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WHAT KIND OF LINEARLY DISTRIBUTIVE CATEGORY DO
POLYNOMIAL FUNCTORS FORM?

DAVID I. SPIVAK, PRIYAA VARSHINEE SRINIVASAN

ABSTRACT.

This paper has two purposes. The first is to extend the theory of linearly distribu-
tive categories by considering the structures that emerge in a special case: the normal
duoidal category (Poly,y,®,<) of polynomial functors under Dirichlet and substitution
product. This is an isomix LDC which is neither *-autonomous nor fully symmetric.
The additional structures of interest here are a closure for ® and a co-closure for «,
making Poly a bi-closed LDC, which is a notion we introduce in this paper.

The second purpose is to use Poly as a source of examples and intuition about various
structures that can occur in the setting of LDCs, including duals, cores, linear monoids,
and others, as well as how these generalize to the non-symmetric setting. To that end,
we characterize the linearly dual objects in Poly: every linear polynomial has a right dual
which is a representable. It turns out that the linear and representable polynomials also
form the left and right cores of Poly. Finally, we provide examples of linear monoids,
linear comonoids, and linear bialgebras in Poly.
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1. Introduction

Cockett and Seely introduced weakly distributive categories, renamed to linear distribu-
tive categories (LDCs), as a categorical semantics for multiplicative linear logic [Cock-
ett and Seely (1997b)]. Adding negation to the semantics produces x-autonomous cat-
egories. The primary contribution of this paper is to present a detailed study of a rea-
sonably approachable yet a rich example of an LDC, one which is neither symmetric nor
x-autonomous, namely the category Poly of polynomial functors and natural transforma-
tions. While Poly is a well-known category with a vast body of literature, to the best of
our knowledge this paper is the first to explore Poly purely from the perspective of LDCs.

Indeed, though this project is focused on the category Poly as an LDC, our definitions
and results are more general. We first prove a straightforward result, that normal duoidal
categories are isomix LDCs—there is a faithful functor as we’ll see in Lemma 3.3—thereby
providing a family of examples for isomix LDCs, one of which is Poly. These results are
presented in Section 3.

The category Poly is not *-autonomous: not every object in Poly has a dual. However,
there are certain pairs of polynomials which are duals: for any set A, the linear polynomial
Ay is left dual to the representable y*, and these are the only polynomials with duals.!
We prove these results in more generality by introducing the notion of biclosed LDC's
which are LDCs with a closure for the ® operation and a coclosure for the < operation,
i.e. LDCs for which (— ® a) has a right adjoint [a, —], and (— < a) has a left adjoint [;]
In Poly, the former [—, —| is the closure for the Dirichlet product and the latter [:] is
the left Kan extension. We characterize the dual objects in biclosed LDCs, generalizing
the above results for Poly; all this is shown in Section 4.

Next we explore the notion of core in mix LDCs within our context. Mix LDCs
are equipped with a mix map m : L — T, which induces a natural transformation
indep,, : a @ b — a<b for all objects a,b. An isomix LDC is a mix LDC in which the
mix map m : L = T is an isomorphism. The core of a symmetric (iso)mix LDC is the full
subcategory spanned by those objects for which the indep, _ is a natural isomorphism.
That is, an object a is in the core if the map indep, , : @ ® = a < is an isomorphism,
for all z; from this it follows from the symmetry that indep, , : * ® a = z < a is also an
isomorphism.

The notion of core in mix LDCs has been studied only for symmetric LDCs. Inspired
by Poly, this paper explores the notion of core in non-symmetric settings. Without the
assumption of symmetry, one may define the left core (resp. right core) to be the full
subcategory spanned by the objects a for which indep, ~ (resp. indep_,) is a natural
isomorphism. We show that in Poly, the linear polynomials (Ay) comprise the left core
and the representables (y**) comprise the right core. The cores and the duals thus coincide:
a polynomial is in the left core iff it is a left dual iff it is linear, and it is in the right core
iff it is a right dual iff it is representable.

For a mix LDC X we say that the left and the right cores are opposing when core,(X) =

'We will explain this notation in Section 2.1.
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core,(X)°P. We will show that Poly has opposing cores, which are equivalent to Set and
Set®?, respectively. Another example of mix LDCs with opposing cores are compact closed
categories. Section 5 provides the above definitions and proves relevant results.

Linear monoids and linear comonoids generalize Frobenius algebras from monoidal
categories to LDCs. We show that Poly has non-trivial linear-monoid-like structures:
every monoid in Set defines a left linear monoid and every set induces a right linear
monoid in Poly; these definitions are new. Such linear monoids and linear comonoids in
Poly interact to produce left and right linear bialgebras. Section 6 contains these results.

Contributions. The following are the main technical contributions of this paper:

(1) We prove that all normal duoidal categories are isomix LDCs. In particular, the
category Poly is an isomix LDC.
(2) We define the notion of biclosed LDCs.

(3) We characterize the linear duals in isomix biclosed LDCs.

(4) We prove that a polynomial q is left dual of p, i.e. ¢ 4 p iff ¢ = Ay and p = y* for
some set A.

(5) We define the left and the right cores of non-symmetric LDCs. In Poly, we show
that the left core consists of the linear polynomials (Ay) and the right core consists
of the representable polynomials (y*).

(6) We show that for every monoid in Set, we get a left linear monoid and a right linear
comonoid in Poly. Moreover, every set induces a left linear comonoid and a right
linear monoid in Poly. These structures interact to produce right and left linear
bialgebras which are the notion we introduce in this paper.

In Section 2 we recollect the preliminary definitions and results used in this paper.

2. Preliminaries

For preliminaries on Poly see Section 2.1; for preliminaries on LDCs see Section 2.7.

2.1. THE CATEGORY Poly. While there are many equivalent definitions of polynomial
functors [Niu and Spivak (2008)],% in this paper we view them as coproducts of repre-
sentables.

Given an object A : C, a functor F' : C — Set is represented by A if there is an
isomorphism F' 2 C(A, —); in this case we also say that F' is representable. For functors
Set — Set, we denote the functor Set(A, —) by y4.

2.2. DEFINITION. [Niu and Spivak (2008), Defintion 2.1] A polynomial functor is a
functor p : Set — Set that is isomorphic to a coproduct of representables, i.e.

p=y yt
il

2For a friendly and very non-technical introduction to polynomial functors, see https:
//topos.site/blog/2022-01-19-poly-makes-me-happy/ or https://topos.site/blog/
2023-11-13-solving-problem-solving/.
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for some indexing set I : Set and sets A; : Set. We refer to the elements of I as the
positions of p, and we refer to elements of A; as the directions of p at position i : I.

The following are a few examples of polynomial functors:
(i) y* is a representable polynomial, for any A : Set. The terminal object of Poly is y°;
we denote this by 1.
(ii) >°,.;¢" is a constant polynomial; it sends X + I for all X : Set. We denote this by
I=>.,1
(ili) >, ;¥ = Iy is a linear polynomial, for any I : Set.
(iv) y® + y* where 2 and 3 are 2-element and 3-element sets respectively. For this
polynomial, the index set I = 2, A; = 3, and Ay = 2.
Corolla forests are an intuitive visualization tool for polynomials [Niu and Spivak
(2008), Chapter 2]. For example, the polynomial 3+ »?, can be drawn as a corolla forest

as follows:
NI
o, o
Ty
For a polynomial p 2 5.y, the elements of I are referred to as the positions of

p. Thus, each corolla in a corolla forest corresponds to a position of its polynomial. For
each i : I, the elements of A; are referred to as the directions at that position. The
directions at position ¢ are denoted as the branches of the corolla corresponding to that
position.

