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AN ALTERNATIVE DESCRIPTION OF SYMMETRIC MONOIDAL
CATEGORIES, AND SYMMETRIC 2-GROUPS

JOSEP ELGUETA

Abstract. An equivalent description of a symmetric monoidal category is introduced
in which, instead of separate associator and commutator isomorphisms satisfying the
usual coherence axioms, we simply have associo-commutator isomorphisms satisfying
their own coherence laws. In particular, this yields an alternative description of a sym-
metric 2-group and leads to a cohomological classification of these objects in terms of
Eilenberg-MacLane cubical cohomology for abelian groups.

1. Introduction

The notion of symmetric monoidal category dates back to the 1960s [12]. It is by now
a well established structure used across many areas of mathematics, but also in logic,
theoretical computer science and theoretical physics. The notion naturally arises as the
categorification of the notion of commutative monoid. Thus instead of a set M , a set
theoretical map � : M � M Ñ M and a distinguished element 1 satisfying the usual
associative, commutative and unital laws we have a category C , a functor � : C �C Ñ C
and a distinguished object 1 together with suitable natural associativity, commutativity
and left and right unit isomorphisms satisfying their own coherence laws (see [11] for the
precise definition).

As a matter of fact, however, a setM equipped with a binary operation � : M�M ÑM
and an identity element 1 P M with respect to � is a commutative monoid if and only if
the following associo-commutative property holds for every x, y, z, t P M (for short, the
symbol � is omitted):

pxyqpztq � pxzqpytq (1.1)

Indeed, if � is associative and commutative we have

pxyqpztq � ppxyqzqt � pxpyzqqt � pxpzyqqt � ppxzqyqt � pxzqpytq.

Conversely, let � be such that (1.1) holds. Since 1 acts as an identity we have

xpyzq � px1qpyzq � pxyqp1zq � pxyqz
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and
xy � p1xqpy1q � p1yqpx1q � yx.

This suggests that there should exist an alternative definition of a symmetric monoidal
category where, instead of separate associator and commutator isomorphisms satisfying
the usual coherence axioms, we simply have associo-commutator isomorphisms

bpx, y, z, tq : pxyqpztq
�
ÝÑ pxzqpytq

satisfying their own coherence conditions.
The purpose of this work is to make this structure precise, together with the corre-

sponding notions of morphism and 2-morphism, and to prove that the 2-category so ob-
tained is indeed equivalent (in fact, isomorphic) to the 2-category of symmetric monoidal
categories. As a consequence, we obtain alternative descriptions of the derived notions of
internal (co)commutative (co)monoid, symmetric 2-group, PROP, operad, dagger sym-
metric monoidal category, etc.

This work was originally motivated by the corresponding alternative description of
symmetric 2-groups (that is, symmetric monoidal groupoids in which every object is in-
vertible up to isomorphism) and by the cohomological classification of these objects up
to equivalence. I call the resulting structures AC (Associo-Commutative) 2-groups. More
broadly, my interest lies in categorical analogues of rings and modules over a ring (particu-
larly 2-vector spaces over a field) and in their corresponding cohomological classifications.
The notion of categorical ring, or 2-ring, was first introduced by Quang [13], who called
them Ann-categories. The point is that, for the purpose of classifying 2-rings up to equiv-
alence, it is advantageous to regard the underlying symmetric 2-group as an AC-2-group.
Indeed, Jibladze and Pirashvili [8] proved that 2-rings are classified by MacLane’s co-
homology of rings, introduced by this author in the 1950s to classify the extensions of
rings [10]. More precisely, they proved that, up to equivalence, a 2-ring R is completely
specified by a triple pR,M, zq consisting of a ring R, an R-bimodule M and a MacLane
3-cocycle of R with coefficients in M. However, unlike 3-cocycles in classical group co-
homology, which are simply given by a map z : R3 Ñ M satisfying the usual 3-cocycle
condition, a MacLane 3-cocycle z consists of a quadruple of maps pz�, z�, z��, z��q, with
z� : R4 ÑM and z�, z��, z�� : R

3 ÑM , subject to a collection of equations relating them,
together with certain normalizations conditions (see [8], [14]). In particular, the map z�
turns out to be a (normalized) 3-cocycle in the Eilenberg-MacLane cubical complex [5],
and this is precisely the invariant that classifies the underlying symmetric 2-group of R
when thought of as an AC-2-group. It seems likely that identifying the right cohomology
classifying 2-modules over a given 2-ring will be easier in terms of this invariant than in
terms of the pair ph, cq providing the usual cocycle description, up to equivalence, of a
symmetric (or braided) 2-group ([15], [9]); see § 4.10.

The paper is organized as follows. In Section 2, we introduce the notion of an AC-
category, together with the corresponding notions of AC-functor and AC-natural trans-
formation, and prove that the resulting 2-category is equivalent (in fact, isomorphic) to
the 2-category of symmetric monoidal categories (cf. Theorem 2.9). As a consequence,
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we obtain the corresponding strictification theorem for AC-categories, according to which
every AC-category is equivalent to a unital one whose associo-commutator bpx, y, z, tq is
the identity whenever either of the middle arguments y or z is the unit object. We also
make the relationship between these AC-categories and the symmetric strict monoidal
categories precise (cf. Proposition 2.12). In Section 3, we recall the definition of the
(normalized) cubical complex of an abelian group, due to Eilenberg and Mac Lane, and
the associated cubical cohomology of abelian groups. Finally, in Section 4, we show that
AC-2-groups are classified by this cubical cohomology (cf. Theorem 4.9), providing an
alternative cohomological description of symmetric 2-groups.

Related work. The alternative description discussed in this work is valid only for
symmetric monoidal categories. In fact, the basic coherence law required of the associo-
commutators automatically implies the symmetry condition (cf. Proposition 2.2 below).
For an alternative description of arbitrary braided monoidal categories, the reader is re-
ferred to [3]. In this work, the authors introduce the notion of (right) unital b-category
and show that it is equivalent to the classical notion of braided monoidal category ([3],
Theorem 2.4). Still another alternative description of braided monoidal categories can
be found in [1]. In Chapter 6, the authors introduce the notion of 2-monoidal category.
Roughly speaking, it is a category C simultaneously equipped with two monoidal struc-
tures p�, 1, a, l, rq and p�1, 11, a1, l1, r1q along with natural morphisms

ζx,y,z,t : px � yq �
1 pz � tq Ñ px �1 zq � py �1 tq

∆1 : 1Ñ 1 �1 1

µ11 : 1
1 � 11 Ñ 11

ϵ : 1Ñ 11

satisfying the appropriate coherence conditions. It is called strong when these morphisms
are invertible. In Propositions 6.10-6.11 it is shown that a braided monoidal category is the
same as a strong 2-monoidal category. In fact, the authors also prove (Proposition 6.13)
that symmetric monoidal categories are the same as strong braided 2-monoidal categories
–that is, strong 2-monoidal categories whose monoidal structures are actually braided.
However, the notion of AC-category introduced below looks like a significantly cleaner
alternative presentation of a symmetric monoidal category.

Finally, let us mention the work by Došen and Petrić [4], where they also provide an
alternative description of symmetric monoidal categories in terms of isomorphisms of the
form pxyqpztq � pxzqpytq, which they term medial commutativities. Their approach differs
substantially from ours and is somewhat more intricate to follow.

Acknowledgements. I thank the anonymous referee for their careful reading, for help-
ful suggestions that improved the presentation, and for pointing out an error in the proof
of Proposition 2.12. I am also grateful to Nathanael Arkor for drawing my attention to
the work of Došen and Petrić as well as the notion of 2-monoidal categories. Remark 2.13
was likewise motivated by his comments.
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2. An alternative description of a symmetric monoidal category

We assume the reader is already familiar with the notions of symmetric monoidal cat-
egory, symmetric monoidal functor and monoidal natural transformation. Some helpful
references are [11], [1], [16].

2.1. Definition. An AC-category is a sixtuple C � pC , �, 1, b, l, rq consisting of:

� a category C ;

� a functor � : C � C Ñ C (the product functor);

� a distinguished object 1 in C (the unit object);

� natural isomorphisms bpx, y, z, tq : pxyqpztq Ñ pxzqpytq for every objects x, y, z, t in
C (the associo-commutators);

� natural isomorphisms lx : 1xÑ x for every object x in C (the left unitors);

� natural isomorphisms rx : x1Ñ x for every object x in C (the right unitors).

