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COHERENCE FOR PSEUDO COMMUTATIVE 2-MONADS

DIEGO MANCO

ABSTRACT. We prove that the free algebra functor associated to a symmetric, pseudo
commutative 2-monad, from the underlying symmetric monoidal 2-category to the 2-
category of algebras and pseudo maps over the 2-monad can be enhanced to a multi-
functor. Furthermore, we prove that this multifunctor is pseudo symmetric. Our proof
implies coherence results for both symmetric and non-symmetric pseudo commutative
2-monads conjectured by Hyland and Power.

1. Introduction

In category theory, the theory of monads [H, EM, Kle, Lin] was developed as a way to
describe and study algebraic structures in the spirit of universal algebra, with a monad
having an associated category of algebras that we want to understand. Classical references
are [ML, BW, Str]. Several interesting enhancements have been proposed since they
appeared. On the one hand, one can consider monads 7': V—s) on a symmetric monoidal
closed category V. When the monad 7' is strong, it can be considered as a monoidal functor
in two ways. If these two ways agree, the monad is said to be commutative (equivalently
it is a symmetric monoidal monad) [Kock70, Kock71, Kock72]. Under mild conditions on
V and T [Kel, p. 349], [Kock71, p. 419], the category of T-algebras (and strict maps),
T-alg, is symmetric monoidal closed. Thus, in this case, one has internal homs, a tensor
product, and as a byproduct of this one has a multicategory structure which will be our
focus. On the other hand, one can consider an enrichment in Cat. which leads to the
concept of 2-monads [Lack02, BKP, Lack07]. In addition to strict algebras, 2-monads
also have pseudo algebras, and between these we can have strict maps and pseudo maps,
which are of special interest to us. We will call T-alg the category of algebras and pseudo
maps of a 2-monad T

By merging the previous points of view one is led to the definition of a strictly com-
mutative 2-monad over a 2-symmetric monoidal category. At least when T: Cat—Cat,
such a monad generates a symmetric monoidal 2-category T-algs [Kel]. However, to in-
clude some important examples of 2-monads T : Cat — Cat, such as the monad for
symmetric monoidal categories, and because usually one wants to focus in T-alg as op-
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posed to T-algs, Hyland and Power [HP] defined, after [Kel|, the concept of a strong,
pseudo commutative 2-monad on a monoidal 2-category T" : K —K. These are 2-monads
which are commutative only up to coherent isomorphisms in a precise sense. Just like
Hyland and Power in [HP], we will take C to be a 2-category with finite products to avoid
writing any associators, but we claim that what we do also holds for a general monoidal
2-category. On the one hand, when defining multilinear maps in the multicategory as-
sociated to a symmetric monoidal category one consider maps out of a product with a
fixed parenthesization. Our decision to not write associators reflects this implicit choice.
In a way, the multicategorical structure does not see the associators of the underlying
symmetric monoidal category, and we are interested mainly interested in the multicate-
gorical aspects of our results. On the other hand, we think writing associators wouldn’t
add anything to the proofs in the article. Among other things, it is proven in [HP] that
T-alg is a Cat-enriched multicategory, and that it is pseudo closed as a 2-category. In
the case that T satisfies the further condition of being symmetric, our first result is that
the free algebra construction T': K — T-alg preserves multilinear maps.

1.1. THEOREM. (Theorem 3.11) If 7" is a symmetric, pseudo commutative, strong 2-
monad, T: K —T-alg is a multifunctor.

When T is a symmetric, pseudo commutative, strong 2-monad, T-alg is a symmetric
Cat-enriched multicategory [HP]. The free algebra multifunctor 7' : K — T-alg is not
symmetric since it doesn’t preserve the action of the symmetric group on multilinear maps
by swapping inputs. However, we prove that it does so up to coherent isomorphisms.
Multifunctors with this property are called pseudo symmetric and they were defined by
Yau in his study of inverse K-theory [Yau24]. A coherence result for these was proven by
the author [Manc23]. So far, the only example in the literature of a pseudo symmetric
multifunctor is provided by Mandell’s inverse K-theory [Mand10, Yau24]. The following
is the main theorem in this paper.

1.2. THEOREM. (Theorem 4.19) If T' is a symmetric pseudo commutative strong 2-monad,
T: K—T-alg is a pseudo symmetric multifunctor.

Our proof implies a coherence result for pseudo commutative monads originally con-
jectured by Hyland and Power [HP, Theorem 4], even in the absence of symmetry as we
explain in Remark 4.14.

Our results apply to all of the following. Examples of 2-monads 7': Cat — Cat that
are symmetric pseudo commutative but not commutative include the monad for symmetric
monoidal categories, the monad for permutative categories, the monads associated to the
symmetric pseudo commutative operads defined in [CG, GMMO], and also considered
in [Yau26], chaotic Cat-operads [GMMO], and KZ 2-monads [Lo|, also known as lax
idempotent 2-monads, which include 2-monads whose algebras are categories equipped
with a given class of colimits (or limits). Examples of 2-monads that are not symmetric
but are pseudo commutative include the monad for braided stric monoidal categories,
which has two pseudocommutative structures, neither of which are symmetric [CG], as
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well as the operads in [CG, Theorem 4.4]. Although the main theorems don’t apply to
these, our proofs, and in particular Remark 4.14 do.

In their definition of the multiplicative equivariant K-theory multifunctor in [GMMO)]
the free algebra multifunctor for certain symmetric, pseudo commutative, strong 2-monads
is considered. Our result can be understood as a step towards proving that this version of
equivariant K-theory is pseudo symmetric and thus, preserves multiplicative structures in
the sense of [Manc23]. On the other hand, another multiplicative K-theory multifunctor
was defined by Yau in [Yau26], and our result can play a part in proving that these two
machines are equivalent. Notice that one could view our result as a coherence theorem
for pseudo symmetric monoidal 2-monads, so our result suggests the use of the underly-
ing multicategorical structure to express coherence results about general lax symmetric
monoidal functors or similar gadgets (where one relaxes symmetry). It is desirable to
have a graphic calculus for symmetric pseudo commutative 2-monads that also works for
pseudo and lax morphisms of symmetric monoidal 2-categories, our work can contribute
to this end.

Another work that uses multicategories as a set up for developing the theory of 2-
monads is [Sla]. In it, Slattery generalizes [Kock70, Kock71, Kock72] and [HP] to the
new context of strong and pseudo commutative relative pseudo monads. It is also worth
mentioning the work of Bourke which explores the question of when one can recover the
multicategorical structure in T-alg from a symmetric monoidal 2-categorical structure.
Specializing to the case T' : Cat — Cat, Bourke and Lack prove that T-alg is a skew
2-multicategory[BL20], and so it admits a skew monoidal 2-category structure [BL18]. In
the case that T: Cat — Cat is accessible, the multicategory structure in 7T-alg can be
seen to arise from a symmetric bicategorical structure on T-alg [B, BL20].

Outline: In Section 2, we define symmetric, pseudo commutative, strong 2-monads
T: —K following [HP] as well as the Cat-enriched multicategory T-alg. When T is sym-
metric we define T-alg as a symmetric Cat-enriched multicateogry. In Section 3 we extend
the free T-algebra 2-functor 7' : K—K to a non-symmetric multifunctor 7" : L —T-alg
. We finish by proving that this multifunctor 7" : K—T-alg is pseudo symmetric in Sec-
tion 4. The full definitions of pseudo symmetric Cat-enriched multifunctor and symmetric
Cat-enriched multicategory will be deferred to Appendix A.

2. Symmetric pseudo commutative 2-monads

We will prove a coherence result for symmetric, pseudo commutative 2-monads. We will
assume that K is a 2-category with finite products which we will denote by x, with 1
denoting the empty product in K. We do this following [HP] as a way of justifying our
suppression of the associators from our notation. However, we believe what we do to hold
as well in any monoidal 2-category. We will denote by p: 1 X ——1 and A\: — x1—1
the natural isomorphisms comming from the monoidal structure in K induced by products.

2.1. DEFINITION. [Kock70] Suppose that T': K —= K is a 2-functor. A strength t on T
is the data of a (strict) 2-natural transformation (see [JY21]) with source
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1k xT

Kx K 25 Kx K —2> K,

and target

KxK =K"= K.
The component of t at (A, B) € Ob(KC x K), will be denoted bytap: AxTB—T(AX B)

or just t when there is mo room for confusion. These data are required to satisfy the
following axioms:

o Unaity: the triangle

1><TA—>T1><A
\ lTA

commutes for all A € Ob(K).

e Associativity: the triangle

laXtp,c

AXBxTC —3 AxT(BxC)

\ ltA BxC
taxB,C

T(Ax B x ()

commutes for every A, B € Ob(K).
In this case we say that T: K —IC is strong with strength t.

2.2. REMARK. Suppose that (7,7, p,t) is a strong 2-monad. The following notation
is introduced in [HP]. For n > 2, t? will denote the natural isomorphism having as
component at (A4i,...,A,) € Ob(K"), the 1-cell

n

tay,.,
A1X"'XAZ',1XTAZ'XAiJrlX"'XAn1—>

% r=]

A1X"'XAZ',1XAZ‘+1X"'XAnXTAi—t>T(A1X"'XAnXAZ’).

We will denote ¢4, 4, =t when there is no room for confusion. Notice that ¢ = t3. In
[HP], 2 is also called t*. We will write our arrows in terms of 3 and t3 when possible. We
notice that the associativity axiom implies that ' can be written in many ways using the
tk for k < n. For example, one can prove by induction that the ¢! Ay...A, can be written
as

1xty

Ay X oo X A g X TA; X Ajpp X oo X Ay ——— Ay x - X A X T(A; X -+ X Ay) L)T(A1><~~~><An),
or as

tax1

Ay X oo X Ay x TA; X Ajpr X - X Ay ——— T(Ap x - ><A7;)><A,;+1---><An%T(Alx---xAn).
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2.3. DEFINITION. Let (T,n, u,t) be a 2-monad with T: K—=K. That is, T is a strict 2-
functor and n, p are strict 2-natural transformations satisfying the usual triangle identities
(see [JY21]). We say that (T,n, p,t) is a strong 2-monad with strength t, if T: K —K
s strong with strength t as a 2-functor and n, i and t are compatible in the sense that,
for every A, B € Ob(K), the triangle

AXB&AXTB

xﬂ |

A x B)

commutes, as well as the square

A X T2B il s AxTB

]| [

T(AxTB) —5— T?(Ax B) —— T(A x B).

2.4. DEFINITION. [Kock70] A strong 2-monad (T, n, u,t) is called commutative when the
following diagram commutes for every A, B € Ob(K) :

TAxTB —% T(Ax TB) —25 T?(A x B)

tzl 2

2.5. REMARK. Suppose that (7,7, u,t) is a strong 2-monad. Then, T' can be regarded
as a monoidal 2-functor in two different ways. In each case, the unitary component is
given by n;: 1 —T1. The binary components are given by the two 1-cells that form the
boundary of the previous diagram. For each of these ways of seeing T as a monoidal
2-functor, n is a monoidal 2-natural transformation. It is proven in [Kock70] that T
is commutative if and only if 7" is a monoidal 2-monad (i.e., y is a monoidal 2-natural
transformation).

There are a lot of examples of strong 2-monads which are non-commutative, but
that are commutative up to coherent natural isomorphism, these are called pseudo com-
mutative monads and we will defined them next. The examples include the 2-monads
T: Cat — Cat given by the free construction for symmetric stric monoidal categories,
symmetric monoidal categories, categories with finite products, categories with finite co-
products, etc. A longer list is included in [HP]. More examples come from pseudo commu-
tative operads as defined by Corner and Gurski [CGJ, and featured in [GMMO, Yau26.
These are operads whose associated monads are pseudo commutative. Guillou, Merling,
May and Osorno [GMMO] prove that chaotic operads are pseudo commutative.
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2.6. DEFINITION. [HP, Def. 5] A strong 2-monad (T, n, u,t) is called pseudo commutative

with pseudocommutativity ' iof there exists an invertible modification with components, for
A,B e ObK) :

TAxTB —"— T(Ax TB) —25 T?(A x B)
t2l /FAB lﬂ

T(TAx B) —25 T*(Ax B) —“— T(A x B),

such that the following axioms are satisfied for all A, B,C objects of K. We will write T’
instead of I' 4 p when A and B are clear from the context.