The positions of a polynomial p can be found by evaluating the polynomial functor at
the single element set 1:

W) =S = e Y
il il il
Hence, writing p[P] := Ap for any position P : p(1), we can denote a polynomial succinctly

as follows:
p= Yy (2.1)
P:p(1)

2.3. DEFINITION. We define Poly to be the category of polynomial functors Set — Set
and the natural transformations between them.

We can give a fully set-theoretic account of the natural transformations between any
two polynomial functors by using the universal property of coproducts and the Yoneda
Lemma. Indeed, for any two polynomials p = ZP:p(l) yPl and ¢ = ZQ:q(l) ylel,

Poly(p, ¢) = Poly (Z T q)
P

= H Poly (yp 7], q) (Universal property of coproduct)
Pp(1)
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&~ H q(p[P]) (Yoneda Lemma)

f_[ prq[Q]
193 I 22

) e:q[Q] d:p[P]

I

Since products distribute over sums, the expression in (2.2) tells us that a natural trans-
formation ¢ : p — ¢ can be identified with:

e a function ¢ : p(1) — ¢(1), from the positions of p to the the positions of ¢, and

e for each P : p(1), a function ¢ : g[p(P)] — p[P), from the directions of ¢ at oy (P)

to directions of p at P.

A map ¢ of polynomials is called cartesian if, for each P : p(1), the map gpﬂp is a
bijection.?

As an example of polynomial maps, let us consider the polynomials p = y® + y? and
q =y +y?. The following diagram depicts a natural transformation ¢ : p — ¢:

#*
qb
¥
T/~ K7 ’
lf.‘. gz ./a, .,b (P' 7T §.€ + Hz

One can count that there are (3! + 3%) x (2! + 2?) = 72 natural transformations p — q.
Here are two useful functors between Poly and Set, based on the positions and the
directions of polynomials:

e the functor Poly(y, —) : Poly — Set, which we denote by —(1). For any polynomial
p, an element of p(1) is a position of p.

e the functor Poly(—, y) : Poly — Set°®, which we denote by I'_. For any polynomial
p, an element of I, is a global section: it picks a direction for each position of p:

r, = H p[P] (2.3)
P:p(1)

While Poly has many monoidal structures, in this article we are concerned with only
two: the tensor (Dirichlet) product and the substitution product [Spivak (2022)]. The

3In general, a natural transformation ¢ is called cartesian if its naturality squares are pullbacks. A
map ¢ of polynomials is cartesian in this sense iff it satisfies the above condition, that goﬁp is a bijection.
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tensor product ® is given by the Day convolution of Cartesian product x in Set, and
the substitution product < is given by functor composition. They have straightforward
formulas:

PR q= Z yp[P} ® Z yq[Q} — Z yp[P]th[Q} (2.4)
P:p(1)

Q:q(1) (P,Q):p(1)xq(1)
S AL) LD SO S MED I | D I
P:p(1) Q:q(1) P:p(1) Pip(1) dip[P] Q:q(1) e:q[Q)

We leave the proofs of the following statements as exercises for the reader.

2.4. LEMMA. For any polynomial p, its set of positions p(1) is isomorphic to 1 ® p (and
p®1).

2.5. PROPOSITION.

The functor A w— Ay is strong monoidal (Set, 1, x) — (Poly, y, ®).

The functor p — p(1) is strong monoidal (Poly,y, ®) — (Set, 1, x).
The functor A y* is strong monoidal (Set®®, 1, x) — (Poly, y, ®).
The functor p — I', is colax monoidal (Poly,y,<) — (Set®®, 1, x).

&0 SR

2.6. REMARK. Proposition 2.5-(a) is a special case of [Garner and Franco (2016), Exam-
ple 24] once Poly is proven to be a normal duoidal category, see Lemma 3.4.

2.7. LINEARLY DISTRIBUTIVE CATEGORIES (LDCs). Here we discuss various flavors of
LDCs and the appropriate sorts of functors between them.

2.7.1. FLavors ofF LDCs. A linearly distributive category (LDC) is a category X,
equipped with two monoidal structures*

(Xa ®7 T) and (Xa 47 J—)
linked by natural transformations

OF ta®(bac) = (a®b)<ac 25)
O (b<ac)®a—ba(c®a) '

called linear distributors,® such that the the associators and unitors of the ® and the <
products interact coherently with the linear distributors [Blute et.al. (1996), Cockett and
Seely (1997b)].

4The operation a < b is usually written as a @ b in the literature.
5The maps O and 0 are called linear distributors because they do not copy a as in distributive
categories:
X (b+c)=(axb)+(axc)

In this article, we use the word linear for two different but firmly-established notions. First, a polynomial
is linear if it has the form Ay for some set A. Second, the terminology of linear distributive categories
often appends the term “linear” to refer to various notions in that context, e.g. linear duals. Hopefully,
this name-space collision will not cause confusion.
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2.8. EXAMPLE. Fvery monoidal category is an LDC in which the two tensor products
coincide.

For more examples, see [Srinivasan (2021), Chapter 2].
A symmetric LDC is an LDC in which both monoidal structures are symmetric, i.e.
having symmetry maps og and o, such that the following diagram commutes:

(adb)®@c " c®(a<db) —Z= c® (b<a)

o b

ad(b®c) «5— a<(c®b) ¢—a<(b®c)

In a symmetric LDC, the symmetry maps induce the following permuting distributivity
maps:
OF:a®(b<ac) —ba(a®c)
OF 1 (b<ac)®a — (b®a)<c
An LDC which is equipped with all the four linear distributivity maps is said to be
non-planar [Cockett and Seely (1997b)].
Motivated by Poly, we consider LDCs in which only the tensor ® is symmetric.

2.9. DEFINITION. A ®-symmetric LDC (X, ®, T,<, 1) is an LDC such that:
1. (X,®,T) is a symmetric monoidal category (parallel structure), and
2. (X,q, 1) is a (not-necessarily-symmetric) monoidal category (sequential structure).

(2.6)

2.10. LEMMA. All ®-symmetric LDCs are non-planar.

PROOF SKETCH. In a ®-symmetric LDC, the symmetry of the tensor product ® induces
the two permuting distributivity maps as follows:

R
ok .= (a@)(ch)&(bdc)@a%bQ(c@)a)ﬂﬂm(a@c))

The other permuting map 9%, is constructed similarly. m

An LDC satisfies the mix inference rule in linear logic if it has a map 1 — T satisfying
certain coherences:

2.11. DEFINITION. [Cockett and Seely (1997a)] A mix LDC is an LDC with a map
m: L — T, called the mix map. The miz map induces, for any a,b : X, a natural
map indep,;, : a ®b — a<b, as shown as the dotted arrow in the following commutative
diagram:

a®b ——r— douy a® (L<b) 4@ (m<id), a® (T <ab)
(“f)l®idl laL
(a<l)®b T indeps (a® T)<b (2.7)

aRl lu‘gqid

.
a<(L®b) Wcm("l’@b) e a<b
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An isomix LDC is a mixz LDC in which the mixz map T % 1 is an isomorphism.

When m : L — T is an isomorphism, the coherence requirement (2.7) is automatically
satisfied (see [Cockett and Seely (1997a), Lemma 6.6]).

In the LDC literature, the indep map is usually referred to as the mixor and is written
as mx. In this article, we use indep, because of its semantics in Poly; see below (3.3).