Moreover, these data must satisfy the following axioms (for short, we omit the symbol �
between objects):

(acc1) (4� 4 axiom) for every objects x, y, z, t, x1, y1, z1, t1 in C the following diagram com-
mutes:

ppxyqpztqqppx1y1qpz1t1qq
bpxy,zt,x1y1,z1t1q //

bpx,y,z,tq�bpx1,y1,z1,t1q
��

ppxyqpx1y1qqppztqpz1t1qq

bpx,y,x1,y1q�bpz,t,z1,t1q
��

ppxzqpytqqppx1z1qpy1t1qq

bpxz,yt,x1z1,y1t1q
��

ppxx1qpyy1qqppzz1qptt1qq

bpxx1,yy1,zz1,tt1q
��

ppxzqpx1z1qqppytqpy1t1qq
bpx,z,x1,z1q�bpy,t,y1,t1q

// ppxx1qpzz1qqppyy1qptt1qq

(acc2) (unital axioms) for every objects x, y in C the following diagrams commute:

px1qpy1q
bpx,1,y,1q //

rx�ry

��

pxyqp11q

id�l1
��

xy pxyq1rxy
oo

p1xqp1yq
bp1,x,1,yq //

lx�ly

��

p11qpxyq

r1�id
��

xy 1pxyq
lxy

oo

(2.1)

pxyqp11q
bpx,y,1,1q //

id�l1
��

px1qpy1q

rx�ry

��
pxyq1 rxy

// xy

p11qpxyq
bp1,1,x,yq //

r1�id
��

p1xqp1yq

lx�ly

��
1pxyq

lxy
// xy

(2.2)
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(acc3) (normalization axiom) for every objects x, y in C we have

bpx, 1, 1, yq � idpx1qp1yq ; (2.3)

An AC-category is called unital when all left and right unitors lx, rx are identities, semistrict
when it is unital and the associo-commutator bpx, y, z, tq is the identity whenever either of
the middle arguments y or z is the unit object, and strict when it is unital and bpx, y, z, tq
is the identity for every quadruple px, y, z, tq.

It turns out that the associo-commutators in every AC-category automatically satisfy
the following symmetry condition.

2.2. Proposition. For every objects x, y, z, t in C we have

bpx, z, y, tq bpx, y, z, tq � idpxyqpztq. (2.4)

Proof. Let Spx, y, z, , tq be the natural isomorphism given by the composite

Spx, y, z, tq � bpx, z, y, tq bpx, y, z, tq.

We have to see that Spx, y, z, tq is the identity for each px, y, z, tq. For short, let us write
u, u1 instead of px, y, z, tq, px1, y1, z1, t1q, and let σ be the map that swaps the second and
third arguments, so that σu stands for the quadruple px, z, y, tq, and similarly σu1. Thus
we have

Spuq � bpuq bpσuq

for each quadruple u. Let us further introduce the maps α, β, γ, δ acting on ordered pairs
of quadruples of objects in C by

αpu, u1q � px, z, x1, z1q,

βpu, u1q � py, t, y1, t1q,

γpu, u1q � px, y, x1, y1q,

δpu, u1q � pz, t, z1, t1q

if u � px, y, z, tq and u1 � px1, y1, z1, t1q. Then according to the 4 � 4 axiom we have (the
product u � u1 of quadruples u, u1 of objects is defined componentwise)

bpu � u1q rbpγpu, u1qq�bpδpu, u1qqs bpαpu, u1q � βpu, u1qq

� rbpαpu, u1qq � bpβpu, u1qqs bpγpu, u1q � δpu, u1qq rbpuq � bpu1qs

for every quadruples u, u1. In particular, this is still true when u, u1 are replaced by σu, σu1.
Now, it is easy to check that

αpσu, σu1q � γpu, u1q,

βpσu, σu1q � δpu, u1q,

γpσu, σu1q � αpu, u1q,

δpσu, σu1q � βpu, u1q.
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Hence the 4� 4 axiom for the quadruples σu, σu1 becomes the equality

bpσpu � u1qq rbpαpu, u1qq � bpβpu, u1qqs bpγpu, u1q � δpu, u1qq

� rbpγpu, u1qq � bpδpu, u1qqs bpαpu, u1q � βpu, u1qq rbpσuq � bpσu1qs

where we have used that σu � σu1 � σpu � u1q. Combining both equations we have

bpu � u1q bpσpu � u1qq rbpαpu, u1qq � bpβpu, u1qqs bpγpu, u1q � δpu, u1qq

� rbpαpu, u1qq � bpβpu, u1qqs bpγpu, u1q � δpu, u1qq rbpuq � bpu1qs rbpσuq � bpσu1qs

or equivalently, using that � is functorial,

Spu � u1q rbpαpu, u1qq � bpβpu, u1qqs bpγpu, u1q � δpu, u1qq

� rbpαpu, u1qq � bpβpu, u1qqs bpγpu, u1q � δpu, u1qq rSpuq � Spu1qs.

Taking now u � px, y, 1, 1q and u1 � p1, 1, z, tq it follows that Spx, y, z, tq is the conjugate
of

Spx, y, 1, 1q � Sp1, 1, z, tq � rbpx, 1, y, 1q bpx, y, 1, 1qs � rbp1, z, 1, tq bp1, 1, z, tqs

by the isomorphism

rbpx, 1, 1, zq � bpy, 1, 1, tqs bpx1, y1, 1z, 1tq � bpx1, y1, 1z, 1tq,

where we have used the normalization axiom (acc3). By the naturality of the associo-
commutator in its arguments applied to the appropriate left and right unitors we finally
obtain for Spx, y, z, tq the expression

Spx, y, z, tq � rpr�1
x � l�1

z q � pr�1
y � l�1

t qs bpx, y, z, tq rprx � ryq � plz � ltqs

rrbpx, 1, y, 1q bpx, y, 1, 1qs � rbp1, z, 1, tq bp1, 1, z, tqss

rpr�1
x � r�1

y q � pl�1
z � l�1

t qs bpx, y, z, tq�1 rprx � lzq � pry � ltqs

Now, it readily follows from the unital axioms (acc2) that

prx � ryq bpx, 1, y, 1q bpx, y, 1, 1q pr
�1
x � r�1

y q � idxy

plz � ltq bp1, z, 1, tq bp1, 1, z, tq pl
�1
z � l�1

t q � idzt

Hence, by functoriality Spx, y, z, tq is indeed the identity.

The next two results provide additional commutative diagrams whose commutativity
follows from the axioms. These will later be used to show that specifying an AC-category
is equivalent to specifying a symmetric monoidal category (cf. Theorem 2.9 below).

2.3. Proposition. In every AC-category C � pC , �, 1, b, l, rq the following diagrams com-
mute:

p11qpx1q
bp1,1,x,1q //

r1�rx
��

p1xqp11q

lx�l1
��

1x
lx

// x x1rx
oo

p1xqp11q
bp1,x,1,1q //

lx�l1
��

p11qpx1q

r�rx
��

x1 rx
// x 1x

lx
oo

(2.5)

Moreover, l1 � r1.



1788 JOSEP ELGUETA

Proof. It is a consequence of the commmutative diagrams

p11qpx1q
bp1,1,x,1q //

r1�rx

��

p1xqp11q

id�l1
��

1x

lx

��

p1xq1r1x
oo

lx�id
��

x x1rx
oo

p1xqp11q
bp1,x,1,1q //

lx�l1
��

p11qpx1q

r1�id
��

x1

rx

��

1px1q
lx1

oo

id�rx
��

x 1x
lx

oo

where the top subdiagrams commute because of the unital axiom (acc2), and the bottom
ones by the naturality of r1x and lx1 respectively applied to the morphisms lx and rx. To
prove the last assertion, notice that r11 � r1 � id1 by the naturality of rx applied to the
morphism r1. Taking x � y � 1 in the left diagram of (2.1) and using the normalization
axiom and the functoriality of � it follows that r1 � r1 � r1 � l1 and hence r1 � l1.

From now on, we shall denote by d the isomorphism l1 � r1.

