication (2.14) holds, then the description of almost sure
equality expressed in terms of symmetric difference given in [12, Example 13.3] is sufficient
to prove that q ≫ p. In conclusion, our categorical notion of absolute continuity is
equivalent to the standard one.

Let us consider two special cases.

(i) For states p, q : I → X, we recover the standard notion of absolute continuity of
probability measures, where (2.14) becomes

q(S) = 0 =⇒ p(S) = 0. (2.16)

(ii) Suppose that p and q are deterministic morphisms in BorelStoch, i.e. measurable
maps (which we also denote by p and q by abuse of notation) between standard
Borel spaces. Then (2.14) becomes

S ∩ im(q) = ∅ =⇒ S ∩ im(p) = ∅, (2.17)

or equivalently simply im(p) ⊆ im(q) since every singleton is measurable.

2.15. Example. Recall the Markov category SetMulti of multi-valued functions from
Example A.4, and consider two of its morphisms p : A→ X and q : B → X. Then we have

q ≫ p ⇐⇒
⋃
a∈A

p(a) ⊆
⋃
b∈B

q(b), (2.18)

where p(a) denotes the image of a under p and similarly for q(b).
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2.16. Example. In the cartesian case (Example 2.5), absolute continuity q ≫ p simply
means

f (idW × q) = g (idW × q) =⇒ f (idW × p) = g (idW × p). (2.19)

For example, for p = idX this condition states that idW × q must be an epimorphism for
every W .

The next example shows that the notion of absolute continuity may depend heavily on
the choice of morphisms of the category. In particular, restricting to continuous kernels
can result in something quite different than allowing all measurable kernels.

2.17. Example. Just as Stoch, it is easy to see that the Markov category TychStoch is
also point-separable, and so Proposition 2.13 can be applied. By Proposition 2.7 we have
q ≫ p if and only if the topological support of q contains the topological support of p. In
other words, the absolute continuity preorder is the one induced by the inclusion order of
topological supports.

Note that this is in stark contrast to the measure-theoretic case: Consider the space
Y given by the unit interval [0, 1] with its usual topology and Borel σ-algebra. Further
consider the Dirac measure δ1/2 and the Lebesgue measure λ. We can see both as morphisms
of type I → Y . In the Markov category Stoch as well as in BorelStoch, we have the familiar
facts δ1/2 ≫̸ λ and δ1/2 ≪̸ λ. That is, in measure-theoretic terminology, the two measures
are mutually singular. However, δ1/2 ≪ λ holds in TychStoch, since the topological support
of δ1/2, the singleton {1/2}, is contained in the topological support of λ, which is the
whole of [0, 1].

For example, a pair of measurable maps m, k : Y → R witnessing δ1/2 ≪̸ λ in Stoch is

m(y) := 0 ∀y, k(y) :=

{
1 for y = 1/2,

0 for y ̸= 1/2,
(2.20)

where we have m =λ k but m ≠δ1/2 k. The same argument does not work in TychStoch
because k is not continuous. In fact by Proposition 2.7, any two continuous maps or
kernels that are λ-almost surely equal must also be δ1/2-almost surely equal.

While local state-separability allows one to leave out the extra input W in Implication
(2.8), this is not true for all Markov categories, as we show in Example 2.19 below.
This is based on the following general criterion for when leaving out the extra input is
consequential.

2.18. Lemma. Let q : A→ X be an epimorphism and W an object such that W ⊗ A is
an initial object for which idW ⊗ q is not an epimorphism. Then we have

m =q k =⇒ m =idX k, (2.21)

for all m, k : X → Y , but q ̸≫ idX .
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Proof. Implication (2.21) follows directly from the assumption that q is an epimorphism.
For the second statement, consider arbitrary morphisms f, g : W⊗X → Y . We trivially

have f =q g since W ⊗ A is initial.
Since idW ⊗ q is not an epimorphism, there must exist two non-equal f, g : W ⊗X → Y

for some Y such that f (idW ⊗ q) = g (idW ⊗ q). For these, Implication (2.8) with p = idX
is violated—where its antecedent holds again by the initiality of W ⊗ A—and so we get
q ̸≫ idX .

2.19. Example. As in [15, Example 2.3], let CRingop+ be the opposite of the category of
commutative rings and unital additive maps, considered as a symmetric monoidal category
with respect to the usual tensor product. Using the ring multiplication for the comonoid
structure on every object turns CRingop+ into a Markov category.

Then the assumptions of Lemma 2.18 can be satisfied if we choose q : R ←↩ Z2 to
be any unital additive inclusion, where the arrow direction indicates the direction as a
function. To this end, we can take W = Z2 to be the field with two elements. Then Z2⊗R
is the zero ring while Z2 ⊗ Z2 is isomorphic to (Z2)

2. In particular Z2 ⊗ R is initial and
idZ2⊗ q : Z2⊗R←↩ Z2⊗Z2 must be the unique zero map, so that it is not an epimorphism.
Hence Lemma 2.18 applies, and therefore Implication (2.12) is not equivalent to q ≫ p in
CRingop+ .

By Proposition 2.13, we can also conclude that CRingop+ is not locally state-separable.

2.20. Properties of absolute continuity.

2.21. Lemma. For any h : X → Y and p : A→ X, we have

h≫ h p. (2.22)

In other words, if h : X → Y and g : A → Y are such that g factors across h, then
h≫ g holds.

Proof. To obtain =hp from =h, we simply pre-compose the relevant instances of Equa-
tion (2.1) with p.

Since idX ≫ p is always true, the above Lemma 2.21 says that in this case, post-
composition with h preserves the absolute continuity relation. General post-composition
is also ≫-monotone, but only under the additional assumption of causality.

2.22. Lemma. If C is a causal Markov category, then post-composition is ≫-monotone.
That is, for all p : A→ X, q : B → X, and h : X → Y , we have

q ≫ p =⇒ h q ≫ h p. (2.23)
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Proof. We begin with the first statement. Assuming f =hq g amounts to

=

Z

B

Y

f

q

W

h

Z

B

Y

g

q

W

h
(2.24)

An application of the causality axiom in the form of Implication (A.6) then gives

=

Z

B

Y

f

q

W

h

X

B

g

q

W

h

Z Y X

(2.25)

Using the assumption q ≫ p lets us replace q by p in this equation, and the required
f =hp g then follows upon discarding the X output.

Under stronger assumptions on the morphism that we post-compose with, we can do
away with the causality assumption and even obtain an equivalence.

2.23. Lemma. In an arbitrary Markov category, consider morphisms p : A → T and
q : B → T . Furthermore, let ι : T → X be a deterministic split monomorphism. Then we
have

q ≫ p ⇐⇒ ι q ≫ ι p. (2.26)

Proof. This is a direct consequence of Lemma A.12.

Another property of such a left-invertible ι is that morphisms that are absolutely
continuous with respect to it factor across ι.

2.24. Lemma. Consider a deterministic split monomorphism ι : T → X with left inverse
given by π : X → T , and an arbitrary morphism p : A→ X. Then we have

ι≫ p =⇒ p = ι π p. (2.27)

Proof. The assumptions imply that we have ι π =ι idX . This can be shown by direct
calculation, but it also follows from equivalence (A.17) in Lemma A.12 by taking p = idX ,
f2 = ι π, and g2 = idX . Recalling that relation ι ≫ p means, by definition, that ι-a.s.
equality implies p-a.s. equality, we get ι π =p idX . The desired equation ι π p = p then
follows by marginalization.
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2.25. Remark. Unlike post-composition, pre-composition generally does not preserve
absolute continuity, not even in FinStoch. For example, if we take A = B = X = {0, 1}
with

q :=

(
1 1/2
0 1/2

)
p :=

(
1/2 1/2
1/2 1/2

)
, (2.28)

then q ≫ p holds. For the deterministic state δ0 : I → A, however, we also have q δ0 ≫̸ p δ0,
since the latter has strictly larger support:

q δ0 =

(
1
0

)
p δ0 =

(
1/2
1/2

)
. (2.29)

However, our definition of absolute continuity interacts very well with the monoidal
structure.

2.26. Proposition. The monoidal product ⊗ is ≫-monotone. That is, for any choice of
morphisms q : B → X, q′ : B′ → X ′, p : A→ X, and p′ : A′ → X ′ we have

q ≫ p and q′ ≫ p′ =⇒ q ⊗ q′ ≫ p⊗ p′. (2.30)

Proof. Consider generic morphisms f, g : W ⊗X ⊗X ′ → Y and assume that

Y

B′

=

X ′

f

q′

W

q

X

B

Y

B′

X ′

g

q′

W

q

X

B

(2.31)

holds. We can rearrange these string diagrams to get

Y

B′

=

X ′

f

q′

W

q

X

B

Y

B′

X ′

g

q′

W

q

X

B

(2.32)

Using q′ ≫ p′, we can replace q′ with p′ in this equation and rearrange back to obtain

Y

A′

=

X ′

f

p′

W

q

X

B

Y

A′

X ′

g

p′

W

q

X

B

(2.33)

By swapping wires, we can similarly use q ≫ p to replace q by p and get the desired
conclusion of the implication that defines q ⊗ q′ ≫ p⊗ p′.
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2.27. Remark. Example 2.19 shows that our old definition of absolute continuity without
the extra input W [19, Definition 2.8] does not satisfy Implication (2.30): with that
definition, we would get q ≫ idX and q ⊗ idW ̸≫ idX ⊗ idW .

2.28. Absolute bicontinuity. The following symmetrized version of absolute continuity
comes up frequently in the paper, so it is useful to introduce notation for the resulting
equivalence relation.

2.29. Definition.We say that two morphisms p : A→ X and q : B → X are absolutely
bicontinuous, and write p ≈ q, if both

p≫ q and q ≫ p (2.34)

are satisfied. In this case, we also say that p is absolutely bicontinuous with respect
to q.

As a direct consequence of Proposition 2.26, we obtain the fact that the monoidal
product is compatible with absolute bicontinuity.

2.30. Corollary. For morphisms labelled as in Proposition 2.26, we have

p ≈ q and p′ ≈ q′ =⇒ p⊗ p′ ≈ q ⊗ q′. (2.35)

In particular, for any object W , we have p ≈ q =⇒ idW ⊗ p ≈ idW ⊗ q.
The following small observation will be useful later on.

2.31. Lemma. If π : X → T is such that idW ⊗ π is an epimorphism for every W , then
we have π ≈ idT . More generally, f π ≈ f holds for any f : T → Y .

For example, this applies if π is a split epimorphism.

Proof. The absolute continuity direction f ≫ f π is an instance of Lemma 2.21, while
f π ≫ f is straightforward from the definition of absolute continuity and the assumption
that idW ⊗ π is an epimorphism for every W .

3. Supports

The support of a probability measure on a finite set or discrete measurable space is a
classical concept. Here, we investigate an abstract categorical generalization of this notion
in terms of a universal property. Besides the intrinsic interest and utility of having a
universal property, one of the features of this development is that it clarifies the significance
of topology in the context of supports: A continuous Markov kernel between Polish spaces
has a support in TychStoch— which turns out to be a Markov category in which every
morphism has a support — but the same Markov kernel considered as a morphism in the
purely measure-theoretic context of BorelStoch will typically not have a support.5

5See Example 3.6, Theorem 3.29.
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We start in Section 3.1 by giving our new definition of a support and developing
some of its basic properties. We make frequent use of the characterization of supports
from Lemma 3.4. Using it, Example 3.6 shows that all morphisms in TychStoch have a
support, and these are given by the usual topological supports. This demonstrates that
our definition of support is a natural generalization of the classical notion. In Example 3.7,
we prove that SetMulti has supports as well. Theorem 3.20 shows that the functoriality of
supports is closely related to the causality axiom [12, Definition 11.31].

Section 3.22 is devoted to a more detailed study of the question: “Which morphisms can
be expected to have a support?” This results in the definition of an atomic morphism in
Definition 3.24, which is intimately related to the traditional notion of an atomic measure.
We use these insights to characterize which morphisms in BorelStoch have a support in
Theorem 3.29. In Proposition 3.33, we construct a free regular support completion for
every causal Markov category by freely adjoining a support for every atomic morphism.
Theorem 3.43 establishes a 2-categorical universal property for this construction.

The following Section 3.44 on the input-output relations functor and Section 3.55 on
categories of statistical models provide applications of absolute continuity and supports.
These parts can safely be skipped without impeding understanding of the rest of the paper.

The lack of supports in categories like BorelStoch can be seen as an (expected) short-
coming. We partially remedy this in Section 3.60 by introducing the equalizer principle.
This is an axiom for a Markov category C that can serve as a substitute for supports to
some extent. Remark 3.62 shows that the equalizer principle is implied by the existence of
supports together with the existence of equalizers in the deterministic subcategory Cdet.
We use this principle in Section 4 as a crucial assumption in our main result on the splitting
of idempotents. We also introduce the relative equalizer principle in Definition 3.65, which
is a stronger version of the equalizer principle that still holds in BorelStoch. We do not
otherwise use it, but merely note that, together with an additional assumption, it implies
causality. This results in a statement (Proposition 3.67) that is vaguely reminiscent of the
earlier Theorem 3.20 where causality was derived from the functoriality of supports.

In the final Section 3.68, we introduce a stronger notion of supports that is more in
line with our original definition of supports given in [12, Definition 13.20]. In order to
distinguish it from Section 3.1, we call them split supports. Per Definition 3.70, the idea
behind these is that not only is the support of a morphism included in its codomain, but this
inclusion also has a splitting which projects back onto the support. Proposition 3.78 shows
that split supports also enjoy a second universal property in addition to the mapping-in
universal property of plain supports, namely the mapping-out universal property considered
originally in [12, Definition 13.20]. As we show in Remark 3.84 and Section 4, they are
also closely related to idempotents. Unfortunately, not all supports are split supports:
Proposition 3.83 gives an example of a probability measure on a compact Hausdorff space
whose support is not split. In summary, the notion of split support results in a theory
that is more appealing than that of plain supports, but at the same time has more limited
applicability.
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3.1. Definition and basic properties of supports. A first definition of support for
morphisms in Markov categories was given in [12, Definition 13.20]. Here we introduce a
more intuitive and more broadly applicable definition, while a close variant of the previous
notion will be developed in Section 3.68. Let us start with a motivating example.

3.2. Example. In FinStoch, let X be the three element set {a, b, c}, and consider the
probability distribution p on X from the introduction, which is

a b c

p(a) = p(b) = 1/2, p(c) = 0.

The support of p in the standard sense is the subset {a, b} ⊆ X. This subset is characterized
by the universal property that a stochastic matrix f : Z → X factors across the inclusion
{a, b} ↪→ X if and only if f is absolutely continuous with respect to p. Indeed by
Example 2.14, the condition f ≪ p is equivalent to f(c|z) = 0 for all z ∈ Z, and this in
turn is equivalent to f factoring across {a, b} ↪→ X.

In a general Markov category C, we can define the support of a morphism by means of
a universal property generalizing the observation from this example. For any morphism
p : A→ X in C, consider the functor C( , X)≪p : Cop → Set defined as the subfunctor of
C( , X) on all morphisms absolutely continuous with respect to p, i.e. as

C(Z,X)≪p :=
{
f : Z → X

∣∣ f ≪ p
}
. (3.1)

Intuitively, a support amounts to a representation of this functor. We also require such a
representation to be compatible with the restriction to deterministic morphisms and with
tensor products, as per the following definition.

3.3. Definition. Let p : A→ X be a morphism in a Markov category C.

(i) A pre-support for p consists of an object S together with a pre-support inclusion
si : S → X, which is a morphism such that post-composition with it gives bijections

C( , S) ∼= C( , X)≪ p, (3.2)

which additionally restrict to bijections between deterministic morphisms on both
sides.

(ii) A support for p is an object S together with a support inclusion si : S → X such
that, for every object W ∈ C, the object W ⊗ S is a pre-support for idW ⊗ p with
pre-support inclusion given by idW ⊗ si.

We say that C has supports if there exists a support for every morphism p in C.

The preservation by tensoring requirement facilitates a more elegant theory of supports
than without. The natural appearance of such conditions is a recurrent theme for Markov
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categories, see e.g. the definition of Kolmogorov products [15]. In both contexts, the preser-
vation by tensoring is not the primary condition, but crucial as an auxiliary requirement
which tends to hold in examples and ensure desirable properties. Another recurrent theme
is the requirement that such bijections should restrict to bijections between deterministic
morphisms on both sides. Since the support inclusion si is the right-hand side counterpart
of idS in (3.2), it follows in particular that si is deterministic.

Applying Bijection (3.2) to p, which is an element of the right-hand side by the
reflexivity inequality p≪ p, yields a unique p̂ : A→ S that gives us the factorization

p = si p̂, (3.3)

and we reserve the hat notation for this “restriction of p to its support”. We typically
denote a support S and the support inclusion si of a morphism p without reference to p.
However, whenever confusion could arise, we indicate the p by a subscript and write Sp
and sip instead.

Let us emphasize again that Definition 3.3 differs from our earlier one [12, Definition
13.20]. There, the mapping-out property used to define the notion of a support in Markov
categories is instead similar to the stronger notion of split supports studied in Section 3.68.
A non-trivial example of a morphism for which the two definitions are inequivalent is
provided in Proposition 3.83.

For working with supports in practice, it is often helpful to use the following reformu-
lation of the definition.

3.4. Lemma. A morphism si : S → X is a support inclusion for a morphism p : A→ X if
and only if it satisfies the following conditions:

(i) idW ⊗ si is a deterministic monomorphism for every W ∈ C.

(ii) si≪ p.

(iii) For every Z,W ∈ C and f : Z → W ⊗X, we have

f ≪ idW ⊗ p =⇒ f factors across idW ⊗ si. (3.4)

Proof. First let us assume that si is a support inclusion for p. Note that we can also
think of it as the result of applying Bijection (3.2) to idS, which implies Item (ii).

Since this bijection restricts to deterministic morphisms (on both sides), the support
inclusion must be itself deterministic. To show that it is a monomorphism, consider
f, g : W → S such that si f = si g holds. By the correspondence from (3.2), we have
si f ≪ p, which implies f = g by applying the bijection right-to-left. Similarly, both
properties follow for idW ⊗ si which is assumed to be a pre-support inclusion of idW ⊗ p.
Thus, Item (i) follows.

Finally, if f : Z → W ⊗X satisfies f ≪ idW ⊗ p, then the pre-support bijection (3.2)
for idW ⊗ p gives a unique f̄ : Z → W ⊗ S such that

f = (idW ⊗ si) f̄ .
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Let us turn to the converse implication by first showing that si is a pre-support
inclusion for p. Since si is a monomorphism, composing with it embeds C(Z, S) into
C(Z,X) injectively. All morphisms in the image of this inclusion factor across si, so that
applying Lemma 2.21 shows that they are all absolutely continuous with respect to si. As
si≪ p holds by assumption, these morphisms are all absolutely continuous with respect to
p as well and thus we can restrict the codomain of the injection to the subset C(Z,X)≪p of
C(Z,X). Moreover, this embedding is surjective by the assumed condition (3.4). To show
that it restricts to a bijection between deterministic morphisms on both sides, we need to
prove that if a composite si g is deterministic, then so is g. This can be proven as follows

=

si si

g g

X X

Z

X X

Z

si

g

=

X X

Z

si

g

si

=⇒
g g

Z Z

g

S S S S

= (3.5)

where we use the facts that si is deterministic (to get the second equality) and that si⊗ si is
a monomorphism (to get the implication). The latter statement holds by virtue of idS ⊗ si
being a monomorphism.

Finally, the arguments of the previous paragraph apply likewise to idW ⊗ si in place of
si, since all three conditions are stable under tensoring with arbitrary W (the second by
Proposition 2.26).

Let us now use the above characterization to provide examples of supports in three
Markov categories: FinStoch describing discrete probability theory over finite sample
spaces, TychStoch in which Markov kernels have to be continuous, and SetMulti giving
a model of possibilistic indeterminism. In each of them, the determinism property for a
purported support inclusion follows by the characterization of deterministic morphisms
in each category [12]. The monomorphism property follows by definition since all are
inclusions. Thus, we only provide details on how to show si≪ p as well as the factorization
condition. Verifying both of these properties can be done thanks to the characterization
of absolute continuity in each category.

3.5. Example. In FinStoch, every morphism p : A→ X has a support, namely the set

S =
{
x ∈ X

∣∣ ∃ a ∈ A : p(x|a) > 0
}
, (3.6)

with si given by the inclusion map into X. Using Example 2.14, we indeed have si≪ p.
An arbitrary f : Z → W ⊗X factors across idW ⊗ si if and only if we have f(w, x|z) = 0
for all w ∈ W and x ∈ X \ S and z ∈ Z. This indeed holds if f ≪ idW ⊗ p by the same
characterization of absolute continuity.

