Theory and Applications of Categories, Vol. 45, No. 43, 2026, pp. 1782-1809.

AN ALTERNATIVE DESCRIPTION OF SYMMETRIC MONOIDAL
CATEGORIES, AND SYMMETRIC 2-GROUPS

JOSEP ELGUETA

ABSTRACT. An equivalent description of a symmetric monoidal category is introduced
in which, instead of separate associator and commutator isomorphisms satisfying the
usual coherence axioms, we simply have associo-commutator isomorphisms satisfying
their own coherence laws. In particular, this yields an alternative description of a sym-
metric 2-group and leads to a cohomological classification of these objects in terms of
Eilenberg-MacLane cubical cohomology for abelian groups.

1. Introduction

The notion of symmetric monoidal category dates back to the 1960s [12]. It is by now
a well established structure used across many areas of mathematics, but also in logic,
theoretical computer science and theoretical physics. The notion naturally arises as the
categorification of the notion of commutative monoid. Thus instead of a set M, a set
theoretical map - : M x M — M and a distinguished element 1 satisfying the usual
associative, commutative and unital laws we have a category €, a functor - : € x ¢ — €
and a distinguished object 1 together with suitable natural associativity, commutativity
and left and right unit isomorphisms satisfying their own coherence laws (see [11] for the
precise definition).

As a matter of fact, however, a set M equipped with a binary operation - : M xM — M
and an identity element 1 € M with respect to - is a commutative monoid if and only if
the following associo-commutative property holds for every z,y,z,t € M (for short, the
symbol - is omitted):

(y)(2t) = (22)(yt) (1.1)

Indeed, if - is associative and commutative we have

(zy)(zt) = ((zy)2)t = (2(y2))t = (x(z2y))t = ((z2)y)t = (22)(yt).

Conversely, let - be such that (1.1) holds. Since 1 acts as an identity we have

z(yz) = (21)(y2) = (zy)(12) = (2y)=
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and
zy = (Lx)(yl) = (1y) (1) = ya.
This suggests that there should exist an alternative definition of a symmetric monoidal

category where, instead of separate associator and commutator isomorphisms satisfying
the usual coherence axioms, we simply have associo-commutator isomorphisms

b(x,y, 2,t) + (wy)(2t) —> (x2)(yt)

satisfying their own coherence conditions.

The purpose of this work is to make this structure precise, together with the corre-
sponding notions of morphism and 2-morphism, and to prove that the 2-category so ob-
tained is indeed equivalent (in fact, isomorphic) to the 2-category of symmetric monoidal
categories. As a consequence, we obtain alternative descriptions of the derived notions of
internal (co)commutative (co)monoid, symmetric 2-group, PROP, operad, dagger sym-
metric monoidal category, etc.

This work was originally motivated by the corresponding alternative description of
symmetric 2-groups (that is, symmetric monoidal groupoids in which every object is in-
vertible up to isomorphism) and by the cohomological classification of these objects up
to equivalence. I call the resulting structures AC' (Associo-Commutative) 2-groups. More
broadly, my interest lies in categorical analogues of rings and modules over a ring (particu-
larly 2-vector spaces over a field) and in their corresponding cohomological classifications.
The notion of categorical ring, or 2-ring, was first introduced by Quang [13], who called
them Ann-categories. The point is that, for the purpose of classifying 2-rings up to equiv-
alence, it is advantageous to regard the underlying symmetric 2-group as an AC-2-group.
Indeed, Jibladze and Pirashvili [8] proved that 2-rings are classified by MacLane’s co-
homology of rings, introduced by this author in the 1950s to classify the extensions of
rings [10]. More precisely, they proved that, up to equivalence, a 2-ring R is completely
specified by a triple (R,M,z) consisting of a ring R, an R-bimodule M and a MacLane
3-cocycle of R with coefficients in M. However, unlike 3-cocycles in classical group co-
homology, which are simply given by a map z : R* — M satisfying the usual 3-cocycle
condition, a MacLane 3-cocycle z consists of a quadruple of maps (z,,z.,z.,,z,.), with
z, :R* > M and z.,z.,.,z,. : R* — M, subject to a collection of equations relating them,
together with certain normalizations conditions (see [8], [14]). In particular, the map z.
turns out to be a (normalized) 3-cocycle in the Eilenberg-MacLane cubical complex [5],
and this is precisely the invariant that classifies the underlying symmetric 2-group of R
when thought of as an AC-2-group. It seems likely that identifying the right cohomology
classifying 2-modules over a given 2-ring will be easier in terms of this invariant than in
terms of the pair (h,c) providing the usual cocycle description, up to equivalence, of a
symmetric (or braided) 2-group ([15], [9]); see § 4.10.

The paper is organized as follows. In Section 2, we introduce the notion of an AC-
category, together with the corresponding notions of AC-functor and AC-natural trans-
formation, and prove that the resulting 2-category is equivalent (in fact, isomorphic) to
the 2-category of symmetric monoidal categories (cf. Theorem 2.9). As a consequence,
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we obtain the corresponding strictification theorem for AC-categories, according to which
every AC-category is equivalent to a unital one whose associo-commutator b(zx,y, z,t) is
the identity whenever either of the middle arguments y or z is the unit object. We also
make the relationship between these AC-categories and the symmetric strict monoidal
categories precise (cf. Proposition 2.12). In Section 3, we recall the definition of the
(normalized) cubical complex of an abelian group, due to Eilenberg and Mac Lane, and
the associated cubical cohomology of abelian groups. Finally, in Section 4, we show that
AC-2-groups are classified by this cubical cohomology (cf. Theorem 4.9), providing an
alternative cohomological description of symmetric 2-groups.

RELATED WORK. The alternative description discussed in this work is valid only for
symmetric monoidal categories. In fact, the basic coherence law required of the associo-
commutators automatically implies the symmetry condition (cf. Proposition 2.2 below).
For an alternative description of arbitrary braided monoidal categories, the reader is re-
ferred to [3]. In this work, the authors introduce the notion of (right) wunital b-category
and show that it is equivalent to the classical notion of braided monoidal category ([3],
Theorem 2.4). Still another alternative description of braided monoidal categories can
be found in [1]. In Chapter 6, the authors introduce the notion of 2-monoidal category.
Roughly speaking, it is a category € simultaneously equipped with two monoidal struc-
tures (-, 1,a,l,7) and (', 1',a', ', r") along with natural morphisms

Gyt (@oy) (2 1) = (27 2) - (y ')

Ail—>1-1
py 117 =1
e:1—1

satisfying the appropriate coherence conditions. It is called strong when these morphisms
are invertible. In Propositions 6.10-6.11 it is shown that a braided monoidal category is the
same as a strong 2-monoidal category. In fact, the authors also prove (Proposition 6.13)
that symmetric monoidal categories are the same as strong braided 2-monoidal categories
—that is, strong 2-monoidal categories whose monoidal structures are actually braided.
However, the notion of AC-category introduced below looks like a significantly cleaner
alternative presentation of a symmetric monoidal category.

Finally, let us mention the work by Dosen and Petri¢ [4], where they also provide an
alternative description of symmetric monoidal categories in terms of isomorphisms of the
form (zy)(zt) = (xz)(yt), which they term medial commutativities. Their approach differs
substantially from ours and is somewhat more intricate to follow.

ACKNOWLEDGEMENTS. I thank the anonymous referee for their careful reading, for help-
ful suggestions that improved the presentation, and for pointing out an error in the proof
of Proposition 2.12. T am also grateful to Nathanael Arkor for drawing my attention to
the work of Dosen and Petri¢ as well as the notion of 2-monoidal categories. Remark 2.13
was likewise motivated by his comments.
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2. An alternative description of a symmetric monoidal category

We assume the reader is already familiar with the notions of symmetric monoidal cat-
egory, symmetric monoidal functor and monoidal natural transformation. Some helpful
references are [11], [1], [16].