2.4. Proposition. In every AC-category C � pC , �, 1, b, l, rq the following diagrams com-
mute for every objects x, y, z, t:

px1qppy1qpztqq
id�pry �idq //

id�bpy,1,z,tq
��

px1qpypztqq
bpx,1,y,ztq // pxyqp1pztqq

r�1
xy �lzt
��

px1qppyzqp1tqq

id�pid�ltq
��

ppxyq1qpztq

bpxy,1,z,tq
��

px1qppyzqtq

bpx,1,yz,tq
��

ppxyqzqp1tq

pid�l�1
z q�id

��
pxpyzqqp1tq

pr�1
x �idq�id

// ppx1qpyzqqp1tq
bpx,1,y,zq�id

// ppxyqp1zqqp1tq

(2.6)

xpp1yqpz1qq
r�1
x �ply �rzq //

id�bp1,y,z,1q
��

px1qpyzq
bpx,1,y,zq // pxyqp1zq

id�pr�1
z lzq

��
xpp1zqpy1qq

r�1
x �plz �ryq

��

pxyqpz1q

bpx,y,z,1q
��

px1qpzyq
bpx,1,z,yq

// pxzqp1yq
id�pr�1

y lyq

// pxzqpy1q

(2.7)
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p1pxyqqpz1q
lxy �id //

bp1,xy,z,1q
��

pxyqpz1q
bpx,y,z,1q // pxzqpy1q

pl�1
x �r�1

z q�ry
��

p1zqppxyq1q

pr�1
z lzq�rxy

��

pp1xqpz1qqy

bp1,x,z,1q�id
��

pz1qpxyq
bpz,1,x,yq

// pzxqp1yq
pl�1
z �r�1

x q�ly

// pp1zqpx1qy

(2.8)

pxyqpztq
r�1
xy �id //

bpx,y,z,tq
��

ppxyq1qpztq
bpxy,1,z,tq // ppxyqzqp1tq

pid�r�1
z q�idq

��
pxzqpytq

r�1
xz �id

��

ppxyqpz1qqp1tq

bpx,y,z,1q�id
��

ppxzq1qpytq
bpxz,1,y,tq

// ppxzqyqp1tq
pid�r�1

y q�id

// ppxzqpy1qqp1tq

(2.9)

Proof. The commutativity of (2.6) follows from the commutative diagram

px1qpypztqq
bpx,1,y,ztq //

pNq

pxyqp1pztqq

px1qppy1qpztqq

id�bpy,1,z,tq

��

id�pry �idq

55

ppx1qp11qqppy1qpztqq
bpx1,11,y1,ztq

//

prx�dq�pry �idq

OO

id�bpy,1,z,tq

��

prx�dq�id
oo ppx1qpy1qqpp11qpztqq

bpx,1,y,1q�bp1,1,z,tq

��

prx�ryq�pd�idq
//

prx�ryq�pd�idq

OO

p2q

pxyqp1pztqq

r�1
xy �lzt

��
px1qppyzqp1tqq

id�pid�ltq

��

ppxyq1qpztq

px1qppyzqtq

bpx,1,yz,tq

��

pNq

ppx1qp11qqppyzqp1tqq

bpx1,11,yz,1tq

��

prx�dq�pid�ltqoo p1q

prx�dq�id

ii

ppxyqp11qqpp1zqp1tqq

bpxy,11,1z,1tq

��

pid�dq�plz �ltq

55

pid�dq�plz �ltq

))

pNq
ppxyq1qpztq

bpxy,1,z,tq

��
pxpyzqqp1tq

pr�1
x �idq�id

))

ppx1qpyzqqpp11qp1tqq
bpx,1,y,zq�id

//
prx�idq�pd�ltq
oo

id�pd�ltq

��

ppxyqp1zqqpp11qp1tqq
pid�lzq�pd�ltq

//

id�pd�ltq

��

ppxyqzqp1tq

pid�l�1
z q�id

uu
ppx1qpyzqqp1tq

bpx,1,y,zq�id
// ppxyqp1zqqp1tq

where we have already used the normalization axiom (acc3) to write the appropriate
identity morphisms instead of bpx, 1, 1, 1q and bp1, 1, 1, tq in the middle hexagon. In this
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diagram the subdiagrams labelled (N) are naturality squares, those labelled (2) commute
by the unital axioms (acc2), the subdiagram labelled (1) by the 4� 4 axiom (acc1) with
y � z � t � y1 � 1, x1 � y, z1 � z and t1 � t, and all the unlabelled subdiagrams by the
functoriality of the product. Since the outer diagram coincides with (2.6), it follows that
(2.6) commutes.

The commutativity of (2.7) follows from the commutative diagram

xpp1yqpz1qq
r�1
x �ply �rzq //

r�1
x �id

��

px1qpyzq
bpx,1,y,zq //

pNq

pxyqp1zq

pr�1
x �l�1

y q�id

))
px1qpp1yqpz1qq

id�bp1,y,z,1q

��

id�ply �rzq

55

ppx1qp11qqpp1yqpz1qq
bpx1,11,1y,z1q//

prx�dq�ply �rzq

OO

id�bp1,y,z,1q

��

prx�dq�id
oo ppx1qp1yqqpp11qpz1qq

prx�lyq�pd�rzq

OO

id�bp1,1,z,1q

��

id�pd�rzq //

p2q

ppx1qp1yqqp1zq

id�pr�1
z lzq

��
px1qpp1zqpy1qq

id�plz �ryq

��

ppx1qp1yqqpz1q

prx�lyq�id

��
px1qpzyq

bpx,1,z,yq

��
pNq

ppx1qp11qqpp1zqpy1qq
prx�dq�plz �ryqoo

bpx1,11,1z,y1q

��

p1qprx�dq�id

ii

ppx1qp1yqqpp1zqp11qq

bpx1,1y,1z,11q

��

prx�lyq�plz �dq //

id�plz �dq

55

pNq

pxyqpz1q

bpx,y,z,1q

��
pxzqp1yq

pr�1
x �l�1

z q�id
))

ppx1qp1zqqpp11qpy1qq
prx�lzq�pd�ryqoo id�bp1,1,y,1q //

id�pd�ryq

��
p2q

ppx1qp1zqqpp1yqp11qq
prx�lzq�ply �dq //

id�ply �dq

��

pxzqpy1q

ppx1qp1zqqp1yq
id�pr�1

y lyq

// ppx1qp1zqqpy1q

prx�lzq�id

55

where we have already used the normalization axiom (acc3) to write the appropriate iden-
tity morphisms instead of bpx, 1, 1, yq, bpx, 1, 1, zq and bpx, 1, 1, 1q in the middle hexagon.
In this diagram the subdiagrams labelled (N) are naturality squares, those labelled (2)
commute by Proposition 2.3, the subdiagram labelled (1) by the 4� 4 axiom (acc1) with
y � z � t � x1 � t1 � 1 and y1 � y, z1 � z, and all unlabelled subdiagrams by the
functoriality of the product. Now, again by functoriality of the product, we have that:

(1) the composite of the three morphisms at the bottom is

rprx � lzq � ids rid � pr
�1
y � lyqs rpr

�1
x � l�1

z q � ids � id � pr�1
y � lyq;

(2) the composite of the first three morphisms at right is

rprx � lyq � ids rid � pr
�1
z � lzqs rpr

�1
x � l�1

y q � ids � rid � pr�1
z � lzqs;

(3) the composite of the first three morphisms at left is

rid � plz � ryqs pid � bp1, y, z, 1qq pr
�1
x � idq � rr�1

x � plz � ryqs pid � bp1, y, z, 1qq.



ALTERNATIVE DESCRIPTION OF SYMMETRIC MONOIDAL CATEGORIES 1791

Therefore, the outer diagram indeed coincides with (2.7), and (2.7) commutes.
The commutativity of (2.8) follows from the commutative diagram

p1pxyqqpz1q
bp1,xy,z,1q //

pNq

p1zqppxyq1q

p1pxyqqppz1qp11qq

lxy �id

��

p2q

pp11qpxyqqppz1qp11qq
pd�idq�idoo bp11,xy,z1,11q//

bp1,1,x,yq�id

��

pd�idq�prz �dq

OO

pp11qpz1qqppxyqp11qq

bp1,1,z,1q�bpx,y,1,1q

��

pd�rzq�pid�dq

OO

pd�rzq�pid�dq//

p4q

p1zqppxyq1q

pr�1
z lzq�rxy

��
pxyqppz1qp11qq pp1xqp1yqqppz1qp11qq

plx�lyq�prz �dq

uu
bp1x,1y,z1,11q

��

plx�lyq�idoo

p1q

pp1zqp11qqppx1qpy1qq

bp1z,11,x1,y1q

��

plz �dq�prx�ryq

((

plz �dq�prx�ryq
// pz1qpxyq

pxyqpz1q

bpx,y,z,1q

��

pNq
pz1qpxyq

bpz,1,x,yq

��

pNq

pxzqpy1q pp1xqpz1qqpp1yqp11qq
bp1,x,z,1q�bp1,y,1,1q//

plx�rzq�ply �dq
oo

id�ply �dq

��

p3q

pp1zqpx1qqpp11qpy1qq
plz �rxq�pd�ryq

//

id�pd�ryq

��

pzxqp1yq

pp1xqpz1qqpy1q
id�pl�1

y ryq

// pp1xqpz1qqp1yq

where we have already used the normalization axiom (acc3) to write an identity morphism
instead of bpz, 1, 1, 1q in the middle hexagon. In this diagram the subdiagrams labelled
(N) are naturality squares, those labelled (2), (3), (4) commute by the unital axioms
(acc2) and/or Proposition 2.3, and the subdiagram labelled (1) commutes by the 4 � 4
axiom (acc1) with x � y � y1 � z1 � t1 � 1, z � x, t � y and x1 � z. As before, using the
functoriality of the product, it is easy to check that several left and right unitors cancel
each other, so that the outer diagram indeed coincides with (2.8).
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The commutativity of (2.9) follows from the commutative diagram