A compact LDC is an isomix LDC in which for all a,b, the map indep,;, : a ® b

=5 aqbis an isomorphism. In fact, any compact LDC is linearly equivalent to a
monoidal category [Srinivasan (2021), Corollary 2.18]. The term ‘compact’ in the context
of LDCs refers to the fact that the two monoidal products are isomorphic via the indep
map.

A monoidal category is a compact LDC in which for all a, b, the map indep,, ,, = idagp
is the identity natural transformation.

The following schematic diagram summarizes some relevant flavors of LDCs:

Compact LDC

Mix LDC indep
m: L —s T a®b — 7 ad b
® @& @ O O
& AN
LDC Isomix LDC Monoidal category
(X, ®,T) LT =< T=1

(X<, 1)
We will be focused mainly on the center dot: we will see that Poly is an isomix LDC.

Notation. In this article, we write ¢ and 9% for 9F and 9% respectively, and we will
have very little use for the other two maps in (2.6). For the rest of the paper, the term
LDC will refer to non-symmetric LDCs unless otherwise specified.

2.11.1. FuncTors BETWEEN LDCS. Linear functors [Cockett and Seely (1999)] are the
most general notion of maps between LDCs. In this article we use a simpler notion: that
of Frobenius functors [Cockett and Pastro (2009)].

2.12. DEFINITION. [Srinivasan (2021), Lemma 2.20] Suppose X and Y are LDCs. A
Frobenius functor consists of a functor F : X — Y equipped with:

(i) a lax monoidal structure (F,mg,myr) : (X,®,T) — (Y,®, T) and

(ii) a colax monoidal structure (Fyng,ny) : (X,<, L) — (Y, <, 1)
such that the laxors me and ng and the distributivity maps interact as follows:

F(a)® F(b<c) —49% 5 F(a) @ (F
[F.1]  Fa® (bac)) (F(a) ® F(b)) < F(c)
F(OL)\L me <id
) 4 F(c)

—~

b) < F(c))

L

Q

(=

F((la®b)<c) —— F(a®
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F(a<b) ® F(c) =95 (F(a) 1« F(b)) ® F(c)

ml lag

F-2]  F(a<ab)®c) F(a) < (F(b) ® F(c))
F(Oﬁ)l \kd<1m®
Flax(b®c)) ——— F(a)aF(b®c)

2.13. DEFINITION. [Srinivasan (2021), Definition 2.22] Suppose X and Y are miz LDCs.
A mix functor F': X — Y is a Frobenius functor making the following diagram commute:

F(l) = 1

ol b

A mix functor F is isomix if m;: T — F(T) and ny : F(L) — L are isomorphisms.

3. Poly is an isomix LDC

In this section, we prove that Poly is an isomix LDC. This result follows from the general
observation that there is a faithful functor from the category of normal duoidal categories
and functors to that of (non-planar) isomix LDCs and isomix Frobenius functors.

3.1. DEFINITION. [Aguiar and Mahajan (2010), Definition 6.1.] A duoidal category is
a category X with two monoidal structures (X,®, T) and (X,<, L) along with a natural
transformation.:

duo: (a<b)® (c<ad) = (a®c)<a(b®d)
called the interchange law, and morphisms:

er: 1T —T<«T
e :1l®lL — 1
k:T — L

such that the functors <: X x X — X and L : 1 — X are ®-lax monoidal, and the assos-
ciator and unitor natural isomorphisms of (<, L) are ®-monoidal natural transformations.

From the above data, it can be proven that the following squares commute [Aguiar and
Mahajan (2010), Proposition 6.9.]:

(Tal)@(L<aT) +——TT +— S TeT —— (LaT)®(Tal)

q b

(TR L)1(L®T) —=— Lal ——— L+ 1lal +— (LeT)<«(T®l)

o~

We say that a duoidal category is normal if the above composite k is an isomorphism.
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3.2. DEFINITION. [Aguiar and Mahajan (2010), Definition 6.50.] A bilax duoidal func-
tor F': (X,®,T,4, L) — (Y,®,T,<, L) consists of a functor F': X — Y that is ®-lax
monoidal, <-colax monoidal, and such that the following diagrams commute:

duo

F(duo)l

D.1] F(a<b) ® (c<d)) <=2~ F(a<b) ® F(cad) 2% (F(a) « F(b)) ® (F(c) < F(d))
Flla®c)<a(b®@d)) > Fla®c) <F(b® d) 5 (F(a) ® F(c))

<(F(b) © F(d))

D.2] Tl " (T DT ) D.3] F(L) ® F(L) —22u Lol
TaT ———— F(T) < F(T) FL® L) F(L)?Ll
T, p(T)
[D.4] kl lF
15— F(1)

A bilax duoidal functor F between normal duoidal categories is normal if the unit
laxors are isomorphisms:

mp: T — F(T)  and ny: F(L) — L

Let normalDuo be the category of normal duoidal categories and bilax normal duoidal
functors. Let Isomix be the category of isomix categories and isomix functors.

3.3. LEMMA. There is a faithful functor H : normalDuo — Isomix.

PROOF SKETCH. Suppose (X, ®,T,<, L) is a normal duoidal category. We show that
it can be given an isomix LDC structure by defining the linear distributivity and the
mix maps. The linear distributivity maps are constructed from the duoidal map and the

isomorphism T —f—) L by introducing and eliminating monoidal units. The construction

of the left distributor O is shown in (3.1).

a® (bac) Uy B s (< L)@ (bac)

abl = lduo (3.1)

(a@b) e« (T@b)<(a®c) +t— (a®b)<(L®ec)

The mix map m : L — T is defined to be k~!. The right distributivity map 0% and the
two permuting distributivity maps 95, 0% are constructed similarly.

Suppose X and Y are normal duoidal categories, and F' : X — Y is a normal duoidal
functor. Then, H(F) := F is a Frobenius functor, see Fig. 1 for the proof that [F.1] holds.
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()15 () @ (0)). 550 )T © Lo VT © ()] o (Pt © (1)t > () @ ()1
pre > v% (ra= H_u_ ® (1-%)A) > Pt
- ((P)d@T)> ()T ® E%V — (P @ (T)) > (0)d @ (v))
pI® [u) > pi
0 on] one]

U@ pl

A > (9)])
%

(P)av@v)d
(on)o > %
(P®1L)d> (D)

(P®1)d> (D)

S > P

(ra=

P (In)d|=

(pro)d ® (v)d

P

\

((pp2)d) ® (TeD)g

(L& ) > % 4\%

(p® 1)>0o0)d

1

P 0@ 0))g

?u_ ® 1-4) > Pl

(PeT)>(eD)d
ﬁoéi
((pro2) @ (TeD)d

~

(Pr® (In)a

((pr2) @D)ug

Figure 1: Normal duoidal functor is also isomix Frobenius
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In Fig. 1, the inner squares shown without label commute because F' is a lax monoidal
functor or a co(lax)monoidal functor. Similary, it can be proven that [F.2] holds.

The normal duoidal functor F' is also an isomix functor because T i> 1 is an iso-
morphism, and [D.4] holds. n

The category of polynomial functors and natural transformations is normal duoidal:
3.4. LEMMA. [Spivak (2022)] The category (Poly, ®,<,y) is normal duoidal.