2.1. DEFINITION. An AC-category is a siztuple C = (¢, -,1,b,1,r) consisting of:
e a category €
e a functor -: € x € — € (the product functor);

a distinguished object 1 in € (the unit object);

natural isomorphisms b(x,y, z,t) : (xy)(zt) — (x2)(yt) for every objects x,y, z,t in
€ (the associo-commutators);

natural isomorphisms l, : 1o — x for every object x in € (the left unitors);

natural isomorphisms r, : x1 — x for every object x in € (the right unitors).

Moreover, these data must satisfy the following axioms (for short, we omit the symbol -
between objects):

(accl) (4 x 4 axiom) for every objects x,y, z,t,x',y', 2/, t' in € the following diagram com-
mutes:

((29) (=) (') () — 22T () (@'y)) () ()

b(z,y,z,t)-b(z’ Y 2 ") b(z,y,x’y')-b(z,t,2 ')

)(( )

J J
((z2)(yt))((«"2) (1)) ((z2")(yy"))((22)(11'))

o 5

b{zz,yt,a’ 2 y't") b(zx’ yy',z2' tt")

()@ N e (@) (22) () (1)

(acc2) (unital axioms) for every objects x,y in € the following diagrams commute:

() (yl) —D ) (11) (1) (ly) ——2 e (1) (ey)  (21)
rx-ryt lidh lx.[yt Lrl-id
Ty (zy)1 Y o 1(zy)
(my)j(mMm(yn (11>L<xy>M><1x><1y> (2.2)
(zy)1 Jy L(zy) o Jy
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(acc3) (normalization axiom) for every objects x,y in € we have
b(.ﬁl}, L1, y) = Zd(a:l)(ly) ) (23)

An AC-category is called unital when all left and right unitors l,, r, are identities, semistrict
when it is unital and the associo-commutator b(x,y, z,t) is the identity whenever either of
the middle arguments y or z is the unit object, and strict when it is unital and b(x,y, z,t)
is the identity for every quadruple (z,y, z,t).

It turns out that the associo-commutators in every AC-category automatically satisfy
the following symmetry condition.

2.2. PROPOSITION. For every objects x,y,z,t in € we have
bz, 2,y,t) b(x,y, 2, t) = id(gy)(21)- (2.4)
PROOF. Let S(x,y, z,,t) be the natural isomorphism given by the composite
S(z,y,z,t) = bz, z,y,t) b(z,y, 2,t).

We have to see that S(x,y, z,t) is the identity for each (z,vy, z,t). For short, let us write
u,u’ instead of (x,y, z,t), (2,9, 2/, t'), and let ¢ be the map that swaps the second and
third arguments, so that ou stands for the quadruple (z, z,y,t), and similarly ou’. Thus
we have

S(u) = b(u) b(ou)
for each quadruple u. Let us further introduce the maps «, 3, v, d acting on ordered pairs
of quadruples of objects in € by

a(u,u') = (x, 2,2/, 2"),
Buid) = (. 1.4/,
Y(u,u') = (z,y,2",y),
o(u,u’) = (2,t,2',t)

if u=(x,y,21t) and v = (2,9, 2/,t'). Then according to the 4 x 4 axiom we have (the
product u - u’ of quadruples u,u’ of objects is defined componentwise)

b(u - u') [b(y(u, u'))-b(6 (u, w') ] b(a(u, u) - B(u, u))
= [b(a(u, u’)) - b(B(u, u'))] b(y(u, w) - 6(u, u')) [b(u) - b(u)]

for every quadruples u, u'. In particular, this is still true when u, u" are replaced by ou, ou'.
Now, it is easy to check that
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Hence the 4 x 4 axiom for the quadruples ou, ou’ becomes the equality

b(o(u - u)) [b(a(u, u')) - b(B(u, u') ] b(y(u, ') - 6(u, u'))
= [b(v(u,u")) - b(3(u, u))] ba(u, u') - B(u, ') [b(ow) - blow')]

where we have used that ou - ou’ = o(u - u'). Combining both equations we have

b(u - ') b(o(u-u')) [bla(u, u)) - b(B(u,u'))]b(y(u, u') - 6(u, u'))
= [b(a(u, u)) - b(B(u, u)] b(y(u,u') - 6(u, u')) [b(w) - b(u')] [b(ow) - b(ou')]
or equivalently, using that - is functorial,
S(u-u') [bla(u, u')) - b(B(u, u )] b(y(u, ) - 6(u, u'))
= [b(a(u, w)) - b(B(u, u")]b(y(u,u') - 5(u, u')) [S(u) - S(u)].
Taking now u = (z,y,1,1) and v’ = (1, 1, 2, t) it follows that S(z,y, z,t) is the conjugate

of
S(z,y,1,1) - S(1,1, 2,t) = [b(x, 1,y,1) b(z,y, 1, 1)] - [b(1, 2,1,t) b(1, 1, 2, )]

by the isomorphism
[b(z,1,1,2) - b(y, 1,1, 8)] b(z1,yl, 12, 1t) = b(xl,yl, 1z, 1t),

where we have used the normalization axiom (acc3). By the naturality of the associo-
commutator in its arguments applied to the appropriate left and right unitors we finally
obtain for S(z,y, z,t) the expression

S,y z,t) = [ 120 - () 0@,y 2,8) [(re - 1y) - (- 1)
[[b(x, 1,y,1)b(z,y,1,1)] - [b(1, 2,1,£) b(1,1, z,t)]]
[ty ) (L D]y 2, t) (e 1) - (ry - )]
Now, it readily follows from the unital axioms (acc2) that

(ry - 7y) b(z,1,y,1) b(z,y,1,1) (r;" - 7’;1) = idy,

(L - 1) b(1, 2, 1,6) b(1,1, 2,8) (I - 171 = id.,
Hence, by functoriality S(z,y, z,t) is indeed the identity. n

The next two results provide additional commutative diagrams whose commutativity
follows from the axioms. These will later be used to show that specifying an AC-category
is equivalent to specifying a symmetric monoidal category (cf. Theorem 2.9 below).

2.3. PROPOSITION. In every AC-category C = (€,+,1,b,1,r) the following diagrams com-
mute:

1D —2Y a1 (1)) —2 1y (e) (2.5)
rl.rxt lll.ll lI'llL lr.rl
1x l T < rl zl L~ 1z

Moreover, l; = rq.
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PrOOF. It is a consequence of the commmutative diagrams

A0 220 a1 (1)) =2 (1))

rl-rmj jid-ll lz-lll lryid

lx o (1x)1 xl . 1(x1)
l:c\ jlm'id T:ct lid""m
T - xl T l 1x

where the top subdiagrams commute because of the unital axiom (acc2), and the bottom
ones by the naturality of r, and [, respectively applied to the morphisms [, and r,. To
prove the last assertion, notice that r1; = r; - id; by the naturality of r, applied to the
morphism 7. Taking z = y = 1 in the left diagram of (2.1) and using the normalization
axiom and the functoriality of - it follows that ry - vy = ry - [; and hence ry = [5. m

From now on, we shall denote by d the isomorphism [; = ry.