ppxyq1qpztq
bpxy,1,z,tq //

pNq

ppxyqzqp1tq

ppxyq1qppz1qp1tqq

rxy �id

��

p2q

ppxyqp11qqppz1qp1tqq
pid�dq�idoo bpxy,11,z1,1tq//

bpx,y,1,1q�id

��

pid�dq�prz �ltq

OO

ppxyqpz1qqpp11qp1tqq

bpx,y,z,1q�id

��

pid�rzq�pd�ltq

OO

pxyqppz1qp1tqq ppx1qpy1qqppz1qp1tqq

prx�ryq�prz �ltq

uu
bpx1,y1,z1,1tq

��

prx�ryq�idoo

p1q

ppxzqpy1qqpp11qp1tqq

bpxz,y1,11,1tq

��

pid�ryq�pd�ltq

((
pxyqpztq

bpx,y,z,tq

��

pNq
ppxzqyqp1tq

bpxz,y,1,tq

��

pNq

pxzqpytq ppx1qpz1qqppy1qp1tqqq
bpx,1,z,1q�id//

prx�rzq�pry �ltq
oo

prx�rzq�id

��

p2q

ppxzqp11qqppy1qp1tqq
pid�dq�pry �ltq

//

pid�dq�id

��

ppxzq1qpytq

pxzqppy1qp1tqq
r�1
xz �id

// ppxzq1qppy1qp1tqq

where we have already used the normalization axiom (acc3) to write the appropriate iden-
tity morphisms instead of bpy, 1, 1, tq, bpz, 1, 1, tq and bp1, 1, 1, tq in the middle hexagon.
In this diagram, the subdiagrams labeled (N) are naturality squares, those labeled (2)
commute by the unital axioms (acc2) and the functoriality of the product, and the subdi-
agram labeled (1) commutes by the 4� 4 axiom (acc1) with z � t � y1 � z1 � 1, x1 � z,
and t1 � t. Once more, using the functoriality of the product, it is easy to check that
several left and right unitors cancel each other, so that the outer diagram indeed coincides
with (2.9).

2.5. Definition.Given two AC-categories C � pC , �, 1, b, l, rq and C1 � pC 1, �1, 11, b1, l1, r1q,
an AC-functor from C to C1 is a triple F � pF, F2, F1q consisting of:

� a functor F : C Ñ C 1;

� natural isomorphisms F2px, yq : FxFy Ñ F pxyq for every objects x, y in C ;

� an isomorphism F1 : 1
1 Ñ F1

(for short, the � between objects is omitted). Moreover, these data must satisfy the following
axioms (the product of morphisms is denoted by � in both AC-categories):
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(acf1) for every objects x, y, z, t in C the following diagram commutes:

pFxFyqpFzFtq
b1pFx,Fy,Fz,F tq //

F2px,yq�F2pz,tq
��

pFxFzqpFyFtq

F2px,zq�F2py,tq
��

F pxyqF pztq

F2pxy,ztq
��

F pxzqF pytq

F2pxz,ytq
��

F ppxyqpztqq
Fbpx,y,z,tq

// F ppxzqpytqq

(acf2) for ever object x in C the following diagrams commute:

11Fx
l1Fx //

F1�id

��

Fx

F1Fx
F2p1,xq

// F p1xq

Flx

OO Fx11
r1Fx //

id�F1

��

Fx

FxF1
F2px,1q

// F px1q

Frx

OO

F called a unital AC-functor when F1 is the identity (in particular, F1 � 11), and a strict
AC-functor when it is unital and F2px, yq is the identity for every objects x, y in C (in
particular, F preserves the product on the nose).

It readily follows that the identity functor idC : C Ñ C is a strict AC-functor
idC � pidC , 1, id1q for every AC-category C. Observe that the data specifying an AC-
functor between AC-categories is exactly the same as the data specifying a symmetric
monoidal functor between symmetric monoidal categories. We will use the same notation
for both, and the context will make clear whether it refers to an AC-functor or a sym-
metric monoidal functor. Next result shows that the composition law is also the same for
both types of functors.

2.6. Proposition. Let F : C Ñ D and G : D Ñ E be AC-functors, with F � pF, F2, F1q
and G � pG,G2, G1q. Then the composite functor G�F is canonically an AC-functor with
the isomorphisms pG � F q2px, yq and pG � F q1 given respectively by the composites

GFxGFy
G2pFx,Fyq // GpFxFyq

GpF2px,yqq // GF pxyq (2.10)

1e
G1 // G1d

GpF1q // GF1c (2.11)

Moreover, this composition is strictly associative and has the identity AC-functors idC as
strict units.
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Proof. Axiom (acf1) on pG � F q2 amounts to the commutativity of the diagram

((GFx)(GFy))((GFz)(GFt))
bepGFx,GFy,GFz,GFtq //

G2pFx,Fyq�G2pFz,Ftq

�� pAq

((GFx)(GFz))((GFy)(GFt))

G2pFx,Fzq�G2pFy,Ftq

��
GpFxFyqGpFzFtq

GpF2px,yqq�GpF2pz,tqq

��

G2pFxFy,FzFtq

((

GpFxFzqGpFyFtq

GpF2px,zqq�GpF2py,tqq

��

G2pFxFz,FyFtq

vv
G(F(xy))G(F(zt))

G2pF pxyq,F pztqq

��

pNq GpF pxyqF pztqq

GpF2px,yq�F2pz,tqq

vv

GbdpFx,Fy,Fz,F tq
//

pBq

GppFxFzqpFyFtqq

GpF2px,zq�F2py,tqq

((

pNq G(F(xz))G(F(yt))

G2pF pxzq,F pytqq

��
GpF pxyqF pztqq

GpF2pxy,ztqq

��

GpF pxzqF pytqq

GpF2pxz,ytqq

��
GF((xy)(zt))

GF bcpx,y,z,tq
// GF((xz)(yt))

and in this diagram subdiagram (A) commutes because of (acf1) applied to G, subdiagram
(B) because of (acf1) applied to F and by functoriality, and the subdiagrams labelled (N)
are naturality squares. The proofs of (acf2) and of the last statement are the same as
those for monoidal functors between monoidal categories.

2.7. Definition. Let F,G : CÑ C
1 be two parallel AC-functors, with F � pF, F2, F1q and

G � pG,G2, G1q. An AC-natural transformation from F to G is a natural transformation
τ : F ñ G such that the diagrams

FxFy
F2px,yq //

τx�τy

��

F pxyq

τxy

��
GxGy

G2px,yq
// F pxyq

11
F1 //

G1   

F1
τ1

}}
G1

(2.12)

commute for every objects x, y in C .

It readily follows that the identity natural transformation 1F : F ñ F of the under-
lying functor of every AC-functor F � pF, F2, F1q is an AC-natural transformation 1F for
every AC-functor F.

2.8. Proposition. The usual vertical and horizontal composites of AC-natural transfor-
mations are AC-natural transformations.

Proof. AC-natural transformations are defined in exactly the same way as the monoidal
natural transformations between monoidal functors, and these are known to be closed
under vertical and horizontal compositions.
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It follows that the AC-categories together with the AC-functors and the AC-natural
transformations consitute a strict 2-category ACCat with the above composition laws.

2.9. Theorem. Let SMCat be the 2-category of symmetric monoidal categories, sym-
metric monoidal functors and monoidal natural transformations. Then there is a canon-
ical isomorphism of 2-categories ACCat � SMCat.

Proof. Every symmetric monoidal category C � pC , �, 1, a, c, l, rq gives rise to an AC-
category Cac with the same data C , �, 1, l, r as in C and associo-commutator bpx, y, z, tq
given from the associator and the commutator in C by the composite isomorphism in the
commutative diagram

xpypztqq
id�ay,z,t // xppyzqtq

id�pcy,z �idq//

ax,yz,t

��

xppzyqtq
id�a�1

z,y,t //

ax,zy,t

��

xpzpytqq

ax,z,yt

''
pxyqpztq

a�1
x,y,zt

77

axy,z,t

''

pxzqpytq

ppxyqzqt
a�1
x,y,z �id

// pxpyzqqt
pid�cy,zq�id

// pxpzyqqt
ax,z,y �id

// ppxzqyqt

a�1
xz,y,t

77

(2.13)
Axioms (acc1)-(acc3) on bpx, y, z, tq follow from the coherence theorem for symmetric
monoidal categories ( see [11, Theorem XI.1.1] or [16, Theorem 1.3.8]). Moreover, ev-
ery symmetric monoidal functor F � pF, F2, F0q between symmetric monoidal categories
C,C1 is also an AC-functor between the corresponding AC-categories Cac,C