PROOF SKETCH OF PROOF. For any symmetric monoidal structure - on Set, there is a
symmetric monoidal structure ® on Poly which is the Day convolution of -. The Cartesian
product on Set induces the ® structure on Poly given in Eq. (2.4). Thus, for p,q : Poly,
and A, B : Set:

p(A) x q(B) =25 (p© q)(A x B)

natural in A, B : Set, where p(A) := p < A denotes functor application. The above map
satisfies the following universal property: for all functors r: Set — Set and functions
¢ : p(A) x ¢(B) — r(A x B), there exists a unique (dotted) map which makes the
following diagram commute:

Day

p(A) x ¢(B) —= (p® Q)(A x B) (3.2)
r(A x B)

With this data, one can prove that (Poly, ®,y,<,y) is normal duoidal. Indeed, to give the
duoidal map d for p1, ps, q1, q2 : Poly,

d:(p1<p2) ®(1<q2) — (P1®q1) < (P2 ® q2)

it suffices to give, naturally for all A, B : Set, a map of the form

dap: ((prap2) @ (@1 <9¢2))(AX B) = (11 @ q1) < (p2 @ q2)(A x B)

And by the universal property of the Day convolution product, in order to give dy4 g, it
is enough to provide a map of the form

¢ 1 (p1<ap2)(A) x (1 29g2)(B) = (p1 @ q1) < (p2 @ q2)(A X B)

which can be constructed as follows:

(p149p2)(A) X (@1 <q2)(B) = (p1 < (p2(4))) x (@1 < (¢2(B)))
225 (pr @ @1)(p2(A) X ga(B))
=2 (01 @ ) (P2 @ 02)(A x B))
= (P11 ®@q1) <(p2 ® ¢2)(A x B)

Then, one can define the duoidal map as the unique map given by the universal property
of the Day convolution product as in (3.2). n
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It has been brought to our attention by one of our reviewers that the normal duoidal
structure of Poly given by Dirichlet and functor composition is likely to be closely related®
to the normal duoidal structure of generalized species given by arithmetic and substitution
products [Maia and Méndez (2008), Garner and Franco (2016), Gambino et. al. (2024)].
It might be an interesting future direction to explore this connection further.

3.5. COROLLARY. The category (Poly, ®,<,y) is an isomiz non-planar linearly distribu-
tive category.

PrOOF. By Lemmas 3.3 and 3.4, the category Poly is isomix LDC. By Lemma 2.10, it is
non-planar because it is ®-symmetric. [

Now that we know that Poly is an isomix LDC, let us examine its mix and indep maps.
In Poly, the units of the ®- and the <-products coincide: 1. = T = y. Hence, the mix
map m can be taken to be the identity map. For any two polynomials p and ¢, the indep

map p ® q _indep p<q is defined as follows:

> 2 1 Il '”de”ZHZHJ

P:p(1) Q:q(1) d:p[P] b:q[Q) 1) d:p[P] Q:q(1) b:¢[Q]
indep, : (P, Q) — (P, const@ p[P] — q(1);d = Q)
mdepPQ (d, ) = (d,b) : p[P] x ¢[Q] (3.3)

The fact that, under this map, () arrives in the codomain as a constant, i.e. that it is
independent of d, is the reason for the name indep. In passing, we note that for each
P : p(1) and @ : ¢(1), the function indepgpr is a bijection, and hence we record the
following.

3.6. COROLLARY. For any p,q : Poly, the map indep, , is cartesian.

4. Linear duals

In this section, we introduce biclosed LDCs and characterize the dual objects in these
categories. The category Poly is a biclosed LDC. We apply the general results on biclosed
LDCs to identify the dual objects in Poly.

6It seems likely that the normal duoidal structure on Poly described in Lemma 3.4 may be seen
to arise from more general two-dimensional structure. For comparison, the category of species is also
equipped with a normal duoidal structure [Garner and Franco (2016)], which was shown in [Gambino
et. al. (2024)] to arise from a normal oplax monoidal structure on the bicategory of coloured symmetric
sequences. Abstractly, the bicategory of coloured symmetric sequences is the Kleisli bicategory for a
pseudo distributive law between the symmetric monoidal category 2-monad and the presheaf construction
relative pseudo monad [Fiore et.al. (2018)]. The category of species arises as the presheaf construction
on the free symmetric monoidal category on the terminal category 1, and thus as the endo-hom of the
bicategory of coloured symmetric sequences on 1. Similarly, the category of polynomial functors arises
as the free cocartesian category on the free cartesian category on 1. It is therefore natural to expect
that the normal duoidal structure on Poly arises from normal oplax monoidal structure on the Kleisli
bicategory for a pseudo distributive law between the cartesian category 2-monad and the cocartesian
category 2-monad.
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4.1. LINEAR DUALS IN LDCs. Let us recall the definition of dual objects in LDCs.

4.2. DEFINITION. [Srinivasan (2021), Def. 2.8.] Suppose X is a LDC and a,b : X are
objects. Then b is left dual to a—and a s right dual to b—written as

(n,€) :bla

iof there exists a unit map n: T — a<b, and a counit map € : b ® a — L such that the
following diagrams commute:

o L Toa 129 (4ab) @a by b T 425 b (e ab)
[dual.1] laR [dual.2] H laL
a4 47— a1l «g=— a<(b®a) bg—adl «—— (b®a)ab

(4.1)

Note that the above coherence conditions involve mainly 7, € and the linear distribu-
tivity maps. For easy understanding of the coherences, the 1 and the € can be drawn
as a cap and a cup respectively (by hiding the units), even though they refer to differ-
ent monoidal products. The two coherence diagrams [dual.1] and [dual.2] can then be
drawn as snake diagrams, as shown below.”

| a m
\_/ :
e:b®a— L r/ T~>A<1b’

[dual.1] [du al.2]

We record the following definition and lemma for completeness, but they will not be
used again in the paper.

4.3. DEFINITION. [Srinivasan (2021), Definition 2.10] A morphism of linear duals, (f,g) :
(n,€) — (', €), is given by a pair of maps

p 9, (my€) 9.

such that the following equations hold:

i , b n b a b a
o (y=6) w o S
v a v a b 7 e ¢

7All string diagrams in this article are to be read top-to-bottom, i.e. in the direction of gravity.
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Notice that a morphism of duals is determined completely by either of the pair of
maps (f completely determines g, and vice versa), and are referred to as Australian

mates [Cockett et. al. (2000)].
0

The map f is an isomorphism if and only if ¢ is an isomorphism. Also, notice that
if f or g is an isomorphism, equations (i) and (i) imply one another in the definition of
morphism of duals.

4.4. LEMMA. In a mix LDC, we have the following equations:

U uwu

Equivalently, the following squares commute:

~

_|
=3

~

b®a £ s 1 m
(4) T® (b a)

77®idl

(a<b) @ (b®a) zp (b)) @ L gz (a<1d) @ T —— a<b

a<db

b®a € s | m s T 5 aab

(i) (b®a)®T
id®77l
(b®a)® (a<b) —

PROOF. We prove below that (i) commutes. The proof that (i) commutes follows simi-
larly.

1L®((@a<b) —=2 T®(a<b) —z— a<b

E®Id m®|d

b®a € Sl m s T 1 y a<b
u% l =nat. \Lugcl =nat. \Lugl i
TR (ba) —82 5 Tl —Hem ., ToT — Y% 7T

n %) Idl = ®@-bifunctor \k] ® id = ®-bifunctor \LT] % id =nat. lﬁ

(ad) @ (b®a) —gz7 (@) @ L —z7 (a<d) @ T —=— (a<b)
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4.5. DUALS IN BICLOSED LDCs. In this section, we discuss what happens when the par-
allel structure (®) has a left closure and the sequential structure (<) has a right coclosure.
These are related to dual objects in LDCs.