3.6. Example. In the category TychStoch, the support is given by the topological support,
i.e. the smallest closed set of full measure. In more detail, let p : A→ X be any morphism
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and define the set S ⊆ X as in Equation (2.4) as

S :=
⋂
{C ⊆ X closed | p(C|a) = 1 for all a ∈ A}. (3.7)

Consider the deterministic inclusion si : S → X, and let us apply Lemma 3.4 to show that
it is a support inclusion.

• We have si≪ p, and even si ≈ p (compare Lemma 3.8 below), as both si-almost sure
equality and p-almost sure equality are equivalent to equality of kernels restricted to
S by Proposition 2.7.

• Let now f : Z → W ⊗ X be any morphism absolutely continuous with respect
to idW ⊗ p. By Proposition 2.7 again, this means that for all z ∈ Z we have
f(W × (X \ S)|z) = 0. That is, f can be considered as a morphism of type
Z →W ⊗ S, and this provides the desired factorization.

By Lemma 3.4, the topological support of p thus coincides with the support of p in our
sense.

3.7. Example. In SetMulti, every morphism p : A→ X has a support. In particular, the
support inclusion si is the inclusion of the set

S :=
⋃
a∈A

p(a) (3.8)

into X, where p(a) is the image of a under p. The property si≪ p and the factorization
condition hold by Example 2.15.

Let us return to the general theory for the moment.

3.8. Lemma. For every morphism p : A→ X with a pre-support, we have

si ≈ p. (3.9)

where ≈ denotes the absolute bicontinuity relation (Definition 2.29).

Proof. The relation si≫ p follows directly from the factorization in Equation (3.3) in
view of Lemma 2.21. The opposite one, si≪ p, holds because si is defined as an element
of the set C(S,X)≪p from the right-hand side of Bijection (3.2).

This fact yields the following characteristic connection between supports and almost
sure equality, which may elucidate the definition of supports further.
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3.9. Lemma. [A.s. equality is restriction to the support] Let p have a pre-support with
pre-support inclusion si. Then we have

⇐⇒

Y

A

=

X

f

p

W

Y

A

X

g

p

W

Y

S

f

W

Y

S

g

W

si si
= (3.10)

for all f, g : W ⊗X → Y with arbitrary W and Y .

Proof. The left-hand side of Equivalence (3.10) is just f =p g. If this holds, then we
also get f =si g by Lemma 3.8, and the right-hand side of Equivalence (3.10) follows by
marginalization. Conversely, if the right-hand side of (3.10) holds, then we have f =si g
by the fact that si is deterministic via Proposition A.10 (v). We then conclude by another
application of Lemma 3.8.

3.10. Proposition. [Absolute bicontinuity and supports] Let p : A→ X and q : B → X
have the same codomain. Then:

(i) If p and q have pre-supports with the same pre-support inclusion, then we have p ≈ q.

(ii) If p ≈ q holds and p has a (pre-)support, then q has the same (pre-)support.

Proof.

(i) Since sip = siq, we just use Lemma 3.8.

(ii) The condition p ≈ q entails

C( , X)≪ p = C( , X)≪ q (3.11)

and so the result for pre-supports follows by the definition of pre-supports. If the
pre-support of p is actually a support, then we can run the same argument because
idW ⊗ p ≈ idW ⊗ q is ensured by Corollary 2.30.

3.11. Example. If p : A→ X is a split epimorphism, then p ≈ idX holds by Lemma 2.31,
and similarly upon tensoring by any identity. Therefore the support inclusion of any such
split epimorphism is just idX .

3.12. Proposition. [Supports of composite morphism] Consider an arbitrary morphism
p : A→ T and a deterministic split monomorphism ι : T → X with left inverse π : X → T .
Then we have the following:

(i) If p has a support, then so does ι p, and its support inclusion is

siιp = ι sip. (3.12)

(ii) If ι p has a support, then so does p, and its support inclusion is

sip = π siιp. (3.13)
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Proof. We employ Lemma 3.4 in both directions.

(i) We show that the composite ι sip is indeed a support inclusion siιp. First, ι sip is a
deterministic monomorphism as a composite of two deterministic monomorphisms.
The required inequality ι sip ≪ ι p holds as a consequence of sip ≪ p and Lemma 2.23.
Second, if f : Z → X is absolutely continuous with respect to ι p, then we obtain
ι π =f idX from ι π =ιp idX . This implies ι π f = f . By Lemma 2.23, we therefore
obtain π f ≪ p from the assumed f ≪ ι p. The assumption that sip is a support
inclusion implies now that π f factors across sip. But then of course also f = ι π f
factors across ι sip.

Finally, since similarly idW ⊗ ι is a deterministic split monomorphism with left
inverse idW ⊗ π for every W , the same arguments apply to idW ⊗ ι sip in place of
ι sip, and we are done.

(ii) We show that the composite π siιp is indeed a support inclusion sip. First, we get
ι π siιp = siιp from siιp ≪ ι p ≪ ι and ι π =ι idX . Therefore our putative support
inclusion for p satisfies ι sip = siιp. In particular, sip is a deterministic monomorphism.6

The required inequality sip ≪ p holds as a consequence of ι sip ≪ ι p and Lemma 2.23
again.

Next, let f : Z → T be absolutely continuous with respect to p. Then ι f ≪ ι p by
Lemma 2.23, and hence ι f factors across siιp = ι sip. The claim now follows as all
assumptions are again stable under tensoring with idW for any object W .

3.13. Example. [Copying does not change the support] As a special case of Proposi-
tion 3.12, consider X = T ⊗ T and let

q := copyT p (3.14)

be the output-copy version of a morphism p : A→ T with support Sp. Since copyT is a
deterministic split monomorphism with left inverse idT⊗delT , we can apply Proposition 3.12
(i) to obtain that q has

si

T T

Sp

(3.15)

as the support inclusion, where si is the support inclusion of p.

In light of Lemma 3.4, it seems like an interesting question to ask which deterministic
monomorphisms precisely can arise as support inclusions. While we do not know the
answer, at least the following is an obvious consequence of Lemma 3.4, which also arises
as a special case of Proposition 3.12 by taking p to be the identity morphism.

6To see that it is deterministic, note that it is enough to prove the determinism equation composed
with ι⊗ ι, and use the assumption that both ι and ι sip are deterministic.
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3.14. Corollary. Every deterministic split monomorphism is its own support inclusion.

3.15. Example. If an object X has a distribution object PX [19], then we have a
deterministic split monomorphism δX : X → PX with left inverse given by the sampling
map sampX : PX → X. Thus, δX is its own support inclusion. On the other hand, the
support inclusion of sampX is given by idX thanks to Example 3.11.

In general, not every deterministic monomorphism is a support inclusion; Proposi-
tion 3.18 will provide counterexamples. However, the following holds.

3.16. Lemma. Let C be a causal Markov category. Consider two arbitrary morphisms
p : A→ X and q : B → X having supports, and let ι : Sp → Sq be a morphism satisfying

siq ι = sip. (3.16)

Then ι is its own support inclusion: ι = siι.

Proof. It follows from a direct check that ι is a deterministic monomorphism. It then
suffices to show that ι is a pre-support, as we can then reapply the proof to id⊗ ι. We
want to show that f ≪ ι implies that f factors across ι. By Lemma 2.22, siq f ≪ siq ι = sip.

Then, there exists f̂ such that siq f = sip f̂ = siq ι f̂ . Since siq is a monomorphism, we

conclude that f = ι f̂ . If f is deterministic, then f̂ is also deterministic, since ι is a
deterministic monomorphism. Hence, the statement is shown.

3.17. Corollary. Every support inclusion is its own support inclusion.

Proof. From Lemma 3.16 by taking q = siq = idX .

Although properties of cartesian monoidal categories viewed as Markov categories are
usually trivial, the existence of supports is a non-trivial requirement.

3.18. Proposition. Let C be a coregular category7 with products that preserve regular
monomorphisms. Then every morphism p : A→ X has a support determined by the image
factorization

A Sp X

p

sip
(3.17)

where si is a regular monomorphism.

7A category C is coregular if Cop is a regular category in the standard sense, meaning that C has all
finite colimits, every morphism factors into an epimorphism followed by a regular monomorphism, and
this factorization is stable under pushout.
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Proof. We verify the conditions of Lemma 3.4. The assumption that products of regular
monomorphisms are again regular monomorphisms implies in particular that idW × si is a
monomorphism again.

The regular monomorphism sip is the equalizer of the cokernel pair X ⇒ X +A X.
Combining this with Example 2.16 shows that p≪ q is equivalent to idW×p factoring across
siidW×q for all W . Since siidW×p = idW × sip by the stability of regular monomorphisms
under products, we conclude that p ≪ q holds if and only if p factors across siq. In
particular, we have sip ≪ p.

Finally, let f : Z → W ×X be any morphism with f ≪ idW × p. Then f factors across
siidW×p = idW × sip, as was to be shown.

Another question is whether supports interact well with the monoidal structure. This
is indeed the case, as we now prove.

3.19. Theorem. Let p : A→ X and q : B → Y be two morphisms in a Markov category
C. If p, q and p⊗ q have supports, then we have Sp⊗q ∼= Sp ⊗ Sq, and sip ⊗ siq is a support
inclusion for p⊗ q.
Proof. To show the statement, we construct an explicit morphism f : Sp ⊗ Sq → Sp⊗q
and its inverse, which will respect the support inclusions by construction.

By Lemma 3.8, we have p ≈ sip and q ≈ siq. By Proposition 2.26, we conclude that
p⊗ q ≈ sip ⊗ siq. In particular, by the factorization property (3.4) of the support Sp⊗q of
p⊗ q, we obtain a morphism f : Sp ⊗ Sq → Sp⊗q satisfying

= sip siq
f

sip⊗q

X Y

Sp Sq Sp Sq

X Y

(3.18)

To construct its inverse, note that we have sip⊗q ≈ p ⊗ q ≪ p ⊗ idY ≈ sip ⊗ idY by
Lemma 3.8, Proposition 2.26. We thus obtain g : Sp⊗q → Sp ⊗ Y from the factorization
property of the support of p. Symmetrically, we can define h : Sp⊗q → X ⊗ Sq, and these
morphisms satisfy

g h

sip siq
= sip⊗q =

X XXY Y Y

Sp⊗q Sp⊗qSp⊗q

(3.19)

We now claim that the inverse of f is given by

Sp

Sp⊗q

Sq

g h
(3.20)
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This follows by a direct computation as follows. Using Equation (3.18), Equation (3.19)
above and the fact that sip⊗ siq and sip⊗q are monomorphisms8: On the one hand, we have

g h

sip siq
sip⊗q

= = = sip siq

sip⊗q

f f
f

sip⊗q

Sp Sq

X Y

Sp Sq Sp SqSp Sq

X Y X YXY

(3.21)

where the first equality uses (3.19), the second one follows from the fact that sip⊗q is
deterministic, and the last one is just (3.18). Since sip ⊗ siq is a monomorphism, we can
cancel it to obtain that the morphism from (3.20) is a left inverse of f .

On the other hand, we also have

g h

=
f

sip⊗q

g h

sip siq

=
sip⊗q =

sip⊗q sip⊗q

X Y X Y X YXY

Sp⊗q Sp⊗q Sp⊗q Sp⊗q

(3.22)

by using the same ingredients as above. Moreover, sip⊗q is a monomorphism, and we
conclude that f is an isomorphism between Sp⊗q and Sp ⊗ Sq. It then follows from (3.18)
that sip ⊗ siq is a support inclusion for p⊗ q as well.

We finally turn to the functoriality of supports. Surprisingly, this turns out to be
closely related to the causality axiom.

3.20. Theorem. [Functoriality of supports] For a Markov category C in which every
morphism has a support, the following are equivalent:

(i) C is causal.

(ii) Supports are functorial: Every commutative square

A X

B Y

p

f g

q

(3.23)

8Monicity of the former follows from the fact that both sip ⊗ idY and idSp
⊗ siq are monomorphisms.
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factors into

A Sp X

B Sq Y

p̂

f

sip

g

q̂ siq

(3.24)

for a (necessarily unique) dashed arrow Sp → Sq.

Note that it is enough for the right square in Equation (3.24) to commute, since then
the left square commutes automatically by commutativity of the composite square and
the fact that siq is a monomorphism.

Proof. (i) ⇒ (ii): We construct the dashed arrow from the universal property of Sq by
showing that g sip ≪ q holds. Using Lemma 3.8 gives sip ≈ p, and applying Lemma 2.22
then yields

g sip ≈ g p. (3.25)

Moreover, the assumed commutative diagram and Lemma 2.21 imply

g p = q f ≪ q, (3.26)

as was to be shown. Therefore, we obtain a unique morphism of type Sp → Sq which
makes the right square commute. The left square then commutes automatically as noted
above.

(ii) ⇒ (i): We will show that the causality axiom holds in the version of Lemma A.11.
So let p : A → X, g : X → Y , and h1, h2 : Y → Z be such that h1 =gp h2. Then the
assumed functoriality of supports applied to the square

A X

A Y

p

idA g

gp

(3.27)

gives us a commutative diagram

Sp X

Sgp Y

sip

g

sigp

(3.28)

By Lemma 3.9, the assumption h1 =gp h2 is equivalent to h1 sigp = h2 sigp. But then the
above diagram implies that we also have h1 g sip = h2 g sip. Thus we obtain h1 g =p h2 g by
Lemma 3.9 again, which completes the proof.
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The following example shows that supports in TychStoch are functorial. By Theo-
rem 3.20, this proves that TychStoch is a causal Markov category.

3.21. Example. TychStoch has supports by Example 3.6. To show that they are indeed
functorial, let us consider the topological support of the composite g p of two stochastic
maps p : A→ X and g : X → Y . We claim that the support object is given by9

Sgp =
⋃
x∈Sp

Sg( |x). (3.29)

Indeed, if we tentatively write Sgp as shorthand for the right-hand side, then we have∫
x∈X

g(Sgp|x) p(dx|a) ≥
∫
x∈Sp

g(Sgp|x) p(dx|a) =

∫
x∈Sp

p(dx|a) = p(Sp|a) = 1, (3.30)

where the first equality holds by Sgp ⊇ Sg( |x) for all x ∈ Sp. Conversely, if C ⊆ Y is a
closed set of full measure, meaning∫

x∈X
g(C|x) p(dx|a) = 1, (3.31)

then we need to show Sgp ⊆ C, or equivalently Sg( |x) ⊆ C for all x ∈ Sp. But this in
turn amounts to showing g(C|x) = 1 for all x ∈ Sp. By assumption, we know that the
integrand g(C|x) is p( |a)-almost everywhere equal to 1. But since g(C| ) is an upper
semi-continuous function on X, the set where it is equal to 1 is closed, and hence contains
Sp. This shows the required g(C|x) = 1 for all x ∈ Sp. Hence the above Sgp is indeed the
topological support of g p.

Equipped with this description of the topological support of a composite morphism,
we can show that supports in TychStoch are functorial. To show the desired factorization,
we need to prove g(Sq|x) = 1 for all x ∈ Sp given a commutative square as in (3.23). This
is an immediate consequence of

Sq ⊇ Sqf = Sgp ⊇ Sg( |x) ∀x ∈ Sp, (3.32)

where the first containment also follows by the formula for supports of a composite derived
above, but now applied to the composite q f .

In conclusion, supports in TychStoch are functorial, and Theorem 3.20 implies that
TychStoch is causal.

3.22. Support completeness and the free regular support completion. As
we have seen, the Markov categories FinStoch, TychStoch and SetMulti all have supports.
Can we expect supports in measure-theoretic probability? How common are supports
in general? In this subsection, we consider these questions and show that supports in
measure-theoretic probability (in BorelStoch specifically) are quite rare. First, we start
with a necessary condition for any morphism to have a support.

9This equation can also be seen as a manifestation of the fact that the topological support is a morphism
of monads [17].
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3.23. Lemma. If a morphism p : A→ X has a support, then it satisfies copy p≪ p⊗ p.

Proof. Whenever p has a support, p ≈ si holds by Lemma 3.8. Therefore, we have

copy p ≈ copy si = (si⊗ si) copy≪ si⊗ si ≈ p⊗ p, (3.33)

where we use first

• Lemma 2.23 and the fact that copy is a deterministic split monomorphism, then
• the fact that si is deterministic, followed by
• Lemma 2.21 with h and p from the lemma given by si ⊗ si and copy respectively,

and finally
• Proposition 2.26 in the last step.

This property of morphisms with a support is important enough to give it its own
name, the choice of which we justify in Example 3.25.

3.24. Definition.A morphism p in a Markov category is atomic if it satisfies copy p≪ p⊗ p.

3.25. Example. The Lebesgue measure λ : I → [0, 1] in BorelStoch is not atomic, since
copy λ is the Lebesgue measure on the diagonal of the unit square [0, 1]2, while λ⊗ λ is
the Lebesgue measure on all of [0, 1]2, and the former is not absolutely continuous with
respect to the latter (by Example 2.14). Hence by Lemma 3.23, the Lebesgue measure on
[0, 1] does not have a support.

The same argument works generally, and shows that a state I → X in BorelStoch is
atomic if and only if it is atomic in the usual sense as a probability measure on X (see the
forthcoming Theorem 3.29).

3.26. Remark. If p ≈ q holds for any deterministic morphism q, then p is an atomic
morphism. The proof is the same as that of Lemma 3.23, but with q in place of si.

On the other hand, since FinStoch, TychStoch and SetMulti have all supports, it follows
a posteriori that every morphism in these categories is atomic. Since typically not every
morphism is atomic, the following more restricted existence of supports is the most that
one can expect in general.

3.27. Definition. A Markov category C is support complete if every atomic morphism
has a support.

We now turn to a more detailed investigation of supports in measure-theoretic prob-
ability, which in particular justifies the term “atomic” further. For a generic morphism
p : A→ X in BorelStoch, let us say that an element x ∈ X is an atom if there is a ∈ A
such that the conditional probability p({x}|a) is non-zero. We owe the following auxiliary
result to a MathOverflow user.10

10See https://mathoverflow.net/questions/448485/atoms-for-markov-kernels/448496 for the relevant
answer by Packo.

https://mathoverflow.net/questions/448485/atoms-for-markov-kernels/448496
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3.28. Lemma. [Packo] For every morphism p in BorelStoch, its set of atoms

A :=
{
x ∈ X

∣∣ ∃ a ∈ A such that p
(
{x}

∣∣a) > 0
}

(3.34)

is universally measurable.

Proof. The statement is trivial if X is at most countable, since then every subset is
measurable. By Kuratowski’s theorem, we can assume we have X = R without loss of
generality.

The function

A× R −→ [0, 1]

(a, x) 7−→ p
(
[0, x]

∣∣a) (3.35)

is measurable in the first argument and right-continuous in the second, which implies that
it is jointly measurable.11 Similarly, also the function

A× R −→ [0, 1]

(a, x) 7−→ p
(
[0, x)

∣∣a) (3.36)

is jointly measurable. Their difference is precisely

A× R −→ [0, 1]

(a, x) 7−→ p
(
{x}

∣∣a) (3.37)

which is thus jointly measurable as well. The set of atoms A is then the projection to
R of the preimage of the set (0, 1] under the function from (3.37). As a projection of a
measurable set, the set of atoms is therefore universally measurable.

Lemma 3.28 allows us to consider the conditional probability p(A|a) for every a ∈ A.
Generalizing the notion of an atomic measure, we may then call a Markov kernel p atomic
if it satisfies p(A|a) = 1 for all a ∈ A. The following theorem establishes that this is
consistent with the notion of atomicity from Definition 3.24.

3.29. Theorem. For a morphism p : A→ X in BorelStoch, consider the following condi-
tions:

(i) p has a support.

(ii) There is a smallest measurable set S ∈ ΣX with p(S|a) = 1 for all a ∈ A.

(iii) p is atomic in the sense of Definition 3.24.

(iv) p(A|a) = 1 for all a ∈ A.
Then we have:12

(i)⇐⇒ (ii) =⇒ (iii)⇐⇒ (iv).

The converse implication (iii) =⇒ (ii) holds if A is at most countable, but not in general.

11This is a standard observation in stochastic process theory, see e.g. [28, Proposition 1.13] applied to
the constant filtration.

12For the equivalence of (iii) and (iv) in the case of states, see also [39, Theorem 4.6].
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Proof. If p satisfies property (i), then we can take S ∈ ΣX to be the image of the support
inclusion. This set is measurable by [29, Corollary 15.2]. Applying the universal property
of the support of p with respect to the inclusion of any other measurable subset establishes
the minimality in (ii).

Conversely, suppose that (ii) holds, and take si : S → X to be the inclusion map. Clearly
every idW ⊗ si is a deterministic monomorphism and we have si≪ p. By Lemma 3.4, it
remains to be shown that if f : Z → W ⊗X satisfies f ≪ idW ⊗ p, then it factors across
idW ⊗ si. Indeed f ≪ idW ⊗ p gives f(W × (X \ S)|z) = 0 for all z ∈ Z, and hence f
factors across idW ⊗ si as required. Therefore p has a support.