1. Taxp,c o (taap X lrc) = taapxc © (1a x I'pe), i.e., the following pasting diagram
equality holds:

e
AXTBxTC 2% T(Ax ByxTC |r T(Ax BxC)

I
—_

AXTBxTC UIXFAXT(BXC)L)T(AXBXC).
—_—

2. Tapxco(lra X tape) =Taxpe o (tiap X 1re), i.e., the following equality holds:

1xt
TAXBXxTC —= TAxT(BxC) [r TAxBxCQC)
I
t1x1
TAXBXxTC —— T(AxB)xTC |r T(AxBxC).
-—

3. Tapxco(lraxtipe) =tiaxpco(Tapx1c), i.e., the following whiskering equality
holds:
1xty
TAXTBxC ———= TAXxT(BxC) [r T(AxBxC)

I
t
TAxTBxC  [rxt T(AxB)xC —— T(Ax B x ()
—_—

4. Tapo(naxlrg) is an identity 2-cell. That is, the following whiskering is an identity:
nx1
AxTB —— TAXTB |r T(AxB)
—_—

5. Tapo(lraxng) is an identity 2-cell, that is, the following whiskering is an identity:
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1xn
TAxB —— TAxTB |r T(Ax B).
I
6. The whiskering
nx1
T°AXxTB —— TAxTB |r T(Ax B)
B

15 equal to the pasting

T?°AxTB —" 5 T(TAx TB) 2 T%(A x TB) =25 T%(A x B)

tzl thg 2 <TF/ lTu
T(T?A x B) / TXATAx B) =% T3Ax B) —“5 T?(Ax B) (1)

] 2 ¥ |

7. The whiskering

—
TAxT?B —“ TAxTB |r T(Ax B)
—_—

15 equal to the pasting

TAxT?B —" 5 T(A x T?B) —25 T%(A x TB)

t2 {F/ H

2 2

T(TAxTB) —— T*(AxTB) —— T(AxTB)
Tt lTth Tt (2)

-

T*(TA x B) )/TF T3(A x B) —~— T%(A x B)

T2t Tu "

2 2

T3(A x B) — T*(A x B) —— T(A x B).

2
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2.7. REMARK. The fact that the source and target of the equal whiskering and pasting
diagrams in the previous list of axioms are the same follows from the definition of 2-strong
monad. In other words, the pseudo commutativity axioms don’t introduce new relations
among 1-cells.

The axioms are not independent as it is noted in [HP]. Any two of the axioms (1), (2),
and (3) implies the other, and symmetry (Definition 2.17) introduces further redundancies.

A modification is more than a mere collection of 2-cells (see [JY22]). For I' to be a
modification we need that given f: A— A’ and g: B— B’ in K, the following equality
of pasting diagrams holds:

TAxTB L9 par < 7B TAxTB L9 par < 7B
t1 ta
/ (et / \_4 / \ p— )\
T(A x TB) "% a4 « 7B T(TA' x B)  T(AxTB) T(TA x By — 2% T(TA x B
Tth Tt,gl # JTtl = Tle # JTtl JTH (3)
(A x By 29, 2405 By TXA x B)  TXAx B) T2(A x B) —=9, 1240« By
™ N N, A A
T(A X B) w T(Al X B() (A X B) W T(A, X Bl)

2.8. ExaMPLE. We will introduce an example so that our reader has something to com-
pare her intuitions with. Let T: Cat — Cat be the monad whose 2-category of algebras
is the category of symmetric monoidal categories. For a small category C, Ob(7T'C) consists
of finite sequences of elements of Ob(C'), including the empty sequence. The arrows of
this category are freely generated by symmetries of the form C

(Ao(1)0(2) - - - Ao(n)) — (@102 - .. ay)

for ay,...,a, € Ob(C), and o € %, together with maps of the form
(fi, s fu): (a1...an)—=(by...by)

for f;: a; —=b; an arrow of C for 1 < i <n. Thus, every arrow in TC is of the form

(o) ap(n)) 2 (an - . an) L0 by b)) T (bery - bagmy),

for n € N, 0,7 € ¥, and f; as before. We give TC the structure of a symmetric
monoidal category with symmetric monoidal product concatenation, and unit the empty
sequence. We make T into a 2-monad by defining n: C — T'C as sending a to (a),
and p: T?°C — T'C by erasing parentheses. This 2-monad is strong with respect to
the 2-natural transformation ¢t : A—=TB — T(A x B) which sends (a,b;...b,) to
((a,b1)(a,by) ... (a,by,)). Notice that this monad is not commutative (Definition 2.4). One
of the maps TA x TB—T(A x B) sends the pair (a; ...an,b; ...b,) to the sequence

((a1,b1)(a1,ba) ... (a1, bm)(az,by)(az, b2) ... (an, by)),
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while the other maps it to the sequence

((al, bl)(ag, bl) Ce (an, bl), (al, bg), (ag, bg), ceey (an, bm))

Clearly, the two maps are not equal, but they commute up to a natural isomorphism given
by a permutation. Furthermore the two permutations that exchange between one map
and the other are inverses of each other, which means that this monad is an example of
a symmetric pseudo commutative 2-monad, see Definition 2.17.

Following Blackwell, Kelly and Power [BKP], we define, for any 2-monad 7': K— K,
the 2-category T-Alg of T-algebras and pseudo morphisms.

2.9. DEFINITION. [BKP, Def. 1.2] Let (T,n,un) be a 2-monad. The 2-category T-Alg
has strict T-algebras as 0-cells. A 1-cell f between T-algebras (A,a: TA— A) and
(B,b: TB— B), also called a strong morphism of T-algebras in [JY22], consists of a
1-cell f: A— B in IKC, together with an invertible 2-cell

TA —— - TB
L f/ |
A—m— — B,
subject to the following axioms.
1. The equality of pasting diagrams
T?A —— T’B T?A —— T°’B
u l y | TP
TA-—sT1mB = TA-,TB

| 7o | o
holds.

2. The following pasting diagram equals the identity of f: A— B :

AL .p
nl n
TA L T
al ?/ b
A
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A 2-cell in T-Alg between 1-cells (f, f),(g,9): A—= B is a 2-cell a: f—=g in K such
that the following diagram commmutes:

Tf Tf
TA 1o > TB TA~ 7 TB
\T_/\[ ?

g

al / lb B ' / lb
g f

/N
A \E/ B A \algi% B.

Hyland and Power [HP] extend Blackwell, Kelly and Power’s construction to provide a
non symmetric Cat-multicategory whose underlying 2-category is T-Alg. When K = Cat
and T is accessible, Bourke proves [B, BL20] that the Cat-multicategory structure can
be seen to arise from a monoidal bicategory structure on T-alg. An example of this
is the monad for permutative categories, and the corresponding symmetric monoidal 2-
category structure on permutative categories is explicitly worked out in [GJO]. Guillou,
May, Merling and Osorno [GMMO)] specialize Hyland and Power’s definition to define a
multicategory O-Alg for O a pseudo commutative operad. We refer the reader to the
Appendix A for the definition of Cat-multicategory.

To be able to define the multicategory T-Alg, we first need to prove a coherence result.

2.10. DEFINITION. Suppose (T, n,u,t) is a pseudo commutative 2-monad, n > 2 and
1 <1< j <n. We define a modification from poTtjot; to ppoTt;ot; as follows. Suppose
A1, ..., A, objects of I, we define the component 2-cell of our modificiation in

(A x - x Ajmg xTA; X Ay X oo X Ajuy X TAj X Ajpg x -+ x Ay T(Ap x -+ X Ay))

i the following way. In principle there are various ways of doing this. Consider a
partition K of the symbols Ay,...,TA;, ..., TA;, ..., A, into 4 subsets Ky, Ko, K3, K4
obtained by placing 3 bars in between symbols such that Ky contains T A;, and K3 contains
TA;. We will represent K in the following way:

XlXTAlX|XTAJX’X
—— ~~ ~ ~ v N
K Ky K3 Ky

For such a partition K, we can define the 2-cell ng as the whiskering
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Ay X oo xTA; x -+ xTA; x -+ X A,

\I{:
X‘XTA1X|XTAJX’X
— '\ -~ NN — U

K1 Ko K3 Ky

Kol |K3|
1xt‘ Xt
— K" - \K1|\K2

XxT(XAlx) ( XA]X )X e X e

1xI'x1
(=)
"'X"‘XT("'XAiX"'XA]'X"'>X"‘X"'
———— ———
K1 Ky
Ly 41
T(A % - x Ay).

2.11. THEOREM. [HP, Thm. 5] Suppose (T, n, u,t,T") is a pseudo commutative 2-monad.
The three strength axioms imply that givenn > 2, and 1 <1 < 7 < n, any two partitions
K and K' as in Definition 2.10 induce the same 2-cell. That is,
K _ pK’
Ly =T

PROOF. Let K be a partition of Ay,...,TA;,...,TAj,..., A, as in Definition 2.10. The
following hold:

(i) If Ky ends by A,, for some p < i, and K’ is obtained from K by moving the first
bar one spot to the left, then I'Y; = FK by (1) in Definition 2.6.

(ii) If Ky ends by A,, for some p such that i < p < j, and K’ is obtained from K by
moving the second bar one spot to the left, then I'X; = 'K/ by (2) in Definition 2.6.

(iii) If K3 ends by A,, for some p > j, and K’ is obtained from K by moving the third
bar one spot to the left, then T'X, = TX by (3) in Definition 2.6.

Finally, let K’ be any partition as in Definition 2.10, then K’ can be obtained from the
partition
K=A x--xA_1 | xTA; x---x|TA; x---x A, |

by making some number of moves (i), (i) and (iii), and so I'X; = T'X]. o

2.12. DEFINITION. Let (T, n, p,t,T') be a pseudo commutative 2-monad, n > 2, 1 < i <
j<nandA,..., A, objects of K we define the unique 2-cell in the previous theorem as
I'; ;. That is, if K s any partition as in Definition 2.10, then I'; ; = I‘ZK]

2.13. REMARK. To save some space in the following definitions we will denote the product
Ay x -+ x A;_1 as A-;. When considering a product A; x --- x A, we will also write
As; = Ay x -+ x A, Notice also that the 2-cell I'; ; defined in the previous theorem fits
in the following diagram by the u axiom for strong monads in Definition 2.3:



1694 DIEGO MANCO

T(A; x TAj x A;j) U 24 % x A

/ ﬂr” \;

Ay xTA; x -+ xTA; x Ay T>T(A<1-XTAZ-><A>1-) T>T2(A1><--~><An) T>T(A1><~-><An).

Next, we define the Cat-multicategory T-alg, whose underlying 2-category is T-alg
from Definition 2.9. In Definition 2.14 we define the 2-cells of T-alg, in Definition 2.15
we define the 2-cells in T-alg, and in Definition 2.16 we define the composition in T-alg.

2.14. DEFINITION. [HP, Def. 10] Let (T,n,u,t,T') be a pseudo commutative 2-monad.
The n-ary 1-cells of the Cat-multicategory T-Alg are defined as follows. When n = 0,
and B is a T-algebra, we define the category T-Alg(—; B) as K(1, B).

Suppose that (A;,a;: TA;—=A;) for 1 <i<n and (B,b: TB— B) are T-algebras.
An n-ary 1-cell of T-alg, (A; X -+ x A,)—=B is the data of a 1-cellh: Ay x---x A,—=B
n IC, together with 2-cells h; for 1 <1 <n fitting in the square:

Ay x TA; x As; LN T(Ay x -+ x Ay) _Th o TR
1><ai><1l </h J{b
A1X"‘XAn B.

These data have to satisfy the following axioms.
e 1) axiom: The following pasting diagram is the identity of h: Ay X --- X A, — B.