1
ac. Axiom

(acf2) holds automatically by definition of symmetric monoidal functor, while axiom
(acf1) follows from the coherence theorem for symmetric monoidal functors (see [16,
Theorem 1.3.12] or [7, Theorem 1.7]). Finally, every monoidal natural transformation
between symmetric monoidal functors is automatically an AC-natural transformation be-
tween them as AC-functors. Therefore we have a strict 2-functor

p�qac : SMCatÑ ACCat

given on objects by C ÞÑ Cac and acting as the identity on morphisms and 2-morphisms.
Conversely, given an AC-category D � pD , �, 1, b, l, rq a symmetric monoidal category

Dsm is given as follows. The data D , �, 1, l, r is the same as in D, and the associators ax,y,z
and commutators cx,y are respectively given by the composite isomorphisms

xpyzq
r�1
x �id // px1qpyzq

bpx,1,y,zq // pxyqp1zq
id�lz // pxyqz (2.14)

xy
l�1
x �r�1

y // p1xqpy1q
bp1,x,y,1q // p1yqpx1q

ly �rx // yx (2.15)

We have to see that the associator satisfies the pentagon and triangle axioms, and the com-
mutator the hexagon and symmetry axioms. The pentagon axiom on ax,y,z corresponds
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to the commutativity of the diagram

x(y(zt))
r�1
x �id //

id�pr�1
y �idq

��

px1qpypztqq
bpx,1,y,ztq // pxyqp1pztqq

id�lzt
��

xppy1qpztqq

id�bpy,1,z,tq
��

(xy)(zt)

r�1
xy �id
��

xppyzqp1tqq

id�pid�ltq
��

ppxyq1qpztq

bpxy,1,z,tq
��

x((yz)t)

r�1
x �id

��

ppxyqzqp1tq

id�lt
��

px1qppyzqtq

bpx,1,yz,tq
��

((xy)z)t

pxpyzqqp1tq
id�lt

// (x(yz))t
pr�1

x �idq�id

// ppx1qpyzqqt
bpx,1,y,zq�id

// ppxyqp1zqqt

pid�lzq�id

OO

or equivalently, the diagram

xppy1qpztqq

id�bpy,1,z,tq
��

r�1
x �pry �idq // px1qpypztqq

bpx,1,y,ztq // pxyqp1pztqq

r�1
xy �lzt
��

xppyzqp1tqq

r�1
x �pid�ltq

��

ppxyq1qpztq

bpxy,1,z,tq
��

px1qppyzqtq

bpx,1,yz,tq
��

ppxyqzqp1tq

pid�l�1
z q�lt

��
pxpyzqqp1tq

pr�1
x �idq�lt

// ppx1qpyzqqt
bpx,1,y,zq�id

// ppxyqp1zqqt

where we have used the functoriality of � to replace some composites involving left and
right unitors by a single arrow. Apart from the isomorphisms r�1

x in the upper left and lt
in the lower right, which may be cancelled, this diagram coincides with the commutative
diagram (2.6) in Proposition 2.4. The triangle axiom amounts to the commutativity of
the diagram

x(1y)
r�1
x �id //

id�ly

��

px1qp1yq
bpx,1,1,yq // px1qp1yq

id�ly
��

xy (x1)y
rx�id

oo

whose commutativity follows from the functoriality of � and the normalization axiom
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(acc3). The hexagon axiom on cx,y amounts to the commutativity of the diagram

x(yz)
r�1
x �id //

id�pl�1
y �r�1

z q
��

px1qpyzq
bpx,1,y,zq // pxyqp1zq

id�lz // (xy)z
l�1
xy �r

�1
z // p1pxyqqpz1q

bp1,xy,z,1q
��

xpp1yqpz1qq

id�bp1,y,z,1q
��

p1zqppxyq1q

lz �rxy
��

xpp1zqpy1qq

id�plz �ryq
��

z(xy)

r�1
z �id
��

x(zy)

r�1
x �id

��

pz1qpxyq

bpz,1,x,yq
��

px1qpzyq

bpx,1,z,yq
��

pzxqp1yq

id�ly
��

pxzqp1yq
id�ly

// (xz)y
pl�1
x �r�1

z q�id

// pp1xqpz1qqy
bp1,x,z,1q�id

// pp1zqpx1qqy
plz �rxq�id

// (zx)y

or equivalently, the diagram

xpp1yqpz1qq

id�bp1.y.z.1q
��

r�1
x �ply �rzq // px1qpyzq

bpx,1,y,zq // pxyqp1zq
l�1
xy �pr

�1
z lzq //

id�pr�1
z �lzq

uu

p1pxyqqpz1q

bp1,xy,z,1q
��lxy �id

rr
xpp1zqpy1qq

r�1
x �plz �ryq

��

pAq

pxyqpz1q

bpx,y,z,1q
��

pBq

p1zqppxyq1q

pr�1
z lzq�rxy

��
px1qpzyq

bpx,1,z,yq
��

pxzqpy1q
id�pl�1

y �ryq

uu
pl�1
x �r�1

z q�ry
��

pz1qpxyq

bpz,1,x,yq
��

pxzqp1yq
pl�1
x �r�1

z q�ly

// pp1xqpz1qqy
bp1,x,z,1q�id

// pp1zqpx1qqy
plz �rxq�l

�1
y

// pzxqp1yq

where we have used again the functoriality of � to replace a few composites morphisms
involving left and right unitors by a single arrow. Now, as indicated by the dotted arrows,
this diagram can be subdivided into two triangles together with the subdiagrams (A) and
(B). The triangles commute by functoriality, while the diagrams (A) and (B) coincide
with the commutative diagrams (2.7) and (2.8), respectively, in Proposition 2.4. Hence
the outer diagram also commutes. Finally, the symmetry axiom on cx,y follows readily
from (2.15) and Proposition 2.2. This proves that Dsm indeed is a symmetric monoidal
category. Moreover, every AC-functor F � pF, F2, F0q between AC-categories D,D1 is also
a symmetric monoidal functor between the corresponding symmetric monoidal categories
Dsm,D

1
sm, and the same happens with the natural transformations. Therefore, we also

have a (strict) 2-functor
p�qsm : ACCatÑ SMCat
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given on objects by D ÞÑ Dsm and acting as the identity on morphisms and 2-morphisms.
It remains to check that both composite 2-functors p�qsm �p�qac and p�qac �p�qsm are

identities. At the level of morphisms and 2-morphisms it is clearly so. Hence we simply
need to check the equalities

pCacqsm � C,

pDsmqac � D

for every symmetric monoidal category C, and every AC-category D. This means check-
ing that the associator and the commutator in pCacqsm are the same as in C, and that
the associo-commutator in pDsmqac is the same as in D. It readily follows from (2.13)-
(2.15) that the associator and commutator in pCacqsm are respectively given by the long
composite isomorphisms shown in the diagrams

xpyzq
r�1
x �id //

ax,y,z

��

px1qpyzq
ax1,y,z //

bpx,1,y,zq

��

ppx1qyqz
a�1
x,1,y �id// pxp1yqqz

pid�c1,yq�id

��
pxyqz pxyqp1zq

id�lz
oo ppxyq1qz

a�1
xy,1,z

oo pxpy1qqz
ax,y,1�id
oo

xy
l�1
x �r�1

y //

cx,y

��

p1xqpy1q
a1x,y,1//

bp1,x,y,1q

��

pp1xqyq1
a�1
1,x,y �id// p1pxyqq1

pid�cx,yq�id

��
yx p1yqpx1q

ly �rx
oo pp1yqxqz

a�1
1y,x,1

oo p1pyxqq1
a1,y,x�id
oo

whose commutativity follows again from the coherence theorem for symmetric monoidal
categories. As for the associo-commutator of pDsmqac, it follows from (2.13)-(2.15) that it
is given by the long composite isomorphism shown in the diagram

pxyqpztq
r�1
xy �id //

bpx,y,z,tq

��

ppxyq1qpztq
bpxy,1,z,tq//

pAq

ppxyqzqp1tq
pid�l�1

z q�lt // ppxyqp1zqqt
bpx,y,1,zq�id//

pid�pr�1
z lzq�id

��

ppx1qpyzqqt

prx�pl
�1
y �r�1

z qq�id

��
ppxyqpz1qqt

bpx,y,z,1q�id

��

pBq

pxpp1yqpz1qqqt

pid�bp1,y,z,1qq�id

��
ppxzqpy1qqt

pid�pl�1
y ryqq�id

��

pxpp1zqpy1qqqt

pr�1
x �plz �ryqq�id

��
pxzqpyq ppxzq1qpytq

rxz �id
oo ppxzqyqp1tq

bpxz,y,1,tq
oo ppxzqp1yqqt

pid�lyq�l
�1
t

oo ppx1qpzyqqt
bpx,1,z,yq�id
oo
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Now, as indicated by the dotted arrows, this diagram can be subdivided into the subdia-
grams (A) and (B). After cancelling some left and right unitors using the functoriality of
the product, subdiagram (A) coincides with the commutative diagram (2.9), and (B) with
the product of the commutative diagram (2.7) with idt (here we are using that bpx, z, y, tq
is the inverse of bpx, y, z, tq; Proposition 2.2). Therefore, both subdiagrams commute and
the outer diagram is commutative.