2.4. PROPOSITION. In every AC-category C = (€, -,1,b,1,r) the following diagrams com-
mute for every objects x,y, z,t:

(1) (1) (1) —= o (1) (y(2t) —=2 s () (1(21)) (2.6)

id-b(y,1,2,t) Ty Lot
(21)((y2)(11)) ((wy)1) (=)

id-(id-ly) b(zy,1,2,t)
(1)((y2)1) ((wy)z)(11)

b(z,1,yz,t) Gd-1z1)-id
(@(52) (1) —— e (@) () (1) 5y () (12))(10)

id-b(1,y,z,1)

(o (lz Ty)

h\l\z/h
\./
N—
]
<
S—
/\
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Lyy-id b(z,y,2,1)

(1)) (1) () (1) —22 () (1) (2.8)
b(1,zy,2,1) L(lzl'rzl)'ry
(12)((zy)1) (12)(=1))y
(rz lz)Tacyl Lb(lzzl) id
(D) — gy () (1)~ ((12) 1)y
(1) (1) — 2 (@) 1) (1) 2D ()2 (18) (2.9)
by Z’t)t l(zd r)vid)
(W)L (1) ((xy) (T»(lt)
rolid b(z,y,z,1)-id
(@2 )00) = (@) (1) ——— (@2) (1) (11

PROOF. The commutativity of (2.6) follows from the commutative diagram

b(x,1,y,2t)

(z1)(y(=))

1
thd) T(Ty'id) (N) (Tx'ry,):\'(d'id\

() 0) = (@A) DED) ooz (EDEDADED) s () (1(:0)
id-b(y,1,2,t) (2) T;yl|- 2t
(CEl)((yZ)(lt)) id-b(y,1,z,t) b(z,1,y,1)-b(1,1,2,t) ((;py)l)(gt)

id-(id-ly) Ure-d)-id (id-d)-(1.Tr)
(rz-d)-(id-l)
(@) ((y2)t) =<———— () (11))((y2)(11)) @  ((zy)(11))((12)(11))
(id-d)-(1-1¢)
b(z,1,yz,t) (V) b(z1,11,yz,1t) b(zy,11,12,1t) ((:z:y)l)(zt)
(N)
b(zy,1,2,t)
() (10) = (@) EDD(D) 5o () (AD(0) s ((r)2) (1)
'd~(ll-l ) 'd~(|d~l )
(rg L-id)-id ' ¢ ' ' ¢t (Gid-1;1)-id
((z1)(y2))(11) ((zy)(12))(11)

b(z,1,y,2)-id

where we have already used the normalization axiom (acc3) to write the appropriate
identity morphisms instead of b(x,1,1,1) and b(1,1,1,¢) in the middle hexagon. In this
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diagram the subdiagrams labelled (N) are naturality squares, those labelled (2) commute
by the unital axioms (acc2), the subdiagram labelled (1) by the 4 x 4 axiom (accl) with
y=z=t=9y =1,2" =y, 2/ =z and t' =t, and all the unlabelled subdiagrams by the
functoriality of the product. Since the outer diagram coincides with (2.6), it follows that

(2.6) commutes.
The commutativity of (2.7) follows from the commutative diagram

Tc;l'(ly'TZ) b($,17y725)

#((1y)(=1) (x1)(y2) (zy)(12)
v id a0y rad)(yrs) () o e
<x1><<1¢y><z1>> e (EDAD)((Ay) (1) <<x1><1y>>|<<11><z1)> S (@) (12)
id~b(1ly,z,1) (2) id-(r> 1)
(21)((12)(y1)) {1y = 1) idb(11,51) (1) (19) (1)
id~(ljry> \d)d\ (1) z'd~<lz~d/ m-%)-id
<x1>|<zy> LD (21)(10))(12) (41) (@) (1)) (12)(11) =D ) e)
br12) ™) (w1, 11,12,91) b1, 1y 12,11) ™) b(zy,21)
(xz>¢<1y> L (21)(12)) (1) (1) <2 (21)(12)) (1) (1) 8D () 1)
(reas )i id'(jry) @) ) Tl )eid
((1)(12) (1) — = (@) (1))

where we have already used the normalization axiom (acc3) to write the appropriate iden-
tity morphisms instead of b(x,1,1,y), b(x, 1,1, z) and b(x,1,1,1) in the middle hexagon.
In this diagram the subdiagrams labelled (N) are naturality squares, those labelled (2)
commute by Proposition 2.3, the subdiagram labelled (1) by the 4 x 4 axiom (accl) with
y=z=t=2a =t =1and y =y, 227 = z, and all unlabelled subdiagrams by the
functoriality of the product. Now, again by functoriality of the product, we have that:

1) the composite of the three morphisms at the bottom is
h f the th h he b
[(re - 12) -dd] [id - (r, " )] [(rp " 10) - id] = id - (r, " - 1)
(2) the composite of the first three morphisms at right is
[(ra - by) -id] [id - (r " L)) (" - 0, 0) id] = [id - (r, " - )]s
(3) the composite of the first three morphisms at left is
[Zd ’ (ZZ ’ 7,y)] (Zd ’ b(17 Y, z, 1)) (7’;1 ) Zd) = [rajl ’ (ZZ ’ Ty)] (Zd ) b(17 Y, =, 1))
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Therefore, the outer diagram indeed coincides with (2.7), and (2.7) commutes.
The commutativity of (2.8) follows from the commutative diagram

(1(29)) (1) — 220 (1) ((a)1)
(dvid)-(r-d) (N) (d-r2)-(id-d)
(1(29)) (1) (1) <=2 (1) () (1) DT (11 (1)) () (1) 2D (1) () 1)
lzy|-id (2) b(1,1,2,y)-id b(1,1,2,1)b(z,y,1,1) (4 (rz12) Ty
(29)((z1) (1)) <= (1) (19))((21)(11)) (1DAD)(@1)(41) o () aw)
/
(l:c'ly)'(TZ'd) (lz'd)'(rx'ry)
(1) \
(zy)(21) b(1z,1y,21,11) b(1z,11,z1,y1) (z1)(zy)
(N) (N)
b(z,y,2,1) b(z,1,z,y)
b(l,x,2,1)-b(1,y,1,
@)(01) <5 (@ E) (A DT 1) D) (D 01) g (o)1)
id-(ly-d) 3 id-(d-ry)

((12)(21))(y1) ————=—— ((12)(z1))(1y)

id-(Iy try)

where we have already used the normalization axiom (acc3) to write an identity morphism
instead of b(z,1,1,1) in the middle hexagon. In this diagram the subdiagrams labelled
(N) are naturality squares, those labelled (2), (3), (4) commute by the unital axioms
(acc2) and/or Proposition 2.3, and the subdiagram labelled (1) commutes by the 4 x 4
axiom (accl) withe =y =9y =2' =t =1,z =2x,t =y and 2’ = z. As before, using the
functoriality of the product, it is easy to check that several left and right unitors cancel
each other, so that the outer diagram indeed coincides with (2.8).
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The commutativity of (2.9) follows from the commutative diagram

() 1) (ot) — 22D ()2 (1t)
(id-d)-(rs-1¢) (V) (id-rs)-(d-ly)
() D)) (1) <22 (@) (1)) (1) (1)) L () (21) (1) (18))
rmi-id (2) b(z,y,1,1)-id b(x,y,lz,l)~z‘d
() (1) (1)) <=2 (1) (1)) (1) (19)) ((22) (1) (11)(18))
(rary)-(rz-le) (id-ry)-(d-lt)
(zy)(zt) b(z1,y1,21,1t) W b(zz,yl,11,1¢) ((xz)y)(1t)
(N) (N)
b(z,y,z,t) b(zz,y,1,t)
(@200 <o (EDED) (DA 22 (@) W) A0) o (@) ()
(ro-rs)-id (2) (id-d)-id
(@2)((91)(18) ———— (@) )((y1)(11)

where we have already used the normalization axiom (acc3) to write the appropriate iden-
tity morphisms instead of b(y,1,1,t), b(z,1,1,¢) and b(1,1,1,¢) in the middle hexagon.
In this diagram, the subdiagrams labeled (N) are naturality squares, those labeled (2)
commute by the unital axioms (acc2) and the functoriality of the product, and the subdi-
agram labeled (1) commutes by the 4 x 4 axiom (accl) with z =t =9y =2 =1, 2’ = z,
and t' = t. Once more, using the functoriality of the product, it is easy to check that

several left and right unitors cancel each other, so that the outer diagram indeed coincides
with (2.9). ]