A x Aix As;, —— B

e

Ay x TA; % Ay =" T(Ay x -+ x A,) —— TB (4)
lxaixll </m Jb
Ay x -+ x A, B.

h

e 1 axiom: The pasting diagrams

Aoy x T2A; x Ay —s T(Azy x TA; x Asy) —5 T2(A; x -+ x A,) 2ty 128

] P J

Ay X TA; X Aci t T(A % - x A) s ()
1><ai><1l /h Jb
A x - x A, B

and,
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Tt;

Ac X T?A; x Ay — T(Aci x TA; x Asy) —— T?(A; x -+ X Ay) T*h, 23

1><Tai><1l T(lxaixl)l Th lTb
£

Aci x TA; x Asy —2—s T(A; x -+ x A) o TB (6)
lxaixll 4’—/}h; lb
Al x - x A, - B
are equal.

e Coherence: For 1 < j, the pasting diagrams

A X TA; % -+ x TA; x Asj 5 T(Aey x TA; x Asj) —3% T2(Ay x - x Ay) 2 T(Ap x - x Ay)
1Xa3x1l T(lxajxl)l /Th l:rzh lTh

Ay x TA; x Asy — 5 T(A; X -+ x Ay) ™B—— " . TB (7)

\ in
lxalxl‘ / Th TB b
hi \

Al X - X An B

and,

T(A<J X TAJ X A>J)
I

t
A X TA; -+ x TA; x As; 5 T(Ac; x TA; x Asy) = THAp x - x Ay) — T(Ap x -+ x Ay)
1><a7¢xll T(lxa,xl)l % lTQh/ lTh (8)

Aoy xTA; x As; — 5 T(Ap x - x Ay) T°B “ TB

o

1><a]><lk M) TB b
hj \

A1 X e X An B

h

are equal.

2.15. DEFINITION. [HP, Def. 10] Let (T,n,pu,t,T") be a pseudo commutative 2-monad.
We define the 2-cells of T-alg. Suppose that (A;,a;: TA;—= A;) and (B,b: TB— B)
are T-algebras for 1 < i < n, and that (f,(f;)) and (g,{g:;)) are 1-cells in T-alg from
(A1,...,A,) to B. A 2-cell a: f—g in T-alg is the datum of a 2-cell in K of the form

AL X x A, Ja 2B,
\_/!

subject to the equality, for i < n, of the pasting diagrams
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A<Z'><TAZ‘XA>Z‘#>T(A1X"'XA“) LTB

1xa; x1 b (9)

fi
/f
g

and

Tf
/_\
Aci x TA; X Asy —— T(A; x -+ xX Ay) HM TB
1><ai><1l %\?9/ lb (10)
Al X o+ X An B.

Vertical composition of 2-cells in T-alg is given by vertical composition in K.

Next we define the v composition in T-alg.
2.16. DEFINITION. Let (T,n,u,t,I') be a pseudo commutative 2-monad. For (C,c) €
Ob(T-alg), n > 0, (B) = ((B},b;))"_; € Ob(T-alg)", k; > 0 for 1 < j <mn, and (A;) =

j=1
(A; 07, € Ob(T-alg)™ for 1 < j <n, we define

T-alg((B):C) x [ T-alg((A,): B;) —— T-alg((4):C)

as follows. Let (f, f;): Bi X --- x B, —=C and (gj,g5): Aj1 X -+ x Aj, —= B; 1-cells
of T-algebras. We define their v composition as the IC 1-cell

EX"’XE%le”'XBn%O

where A; denotes Hfil Aji. Any number between s with 1 < s < Z;L:1 k; can be uniquely
written as s = d+ ), ki where d < k;. We define v((g;), f)s as the pasting



COHERENCE FOR PSEUDO COMMUTATIVE 2-MONADS 1697

—_— —_— —_— —_ Ixajgx1 —_— —_—
ALX"'XAJ',1><A]‘}lX"'XTA]‘?dX"'XAj’kjXAjJFlX"'XAn%A1><"'><An

lxtdxll
A, N A . Ixg;x1
Ay x - xT(Aj) x -+ x A, Txgyax1 95
llegjxl

EX"'XTB]'X--'XTTL Ex...xB‘jx...xAn

1xbjx1

!]1><"'><1><"'><gnJ/ g1 XX 1X X g
_ - 1xb;x1
T(A; x -+ x A,) By x---xTBjx---xB, By x---x B,
\ t]i
T (g1 X Xgn)

T(By X --- x B,) / f
Tfl N
TC C.

c

The multilinear composition for 2-cells is defined in the following way. Suppose that
(f5 f5), and (f', f;) are multilinear 1-cells from (B, ..., By) to C, and (g, g;:), and (g}, g%;)
are multilinear 1-cells from (Ajy, ..., Ajx;) to By in T-alg. Suppose also that a: f— f',
and Bj: g; —=g; are 2-cells in T-alg. Then, the component 2-cell of y(c; By, ..., Bn) is
the pasting

[1g; f
—_—
—_— —_— ’\
Ay x - x A, B By x---x B, |« .
L % \H&lx X\_U]U/C
g;r

One can easily check that this composition is well defined.

Under an extra condition on 7', T-alg is a symmetric Cat-multicategory.
2.17. DEFINITION. A pseudo commutative 2-monad (T,n, u,t,T") is called symmetric if
for all A, B objects of IC, the following pasting diagram equals the identity of the 1-cell
TAxTB —2 T(A x TB) 25 T%(A x B) — T(A x B) :

TAxTB —2 T(Ax TB) 25 T2(A x B) —— T(A x B)

%l e e

TBxTA -2 T(BxTA) 25 T%(B x A) —— T(B x A)

%l e e

TAxTB —2 T(Ax TB) —25 T2(A x B) — T(A x B).

2.18. REMARK. As noted in [HP], this axiom introduces further redundancies in Defini-
tion 2.6. Under symmetry, and using the numenclature from Definition 2.6, the axioms
(1), (2), and (3) are equivalent, the conditions (4) and (5) are equivalent and the two
statements (7) and (6) are equivalent.

In general, for 1 < i < j < n we can define 2-cells I';; that are inverses to the I'; ;
from Theorem 2.11.
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2.19. DEFINITION. Let (T,n,u,t,T') be a pseudo commutative 2-monad and Ay, ..., A,
objects of K. Let K be a partition as in Definition 2.10. We define I';; as the whiskering

Ay x oo xTA; x - xTA; x -+ x A,

— J ———
Ky Ky K3 Ky
X|XTAJX|XTAZX‘X

—— ——
K1 K3 Ko Ky

llxtj—um Xbic gy = ag X L
XXT(XAZX)XT(XAJX)XX
K K.

1 4

1xI'x1
(=)

X XT(XAZXXA]X)XX
——
K1 K4

ltmm
T(xAlxxij)
1=
T(A; x -+ x A).

2.20. REMARK. Notice that I';; is independent of the partition by Theorem 2.11. The
symmetry axiom can thus be written as I'j 5 = F;i If we write I'; o: w—w’, then the
symmetry axiom takes the form

w

/11"172\ /w_j\
TAxTB —— T(A X B) = TAxTB | T(Ax B).

w

w

2.21. LEMMA. Let (T,n, u,t,T') be a symmetric, strong, pseudo commutative 2-monad.
Let 0 <i<j<mn. ThenI';; = F;jl.

We notice that since I' is invertible, the inverse pseudo commutativity 2-cells I'~!
satisfy analogous properties to those in Definition 2.6 satisfied by I'. When using these
properties we will refer the reader to Definition 2.6.

Next we define the symmetric Cat-multicategorical structure on T-alg for T" symmet-
ric. This is the definition of Hyland and Power [HP], which agrees with the one given in
[GMMO] for pseudo commutative operads.

2.22. DEFINITION. [HP, Prop. 18] Let (T, n, i1, t,T) be a symmetric, pseudo commutative
2-monad. We give T-alg the structrue of a symmetric Cat-multicategory by defining the
action of the symmetric group. For Aq,...,A,, B objects of IC, and o € ¥3,,, define

T-alg(As, ..., Ap; B) —== T-alg(Asqr), - - - Aen); B),
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in the following way. If (h,h;): (A1, ..., Ay)—=DB is a 1-cell in T-alg, we define the 1-cell
component of ho in K as Ag1y X -+ X Asm) LA XX A, M B, We define (ho); as
the pasting

Agy X - X TAyiy X -+ X A $A1X-~><TAU<,->><--~><AH%T(AlxmxAn) N
b

lxad(l)le( lXaU(L)le( % h
o (4)
B

Agy X+ X Ag) —————— A1 x - X A, .

Similarly, for a: f—=g 2-cell in T-alg(As,...,A,; B)(f,9), ac is defined as having
component 2-cell

Ag(l)x---xAU(n)%Alx---xmB.
VT

2.23. REMARK. To prove that given a 1-cell h: (A;,..., A,) — B in T-alg, the 1-cell
ho: (As1y, - -, As,) — B is indeed a 1-cell in T-alg we need the symmetry axiom. The
n and p axioms for ho follow from the same axioms for h. To prove coherence one can
prove that given 0 <17 < j < n, if h satisfies coherence, then so does ho; ;. Here, 0, ; € ¥,
is the transposition that permutes ¢ and j. Coherence for ho; ; follows from coherence for
h together with Lemma 2.21.

3. The free algebra functor as a non-symmetric multifunctor

Recall that, given (T',n, u,t, ') a pseudo commutative 2-monad and A in Ob(K), (T'A, i :
T?2A—=TA) is a T-algebra and can be thought of as the free T' algebra generated by A.
This defines a 2-functor T': K — T-alg [BKP] that, as we show in this section, can be
extended to non-symmetric multifunctor when 7" is symmetric.

3.1. DEFINITION. Let (T, n, u,t,I') be a symmetric, pseudo commutative 2-monad. Given
Ay, Ay € Ob(K) we define the 2-ary 1-cell in T-alg, w = wa, a,: (T A1, TAs)—=T (A1 x Ay)

as follows. The component 1-cell wa, a, is the composite
TAl X TAQ L> T(Al X TAQ) % TQ(Al X AQ) L> T(Al X AQ)

We can take the 2-cell wy to be the identity since the following diagram commutes by
definition of t, and naturality of u:

T2A; x TAy —2 T(TA; x TAy) —2 T2(A; x A,)

ml |2

TAl X TAQ T(A1 X AQ)

w

We define wy as being the following pasting diagram:
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TA; x T?A, & T(TA; x TA,)
l =~ /TFAI A /

T2Ay x TAy 5 T(TAy x TAy) —— T(Ay x Ay)
Mxll lﬂ
TA; x TAy =5 TAy x TA, w T(Ay x A)) —=— T(A; x As)
S~ ﬂr =l =

T(A; x Ay)

TA1 X TAQ =

Al X AQ)

1%

Ixp

3.2. REMARK. The previous definition generalizes the definitions of [GMMO)] for the case

of pseudo commutative operads.
3.3. LEMMA. Let (T,n, u,t,I') be a symmetric, pseudo commutative 2-monad. For Ay, Ay

be objects of KC, wo equals the whiskering

w/

2 _Tt2 o

TAl x T A2 UF*1T<A1 X TAQ) T (Al X AQ) —> T(Al X AQ)
—

PROOF. By applying the strength p-axiom (7) in Definition 2.6, we get that ws equals the

pasting

TA1 X T2A2 f2 T(TAl X TAQ) Tw TQ(Al X AQ)

o~ / %FALAZ

T?Ay x TA, 5 T(TAy x TA) T8 T2(A, x TA) % T3(4, x A,)

t Tt / T
’ l 2 TT ay,4, #\L

T(T2A2 X Al) T2(TA2 X Al) Ttl TQ(AQ X Al) ﬂ> T2(A2 X Al)

w0 1 | |»

2(TA2 X Al) T> T(TA2 X Al) ﬁ T2<A2 X Al) T> T(A2 X Al) @

T(Al X Ag)

By symmetry ws agrees with the whiskering

T T "
U 5 T2(Ay x Ay) B T(Ay x Ay)

TAl X T2A2 i T2A2 X TAl T(TA2 X Al)

\_/ \LT% \LT2E
— T(Al X AQ)

T(A1 X TAQ) Tt2> TQ(Al X AQ) m

By symmetry, the last whiskering equals the one in the lemma.
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3.4. LEMMA. Let (T,n,u,t,T') be a symmetric, pseudo commutative 2-monad, and let
Ay, Ay be objects of K. Then

w: <TA1, TAQ) —>T(A1 X Ag)

15 a 2-ary 1-cell in T-alg.
PROOF. First we tackle coherence. By Lemma 3.3, we can write Diagram (8) for w as

T(TA; x TAy) e T2(TA; x TAs)

T2A1 X T2A2 T> T(T2A1 X TA2) T TQ(TAl X TAQ) T> T(TA1 X TAQ)

px1 lT(px 1) lT% thw

TAl X T2A2 L) T(TA1 X TAQ) T3(A1 X AQ) #} T2(A1 X AZ)
t1 thl J/T;l/
T(A1 X TQAQ) T2(A1 X TAQ) T2 T2(A1 X Az) ©

Tu
- B .
Tty % JJ" Tg(Al X AZ) m \
—

TQ(Al X TAQ) T> T(Al X TAQ) Tg(Al X AQ) #} T(Al X AQ)

Tto

By (6) in Definition 2.6, this equals the pasting

Tto

T(TA; x T*Ay) —25 T2(TA, x TAy)

tl/ 1—‘TAI TAg = \l‘

T2A1 X T2A2 *} T(T2A1 X TAQ) 4) T(TAI X TAQ) *} T(TAl X TA2 *} T2(A1 X TAQ)

tlJ, = Trayra, M J,T%

(TAl X T2A2) *} TQ(TAl X TAQ) T*} Tg(Al X TA2 A1 X TA2 Al X AQ)
Tt1l %Tl‘*l l / thz / lTu
TZ(Al TQAQ) 4) T3 (Al X TAQ) *) TQ(Al X TAQ (Al X A2 A1 X Ag)

thz\t “/ H\) \Lﬂ

T3(A; x Ay) — T?(Ay x Ay) —5— T(A; x Ay).