As immediate consequences of Theorem 2.9, we obtain both a coherence and a stric-
tification theorem for AC-categories.

2.10. Corollary. (Coherence Theorem) Every diagram in an AC-category built for-
mally from associo-commutators and left and right unitors commutes.

Proof. Every such diagram in an AC-category C will correspond to a diagram in Csm

formally built from associators, commutators, and left and right unitors, and this diagram
commutes by the coherence theorem for symmetric monoidal categories.

2.11. Corollary. (Strictification Theorem) Every AC-category is equivalent to a semi-
strict AC-category.

Proof. Let C be an AC-category, and let Cs
sm be any symmetric strict monoidal category

equivalent to Csm, i.e., one whose associators and left and right unitors are identities. Since
every 2-functor preserves equivalences we have

C � pCsmqac � pCs
smqac,

and pCs
smqac is a semistrict AC-category. Indeed, it is clearly unital because Cs

sm is uni-
tal. As for the associo-commutator, it is given by (2.13) with a, c the associator and
commutator of Cs

sm. However, by hypothesis, the associator a of Cs
sm is the identity so

that bpx, 1, z, tq reduces to the isomorphism idx � c1,z � idt, and c1,z � idz because in every
symmetric monoidal category we have c1,x � lx r

�1
x and C

s
sm is unital. The fact that the

isomorphisms bpx, y, 1, tq are also identities follows now from Proposition 2.2.

It readily follows from (2.14) that the above isomorphism of 2-categories ACCat �
SMCat maps semistrict AC-categories to symmetric strict monoidal categories. Conse-
quently, as is done below, brackets in such an AC-category can be omitted when writing
the product of more than two objects.

Next result proves that only a few components of the associo-commutator in a semistrict
AC-category need to be specified, giving precisely to the commutator in the associated
symmetric strict monoidal category.

2.12. Proposition. In every semistrict AC-category C � pC , �, 1, bq the associo-comm-
utator is completely given by the components bp1, x, y, 1q : xy Ñ yx for each x, y in C .
Moreover, these isomorphisms are such that:
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(sac1) the diagram

xyz

bp1,x,y,1q�idz %%

bp1,x,yz,1q // yzx

yxz
idy �bp1,x,z,1q

99 (2.16)

commutes for every objects x, y, z;

(sac2) bp1, y, x, 1q bp1, x, y, 1q � idxy for every objects x, y;

(sac3) bp1, 1, x, 1q � idx for every object x.

Conversely, for any triple pC , �, 1q as before, with � strictly associative and 1 acting as a
strict unit, and any family of natural isomorphisms cx,y : xy Ñ yx satisfying (sac1)-(sac3)
with cx,y instead of bp1, x, y, 1q for every objects x, y, the isomorphisms

bp1, x, y, 1q :� cx,y (2.17)

give the associo-commutator of a semistrict AC-category pC , �, 1, bq.

Proof. Since C is semistrict, we have

bpx, y, z, tq
p2.9q
� bpx, y, z, 1q � idt

p2.7q
� idx � bp1, y, z, 1q � idt

for every quadruple px, y, z, tq. This proves the first assertion. Properties (sac2) and
(sac3) follow readily from Propositions 2.2 and 2.3, respectively, while the commutativity
of (2.16) follows from (acc1) with x � y � t � z1 � t1 � 1, z � x, x1 � y and y1 � z
together with (sac2). Indeed, for these objects axiom (acc1) in a semistrict AC-category
reduces to the equality

bp1, x, y, 1q � idz � bpy, z, x, 1q bp1, x, yz, 1q,

and the right hand side is equal to ridy �bp1, z, x, 1qs bp1, x, yz, 1q by (2.7). The claim follows
now from (sac2). To prove the converse, note that the isomorphisms cx,y are required to
satisfy the following axioms:

(ssm1) the diagram

xyz

cx,y �idz %%

cx,yz // yzx

yxz
idy �cx,z

99 (2.18)

commutes for every objects x, y;

(ssm2) cy,x cx,y � idxy for every objects x, y;

(ssm3) c1,x � idx for every object x.

Now, such a quadruple C � pC , �, 1, cq, together with the trivial associator and trivial
left and right unitors, is precisely the data defining a symmetric strict monoidal category,
and the above quadruple pC , �, 1, bq with b defined by (2.17) is nothing but the associated
(semistrict) AC-category Cac by the isomorphism in Theorem 2.9.
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2.13. Remark. As pointed out in the Introduction, AC-categories do not provide an
alternative description of arbitrary braided monoidal categories (see Proposition 2.2).
Such a description is instead provided by the unital b-categories of Davydov and Runkel.
Basically, a unital b-category is a category C equipped with a product functor � : C �C Ñ
C , a distinguished object 1, and natural isomorphisms

βx,y,z : xpyzq Ñ ypxzq,

ρx : x1Ñ x,

satisfying appropriate coherence conditions; see [3] for details. In Section 2.5 of their
work, Davydov and Runkel explain how a braided monoidal category can be obtained
from a unital b-category. Furthermore, a unital b-category can also be constructed from
an AC-category. Indeed, if C � pC , �, 1, b, l, rq is an AC-category, and we define βx,y,z as
the composite morphism

xpyzq
l�1
x �id
ÝÑ p1xqpyzq

bp1,x,y,zq
ÝÑ p1yqpxzq

ly �id
ÝÑ ypxzq,

and ρx : x1Ñ x as the right unitor rx of C, then Cb � pC , �, 1, β, ρq is a unital b-category.
The coherence axioms required for β and ρ hold true because they reduce to diagrams
involving the associo-commutator and the left and right unitors of C, which commute by
Corollary 2.10. It turns out that the braided monoidal category associated with Cb is, in
fact, the symmetric monoidal category Csm from Theorem 2.9. Indeed, one can readily
verify that the braiding and left unitor defined by Davydov and Runkel from β and ρ
coincide with the canonical commutator given by (2.15) and the original left unitor of C,
while their associator necessarily equals the canonical associator given by (2.14) by virtue
of Corollary 2.10.

3. Cubical cohomology of abelian groups

3.1. Eilenberg-MacLane cubical complex. In 1950, Eilenberg and MacLane [5]
showed how to assign functorially to an abelian group A a non-negative chain complex
Q
pAq of abelian groups, called the Q-construction or (normalized) cubical complex, whose
homology group HnpQ
pAqq for n ¥ 0 is isomorphic to Hn�kpKpA, kqq for each k ¥ n� 1,
where KpA, kq denotes the Eilenberg-MacLane space with all homotopy groups trivial
except πk, which is equal to A. The complex Q
pAq is obtained as a suitable normalization
of an auxiliary unnormalized cubical complex Q1


pAq.
By definition, Q1

npAq for each n ¥ 0 is the free abelian group generated by the n-
dimensional A-cubes, i.e. n-dimensional cubes whose vertices are labelled by elements in
A. More formally, let Cn be the set of all binary words of length n, with C0 consisting of
just the empty word p q. The elements in Cn can indeed be identified with the vertices of
a n-dimensional cube. Then the free generators of Q1

npAq are the maps X : Cn Ñ A. We
shall write

Xpϵ1, . . . , ϵnq � aϵ1���ϵn P A
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for each pϵ1, . . . , ϵnq P Cn. For n � 0, 1, 2, 3 the free generators of Q1
npAq, or n-generators

for short, are respectively denoted by

paq, pa0, a1q,

�
a00 a01
a10 a11



,

�
a000 a001 a100 a101
a010 a011 a110 a111



.

Notice that for each n ¥ 1 an n-generator is just a pair of pn�1q-generators, representing
two opposite faces of the n-dimensional A-cube. This is made explicit in the 3-generator
above, where the 2 � 2 submatrices on either side of the vertical line represent opposite
faces of the three-dimensional A-cube. In order to define the differential of Q1


pAq it is
convenient to introduce the maps 0i, 1i : Cn Ñ Cn�1 for each i � 1, . . . , n� 1 given by

0ipϵ1, . . . , ϵnq :� pϵ1, . . . , ϵi�1, 0, ϵi, . . . , ϵnq,

1ipϵ1, . . . , ϵnq :� pϵ1, . . . , ϵi�1, 1, ϵi, . . . , ϵnq

whose images are called the lower and upper i-faces of Cn�1, respectively. They correspond
to two opposite n-dimensional faces of Cn�1. Then the differential δn : Q1

npAq Ñ Q1
n�1pAq

for each n ¥ 1 is the group homomorphism defined on the free generators by

δnX :�
ņ

i�1

p�1qipSpiq
n pXq � U piq

n pXq � Lpiq
n pXqq,

with U
piq
n , L

piq
n : Q1

npAq Ñ Q1
n�1pAq the restrictions to the ith upper and lower faces,

respectively, i.e.