4.6. DEFINITION. We define a linearly distributive category (X, ®,T,<, L) to be:
e ®-closed if for all a : X, the functor — ® a : X — X has a right adjoint, denoted
a—o —,
e <-coclosed if for all a : X, the functor —<a : X — X has a left adjoint, denoted
a/—,
e biclosed if X is both ®-closed and <-coclosed.
Let a be any object in a ®-closed LDC. Then, by the adjunction, for all b, and ¢, we
have an isomorphism:

X(a® b, c) = X(b,a—oc) (4.2)

We refer to the counit of the a ® — 4 a—o— adjunction as the eval map:
ev:a® (a—ob) — b (4.3)

Let a be any object in a <-coclosed LDC. Then, by the adjunction, for all b, and c,
we have an isomorphism:

X(a/e,b) =2 X(a,b<c) (4.4)
We refer to the counit of the — <b - —/b adjunction as the coeval map:
coev:a — (a/b)<b (4.5)

4.7. EXAMPLE. [Spivak (2022), Niu and Spivak (2008)] The category Poly is a biclosed
LDC where, for any two polynomials p, q:

p—oq :=[p,q] = HZHZJ (4.6)

(1) Q:q(1) d:q[Q] d’:p[P]

p/q:=[! Zy‘“‘p => 11 1II v (4.7)

P:p(1) P:p(1) Q:q(1) d:q[Q]—>p[P]

Although we will not need it, the coclosure [Z} is the left Kan extension of p along q:

Set —— Set
Set M

In the rest of the paper, without loss of generality, we will assume T = L for isomix
LDCs. For an isomix LDC, we will denote the monoidal unit by y. Since we are mainly
concerned with Poly category, in the rest of the paper, we will use the notation [a, b] for
a—ob, and [Z} for a/b for readability and uniformity.
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For any object a : X in a biclosed isomix LDC, there are two sorts of “double dual”
maps, ¢, and ¥,, each of which uses both the ®-closure and the <-coclosure. They are
defined as the following composites:

(For brevity, we suppress identities and the unitors ug and ug in (4.8) and (4.9). We
follow this convention in the rest of the document when writing proofs and composites.
For full version of the equations, see Appendix A.)

[o]o] == [[s] 0] @ ([o]@0) 2= ([[s].0] @ [s]) 00 =50 o)
v,

4.8. THEOREM. For an object a in a biclosed isomixz LDC, the following are equivalent:

(i) ®, has a retraction,
D,

and the following composite is the identity on |a,y],

Xa ev

a.y] = [a,g) @ (|| <la0)) == (la.) @ |47]) <lo.y]
~ (a5 ® @) ala,y] < [a,]

(i) [a,y]la, with e = (ev:|a,y] ® a — y).

PROOF.

(i) = (ii): Given that (i) holds, we must show that [a,y] Hla with € = ev. Define 7 as
follows:

n = <y = [[“’3’1] ala,y] = a<la, y]) (4.10)

Y

The following diagram proves that [dual.1] from Definition 4.2 holds:
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n

q ZCoev, ([[‘“’1] <1[a,y]> ®a —= (a<a,y]) ®a

Y

=assumption

[ [a.y]

A Sc=eav— a<]([a7y] ®(I>
The proof that [dual.2] holds is similar.

(i1) = (1): Given that [a, y]la with € = ev, we must prove that (i) holds. Since the LDC
is <-coclosed, we know that that — < [a, y| has a left adjoint as shown in Eq. (4.4).

Define x,: [[ai’f’q — a to be the universal map induced by #:

az/

We first prove that the specified composite is indeed the identity on [a, y]:
.9 == fa.y)@ ([1] ala.s]) 2 (faale [])

=univ. prop.
La =nat. a

[aay] —— [CL, y] ® ([aa y] <]a) 0—L> ([Cl,y] ® a) da
=[dual.2] lev
[a, y]

Next we show that &, § x, is a retract, completing the proof:

D,

Yy Y Yy

=couniv. prop. )
a =nat. Xa —nat. Xa

¢ —— (ada,y]) ®a ——F—— a<(fa,y]®a) —w——=a

\\8_/

q —Soev <[[a,y}} q[%y]) Qa ot \ [[a,y]} Q([a,y] ®a) ev [[a,y}}
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4.9. THEOREM. For an object b in a biclosed isomixz LDC, the following are equivalent:
(i) ¥y, has a section,

N Hﬂy} Ty,

and the following composite is the identity on [ﬂ,

b= (e e ] = Bl 0e b))
= [l((Blole [2]) = [

(ii) bl [2] with n = coev maps y — [b} ab

Y

PROOF SKETCH OF PROOF.

(i) = (ii): Given that (i) is true, we must show that b | [ﬂ with = coev. Define € as
follows:

A (AT IO I

(i) = (1): bAl [2] with 7 = coev, we must show that (i) holds. Since the LDC is ®-
closed, we know that that — ® [2] has a right adjoint, see Eq. (4.2). Define €,: b

Y

— Hb] , y] to be the universal map induced by e:

The rest follows similarly to the proof of Theorem 4.8. n

4.10. THEOREM. In a biclosed isomiz LDC, suppose there are maps y —— a<b and b@a

b
Y

s y defining a linear duality (n,€) : bla. Then adjoint of n, that is 1’ [ ] — a, s a

retraction and the adjoint of €, that is € : b — |a,y], is a section.

b
Y

PROOF. Given that (n,€) : bl a, we first prove that [ } 5 a is a retraction. Define

b

the map a —— [y

} as the following composite:

o= (0= ([Pan) e 25 [lavan S []) @

Y Y
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The following commuting diagram shows that ¢ § 7' = id, making 7" a retraction.

Indeed, the large left square commutes by the definition of ¢. The outer diagram com-
mutes by [dual.1]. Thus, bottom triangle commutes, making 7’ a retraction.

Next we prove that b < la,y] is a section. Define the map [a, y] 5 b to be the
following composite:
0= (la,y] = [o,9] @ (aab) = (la,9] @ a) ab =5 b)

The following commuting diagram shows that ¢’ $1 = id,, making €' a section. The outer
diagram commutes because of [dual.2]. The large right square is the definition of the v
map.

— @-bifunctor s . —1
nl = ®-bifunctor and nat. of ug nl

b@ (a<ab) —— [a,y] @ (a<b) .-

8{[ =nat. laL

(b®a)ab —— ([a,y] ®a)<b —— b

€
]

4.11. DUALS IN Poly. In this section, we characterize the dual objects of Poly using its
left closure and right coclosure properties. We begin with some simple lemmas.

4.12. LEMMA. For any polynomial p, there is a natural isomorphism [5] = yp(1)

Proor. By Eq. (4.7)
[5] N [2/1] =y =y
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4.13. LEMMA. For any set A, there are natural isomorphisms in Poly:
(1) Ay, y) = y!
(ii) [y",y] = Ay

Proor. By Eq. (4.6),
(i): [Ay,y] HZHZ@/%Hy%yA
(ii): [y",y] = HZHZJ—Zy Ay

n
Let us examine the coeval map (4.5) in Poly,
Sy ==y [1]ag= ¥ yelflag
P

Pip(1) P:p(1)
We can write this out using only ) and []:

Zv=2 11 1 2 1l

[P] (1) Q:q(1) d:q[Q]—>p[P] Q":q(1) b:q[Q’]
The coeval map is defined in Poly as follows:
coevy : P— (P, (Q.d) — Q) and  coevh, : (Q,d,b) — d(b). (4.13)

4.14. THEOREM. For any polynomial p : Poly, the following are equivalent:
(i) p = y*? for some A : Set,

(it) The map @, : p — [ Pyl } from (4.8) is the identity,

(i1i) The map ®, has a retraction,

p—2y [[puz/]} X,

If one (and hence all) of (1), (ii), and (iii) holds, then it is also the case that the following
composite is the identity on [p,y],

po) === ol (|7 <lbol) = (ol e %)) <lpo)

Xp

— ([p,yl ®@p) <p.y] — [p,y] (4.14)

PROOF.