The 2-cells I'r4, 74, and its inverse cancel out, so the previous pasting diagram equals
Diagram (7) by Lemma 3.3. Now we tackle the n and p axioms. For i = 1 there is nothing
to prove since wy is the identity. The n axiom for ¢ = 2 follows by Lemma 3.3 and (5) in
Definition 2.6. Let’s prove that w satisfies the p axiom for ¢ = 2. We start from Diagram
5, which by Lemma 3.3 we can express as the whiskering

— woTts

TAl X T2A2 UF_I T(Al X TAQ) Em— T(Al X AQ)
I

Ixp

TAl X T3A2

By (7) in Definition 2.6 the previous diagram equals the following:
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TA, x T3As 25 T(TA, x T?A5) ™8 TX(T A, x TA) =8 T3(A; x TA,)

y n | e i

TAl X T2A2 Al X T3A2) (Al X T2A2) g T3(A1 X TAQ) *} Tz(Al X TAQ)
X Tp) / T?ta T
tlJ/ / l r-t /tl lu lﬂ
T(A1 T2A2 A TQAQ) *} T(Al X T2A2) *} TQ(Al X TAQ) *} T(Al X TAZ)
3128 17t
Tty ‘/TQ(IX;L) ‘/T(lx,u) T3(A1 X Az) T) TQ(Al X Ag)
ITp e

T2(A1 X TAQ) T> T(AQ X TAZ) Tt;> T2(A1 X Az) T> T(A1 X AQ)

Here we decorated the diagram coming from (2) with some extra commutative squares
that do not change the pasting. By using that I'"! is a modification, we get that the

previous pasting equals

TA x T3A, 25 T TA1 % T?A5) T2 T2(T A, x TAy) T8 T3(A, x TAy)

V TV Tw/ |7

TAl x T? A2 4} T TA1 X TAQ Al X T2A2) ﬁ T3(A1 X TAQ) *} TQ(Al X TAQ)

‘| l/ b b l

T(Al X T2A2) A1 X TAQ Al X TQAQ) *} TQ(Al X TAQ) L} T(A1 X TAQ)

112, 1Tt
thl/ % ‘/ﬂ / TJ(Al X AQ) — T2(A1 X AQ)
T(1xp) "
1Tu Az

T2(A1 X TAQ) T> T(A1 X TAQ) Tt T2(A1 X Az) T} T(Al X Ag)

The last pasting equals Diagram (6) for w by two applications of Lemma 3.3 and a
change in 1-cells. The previous diagram has the correct source 1-cell since the 1-cells

po (Tw)o (T?*y) and po (Tty) o pu: T?(Ay x TAy) —=T(A; X Ay) are equal.
=

3.5. LEMMA. (Associativity of w) Let (T, n, u,t,T) be a symmetric, pseudo commutative
2-monad. Let A, B, C be objects of IC, then

Y(wa,Bxc: 1a,wp,e) = Y(waxp,c;was, 1e),

that is, the following multicategorical diagram commutes

(TA, TB,TC) “**'9 (T(A x B),TC)

<1A7w3,c>l l‘*’AxB,C

(TA,T(BxC)) m——= T(Ax B x ().

WA,BxC
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PRrooF. First of all by associativity of ¢, the strength axioms, the monad axioms and
naturality of various 2-natural transformations, the corresponding 1-cells TA x T'B X
TC—T(A x B x C) are equal. We must show that the 2-cell constrains are equal, i.e.,
Y(w;w, 1); = y(w;1,w); for i = 1,2,3. For i = 1 this follows since both v(w;w, 1); and
v(w; 1,w); are identities. For i = 2, we have from Definition 2.16 and by Lemma 3.3 that
Y(w;w, 1)s is the 2-cell

pux1

_—
TAXT?BxTC UF’lxlT(AxTB)XTCTT;]TZ(AXB)XTC*>T(A><B x TC % T(A x B x TC)

— b e

T(AXTBXTC}(?XI?(T(AXB) x TC) T T?*(Ax BxTC) T(Ax BxTC),

where poTtyot; = w: T(A X B) x TC —T(A x B x (). We can then apply (3) in
Definition 2.6, to get
1xty .

TAxT?BxTC — TAXxT(ITBxTC) |rT(AxTBxTC)
—

poTtzopuoTt10T (t2x1) T(A % B % C)
Since poTtzopuoTt; 0T (ty X 1) equals po Tty o T(1 X ) o T(1 X Tty) o T(1 X t1) as
l-cells T(A x TB x TC)—T(A x B x C) by associativity of ¢, strength axioms for p
and monad axioms for u, we can write the previous pasting as

TAxT?B x TC 2% TAx T(TB x TC) —2 T(TAx TB x TC) 2% T*(A x TB x TC)

"'ll 4% lﬂ

TAXT(TBxTC)) 5 T*(AxTBxTC) —= T(AxTB x TC)
lT(letl) sz(lxtl) lT(an)
TAx T*B x TC) 2 T(Ax T2(B x TC)) 23 T2(A x T(B x TC)) % T(A x T(B x TC))
1><T2t2l lT(lezl,g) sz(lelZ) lT(letz)
TAXT3(B x C) —25 T(Ax T3(B x C)) =2 T>(A x T*(B x C)) % T(Ax T%(B x C))

le;J,l lT(l xTp) sz(lxu) lT(lxu)

TAXT*BxC) —— T(AxT*(B x C)) - THAXT(B x C)) —» T(AXT(B x () oz, T(AX B xC).

1xTty

Since I'"! is a modification, our diagram equals

o 2t5)o o oT'ty
TA x T2B x 7 DT OT Nt o r2(g o ) e T(A x T(B x €)) % T(A x B x C).
—_

By an application of Lemma 3.3, the previous whiskering is precisely v(w; 1, w)s.
Let’s now prove that vy(w;w, 1)3 = v(w; 1, w)s. Definition 2.16 and an application of Lemma
3.3 give us that vy(w;w, 1)3 is the whiskering

—
T2(A x B) x T2C "} T(Ax B) x T*)C |Ir1 T(A x B x TC) "2 T(A x B x C).
_

(Ttax1)o(t1x1)
E—

TAXxTB x T?C

By an application of (6) in Definition 2.6, we then have that v(w;w, 1)3 equals
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TAx TB x 720D 4 5 BY % 720 25 T(T?(A x B) x TC) ™8 T*(T(A x B) x TC)
tll 1‘% lu
T(T(A x B) x T*C) T T*(T(AB) x TC) —= T(T(A x B) x TC)
L I I
T?(Ax B x T*C) T*(Ax BxTC) —— T*(Ax BxTC)
thl = lT,t l”
T3(Ax BxTC) —p— T*(Ax B x TC) — 5 T(Ax BxTC) —m T(Ax B x0).

(11)

Now, by Definition 2.16 and two applications of Lemma 3.3, v(w;1,w)s3 is the vertical
composition of the whiskering

O ot10 o
TAx TB x T2C U,1><F71TA « T(B % Tc)u Ttaot1o(1xp) (letz)T(A % B x 0)7 (12)
_

with the whiskering

C(lXTu)o(lxthg)o(letl)x(lxtz uoTts

TAXTXBxC) [rT(AxT(Bx )" 1(AxBxC). (13)
—_

TAXxTBxT

We will show that Diagram (13) equals the whiskering

o ~(Ttax1)o(t1X1), 19 2 poTtzouoTty
TAXxTBxT?*C——="T*(Ax B)xT?°C  |[r'T(T(Ax B) x TC) ————= T(A x B x ()
_
(14)

comming from Diagram (11), as well as an analogous statement for Diagram (12). We
can decorate Diagram (14) with some extra commutative squares

TAxTB x TQC’tﬁXl T(A x TB) x T*C % T(T(A x TB) x TC) ™4 T2(A x TB x TC)

Tta xll lT(th x1) T2(ty xl)l \

T2(A x B) x T?C -2 T(T*(A x B) x TC) ™% TX(T(A x B) x TC) T(AxTBxTCQC)

r-1
ml / lﬁt m

T(T(A x B) x T*C) s T*(T(AB) x TC) — T(T(A x B) x TC)#OWMT(A x B xTC),

so that we can apply the fact that I'"! is a modification to get

t1x1

poTtzopuoTt;oT (t2x 1)
TAxTB xT?C —— T(AxTB)xT*C I T(AXxTBxTC)———5 T(Ax B xC).
_

By (2) in Definition 2.6 this pasting becomes
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woTtzop0Tt0T (t2 X 15’
— 1

—_—
TAXTBxT*C =2 TAxT(TBxTC) |r T(AxTB xTC
_

AxBxC). (15)

Next, we decorate diagram (15) with some commutative squares without altering the
pasting. We are using that po Ttz o po Tty o T(ty x 1) is equal to ppo Tty o T(1 X p) o
T(1 x Tty) oT(1 x t1) as 1-cells from T(A x TB x TC) to T(A x B x C).

1Ixt

TAXTB x T*C X3 TAx T(TB x TC) -2 T(TAx TB x TC) % T*(A x TB x TC)
t’l — lﬂ
T(AXxT(TBxTC)) T T*(AxTBxTC) —» T(AxTB x TC)

lT(lezl) lT‘Z(lxtl) lT(lel)
TAXTYBxTC) 4 T(AxTB x TC)) 7 THAx T(B x TC)) o T(AxT(B xTC)
leZth lT(lXthz) sz(letQ) lT(letQ)
TAXT}B x C) —— T(AxT*(B x C)) - T*(AxT*B x C)) - T(Ax T*(B x ()

lXT;Ll (1 XT;L)\L T2(1><,u)l lT(lXu)

TAxT*B x C) —— T(AxT(B x () 5 T*(AxT(BxC)) — T(AxT(BxC))mT(AxBXC).

1xTty

We then get Diagram 13 since I'"! is a modification. To finish the proof we just have to
show that Diagram (12) equals the following whiskering coming from Diagram (11):

TAXxTB x T*C "} T(A x TB) x T*)C ™2} T2(A x B) x T*C

ltl ltl
tlA,TB xT2C

—
T(AxTB x T2C)TW1)T(T(A x B) x T?C) |rr—T?(A x B x TC), 72, T(Ax B x C).
2 - o) O,

We can apply (1) in Definition 2.6 to get

t1 poTtzopoTty
TAXxTBxT*C —— T(AxTB x T*C) Jraxr"T(Ax T(B x TC)) ————"T(A x B x C).
_

Since t; is a 2-natural transformation, we get that the last pasting equals the whiskering

t1 poTtzopoTty
TAxTB x T?*C T TAX T(BxTC) —— T(AxT(B x TC))"—"="T(Ax B x C).
—_

This equals Diagram (12) since poTtzopoTtyoty = poTtyot;o (1 x p)o (1 x Tty) as
1-cells from TA x T (B x TC) to T(A x B x C). n

3.6. LEMMA. Let (T,n,u,t,T') be a symmetric, pseudo commutative 2-monad, then w is
2-natural in the following sense:

1. For fi: Ay —= By and fy: Ay— By in K,

7(T<f1 X f2);WA1,A2) = ’7(WB1,B2; Tflu TfQ)

That is, the following multicategorical diagram commutes:
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<TA1,TA2> — T(Al X Az)
<Tf17Tf2>l lT(flez)
<TBl,TB2> — T(Bl X Bg)

2. For 2-cells ay: f1—=g1 in K(Ay, B1) and ay: fo—=go in K(Az, Bs)

Y(T(aq X ag); 1 =(1 ;Tay, Tas).