U piq
n pXqpϵ1, . . . , ϵn�1q :� Xp1ipϵ1, . . . , ϵn�1qq,

Lpiq
n pXqpϵ1, . . . , ϵn�1q :� Xp0ipϵ1, . . . , ϵn�1qq,

and S
piq
n : Q1

npAq Ñ Q1
n�1pAq the vertexwise addition of U

piq
n and L

piq
n . For instance, on

the free n-generators with 1 ¤ n ¤ 3 the differential is given by

δ1 px, yq � pxq � pyq � px� yq (3.1)

δ2

�
x y
z t



� px, yq � pz, tq � px� z, y � tq � px, zq � py, tq � px� y, z � tq (3.2)

δ3

�
x y x1 y1

z t z1 t1



�

�
x y
z t



�

�
x1 y1

z1 t1



�

�
x� x1 y � y1

z � z1 t� t1



(3.3)

�

�
x� z y � t
x1 � z1 y1 � t1



�

�
x y
x1 y1



�

�
z t
z1 t1




�

�
x z
x1 z1



�

�
y t
y1 t1



�

�
x� y z � t
x1 � y1 z1 � t1
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By definition, the (normalized) cubical complex Q
pAq is the quotient of Q1

pAq modulo

the subcomplex N
pAq generated by the so called slabs and diagonals. A free n-generator
X is called a slab of Q1

npAq, or a n-slab, if X � p0q in case n � 0, or if his restriction to
one of its faces is identically zero (i.e. all the vertices in the face are labelled by 0 P A) in
case n ¥ 1. More precisely, for each n ¥ 1 and each i � 1, . . . , n an i-slab of Q1

npAq is a
free n-generator X such that either Xp0ieq � 0 for each e P Cn�1, or Xp1ieq � 0 for each
e P Cn�1. For instance, for 1 ¤ n ¤ 3 the slabs of Q1

npAq are

p0, yq, px, 0q,

�
0 0
x y



,

�
x y
0 0



,

�
0 x
0 y



,

�
x 0
y 0



,

�
0 0 x y
0 0 z t



,

�
x y 0 0
z t 0 0



,

�
0 0 0 0
x y z t



,

�
x y z t
0 0 0 0



,

�
0 x 0 y
0 z 0 t



,

�
x 0 y 0
z 0 t 0



.

for each x, y, z, t P A. A free n-generator X for n ¥ 2 is called a n-diagonal if Xpϵ1, . . . , ϵnq
is zero for all pϵ1, . . . , ϵnq with ϵi � ϵi�1 for some i P t1, . . . , n�1u (in this case, X is called
an i-diagonal). For instance, for 2 ¤ n ¤ 3 the diagonals are the generators

�
x 0
0 y



,

�
x y 0 0
0 0 z t



,

�
x 0 z 0
0 y 0 t




for each x, y, z, t P A. Then NnpAq is the subgroup of Q1
npAq generated by the n-slabs and

n-diagonals. It is easy to check that N
pAq is indeed a subcomplex of Q1

pAq, and

Q
pAq :� Q1

pAq{N
pAq.

Notice that when A � 0 there is only one n-dimensional A-cube for each n ¥ 0 so that
Q1

np0q � Z for each n ¥ 0. Moreover, all the maps U
piq
n , L

piq
n , S

piq
n : Z Ñ Z are identities.

Hence the differential δn : ZÑ Z is

δn �

"
idZ, if n is odd
0, if n is even.

In particular, Q1

p0q has non-trivial homology. However, we have Nnp0q � Q1

np0q for each
n ¥ 0 so that Q
p0q is indeed the zero chain complex.

3.2. Cubical cohomology. By definition, the cubical cohomology of an abelian group
A with coefficients in another abelian group B is the homology of the cochain complex

C

cubpA,Bq :� HompQ
�1pAq,Bq.

i.e. of the complex

0Ñ HompQ0pAq,Bq
B1
Ñ HompQ1pAq,Bq Ñ � � � Ñ HompQn�1pAq,Bq

Bn
Ñ HompQnpAq,Bq Ñ � � �
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with the homomorphisms f : QnpAq Ñ B as cubical pn� 1q-cochains, and Bn � � � δn for
each n ¥ 1. Its homology will be denoted by H


cubpA,Bq. At first degree we have

H1
cubpA,Bq � HompA,Bq

so that H1
cubpA,Bq coincides with the usual degree-one group cohomology H1pA,Bq when

B is viewed as a trivial A-module. However, the two cohomologies differ in degree n ¥ 2.
In fact, unlike the usual group cohomology H
pA,Bq, the cubical one takes explicitly
account of the abelian character of A because the condition δ � δ � 0 requires both the
associativity and the commutativity of the sum in A to be true (in the usual complex only
the associativity is required). Moreover, while H2pA,Bq classifies the central extensions of
B by A, H2

cubpA,Bq classifies the extensions that are abelian.
We are interested in the third-degree cubical cohomology because, as shown in the next

section, it provides an alternative cohomological classification of symmetric 2-groups. It
readily follows from (3.3) that a cubical 3-cocycle on A with coefficients in B amounts to
a map z : A4 Ñ B such that

zpx, y, z, tq�zpx1, y1, z1, t1q � zpx� x1, y � y1, z � z1, t� t1q

� zpx, z, x1, z1q � zpy, t, y1, t1q � zpx� y, z � t, x1 � y1, z1 � t1q

� zpx, y, x1, y1q � zpz, t, z1, t1q � zpx� z, y � t, x1 � z1, y1 � t1q (3.4)

for every x, y, z, t, x1, y1, z1, t1 P A, and satisfying the normalization conditions

zpx, y, 0, 0q � zp0, 0, x, yq � zpx, 0, 0, yq � zp0, x, 0, yq � zpx, 0, y, 0q � 0 (3.5)

for every x, y P A. Moreover, it follows from (3.2) that such a cubical 3-cocycle is a cubical
3-coboundary if there exists a map c : A2 Ñ B, with

cp0, xq � cpx, 0q � 0

for each x P A, and such that

zpx, y, z, tq � cpx, yq � cpz, tq � cpx� z, y � tq � cpx, zq � cpy, tq � cpx� y, z � tq (3.6)

for every x, y, z, t P A. Thus every cubical 3-coboundary is antisymmetric in the middle
two arguments. In fact, as we shall see in the next section, every cubical 3-cocycle is
antisymmetric in the middle two arguments (see Corollary 4.6).

4. A new cohomological classification of symmetric 2-groups

Since symmetric 2-groups are a particular type of symmetric monoidal category, it follows
from Theorem 2.9 that they can also be regarded as a particular type of AC-category. Let
us make this precise, and for convenience we adopt the additive notation p�, 0q instead
of p�, 1q.
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4.1. Definition. An AC-2-group is an AC-category C � pC ,�, 0, b, l, rq whose underly-
ing category C is a groupoid and such that every object has a (weak) inverse with respect
to � (i.e. an object �x such that x� p�xq, p�xq � x � 0).

4.2. Proposition. Let 2ACGrp be the full sub-2-category of ACCat with objects the
AC-2-groups, and 2SGrp the full sub-2-category of SMCat with objects the symmetric
2-groups. Then there is a canonical isomorphism of 2-categories 2SGrp � 2ACGrp.

Proof. When C is a symmetric 2-group the corresponding AC-category Cac is an AC-
2-group, and when D is an AC-2-group the corresponding symmetric monoidal category
Dsm is a symmetric 2-group. Hence the isomorphism SMCat � ACCat of Theorem 2.9
indeed restricts to an isomorphism between 2SGrp and 2ACGrp.

Thus, AC-2-groups are equivalent to symmetric 2-groups. Consequently, a new coho-
mological classification of symmetric 2-groups can be obtained by classifying AC-2-groups
up to equivalence. As we now show, the relevant cohomology is Eilenberg–MacLane cu-
bical cohomology for abelian groups.

4.3. To classify AC-2-groups up to equivalence, we adopt an approach analogous to that
of Sinh and of Joyal–Street in their respective classifications of symmetric and braided
2-groups. We begin by showing that a distinguished class of skeletal AC-2-groups, which
we call special AC-2-groups, can be constructed from any triple pG,A, zq consisting of two
abelian groups G,A, and a cubical 3-cocycle z on G with values in A (§ 4.4). Further-
more, cohomologous cubical 3-cocycles yield equivalent AC-2-groups (Proposition 4.7).
We then show that every AC-2-group is equivalent to a special AC-2-group by explicitly
determining the corresponding triple pG,A, zq (Proposition 4.8).