The implication from (i) to (iii) is exactly Lemma 3.23 applied to BorelStoch.
Next, assume that (iii) holds. Following the proof of [39, Theorem 4.6], we write

∆ ⊆ X ×X for the diagonal and A for the set of atoms of p as in Lemma 3.28. Let us
argue that the conditional probability

(p⊗ p)
(
∆ \ (A×A)

∣∣a1, a2) (3.38)

of ∆ \ (A×A) given any a1, a2 ∈ A vanishes. Indeed, this follows upon decomposing every
p( |a) into its atomic and diffuse parts, noting that the atomic part vanishes outside of
A, and that the product of two diffuse finite measures vanishes on the diagonal.13 By
Equation (2.14) and the assumed property (iii), we therefore obtain

(copy p)
(
∆ \ (A×A)

∣∣a) = 0, (3.39)

or equivalently p(X \ A|a) = 0, for all a, which implies (iv).
Conversely, suppose that (iv) holds, so that we have p(A|a) = 1 for all a ∈ A. To

show copy p ≪ p ⊗ p, suppose that we have a measurable set T ∈ ΣX×X satisfying
(p⊗ p)(T |a1, a2) = 0 for all a1, a2 ∈ A. This implies that T is disjoint from A×A, because
if (x, y) ∈ T with x, y ∈ A, then there are ax, ay ∈ A with p({x}|ax) > 0 and p({y}|ay) > 0,
contradicting (p⊗ p)(T |ax, ay) = 0. In particular, the intersection of T with the diagonal
does not contain any atom, and hence (copy p)(T |a) = 0 holds for all a ∈ A, which gives
the desired property (iii).

For the final statement, we note that there is an implication from (iv) to (ii) if the set
of atoms is measurable. In such a case, we can take S from (ii) to be the set A itself. This
is guaranteed to be the case if A is countable, since then A is countable as well and hence
trivially measurable.

To see that this implication does not hold for general A, consider any measurable
function R → R with non-measurable image. Considered as a deterministic morphism
p : R→ R in BorelStoch, it is clearly atomic with the set of atoms A being its image. If p
had a support, then by si ≈ p and Example 2.14 (ii), such support would have to be given
by the inclusion map of a non-measurable subset, which is not possible in BorelStoch [29,
Corollary 15.2].

13This can be shown by decomposing X into pieces of mass below ε for both measures.
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3.30. Corollary. [Supports of measurable maps] A deterministic morphism p in
BorelStoch has a support if and only if its image (as a measurable map) is measurable,
and in this case the support is given by the image.

Proof. If p has measurable image, then this image serves as the set S in Theorem 3.29
(ii). Conversely, suppose that p has a support. Then we have si ≈ p by Lemma 3.8, which
implies im(si) = im(p) by Example 2.14 (ii). In particular im(p) is measurable, since si is
an injective measurable map and therefore has a measurable image [29, Corollary 15.2].

The final statement of Theorem 3.29 — or in other words the existence of measurable
maps between standard Borel spaces with non-measurable image — has the following
unfortunate consequence.

3.31. Corollary. BorelStoch is not support complete.

In order to address this shortcoming, one may wonder whether it is possible to construct
a support complete Markov category that contains BorelStoch as a full Markov subcategory.
This is true, and it is an instance of a more general construction which we call the free
regular support completion. This terminology is by analogy with the free regular completion
of a category with finite limits [25]; the word “regular” also reflects Proposition 3.18. In
light of Theorem 3.43, it would be an interesting problem to find an explicit description of
the free regular support completion of BorelStoch.

3.32. Definition. Let C be a causal Markov category. Its free regular support
completion Supp(C) is the causal Markov category described as follows:

(i) Objects are pairs (X, p), where X ∈ C is an object and p is any atomic morphism
landing in X.

(ii) Morphisms (X, p)→ (Y, q) are equivalence classes of morphisms f : X → Y (relative
to p-a.s. equality) satisfying f p≪ q.

(iii) The Markov category structure is induced from C.

Let us first demonstrate that this construction actually defines a causal Markov category.

3.33. Proposition. Supp(C) is a well-defined causal Markov category, and C is naturally
identified with the full Markov subcategory whose objects are of the form (X, idX).

Proof. We first show that composition in Supp(C) is well-defined. Consider [f ] : (X, p)→
(Y, q) and [g] : (Y, q)→ (Z, r) to be morphisms represented by f : X → Y and g : Y → Z.
To show that g f represents a morphism (X, p)→ (Z, r), note that we have

(g f) p = g (f p)≪ g q ≪ r, (3.40)

where the second step is by Lemma 2.22. We also need to show that this composition
respects the equivalence classes. To this end, consider a morphism f ′ : X → Y satisfying
f ′ =p f . Then, by Proposition A.10 (i), we also have g f =p g f

′, which amounts to the
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desired [g f ] = [g f ′]. Similarly, if g′ : Y → Z satisfies g′ =q g, then we obtain g =fp g
′ by

f p≪ q. Hence the required g f =p g
′ f follows by Lemma A.11.

The tensor product of objects is well-defined because atomic morphisms are closed under
tensor products. Indeed, if p : A→ X and q : B → Y are atomic, then Proposition 2.26
gives

(copyX p)⊗ (copyY q)≪ (p⊗ p)⊗ (q ⊗ q), (3.41)

which is precisely copyX⊗Y (p⊗ q)≪ (p⊗ q)⊗ (p⊗ q) by the multiplicativity of copying.
It is clear that the symmetric monoidal structure morphisms of C also belong to Supp(C),
where (I, idI) is the monoidal unit of Supp(C). Moreover, the tensor product of two
morphisms respects the absolute continuity condition: For [f ] : (X, p) → (Y, q) and
[f ′] : (X ′, p′)→ (Y ′, q′), we have

(f ⊗ f ′)(p⊗ p′) = (f p)⊗ (f ′ p′)≪ q ⊗ q′ (3.42)

by Proposition 2.26 and the assumed f p≪ q and f ′ p′ ≪ q′, as was to be shown. This
tensor product is well-defined on equivalence classes by Proposition A.10 (iii). Hence by
what has been proven so far, Supp(C) is a symmetric monoidal category. It is obvious that
it is again semicartesian.

Concerning the Markov category structure, we define the copy morphisms as

copy(X,p) := [copyX ] : (X, p)→ (X, p)⊗ (X, p). (3.43)

We emphasize that such a copy(X,p) is indeed a morphism in Supp(C) because p is atomic.
Direct checks show that these morphisms indeed equip Supp(C) with a Markov category
structure.

From this description, it is immediate that we can identify C with the full subcategory
whose objects are of the form (X, idX), and the inclusion functor is a strict Markov functor
by construction.

It remains to be shown that Supp(C) is causal. This holds as a special case of the
following implication in C:

=p

X

f

Z

g

h1

A

X

g

h2

A

f

Z

=p=⇒

X

f

Z

g

h1

A Y

X

f

Z

g

h2

A Y

(3.44)

This is exactly relative causality in the sense of [18, Corollary 2.28], which is shown there
to be equivalent to causality.
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Before showing that Supp(C) is support complete, we give an explicit description of
absolute continuity in this category.

3.34. Lemma. Let [f ] : (X, p)→ (Y, q) and [g] : (Z, r)→ (Y, q) be two generic morphisms
in Supp(C). Then [f ]≪ [g] holds in Supp(C) if and only if we have f p≪ g r in C.

Proof. The absolute continuity relation [f ]≪ [g] in Supp(C) reads in C as

=r

h

g

=⇒
k

g

=p

h

f

k

f

W Z

A Y

W Z

A Y

W X

A Y

W X

A Y

(3.45)

where the h and k both have domain (W, id)⊗ (Y, q) in Supp(C). Indeed we can set the
left input to be (W, id) instead of a generic object (W, s) without loss of generality. This
is because, upon absorbing s into the test morphism h and k, Property (3.45) implies the
same property with (W, id) replaced by (W, s) and the reverse implication is clear.

Using the causality of C, the antecedent of Implication (3.45) can be equivalently
written as

=

h

g

k

g

r r

W Z

A Y

W Z

A Y

(3.46)

where we use Implication (A.6). Since the same is true for the consequent of Implication
(3.45) with f and p in place of g and r, we conclude that f p ≪ g r is equivalent to
Implication (3.45).

3.35. Lemma. A morphism [f ] : (X, p)→ (Y, q) in Supp(C) is atomic if and only if f p is
atomic in C. In this case, (Y, f p) is a support of [f ] with support inclusion

[idY ] : (Y, f p)→ (Y, q). (3.47)

Proof. The first claim is straightforward by Lemma 3.34. Combining this result with
Definition 3.24 and the definition of copying in Supp(C) via (3.43) shows that atomicity of
[f ] in Supp(C) can be expressed as

copy f p≪ (f p)⊗ (f p) (3.48)

in C, which says exactly that f p is atomic. Thus under the assumption that [f ] is atomic,
(Y, f p) is itself an object of Supp(C).
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For the second claim, we use the conditions of Lemma 3.4. Since idY is a deterministic
monomorphism, it is easy to verify that the proposed support inclusion si given by
[idY ] : (Y, f p) → (Y, q) is a deterministic monomorphism as well, and likewise for every
id(W,r) ⊗ si.14

By Lemma 3.34, the condition si ≪ [f ] from Lemma 3.4 is immediate because it
corresponds to f p≪ f p in C.

Finally, to show Implication (3.4), consider a morphism [g] : (Z, r) → (W, s) ⊗ (Y, q)
satisfying [g]≪ id⊗ [f ]. Then we have g r ≪ s⊗ f p in C, so that g defines a morphism
(Z, r)→ (W, s)⊗ (Y, f p) in Supp(C), which provides the desired factorization of [g] across
id(W,s) ⊗ si.

We will show that the free regular support completion is not only support complete,
but is so in the following stronger sense.

3.36. Definition. A Markov category C is regular support complete if it is support
complete and for all atomic h : X → Y and arbitrary f : A→ Sh and g : B → Sh, we have

sih f ≪ sih g =⇒ f ≪ g. (3.49)

One might call this kind of support a “regular support”, but we will not dwell on this
concept any further in this paper.

3.37. Remark. Our terminology lines up with the fact that coregular categories with
the extra assumption of Proposition 3.18 are regular support complete: by the arguments
given there, sih f ≪ sih g means that sih f factors across sisihg = sih sig, where the latter
equation holds because regular monomorphisms are closed under composition. But then
the desired factorization of f across sig follows simply because sih is a monomorphism.

Here is now our main result on the free regular support completion.

3.38. Theorem. For every causal Markov category C:

(i) The free regular support completion Supp(C) is regular support complete.

(ii) Any atomic morphism p : A → X in C has support (X, p) in the larger category
Supp(C).

Proof.

(i) Supp(C) is support complete by Lemma 3.35. For regularity, suppose that we are given
morphisms [h] : (X, p)→ (Y, q) and [f ] : (Z, r)→ (Y, h p) and [g] : (W, s)→ (Y, h p),
where we identify S[h] = (Y, h p) by Lemma 3.35. Then si[h] [f ]≪ si[h] [g] is manifestly
equivalent to [f ]≪ [g], since composing with si[h] just amounts to replacing h p by q,
and thanks to Lemma 3.34 we know that this plays no role in the absolute continuity
relation.

14The reader may wonder whether si is also an epimorphism. From the definition, one can check that
this is true if and only if f p ≈ q holds.
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(ii) In light of Lemma 3.34, [p] : (A, idA)→ (X, idX) is still atomic in Supp(C). Hence
this follows from Lemma 3.35 as well.

3.39. Corollary. Let C be a causal Markov category. A morphism admits a support in
some Markov category containing C as a Markov subcategory if and only if it is atomic.

Proof. If p is atomic, then Theorem 3.38 shows that p has a support in Supp(C).
Conversely, if we assume that p is not atomic, then copy p≪ p⊗ p fails already in C, i.e.
there exist morphisms f and g satisfying both f =p⊗p g and f ≠copy p g. This remains the
case in any Markov category containing C as a Markov subcategory. The contrapositive of
Lemma 3.23 says that such p cannot have a support.

3.40. Example. By applying Corollary 3.39 to BorelStoch, we conclude that the Lebesgue
measure (as well as any other non-atomic morphism) will never admit a support, even if
we enlarge our category.

We conclude the discussion of the free regular support completion by proving a universal
property for it. To this aim, we introduce the following properties of functors.

3.41. Definition. Let F : C→ D be a Markov functor between Markov categories (see
Definition A.8). We say that F is

• ac-monotone if f ≪ g in C implies F (f)≪ F (g) in D.

• support-preserving if for every morphism p in C which has a support, also F (p)
in D has a support with support inclusion F (sip).

In particular, every ac-monotone functor maps atomic morphisms to atomic morphisms.
Also the inclusion functor C→ Supp(C) is ac-monotone by Lemma 3.34.

3.42. Remark. However, the inclusion C→ Supp(C) is not support-preserving in general,
which we can establish as follows. Consider a causal Markov category C and a morphism
p : A → X in C that admits a support S (with support inclusion si) and is thus atomic
by Lemma 3.23. The inclusion of p’s support in C is (S, idS), while the support of [p] in
Supp(C) is (X, p).

If the inclusion functor preserved supports, this would entail that p has a split support in
the sense of the upcoming Section 3.68, which is not the case in general (Proposition 3.83).
Indeed, the support inclusion si yields a morphism [si] : (S, idS)→ (X, p) because si≪ p.
Moreover, under the assumption that C→ Supp(C) is support-preserving, this morphism
must be an isomorphism because supports are unique up to isomorphism. Therefore, there
exists [π] : (X, p) → (S, idS) such that [π] [si] = id(S,idS). Translating this back to C, we
have π si = idS, thus proving that si is a split support.

This is in contradiction with the example from Proposition 3.83, since TychStoch is
indeed causal by Example 3.21. This suggests that the inclusion functor of TychStoch
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into its free regular support completion may not be an equivalence of categories, although
TychStoch already has all supports.

These phenomena underline again why we speak of the regular part of the free regular
support completion: By adding new supports, Supp(C) can break the existing ones. This
is analogous to the free regular completion of a category with finite limits, where the
analogous inclusion functor can break existing image factorizations.15

3.43. Theorem. [Universal property of the free regular support completion] Let C and D
be causal Markov categories, and further assume D to be regular support complete. Then
composition with the inclusion functor C→ Supp(C) induces an equivalence of categories
between:

• The category of ac-monotone Markov functors C→ D and monoidal natural trans-
formations, and

• The category of support-preserving ac-monotone Markov functors Supp(C)→ D and
monoidal natural transformations.

Informally speaking, Supp(C) is hence the free regular support complete Markov
category generated by C.

Proof. By Theorem 3.38, every object (X, p) in Supp(C), where p : A→ X is an atomic
morphism in C, is the support of the morphism [p] : (A, idA)→ (X, idX) in Supp(C) with
support inclusion given by

ι(X,p) := [idX ] : (X, p)→ (X, idX). (3.50)

Then for any support-preserving Markov functor F̃ : Supp(C)→ D, the support inclusion
of F̃ ([p]) is given by the image of the support inclusion of [p], i.e. we have

siF̃ ([p]) = F̃ (ι(X,p)). (3.51)

In particular, siF̃ ([p]) : F̃ (X, p)→ F̃ (X, idX) is a deterministic monomorphism.

Let now F̃ , G̃ : Supp(C)→ D be two support-preserving ac-monotone Markov functors
and F,G : C→ D their restrictions to C. Then we prove that whiskering by C→ Supp(C)
induces a bijection between monoidal natural transformations F̃ → G̃ and monoidal
natural transformations F → G. The injectivity holds because the component of a natural
transformation at any object (X, p) is determined by its component at (X, idX) thanks to
the naturality on ι(X,p) and monicity of siG̃([p]).

For the surjectivity, suppose that we are given a monoidal natural transformation
α : F → G. Then we define a natural transformation α̃ : F̃ → G̃ by setting its component

15This is clear from how image factorizations in the regular completion are constructed [26, p. 27].
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at an object (X, p) to be the unique morphism making the diagram

F̃ (X, p) F̃ (X, idX)

G̃(X, p) G̃(X, idX)

siF̃ ([p])

α̃(X,p) αX

siG̃([p])

(3.52)

commute, whose uniqueness and existence follow from the functoriality of supports (Theo-
rem 3.20),16 since we have the commutative diagram

F̃ (A, idA) F̃ (X, idX)

G̃(A, idA) G̃(X, idX)

F̃ ([p])

αA αX

G̃([p])

(3.53)

by the naturality of α (and using the inclusion C→ Supp(C) implicitly).
Let us now argue that the thus defined α̃ is indeed natural and monoidal. Concerning

naturality, consider a morphism [f ] : (X, p)→ (Y, q) and note that commutativity of the
central square in the diagram

F (X) F (Y )

F̃ (X, p) F̃ (Y, q)

G̃(X, p) G̃(Y, q)

G(X) G(Y )

F (f)

αX αY

F̃ ([f ])

α̃(X,p)

siF̃ ([p])

α̃(Y,q)

siF̃ ([q])

G̃([f ])

siG̃([p]) siG̃([q])

G(f)

(3.54)

follows from the commutativity of the outer diagram (because α : F → G is natural) and
that of the trapezoids (the left and right trapezoids commute by definition of α̃(X,p) and
α̃(Y,q), while the upper and lower ones do by functoriality), since siG̃([q]) is a monomorphism.

16Strictly speaking, Theorem 3.20 assumes supports to exist for all morphisms, but the same proof as
given there shows the relevant functoriality for all supports that exist.
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Similarly, monoidality of the extension is checked using the diagram

F (X)⊗ F (Y ) F (X ⊗ Y )

F̃ (X, p)⊗ F̃ (Y, q) F̃ (X ⊗ Y, p⊗ q)

G̃(X, p)⊗ G̃(Y, q) G̃(X ⊗ Y, p⊗ q)

G(X)⊗G(Y ) G(X ⊗ Y )

ϕ

αX⊗αY αX⊗Y

ϕ̃

α̃(X,p)⊗α̃(Y,q)

siF̃ ([p])⊗siF̃ ([q])

α̃(X,p)⊗(Y,q)

siF̃ ([p⊗q])

ψ̃

siG̃([p])⊗siG̃([q]) siG̃([p⊗q])

ψ

where ϕ, ϕ̃, ψ, and ψ̃ denote the components of the strongators of F , F̃ , G, and G̃,
respectively.

Here, the outer square commutes by monoidality of α, the left and right trapezoids by
definition of α̃ and the upper and lower trapezoids by (3.51), so that we have

ϕ
(
F̃ (ι(X,p))⊗ F̃ (ι(Y,q))

)
= F̃ (ι(X,p) ⊗ ι(Y,q)) ϕ̃ = F̃ (ι(X⊗Y,p⊗q)) ϕ̃,

and likewise for ψ and ψ̃, where the second equality is by (3.50). Therefore also the inner
square commutes because siG̃([p⊗q]) is a monomorphism, and hence α̃ is compatible with
the strongators. The compatibility with unitors is more straightforward and omitted here.
In conclusion, our extended α̃ is a monoidal natural transformation, and we have thus
shown that the functor under consideration is fully faithful.

We now turn to proving essential surjectivity. We assume that choices of supports
have been made in D, and are such that the support of each identity morphism is the
underlying object itself with support inclusion given by identity. Given an ac-monotone
Markov functor F : C→ D, we define a functor F̃ : Supp(C)→ D as follows. On objects,
we set

F̃ (X, p) := SF (p). (3.55)

For a morphism [f ] : (X, p)→ (Y, q) in Supp(C), we take F̃ ([f ]) : SF (p) → SF (q) to be the
unique morphism such that

F (f) siF (p) = siF (q) F̃ ([f ]). (3.56)

The existence of such F̃ ([f ]) follows by Lemma 3.4 (iii), since we have

F (f) siF (p) ≪ F (f)F (p)≪ F (q), (3.57)

where the first relation is by Lemma 2.22, Lemma 3.8 and the second one by functo-
riality and ac-monotonicity of F . Furthermore, F̃ ([f ]) is well-defined with respect to
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the equivalence relation =p because the left-hand side of Equation (3.56) is invariant
on its equivalence classes thanks to Lemma 3.9. Functoriality of F̃ : Supp(C) → D is a
straightforward check based on the monicity of support inclusions, and F̃ strictly extends
F by the innocuous assumption on supports of identity morphisms.