WAl,A2) WB1,By?

That is, the multicategorical pasting

<TA1,TA2> L) T(Al X AQ)

(Tai,Taz)

(Tf1,Tf2) | =——=|(T91,T92) kT(gl X g2)
<TBl,TBQ> — T(Bl X Bg)
equals

<TA1,TA2> — T(Al X AQ)

T(Oél XO!Q)
(Tfl,Tf2>l T(fixf2)| m—— |T(91x92)

<TBl,TBQ> T> T(Bl X Bg)

PROOF. For part (1), the corresponding 1-cells of y(T'(f1 x f2);w) and v(w; T f1,T fo)
are equal since w: TA; X TAy — T(A; x Ay) equals p o Tty o t1, a composition of
2-natural transformations. The 1-cells Y(T'(fi X f2);w); and y(w;T f1,T f2); are equal
since both are identity 1-cells, with T'f; and T f, being strict maps of T-algebras. Let’s
show that y(T'(f1 X f2);w)2 = v(w; T'f1,T f2)2. By a double application of Definition 2.6,
Y(w; T f1, T f2)2 equals

o 1 TfixT2f2 2 poTty
TAl x T AQ e TBl x T BQ U,F_lT(Bl X TBQ) — T(Bl X BQ)
—

Since I'"! is a modification, and because p and T't, are 2-natural this whiskering can be
writen as

poT'ta

SR
TA; x T2A2 Ul‘*l T(A1 X TAQ) E— T(Al X A2

)T(fl sz)T(Bl % BQ)
—_—

An application of Lemma 3.3 gives us that this is exactly v(T(f1 X f2),w)s. Part (2)
follows from the 2-naturality of ¢;, Tty and pu. n
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3.7. DEFINITION. Let (T,n,u,t,T') be a symmetric, pseudo commutative 2-monad. For
Ay, ..., A, € Ob(K), we define

77777 a,: (TAy,...,TA,))—T(A; x --- x A,)
in T-alg by recursion in the following way:
o Form=0,wy: 1—T114sn:1—T1.
o Forn=1w: TA —=TA; is the identity 1p4,.
o Formn =2, wy iswa, a,: (TA1, TAy) —T(A; x TAy) from Lemma 3.4.
e Forn >3 w, =y(ws;wn_ 1,w1)-

3.8. COROLLARY. Let (T,n,p,t,T') be a symmetric, pseudo commutative 2-monad, and
Ay, ..., A, objects of K. For n > 3,

Wy = V(W5 Wn—1, w1) = Y (w2; Wi, Wp—1)-
It follows by a straightforward induction that w,, is natural in the following sense.

3.9. LEMMA. Let (T,n,pu,t,I') be a symmetric, pseudo commutative 2-monad. For any
n, wy s natural in the following sense:

(1) Suppose fi: Aj—= B; are 1-cells in IC for 1 < i < n, then
V(T(.fl Xoves an);wA1 ----- An):,y(wBl ----- Bn;Tfla"'ann)'
That is, the following multicategorical diagram commutes:
<TA1,,TAn> —“ T(Al X e+ X An)
(Tf1,.., Tfn)l lT(flx"'an)
(TBi,...,TB,) —— T(By x - x By).
(2) Suppose «;: f; —=g; are 2-cells in IKC(A;, B;) for 1 <i <mn Then

Y(T(ar X - X an); Loy, s T, .., Tay).

,,,,,

That is, the multicategorical whiskering

<TA1,TA2> —Y T(Al X AQ)
(Tou,Taz)
(Tf1,Tf2) < — > (Tg1,Tg2) lT(gl Xg2)

<TB1,TB2> T) T(Bl X BQ)
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equals the whiskering

(TAy,...,TA,) —— T(A; x --- x A,)

T(or XX

(T frseees Tfn>‘/ T(f1xXfn) T(g1x-+Xgn)
(I'By,...,TB,) —— T(B1 x --- x By).

Next, we define the free algebra Cat-multifunctor 7" : I —T-alg.

3.10. DEFINITION. Let (T, n, u,t,T) be a symmetric, pseudo commutative 2-monad. We
define the multifunctor T': I —T-alg as follows:

o T is already defined on objects and since (TA,pu : T*A—=TA) is a T-algebra for
A€ 0b(K).

o Forn=0,T: K(1,A) —=T-alg(1,TA) is defined as the composition

K(1,4) —— K(T1,TA) —25 T-alg(1,TA),
—— KT1,T4) ——
T

where 1 : 1—=T1, and T-alg(1,TA) = K(1,TA).

o For n = 1, we define T: K(A,B) — T-alg(TA,TB) as sending f: A— B to
TF:TA—TB with (Tf); being an identity. Similarly, a 2-cell a: f—= g in
K(A, B) is sent to Ta.

e Forn > 2 we define T: K(Ay X -+ x Ap, B)—=T-alg(TAy,--- ,TA,;TB) as the
composition

K(A; x -+ x Ay, B) —2— T-alg(T(A; X -+ x An% T-alg(TA;, ..., TA,;TB).
T

3.11. THEOREM. Let (T, n, u,t,T) be a symmetric, pseudo commutative 2-monad. Then
T: KK—T-alg is a non-symmetric Cat-multifunctor.

PROOF. It is clear from the definition that T" preserves identities. Preservation of v by T
follows at once from Lemma 3.9 and Lemma 3.5. [
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4. Pseudo symmetry of the free algebra multifunctor

Next, we will define the pseudo symmetry isomorphisms. We do this in a recursive way,
starting with the non trivial element of 5. From here on ¢; will denote the transposition
in X, that permutes ¢ and 7 + 1.

4.1. DEFINITION. Let (T, n,pu,t,T') be a symmetric, pseudo commutative 2-monad. For
A, B € K we define': (TA, TB)—=T(AX B) as the image of w trhough the composition

T-alg(TB, TA; T(B x A)) 2 T-alg(TA, TB;T(B x A)) — T-alg(TA, TB;T(A x B)).

4.2. LEMMA. For (T,n,u,t,I') a symmetric, pseudo commutative 2-monad and w' as in
the previous definition, its component is

TAxTB —2+ T(TAx TB) —% T*(Ax B) —“— T(A x B).

The 2-cell W} equals

Tt1 I
T°AxTB |r T(TAx B) —— T?(Ax B) —— T(A x B),
—

while wj is an identity 1-cell.

PROOF. Since w; is an identity 2-cell we get that ) is as well. On the other hand, by
Lemma 3.3, w} can be written as

2 o~ 2 T=opuoTt
T?2AxTB —— TBxT?A v T(B x TA) =% 7(A x B).
E—

By naturality of p and definition of ¢; we can write this whiskering as

2 = 2 T= poT'ty
T?2AxTB —— TBxT?A |[r'T(B x TA) =5 T(TA x B) X2 T(A x B).
e

By Definition 2.17 we have that w| agrees with the whiskering in the statment of the
lemma. [

4.3. LEMMA. Let (T,n, u,t,T') be a symmetric, pseudo commutative 2-monad. For A, B
objects of IC, there is a 2-cell

L Y

(TA,TB)  |rasT(A x B),
—

W/

in the multicategory T-alg with component 2-cell I' 4 .
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PROOF. We need to prove that Diagrams (9) and (10) for I'4 p are equal for i = 1, 2. For
i =1, Diagram (9) takes the form

_—

T2AxTB 2% TAxTB v T(Ax B)
—_—

Now, by Lemma 4.2, Diagram (10) for i = 1 agrees exactly with Diagram (1) and we
are done by (6) in Definition 2.6. For ¢ = 2, Diagram (9) is, by an application of (7) in
Definition 2.6, and Lemma 3.3,

/
WaA.B

TA x TzB F;,ITB

t
2 m
=

T(TAXTB) —— T*(Ax TB) —; T(A x TB)
Tto lTth thz
TATAX B) /y THAx B) —"— T4 x B)
T?t Tu lp

T3(A x B) — T*(Ax B) —— T(A x D).

The 2-cells 'y 75 and its inverse cancel out to give Diagram (10) for i = 2. n

Next, we define 7, for o; € 5. From now on we will use the notation in Appendix
A specially in Definition A.4. We start by defining 7, for o; € 3s.

4.4. DEFINITION. Let A, B and C be objects of KC. We define the natural transformation

K(A x B,C) —— T-alg(TA,TB;TC)

K(B x A,C) —— T-alg(TB,TA;C),

as having component Ty, .5 for f: A x B—C, the whiskering in the multicategory T-alg

w
Tf

(TB,TA)  |rsa T(B x A) —/— T(A x B) —— TC
_

(JJI

The fact that T, is in fact a natural transformation follows from the exchange property
in the 2-category K.

4.5. DEFINITION. Let (T,n,p,t,T') be a symmetric, pseudo commutative 2-monad, and
0; € Xy the transposition that interchanges © and i + 1 in X, for n > 3. We define the
natural transformation T,
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K(A; % - x Ay, O) T > T-alg(T' Ay, ..., TA,;TC)

o‘il TC’/7 lai

K(Ap X - X Ajpg X Ay X -+ x Ay, C) — T-alg(TAy,...,TAi41,TA;, ..., TAy;C)

as follows. For f: Ay x --- x A, —=C the 2-cell T, s is

WXWXw

TA X+ xTA 1 XxTA; x---xTA, T(Ap X -+ x Aj—g) X T(Ajy1 X Ai) X T(Aja X -+« X Ay)
J/LLJ
w-xmﬂx&xn-x/ln)
dr=
T(A; X -+ X Ay x A1 X - X Ay)
1rf
TC

The fact that this is well defined comes from the associativity of w (Lemma 3.5), and the
fact that T, is in fact a natural transformation follows from the exchange rule in K.

Next, we prove that this defines T, for every o € ¥, and every n by using that the
symmetric group i, is generated by the consecutive transpositions oy,...,0,_1 subject
to the relations:

(a) o2 =id
(b) 0i0; = 0,0, for |i — j| > 1.
(C) 0i0i4+10; = 0i4100541-

The relations between the different 7, will follow from relations between 2-cells in T-alg
which can be proven in K. The relations in C can be proven even when 7' is not symmetric,
except for the relation induced by 0;0; = id. The following follows (in a way, it is equivalent
to) symmetry for 7.

4.6. LEMMA. Suppose that (T,n,pu,t,T') is a symmetric, pseudo commutative 2-monad.
Then the following pasting diagram is the identity:

(A x -+ x xA,,C) L T-alg(TA,, ..., TA,;TC)
Tgi
Uil / \Ldi
KAy X - X Ay X Ay x -+ x Ay, O) - T-alg(TAy,...,TA1,TA;, ..., TA,;C)

U’i —— l"

K(A; x -+ x Ay, C) T-alg(TA,, ..., TA,; TC).

T

The following holds in the absence of symmetry.
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4.7. LEMMA. Suppose that (T,n, u,t,I') is a pseudo commutative 2-monad. Then the
pasting diagram
TAl X TAQ X TA3 X TA4 % TAl X TAQ X T(A3 X A4) —Y T(Al X A2 X A3 X A4)

1xa 4 Tleg T
TA; x TAy x TAy x TAy =25 TA; x TAy x T(Ay x As) —“— T(A; x Ay x Ag x Aj)
= e
T(A; x Ay) x TAy x TAs
4 T%’xlT
TAy x TA; x TAy x TAz ——> T(Ag x Ay) x TAy x TA3 — T(Ay x A} x Ay x A3),

IR

x1

equals the pasting
TA; x TAy x TAs x TAy 2L T(A; x TAs) x TAy x TAy —“— T(A; x Ay x A3 x Ay)

=x1 % TTExl T
TAQ X TAl X TA3 X TA4 W T(AQ X Al) X TA3 X TA4 —Y T(AQ X Al X A3 X A4)

1xw /w

TAQ X TAl X T(A3 X A4)

4 1ngT
TAQ X TA1 X TA4 X TA3 Tw> TA2 X TAl X T(A4 X A3) —Q T(A2 X Al X A4 X A3)

R

1x

PRroOOF. Both pastings are equal to the pasting
TAl X TAQ X TA3 X TA4 % T(Al X AQ) X T(Ag X A4) — T(Al X AQ X Ag X A4)
%X%l FAl,AQXFAL%vAZL/ TTgXT% TgT
TAQ X TAl X TA4 X TA3 W T(AQ X Al) X T(A4 X Ag) —w T(Al X A2 X Ag X A4)
]

When T' is symmetric, a slight generalization of the previous lemma can be interpreted
as follows. To save space we will write TA =TA; X --- xTA, and TAoc =T A1) X - -+ X
T Ay when o € ¥, and Ay, ..., A, are objects of K.