2.5. DEFINITION. Giwven two AC-categoriesC = (¢,-,1,b,1,r) andC' = (¢, 1", 0, ', "),
an AC-functor from C to C' is a triple F = (F, Fy, F) consisting of:

e a functor F': € — ¢';
e natural isomorphisms Fy(x,y) : FxFy — F(xy) for every objects x,y in € ;
e an isomorphism Fy : 1" — F1

(for short, the - between objects is omitted). Moreover, these data must satisfy the following
azioms (the product of morphisms is denoted by - in both AC-categories):
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(acfl) for every objects x,y, z,t in € the following diagram commutes:

b (Fz,Fy,Fz,Ft)

(FxFy)(FzFt) (FzFz)(FyFt)

b () -Fa(z,t) j LF2(1’ z)-Fa(y,t)
F(xy)F(z F(x2)F(yt
Faon,at) j L&(m,yt
F((zy)(=1)) Fb(zy,21) (z2)

(acf2) for ever object x in € the following diagrams commute:

! /

1'Fzx Fzx Fal’ Fx

FyidL {Flz id~F1j ]Frx

1Fx —=F(1 1——>
F Fng(l,x)F( x) FxF FZ(%l)F(xl)

F called a unital AC-functor when Fy is the identity (in particular, F1 =1"), and a strict
AC-functor when it is unital and Fy(x,y) is the identity for every objects x,y in € (in
particular, F preserves the product on the nose).

It readily follows that the identity functor idy : € — € is a strict AC-functor
ide = (idg,1,idy) for every AC-category C. Observe that the data specifying an AC-
functor between AC-categories is exactly the same as the data specifying a symmetric
monoidal functor between symmetric monoidal categories. We will use the same notation
for both, and the context will make clear whether it refers to an AC-functor or a sym-
metric monoidal functor. Next result shows that the composition law is also the same for
both types of functors.

2.6. PROPOSITION. Let F : C — D and G : D — E be AC-functors, with F = (F, Fy, F})
and G = (G, G2, G1). Then the composite functor G o F is canonically an AC-functor with
the isomorphisms (G o F)y(x,y) and (G o F)y given respectively by the composites

Go(Fz,Fy) G(Fa(z,y))

GFzGFy G(FxFy) GF(xy) (2.10)

G1 G(rF1)

1, G1y GF1, (2.11)

Moreover, this composition is strictly associative and has the identity AC-functors ide as
strict units.
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PROOF. Axiom (acfl) on (G o F'); amounts to the commutativity of the diagram

b.(GFz,GFy,GFz ,GFt)

((GFx)(GFy))((GFz)(GFt)) ((GFx)(GFz))((GFy)(GFt))

G (Fz,Fy)-Go(Fz,Ft) G2 (Fz,Fz)-G2(Fy,Ft)
(A)
F:z:Fy (FzFt) G(FzFz)G(FyFt)
FzFy,FzF't) 2(FzFz,FyFt |
G(Fz(z,y)) ngt\ /I ’ )l’G(Fz "
G(F(xy))G(F(zt)) — > G((FzFz)(FyFt)) vy G(F(xz))G(F(yt))
de F:v Fy Fz,Ft) |
(z z Go(F(zz),F
y %FQ ,t)) C(Fa(z,2) Fa(y,t)) (# l) W)
B)
G(F(xz)F(yt))
G(F2(zy,zt)) G(Fz(zz,yt))
GF((xy)(2t)) e GF((x2)(yt))

and in this diagram subdiagram (A) commutes because of (acfl) applied to G, subdiagram
(B) because of (acfl) applied to F and by functoriality, and the subdiagrams labelled (N)
are naturality squares. The proofs of (acf2) and of the last statement are the same as
those for monoidal functors between monoidal categories. m

2.7. DEFINITION. Let F,G : C — C' be two parallel AC-functors, with ¥ = (F, Fy, F}) and
G = (G,Gy,Gy). An AC-natural transformation from [ to G is a natural transformation
7 : F = G such that the diagrams

FaFy—209 L pley) 1 d— (2.12)
wyl lT A /
GxGy oD F(zy) G1

commute for every objects x,y in €.

It readily follows that the identity natural transformation 1p : F' = F of the under-
lying functor of every AC-functor F = (F, Fy, F}) is an AC-natural transformation 1 for
every AC-functor [F.

2.8. PROPOSITION. The usual vertical and horizontal composites of AC-natural transfor-
mations are AC-natural transformations.

PrROOF. AC-natural transformations are defined in exactly the same way as the monoidal
natural transformations between monoidal functors, and these are known to be closed
under vertical and horizontal compositions. [
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It follows that the AC-categories together with the AC-functors and the AC-natural
transformations consitute a strict 2-category ACCat with the above composition laws.

2.9. THEOREM. Let SMCat be the 2-category of symmetric monoidal categories, sym-
metric monoidal functors and monoidal natural transformations. Then there is a canon-
ical 1somorphism of 2-categories ACCat = SMCat.

PROOF. Every symmetric monoidal category C = (%, -,1,a,c¢,l,r) gives rise to an AC-
category C,. with the same data ¢,-,1,[,r as in C and associo-commutator b(z,y, z,t)
given from the associator and the commutator in C by the composite isomorphism in the
commutative diagram
id-(cy,»id) idaz
z(y(21)) l’((yZ)t)—> ((zy)t) —=x(z(y1))
a’l ol \azz t

ey ‘ "

(zy)(=t) [ (x2)(yt)

id-ay,zt

Azy,z,t /a
((zy)2)t —— e (@)t = ((22)y)t

ay y 2id ag,z,yid
(2.13)
Axioms (accl)-(acc3) on b(z,y, z,t) follow from the coherence theorem for symmetric
monoidal categories ( see [11, Theorem XI.1.1] or [16, Theorem 1.3.8]). Moreover, ev-
ery symmetric monoidal functor F = (F, Fy, Fj) between symmetric monoidal categories
C,C" is also an AC-functor between the corresponding AC-categories C,., Cl.. Axiom
(acf2) holds automatically by definition of symmetric monoidal functor, while axiom
(acfl) follows from the coherence theorem for symmetric monoidal functors (see [16,
Theorem 1.3.12] or [7, Theorem 1.7]). Finally, every monoidal natural transformation
between symmetric monoidal functors is automatically an AC-natural transformation be-
tween them as AC-functors. Therefore we have a strict 2-functor

(—)ac : SMCat — ACCat

given on objects by C — C,. and acting as the identity on morphisms and 2-morphisms.