(i)= (ii): Given that p = y* for some A : Set, using Lemmas 4.12 and 4.13 we have that
®,, is the composite of natural maps:

vt = <Ay @yt =yt Ay @ y?t) — vt
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and one can check directly that this is the identity. We rewrite it as
yh s AAyAXA Ly pAyAXA A

The first map sends the unique position to id4 and on directions sends the pair
(a1, ay) — ag. The second map is the identity. The third map sends a position f: A
— A to the unique position and a direction a : A to (a, f(a)). So the composite
sends a direction a to id4(a) = a.

(i) = (i) + ¥, is the identity, hence is also a retract.

(i1i) = (i): Given that ®,3x, is a retract, since functors preserve retracts, we know that
®,(1) 5 xp(1) is a retract:

(1 . (1
p(1) UION Yl (1) 2o, p(1)

v

However yP¥(1)(1) = 1. Hence, we have that p(1) = 1. Thus p = y* for some
A : Set.

Finally, assuming that (i) holds, use (4.13) to prove that the composite @, § x, is the
identity map. n
Using the above result, we can deduce that in Poly, each linear polynomial is left dual

to its corresponding representable, as shown in the following corollary.

4.15. COROLLARY. For any set A, there is a linear dual Ay 4ly? in Poly, with n = coev
and € = ev.

ProOOF. Using Theorem 4.14 we have that the map ®,4 and therefore the map x,a is
the identity. Then, from Theorem 4.8, it follows that [y*,y] -l y* with ¢ = ev and
1 = coev § x,a = coev. Finally, from Lemma 4.13-(ii), we know that [y*,y] = Ay. "
4.16. THEOREM. For any polynomial p : Poly, the following are equivalent:

(i) ¢ = Ay for some A : Set,

(1) The map ¥, : ¢ — Hﬂ ,y} in (4.9) is the identity,

(111) The map ¥, from has a section,

PREL N HZ}??/} L

If one (and hence all) of (i), (i1), and (ii1) holds, it is also the case that the following

composite is the identity on Z .

== ([l ejeli] == [ifstoe [3) = [il({[s] o] € [3) = L]
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PRrROOF. The proof for (i) = (ii) and (ii) = (iii) are similar to that of Theorem 4.14. For
(i4i) = (i), we have by Lemmas 4.12 and 4.13 that

H‘iM = [p".y] = q(1)y

Since functors preserve retracts, applying I'_) : Poly — Set°® from Eq. (2.3) to the retract
in (4i7), we get the following composite to be a retract in Set:

Iy, Lo,
Ly ? Fq(l)y > Iy

Since I'yq), = 1, it follows that I'; = 1 and hence that ¢[Q] = 1 for all @ : ¢(1). So
q=q(l)y. =

Next we show that the linear polynomials and the representables are the only objects
with duals in Poly:

4.17. THEOREM. In the category Poly, if (n,¢) : ¢-lp, then p = y* and ¢ = Ay for some
A : Set.

PROOF. Given that ¢ 4l p is a linear dual, we first show that for A, B : Set, p = y* and
q = By, and then that A = B.
We know from Theorem 4.10 the following composite is a retract:

p —2— [Z] U/ P (4.16)

where ¢ is as in (4.12). By Lemma 4.12, we have [q] >~ 491 and hence [q](l) = 1.

yq

y y
Applying the functor —(1) : Poly — Set to the retract in (4.16), we have the following
retract:

p(1) =1 = p(1)

so p(1) = 1, and hence p = y* for some A : Set.
From Theorem 4.10, we have the other retract:

g - [pyl 5 q (4.17)

From the previous step we know that p = y“. Substituting, we get [p,y] = [y, y] = Ay.
Hence, we have the following retracts:

¢ Ay g
Again using I" (as in the proof of Theorem 4.16), we find that ¢ = By for some B : Set.
So we get [3] = [By} = yP. Substituting in (4.16), we get the retracts:

Y

A v .B ", A
vt =y’ —y

AT By A
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Similarly, using the fact that p = y* for some A : Set, we have that [p,y] = [y, y] = Ay.
Substituting in (4.17), we get the following retracts:

ByéAyl)By

B4 4B
These two retracts together form the isomorphism A = B. m

4.18. LEMMA. In Poly, if plq and ¢ Hlp then p =q =y.

Proor. This follows directly from Theorem 4.17. [

5. The core of Poly

Central to mix LDCs is the notion of core. An important way in which compact LDCs
(for all objects a, b, an isomorphism a®b Ljp> a<b) arise is as the core of a mix category.

The core of a mix LDC is defined as follows.

5.1. DEFINITION. [Blute et.al. (2000)] An object u is in the core of a mix category if
and only if the following natural transformations are isomorphisms:

indep,, _ indep_ ,,
UR — ———— ud— and — QU ————— —du

To the best of our knowledge, the notion of core has been studied only within sym-
metric LDCs. In this article, motivated by Poly, we consider a more general notion of
core, suitable in (possibly non-symmetric) LDCs.

5.2. DEFINITION. For a mix (®-symmetric) LDC (X, ®, T,<, 1),

e its left core is defined to be the full sub-category of objects a : X such that, for all
x : X, the map

indep,, ,

[core] a®r ———a<x
s an isomorphism.
e its right core of X is the full sub-category of objects a : X such that, for all x : X,
the map

indep,, ,

[core,] r®a——1x<a

s an isomorphism.

One may have empty left and right cores in a mix LDC. However, in an isomix
category, the monoidal unit belongs to both the left and the right core.
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5.3. LEMMA. If X is an isomiz LDC with unit y, then y € corey(X) and y € core,(X).

In an isomix LDC, both the left and the right cores are compact LDCs: that is, for
all objects a,b : corey, the map a ® b Lj) a < b is an isomorphism, and same for core,.
Hence, by Corollary [Srinivasan (2021), Corollary 2.18] both the left and right cores are
linearly equivalent to monoidal categories.

In a symmetric mix LDC X the left and the right cores coincide. The left and right
cores of any isomix LDC may be related to each other as follows.

5.4. DEFINITION. A miz LDC (X, ®, T,<, L) is said to have opposing cores if there
exists an isomorphism,

* : core, (X)) — corey(X)

5.5. EXAMPLE. Compact closed categories have opposing cores which coincide (the entire
category is the core) and the x is the same as the contravariant involution.

5.6. EXAMPLE. We will show that Poly has opposing cores in Corollary 5.9.

The following theorem generalizes the result [Blute et.al. (2000)] that for any linear
dual in a symmetric mix LDC, if the left dual is in the core then the right dual is also in
the core, and vice versa. We prove an analogous result in non-symmetric isomix LDCs.

5.7. LEMMA. Let (n,€) : bla be a linear dual in an isomiz LDC X. Then b : core,(X) iff

a : corey(X).