4.8. LEMMA. Suppose that (T,n, p,t,T') is a symmetric, pseudo commutative 2-monad,
n>3andl1 <i<i+2<j<n-—1. Let Ay,...,A,,C be objects of IC. Then, the pasting

K(TA,C) —LX— T-alg((TA);C)

azl = l‘”

K(TAo;,C) —X— T-alg({T A)oy; C)

K(TAo;04,C) —— T-alg((T'A)oio;; C),
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equals the pasting
K(TA,C) —L— T-alg((TA);C)
U'l Z—‘U% lO'j
K(TAc;, C) —L— T-alg((T A)o;; 0)
cril TU/ lai
K(TAojo;,C) —— T-alg((T'A)ojo:; C).

Next we focus on the Yang-Banxter equation. First we prove the following lemma
that we will also need later. We don’t require symmetry.

4.9. LEMMA. Let (T,n, u,t,I") be a pseudo commutative 2-monad, and Ay, Ay, Az objects
of K. Then,

1. The pasting diagram

TA1 X TAQ X TAg LXl> T(A1 X AQ) X TA3 - T(Al X AQ X A3)

2yl FZI/ T(%xl)T T(22x1)

TAQ X TA1 X TAg W T(AQ X Al) X TA3 - T(A2 X A1 X Ag)

o = (16)
TAQ X T(Al X A3)

1xT"
/ Tle%

TA2 X TAg X TAl W TAQ X T(Ag X A]_) — T(A2 X A3 X A1>

IR

1x T(1x%)

equals the whiskering
TAI X TAQ X TA3 i) TAl X T(A2 X A3) U,F T(Al X AQ X Ag)

2. The pasting diagram

TA1 X TAQ X TAg & TAl X T(AQ X Ag) —~ T(Al X AQ X A3)

1x22 1xT TIXT’E T(1x%)
TA1 X TA3 X TA2 Tw> TA1 X T(A3 X Az) - T(Al X A3 X Ag)
wx1 /UJ (17)
oyl T<A1 X A3> X TA2 T(22x1)
1 TT%XI

TA3 X TA1 X TAQ W T(Ag X A1> X TAQ — T(Ag X A1 X AQ)
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equals the whiskering

wx1
TAl X TA2 X TA3 _— T(Al X AQ) X TA3 U,F T(Al X AQ X Ag)
—_—

w/

PROOF. For part (1) we start from

(1xTt2)o(1xt1) 9 1xp =
_— TAl x T (A2 X Ag) —_— TAI X T(A2 X A3) U’F T(Al X AZ X Ag)
—_—

W'

TAl X TA2 X TA3

By (7) in Definition 2.6, the previous whiskering equals the pasting diagram

(1xTt2)o(1xtq
—_—

)TAl X T2 A2 X Ag) L> T(A1 X TQ(AQ X Ag)) Tg TQ(Al X T(A2 X A3))
t2 <F/ lﬂ
T(TAl X T(Ag X TAg)) ﬁ TQ(Al X T(A2 X Ag)) T> T(Al X T(AQ X Ag))

Tto sztz J{TtQ

Tz(TAl X A2 X Ag)%Ts(Al X AQ X Ag) L> TQ(Al X A2 X Ag)

[ [ J»

TB(Al X A2 X Ag) T—#> T2(A1 X AQ X Ag) T> T(A1 X A2 X Ag)

TA1 X TA2 X TA3

—

(18)
First we will prove that the whiskering
(1><Tt2)o(1><tlb_, 9 — uoTty
TA; x TAy x TA; —— TA; x T*(Ay x A3) 1l T(A1 x T(Ay x A3)) —— T(A; x Ay x A3)
I
(19)
coming from the previous diagram equals the whiskering
wx1
— t1 po(Tts)
TA, x TAy x TA; Jrx1 T(A; x Ay) x TAy —— T(A; x Ay x TA3) —— T(A; x Ay x A3)
w'x1

coming from Diagram (16). By (3) in Definition 2.6, the previous whiskering equals

w

/_l—\
1xt

TAl X TA2 X TAg *& TA1 X T(AQ X TAg) T(A1 X Ag X TA*;)

\_/ Tt
1xTto n T(1xt2)
w

TAI X TZ(AZ X Ad) —_— T(Al X T(A2 X AJ)) — TQ(Al X A2 X AJ) L> T(Al X A2 X Aj)
w’ Tto
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Since I' is a modification, the previous diagram equals Diagram (19). To finish part 1.,
we will prove that the whiskering

Tw
— [ %
TA, x TAy x TAZ TP s (A x Ay)) T T2(A) x Ay x Ag) 25 T(A; x Ay x Aj)
T /
(20)
coming from Diagram (18) equals the whiskering
Ixw
g — ] 3
TAy x TAy x TAs 3 TA, x TA, x TAq um T Ay x T(A; x As)
— v
J,tl Ixw’ J{tl
T(As x TA x TAg) 7 T(Az x T(A x Ag) DDA % Ay x As)

coming from Diagram (16). By 2-naturality of ¢;, the previous diagram equals

T(1xw)
TA, x TAy x TAY S5 (A, x TA, x TA;) ﬂT(leT(AQ x T(Ay x A3)) T8 T2(Ay x Ay x As) "3 (A; x Ay x Ay).

T(1xw')

By (1) in Definition 2.6, this whiskering equals

T(L1><1

TA1 X TA2 X TAg *} T(Al X AQ X TA3) (T(Al X Az) X TAlg) i} T2(A1 X A2 X A3) L} T(Al X AZ X A3)

Tw

NX{ JT(le) T(T%xl)J lTQ(%‘xl) lT(le)
/uﬁ\

TAy x TAy x TAy = T(Ag x TAy x TAy) o T(T(Ag % Ar) x TAs) T2(Ay x Ay x A3) 5 T(Ay x Ay x As)

\_/' IrEx

Tw' T(Al X Ag X Ag)

Since I' is a modificiation, we can write the previous whiskering as

— =2
TA; x TAy x TAy 2 T(TA; x Ay x TAS) T(T(A; x Ay) x TA3)  rr T?(A; x Ay x Ag) 25 T(A; x Ay x As).

—_—
Tw'

By (2) in Definition 2.6, we get
t2
//—\
TA1 X TA2 X TA3 4) TA1 X T(A2 X TAg) 4) T(TA1 X A2 X TAg)

1><Tt2J/ T(lXtQ)J/ /_\
TAl X T2(A2 X Ag) TZ} T(TAl X T(A2 X Ag)) T T2(A1 X A2 X A3)
\_/ I

Al XAQ XAC})

which is precisely Diagram (20). We have proven part 1. Part 2 can be proven in a similar
fashion. -
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The next Lemma is the Yang-Baxter equation for pseudo commutative 2-monads. Part
(3) is called the Associativity Equation in [HP]. Symmetry is not required.

4.10. LEMMA. Let (T, n, n,t,T") be a pseudo commutative 2-monad. Then:

1. The pasting

TAl X TA2 X TAg % TAl X T<A2 X Ag) — T(Al X A2 X Ag)

1x2 T Tle% T(1x=)

2

TAl X TA3 X TAQ W TAl X T<A3 X AQ) — T(A1 X Ag X Ag)

wx1 /w

T(Al X Ag) X TA2 T(2x1)
1 TT%xl (21>
TA3 X TAI X TA2 W T(Ag X Al) X TA2 — T(A3 X Al X Az)

m /w

TA3 X T<A1 X AQ)
Dl Tle%

TA3 X TAQ X TAl W TA3 X T(AQ X Al) — T(Ag X A2 X Al)

IR

x1

1%

1x T(1x)

equals the horizontal composite

IxXw w

R — _—
TAl X TAQ X TAg UIXF TAl X T(Ag X Ag) UI‘ T(Al X AQ X A3)
1xw’ !

2. The pasting
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TAl X TA2 X TAg w_><1> T(Al X Ag) X TA2 — T(Al X A2 X Ag)

A

1 Ix1 T%xlT T(2x1)

~

TA2 X TAI X TAg W T(A2 X Al) X TA3 — T(A2 X Al X Ag)

1xXw /w

TA2 X T(Al X Ag)
< Tle%

TAQ X TAg X TAl W TA2 X T(Ag X Al) —~ T(A2 X Ag X Al)

wx1 /w

T(A2 X Ag) X TA1

I'x1
TT%xl

TAg X TAQ X TAl W T(Ag X AQ) X TAl — T(Ag X AQ X Al)

IR

1x T(1x%)

IR

x1 T(=x1)

equals the horizontal composite

wx1
TA, x TAy x TA; Jrx1 T(A; x Ag) x TA3 v T(A; x Ay x A3).
w'x1

3. The pastings and horizontal composites in 1. and 2. are equal.

ProOOF. For 1, notice that by Lemma 4.9, the pasting diagram

TA1 X TA2 X TA5 T(Al X A2 X Ad)
1x= T(IXE)T
TA; x TAs x TAy 2L T(A; x A3) x TAy —2— T(A; x A; x As)
I'x1
~x1 / T%XlT T(EXI)T
TAs x TA; x TAy 2L T(Ay x Ay) x TAy —2— T(A3 x Ay x As)
1xXw /w)
TA3 x T(A; x A
Lxs= w0 X TArx Ao) T(1x2)
/ IXT%T

TA3 x TAy x TAy — > TA3 x T(Ag x A1) —5— T(A3 x Ay x Ay)
equals the whiskering

TA1 X TA2 X TA3 IX*W/) TA1 X T(AQ X Ag) — T(Al X A2 X Ag)

1xgl 1ngT /Fb“J\ TT(lx%)

TA1 X TAg X TAQ W TA1 X T(Ag X AQ) T(Ag X AQ X Al)

\_/

W'

1717

(22)

(23)
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Since I' is a modification, the last whiskering equals

w

1xw’
TA1 X TAQ X TAg — TAl X T(A2 X Ag) U,F T(Al X AQ X Ag)
—_—

W'

Part 1 follows from this and part 2 is proven similarly. To prove part 3, we will prove that
diagrams (21), and (23) are equal. We are done by 2 in Lemma 4.9 since the whiserkings

Ixw
P —

TA1 X TA2 X TA3 i) TA3 X TA1 X TAQ UIXF TA3 X T(Al X Az), s T(Ag X A1 X Ag) E) T(Al X A2 X A3)
—_—

1xw’

and

wx1

 —
TA1 X TA2 X TA3 UI‘XI T(A1 X Ag) X TA3 T> T(A1 X A2 X Ag)

_
w'x1

are equal. [

In the presence of symmetry, we can give (a slight generalization of) the previous
lemma the following interpretation.