4.4. Let pG,A, zq be any triple consisting of two abelian groups G,A together with a
cubical 3-cocycle of G with values in A. Then an AC-2-group is given as follows. The
underlying groupoid has the elements of G as objects, the elements of A�G as morphisms,
with pa, xq : x Ñ x, and the morphisms of the form p0, xq as identity morphisms. The
composition law is given by

pa, xq � pb, xq � pa� b, xq, (4.1)

while the sum is given on objects by the product in G, and on morphisms by

pa, xq � pb, yq � pa� b, x� yq. (4.2)

The identity 0 P G is the zero object, and the left and right unitors are both identities.
Finally, the associo-commutator is given by

bpx, y, z, tq � pzpx, y, z, tq, x� y � z � tq (4.3)

for every x, y, z, t P G. Axioms (acc1)-(acc3) on b follow readily from (4.1), (4.2) and
conditions (3.4) and (3.5) on z. For instance, an easy computation using (4.1) and (4.2)
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shows that axiom (acc1) amounts to the equality

zpx� y, z � t, x1 � y1, z1 � t1q � zpx, y, x1, y1q � zpz, t, z1, t1q � zpx� x1, y � y1, z � z1, t� t1q

� zpx, y, z, tq � zpx1, y1, z1, t1q � zpx� z, y � t, x1 � z1, y1 � t1q

� zpx, z, x1, z1q � zpy, t, y1, t1q (4.4)

which, after rearranging terms, reduces to (3.4). Axioms (acc2)-(acc3) follow similarly
from (3.5). Hence the structure so defined is indeed a (skeletal) AC-2-group. It will be
denoted by ApG,A, zq.

4.5. Definition. An AC-2-group A is called a special AC-2-group if A � ApG,A, zq for
some triple pG,A, zq as before.

Notice that the relation between the associo-commutator b in a special AC-2-group
and the corresponding cubical 3-cocycle z, as given by (4.3), implies that every property of
b can be translated into an equivalent property of z. In particular, we have the following.

4.6. Corollary. Let G,A be any abelian groups. Then every (normalized) cubical 3-
cocycle z : G4 Ñ A is antisymmetric in the middle two arguments.

Proof. Let us consider the special AC-2-group ApG,A, zq. We know from Proposition 2.2
that its associo-commutator is such that the composite isomorphism bpx, y, z, tq bpx, z, y, tq
is the identity for every objects x, y, z, t, and in terms of the cubical 3-cocycle z this means
that zpx, y, z, tq � zpx, z, y, tq � 0.

4.7. Proposition. Let pG,A, zq be as before, and let c be any cubical 2-cochain of G with
values in A. Then ApG,A, z� Bcq � ApG,A, zq.

Proof. Let F : ApG,A, zq Ñ ApG,A, z � Bcq be the AC-functor given as follows. The
underlying functor is the identity, the natural isomorphisms F2px, yq : x� y Ñ x� y are
given by

F2px, yq :� pcpx, yq, x� yq

and F1 is the identity. Axiom (acf1) readily follows from the fact that the cubical 3-cocycle
of the target AC-2-group is z1 � z� Bc, and axiom (acf2) follows from the normalization
conditions on c. Therefore F is indeed an AC-functor, and it is clearly an equivalence of
AC-2-groups.

4.8. Proposition. Every AC-2-group is equivalent to a special AC-2-group ApG,A, zq for
some triple pG,A, zq as before.

Proof. Let A � pA , �,�, 0, l, rq be any AC-2-group. The corresponding abelian groups
G,A are respectively given by the the group π0pAq of isomorphism classes of objects in
A with the composition law induced by �, and the group π1pAq of automorphisms of
the unit object 0. Both are abelian, the first because x � y � y � x for every objects
x, y in A , and the second by the Eckmann-Hilton argument applied to the composition
of automorphisms and the commutative operation �̂ defined by a�̂b � d pa � bq d�1 for
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each a, b P A, which proves that � � �̂ (as before, d denotes the canonical isomorphism
0 � 0 � 0). To obtain the cubical 3-cocycle z we have to choose a representative xg for
each g P π0pAq, with x0 � 0, and for each object x an isomorphism ιx : xÑ xg if rxs � g,
with ιxg the identity for every g. Then let Ask be the skeletal groupoid whose objects are
the elements g P π0pAq, whose morphisms are the elements pu, gq P π1pAq � π0pAq, with
pu, gq : g Ñ g, and whose composition law is given by �̂. Let us denote by H : Ask Ñ A
the functor given on objects and morphisms by

Hpgq :� xg, (4.5)

Hpu, gq :� δxgpuq. (4.6)

Here δxg : Autp0q Ñ Autpxgq stands for the canonical group isomorphism given by

δxgpuq � rxg pidxg � uq r�1
xg
,

with rxg : xg � 0 Ñ xg the right unitor. Its existence follows from Proposition 4.2, which
establishes that the underlying groupoid of an AC-2-group is of the same type as the
underlying groupoid of a symmetric 2-group. Then H is an equivalence of categories with
pseudoinverse H 1 : A Ñ Ask given by

H 1pxq :� rxs, (4.7)

H 1pfq :� pδ�1
xg
pιx1 f ι�1

x q, rxsq. (4.8)

for every morphism f : x Ñ x1 in A (hence, rxs � rx1s). In fact, H 1 � H is literally
equal to the identity of Ask, and the isomorphisms ιx are the components of a natural
isomorphism ι : idA ñ H �H 1. By transport of the AC-2-group structure on A to Ask

through the equivalence H 1 the skeletal groupoid Ask becomes a skeletal AC-2-group Ask

equivalent to A. The resulting AC-2-group Ask turns out to be the special AC-2-group
ApG,A, zq with z : G � G Ñ A the cubical 3-cocycle uniquely given by the commutative
diagrams

pxg1 � xg2q � pxg3 � xg4q
ιxg1�xg2

�ιxg3�xg4 //

bpxg1 ,xg2 ,xg3 ,xg4 q

��

xg1�g2 � xg3�g4

ιxg1�g2
�xg3�g4 // xg1�g2�g3�g4

Hpzpg1,g2,g3,g4q,g1�g2�g3�g4q

��
pxg1 � xg3q � pxg2 � xg4q ιxg1�xg3

�ιxg2�xg4

// xg1�g3 � xg2�g4 ιxg1�g3
�xg2�g4

// xg1�g3�g2�g4

(4.9)
for every g1, g2, g3, g4 P π0pAq. Notice that, as a consequence of the possible non-skeletal
character of the original AC-2-group, we may have zpg1, g2, g3, g4q � 0 even if the associo-
commutator bpxg1 , xg2 , xg3 , xg4q is the identity. The cubical 3-cocycle condition on z follows
from the 4� 4 axiom on b, while the normalization conditions follow from the unital and
normalization axioms. Clearly, the 3-cocycle z depends on the choices of the representative
objects xg and the isomorphisms ιx. However, it can be shown that making a different
choice just leads to a cohomologous 3-cocycle. The details are left to the reader.
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4.9. Theorem. Up to equivalence, an AC-2-group (and hence, a symmetric 2-group) is
completely determined by a third-degree cubical cohomology class rzs P H3

cubpG,Aq of some
abelian group G with coefficients in some other abelian group A.

Proof. It is a consequence of Propositions 4.8 and 4.7.

In fact, different cohomology classes rzs, rz1s P H3
cubpG,Aq may correspond to equivalent

AC-2-groups. More generally, the special AC-2-groups GpG,A, zq and GpG1,A1, z1q are
equivalent if and only if there exist group isomorphisms g : G Ñ G1 and f : A Ñ A1 such
that g�pz1q � f�pzq in H3pG,A1q. The situation is completely analogous to the classification
of arbitrary 2-groups in terms of the usual group cohomology classes (see [2]). The details
are left to the reader.

4.10. According to Theorem 4.9, AC-2-groups and hence, symmetric 2-groups can be
classified by cubical cohomology classes in degree three. However, the usual classification
of symmetric 2-groups, due to Sinh [15], is given in terms of Eilenberg-MacLane level two
abelian group cohomology in degree three, whose 3-cocycles consist of pairs ph, cq with
h : G3 Ñ A a usual (normalized) 3-cocycle of G with values in A as a trivial G-module,
and c : G2 Ñ A a skew-symmetric map such that

cpg2, g3q � cpg1 � g2, g3q � cpg1, g3q � �hpg1, g2, g3q � hpg1, g3, g2q � hpg3, g1, g2q,

cpg1, g3q � cpg1, g2 � g3q � cpg1, g2q � hpg1, g2, g3q � hpg2, g1, g3q � hpg2, g3, g1q.

In fact, Eilenberg and MacLane proved [6] that the cubical complex and the complex from
which Sinh’s 3-cocycles arise are homologically equivalent, though without providing an
explicit equivalence. The present work can be interpreted as a categorical realization of
this equivalence in degree three.
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