Conversely, given an AC-category D = (Z,-,1,b,1,r) a symmetric monoidal category
D, is given as follows. The data Z, -, 1,1, r is the same as in D, and the associators a, , .
and commutators ¢, , are respectively given by the composite isomorphisms

o teid b(z,1,y,2) id-l

2(yz) 5 (21) (yz) —% (wy)(12) —— (2y)2 (2.14)
Ity ! b(1,2,y,1) lyTe

vy —= (12) (y1) == (1y)(21) —y (2.15)

We have to see that the associator satisfies the pentagon and triangle axioms, and the com-
mutator the hexagon and symmetry axioms. The pentagon axiom on a,, . corresponds
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to the commutativity of the diagram

x(y(2t)) — s (21)(y(=1)) ety (ey) (1(=1))
id-(ry tid) id-lo
z((y1)(2t)) (xy)(zt)
id-b(y,1,2,t) Ty id
z((y2)(1t)) ((zy)1)(z1)
id-(id-ly) b(zy,1,2,t)
x((yz)t) ((zy)z)(11)
ryt-id id-ly
(z1)((y2)1) ((xy)z)t
b(x,1,yz,t) (id-1,)-id

(2(y2)) (1) — 77— (x(y2))t oLadrie ((fﬂl)(yz))tm ((zy)(12))t

or equivalently, the diagram

2(()(0) L (1) () DL () (1 (21))
id-b(y,1,z,t) r;yl-lzt
z((yz)(1t)) ((zy)1)(21)
r;l-(id-lt) b(zy,1,2,t)
(1) ((y2)t) ((zy)z) (1)
b(z,1,yz,t) (id~l;1)~lt
(z(y2))(1t) pE=r ((fl)(yz))tm((ﬂﬁy)(lz))t

where we have used the functoriality of - to replace some composites involving left and
right unitors by a single arrow. Apart from the isomorphisms r; ! in the upper left and I;
in the lower right, which may be cancelled, this diagram coincides with the commutative
diagram (2.6) in Proposition 2.4. The triangle axiom amounts to the commutativity of
the diagram

ryleid b(z,1,1,y)
x(1y) (21)(1y) ——"= (z1)(1y)
id-ly lid-ly
Xy (x1)y

whose commutativity follows from the functoriality of - and the normalization axiom

reid
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(acc3). The hexagon axiom on ¢,, amounts to the commutativity of the diagram

x(yz) — 0 (21)(y2)

b(xylvyvz)
_—

1, -1

id-l, la?y Tz

(zy)(12) ———— (xy)z ——— (1(zy))(21)

z‘d~(l;1~r;1) b(1,2y,2,1)
z((1y)(z1)) (1z)((zy)1)
id~b(1,y,z,1) lz'rzy
z((12)(y1)) z(xy)
id-(Lzry) rs Lid
x(zy) (z1)(xy)
rytid b(z,1,2,y)
(z1)(zy) (zz)(1y)
b(z,1,2,y) id-ly
(@2) (1) 7 (x2)3 = (1) D)y {020y — i @
or equivalently, the diagram
7,;1.([?!.7«2) b(z,1,y,2) l;yl (rz'12)
z((1y)(=1)) (z1)(yz) : (zy)(12) — = (Lzy))(=1)
id-b(1.y.2.1) :d (Tzlz) - ' b(1,2y,2,1)
z((12)(y1)) (ay)(=1) ~ (12)((zy)1)
v (e “) bay2) (B) (r 1) ey
\
(z1)(zy) (z2)(y1) (z1)(zy)
Zd(l;lTy) L
b(z,1,2,y) gy oy )y b(z,1,z,y)
P v
(z2)(1y) ((Lz)(z1))y ((12)(21))y ————> (22)(1y)

—_—
(l;1~r;1)~ly b(1,z,2,1)-id (lzu)-l;l

where we have used again the functoriality of - to replace a few composites morphisms
involving left and right unitors by a single arrow. Now, as indicated by the dotted arrows,
this diagram can be subdivided into two triangles together with the subdiagrams (A) and
(B). The triangles commute by functoriality, while the diagrams (A) and (B) coincide
with the commutative diagrams (2.7) and (2.8), respectively, in Proposition 2.4. Hence
the outer diagram also commutes. Finally, the symmetry axiom on c,, follows readily
from (2.15) and Proposition 2.2. This proves that Dy, indeed is a symmetric monoidal
category. Moreover, every AC-functor F = (F, Fy, Fy) between AC-categories D, D’ is also
a symmetric monoidal functor between the corresponding symmetric monoidal categories
Dsm, D.,,, and the same happens with the natural transformations. Therefore, we also

have a (strict) 2-functor
(—)em : ACCat — SMCat
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given on objects by D — Dy, and acting as the identity on morphisms and 2-morphisms.

It remains to check that both composite 2-functors (—)gm, © (—)ae and (—)qe 0 (—)sm are
identities. At the level of morphisms and 2-morphisms it is clearly so. Hence we simply
need to check the equalities

(Cac)sm = C?
(IDsm)ac =D

for every symmetric monoidal category C, and every AC-category D. This means check-
ing that the associator and the commutator in (C,.)sy are the same as in C, and that
the associo-commutator in (Dgy, )4 is the same as in D. It readily follows from (2.13)-
(2.15) that the associator and commutator in (Cq.)sn are respectively given by the long
composite isomorphisms shown in the diagrams

—1.; s ;1 .id
£(yz) =5 (21) (y2) T (a)y)z = (2 (1y)) =
Az,y,z gb(:c,l,y,z) |(Zd01,y)ld
v
(zy)z <7— (2y)(12) e (ey))z = (=(y1))=
gt A1z,y,1 al_,;, «id
vy —= (1z)(y1) —= ((12)y)1 == (L(zy))1
Cz,y gb(l,w,y,l) \(idcz,y)-id
v
yr <— (ly) (1) <— ((ly)z)z ~— (1{yx))1
vz aly,z,l Ly,

whose commutativity follows again from the coherence theorem for symmetric monoidal
categories. As for the associo-commutator of (Dgy,)ae, it follows from (2.13)-(2.15) that it
is given by the long composite isomorphism shown in the diagram

Ty id b(zy,1,2,t) (id-17 1)1 b(x,y,1,2)-id
() (2) —— ((wy)1)(2t) === ((wy) 2) (1t) = ((wy)(12))t — ((x1)(y=2))t
(id-(r7 M5 )-id (Tz'(lyllrzl))'id

: ¢
((xy)v(zl))t (z((1y)(z1)))t

b(z,y,z,t) (A) b(x,y,z,1)~id§ (B)  (id-b(1,y,2,1))-id
v

((zz)(y1))t (z((12)(y1)))t

(id-(l;lry))-z'd§ (rzl~(l,1~ry))~id
v
(22)(y) = —— ((z2)1)(t) Y ((z2)y)(11) ity ((z2)(1y))t iy ((z1)(zy))t
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Now, as indicated by the dotted arrows, this diagram can be subdivided into the subdia-
grams (A) and (B). After cancelling some left and right unitors using the functoriality of
the product, subdiagram (A) coincides with the commutative diagram (2.9), and (B) with
the product of the commutative diagram (2.7) with id; (here we are using that b(z, 2, y, t)
is the inverse of b(z,y, z,t); Proposition 2.2). Therefore, both subdiagrams commute and
the outer diagram is commutative. [

As immediate consequences of Theorem 2.9, we obtain both a coherence and a stric-
tification theorem for AC-categories.

2.10. COROLLARY. (Coherence Theorem) FEvery diagram in an AC-category built for-
mally from associo-commutators and left and right unitors commutes.

PROOF. Every such diagram in an AC-category C will correspond to a diagram in Cy,,
formally built from associators, commutators, and left and right unitors, and this diagram
commutes by the coherence theorem for symmetric monoidal categories. [

2.11. COROLLARY. (Strictification Theorem) Every AC-category is equivalent to a semi-
strict AC-category.

PROOF. Let C be an AC-category, and let C?, be any symmetric strict monoidal category
equivalent to Cy,,, i.e., one whose associators and left and right unitors are identities. Since
every 2-functor preserves equivalences we have

C= (Csm)ac = (sz)aca

and (C2,,)qc is a semistrict AC-category. Indeed, it is clearly unital because C?,, is uni-
tal. As for the associo-commutator, it is given by (2.13) with a,c the associator and
commutator of C3, . However, by hypothesis, the associator a of C  is the identity so
that b(x, 1, z, t) reduces to the isomorphism id, - ¢; . - id;, and ¢, = id, because in every
symmetric monoidal category we have ¢;, = [, 7, ' and C¢,, is unital. The fact that the
isomorphisms b(x,y, 1,t) are also identities follows now from Proposition 2.2. n

It readily follows from (2.14) that the above isomorphism of 2-categories ACCat =
SMCat maps semistrict AC-categories to symmetric strict monoidal categories. Conse-
quently, as is done below, brackets in such an AC-category can be omitted when writing
the product of more than two objects.