PrROOF. We have n: y — a<b and €: (b® a) — y satisfying the diagrams in (4.1).

(<): Suppose b : core,(X). We want to prove that a : core,(X), i.e. that the map indep,, , :
a®r — a<xis an isomorphism for all z : X.

Define a tentative inverse map a <z — a ® = as follows:

indep |
a<dr -5 (a<b) @ (aaz) AN (a®b)® (a<x)

@ (b (aar) Lo e (hoa) ar) S

The second step uses the assumption that b : core,(X). The proof that the tentative
inverse map defined as above is indeed the inverse of indep, , follows similarly to
[Blute et.al. (2000), Proposition 5] and uses the inverse of the mix map m.

(=): [Sketch of proof] The proof of the converse is similar. Suppose a : corey(X). We
want to prove that b : core,(X), that is, the map indep,, : * ® b — 2 <b is an
isomorphism for all x : X.

One checks that a map z<4b — x ® b inverse to indep, , can be defined as follows:
indep_ 1
zab -5 (14b) @ (a<4b) ——=s (z4b) @ (a @ b)
ag

T>((xqb)®a)®ba—L>(a:<1(b®a))®bi>x®b
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[ ]

The next result shows that in Poly only the linear polynomials reside in the left core,
and only the representables reside in the right core.

5.8. LEMMA. In the category Poly, the following statements hold for any polynomial p:
(i) p € corey(Poly) iff p = Ay for some A : Set, and
(ii) q € core,(Poly) iff ¢ = y* for some A : Set.

PROOF.

(i) («<): Suppose p = Ay and r is any polynomial. Then,
Ayr = Ar =2 Ay <ar
Thus, Ay € corey(Poly).

(=): Suppose p : corey(Poly). So, for all r : Poly, we have that indep : p@7r — p<r
is an isomorphism. Let r := 2 (any set of cardinality > 1 will work). We have

PRIT=pR 2= Z 2
P:p(1)

pAr =p<d2 = Z oL
Pip(1)

and in this case indep is the p(1)-indexed sum of diagonals, i.e. the function

Z 2 ZPp(l) Z 2p[P

Pp(1) Pip(1)
This is a bijection iff p|P] = 1 for all P : p(1). Thus p = p(1)y is of the required
form.
(i) («<): Suppose q = y*, we must prove that for all p : Poly, the map p®y* Pyt |

p<y? is an isomorphism. Using (3.3), the map indep, 4 is defined as follows:

rey’ Z IT ITv = Z I 1Ly =p<s’

1) d:p[P] a:A 1) d:p[P] a:A
mdep1 : (P,!) — (P, const ! :p[P] — {!};d =)
mdepPQ (d,a) — (d,a) : p|P] x q[Q]
Thus, the map indep, is an isomorphism, and indep’ is always an isomorphism
by Corollary 3.6. Thus, we have that ¢ : core,(Poly).
(=): Suppose q : core,(Poly), so for all x : Poly, the following map is an isomor-
phism:
indep, ,: 2 ®q — x4gq
Then takmg x=1we have 1 ® ¢ = 1<1¢q = 1. But from Lemma 2.4 we also
have 1 ® ¢ = ¢(1). Hence ¢(1) = 1, making ¢ a representable.
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5.9. COROLLARY. The category Poly has opposing cores.

PROOF. For any A : Set, the object (yA)* := Ay. By Lemma 5.8 this defines a mapping
on objects (up to isomorphism, but any choice is sufficient).

For any A, B : Set and a map ¢ : y® — y*#, the map ¢* : Ay — By is given by ¢,
where (¢*); 1= ¢F. =

It also follows from Lemma 5.8 that the left duals in Poly are precisely the left core of
Poly and the right duals are the right core.

5.10. COROLLARY. In the category Poly, for any two polynomials p and q, we have q-lp
iff q : coreg(Poly) and p : core,(Poly).

PROOF. Suppose that ¢ I p, then by Theorem 4.17, we have that ¢ = Ay and p = y*
for some set A. The rest of the proof is the direct consequence of Lemma 5.8. For the
converse, apply Corollary 4.15. [

6. Linear monoids, linear comonoids, linear bialgebras in Poly

When an object in a cyclic linear dual (b -l a and a -Ib) is equipped with a ®-monoid
structure, it is called a linear monoid. Similarly, if such an object is equipped with a ®-
comonoid structure, it is called a linear comonoid. Linear monoids and linear comonoids
in LDCs are analogous to Frobenius algebras in monoidal categories. Linear monoids
and linear comonoids were studied in the context of quantum observables in [Srinivasan
(2021), Chapter 9.

In Poly, the only cyclic linear dual is @ = b = y by Lemma 4.18. However, we can
consider the notions of left and right linear monoids and comonoids on duals that are not
cyclic. This section, focuses on these structures in the category Poly.

In what follows, we are aiming to define a notion of right and left linear monoids
and comonoids: four cases. FEach is about a linear dual b -l @ such that both sides
carry additional structure. The word left and right will refer to the side that carries
the ®-structure, and in this case the other side will (implicitly) carry a complementary
<-structure. For example, a left linear comonoid is a dual b -l @ such that the left side,
b carries the ®-comonoid structure, and the terminology leaves implicit the fact that a
carries a <-monoid structure.

6.1. LINEAR MONOIDS. Before defining left and right linear monoids, let’s consider the
standard definition that we are generalizing. In an LDC, a linear monoid consists of linear
duals a 4l b and b -l a, with either a or b carrying a ®-monoid structure and satisfying
certain coherences [Srinivasan (2021), Definition 8.7]. Thus, a linear monoid requires
cyclic duals, that is, each object is both the left and the right dual of the other.

6.2. DEFINITION. In any LDC, a linear monoid, b % a, consists of linear duals
(nr,er) : bla and (ng,er) : a-Alb, and a @-monoid (b, p,v) such that the <-comonoid
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structures induced on a by the dualities coincide:

. ¢ R i ¢ . ! !
U (%) A% U SR S B

We now fine-grain this notion of linear monoid by considering linear duals which are
non-cyclic. We separate the left and right notions as Definitions 6.3 and 6.4 so that we
can include diagrams that explain the implicit <-comonoid structures.

6.3. DEFINITION. In an LDC, a left linear monoid (n.,€er) : b 25 a, consists of a
linear dual (ng,er) @ bAla equipped with a ®-monoid structure (b, : b @b — byv @ T
— b) on the left dual.

The reason for the “<” near the a in our notation for a left linear monoid b 23 a is
that the ®-monoid structure on b induces a <-comonoid structure (a, d,7) on a, as can be
seen from the following diagram:

(i) 5:(%:: @J (i) PYZI::U

€L

6.4. DEFINITION. In an LDC, a right linear monoid (ng,€g) : b % 4 consists of a
linear dual (ng,€egr) : b-la, equipped with a ®-monoid structure (a,p:a® a — a,v : T
— a) on the right dual.

The ®-monoid structure on b induces a <-comonoid structure on (a, 6, y) via the duality

as follows: e
’ b IR b b
(4) 5:%}::@ (i) VZLZU
b b bl 1b

€R

A linear monoid b =4 a in an LDC can be equivalently defined to consist of a left

linear monoid (1, €.) : b 2§ @, and a right linear monoid (ng, €r) : @ =% b such that the
monoid structures on b coincide, i.e. the equations in (6.1) hold.
The monoids in Set produce left linear monoids in Poly as follows.

6.5. LEMMA. If (M, *,u) : Set is a monoid, then My | yM has the structure of a left
linear monoid where the linear duality (coev,ev): My Hly™ is given as in Corollary 4.15.