4.11. LEMMA. Let (T,n,p,t,T') be a symmetric, pseudo commutative 2-monad. Then,
the pasting diagram

K(Ay x - x Ay, C) r T-alg(TAy,...,TA,;TC)
U,‘l 7}/> J{UI
IC(AI X oo X AiJrl X Al X - X Anc’) #) T—alg(TAl, .. .,TAZ'+1,TA7;, e 71—714»,“7—76()

0‘i+ll / lmﬂ
T

Tit1

K(Al X oo X Ai+l X Ai+2 X Az X oo X An,C) T> T—alg(TAl, . ,TAi+1,TAi+2,TAi, - ,TAn,TC)

‘”l /T> laz

T4

lC(Al X oo X Ai+2 X Ai+1 X Az X oo X AT“C) T T—G,lg(TAh P 7TA,L'+27TAZ'+17TAZ', P ,TAT“TC)7

equals the pasting diagram

K(A; x - x Ay, C) L T-alg(TAy,...,TA,;TC)

T,.
+1
0'1'+1J/ : J/UH—I

K(Ar X o X Ay X Ay X oo X Ay, C) ———— T-alg(TAy, ..., TAj5, TAia, ..., TA; TO)

Jil — l”’

T4

K(Al X - X Ai+2 X Az X AH—I X - X An,C’) T> T—alg(TAl, . ,TAi+27TAi,TAi+1, - ,TAn,TC)

Ui“l / J/UH»I
T

Tit1

K(Al X oo X Ai+2 X Ai+1 X Al X e X AmC) T> T—alg(TAh B 7TA¢+2,TAZ'+17TAZ‘7 B 7TATL,TC)

The three previous lemmas give us the following.
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4.12. THEOREM. Suppose that (T,n, u,t,1') is a symmetric, pseudo commutative strong
2-monad and let Ay, ..., Ay, C be objects of K. The transformations T,, for1 <i<n-—1
assemble together to give, for each o € X, a unique transformation

K(Ay % -+ x A,,C) —L—— T-alg(TA,, ..., TA,; TC)

d _—— 2

,C(Aa(l) X X Aa(n), C) T> T—alg(TAU(l), R ,TAU(n); TC)

These satisfy the unit and the product permutation axiom in Definition A./.

We are just missing the top and bottom equivariance axioms to prove that our functor
T : K—T-alg is pseudo symmetric. When 7' is a pseudo commutative 2-monad that
fails to be symmetric, we can still give Lemma 4.10 an interpretation using the Bruhat
order of the symmetric group >, on generators o; for 1 <i <n — 1.

4.13. DEFINITION. Let ¥, be the symmetric group with generators {o; }1<i<n and presen-
tation:

e 0,0, =1,
® 0,05 = 0,05 Zf|l —j| Z 2
® 0,0i4+10; = 0i+10i0i41-

The length of a permutation o € %, (o), is the number of inversions of o, i.e., the
number of couples (i,j) such that 1 <1 < j <n and o(i) < o(j). This agrees with the
length of a minimal word for o in the previous presentation [BB, Prop. 1.5.2.]. The weak
right order on %, [BB, Def. 3.1.1.]is the partial order on ¥, generated by declaring that
o < oo; when (o) < {(oo;) [BB, p. 66]. This only happens when none of the reduced
words for o end in ;. The bottom of this order is the identity and the top is the reverse
order permutation.

4.14. REMARK. Let (T,n, i, t,I") be a pseudo commutative 2-monad and Ay, ..., A, ob-
jects of L. We have the 1-cell

w: Ay X x Ay —— T(Ap x -+ X Ay).

Although we don’t have a symmetric Cat-multicategory, we still have a 1-cell w, (it is
called t, on [HP]):

TA x - xTA, —27— T(A; x - x Ay,)

. o

TAa(l) X X TAU(n) — T(Aa(l) X oo X Aa(n))-

When {(0) < ¢(00;), we can define a 2-cell w, — Wy, as
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- "
TA1 X oo X TA,, % TA,,(]) X oo X TAU(,,) _ TAa(l) X oo X TAU(H—I) X TAU(l) X X TAa(n)
lxuxll % llqul
Wo TA(,(U X oo xT (A{,(,;) X An(i+1)) X oo X TA{,(,L) 1(@1 TA(,(U X oo xT (Ao(i+1) X A(,(,;)) X e X TA{,<,”)
T(A1 X - X An) <—Tu T(Ad(l) X+ X Ag(n)) <—Ta7, T (Ag(l) X - X Au(i+1) X Ag(l) X - X Ao(n))
(24)

Thus we have a 2-cell w, — wy, when o < ¢’ in the weak right order.

Notice that our definition gives a 2-cell w, — w,,, even when o < oo; is false in the
weak right order, but we avoid considering these cells since, in the absence of symmetry,
Wy —> Woo;, —> Weee; May Not be the identity.

By Lemmas 4.7 and 4.10, there is a functor 2 : B, — K(TA; x -+ x TA,, T(A; X
<o X Ay)), with Q(1) = w, Q(0) = w,, and such that when o < go; in B, Q(o < 00;) is
the 2-cell in Diagram (24). We believe this to be the coherence theorem that Hyland and
Power refer to in [HP, 3.5 Theorem 4] .

To finish proving our coherence theorem, that is, that 7" : K — T-alg is pseudo
symmetric we need to prove the top and bottom invariance axioms for 7' in Definition
A 4. First we will prove top equivariance for o;, for which we will need the following.

4.15. NOIEFION. In @at follows we will use A; to denote Aig X - x A, and A
to denote A; x --- x A,, when k; and n are clear from the context. We will also use
As; = A1 X -+ x A, when n is clear for the context, and similarly A.; = A; X --- X A;_;.

4.16. LEMMA. Let (T,n,u,t,T') be a symmetric, pseudo commutative 2-monad. Suppose
ki >1 forl1 <1 <mn, and let A;1,..., Aix, for 1 <i <n and C be objects of K. The
component of the natural transformation T, q, o) fitting in the diagram

o;(J =

KA x - x 4,,C) T T-alg((TA,), ..., (TA,), TC)
O’i<idk0i(],) >;7‘=1l %Ui“dkai(j) >;}:1 laiudkai(j) >;‘1=1

K(Aci x Aipy x A x Asinn, C) —5— T-alg(((TA;))j<is (TAia), (TAi), ((TA;)) 5415 C),

ath: Ay x - x A, —=C in K is

TA; x---xTA 1 xTA; x---xTA, Dxxl TA, x---xTAj ;1 xTA; x ---xTA,
1><w><w><1l llxwxwxl
TA; %+ xT (A1) x T (A;) x -+ xTA, Ix=x1 TA; x -+ xT(A) xT (A1) x -+ xTA,
1><w><1l % llxwxl
TAlx---xT(AitxAi)x---xTAn e TA; x - x T (Aq x A;) x -+ x TA,
T(A; x - x Ay x Ay x -+ X Ay) —— T(A] x -+ x A) TC.

T(1x2x1)
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ProOF. We prove this by induction on k; and k;, ;. For k; = k;; = 1 this is just Definition
4.5. Next we induct on k;41 assuming k; = 1. In this case we can write o;(idy,_ (j>> as the
composition

Ap oo X Ajig X Agpag X Ajyrp X0 X Az‘+1,ki+1 X A X Ajpa X - X Ay
Ap X x Ajmg x Ajin X Ay X Ajpp X -0 X Ai+1,ki+1 X Ajpa X - X Ay
l"HZi;i ky

A71><~--><Ai,1XAiXAi+1XAi+2X--~XA7n.

After applying the inductive hypothesis to the permutation

idy,idg idy,idg, ... ,idg,),

Definition 4.5 to o, S and the product axiom, we get the result for o, (idy_ (j)) by an
application of 1 in Lemma 4.9. By induction, the result holds for any k;,; and k; = 1.

We finish by induction on k;, proving that the result holds for all k;,;. We have proven
that this is true for k; = 1. For the inductive step we can write ai<idka_(j)> as

Ui+1<1dk17 s 71dki,17 ir1—1o

Ay X oo X Ajmy X Ay XA X XA o1 XAy X Ajyg X oo XA,

Ay X oo X Ay X Ay X XA
After applying the inductive hypothesis to the permutation
g; <idk1; e ,ldk ldk idki—laidlaidki+27 e 7idkn>;

i—19 K1
the already proven to o1 (idy,, ... ,idg, ,,idg,—1,idg,,,,id1,idg,,,, - . . ,idk,), and the product
axiom, we get our result by an application of 2 in Lemma 4.9. m

4.17. LEMMA. Suppose (T,n, p,t,T') is a symmetric, pseudo commutative 2-monad. Let
n>2andl <i<n-—1, and consider the Cat-multifunctor T : KK —=T-alg. Then, the
top equivariance axiom in Definition A.4 holds for Ji<idkov(j)>§b:1. That is, for every C' €
Ob(K), (B) = (B;)i—; € Ob(K)", k;j > 0 for 1 < j <n, and (A;) = (Ajz>f;1 € Ob(K)~
for 1 < 5 <mn, the pasting diagram

K (B;C) x [1K (4, B)) k) T-alg({TB); TC) x [[ T-alg ((T'A}); TB,)
J J
vl k
K (4,0) T T-alg ((T'A;)); TC)
g; id, . agj id, .
)| /WU: [t

@ (TQ X Ai+1 X E X A>i+17 C) T> T—alg (<<TA]>>]<Z7 <TAZ'+1>, <TAZ>, <<TAJ>>]>2+17 TC)



1722 DIEGO MANCO

equals the pasting diagram

K (B.C) x [1K (4, B,) I T-alg((TB); TC) x [] T-alg({TA;); TB;)

-1 —1
oix0; l /Tglxl> L:f,xai

IC(B<7 X B7+1 X B X B>l+1 C) X H( ]),B () ) W) T—alg((TB)ai;TC) X HT—alg ((TAWO));TBJ{(]-))

J

| [

K (A x Ay x Ai X Asii1, ) ———— T-alg ((TA)))j<i, (T A1), (TAi), ((TAj))ji41; TC) -

PrROOF. The lemma follows at once from Lemma 4.16, Definition 4.5, and 1 in Lemma
4.9. |

4.18. LEMMA. Suppose (T,n, u,t,T') is a symmetric, pseudo commutative 2-monad. Let
n>1and1 <i<n-—1, and consider the Cat-multifunctor T : I —=T-alg. Then,
the bottom equivariance axiom in Definition A.J holds for id,(idy,, ..., 0, ..., idy, ) that
is, For every C' € Ob(K), (B) = (B;)7_, € Ob(K)", kj > 0 for 1 < j < n, and (A;) =
(AN};ZI € Ob(K)*% for 1 < j <mn, the pasting diagram

K (B,C) x [1K (4, B;) —X— T-alg ((TB);TC) x [ T-alg ((TA,); TB;)
K (A,C) T T-alg ({(TA;)); TC)

idn(idy o0y de’”l / idp (idky seesTiyenyidpey, )

Tidn (uikl ,,,,, Tiyerns zdkn )

K (A<z < [T Aoy % Asi, C) — T-alg (((TA7))j<ir (TAioi(3))is ((TAj)) j5i: TC)
J

15 equal to the pasting

[nr
K (B.C) x 1K (4}, B)) ——————— T-alg((TB); TC) x [T ((TA;); B;)
] J
1dXidg, X X0y X xzdknl %xl
K (B.C) x < K < i) > 1K (4;,B)) iy, X0 X,
]<z J>i
H\)
T-alg({TB); TC) x T[] T-alg((TA;); B;) x T-alg ((TA; o,(7); TBi) x [1 T-alg((T A;); T B;)
j<i ”
N
K <A<L < [T Aoy x Asi, C) ——— T-alg ((TA;)ji, (TAig, (), (TA) i), C) -
J

PrOOF. The lemma follows at once from Definition 4.5, and 2 in Lemma 4.9. [
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Finally we arrive at the proof of our main theorem.

4.19. THEOREM. Suppose (T, n,u,t,T') is a symmetric, pseudo commutative 2-monad.
Then, the free algebra Cat-multifunctor T: I —=T-alg is pseudo symmetric.

PROOF. We just need to prove that the bottom and top equivariance axioms hold for 7.

For the top equivariance axiom we notice that given o,7 € ¥,,, and ky,...,k,, we can
write o7 (idy, -, idk, ) as the composition
T(idk, ;) o(idg, ;)

AUT(l)X---XAUT(n) —>AU(1)><---><AU(n) —>A_1><---><A_n.

By an application of the product axiom, if a(idka(i)> and 7(idy, ) satisfy the top invari-
ance axiom, then so does UT<ide(1>, e 7idkﬁ(n)). We are done by Lemma 4.17.