We next show that F̃ is a strong monoidal functor. By definition, F̃ (X ⊗ Y, p⊗ q) =
SF (p⊗q). Since F is strong monoidal with strongators ϕ, we have a commutative diagram

F (A)⊗ F (B) F (X)⊗ F (Y )

F (A⊗B) F (X ⊗ Y )

F (p)⊗F (q)

ϕ ϕ

F (p⊗q)

(3.58)

Therefore the universal property of supports gives us the first isomorphism in

SF (p⊗q) SF (p)⊗F (q) SF (p) ⊗ SF (q),
∼= ∼= (3.59)

where the second isomorphism is by Theorem 3.19. We claim that the composite isomor-
phisms are coherence isomorphisms for F̃ . Indeed to prove naturality on fi : (Xi, pi)→
(Yi, qi) for i = 1, 2, we use the commuting diagram

SF (p1) ⊗ SF (p2) SF (p1⊗p2) SF (q1⊗q2) SF (q1) ⊗ SF (q2)

F (X1)⊗ F (X2) F (X1 ⊗X2) F (Y1 ⊗ Y2) F (Y1)⊗ F (Y2)

∼=

si⊗si

F̃ (f1⊗f2)

si

∼=

si si⊗si

F (f1)⊗F (f2)

ϕ F (f1⊗f2) ϕ−1

From this we infer that the upper row composes to F̃ (f1)⊗ F̃ (f2) because this morphism
makes the outer diagram commute and si⊗ si is a monomorphism. Similarly, one checks
all the other properties for F̃ to be a strong symmetric monoidal functor.

To see that F̃ is actually a Markov functor, we note that the top horizontal row in the
commutative diagram

SF (p) SF (p⊗p) SF (p) ⊗ SF (p)

F (X) F (X ⊗X) F (X)⊗ F (X)

F̃ (copy)

si

∼=

si si⊗si

F (copy)

copy

ϕ−1

(3.60)

is necessarily the copy morphism because si is deterministic and si⊗ si is a monomorphism.
For ac-monotonicity, suppose now that we have [f ] : (X, p)→ (Y, q) and [g] : (Z, r)→

(Y, q) with [f ]≪ [g]. By Lemma 3.34, this means that f p≪ g r holds in C. Since F is
ac-monotone, we obtain F (f)F (p)≪ F (g)F (r), which gives

F (f) siF (p) ≈ F (f)F (p)≪ F (g)F (r) ≈ F (g) siF (r) (3.61)
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via a combination of Lemma 2.22, Lemma 3.8. Equation (3.56) lets us then deduce

siF (q) F̃ ([f ])≪ siF (q) F̃ ([g]). (3.62)

By regularity (Implication (3.49)), this yields the desired F̃ ([f ])≪ F̃ ([g]).
Finally, we need to show that F̃ is support-preserving. To this end we consider a

generic morphism in Supp(C) with a support, i.e. an atomic [g] : (Z, r)→ (Y, q), where r
is an atomic morphism of type A→ Z in C. By Lemma 3.35, we know that its support is
(Y, g r) and support inclusion is [idY ] : (Y, g r)→ (Y, q).

Since [g] factors across (Y, g r), by functoriality of F̃ we get that F̃ ([g]) factors across
SF (gr) via

F̃ ([idY ]) : SF (gr) → SF (q). (3.63)

By Lemma 3.16 and the definition of F̃ via Equation (3.56), F̃ ([idY ]) has support SF (gr)

and is its own support inclusion.
By Lemma 3.8, we have that [g] is absolutely bicontinuous with respect to its own

support inclusion [idY ]. Since we have already established that F̃ is ac-monotone, we
get F̃ ([g]) ≈ F̃ ([idY ]). Using Proposition 3.10 (ii), we obtain that F̃ ([g]) has support
SF (gr) = F̃ (Y, g r) with support inclusion given by F̃ ([idY ]). This means that F̃ is indeed
support-preserving.

3.44. The input-output relation functor. In this and the next subsections, we
present several applications of supports and absolute continuity. These are not otherwise
used in the rest of the paper.

For a morphism p : A → X in FinStoch, it is sometimes of interest to consider the
set of all pairs (a, x) ∈ A×X satisfying p(x|a) > 0. This set is a relation from A to X
which we call the input-output relation, since it assigns to each input a the set of possible
outputs x. Mapping every stochastic matrix p to its input-output relation defines an
identity-on-objects functor FinStoch→ SetMulti. As we show below, one can associate an
input-output relation to morphisms in any suitably well-behaved Markov category C, and
this results in a Markov functor C→ SetMulti. Whenever this is possible, one can say that
every morphism has a consistent “possibilistic shadow” [22].

Concretely, we map each object A of C to the set of its deterministic states

A := Cdet(I, A), (3.64)

which one may also think of as “points” of A. Further, we map a morphism p : A→ X to
the input-output relation p≫ given by

p≫ :=
{

(a, x) ∈ A×X
∣∣ p a≫ x

}
. (3.65)

In other words, this relation is defined by

a p≫ x :⇐⇒ p a≫ x, (3.66)

and we think of this as stating that the output x is possible for p under input a. In order
to ensure the functoriality of the assignment p 7→ p≫, we need an additional assumption.
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3.45. Definition. A Markov category C has point liftings if for all p : A→ X and all
x ∈ X satisfying p≫ x, there exists an a ∈ A satisfying p a≫ x.

Intuitively, this says that every output that can occur under p must be able to arise
from some input.

3.46. Remark. Definition 3.45 can be easier to check if supports exist, which is going
to be the case in the assumptions of Theorem 3.50 below. For in this case, Lemma 3.4
implies that for every a ∈ A, we have a canonical bijection{

x ∈ X
∣∣ a p≫ x

} ∼= Spa (3.67)

between points absolutely continuous with respect to p a on the left and deterministic
states “within the support of p a” on the right. The point lifting condition then says that
each point x ∈ X in the support of p is also in the support of the image of some point
a ∈ A under p.

3.47. Example. FinStoch has point liftings because the support of a stochastic matrix is
the union of its “pointwise” supports (i.e. supports of its columns).

3.48. Example. BorelStoch also has point liftings. Indeed, by the characterization of
absolute continuity of Example 2.14 used in the contrapositive, p≫ x means that if x is
an element of a measurable set S ∈ ΣX , then p(S|a) > 0 holds for some a ∈ A. Taking
S = {x} shows that there is a ∈ A such that x is an atom of the probability measure
p( |a). This is why we also have the required p a≫ x.

For an object A ∈ C, we have delA ≫ idI as soon as C(I, A) ̸= ∅, since then one can
witness the relevant instance of the absolute continuity implication (2.8) by pre-composing
with any state on A. In this case, the point lifting property implies that A also must have
a deterministic state.

3.49. Example. Let G be a finite group, and let FinStochG be the Markov category of
finite G-sets together with G-equivariant Markov kernels. Then FinStochG does not have
point liftings, unless G is the trivial group. Indeed the set A := G itself with its canonical
G-action has a state given by the uniform distribution, but it has no deterministic state
unless G is trivial.

3.50. Theorem. Let C be a causal Markov category with supports and point liftings.
Then there is an input-output relation functor Υ: C→ SetMulti given on objects and
morphisms by

Υ(A) := A, Υ(p) := p≫,

as defined in (3.64) and (3.65). Moreover, Υ is a Markov functor.
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Proof. We show first that Υ(p) is actually a morphism in SetMulti for every p : A→ X.
This amounts to proving that for every a ∈ A, there is x ∈ X with a p≫ x, or equivalently
p a ≫ x. Indeed the support object Spa has a state given by the support factorization
p̂ a, and by what was noted above this implies that Spa also has a deterministic state.
Composing this state with the support inclusion sipa produces x ∈ X. The desired p a≫ x
then follows by p a ≈ sipa and Lemma 2.21.

Next, we show that Υ is a functor. Proving that Υ preserves identities amounts to
showing that if a≫ b for a, b ∈ A, then a = b. Since every deterministic state is its own
support by Corollary 3.14, the assumption a≫ b implies that b factors across a, and is
thus equal to a.

Consider now arbitrary morphisms p : A→ X and f : X → Y . We need to show that
for every deterministic a : I → A and y : I → Y , we have

a fp≫ y ⇐⇒ a
(
f≫◦ p≫

)
y, (3.68)

where f≫◦ p≫ is the composite relation. This amounts to showing

f p a≫ y ⇐⇒ ∃ x ∈ X : p a≫ x and f x≫ y. (3.69)

We consider both implications.

(⇐): Using the causality assumption and Lemma 2.22, we have

p a≫ x =⇒ f p a≫ f x. (3.70)

Together with the transitivity of ≫ and the assumed f x≫ y, this gives the desired
f p a≫ y.

(⇒): We now assume that f p a≫ y holds. Since sipa ≫ p a holds by Lemma 3.8, we also
have f sipa ≫ f p a by Lemma 2.22, and therefore

f sipa ≫ y (3.71)

holds by the transitivity of ≫. Hence, by point liftings, there is a deterministic
x̃ : I → Spa that satisfies

f sipa x̃≫ y. (3.72)

If we define x := sipa x̃, then fx≫ y is necessarily true. The required p a≫ x then
holds by p a≫ sipa ≫ sipa x̃, where the first relation is by Lemma 3.8 again and the
second by Lemma 2.21. Since x is deterministic, this concludes the proof of the
forward implication in (3.69).

Having shown that Υ is a functor, let us provide the details of its strong monoidal
structure. First, the monoidal structure morphisms are the relations given by the graphs
of the functions

ψ0 : I −→ I

∗ 7−→ idI
(3.73)
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where the monoidal unit I ∈ SetMulti is a singleton set with element ∗, and

ψA,B : A⊗B −→ A⊗B
(a, b) 7−→ a⊗ b.

(3.74)

The only non-trivial condition to check in order for these to equip Υ with the structure
of a strong symmetric monoidal functor is the naturality of ψ. This amounts to showing
that, for all morphisms p : A→ X and q : B → Y and all deterministic states

a ∈ A, b ∈ B, x ∈ X, y ∈ Y ,

we have
(a⊗ b) p⊗q≫ (x⊗ y) ⇐⇒ a p≫ x ∧ b q≫ y, (3.75)

or equivalently
p a⊗ q b≫ x⊗ y ⇐⇒ p a≫ x ∧ q b≫ y. (3.76)

The right-to-left implication is clear by Proposition 2.26. In the other direction, we can
post-compose with marginalization maps in order to obtain the claim from Lemma 2.22.

To conclude the proof that Υ is a Markov functor, it remains to be shown that we
have Υ(copyA) = ψA,A copyΥ(A) for every A ∈ C. This amounts to proving that for all

a, b, c ∈ A, we have
copyA a≫ b⊗ c ⇐⇒ a = b = c. (3.77)

Using copyA a = a⊗ a, this follows by the same arguments as in the previous paragraph.

3.51. Example. In FinStoch, the Markov functor Υ: FinStoch → SetMulti is precisely
the input-output relation functor discussed at the beginning of this subsection.

3.52. Example. SetMulti also satisfies the assumptions of Theorem 3.50, and the associ-
ated input-output relation functor Υ: SetMulti→ SetMulti is the identity functor.

3.53. Example. One may wonder how relevant the assumption of supports in Theo-
rem 3.50 really is, given that its statement does not refer to supports in any way. To
see that merely assuming point liftings is not sufficient, consider BorelStoch and let
λ : I → [0, 1] be the Lebesgue measure, or similarly any other non-atomic measure on a
standard Borel space. Then Υ(λ) = λ≫ is the empty relation since λ has no atoms. We
could then still hope to get a functor to Rel rather than to SetMulti. If functoriality held,
then also Υ(del[0,1] λ) would have to be the empty relation. But this is clearly equal to
Υ(delI) = Υ(idI) = id{∗}, which is not the empty relation. Therefore functoriality does
not hold.

Incidentally, looking at the proof around (3.71) shows that the proof would go through
if λ had a support. We therefore obtain another proof of the fact that λ does not have a
support, as in Theorem 3.29.

In [40, Definition IV.4], the property of a Markov category with “precise supports” was
given in the context of conditioning. Note that this notion refers only to the absolute
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continuity relation≫ rather than to supports in the sense of this paper.17 More concretely,
a Markov category C is said to have precise supports if, for all x ∈ X and y ∈ Y and
arbitrary morphisms p : I → X and f : X → Y , the relation

≫
f

YX

p
x

X

y

Y

(3.78)

is equivalent to

≫
X

p x

X

and ≫

Y

x
y

Y

f (3.79)

This property follows from point liftings in a causal Markov category.

3.54. Proposition. If a causal Markov category C has point liftings, then it also has
precise supports.

Proof. First, note that we can use Lemma 2.22 to marginalize Y in Relation (3.78) to
get p≫ x. Furthermore, Relation (3.78) also implies

≫
f

YX

x

X

y

Y

X

(3.80)

by Lemma 2.21. Using point liftings, we get that there exists a deterministic a : I → X
such that we have

≫f

YX

x

X

y

Y

a a
(3.81)

By Lemma 2.22 again, we get a≫ x and f a≫ y by marginalization. Note that a is its
own support inclusion (Corollary 3.14), so that x factors across a. In other words, we have
x = a, so that Condition (3.79) follows.

Conversely, using Lemma 2.22, we can post-compose the relation p≫ x appearing in
(3.79) to get the left-most relation in

≫
f

YX

p

f

YX

x

=
f

YX

x x
≫

x

X

y

Y

(3.82)

17Also, the definition of absolute continuity used in [40] was still the “old” one without the extra input
wire in Definition 2.9.
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where the right-most relation follows from the assumed f x≫ y by Proposition 2.26. In
conclusion, Condition (3.79) implies Condition (3.78).

3.55. Categories of statistical models. As another application of absolute conti-
nuity and supports, we now consider categories of statistical models. Concrete measure-
theoretic versions of such categories have been studied since the pioneering work of
Čencov [41, 42]. Recent works in this direction include a paper by Jost, Lê and Tran [27]
and the thesis of Patterson [37].

Here, we introduce the category of parametric statistical models internal to any causal
and representable Markov category. Subsequently, in Proposition 3.58 we use supports
to show that in the measure-theoretic setting of standard Borel spaces, a parametric
statistical model consisting of a family of distributions p = (pa)a∈A is isomorphic to the
model given by its image in PX, provided that this image is measurable.

We assume familiarity with representable Markov categories [19]; see Section A.14 for
a brief recap.

3.56. Definition. Let C be a Markov category that is both causal and representable. Then
its category of statistical models Stat(C) is the symmetric monoidal category where:

• Objects are pairs (X, p) where X ∈ C and p : A→ X is any morphism in C.

• Morphisms (X, p)→ (Y, q) are p-a.s. equivalence classes of morphisms f : X → Y
such that P (f) p♯ ≪ q♯, or equivalently (f p)♯ ≪ q♯, holds.

• Composition and symmetric monoidal structure are inherited from C.

The idea is that a pair (X, p : A→ X) can be interpreted as a statistical model with A
as parameter space [12, Definition 14.1]. The absolute continuity condition on f : X → Y
intuitively encodes the requirement that f must map distributions on X compatible
with the model p to distributions on Y compatible with the model q (Example 3.59). If
f, g : X → Y satisfy f =p g, then they intuitively behave the same on all distributions that
are compatible with p, and hence we consider them as representatives of the same morphism
in Stat(C). The monoidal structure on objects of Stat(C) is given by the monoidal product
of morphisms in C, the idea being that if (X, p : A→ X) and (Y, q : B → Y ) are statistical
models, then (X ⊗ Y, p⊗ q) is a statistical model with parameter space A⊗B such that
the factors X and Y are modeled as independent.

For the following proof, note that in a causal Markov category, we have

P (f) p♯ = (f p)♯ ≪ q♯ =⇒ f p≪ q (3.83)

by using post-composition with sampY and Lemma 2.22.

3.57. Proposition. Stat(C) is a symmetric monoidal category.

The proof bears similarity to the analogous statement for the free regular support
completion, Proposition 3.33.
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Proof. We first consider composition. If [f ] : (X, p)→ (Y, q) and [g] : (Y, q)→ (Z, r) are
morphisms, then also [g f ] : (X, p)→ (Z, r) is, since

P (g f) p♯ = P (g)P (f) p♯ ≪ P (g) q♯ ≪ r♯, (3.84)

where the middle step follows by Lemma 2.22 upon composing the assumed relation
P (f) p♯ ≪ q♯ with P (g). We also need to show that this composition is well-defined with
respect to the equivalence classes. So consider a morphism f ′ : X → Y with f ′ =p f .
Then, by Proposition A.10 (i), we also have g f =p g f

′, which amounts to the desired
[g f ] = [g f ′]. Similarly, if g′ : Y → Z satisfies g′ =q g, then we obtain g =fp g

′ by f p≪ q,
which holds by Implication (3.83). Hence the required g f =p g

′ f follows by Lemma A.11.
It is clear that the symmetric monoidal structure morphisms of C also belong to Stat(C).

Moreover, Proposition 2.26 shows that the tensor product of two morphisms respects the
absolute continuity condition: For [f ] : (X, p) → (Y, q) and [f ′] : (X ′, p′) → (Y ′, q′), we
have

(f p)♯ ⊗ (f ′ p′)♯ ≪ q♯ ⊗ q′♯ (3.85)

by Proposition 2.26 and the assumed (f p)♯ ≪ q♯ and (f ′ p′)♯ ≪ q′♯. This is an absolute
continuity relation between morphisms with codomain PY ⊗ PY ′. Now recall that in
terms of the symmetric monoidal structure of P given by

∇ : PY ⊗ PY ′ −→ P (Y ⊗ Y ′), (3.86)

we have
(q ⊗ q′)♯ = ∇ (q♯ ⊗ q′♯), (3.87)

and similarly for the left-hand side of Equation (3.85). Therefore composing this absolute
continuity relation with ∇ yields the desired

(f p⊗ f ′ p′)♯ ≪ (q ⊗ q′)♯ (3.88)

by Lemma 2.22. Finally, the well-definedness of the monoidal product with respect to
=p-classes is straightforward: For any f2 satisfying f2 =p f , then we also have f2⊗f ′ =p⊗p′

f ⊗ f ′ by Proposition A.10 (iii).

3.58. Proposition. Let p : A→ X be such that p♯ : A→ PX has a support. Then there
is an isomorphism

(X, p) ∼= (X, sampX sip♯) (3.89)

in Stat(C).

Intuitively, the support of p♯ coincides with its image of PX, which is the set of
distributions compatible with the statistical model (X, p). Therefore the proposition states
that (X, p) is equivalent as a statistical model to this image, as one would expect.

Proof. Let us write q : Sp♯ → X as shorthand for the morphism sampX sip♯ in C. We
show that idX gives both a morphism (X, p)→ (X, q) and a morphism (X, q)→ (X, p) in
Stat(C). Since P (idX) = idPX , we have to show that p♯ ≈ q♯ holds. Indeed,

q♯ = (sampX sip♯)
♯ = sip♯ (3.90)

follows because sip♯ is deterministic. Then the required p♯ ≈ sip♯ holds by Lemma 3.8.
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3.59. Example. Consider any statistical model (X, p : A → X) in BorelStoch, which
we can think of as an A-indexed family of distributions (pa)a∈A on X. The measurable
map p♯ : A→ PX is precisely the one that assigns to every parameter value a ∈ A the
associated distribution pa ∈ PX.

If the image of p♯, namely the set of distributions

{pa | a ∈ A} ⊆ PX, (3.91)

is measurable, then its support is given by this image (Corollary 3.30). In this case,
Proposition 3.58 applies, and we find that the parametric statistical model (X, p : A→ X)
is isomorphic to a model given simply by a subset of PX, namely the set of distributions
compatible with the model.

3.60. The equalizer principle. In this subsection, we introduce an axiom for Markov
categories that can sometimes be used as a substitute for supports when these do not exist.
This axiom plays an important role in Section 4.

3.61. Definition. A Markov category C satisfies the equalizer principle if:

(i) Equalizers in Cdet exist.

(ii) For every equalizer diagram

E X Y
eq

g

f

(3.92)

in Cdet, every p : A→ X in C satisfying f =p g factors uniquely across eq.

Since finite products exist in Cdet by virtue of it being cartesian monoidal, the existence
of equalizers implies that Cdet is even finitely complete.

The relation between the equalizer principle and supports is as follows.

3.62. Remark. Property (ii) holds automatically for every p which has a support. Because
in this case, the assumption f =p g is equivalent to f si = g si by Lemma 3.9, and therefore
si factors across eq by the universal property. Furthermore, since we have p = si p̂, it
follows that p itself factors across eq.

In particular, if Cdet has equalizers and C has supports, then the equalizer principle
holds. For example:

(i) FinStoch satisfies the equalizer principle, since its deterministic subcategory is FinSet
(which is finitely complete) and every morphism has a support by Example 3.5.

(ii) SetMulti satisfies the equalizer principle, since its deterministic subcategory is Set
(which is complete), and every morphism has a support by Example 3.7.

(iii) TychStoch satisfies the equalizer principle, since its deterministic subcategory is the
category of Tychonoff spaces and continuous maps (which has equalizers since every
subspace of a Tychonoff space is Tychonoff) and every morphism has a support by
Example 3.6.
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In the other direction, we apply the equalizer principle in the proof of Theorem 4.32 to
construct supports for certain morphisms. Such relations to supports illustrate why we
believe that the equalizer principle can sometimes be used as a substitute for supports.