ProOOF. The functor M +— My is strong monoidal by Proposition 2.5, so it preserves
monoids. u
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Explicitly, the ®-monoid structure on My induced by M is as follows.

p1 = (a1, a9) — ay xag : M x M — M
vmi=sx—e:{x} > M
The directional components ;%, and %, are trivial.

The following Lemma shows that in Poly, every representable y4 is a right linear
monoid.

6.6. LEMMA. In Poly, for any set A, there is a right linear monoid Ay X% y where the
linear duality (coev,ev): Ay -l y? is given as in Corollary 4.15.

PRrROOF. The functor A +— y* is strong monoidal by Proposition 2.5, so it preserves
comonoids, and every set is a comonoid in a unique way, making y* a ®-monoid. [

Explicitly, the ®-monoid structure on y* induced by the unique comonoid structure
on A is as follows.

pi=a— (a,a): A— Ax A

Vii=a— o A — {x}

The positional components 1 and v; are trivial.

6.7. LINEAR COMONOIDS. In this section, we simply run the same story except with ®-
comonoids in place of ®-monoids, and implicitly also <-monoids in place of <-comonoids.
If the reader does not need this detail, they can safely skip to Lemma 6.11.

6.8. DEFINITION. [Srinivasan (2021), Definition 8.22] In an LDC, a linear comonoid
b —# a consists of linear duals (np,er) : b4la and (nr,€er) : a 1b, and a ®-comonoid

(b,0,€), such that the <-comonoid structures induced on a by the two dualities coincide:

R n

S e [

Similar to the definition of linear monoids, we can fine-grain the definition of linear
comonoids to non-cyclic duals.

6.9. DEFINITION. In an LDC, a left linear comonoid, (1., €.) : b ZH a, consists of a

linear dual (nr,€er) : bl a equipped with a ®-comonoid structure (b,d : b @b — b,y : b
— y) on the left dual.

The ®-comonoid structure on b induces a <-monoid structure (a, i, v) as follows:

(i) p= @M (77) I/T =

w
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6.10. DEFINITION. In an LDC, a right linear comonoid (g, €r) : b s a consists of

a linear dual (ng,€r) : bla equipped with a ®-comonoid structure (a,d : a — a®a,vy: a
— y) on the right dual.

The ®-comonoid structure on a induces a <-monoid structure (b, i, v) as follows:

R

bab IR 1
bab f a
0 0= Q=RS| W=l
, b b ) b

A linear comonoid b —# a in any LDC can be equivalently defined to consist of a
left linear comonoid (n,€) : b —# a and a right linear comonoid (ng, €r) : @ —# b such

that the ®-comonoid structures on b coincide and the equations in (6.6) hold.
The following Lemma shows that in Poly, every linear polynomial My is a left linear
comonoid:

6.11. LEMMA. In Poly, for any set A, there is a left linear comonoid Ay = y where

the linear duality (coev,ev): Ay Hly? is given as in Corollary 4.15.

PRrROOF. The functor A +— Ay is strong monoidal by Proposition 2.5, so it preserves
comonoids, and every set is a comonoid in a unique way. [

Explicitly, the ®-comonoid structure on Ay is as follows:

o =a (a,a): A—AxA
mMi=arx: A— {x}

The monoids in Set produce right linear comonoids in Poly as follows.

6.12. LEMMA. If (M, *,u) : Set is a monoid, then My ey yM has the structure of a right
linear comonoid where the linear duality (coev,ev): My-ly™ is given as in Corollary 4.15.

PrOOF. The functor M +— My is strong monoidal by Proposition 2.5, so it preserves
monoids. u

6.13. LINEAR BIALGEBRAS. In LDCs, a linear bialgebra on b -l a arises from a linear
monoid structure interacting bialgebraically with a linear comonoid structure. In this
section, we again define a left and right versions of linear bialgebra in ®-symmetric LDCs,
and then we proceed to identify them in Poly. We will see that they can be identified
with monoids in Set.

Let us first recall the definition of a bialgebra in a symmetric monoidal category
(SMC).
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6.14. DEFINITION. [Porst (2008)] In a SMC, a bialgebra (a,¢’,?, 4\, 1) consists of a
monoid (a,y’ : a ®a — a, 1 y — a) and a comonoid (a, b :a — a®a,l:a— y)
satisfying the following equations:

0 Y-l w AT (m)I & (i) @é i 6.9)

The final equation is often referred to as the bialgebra rule. Eq. ( - can
equivalently be seen as the multiplication map acting as a comonoid morphlsm for the
®-comonoid A ® A or the comultiplication acts as a monoid morphism for the ®-monoid
A ® A [Srinivasan (2021), Lemma 6.19).

Linear bialgebras were introduced as structures suitable to study complementary quan-
tum observables in isomix LDCs.

6.15. DEFINITION [Srinivasan (2021), Defn. 8.29] In a symmetric LDC, a linear bial-
gebra

, ,) :b —H a, consists of:

(i) a lmea'r monoid, (n,€):b =4 a, and

(i1) a linear comonoid, (n',€'):b —4 a,
such that:

(i) (b,,9, 4, ) is a ®@-bialgebra, and

(ii) (a,“8,1, 4, ) is a <-bialgebra.

As before we fine-grain the definition of linear bialgebra to non-cyclic duals.

6.16. DEFINITION. A left linear bialgebra, % : b%H: a m a ®-symmetric LDC
L>~L
consists of:
(i) a left linear monoid, (n.,e.):b =3 a, denoted below by white o, and
(it) a left linear comonotid, (ny,,€}):b —+ a, denoted below by black e,
such that (b,s’,7, A, {) is a ®-bialgebra, that is, the left dual is a bialgebra via the left
linear monoid and comonoid.

6.17. DEFINITION. A right linear bialgebra, EZF?; ) :—Hz a in a ®-symmetric LDC
R'™R

consists of:

(i) a right linear monoid, (ng,€r):b 2% a, denoted below by white o, and
(11) a right linear comonoid, (g, €R):b 74 a, denoted below by black e,

such that (a,"s’ 7, A\, 1) is a ®-bialgebra, that is, the right dual is a bialgebra via the right
linear monoid and comonoid.

Poly is a ®-symmetric LDC, and it has a left linear bialgebra and a right linear
bialgebra for every monoid M : Set.
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6.18. LEMMA. Suppose (M, *,¢€) is a monoid in Set.

i. The left linear monoid (coev,ev) : My 2 yM as defined in Lemma 6.5, and left
linear comonoid (coev,ev) : My 74 y™M as defined in Lemma 6.11 together produce
a left linear bialgebra.

ii. The right linear monoid (coev,ev) : My %5 yM as defined in Lemma 6.6, and right
linear comonoid (coev,ev) : My e yM as defined in Lemma 6.12 together produce

a right linear bialgebra.

PROOF SKETCH OF PROOF. Using the ®-monoid structure specified in (6.2) and (6.3) and
the ®-comonoid structure specified in (6.7) and (6.8) to prove that My is a ®-bialgebra.
The same idea applies to proving that the right linear monoid and comonoid gives a ®-
bialgebra on . .

6.19. COROLLARY. In Poly, we have that My %H: yM is a left linear bialgebra and
My z% yM is a right linear bialgebra iff M is a monoid in Set.

PROOF. Direct consequence of Proposition 2.5, Lemma 6.18, and Theorem 4.17. [
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Unabridged version of the composite map in (4.9):
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