Next result proves that only a few components of the associo-commutator in a semistrict
AC-category need to be specified, giving precisely to the commutator in the associated
symmetric strict monoidal category.

2.12. PROPOSITION. In every semistrict AC-category C = (¢,-,1,b) the associo-comm-
utator is completely given by the components b(1,x,y,1) : zy — yx for each x,y in €.
Moreover, these isomorphisms are such that:
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(sacl) the diagram

ryz USED yzT (2.16)

b(l,r,y,% %l,w,z,l)

YTz

commutes for every objects x,y, z;
(sac2) b(1,y,z,1)b(1,z,y,1) = id,, for every objects x,y;
(sac3) b(1,1,z,1) = id, for every object .

Conversely, for any triple (€ ,-,1) as before, with - strictly associative and 1 acting as a
strict unit, and any family of natural isomorphisms c,,, = xy — yx satisfying (sacl)-(sac3)
with ¢, instead of b(1,x,y,1) for every objects x,y, the isomorphisms

b(1,2,9,1) = cs (2.17)
give the associo-commutator of a semistrict AC-category (€, -,1,b).

PROOF. Since C is semistrict, we have

b(z,y, 2,) B by, 2,1) -idy 2 id, - b(1,y, 2, 1) - id,

for every quadruple (x,y, z,t). This proves the first assertion. Properties (sac2) and
(sac3) follow readily from Propositions 2.2 and 2.3, respectively, while the commutativity
of (2.16) follows from (accl) withx =y =t =2 =t =1,z =z, 2/ =yand ¢y = 2
together with (sac2). Indeed, for these objects axiom (accl) in a semistrict AC-category
reduces to the equality

b(1,z,y,1) -id, = b(y, z,2,1) b(1, z,yz,1),

and the right hand side is equal to [id,-b(1, z, z, 1)] b(1, z,yz, 1) by (2.7). The claim follows
now from (sac2). To prove the converse, note that the isomorphisms ¢, , are required to
satisfy the following axioms:

(ssml) the diagram

Cx,yz

Yz yzx (2.18)

c% %Z

yrz

commutes for every objects x, y;
(ssm2) ¢y, Cyy = idy, for every objects x,y;

(ssm3) ¢y, = id, for every object x.

Now, such a quadruple C = (%,-,1,¢), together with the trivial associator and trivial
left and right unitors, is precisely the data defining a symmetric strict monoidal category,
and the above quadruple (%, -, 1,b) with b defined by (2.17) is nothing but the associated
(semistrict) AC-category C,. by the isomorphism in Theorem 2.9. n
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2.13. REMARK. As pointed out in the Introduction, AC-categories do not provide an
alternative description of arbitrary braided monoidal categories (see Proposition 2.2).
Such a description is instead provided by the unital b-categories of Davydov and Runkel.
Basically, a unital b-category is a category ¢ equipped with a product functor - : € x € —
%, a distinguished object 1, and natural isomorphisms

Bz,y,z : x(yz) - y(xz)7
Pr il —

satisfying appropriate coherence conditions; see [3] for details. In Section 2.5 of their
work, Davydov and Runkel explain how a braided monoidal category can be obtained
from a unital b-category. Furthermore, a unital b-category can also be constructed from
an AC-category. Indeed, if C = (¥, -,1,b,1,7) is an AC-category, and we define 3, , as
the composite morphism

Iz tid b(1,2,y,2) ly-id
(yz) == (la)(yz) 57 (ly)(w2) 2= y(a2),

and p, : 1 — x as the right unitor r, of C, then C, = (%, -, 1, 3, p) is a unital b-category.
The coherence axioms required for S and p hold true because they reduce to diagrams
involving the associo-commutator and the left and right unitors of C, which commute by
Corollary 2.10. It turns out that the braided monoidal category associated with C, is, in
fact, the symmetric monoidal category Cg, from Theorem 2.9. Indeed, one can readily
verify that the braiding and left unitor defined by Davydov and Runkel from £ and p
coincide with the canonical commutator given by (2.15) and the original left unitor of C,
while their associator necessarily equals the canonical associator given by (2.14) by virtue
of Corollary 2.10.

3. Cubical cohomology of abelian groups

3.1. EILENBERG-MACLANE CUBICAL COMPLEX. In 1950, Eilenberg and MacLane [5]
showed how to assign functorially to an abelian group A a non-negative chain complex
Q.(A) of abelian groups, called the Q-construction or (normalized) cubical complex, whose
homology group H,(Q.(A)) for n > 0 is isomorphic to H, (K (A, k)) for each k = n + 1,
where K(A, k) denotes the Eilenberg-MacLane space with all homotopy groups trivial
except 7y, which is equal to A. The complex @), (A) is obtained as a suitable normalization
of an auxiliary unnormalized cubical complex @, (A).

By definition, @/ (A) for each n = 0 is the free abelian group generated by the n-
dimensional A-cubes, i.e. n-dimensional cubes whose vertices are labelled by elements in
A. More formally, let C,, be the set of all binary words of length n, with Cj consisting of
just the empty word (). The elements in C,, can indeed be identified with the vertices of
a n-dimensional cube. Then the free generators of )/,(A) are the maps X : C;, > A. We
shall write

X(€1,...,61) = Qeyoe, € A
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for each (e1,...,€,) € C,. For n =0,1,2,3 the free generators of Q! (A), or n-generators
for short, are respectively denoted by

a a a a
(a)’ (a07a1)7 ( 00 01)’ ( 000 001

10 A1l ap10 Ao11

aioo0 @101

aio G )

Notice that for each n = 1 an n-generator is just a pair of (n — 1)-generators, representing
two opposite faces of the n-dimensional A-cube. This is made explicit in the 3-generator

above, where the 2 x 2 submatrices on either side of the vertical line represent opposite
faces of the three-dimensional A-cube. In order to define the differential of @ (A) it is

convenient to introduce the maps 0;,1; : C,, — C, 41 for each i = 1,... ,n + 1 given by
0;(€1,...,€n) = (€1,-..,€6-1,0,€,...,€6),
Li(er, . y€n) = (€1, €61, 1,60, €n)

whose images are called the lower and upper ¢-faces of C),, 1, respectively. They correspond
to two opposite n-dimensional faces of C,,;1. Then the differential ¢, : Q) (4) — Q! _,(A)
for each n > 1 is the group homomorphism defined on the free generators by

5, 1= Y (1S (X) — UO(X) — LO(X)),

i=1

with U, LG Q. (A) — Q! _,(A) the restrictions to the ith upper and lower faces,
respectively, i.e.