3.63. Remark. Even when the equalizer principle holds, an equalizer in Cdet is usually
not an equalizer in C. In other words, merely having fp = gp instead of f =p g is not
enough to guarantee that p factors across eq. For example in FinStoch, consider any
finite set Y with |Y | ≥ 2, and let f and g be given by the two deterministic projections
Y ⊗ Y → Y . Then their equalizer in FinStochdet = FinSet is given by the inclusion of the
diagonal. Taking p to be the uniform probability measure on Y ⊗ Y , we have fp = gp,
but p does not factor across the inclusion of the diagonal.

We cannot derive the equalizer principle from supports in measure-theoretic probability,
since supports do typically not exist there (Theorem 3.29). Nevertheless, we have the
following positive result.

3.64. Proposition. BorelStoch satisfies the equalizer principle.

Proof. Equalizers in BorelStochdet = BorelMeas clearly exist, since for a given parallel
pair as in Equation (3.92), we simply consider the subset

E := {x ∈ X | f(x) = g(x)}, (3.93)

which is measurable in X since f and g are measurable maps and the diagonal of their
output is measurable. Letting eq : E ↪→ X be the inclusion, the universal property of an
equalizer is obvious.

Property (ii) is more interesting. Let p : A→ X be any Markov kernel satisfying f =p g.
By Kuratowski’s theorem, we know that Y is either discrete and (at most) countable,
or isomorphic to R. In each of the cases, we can embed Y into R while preserving the
equalizer as well as the equation f =p g. Therefore, we can assume Y = R without loss of
generality.

In short, f and g are assumed to be real-valued measurable functions which are p( |a)-
almost surely equal for every a ∈ A. That is, we have p(X \ E|a) = 0 for all a ∈ A, and
hence p factors across the inclusion eq : E ↪→ X. The uniqueness of the factorization is
obvious.

The following stronger version of the equalizer principle may also be of interest, although
it does not appear in this paper besides the present Section 3.60. We prove that it is also
satisfied for Markov kernels in BorelStoch and illustrate its power by showing how it can
be used to obtain the causality axiom.

3.65. Definition. A Markov category C satisfies the relative equalizer principle if:

(i) Equalizers in Cdet exist.
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(ii) For every equalizer diagram

E X Y
eq

g

f

(3.94)

in Cdet, every p : A → X satisfying f =pq g for some q : Z → A factors uniquely
across eq up to q-a.s. equality.

3.66. Proposition. BorelStoch satisfies the relative equalizer principle.

Proof. Proceeding as in the previous proof, we have that f, g : X → R are almost surely
equal with respect to the probability measure∫

a∈A
p( |a) q(da|z) (3.95)

for every z ∈ Z, so that we get∫
a∈A

p(X \ E|a) q(da|z) = 0. (3.96)

This implies that the integrand vanishes almost surely, meaning that with the notation

N :=
{
a ∈ A

∣∣ p(X \ E|a) > 0
}

(3.97)

we have q(N |z) = 0 for all z ∈ Z. This implies the unique factorization as desired by
constructing a Markov kernel A→ E to be given by p on A \N and arbitrarily18 on N .

3.67. Proposition. Let C be an a.s.-compatibly representable19 Markov category satisfy-
ing the relative equalizer principle. Then C is causal.

Proof. We use the reformulation of the causality axiom from Lemma A.11. Let h1 =gf h2
be given, where f : X → Y and g : Y → Z and h1, h2 : Z → A are morphisms of the
appropriate type. By a.s.-compatible representability, we obtain h♯1 =gf h

♯
2, and it is

enough to show h♯1 g =f h
♯
2 g. To simplify the notation, we therefore just assume that h1

and h2 are deterministic without loss of generality.
With eq denoting the equalizer of h1 and h2 in Cdet, the relative equalizer principle

applied to h1 =gf h2 gives us the dashed morphism in

E Z A

X Y

eq

h2

h1

f

gℓ (3.98)

18If N is non-empty, this is possible only if E is non-empty. However, we can assume this without loss
of generality. If Z is the empty set, the overall claim is trivial. On the other hand, if Z is non-empty, then
f and g are almost surely equal with respect to some probability measure, and thus E is also non-empty.

19See Section A.14 for the definition.
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where the triangle commutes up to =f . Therefore we have

h1 g =f h1 eq ℓ = h2 eq ℓ =f h2 g, (3.99)

which amounts to the desired h1 g =f h2 g.

3.68. Split supports. In this subsection, we study a stronger notion of support, which we
call “split support”. In contrast to the mapping-in universal property of “plain” supports
given in Definition 3.3, this is a mapping-out universal property, extending the original one
[12, Definition 13.20]. This universal property is simpler in the sense that no compatibility
with the monoidal structure is required, since it can in fact be derived (Proposition 3.81).

3.69. Example. [Split support for a stochastic map] Let us illustrate the basic idea by
considering Example 3.2 again. For another set Y = {x, y, z}, let functions f, g : X → Y
be given by

a
b

c

x
y

z
f(a) = x, f(b) = y, f(c) = z;

a
b

c

x
y

z
g(a) = x, g(b) = y, g(c) = y.

Note that f and g are equal p-almost surely. The intuitive reason behind this is that
restricting them to the support S = {a, b} of p gives the same function of type S → Y .
This is true also for general supports as given by Definition 3.3 (see Lemma 3.9). However,
notice an additional property that is not captured by our definition of “plain” supports in
Markov categories. Namely, every morphism h : S → Y arises from a restriction as above.
One can always extend such h to a morphism X → Y (necessarily p-a.s. uniquely), so
that restricting to S produces h itself again.

Of course, to be able to extend every h, it is sufficient for the identity map S → S to
be extendable, or equivalently for the support inclusion si : S → X to have a left inverse
sp : X → S. In our example, we can take it to be any map satisfying

sp(a) = a, sp(b) = b. (3.100)

The value of sp(c) is arbitrary.

We can express an analogous property in any Markov category.
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3.70. Definition. Let p : A→ X be a morphism in a Markov category C. Then a split
support for p is a pre-support such that the pre-support inclusion si : S → X has a left
inverse sp : X → S.

We also call such a left inverse a support projection for p. We assume a fixed choice
of support projection sp throughout, while noting that the particular choice plays no role
due to the following result.

3.71. Lemma. The support inclusion and projection of a split support satisfy

sp si = idS, si sp =p idX . (3.101)

Moreover, sp is p-a.s. deterministic and uniquely determined by the first equation up to
p-a.s. equality.

Proof. The first equation is by definition, while the second is a consequence of Lemma 3.9
and si sp si = si. The uniqueness up to p-a.s. equality is now immediate. Finally, we
compute

=p

X

si

sp

X

sp sp

si

X

SS

sp

=

si

X

sp

sp sp sp sp

=

SS SSSS

(3.102)

to conclude that sp is p-a.s. deterministic.

While we define split supports in terms of pre-supports, they are actually stable under
tensor products, as the next lemma shows. This also justifies calling si a support inclusion.

3.72. Lemma. Every split support is a support.

Proof. We can use Lemma 3.4, where the only non-trivial criterion to show is Item (iii).
To this end, consider a morphism f : Z → W ⊗ X satisfying idW ⊗ p ≫ f . Applying
Lemma 2.4 to the second equality in (3.101) gives

=idW⊗p

X

si

sp

X

XX

W

W

W

W

(3.103)

so that we get

=f

X

si

sp

X

XX

W

W

W

W

(3.104)
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by the assumed absolute continuity. In particular, this implies

=

Z

si

sp

XX WW

f

Z

f (3.105)

so that f factorizes across idW ⊗ si as required.

Let us turn to some examples of split supports. A nontrivial example of a support that
is not split will be given later in Proposition 3.83.

3.73. Example. The support of any morphism p : A→ X in FinStoch is a split support,
provided that A is non-empty. The reason is that its support inclusion si : S → X is a
split monomorphism with a deterministic left inverse as illustrated in Example 3.69.

3.74. Example. Similar statements apply to BorelStoch. In fact, every deterministic
monomorphism with non-empty domain in BorelStoch is also a split monomorphism. By a
classical result, such a map is a measurable isomorphism onto its image [29, Corollary 15.2],
and therefore we can obtain a (deterministic) left inverse by mapping the complement of
the image to any element of its domain. It follows that any Markov kernel p : A→ X in
BorelStoch with a support also has a split support (unless A is empty).

The following result is an analogue of Lemma 3.9 for split supports, and it can be
helpful for showing that a given morphism has a split support.

3.75. Lemma. [Concrete characterization of split supports] To give a split support for
a morphism p : A → X is to give an object S and morphism si : S → X such that the
following conditions hold:

(i) si is a deterministic split monomorphism.

(ii) for all f, g : W ⊗X → Y with arbitrary W and Y , we have

⇐⇒

Y

A

=

X

f

p

W

Y

A

X

g

p

W

Y

S

f

W

Y

S

g

W

si si
= (3.106)

Proof. Given a split support as in Definition 3.70, the first property holds by definition,
and the second is precisely Lemma 3.9.

Conversely, suppose that we have a morphism si : S → X satisfying the two properties,
and choose any left inverse sp. Then it is enough to apply Lemma 3.4 to show that
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si is a support inclusion. The existence of the splitting shows that every idW ⊗ si is a
deterministic monomorphism too. The condition si≪ p is straightforward to check directly
from (3.106) and an application of Proposition A.10 (iv) to si. It remains to be shown
that if f : Z → W ⊗X satisfies f ≪ idW ⊗ p, then it factors across idW ⊗ si. To this end,
combining

(idW ⊗ si sp) (idW ⊗ si) = idW ⊗ si

and (3.106) with f ≪ idW ⊗ p gives

(idW ⊗ si sp) =f idW⊗X , (3.107)

from which the explicit factorization f = (idW ⊗ si) (idW ⊗ sp) f follows by marginalization.

3.76. Example. Every deterministic split monomorphism si is its own split support inclu-
sion, since Equation (3.106) holds with p = si by Proposition A.10 (v). This strengthens
Corollary 3.14.

For example, every deterministic state is trivially a split monomorphism by the
terminality of the unit object I. Hence, deterministic states are their own split support
inclusions.

3.77. Remark. In a locally state-separable Markov category, a deterministic split monomor-
phism si : S → X is a split support for p already if it satisfies condition (ii) from Lemma 3.75
without an additional input W : For all f, g : X → Y , we have

Y

A

=

A

f

p

⇐⇒

Y

A

A

g

p

Y

S

=

f

si

Y

S

g

si

(3.108)

This follows by the same argument as the proof of Proposition 2.13.

Lemma 3.75 also lets us prove the announced mapping-out universal property of split
supports. For any morphism p : A→ X and arbitrary objects W and Y , let us write

C(W ⊗X,Y )p := C(W ⊗X,Y ) =p (3.109)

for the hom-set modulo p-a.s. equality.

3.78. Proposition. Let p : A→ X be any morphism in a Markov category C. Then a
morphism si : S → X is a split support inclusion for p if and only if for all objects Y and
W in C, the map

C(W ⊗X,Y )p C(W ⊗ S, Y )

f f (idW ⊗ si)
(3.110)
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is a bijection, and it restricts to a bijection between equivalence classes of p-a.s. deterministic
morphisms on the left and deterministic morphisms on the right. When this is the case,
then the inverse map is given by g 7−→ g (idW ⊗ sp) for any support projection sp.

Proof. Suppose that si is a split support inclusion with support projection sp. Then the
fact that the two composition maps f 7→ f (idW ⊗ si) and g 7→ g (idW ⊗ sp) are well-defined
and mutually inverse bijections follows from Lemma 3.75 and Equation (3.101). That this
restricts to a bijection at the level of (p-a.s.) deterministic morphisms follows from the
fact that si is deterministic and sp is p-a.s. deterministic (Lemma 3.71).

Conversely, suppose that the composition map is a bijection restricting to a bijection at
the (p-a.s.) deterministic level. Then define si as the counterpart on the right of the identity
on the left, which we know to be deterministic. Furthermore, we have an sp : X → S
which is the counterpart on the left of the identity on the right, and Yoneda lemma shows
that for W = I, the map from right to left is given by g 7→ g sp, and in particular sp is a
left inverse for si. It is now clear that both properties of Lemma 3.75 are satisfied, and
hence si is a split support inclusion.

3.79. Remark. In particular, taking W = I in Proposition 3.78 produces a bijection

C(X, Y )p ∼= C(S, Y ),

which is natural in Y . This is the promised mapping-out universal property, which
also was our original definition of support in [12, Definition 13.20]. If we consider the
characterization of Proposition 3.78 as the definition of split supports, then the present
notion strengthens the earlier one in two ways:

• As in our new definition of absolute continuity (Definition 2.9), an extra input W is
allowed.

• We now have an additional correspondence at the level of deterministic morphisms.

The latter point is analogous to the definition of Kolmogorov products [15, Definition 4.1],
where both general morphisms and deterministic morphisms into a Kolmogorov product
are fixed via its universal property.

As yet another possible characterization of split supports, we have the following elegant
statement.

3.80. Corollary. A morphism p has a split support if and only if there is a deterministic
split monomorphism si satisfying p ≈ si, in which case si provides the split support.

Proof. The “if” direction follows by Proposition 3.10 (ii) and the fact that every deter-
ministic split monomorphism is its own split support inclusion (Example 3.76). The “only
if” direction is by Lemma 3.8.
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Split supports enjoy a slightly stronger compatibility with the monoidal product than
supports. Namely, in the following statement, we do not assume that p⊗ q has a support,
unlike in Theorem 3.19.

3.81. Proposition. [Split supports of monoidal products] If morphisms

p : A→ X, q : B → Y

have split supports, then also p ⊗ q has a split support with support inclusion given by
sip ⊗ siq.

Proof. We apply Corollary 3.80. Indeed deterministic split monomorphisms are stable
under the monoidal product: One can take spp⊗spq as a left inverse for sip⊗siq. Furthermore,
sip ⊗ siq ≈ p⊗ q follows from sip ≈ p and siq ≈ q by Proposition 2.26.

We also have an analogue of Proposition 3.12 on how split supports transport along
split monomorphisms.

3.82. Proposition. Consider an arbitrary morphism p : A→ T and a deterministic split
monomorphism ι : T → X with left inverse π : X → T . Then we have the following:

(i) If p has a split support, then so does ι p, and its support inclusion is

siιp = ι sip. (3.111)

(ii) If ι p has a split support, then so does p, and its support inclusion is

sip = π siιp. (3.112)

Proof. By Proposition 3.12, it is enough to establish the existence of a support projection
in each case.

(i) siιp is a split monomorphism as a composite of two split monomorphisms, since

spιp := spp π (3.113)

serves as a support projection for ι p.

(ii) The support projection
spp := spιp ι (3.114)

is indeed a left inverse of sip, since ι π siιp = siιp was noted in the proof of Proposi-
tion 3.12.
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Finally, we note that not all supports are split, even in the very well-behaved case of
supports in CHausStoch, which always exist (Example 3.6). The relevant idea that an
embedding βN ↪→ [0, 1]R cannot have a continuous stochastic retraction was suggested to
us by Tommaso Russo, who also noted the stronger statement that there is no Banach
space embedding of C(βN) into C([0, 1]R) due to known results in renorming theory [10].

3.83. Proposition. There is a probability measure ν : I → [0, 1]R in CHausStoch such
that ν has no split support.

Surprisingly, the ν that we construct is even atomic (in the measure-theoretic sense of
having atoms).

Proof. Let βN be the Stone-Čech compactification of a countably infinite set. Then the
hom-set

CHaus
(
βN, [0, 1]

) ∼= Top
(
N, [0, 1]

)
(3.115)

has the cardinality of R. Using this together with a standard double dualization argument
gives us a homeomorphic embedding βN ↪→ [0, 1]R. We identify βN with the image of this
embedding and let ν be any atomic probability measure whose set of atoms is given by
N ⊆ βN ⊆ [0, 1]R.

Then since N ⊆ βN is dense and βN ⊆ [0, 1]R is closed, the topological support of
ν is βN. Therefore, by Example 3.6, the support inclusion in our sense is si : βN ↪→
[0, 1]R. Under Gelfand duality, this inclusion corresponds to an algebra homomorphism
C(si) : C([0, 1]R)→ C(βN) given by the restriction of functions to the subspace. Now, if a
support projection existed, then by probabilistic Gelfand duality [20], the homomorphism
C(si) would have a positive unital linear section C(βN)→ C([0, 1]R), assigning to every
continuous function on βN a continuous extension to [0, 1]R of the same norm. By a result
of Pe lczyński [38, Corollary 8.14], such a section does not exist.20

Let us finish with a teaser for the next section.

3.84. Remark. For every split support, the composite si sp is an idempotent. As a
consequence of Lemma 3.75, we also have

=p=p

si

X

X S

sp

si

X

SX

sp sp

X

SX

sp
(3.116)

20Pe lczyński’s result applies to non-metrizable compact spaces which are extremally disconnected, and
it is well-known that βN has these properties. It follows that βN is not an almost Dugundji space, and in
particular not a Dugundji space, and this implies our claim by his [38, Proposition 6.2].
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This is an instance of the relative positivity axiom [18, Section 2.5] which automatically
holds in this case. Since we have si ≈ p, we can also write this as

=si

si

X

X S

sp

X

SX

sp
(3.117)

In the parlance of Definition 4.2, this implies that the idempotent si sp is of a special type,
namely a static idempotent. We study these in more detail in Section 4.24.

4. Idempotents and their splitting in Markov categories

In applications of probability, one often deals with certain operations — such as averag-
ing over a group action or applying a conditional expectation — which are idempotent:
Applying such an operation twice is the same as applying it only once.

The main goal of this section, which turns out to be closely related to supports, is to
prove that all idempotents split in Markov categories satisfying suitable basic axioms. We
achieve this in Theorem 4.32, and obtain as a straightforward consequence that idempotents
in BorelStoch split. As we explain with Theorem 4.35, this strengthens an existing theorem
of Blackwell on idempotent Markov kernels.

Being able to state and prove these statements requires a good deal of preparation.
First of all, Section 4.1 introduces various ways in which an idempotent can interact with
a Markov category structure, resulting in the definition of static, strong and balanced
idempotents. We provide various examples, such as Reynolds operators, as well as
reformulations of the definitions involving notions like detailed balance. In the auxiliary
Section 4.24, we study splittings of static idempotents and show that the splitting of a static
idempotent is the same as a split support. This is then put to use in Section 4.29, which
contains our main results. Our construction of splittings of the more general balanced
idempotents in the proof of Theorem 4.32 is reduced to the splitting of static idempotents
from the previous subsection.

The final Section 4.41 offers a general formal construction for the splitting of balanced
idempotents which we call the Blackwell envelope. It is analogous to the Karoubi envelope
from ordinary category theory, which embeds every category in a larger category in which
all idempotents split.

4.1. Static, strong and balanced idempotents. In a generic category, an idempo-
tent is any endomorphism e : X → X satisfying e2 = e, where e2 stands for the sequential
composite of two instances of e. As one would expect in a more specific setting like that
of Markov categories, relevant notions of idempotents satisfy additional compatibility
conditions with the extra structure that is present.
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Here, we present three types of idempotents, namely static, strong and balanced. These
have the following significance:

• Static idempotents are closely related to supports, as investigated in Section 4.24.
Moreover, they play a crucial role in Theorem 4.32 on splitting of idempotents, which
is the main result of this section. Indeed, a preliminary result (Lemma 4.31) reduces
the proof of the splitting of all idempotents to those that are static.

• Strong idempotents have connections with conditional expectations, as we point out
in Example 4.8, but they appear only in our present general theory.

• The weakest compatibility condition is that of balanced idempotents. As shown in
Figure 1, these contain both static and strong idempotents as special cases. In a
positive Markov category, also all split idempotents are balanced (Theorem 4.19).
Moreover, assuming balancedness (Definition 4.13), every idempotent is balanced
(Theorem 4.14).

4.2. Definition. An idempotent e : X → X in a Markov category C is:

• static if it satisfies

e

e

=
e

(4.1)

• strong if it satisfies

e

e ee

= (4.2)

• balanced if it satisfies

e

e

=
e

e e

(4.3)

To understand these equations intuitively, note that the left-hand side is the same for
all, and it amounts to considering the Markov chain with transition kernel e for two time
steps and recording the intermediate value. Each of these equations implies that e is an
idempotent, by marginalizing either on the right (static, strong) or left (balanced).

The reasons behind our choice of names for these idempotents are as follows:

• The defining Equation (4.1) of a static idempotent can also be written as e =e idX .
This is static in the sense that the Markov chain already stabilizes after one step.
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All idempotents

Balanced

Strong Static

Deterministic

Figure 1: Venn diagram of types of idempotents in a Markov category.

• A balanced idempotent satisfies a version of detailed balance. This is discussed in
the upcoming Remark 4.10 and reflected in the more symmetrical characterization
from Proposition 4.9 (ii).