For the bottom equivariance axiom, given n, ki,...k, and 0,7 € ¥j,. If the bottom
equivariance axiom holds for id, (idg,,...,7,...ids,), and id,(idg,,...,0,...,idg,), then
it also holds for id, (idy,,...,o7,...,idg,) by the product axiom. By Lemma 4.18, we
get the bottom equivariance axiom for id, (id,,...,o,...,idy,) for any o € 3 . On the
other hand, if the bottom equivariance axiom holds for id, (o1, . .., 0,), and id, (71, . .., ),
where o;, 7; € ¥y, then it also holds for id, (o171, ..., 0,7,) by another application of the
product axiom. Thus T saatisfies the bottom equivariance axiom. [

Since the free functor associated to a pseudo commutative operad is a symmetric,
pseudo commutative strong 2-monad, the free functors of the pseudo commutative operads
defined in [CG, GMMO] and considered as well in [Yau26] are pseudo symmetric.

4.20. REMARK. We can get a version of Remark 4.14 for the case were (1,7, u,t,T") is
a symmetric, pseudo commutative, 2-monad. In this case, the Bruhat order is replaced
by EY,, i.e., the category with objects >, and a unique morphism between each pair of
objects. We notice that the E,,’s assemble to give a Cat-operad known as the Barrat-
Eccles operad. That is, there is a multicategory E3, with a single object and such that
the n-multilinear maps are given by
EX (%,...,%;%) = EX,,
——

n times

and the composition is defined for o € 3, and 7; € ¥y, as y(o; 71, ..., 7)) = (71, ..., Tn),
(see Notation A.1). The composition for 2-cells is forced by the previous. By the coherence
theorem for pseudo symmetric multifunctors [Manc23] we can rigidify the multifunctor
T: K —T-alg and turn it into a symmetric multifunctor ¢(7): K x EX, — T-alg.
For objects, ¢(T)(A,*) = ¢(T)(A) = TA, for 1-cells ¢(T)(f,0) = T(fo '), for 2-cells
H(T)(a,1,) = T(ao™ o, and also ¢(T)(15,0 —=7) = (Tys-1.50-1)0. Let’s focus on the
1-cell 14,x..xa,. It’s easy to check that for w, defined in Remark 4.14, we have that
Wy = O(T)(14,x..xa,,0'). Thus, we get a map

EEn q',I’-Cllg(,zﬂlzéll, ce ,TAn, T(Al X X An))

which sends o to ¢(T) (14, x..xa,,0 ) = Wy, and c—=7 to ¢(T) (La,x..xa,,0 - —=71).
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A. Appendix

Here are the definitions of C-multicategory, (symmetric) C-multifunctor, and pseudo sym-
metric Cat-multifunctor.

A.1. NotATION. If 0 € &, and 7; € ¥y, for 1 <i < n, we will denote by o(ry,...,7,) €
Yk 41k, the permutation that swaps n blocks of lengths k1, ..., k, according to ¢ and
each block of length k; according to ;.

A.2. DEFINITION. If (C,®,1, p, \) is a symmetric monoidal category, a C-multicategory
(M, ~,1) consists of the following data:

o A class of objects Ob(M).

o For everyn >0, (a) = (a;)~; € Ob(M)" and b € Ob(M), an object in C denoted

by
M({a);b) = M(aq,...,an;Db).

We will write {a) instead of (a;)?_, when n is clear from the context or irrelevant.
[In the case C = Cat, an object f of M({a);b) will be called an n-ary 1-cell with
input (a) and output b and will be denoted as f: (a) —=b. Similarly, we will call
a: f—=g in M({a);b)(f,g) an n-ary 2-cell.]

e For eachn >0, (a) € Ob(M)", b € Ob(M), and o € 3,,, a C-isomorphism
M({a); ) —=—= M({a)o;b)

called the right o action or the symmetric group action. Here

(a)o = (ar,...,an)0 = (aoq1), - - -+ Ao(n))-

[In the case C' = Cat we write fo for the image of an n-ary 1-cell f: {(a) —=b in
M and similarly for 2-cells.]

e For each object a € Ob(M), a morphism
1 —“% M(a:a)

called the a-unit. In the case C' = Cat we notice that if a € Ob(M), 1,: a—=a is
a I-ary 1-cell while if f: (a) —=b is an n-ary 1-cell, then 15: f— f is an n-ary
2-cell in M({a);b)(f, f) so our notation is unambiguous.

e For every c € Ob(M), n >0, (b) = (bj)7_; € Ob(M)", k; >0 for 1 < j < n, and
(aj) = (ajﬂ-ﬁil € Ob(M)* for 1 < j <n, a morphism in C,
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M((B):6) @ © Ml{a):by) — M({a):ic).

J

where we adopt the convention that (a) € Ob(M)*, where k =37 | k;, denotes the
concatenation of the varying a;’s for j =1,...,n. That is,

<a) = <a1, ceey CLn> = <<CL]'>>;-L:1 = <(11,1, e ,al,kl, CLQ’L e ,an,l’knflaml, e ,an7kn>.

The previous data are required to satisfy the following axioms.

o Symmetric group action: For everyn > 0, (a) € Ob(M), b € Ob(M), and o, T
in %, the following diagram commutes in C :

M({a);b) == M({a);b) — 4 M((aor)sb).

oT

o Identity: the identity permutation id, € X, act as the identity morphism on
M({a); b).

e Associativity: For every d € Ob(M), n > 1, (c) = (¢;)}—; € Ob(M)", k; > 0 for
1 <j<nwihk;>1 for at least one j, (b;) = (bﬂ>fi1 € Ob(M)*i for1 < j <n,

li,j Z 0 fOT 1 S j S n and 1 S 1 S kj, and <a/j,i> = <aj7i,p>;iil c Ob(M)li’j fOT

1<j<nandl <1 <kj, the following associativity diagram commutes in C':

M(eyd) & <® M((b,); cﬂ) 5 ® (®M<<aﬂ>; bm‘)) L MU d) © @ <® Mi{aa); b;;»)

j=1 \i=1

n kj
M(e)id) & @ (M«bj;cm ® M<<aj,i>;bj,i>) ,
18Q7_, v
M((e); d) & @ M((az); c;) . M({a); ).

=1

o Unity: Suppose b € Ob(M) and {(a) = (a;)j_, € Ob(M)", then the diagrams

M({a);b) ® él 1@ M({a); b)

18®7—1 1ajl w‘ 1b®1J( \
n

M((a);b) ® @ M(ajia5) —— M({a);b),  and  M(b;b) ® M((a);b) —— M({a); )

5
j=1
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commute.

o Top equivariance: For every c € Ob(M), n > 1, (b) = (b;)7_; € Ob(M)", k; > 0
for1<j<mn, (a;) = (aj7i>fi1 € Ob(M)*i for 1 < j<n, and o € %, the following
diagram commutes:

Mw@®§Mmmm4@LMMWM®®Mwmmm>

M({ar), ..., {an);c) M((as)), - (aom)); €).

Here 0~ is the unique isomorphism in C, given by the coherence theorem for sym-

metric monoidal categories, that permutes the factors M({a;),b;) according to o~*.

e Bottom equivariance: For (a;),(b) and ¢ as in Top equivariance, the following
diagram commutes:

n

n id®@1rj n
MB):0)® @ M{as)sty) —— M(().) & @ Mllas)rby
M({a1), ..., (an);c) — > M({a1)11, ..., {a,)T; c).

This concludes the definition of a C'-multicategory.

A.3. DEFINITION. A symmetric C-multifunctor F': M —=N between C-multicategories
M and N consists of the following data:

o An object assignment F: Ob(M)—= Ob(N).
e For eachn >0, (a) € Ob(M)™ and b € Ob(M) a C morphism

M({a);b) ——= N((Fa); Fb).

These data are required to preserve units, composition, and the action of the symmetric
group.

e Units: For each object a € Ob(M), F(1,) = lgg, i.e., the following diagram
commutes in C' :
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1 — M(a,a) —2— N(Fa, Fa).
T

chL
e Composition: For every ¢ € Ob(M), n > 0, (b) = (b;)j_, € Ob(M)", k; > 0
for 1 < j <mn, and (a;) = <aj,i)fi1 € Ob(M)Fi for 1 < j<mnandl <i<n, the
following diagram commutes in C :

FR® F
j=1

— NFb); Fe) © @ N((Fay); Fiy)

J=1 J=1

| | |

» N((Fa); Fe).

F

o Symmetric Group Action: For each (a) € Ob(M)™ and b € Ob(M) the follow-
ing diagram commutes in C' :

M({a);b) —E— N((Fa); Fb)

gla gla

M((a)o;b) —— N((Fa)o; Fb).
Yau defines, in [Yau24|, a 2-category, C-Multicat with 0-cells C-multicategories, 1-
cells symmetric C-multifunctors, and 2-cells C-multinatural transformations.

A.4. DEFINITION. [Yau?24, Def. 4.1.1] Suppose that M, N are Cat-multicategories. A
pseudo symmetric Cat-multifunctor F': M —= N consists of the following data:

o A function on object sets F': Ob(M)—= Ob(N).
e For each (a) € Ob(M)™ and b € Ob(M), a component functor
M({a);b) = N((Fa); Fb).

o For each o € 3, (a) € Ob(M)", b € Ob(M), a natural isomorphism Fy q) s

M({a);b) —E— N((Fa); Fb)

1=z b

g,

M({@)ob) —— N(Faya; Fb).

When {(a) and b are clear from the context we write simply F,, and if f: {(a) —=b
we will denote by F, oy pp = Fop: F(fo) — F(f)o the 2-cell in N ((Fa)o; Fb)
corresponding to the component of F, at f.
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These data are subject to the same axioms of unit and composition preservation as a sym-
metric Cat-multifunctor, but we replace the symmetric group action preservation axiom
by the following four axioms.

e Unit permutation: Let n >0, (a) € Ob(M)™ and b € Ob(M), then
Fig, . @)p = 1F.

e Product permutation: Let n > 0, (a) € Ob(M)™, b € Ob(M) and o,7 € %,,.
Then, the following pasting digrams are equal.

M((a);b) —— N({Fa); Fb) M((a);b) ——— N({Fa); Fb)
L= b
M((a)o;b) —— N({Fa)o; Fb) = or /;” or
- = k
M((a)oT;b) —— N((Fa)or; F'b) M((a)oT;b) —— N((Fa)or; Fb).

o Top equivariance: For every c € Ob(M), n >0, (b) = (b;)"_; € Ob(M)", k; >0

for 1 < j <mn, and (a;) = <aj,i>fi1 € Ob(M)¥ for1 < j < n, and o € %, the
pasting

MU(B);e) x TT M({az):b) 15 N((Fb); Fe) x TT N ({Fay); Fby)

j=1 i
Y l’)’
M(((a;))f=1; ) - » N(((Faj))j_i; Fe)
"“d’“a(j))l /Fa: by l"“dkouﬂ
M({{ao(;)))j=1; ) F > N(((Fag(j)))j-1; Fe)

M(B)s) x TT M(Gag);by) ——s N(FB); Fe) x T] N (Fay); Fby)

7j=1 j=1
axafll /F:XI laxo’l
M((b)a; ¢) x [T M(ao()); bos) =+ N (Fb)o; Fe) % HlN(<F%<j)>; Fbo(j)
J= j=

| I

M(({ao()))j=1; ) - » N(((Faog)))j=1: Fe).
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Here a(idko(j)> = 0 (idy, ), s iy n))-

e Bottom Equivariance: For every c € Ob(M), n > 0, (b) = (b;)7_, € Ob(M)",
kj >0 for1<j<mn, and (a;) = (aj,iﬁil € Ob(M)¥ for1 < j<mnandl <i<kj,
and 7; € Xy;, the following two diagram

N ((Fay); Fby)

7=1

|

n

M) €) x T MGas)sty) 5 M(FD): Fe) »

M({(a)ic) — N({(Fa)))joii Fo)
idn(%’)l /mLT_) lidn@?
M(((aj)75)j-1; ¢) - » N(((Faj)m)i_y; Fe)
equals
M) €) x T MGas)sty) —H5 MUY Fe) x TTN((Fay): 7))
1x[]7; /D:]_[Frj llXH‘rj
MB):e) x TTM({a)mity) —5 N Fe) x [N (Fay)my: Fb)
M({{a;)75)71;¢) - » N(((Faj)mj)i_y; Fe).

The domain and codomain of the pasting diagrams in the Top and Bottom Equiv-
ariance axioms are equal by top and bottom equivariance for M and N'. The preser-
vation of v by F' guarantees that the empty squares commute.
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