Ui)(X)(el,...,en_l) = X(1i(er, ..., €n1)),
L;)(X)(el,...,en_l) = X(0;(e1, ..., €n"1)),

and S : Q. (A) = Q) _,(A) the vertexwise addition of U and LY. For instance, on

n—1
the free n-generators with 1 < n < 3 the differential is given by

01 (z,y) = (2) + (y) = (r + ) (3.1)

85 (x y) =(z,y) +(z,t) = (x+ 2,y +t) = (x,2) = (g, t) + (x +y, 2 + 1) (3.2)

oy [z oy oy r+2 y+y
Z > N <z t) + (z' ' 242 t+t (3.3)
n r+z y+t\ [z y\ [z t
:,U/ + Z, y/ + tl ‘T, y/ Z/ t/
T z y ty [(x+y z+t
+ <:L,/ Z/> + (,y/ t/) (xl + y/ Z, + t/)
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By definition, the (normalized) cubical complex Q,(A) is the quotient of @’ (A) modulo
the subcomplex N, (A) generated by the so called slabs and diagonals. A free n-generator
X is called a slab of Q,(A), or a n-slab, if X = (0) in case n = 0, or if his restriction to
one of its faces is identically zero (i.e. all the vertices in the face are labelled by 0 € A) in
case n = 1. More precisely, for each n > 1 and each i = 1,...,n an i-slab of Q/,(A) is a
free n-generator X such that either X (0,e) = 0 for each e € C’n_l, or X(1;e) =0 for each
e € C,,—y. For instance, for 1 < n < 3 the slabs of Q/,(A) are

0 0 Ty 0 z z 0
0. 0. (9 )], (0 O) , ( y) (0)
0 Ojlxz y Ty 0 0
0 0|z t ) '\ 2zt z t )’
r ylz t y 0O
0 0[0 0 /)" t 0 /)"
for each z,y, z,t € A. A free n-generator X for n > 2 is called a n-diagonal if X (e, ..., €,)

is zero for all (61, ..., €) With € # €41 for some i € {1,...,n—1} (in this case, X is called
an i-diagonal). For instance, for 2 < n < 3 the diagonals are the generators

xz 0 z y|0 0 z 0|z 0O

0 y/)’\0 0|z t )"\ 0 y|0 t
for each z,y, z,t € A. Then N, (A) is the subgroup of @, (A) generated by the n-slabs and
n-diagonals. It is easy to check that N,(A) is indeed a subcomplex of @, (A), and

Qo(A) := QUA)/N.(A).

Notice that when A = 0 there is only one n-dimensional A-cube for each n > 0 so that
Q' (0) = Z for each n > 0. Moreover, all the maps U\, LY, S : Z — Z are identities.
Hence the differential 6,, : Z — 7 is

5 :{ idz, if n is odd

0, if nis even.

In particular, @’ (0) has non-trivial homology. However, we have N, (0) = @, (0) for each
n = 0 so that .(0) is indeed the zero chain complex.

3.2. CUBICAL COHOMOLOGY. By definition, the cubical cohomology of an abelian group
A with coefficients in another abelian group B is the homology of the cochain complex

cub(A B) Hom(Q.,l(A), B)

i.e. of the complex

0 — Hom(Qy(A),B) % Hom(Q1(A),B) — -+ —> Hom(Q,—1(A), B) % Hom(Q,(A),B) — ---
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with the homomorphisms f : @,(A) — B as cubical (n + 1)-cochains, and 0" = — 04, for
each n = 1. Its homology will be denoted by H? ,(A,B). At first degree we have

cub

HL (A, B) = Hom(A, B)

cub

so that H. (A, B) coincides with the usual degree-one group cohomology H'(A, B) when
B is viewed as a trivial A-module. However, the two cohomologies differ in degree n > 2.
In fact, unlike the usual group cohomology H*(A,B), the cubical one takes explicitly
account of the abelian character of A because the condition d o § = 0 requires both the
associativity and the commutativity of the sum in A to be true (in the usual complex only
the associativity is required). Moreover, while H*(A, B) classifies the central extensions of
B by A, H2,,(A, B) classifies the extensions that are abelian.

We are interested in the third-degree cubical cohomology because, as shown in the next
section, it provides an alternative cohomological classification of symmetric 2-groups. It
readily follows from (3.3) that a cubical 3-cocycle on A with coefficients in B amounts to

a map z : A* — B such that

z(x,y, 2z, )+z(2' Y 2 ) —z(e + 2y + o 2+ 2+ )
+z(z, 2, 2", 2') + z(y, 6,y V) —z(x +y, 2+t 2 + o 2+ )
= Z(Zlﬁ', Y, ZE'/, yl) + Z(Za t Z/, tl) - Z(ZL‘ +zy+t, v’ + Z/, yl + t,) (34)

for every x,y, z,t,2',y/, 2/, t' € A, and satisfying the normalization conditions
z(x,y,0,0) =z(0,0,z,y) = z(x,0,0,y) = z(0,z,0,y) = z(x,0,y,0) =0 (3.5)

for every x,y € A. Moreover, it follows from (3.2) that such a cubical 3-cocycle is a cubical
3-coboundary if there exists a map c : A> — B, with

c(0,2) = c(z,0) =0
for each x € A, and such that
z(x,y, 2z, t) = c(x,y) + c(z,t) —c(x + z,y + t) — c(x, 2) —c(y,t) + c(x + y,z +t) (3.6)

for every x,y, z,t € A. Thus every cubical 3-coboundary is antisymmetric in the middle
two arguments. In fact, as we shall see in the next section, every cubical 3-cocycle is
antisymmetric in the middle two arguments (see Corollary 4.6).

4. A new cohomological classification of symmetric 2-groups

Since symmetric 2-groups are a particular type of symmetric monoidal category, it follows
from Theorem 2.9 that they can also be regarded as a particular type of AC-category. Let
us make this precise, and for convenience we adopt the additive notation (+,0) instead
of (+,1).
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4.1. DEFINITION. An AC-2-group is an AC-category C = (€, +,0,b,1,r) whose underly-
ing category € is a groupoid and such that every object has a (weak) inverse with respect
to + (i.e. an object —x such that x + (—x),(—x) +x = 0).

4.2. PROPOSITION. Let 2ACGrp be the full sub-2-category of ACCat with objects the
AC-2-groups, and 2SGrp the full sub-2-category of SMCat with objects the symmetric
2-groups. Then there is a canonical isomorphism of 2-categories 2SGrp = 2ACGrp.

PrROOF. When C is a symmetric 2-group the corresponding AC-category C,. is an AC-
2-group, and when D is an AC-2-group the corresponding symmetric monoidal category
Dspm is a symmetric 2-group. Hence the isomorphism SMCat = ACCat of Theorem 2.9
indeed restricts to an isomorphism between 2SGrp and 2ACGrp. [

Thus, AC-2-groups are equivalent to symmetric 2-groups. Consequently, a new coho-
mological classification of symmetric 2-groups can be obtained by classifying AC-2-groups
up to equivalence. As we now show, the relevant cohomology is Eilenberg—MacLane cu-
bical cohomology for abelian groups.

4.3. To classify AC-2-groups up to equivalence, we adopt an approach analogous to that
of Sinh and of Joyal-Street in their respective classifications of symmetric and braided
2-groups. We begin by showing that a distinguished class of skeletal AC-2-groups, which
we call special AC-2-groups, can be constructed from any triple (G, A, z) consisting of two
abelian groups G, A, and a cubical 3-cocycle z on G with values in A (§ 4.4). Further-
more, cohomologous cubical 3-cocycles yield equivalent AC-2-groups (Proposition 4.7).
We then show that every AC-2-group is equivalent to a special AC-2-group by explicitly
determining the corresponding triple (G, A,z) (Proposition 4.8).

4.4. Let (G,A, z) be any triple consisting of two abelian groups G, A together with a
cubical 3-cocycle of G with values in A. Then an AC-2-group is given as follows. The
underlying groupoid has the elements of G as objects, the elements of A x G as morphisms,
with (a,z) : © — x, and the morphisms of the form (0, z) as identity morphisms. The
composition law is given by

(a,z) o (b,x) = (a+ b, z), (4.1)
while the sum is given on objects by the product in G, and on morphisms by
(a,z) + (b,y) = (a + b,z + y). (4.2)

The identity 0 € G is the zero object, and the left and right unitors are both identities.
Finally, the associo-commutator is given by

b(z,y,z,t) = (z(x,y,2,t), s+ y + 2 + 1) (4.3)

for every x,y,z,t € G. Axioms (accl)-(acc3) on b follow readily from (4.1), (4.2) and
conditions (3.4) and (3.5) on z. For instance, an easy computation using (4.1) and (4.2)
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shows that axiom (accl) amounts to the equality

z(x+y,z+t,2 +y, 2+ ) +z(x,y, 2 ) +z2(z, 6,2 )+ z2(e+ 2y + 2+ 2+ )
=z(z,y,2,t) +z(2', ¢, 2" )+ z(x + 2,y + t, 2 + 2y + t)
+ z(x, 2, 2", 2") + z(y, t, ¥, 1) (4.4)

which, after rearranging terms, reduces to (3.4). Axioms (acc2)-(acc3) follow similarly
from (3.5). Hence the structure so defined is indeed a (skeletal) AC-2-group. It will be
denoted by A(G, A, z).