• The definition of strong idempotents arises as a strengthening of the characterization
of balanced idempotents via Proposition 4.9 (iii).

These interpretations are also going to be bolstered by Theorem 4.19, which classifies split
idempotents by their types. For now, let us discuss the relation between the three types of
idempotents just introduced and give some examples.

4.3. Remark. We can infer from the definition that both static and strong idempotents
are balanced. Indeed, in the static case, we can compose Equation (4.1) with e on the
right output to get the mirror image of Equation (4.3), which is an equivalent equation
by the commutativity of copy. In the strong case, we simply pre-compose Equation (4.2)
with e and use e2 = e to obtain Equation (4.3).

Furthermore, any idempotent that is both static and strong is deterministic, since that
is an obvious consequence of chaining Equation (4.1), Equation (4.2). The Venn diagram
of Figure 1 depicts all of these implications.

4.4. Example. Let us consider group averaging as a general motivating example in
FinStoch. To this end, let G be a finite group acting on a finite set X. Then the
G-averaging is the stochastic matrix X → X with entries

e(y|x) =
1

|G|
∑
g∈G

δgx,y, (4.4)

where δa,b stands for id(a|b). Intuitively, this amounts to choosing a uniformly random
element g ∈ G and applying it to x, or equivalently choosing a uniformly random element
in the orbit Gx. A direct calculation shows that this e is a strong idempotent: Looking at
the probability for input x and output (y, z), both the left-hand side and the right-hand
side of Equation (4.2) take the value 0 if these three points are not all in the same orbit,
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and the value |Gx|2 |G|2 = 1 |Gx|2 if they are, where Gx = {g ∈ G | g x = x} denotes
the stabilizer of x.

4.5. Example. We show, via examples, that in FinStoch all three types of idempotents
actually differ. More precisely, all regions of the Venn diagram of Figure 1, besides the
outer “general idempotents” one, are inhabited by some stochastic matrices. We also give
a splitting for each of the examples, i.e. a pair π, ι of morphisms such that both π ι = id
and ι π = e hold. Computations are omitted for the sake of brevity.

• A strong but not static idempotent is

e =

(
1/2 1/2
1/2 1/2

)
, ι =

(
1/2
1/2

)
, π =

(
1 1

)
. (4.5)

This amounts to a stochastic map which ignores its input and outputs a fair coin
flip instead.

• A static but not strong idempotent is

e =

1 0 1/2
0 1 1/2
0 0 0

, ι =

1 0
0 1
0 0

, π =

(
1 0 1/2
0 1 1/2

)
. (4.6)

This stochastic map acts as the identity on the first two states and sends the third
state to a fair coin flip on the first two.

• A balanced idempotent that is neither static nor strong is

e =


1/2 1/2 0 1/4
1/2 1/2 0 1/4
0 0 1 1/2
0 0 0 0

, ι =


1/2 0
1/2 0
0 1
0 0

, π =

(
1 1 0 1/2
0 0 1 1/2

)
. (4.7)

The structure of this map is easier to understand based on Example 4.37 presented
further on.

Note that π is deterministic for the strong idempotent and ι is deterministic for the static
idempotent, while neither of these statements is true for the balanced idempotent. These
are general facts, see Theorem 4.19.

4.6. Example. In order to populate the remaining region in Figure 1, let us present two
examples of idempotents in SetMulti which are not balanced:

• On a two-element set X = {0, 1}, consider the multivalued function e : X → X given
by e(0) = {0, 1} and e(1) = {1}. Then e is an idempotent, but it is not balanced,
as one can see by direct calculation: The right-hand side of Equation (4.3) relates
0 ∈ X to (0, 1) ∈ X ×X, but the left-hand side does not.
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• Consider X = R and the strict ordering relation > on real numbers. Define e to be
the morphism mapping each number to the upset it generates:

e(x) = {y | y > x}. (4.8)

This is another idempotent that is not balanced: For any ordered triple z > y > x,
the right-hand side of Equation (4.3) relates x to (y, z), but the left-hand side does
not. This example works with any nontrivial dense21 partially ordered set in place
of (R, >).

4.7. Example. Also FinStoch± has idempotents which are not balanced, such as

e =

 1 0 0
1 0 0
−1 1 1

. (4.9)

Indeed upon indexing the rows and columns as X = {a, b, c}, the right-hand side of
Equation (4.3) takes a to (a, b) with probability 1, while this transition has probability 0
on the left-hand side.

4.8. Example. It is instructive to spell out the defining equations of the three types of
idempotents in the Markov category CRingop+ from Example 2.19. This means that we
consider a commutative ring R and an additive map e : R→ R satisfying e(1) = 1. Then
we have:

• e is a static idempotent if and only if

e
(
e(a)b

)
= e(ab) (4.10)

holds for all a, b ∈ R.

• e is a strong idempotent if and only if

e
(
e(a)b

)
= e(a)e(b) (4.11)

holds for all a, b ∈ R. This is precisely the defining equation of an averaging operator
(also known as a Reynolds operator)22 on R [2, 34]. Moreover, Equation (4.11), to-
gether with linearity and continuity conditions, characterizes conditional expectations
on the algebra of bounded measurable functions on a probability space [33].

21Density means that for every ordered pair z > x there is an element y satisfying z > y > x [24,
Definition 10.5]. This is relevant in order to get e2 = e. We need the partial order to be nontrivial only in
that there should be some nontrivial order relation y > x.

22Reynolds operators are frequently defined by a more general equation which does not imply they are
idempotent, but which is equivalent to Equation (4.11) in the idempotent case [2].
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• e is a balanced idempotent if and only if

e
(
e(a)b

)
= e

(
e(a)e(b)

)
(4.12)

holds for all a, b ∈ R.

More general examples of idempotents arising in categorical probability can be found
after Theorem 4.19. We conclude this subsection by giving alternative descriptions of
balanced and static idempotents.

4.9. Proposition. [Alternative description of balanced idempotents] For an idempotent
e, the following are equivalent:

(i) e is balanced.

(ii) We have

e
=

e

e

e

(4.13)

(iii) Equation (4.2) holds e-almost surely, i.e. we have

e

e ee

=e (4.14)

(iv) For every morphism p : A→ X that is invariant, i.e. satisfies e p = p, we have

=
p

e

A

X X

p

e

A

XX

(4.15)

Proof.

(i) ⇒ (ii): As noted in Remark 4.3, applying Equation (4.3) twice yields the required

= =
e

e e

e

e

e

e
(4.16)
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(ii) ⇒ (i): This follows by applying e to the left output in Equation (4.13).

(i) ⇒ (iii): Using the associativity of copying as well as Equation (4.3), Equation (4.16), we
prove Equation (4.14) via the following equalities:

e

e

e

= = =e

e

e

e ee

e

e

=

= =

e e

e

e

e e

e

e

e

e

e

e

e =

e

e

e e

e

e

(4.17)

This is the desired statement.

(iii) ⇒ (i): Whenever e satisfies Equation (4.14), Equation (4.3) defining balanced idempotents
follows simply by marginalizing the extra output of that equation and using e2 = e.

(ii) ⇒ (iv): We can use the invariance of p followed by Equation (4.13) and the invariance of p
again:

== =
p

e

A

X X

p

e

A

XX

p

e

A

X X

e

p

e

A

XX

e
(4.18)

(iv) ⇒ (ii): Since e is assumed to be an idempotent, it is itself invariant, so that we can set p = e
in Equation (4.15) to get Equation (4.13).

4.10. Remark. In point-separable categories such as Stoch, condition (iv) can be equiva-
lently checked just on invariant states, in which case it looks like

=

p

e

p

e
(4.19)
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which says that e satisfies detailed balance with respect to p in the language of Markov
processes [30, Section 4.10]. This is also equivalent to saying that the morphism e is its
own Bayesian inverse with respect to p. By Proposition 4.9, balanced idempotents in
Stoch are thus those idempotents satisfying detailed balance for every invariant state, i.e.
ones for which the dynamics is microscopically reversible.

Alternatively, Equation (4.19) can also be interpreted as saying that e is self-adjoint.
Indeed, if p is an invariant measure for a balanced idempotent Markov kernel e : X → X,
then the operator L2(X, p)→ L2(X, p) induced by pre-composition with e is idempotent
and self-adjoint, making it an orthogonal projection on the Hilbert space L2(X, p).

We have the following weaker formulation of the definition of static idempotent.

4.11. Lemma. [Alternative description of static idempotents] Let e be an idempotent.
Then e is static if and only if it is e-a.s. deterministic.

Proof. Let us consider an idempotent e which is e-a.s. deterministic. We can then use
this assumption together with e2 = e to get

e

e

e

= =

e

e

=

e

e e e

(4.20)

The desired Equation (4.1) can then be derived as follows.

e
=

e
=

e e
e e

e e
=

e e
(4.21)

Conversely, a static idempotent e is balanced, as noted in Remark 4.3. Therefore, we
have

e

=e=
e

e ee
(4.22)

by Proposition 4.9, which says exactly that e is e-a.s. deterministic.

4.12. Sufficient condition for idempotents to be balanced. A forthcoming
result shows that every split idempotent in a positive Markov category is necessarily
balanced (Theorem 4.19). Therefore, when studying whether all idempotents in a given
Markov category split, it is natural to ask first whether all idempotents are balanced. To
this end, we introduce a new information flow axiom, which is a version of the multiplication
lemma of Parzygnat [36, Lemma 8.10].
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4.13. Definition. A Markov category C is balanced if the implication

f

g g

h h

Y Y

A

=

f

h h

Y Y

A

g =⇒

f

g g

h

Y X

A

=

f

h

Y X

A

g (4.23)

holds in C.

We now show that, as claimed, this property ensures that all idempotents are balanced,
a result that motivates its name.

4.14. Theorem. If a Markov category C is balanced, then every idempotent in C is
balanced.

Proof. Let e be any idempotent in C. In Equation (4.23), take f = g = h = e. Then the
antecedent of Implication (4.23) holds by the assumed e2 = e. Its consequent tells us that
e is a balanced idempotent.

4.15. Proposition. The Markov category Stoch is balanced.

Proof. For f : A → B, g : B → X, and h : X → Y , suppose that the antecedent of
Implication (4.23) holds. Let us assume A = I, meaning that f is a state. By point-
separability of Stoch (Definition 2.11), this assumption comes without loss of generality.

Fixing U ∈ ΣY , let us write H(x) := h(U |x) and consider the expectation value

E(b) :=

∫
x∈X

H(x) g(dx|b) (4.24)

for every b ∈ B. Then, by the strict convexity of x 7→ x2, we have∫
x∈X

H(x)2 g(dx|b) ≥ E(b)2 (4.25)

with equality if and only if H(x) = E(b) holds for g( |b)-almost all x. Evaluating the
antecedent of Implication (4.23) on the measurable set U × U gives∫

b∈B

∫
x1∈X

∫
x2∈X

H(x1)H(x2) g(dx1|b) g(dx2|b) f(db) =

∫
b∈B

∫
x∈X

H(x)2 g(dx|b) f(db),

(4.26)
or equivalently ∫

b∈B

(∫
x∈X

H(x)2 g(dx|b)− E(b)2
)
f(db) = 0. (4.27)
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Together with the established non-negativity of the integrand, it follows that this integrand
must vanish almost surely. By the above tightness condition, we hence conclude H(x) =
E(b) for g( |b)-almost all x and f -almost all b.

Equipped with this intermediate result, let us now turn towards proving the claim.
Since it is enough to prove the equality of two kernels with values in a product space on
products of measurable sets [12, Lemma 4.2], it suffices to show that for all W ∈ ΣX ,∫

b∈B

∫
x∈X

H(x) g(dx|b) g(W |b) f(db) =

∫
b∈B

∫
x∈W

H(x) g(dx|b) f(db), (4.28)

or equivalently ∫
b∈B

E(b) g(W |b) f(db) =

∫
b∈B

∫
x∈W

H(x) g(dx|b) f(db). (4.29)

Since H(x) equals E(b) for g( |b)-almost all x and f -almost all b, we can evaluate the
right-hand side to ∫

b∈B
E(b)

∫
x∈W

g(dx|b) f(db), (4.30)

and this proves Equation (4.29).

4.16. Corollary. Stoch, FinStoch,BorelStoch,TopStoch,TychStoch and CHausStoch are
balanced. Moreover, all idempotents in these categories are balanced.

Proof. As all of these Markov categories are Markov subcategories of Stoch, they are
balanced by Proposition 4.15. Using Theorem 4.14, we conclude that every idempotent in
Stoch is balanced.

An intriguing feature of balancedness is that this property of probabilistic uncertainty
is not shared by possibilistic uncertainty, as we recall in the following.

4.17. Example. [Non-balanced categories] In SetMulti and FinSetMulti, letting e be one
of the idempotents from Example 4.6 violates balancedness with f = g = h = e. The same
holds for the idempotent e from Example 4.7 in FinStoch±.

4.18. Split idempotents in Markov categories. The goal of this and the following
subsection is mainly to study splitting of idempotents in Markov categories and to find
criteria which guarantee that all (balanced) idempotents split. Recall first that a splitting
of a generic morphism e in a category is a factorization e = ι π such that π ι is the identity
morphism [4, Section 6.5]. Clearly, if e has such a splitting, then it is an idempotent, and
the splitting is unique up to unique isomorphism. In a Markov category, the types of
idempotents from Definition 4.2 are reflected in properties of a splitting as follows.
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4.19. Theorem. In a positive Markov category C, let e : X → X be an idempotent that
splits as e = ι π for π : X → T and ι : T → X.

(i) e is static if and only if ι is deterministic.23

(ii) e is strong if and only if π is deterministic.

(iii) e is balanced (without further assumptions).

Moreover, π is necessarily ι-a.s. deterministic.

Proof. Since π ι is the identity and thus deterministic, the positivity assumption on C
gives

ι

π

=

ι

T X

T

T X

T

(4.31)

(i) Using the assumption that ι is deterministic twice, we get

ι

π

ι

π

= ι

π

ι

π

ι

==

π

ι

ι

ι

π

(4.32)

and thus obtain that e is static.

Conversely, using Equation (4.31) and the assumption that e is static yields

ι

π

ι

π

=
ι

ππ

ι

=

ι

(4.33)

and the claim follows by canceling the epimorphism π at the bottom.

23The “if” part holds even without assuming that C is positive (as our proof shows).
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(ii) If π is deterministic, we calculate

ι

π

ι

π

=

π

ι

=

ι
π π

ιι

(4.34)

where the first step is by Equation (4.31) and the second is by assumption. Thus, e
is a strong idempotent.

Conversely, if e is strong, then we similarly get

=
ι

π

ι

π

=

π

ι ι

π π

ιι

(4.35)

and the claim follows by post-composing with π on both outputs, which cancels both
the monomorphisms ι at the top.

(iii) We apply Equation (4.31) twice to obtain

ι

π

ι

π

=

ι

π

ι

=

ι

π

ι

π

(4.36)

so that the claim follows by Proposition 4.9.

In order to show that π is ι-a.s. deterministic, we use that e is balanced together with
Proposition 4.9 to obtain

e

e

ι

π

=

π

=

ι
ιι

=e

e e

=

ι ι

πππ

(4.37)
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Post-composing with π ⊗ π cancels the two ι morphisms on top, and therefore π is e-a.s.
deterministic. Since we have ι = e ι by assumption and e ι ≪ e by Lemma 2.21, we
conclude that π is also ι-a.s. deterministic.

4.20. Example. Since the idempotents of Example 4.6 are not balanced although SetMulti
is positive, it follows that these idempotents do not split. Note that the first one of these
already lives in FinSetMulti.

4.21. Example. In any Markov category, a morphism of the form

f

X Y

X Y

(4.38)

is a strong idempotent by direct calculations. Under positivity, this idempotent is imme-
diately strong because it is defined in terms of a splitting across X (dashed line) with a
deterministic projection given by idX ⊗ delY .

4.22. Example. Let C be a representable positive Markov category. Then the composite
morphism δ samp : PX → PX is a static idempotent for every object X because δ is
deterministic and samp is its left inverse.

4.23. Example. Let C be a positive24 Markov category and p a morphism with a split
support. Then the composition of its support projection and injection

e := sip spp (4.39)

is a static idempotent, since spp sip = idS and sip is deterministic.

4.24. Supports and splittings of static idempotents. We now focus further on
the case of static idempotents and show that for them, splitting is closely related to
supports. In the following subsection, we will put these results to use in order to construct
splittings of more general idempotents under suitable additional assumptions.

4.25. Proposition. [Support and splitting of static idempotents] Let e be a static
idempotent in a positive Markov category. Then the following are equivalent:

(i) e is a split idempotent.

(ii) e has a split support.

(iii) e has a support.

Moreover, this equivalence is such that the split support gives the splitting via e = sie spe.

24The attentive reader may notice that the positivity assumption is redundant here by Footnote 23.
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Proof. We first show that (i) implies (ii). Suppose that e splits as e = ι π for π : X → T
and ι : T → X satisfying π ι = idT . We know from Theorem 4.19 that ι is a deterministic
split monomorphism. Furthermore, Lemma 2.21 gives e≫ e ι = ι and ι≫ ι π = e, so e
has a split support by Corollary 3.80.

The implication from (ii) to (iii) is precisely the statement of Lemma 3.72.
Finally, assume that the static idempotent e has a support with inclusion si : S → X

and let us prove that e splits. Since e =e id holds by definition of static idempotents,
we obtain e si = si by Lemma 3.9. The support factorization of Equation (3.3) reads as
e = si ê, and therefore also

si ê si = e si = si (4.40)

holds. Since si is a monomorphism, we get ê si = id, so that e = si ê is indeed a split
idempotent.

4.26. Example. If a morphism p has a split support, then sip spp is a static idempotent
by Example 4.23. Proposition 4.25 now allows us to conclude that this idempotent has
the same split support as p itself.

4.27. Corollary. Let C be a positive Markov category and let e : X → X be an arbitrary
morphism. Then the following are equivalent:

(i) e is a static idempotent that splits.

(ii) We have e = sip spp for some morphism p with a split support.

Proof. If e is a static idempotent that splits, then by Proposition 4.25 we have e = sie spe.
The other direction is Example 4.23.

We can apply this to obtain another characterization of split supports similar to
Lemma 3.75, but where the second condition only requires one direction of implication.

4.28. Theorem. [Split supports via static idempotents] Let C be a positive Markov
category and p : A→ X a morphism in C. Then the following are equivalent:

(i) p admits a split support.

(ii) There exists a split static idempotent e : X → X satisfying e p = p, and such that
for all f, g : W ⊗X → Y with arbitrary W and Y , we have

=⇒

Y

A

=

X

f

p

W

Y

A

X

g

p

W

Y

X

f

W

Y

X

g

W

e e
= (4.41)
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Proof. Assuming (i), take e := sip spp, which is a split static idempotent as in Example 4.23.
Then e p = p holds by the second equality in (3.101) and Implication (4.41) is a direct
consequence of Lemma 3.75.

Conversely, suppose that (ii) holds with a splitting given by e = ι π. By Lemma 2.31,
we have the absolute bicontinuity relation e = ι π ≈ ι. So if we can show that its left-hand
side e is absolutely bicontinuous to p, then p has a split support by Corollary 3.80, since ι
is indeed a deterministic split monomorphism (see Theorem 4.19).

To this end, note that e p ≪ e holds by Lemma 2.21, so that we get p ≪ e by the
assumed e p = p. To prove absolute continuity in the other direction, suppose that we
have f =p g and let us show that necessarily also f =e g holds. Using Implication (4.41)
and the fact that idW ⊗ π is an epimorphism, we get

Y

T

f

W

Y

T

g

W

ι ι
= (4.42)

By the second part of Lemma A.12, Equation (4.42) is equivalent to f =ι g, which directly
implies the desired f =e g by pre-composition with π. In conclusion, we thus have both
p≪ e and e≪ p, so that p has a split support by the above argument.

4.29. General conditions for the splitting of idempotents. We now turn to
the question of when general idempotents split in a Markov category, and we will derive
sufficient conditions in order for this to be the case. The resulting Theorem 4.32 is the
main result of this section. It implies in particular that all idempotents in BorelStoch
split (Corollary 4.34). As far as we know, this is an entirely new result which has not
been proven by measure-theoretic methods before, and we note in Theorem 4.35 that it
strengthens an existing result of Blackwell on idempotent Markov kernels.

To this end, we assume familiarity with the equalizer principle from Section 3.60 as
well as with the notion of observationally representable Markov category from Section A.14.
Roughly speaking, the latter postulates that one can distinguish between morphisms by
iterated sampling.

4.30. Lemma. Let e be a balanced idempotent in an observationally representable Markov
category C. Then we have e♯ e =e e

♯.