4.5. DEFINITION. An AC-2-group A is called a special AC-2-group if A = A(G,A,z) for
some triple (G, A,z) as before.

Notice that the relation between the associo-commutator b in a special AC-2-group
and the corresponding cubical 3-cocycle z, as given by (4.3), implies that every property of
b can be translated into an equivalent property of z. In particular, we have the following.

4.6. COROLLARY. Let G,A be any abelian groups. Then every (normalized) cubical 3-
cocycle z : G* — A is antisymmetric in the middle two arguments.

PROOF. Let us consider the special AC-2-group A(G, A, z). We know from Proposition 2.2
that its associo-commutator is such that the composite isomorphism b(z, y, z,t) b(z, 2, y, t)
is the identity for every objects x, ¥, z, t, and in terms of the cubical 3-cocycle z this means
that z(x,y, z,t) + z(x, z,y,t) = 0. n

4.7. PROPOSITION. Let (G, A,z) be as before, and let c be any cubical 2-cochain of G with
values in A. Then A(G,A,z + dc) ~ A(G, A, z).

PROOF. Let [ : A(G,A,z) — A(G,A,z + dc) be the AC-functor given as follows. The
underlying functor is the identity, the natural isomorphisms Fy(z,y) : © +y — = + y are
given by

F2(:L‘7 y) = (C(I7y)7 xr+ y)

and F] is the identity. Axiom (acfl) readily follows from the fact that the cubical 3-cocycle
of the target AC-2-group is 2’ = z + dc, and axiom (acf2) follows from the normalization
conditions on c. Therefore F is indeed an AC-functor, and it is clearly an equivalence of
AC-2-groups. n

4.8. PROPOSITION. Every AC-2-group is equivalent to a special AC-2-group A(G, A, z) for
some triple (G, A,z) as before.

PROOF. Let A = (7, -,+,0,1,7) be any AC-2-group. The corresponding abelian groups
G, A are respectively given by the the group my(A) of isomorphism classes of objects in
o/ with the composition law induced by +, and the group m(A) of automorphisms of
the unit object 0. Both are abelian, the first because x + y = y + = for every objects
z,y in &7, and the second by the Eckmann-Hilton argument applied to the composition
of automorphisms and the commutative operation + defined by a+b = d(a + b)d ' for
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each a,b € A, which proves that o = + (as before, d denotes the canonical isomorphism
04 0 = 0). To obtain the cubical 3-cocycle z we have to choose a representative z, for
each g € mp(A), with o = 0, and for each object « an isomorphism ¢, : v — z, if [x] = ¢,
with ¢,, the identity for every g. Then let <7 be the skeletal groupoid whose objects are
the elements g € my(A), whose morphisms are the elements (u, g) € m (A) x mo(A), with
(u,g) : g — g, and whose composition law is given by +. Let us denote by H : @), — &
the functor given on objects and morphisms by

Here 0., : Aut(0) — Aut(z,) stands for the canonical group isomorphism given by

-1
Ty’

Op, (U) = 14, (idy, +u) 7

with r,, : 2y +0 — x4 the right unitor. Its existence follows from Proposition 4.2, which
establishes that the underlying groupoid of an AC-2-group is of the same type as the
underlying groupoid of a symmetric 2-group. Then H is an equivalence of categories with
pseudoinverse H' : &/ — o/, given by

H'(z) =[], (4.7)
Hl(f) = (5;gl(bz’ fL;1)> [33]) (48)

for every morphism f : z — 2’ in & (hence, [z] = [2]). In fact, H o H is literally
equal to the identity of o7y, and the isomorphisms ¢, are the components of a natural
isomorphism ¢ : id,, = H o H'. By transport of the AC-2-group structure on .« to .7,
through the equivalence H' the skeletal groupoid o7, becomes a skeletal AC-2-group Ay
equivalent to A. The resulting AC-2-group Ay, turns out to be the special AC-2-group
A(G, A, z) with z: G x G — A the cubical 3-cocycle uniquely given by the commutative
diagrams

lag) +agy tlags+ag, bg) 499 TTg3 494
(xg1 + xgz) + (xgs + xg4) Tgi+gs T Tg3+g4 Lg1+g2+93+9a
b(T gy, Tgo,Tgs,Tgy) H(z(91,92,93,94),91+92+9g3+ga)
Lo, + X +(Tg, + @ X +x x
( g1 93) ( g2 94) Lagy +gg Hlagy +ug, g1+g93 92+9a L2 g) 493+ go+a4 g1+9g3+g2+ga

(4.9)
for every g1, g2, g3, g € mo(A). Notice that, as a consequence of the possible non-skeletal
character of the original AC-2-group, we may have z(g1, g2, g3, g4) # 0 even if the associo-
commutator b(z, , Ty,, Ty, Tg,) is the identity. The cubical 3-cocycle condition on z follows
from the 4 x 4 axiom on b, while the normalization conditions follow from the unital and
normalization axioms. Clearly, the 3-cocycle z depends on the choices of the representative
objects x4, and the isomorphisms ¢,. However, it can be shown that making a different
choice just leads to a cohomologous 3-cocycle. The details are left to the reader. [
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4.9. THEOREM. Up to equivalence, an AC-2-group (and hence, a symmetric 2-group) is
completely determined by a third-degree cubical cohomology class [z] € H3,,(G,A) of some
abelian group G with coefficients in some other abelian group A.

PROOF. It is a consequence of Propositions 4.8 and 4.7. [

In fact, different cohomology classes [z], [Z] € H3,,(G, A) may correspond to equivalent
AC-2-groups. More generally, the special AC-2-groups G(G,A,z) and G(G',A',Z') are
equivalent if and only if there exist group isomorphisms ¢ : G — G’ and f : A — A’ such
that g*(z') ~ f.«(z) in H3(G, A). The situation is completely analogous to the classification
of arbitrary 2-groups in terms of the usual group cohomology classes (see [2]). The details

are left to the reader.

4.10. According to Theorem 4.9, AC-2-groups and hence, symmetric 2-groups can be
classified by cubical cohomology classes in degree three. However, the usual classification
of symmetric 2-groups, due to Sinh [15], is given in terms of Eilenberg-MacLane level two
abelian group cohomology in degree three, whose 3-cocycles consist of pairs (h,c) with
h:G?® - A a usual (normalized) 3-cocycle of G with values in A as a trivial G-module,
and c : G? — A a skew-symmetric map such that

c(g2,93) — (g1 + g2, 93) + c(g1,93) = —h(g1, g2, g3) + h(g1, g3, g2) — h(g3, 91, 92),
c(g1,93) — c(g1, 92 + g3) + (g1, 92) = h(g1, 92, 93) — h(g2, 91, 93) + h(92, 93, 91).

In fact, Eilenberg and MacLane proved [6] that the cubical complex and the complex from
which Sinh’s 3-cocycles arise are homologically equivalent, though without providing an
explicit equivalence. The present work can be interpreted as a categorical realization of
this equivalence in degree three.
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