Proof. By the definition of observationally representable Markov categories and Proposi-
tion A.16, it suffices to show the desired equation for n independent samples of both sides,
i.e. post-composed with samp(n) defined in (A.23) for every natural number n. Since e♯ is
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deterministic and satisfies samp e♯ = e, we only need to show that

e

· · ·
=e

· · ·e e e e

n outputs n outputs

(4.43)

holds for any number of outputs n. This can be proven by induction. The case n = 1 just
expresses that e is idempotent. For the induction step, we compute

e e· · · e
e

e

· · · e
=

n+ 1 outputs

e e

e

e

· · · e
=e

e e· · · e

n+ 1 outputs

=e

where the second equation uses the induction assumption and the other steps follow from
the characterization of balanced idempotents in Proposition 4.9 (iii).

Splittings of balanced idempotents can be constructed as in the following lemma, which
plays a crucial role in the proof of the forthcoming Theorem 4.32.

4.31. Lemma. Let C be a positive and observationally representable Markov category. If
every static idempotent in C splits, then also every balanced idempotent in C splits.

Proof. Consider an arbitrary balanced idempotent e : X → X. Applying the distribution
functor to it gives Pe : PX → PX, which is also an idempotent by the functoriality of P
and idempotency of e:

(Pe) (Pe) = P (e e) = Pe. (4.44)

In particular, since Pe is a deterministic morphism by definition, it is both a static and
a strong idempotent. By assumption, we thus have a splitting Pe = ι π with π ι = idT .
Since Pe is static and strong, ι : T → PX and π : PX → T are both deterministic by
Theorem 4.19.

Let us now prove the following auxiliary equations:

samp ι π δ = e, (4.45)

samp ι = e samp ι, (4.46)

π δ = π e♯. (4.47)

The first one can be verified as

samp ι π δ = samp (Pe) δ = e samp δ = e, (4.48)
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where the first equation is by definition of ι and π, the second by naturality of samp and
the third by samp δ = idX . Equation (4.46) follows via

samp ι = samp (Pe) ι = e samp ι, (4.49)

where we first use ι = (Pe) ι and then the naturality of samp. Lastly, Equation (4.47) can
be derived similarly via

π δ = π (Pe) δ = π e♯, (4.50)

where we use π = π (Pe) and then (Pe) δ = e♯.
We now employ these facts to show that the composite morphism

T PX X PX Tι samp δ π (4.51)

is also a static idempotent. To this end, we compute

π

δ

samp

ι

π

δ

samp

=

π

δ
π

δ

ι

samp

e

=

π

e♯
π

δ

ι

samp

e

e
ι

(4.52)

where the first equality uses that both π and δ are deterministic as well as Equation (4.45),
and the second equality uses Equation (4.46), Equation (4.47). We can further reduce the
right-hand side to

=

π π

δ

samp

e

e♯

ι

=
π

δ

ι

samp

=

π π

δ

samp

δ

ι

(4.53)

where the first step is by Lemma 4.30, the second by Equation (4.46), Equation (4.47)
again, and the third by π and δ being deterministic. This proves that the composite
morphism is indeed a static idempotent.
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Therefore, by assumption, we have another splitting consisting of morphisms κ and ρ
with

π δ samp ι = κ ρ, ρ κ = id. (4.54)

Using Equation (4.45), we construct a splitting of the original idempotent e as

e = e e = samp ι π δ samp ι π δ = (samp ι κ) (ρ π δ). (4.55)

This is indeed a splitting since we have

(ρ π δ) (samp ι κ) = ρ (π δ samp ι)κ = ρ κ ρ κ = id, (4.56)

which concludes the proof.

Lemma 4.31 reduces the problem of splitting balanced idempotents to the problem
of splitting static idempotents. Fortunately, the equalizer principle from Section 3.60 is
an additional condition which guarantees that all static idempotents split. We therefore
obtain the following main result on idempotent splitting in Markov categories.

4.32. Theorem. Let C be a Markov category such that

(i) C is positive,

(ii) C is observationally representable, and

(iii) C satisfies the equalizer principle (Definition 3.61).

Then an idempotent in C splits if and only if it is balanced. In particular, if C is balanced
as well, then all idempotents split.

Proof. Every split idempotent in a positive Markov category is balanced by Theorem 4.19,
so we focus on showing that all balanced idempotents split.

By Lemma 4.31, it is enough to show that every static idempotent splits. To this end,
consider a static idempotent e : X → X and the equalizer in Cdet given by

T X PXι

δ

e♯

(4.57)

As our notation already suggests, the deterministic morphism ι will eventually be the
monomorphism part of a splitting of e.

Since e is a static idempotent, we have e =e id by definition. Because C is a.s.-
compatibly representable by Proposition A.18 and id♯ = δ, we can infer

e♯ =e δ. (4.58)

Using the equalizer principle, the a.s. equality of the parallel pair from diagram (4.57)
means that we have a factorization e = ι π for some π : X → T .
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To show that this provides the requisite splitting, we still need to prove π ι = idT . First
note that we have

ι π ι = e ι = samp e♯ ι = samp δ ι = ι. (4.59)

In order to conclude the proof, it is enough to argue that ι is a monomorphism in C.25

For this purpose, consider two arbitrary morphisms f and g satisfying ι f = ι g. By
Equation (4.59), Lemma 2.21, we have ι f = e ι f ≪ e. Combining this absolute continuity
relation with Equation (4.58) yields e♯ =ιf δ. The equalizer principle thus says that the
factorization of ι f across ι is unique. Therefore ι f = ι g implies f = g. Consequently, ι is
a monomorphism and thus Equation (4.59) implies the desired π ι = idT .

The last sentence of the theorem statement is now an immediate consequence of
Theorem 4.14.

Our main application of Theorem 4.32 is to BorelStoch, which we consider shortly.
Before that, it is instructive to note an example application in which not all idempotents
split due to the failure of balancedness.

4.33. Corollary. Every balanced idempotent in FinSetMulti splits, but not all idempotents
split.

Proof. FinSetMulti satisfies the assumptions of Theorem 4.32:

(i) It has conditionals [13, Proposition 16], and this implies positivity [12, Lemma 11.24].

(ii) It is observationally representable by Example A.20.

(iii) It satisfies the equalizer principle by Remark 3.62.

Hence the split idempotents in FinSetMulti are exactly the balanced idempotents. However,
by Example 4.20, there are non-balanced idempotents in FinSetMulti, so not all idempotents
split by Theorem 4.19.

We also already know that BorelStoch satisfies all of the relevant assumptions, so here
is our previously announced key result.

4.34. Corollary. Every idempotent in BorelStoch is balanced and splits.

Proof. BorelStoch is balanced (Proposition 4.15) and also satisfies the other hypotheses
of Theorem 4.32, since:

(i) It is positive ([12, Example 11.25]).

(ii) It is observationally representable (Example A.19).

(iii) It satisfies the equalizer principle (Proposition 3.64).

25It is clear that ι is a monomorphism in Cdet by virtue of being an equalizer, but this does not directly
imply that it is a monomorphism in C as well.
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In order to put this result into context, let us note that it strengthens the following
theorem due to Blackwell.

4.35. Theorem. [3, Theorem 7] Let e : X → X be an idempotent Markov kernel on a
standard Borel space X. Then there exists a partition

X = N ⊔
⊔
t∈T

Xt (4.60)

of X into measurable sets26 such that:

(i) e(Xt|x) = 1 for all x ∈ Xt and all t ∈ T .

(ii) The probability measure e( |x) is independent of x within each Xt.

(iii) e(N |x) = 0 for all x ∈ X.

The following reduction of this result to Corollary 4.34 amounts to translating the
existence of a splitting into measure-theoretic language.

Proof. By Corollary 4.34, we know that e can be split as e = ι π for some π : X → T
and ι : T → X with π ι = id. Consider the set of all x ∈ X for which π( |x) is a Dirac
delta measure, or equivalently for which

π(U |x)2 = π(U |x) (4.61)

holds for all U ∈ ΣT . Since ΣT is countably generated by T being standard Borel, this set
is itself measurable, so that we can define N to be its complement. Then because π is
ι-a.s. deterministic by Theorem 4.19, we have ι(N |t) = 0 for all t ∈ T .

If we now define
Xt :=

{
x ∈ X \N

∣∣ π( |x) = δt
}

(4.62)

for each t ∈ T , then it is straightforward to check that the required properties hold. Indeed,
for (i), we have for every x ∈ Xt,

e(Xt|x) =

∫
t′∈T

ι(Xt|t′) π(dt′|x) =

∫
t′∈T

ι(Xt|t′) δt(dt′) = ι(Xt|t) = 1, (4.63)

where the final step is due to π ι = idT . Property (ii) holds simply by the definition of Xt.
Finally, (iii) is immediate from ι(N |t) = 0 for all t.

26Note that “partition” here only means decomposition into a disjoint union of measurable sets, not
decomposition into a coproduct of measurable spaces. For example for e = id[0,1], this partition (unique
in this case) consists of all the singleton sets in [0, 1].
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4.36. Remark. It is worth emphasizing that Blackwell’s Theorem 4.35 does not imme-
diately imply that every idempotent splits, since T is merely an index set rather than
a standard Borel measurable space itself. It is in this sense that our Corollary 4.34 is
stronger than Blackwell’s theorem.

In the discrete case, however, Blackwell’s theorem can be interpreted as an idempotent
splitting:

4.37. Example. [Blackwell’s decomposition for stochastic maps] To gain better intuition
for the decomposition of Equation (4.60), as well as for the type classification of idempotents
in general, it may help to illustrate it for FinStoch using Markov chain terminology. In
these terms, the set T can be understood as the set of recurrent communication classes of
the transition kernel e. These classes are the non-empty sets C ⊆ X satisfying e(C|x) = 1
for all x ∈ C, and such that C is minimal with respect to this property. The recurrent
communication classes are mutually disjoint, and the complement of their union corresponds
to N in Equation (4.60), which is exactly the set of transient states.

Then the projection π of a splitting e = ι π acts on a state x as follows:

• If x ̸∈ N — meaning that x is recurrent — then π maps x deterministically to the
class containing x.

• If x ∈ N — meaning that x is transient — then π( |x) is arbitrary.

Given a class C as input, the inclusion ι samples an element from C according to a
full-support distribution which only depends on C itself. In particular, the restriction of e
to C is a stochastic matrix of rank one and full support.

These observations elucidate the first two items of Theorem 4.19 yet again differently:

• e is static if and only if ι is deterministic, which means that all recurrent communi-
cation classes are singletons.

• e is strong if and only if π is deterministic, which means that all states are recurrent
(or equivalently N = ∅).

Once again, however, in the general non-discrete case our result is stronger than
Blackwell’s.

4.38. Remark. Given that we have proven idempotent splitting for BorelStoch, the reader
may wonder whether idempotents split in Stoch in general. Here is what we know about
this at present.

First of all, it is unlikely that Stoch is representable: Stochdet does not correspond
to Meas since e.g. the deterministic states I → X on a measurable space X are exactly
the {0, 1}-valued probability measures, and these do not coincide with the points of X in
general. However, Stoch is still the Kleisli category of the Giry monad on Meas. This is a
weaker form of representability which has been studied in [31], where it was also shown
that a suitable notion of observationality still applies in this case [31, Theorem 9.1]. The
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question is thus whether the proof of Theorem 4.32 still goes through in such weaker
setting.

For Lemma 4.31, this does indeed seem to be the case. However, we do not know
whether a suitable formulation of the equalizer principle still holds, and therefore we do
not currently know whether the proof of Theorem 4.32 can be adapted accordingly.

In order to show how our Theorem 4.32 can also be applied fruitfully to other Markov
categories, let us derive a similar conclusion for another Markov category of interest.

4.39. Corollary. Every idempotent in CHausStoch is balanced and splits.

Proof. This follows by an application of Theorem 4.32, since:

(i) CHausStoch is positive, since even TychStoch is positive, of which CHausStoch is a
full Markov subcategory. The positivity of TychStoch follows because it is causal
(Example 3.21) and causality implies positivity [18, Theorem 2.24].

(ii) CHausStoch is observationally representable (Proposition A.22).

(iii) It satisfies the equalizer principle since even TychStoch does (Remark 3.62), of which
CHausStoch is a full Markov subcategory.

Finally, CHausStoch is also balanced (Corollary 4.16).

It is worth noting that Corollary 4.39 is essentially known: Hamana proved in [23,
Theorem 2.3] that every idempotent and Schwarz-positive unital map between unital C*-
algebras splits across another unital C*-algebra. In the special case where the C*-algebra
on which the idempotent is defined is commutative, this recovers Corollary 4.39 thanks to
probabilistic Gelfand duality [20].

4.40. Question. Do idempotents still split in TychStoch?

A quick look at the previous proof shows that the only missing ingredient here is to
prove the observational representability of TychStoch.

4.41. The Blackwell envelope. When not all idempotents split in a generic category
C, it is natural to consider the Karoubi envelope CK, which is the new category obtained
by formally splitting all idempotents. The Karoubi envelope of a symmetric monoidal
category can also be made symmetric monoidal in a canonical way. However, if C is a
Markov category, there does not seem to be any obvious way to turn CK into a Markov
category as well. This works only if one restricts idempotents used to construct CK to the
balanced idempotents. In this way, we indeed get a new Markov category which we call
the Blackwell envelope of C.

Let us recall the definition of the Karoubi envelope first, also known as idempotent
completion.
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4.42. Definition. [e.g. [4, Section 6.5]] For any category C, its Karoubi envelope CK

is the category where:

• Objects are pairs (X, eX) with X ∈ C and eX : X → X an idempotent.

• Morphisms f : (X, eX)→ (Y, eY ) are morphisms X → Y in C satisfying f eX = f =
eY f .

In order to move closer to Markov categories, let us consider symmetric monoidal
structure next.

4.43. Proposition. [e.g. [4, Proposition 6.5.9]] Let C be a symmetric monoidal category.
Then its Karoubi envelope CK inherits a canonical symmetric monoidal structure.

Sketch of Proof. Every functor between categories F : C→ D has a natural extension
to the Karoubi envelopes FK : CK → DK given by

FK(X, eX) :=
(
F (X), F (eX)

)
, FK(f) := F (f). (4.64)

Likewise, any natural transformation η : F ⇒ G induces a natural transformation ηK : FK ⇒ GK

with components27

ηK(X,eX) := G(eX) ηX F (eX). (4.65)

Therefore, via the obvious definition (X, eX)⊗ (Y, eY ) := (X ⊗ Y, eX ⊗ eY ), we can choose
the expected associators, unitors and swap morphisms, and get the desired result.

Interestingly, there does not seem to be a canonical way to make the Karoubi envelope
of a Markov category into a Markov category. However, the following modified construction
works.

4.44. Definition. If C is a Markov category, its Blackwell envelope CB is the full sub-
category of CK whose objects are given by pairs (X, eX) where eX is a balanced idempotent.

We name this construction after Blackwell in honor of his Theorem 4.35, which was
arguably the first result in the direction of idempotent splitting in measure-theoretic
probability.

4.45. Proposition. Let C be a Markov category. Then its Blackwell envelope CB inherits
a canonical Markov category structure.

Proof. It is straightforward to see that if eX and eY are balanced idempotents, then
so is eX ⊗ eY . Also idI is trivially a balanced idempotent. Through Proposition 4.43,
CB therefore becomes a symmetric monoidal category. It is obvious that it is again
semicartesian.

27Note that, since η is natural, we have ηK(X,e) = ηX F (e) = G(e) ηX .
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Define now the copy morphism on an object (X, eX) to be given by

:=
eX

eX eX
copy(X,eX)

X

X X

(4.66)

Then all relevant properties are trivial except for the associativity of copy, which follows
from the assumption that eX is balanced.

In particular, if every idempotent in C is balanced, then the Karoubi envelope coincides
with the Blackwell envelope and is thus a Markov category. For example, this happens by
Theorem 4.14 as soon as C is balanced, which we already noted to be the case in standard
probabilistic settings.

4.46. Remark. It is difficult to argue that CK cannot be a Markov category in general,
since there could be many different ways of defining copy morphisms in general, even if one
additionally requires the canonical inclusion C→ CK to be a Markov functor. However,
what we can say is that there is no way to achieve this for C = SetMulti if one also wants
CK to be a positive Markov category.

The reason is that if there was a positive Markov category structure on CK, then by
Theorem 4.19 every idempotent in CK would be balanced. But with the inclusion C→ CK

being assumed a Markov functor, this would imply that every idempotent in C is balanced.
But this is not the case for C = SetMulti by Example 4.6.

Finally, we study the relationship between the Blackwell envelope and the causality
axiom.

4.47. Lemma. Let C be a Markov category, and consider morphisms

p : (X, eX)→ (Y, eY ), f, g : (Y, eY )→ (Z, eZ)

in its Blackwell envelope CB. Then f =p g holds if and only if the same is true for the
corresponding morphisms in C.

Proof. In C, we have

eY

=
eY

p

f

p

f

eY eY eY

X

Z Y

X

Z Y

=

p

f

X

Z Y

(4.67)
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because eY is a balanced idempotent by assumption. The analogous equations hold for g in
place of f . Recalling the definition of the copy morphisms in CB as given in Equation (4.66),
the result follows.

4.48. Proposition. A Markov category C is causal if and only if its Blackwell envelope
CB is causal.

Proof. Since C is a Markov subcategory of CB, it is obvious that whenever CB is causal,
then the same is true for C. To prove the converse, we use the characterization of causality
from Lemma A.11.

Consider morphisms

f : (A, eA)→ (X, eX),

g : (X, eX)→ (Y, eY ),

h1, h2 : (Y, eY )→ (Z, eZ),

(4.68)

all in the Markov category CB. By Lemma 4.47, if h1 =gf h2 holds, then the same is true in
C, so that we obtain h1 g =f h2 g in C by Lemma A.11. Another application of Lemma 4.47
ensures that this holds also in CB. In conclusion, CB is thus causal by Lemma A.11.

A. Background on Markov categories

A.1. Some basics.

A.2. Definition. Consider a symmetric monoidal category C in which every object X ∈ C
comes equipped with a copy morphism copyX : X → X ⊗X and a discard morphism
delX : X → I, where I is the monoidal unit, written in string diagram form as

X X

X

copyX

X

delX= = (A.1)

Then C is a Markov category if:

(i) The triple (X, copyX , delX) is a commutative comonoid for every object X.

(ii) Every morphism f : X → Y satisfies delY f = delX .

(iii) The copying of X ⊗ Y is obtained by the copying of X and Y in a natural way:

X ⊗ Y

=

X ⊗ Y

X ⊗ Y

X Y X Y

X Y

(A.2)

It follows that the monoidal unit I is terminal, meaning that C is a semicartesian
monoidal category [12, Remark 2.3].
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A.3. Definition. Let C be a Markov category. A Markov subcategory D ⊆ C is a
symmetric monoidal subcategory that is a Markov category with respect to the same copy
and discard morphisms as C.

A.4. Example. Here we list some important examples of Markov categories. More details
can be found in [12].

(i) FinStoch, the category with finite sets as objects and stochastic matrices as morphisms.
Its variant FinStoch± is defined the same way, but allows negative entries in the
matrices.

(ii) Stoch, the category of all measurable spaces with measurable Markov kernels.

(iii) BorelStoch, the category of standard Borel measurable spaces with measurable
Markov kernels.

(iv) SetMulti, the category of sets and multivalued functions, where a morphism X → Y
is a function from X to the power set 2Y such that each f(x) is non-empty. We
write FinSetMulti for the full subcategory whose objects are finite sets.

(v) For a cartesian category D and an affine symmetric monoidal monad P on D, the
associated Kleisli category Kl(P ) is a Markov category.

For instance, the Giry monad on the category of measurable spaces Meas gives rise
to Stoch, the Giry monad on the category of standard Borel spaces BorelMeas to
BorelStoch, and the non-empty power set monad on Set produces SetMulti. See [19,
Section 3] for more details.

A.5. Example. Expanding on (v), another example of an affine symmetric monoidal
monad on a cartesian category is the probability monad on Top. It is given by taking
τ -smooth Borel measures on topological spaces [17, Section 4]. We denote the resulting
Kleisli category by TopStoch, which is equivalently the category of topological spaces and
continuous Markov kernels, where the continuity is with respect to the A-topology on
measures. In particular, a Markov kernel p : A→ X is continuous if and only if the map
a 7→ p(U |a) is lower semi-continuous for every open U ⊆ X.

The resulting monad can be restricted to Tychonoff (meaning T31/2) spaces, which
include all metric spaces and compact Hausdorff spaces. In this case, the topology on each
space of probability measures can be equivalently taken to be the weak topology induced
by the integration maps against continuous functions [1]. We call the resulting Kleisli
category TychStoch.

If we restrict the monad further to compact Hausdorff spaces, we obtain the so-called
Radon monad [44]. Its Kleisli category, which we denote by CHausStoch, can equivalently
be seen as the opposite of the category of commutative unital C*-algebras and positive
unital maps, a generalization of the usual Gelfand duality to the stochastic case (see [20]
and [35] for details).

Another central definition is the one of deterministic morphism.
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A.6. Definition. A morphism f : X → Y is deterministic if it satisfies

f

f f
=

X X

Y Y Y Y

(A.3)

The deterministic morphisms form a cartesian monoidal subcategory Cdet ⊆ C [12,
Remark 10.13].

A.7. Example. The deterministic morphisms in TychStoch are precisely the ones coming
from continuous functions. They are continuous Markov kernels taking values in {0, 1}-
valued τ -smooth probability measures, and these correspond to the points by sobriety (see
[32, Appendix A] and [31, Section 6] for additional context).

Throughout this work, we use several properties of Markov categories that have been
studied extensively in other works and so we do not go into much detail here. Specifically,
these are positivity [12, Definition 11.22], representability [19, Definition 3.10] and
causality [12, Definition 11.31]. The causality axiom states that

=gfh1

Y

Z

h2

Y

=⇒ =f

Z

h1

g

X

h2

g

X

Y YZ
Z

(A.4)

holds for any morphisms f : A → X, g : X → Y and h1, h2 : Y → Z, where we use a.s.
equality (Definition 2.2). If h1, h2 : W ⊗ Y → Z with an extra input W instead, then in a
causal Markov category, we also have

=gf

Y

=⇒ =f

Z

g

X

Y

W

h1

Z

YW

h2

Z
h1

W

Z

g

X

Y

h2

W

(A.5)

Indeed by Lemma 2.4, this is an instance of causality with idW ⊗ f and idW ⊗ g in place
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of f and g. By expanding the a.s. equalities, this implication can be expressed as

=

Y

A

h1

f

W

g

Y

A

h2

f

W

g
=

Y

A

X

h1

f

W

g=⇒

Y

A

X

h2

f

W

g

Z Z Z Z

(A.6)

We also use a terminology for functors that play nicely with the Markov category
structure.

A.8. Definition. [12, Definition 10.14] Let C and D be Markov categories. Then a
Markov functor F : C→ D is a strong symmetric monoidal functor making the diagram

FX

FX ⊗D FX F (X ⊗C X)

copyFX F (copyX)

∼=

(A.7)

commute for every X ∈ C, where the horizontal arrow is the coherence isomorphism of F .
A strict Markov functor is a Markov functor that is strict as a monoidal functor.

Hence a strict Markov functor preserves the copy morphisms on the nose, while a
general Markov functor need not. Note also that the preservation of the discard morphisms
is automatic as the monoidal units are terminal.

A.9. Some auxiliary results on almost sure equality. Here, we prove several
basic properties of almost sure equality as defined in Definition 2.2. One should keep in
mind that this definition applies more broadly than the one from previous papers [12,
Definition 13.1] due to the extra input wire.

A.10. Proposition.With p, f and g as in Definition 2.2, we have the following properties
of almost sure equality:

(i) If f =p g holds, then also h f =p h g holds for any h, i.e. we have

=

f

p

g

p

=
f

p

g

p

=⇒

h h

Y X

W A

Y X

W A

Y X

W A

Y X

W A

(A.8)
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(ii) If h f =p k f and f =p g hold, then also h g =p k g holds.

(iii) If f =p f
′ and g =q g

′ hold, then also f ⊗ g =p⊗q f
′ ⊗ g′ holds.

(iv) f =p g holds for p : A→ X if and only if

=p
f g

W X

Y W X

W X

Y W X

(A.9)

does.

(v) If p is deterministic, then f =p g is equivalent to

f

p

Y

W A

=
g

p

Y

W A

(A.10)

Proof.

(i): This follows directly from the definition.

(ii): This follows by two applications of property (i): h g =p h f =p k f =p k g.

(iii): By Lemma 2.4, we can restrict to morphisms f and g with W equal to the unit I.
Then the statement follows via:

q

=

p

f g

qp

f g
=

qp

f ′ g′

qp

f ′ g′

=

Y X

BA

Z V Y X

BA

Z V Y X

BA

Z V Y X

BA

Z V

(A.11)

(iv): Once again by Lemma 2.4, we can restrict to morphisms without extra inputs. In
such case we can use the manipulations

f

p

=

f

p

=

g

p

g

p

=

X X X X

X X X XX X X XY Y Y Y

(A.12)
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to prove the claim.

(v): This is analogous to [12, Lemma 15.5].

A.11. Lemma. Let C be a Markov category. Then C is causal if and only if for all
f : A→ X and g : X → Y and h1, h2 : Y → Z, we have

=

Z

A

Y

h1

f

g
=

Z

A

h1

f

g

X

=⇒

Z

A

Y

h2

f

g

Z

A

h2

f

g

X

(A.13)

Proof. If C is causal, we conclude by discarding the middle output in the consequent of
causality, as on the right of Implication (A.6) with W = I.

Conversely, assume that Implication (A.13) holds. The antecedent of the defining
implication of causality, h1 =gf h2, is equivalent to

=gf
h1

Z

h2

Y Y

Y YZ

(A.14)

by Proposition A.10 (iv), so that applying Implication (A.13) yields the required

=f

Z

h1

g

X

h2

g

X

Y YZ

(A.15)

which entails causality of C.

A.12. Lemma. In an arbitrary Markov category, let us consider a morphism p : A→ T
and a deterministic split monomorphism ι : T → X with left inverse π. Then we have

=ιp

Y

X

f1

W

π

Y

X

g1

W

π
⇐⇒

Y

f1

W

=p

T

Y

g1

W T

(A.16)



1672 FRITZ, GONDA, LORENZIN, PERRONE, AND STEIN

and

=p

Y

T

f2

W

ι

Y

T

g2

W

ι
⇐⇒

Y

f2

W

=ιp

X

Y

g2

W X

(A.17)

for any choice of morphisms f1, g1 : W ⊗ T → Y and f2, g2 : W ⊗X → Y .

Proof. We prove the equivalence (A.16) by rewriting the right-hand side. Specifically, by
using the fact that ι is deterministic and satisfies π ι = id, it is equivalent to

=

Y

A

X

f1

p

W

ι

Y

A

X

g1

p

W

ι

(A.18)

This equality follows from f1 =p g1 by post-composing with ι on the right. For the converse
implication, we post-compose with π on the right.

Showing the equivalence (A.17) works similarly. Post-composing the left-hand side with
ι on the right gives the right-hand side since ι is deterministic. The converse implication
is obtained by post-composing with π on the right.

Let f : A→ X ⊗ Y be a morphism in a Markov category C. Then a conditional of f
given X is a morphism f|X : X ⊗ A→ Y which satisfies [12, Definition 11.5]

=f

X Y

A

f

f|X

YX

A

(A.19)

The following observation generalizes [12, Proposition 13.7].

A.13. Lemma. [Almost sure uniqueness of conditionals] If f
(1)
|X and f

(2)
|X are two morphisms

satisfying Equation (A.19), then we have the almost sure equality

f
(1)
|X =b f

(2)
|X , (A.20)

where b : A→ X ⊗ A denotes the dashed box in Equation (A.19).

Thus we can think of the conditional f|X as being defined uniquely up to b-a.s. equality.
In particular, if A is the monoidal unit I, then the lemma says that the conditional
distribution f|X is fX-almost surely unique.
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Proof. Let us use first the definition of b, then properties of copying, and finally the
definition of conditionals to write

b

f
(1)
|X

=

A

f

f
(1)
|X

= f

Y X A

A

=

Y X AY X

A
A

f

f
(1)
|X

Y X AA

(A.21)

which notably only involves f and not the choice of its conditional f
(1)
|X . Since we can do

the same for f
(2)
|X , the desired Equation (A.20) follows.

A.14. Observationally representable Markov categories. In a representable
Markov category C [19], every object X comes equipped with a sampling morphism
sampX : PX → X, and for each morphism p : A→ X there is a deterministic morphism
p♯ : A→ PX such that we have samp p♯ = p. These establish a natural bijection

C(A,X) ∼= Cdet(A,PX) (A.22)

given by p 7→ p♯ from left to right and by post-composition with sampX (often denoted by
samp further on) from right to left.

In particular, the sampling morphism is a split epi with right inverse given by (idX)♯,
which is nothing but δX : X → PX. Moreover, samp is not monic, unless C is cartesian, in
which case P is isomorphic to the identity functor. Nevertheless, in standard probability
theory it is the case that any two distinct probability measures can be distinguished by
iterated sampling.28 In a Markov category, collecting n independent samples amounts to
composition with the morphism

samp samp

PX

X X

· · ·

n outputs

samp(n)

PX

Xn

:= (A.23)

where Xn denotes the n-fold tensor product of objects identical to X. In this section, we
investigate what happens when these morphisms are jointly monic. This means that if two

28For the intuition behind this statement, note that by the strong law of large numbers, the relative
frequency of an event in a sequence of samples approaches its actual probability almost surely.
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morphisms f , g satisfy samp(n)f = samp(n)g for all n ∈ N, then f = g holds. Our claim is
that this cancellation property extends automatically to almost sure equality classes. This
is a consequence of the following observation.

A.15. Lemma. Let C be a representable Markov category. Then the multiplication map

∇ : PX ⊗ PY P (PX ⊗ PY ) P (X ⊗ Y )
δPX⊗PY P (sampX⊗sampY )

is a split monomorphism, with left inverse given by

∆ : P (X ⊗ Y ) P (X ⊗ Y )⊗ P (X ⊗ Y ) PX ⊗ PY,
copyP (X⊗Y ) P (π1)⊗P (π2)

where
π1 := idX ⊗ delY , π2 := delX ⊗ idY

are the two projections.

See also [14, Proposition 3.4] for more general context.

Proof. Since both the morphisms making up ∇ are deterministic, we have

∆∇ = (f1 ⊗ f2) copyPX⊗PY , (A.24)

where f1 is given by the topmost composite in

P (X ⊗ Y )

P (PX ⊗ PY ) PX

PX ⊗ PY PPX

PX

P (π1)P (sampX⊗ sampY )

P (idPX⊗delPY )δPX⊗PY

idPX⊗delPY

P (sampX)

δPX

idPX

(A.25)

and similarly for f2. The top parallelogram commutes by the definition of π1, functoriality
of P and terminality of the monoidal unit I. The left parallelogram commutes by
the naturality of δ against deterministic morphisms [19, Proposition 3.14], while the
bottom right triangle by the fact that (P, P samp, δ) forms a monad on Cdet. Hence the
commutativity of the diagram shows f1 = idPX ⊗ delPY .

Similarly we can show f2 = delPX ⊗ idPY , so that we indeed have ∆∇ = idPX⊗PY as
required.
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Note that the left inverse P (X ⊗ Y )→ PX ⊗ PY acts on Kleisli morphisms out of I
as the map which takes a joint state to the product of its marginals:

p

X Y

7→
p

X

p

Y

(A.26)

A.16. Proposition. Let C be a representable Markov category. Then the following are
equivalent:

(i) For every object X, the morphisms (samp
(n)
X )n∈N are jointly monic.

(ii) For all objects X and Y , the morphisms (samp
(n)
X )n∈N ⊗ idY are jointly monic.

(iii) For every object X, the morphisms (samp
(n)
X )n∈N are jointly monic modulo a.s.

equality: for any morphisms p : A→ B and f, g : B → PX, we have

samp
(n)
X f =p samp

(n)
X g ∀n ∈ N =⇒ f =p g. (A.27)

Proof. The implications from (ii) to (iii) and from (iii) to (i) are immediate.
We therefore focus on proving that (i) implies (ii). For ease of notation, we omit the

subscript X from sampX . We thus assume that the (samp(n))n∈N are jointly monic, and
consider two parallel morphisms f, g : A→ PX ⊗ Y satisfying

samp
· · ·

samp

A

f

YX

samp
· · ·

samp

A

g

=

X YXX

(A.28)

We consider the following equalities:

∇

samp · · · samp

=

· · ·∇ ∇

samp samp

A

X ⊗ Y

=

· · ·

samp

samp

X Y

samp

samp

X ⊗ Y X ⊗ Y X ⊗ Y X Y

δ

f

A

δ

f

A

δ

f

(A.29)
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The first step holds because the multiplication map ∇ is deterministic. The second step
uses an instance of

h = samph♯ where h♯ := (Ph) δV , (A.30)

which holds for any morphism h : V → W in a representable Markov category. In
particular, we use it for h given by sampX ⊗ sampY : PX ⊗PY → X ⊗Y , since ∇ is equal
to (sampX ⊗ sampY )♯ by definition.

Since δY is deterministic and has sampY as left inverse, the right-hand side is equal to

samp

· · ·
samp

· · ·

· · ·
YX YX

A

f

(A.31)

Note that using the assumed Equation (A.28), we can replace f by g in Diagram (A.31).
Following the same steps backwards then shows that the left-hand side of Equation (A.29)
coincides with the same expression with g instead of f . By assumption, the morphisms in
(samp(n))n∈N are jointly monic, and by Lemma A.15, ∇ is also a monomorphism, so that
we get

PX PY PYPX

=

A

δ

f

A

δ

g (A.32)

and applying sampY to the right output gives f = g. This concludes the proof of Property
(ii) provided that Property (i) holds.

A.17. Definition. A representable Markov category is observationally representable
if it satisfies the equivalent conditions of Proposition A.16.

The terminology follows that of [31, Definition 6.1], which is based on the idea that
repeated sampling amounts to a sequence of observations. From [19], recall that we call a
representable Markov category a.s.-compatibly representable if the bijections (A.22)
respect almost sure equality.

A.18. Proposition. Every observationally representable Markov category is a.s.-compatibly
representable.
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Proof. Consider f, g : X → Y with f =p g. Then we have

f · · ·
=

fsamp samp

Y Y

· · ·

f ♯

X X

Y Y

=p

g · · · g

X

Y Y

=

samp samp

Y Y

· · ·

g♯

X

(A.33)

where the middle equality follows directly from the assumed f =p g via [12, Lemma 13.5].
The other two equations hold because f ♯ is deterministic and satisfies Equation (A.30) by
representability. By observational representability, we obtain f ♯ =p g

♯, which concludes
the proof of a.s.-compatible representability.

A.19. Example. BorelStoch is observationally representable. Indeed, [31, Theorem 9.1]
shows that (even on all of Stoch) the family (samp(n))n∈N is jointly monic.

A.20. Example. FinSetMulti is observationally representable. Indeed, FinSetMulti is
representable since it is the Kleisli category of the non-empty powerset monad on FinSet,
which is its deterministic subcategory. The sampling morphism samp : PX → X is given
by the multivalued function mapping every non-empty subset of X to its elements. The
observationality is now the special case of [31, Theorem 9.4] for finite discrete spaces.

A.21. Example. SetMulti is not observationally representable. The functor X 7→ PX
forms the set of all nonempty subsets of X, including infinite ones. A SetMulti state
I → PX is then a set of subsets of X. We now define two distinct states p, q : I → PX
which will be the same after composing with samp(n) for any n ∈ N. To this end, let
p := PX be the set of all nonempty subsets of X itself, and let q ⊆ PX be the set
of all finite nonempty subsets of X. Assuming that X is infinite, these two states are
trivially distinct. Composing any state with samp(n) : PX → Xn produces the set of
sequences (x1, . . . , xn) for which there is a set that contains all the xi and belongs to the
state. Therefore both samp(n) p and samp(n) q are the set of all n-element sequences from
X. It follows that the maps samp(n) cannot distinguish between p and q. Intuitively, the
part where they differ — namely the infinite subsets of X — is not detectable by finitary
sampling.

A.22. Proposition. CHausStoch is observationally representable.

Proof. By point separability, it is enough to test the conditions of Proposition A.16
on states. We will apply [31, Lemma 6.6] (see also the proof of Theorem 9.1 therein
for context). For X a compact Hausdorff space, PX is the space of Radon probability
measures on X equipped with the topology of weak convergence, which is the weakest
topology making the integration map

εf : PX [0, 1]

p
∫
f dp

εf
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continuous for every continuous map f : X → [0, 1]. In order to prove observationality, by
the mentioned [31, Lemma 6.6] it suffices to show that two probability measures µ and ν
on PX (i.e. in PPX) are equal whenever they give the same integral on finite products of
the integration maps, ∫

PX

εf1 · · · εfndµ =

∫
PX

εf1 · · · εfndν, (A.34)

for f1, . . . , fn : X → [0, 1] continuous. Denote now by C(PX,R) the algebra of bounded
continuous functions PX → R and by S the unital subalgebra generated by the functions
εf for all continuous f : X → [0, 1]. Given that the integrals (A.34) are equal for all
continuous fi : X → [0, 1], and that the finite products of integration maps εf span S, we
can conclude that ∫

PX

h dµ =

∫
PX

h dν (A.35)

for all h ∈ S.
With C(PX,R) carrying the usual topology of uniform convergence, we can apply

the Stone–Weierstrass theorem (note that PX is compact Hausdorff too) to obtain that
S ⊆ C(PX,R) is dense. Indeed the subalgebra S separates the points of PX because the
εf generate the topology of PX, which is Hausdorff.

Finally, let g ∈ C(PX,R) and ε > 0 be arbitrary. Then by the density of S there is
h ∈ S with ∥g − h∥∞ < ε, which implies∣∣∣∣∫ g dµ−

∫
g dν

∣∣∣∣ =

∣∣∣∣∫ g dµ−
∫
h dµ+

∫
h dν −

∫
g dν

∣∣∣∣
≤

∫
|g(x)− h(x)|µ(dx) +

∫
|g(x)− h(x)| ν(dx)

≤ 2 ε.

(A.36)

Therefore µ and ν assign the same integral to each continuous function g : PX → R, and
so µ = ν by the Riesz–Markov representation theorem.

B. An isomorphism of measure spaces which does not preserve supports

B.1. Theorem. Let us denote the Lebesgue measure on the unit interval [0, 1] by λ[0,1]
and the normalized Lebesgue measure on the interval [0, 1 2] by 2λ[0,1/2].

x

pdf(x)

0 1
x

pdf(x)

0 1

Then there exists an isomorphism of measure spaces of type
(
[0, 1], λ[0,1]

)
→

(
[0, 1], 2λ[0,1/2]

)
.

In order to prove the theorem, we make use of the following lemma.
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B.2. Lemma. There is an isomorphism of measure spaces [0, 1] → [0, 1), where both
measurable spaces are equipped with the Lebesgue measure.

Proof of Lemma B.2. Denote by K ⊆ [0, 1] the countable subset{
1

n

∣∣∣∣ n ∈ N>0

}
=

{
1,

1

2
,
1

3
,
1

4
, . . .

}
.

Consider now the bijection b : K → K \ {1} given by

b

(
1

n

)
:=

1

n+ 1
. (B.1)

The map

x 7→

{
b(x) if x ∈ K,
x if x /∈ K

(B.2)

is now a measure-preserving isomorphism [0, 1] → [0, 1), since both measurability and
measure preservation follow from the fact that it differs from the identity at only countably
many points.

Proof of Theorem B.1. Let C ⊂ [0, 1] be the Cantor set, which is a closed but
uncountable subset of Lebesgue measure zero. Since every measurable subset of a standard
Borel space is itself standard Borel, and since by Kuratowski’s theorem all uncountable
standard Borel spaces are isomorphic, there exists a measurable isomorphism Φ0 : C →
(1 2, 1]. This becomes an isomorphism of measure spaces if we equip both C and (1 2, 1]
with the zero measure, or equivalently, if we consider C as a null set in ([0, 1], λ[0,1]) and
(1 2, 1] as a null set in

(
[0, 1], 2λ[0,1/2]

)
.

Consider now the complement [0, 1] \ C, which has Lebesgue measure 1. By construc-
tion of the Cantor set, its complement is a countable disjoint union of open intervals∐∞

n=0(an, an + ℓn), with 0 ≤ an < an + ℓn ≤ 1, and such that
∑∞

n=0 ℓn = 1. Now by
Lemma B.2, there is a measure-preserving isomorphism ψ0 : (a0, a0 + ℓ0)→ [0, ℓ0], as well
as a measure-preserving isomorphism

ψn : (an, an + ℓn) −→
(
ℓ0 + · · ·+ ℓn−1, ℓ0 + · · ·+ ℓn

]
for each n > 0. Since we have

[0, 1] = [0, ℓ0] ⊔
∞∐
n=1

(
ℓ0 + · · ·+ ℓn−1, ℓ0 + · · ·+ ℓn

]
, (B.3)

we obtain a measure-preserving isomorphism Φ1 : [0, 1] \ C → [0, 1] given by x 7→ ψn(x)
for all x ∈ (an, an + ℓn) and n ∈ N.

The map

Φ0 ⊔ Φ1 : [0, 1] = ([0, 1] \ C) ⊔ C −→
[
0, 1 2

]
⊔
(
1 2, 1

]
= [0, 1] (B.4)
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given by

x 7→

{
Φ0(x) if x ∈ C,
1
2

Φ1(x) if x /∈ C
(B.5)

is now an isomorphism between measure spaces
(
[0, 1], λ[0,1]

)
and

(
[0, 1], 2λ[0,1/2]

)
.
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