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AN EXTENSION OF BATANIN’S APPROACH
TO GLOBULAR ALGEBRAS

SIMON FOREST

ABSTRACT. In an earlier work, Batanin has shown that an important class of defini-
tions of higher categories could be apprehended together simply as monads over globu-
lar sets. This allowed him to generalize the notion of polygraph, initially introduced by
Street and Burroni for strict categories, to all algebraic globular higher categories. In this
work, we refine this perspective and introduce new constructions and properties for this
class of higher categories. In particular, we define the notion of cellular extension and
its associated free construction, from which we obtain another definition of polygraphs
and the adjunction between globular algebras and polygraphs. We moreover introduce
two criteria allowing one to use most of the constructions of this article without having
to describe explicitly the underlying globular monad.

Introduction

Over the last years, higher categories have emerged as a convenient tool to study problems
in mathematics, physics and computer science [3, 24]. The notion of “higher category”
encompasses informally all the structures that have higher-dimensional cells which can be
composed together with several operations. It admits a vast number of definitions, which
can make it hard to apprehend.

In order to get a more global view and factor out several common constructions and
properties across the different possible definitions higher categories, it is useful to consider
a restriction of this general notion to a more formal class of theories. This was done by
Batanin [4], who introduced a unified formalism for algebraic globular higher categories.
The latter are very common, since they include all the globular higher categories defined
by a set of operations and equations between them. Moreover, the instances of such higher
categories form locally finitely presentable categories and, as such, have very good prop-
erties, like being complete and cocomplete [1]. The setting of Batanin then enables one
to derive several common constructions for such higher categories. In particular, one can
generalize to those the notion of polygraph, which can be thought as higher-dimensional
signatures, originally defined by Street [35] for strict 2-categories and Burroni [11] for
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strict w-categories. Batanin moreover defined an adjunction between n-polygraphs and
n-categories, and stated that it was monadic (as proved by Street for 2-polygraphs of strict
categories), allowing for presenting higher categories of this framework using polygraphs.

Although this is already valuable, it seems that the work of Batanin can be refined
in several aspects. First, several constructions of interest for concrete applications are
too implicit, if not absent of Batanin’s treatment. For example, in the context of higher
dimensional rewriting, one is usually interested in a notion intermediate to higher category
and polygraph, called cellular extension, which is simply a higher category with a set of
generators in the next dimension. One can then consider the free n-category obtained
from an n-cellular extension by freely generating the n-cells from the set of generators.
Thus, cellular extensions can be considered as a more flexible construction than the one
on polygraphs, where each dimension has to be freely generated.

Second, in order to use the results of Batanin, one has to work directly with a monad
and its Eilenberg—Moore category. However, one usually does not have direct access to the
underlying monad of the considered theory of higher category, but only the operations of
the theory together with the equations satisfied by the theory, from which one can derive
a monad, but the description of the latter can be very tedious [30]. Instead, one would
prefer results that can work directly with the equational theory, the category of models
of this theory, and the straight-forward functors that one can build from it. In particular,
such a shortcut feels particularly desirable for showing the truncatability of the monad,
which is required for the constructions and properties of Batanin to work.

Third, it seems that deeper understanding about globular algebras can be gained by
seeing them through the lenses of the formal theory of monads of Street [34]. Indeed,
several natural constructions on globular algebras, like truncations functors and their
right adjoints, are in fact images, through the Eilenberg—Moore functor, of constructions
happening in the category MND of monads and monad functors, whose compositions
involve vertical composition of square-shaped natural transformation. Then, several com-
putations on these functors can be nicely described using string diagrams, facilitating
their readability and making them more intuitive.

In this work, we attempt to address these three points.

Outline In Section 1, we recall some elements of Street’s formal theory of monads [34].
In particular, we define the category MIND of monads over categories together with the
Eilenberg—Moore construction, which produces a category of algebras from a monad.
We rely on the convenient language of string diagrams to ease the presentation. In
Section 2, we recall Batanin’s framework for globular higher categories, where theories
of higher categories are simply studied as monads on globular sets, and extend it with
new results and constructions. Among other, we prove two criterions (Theorem 2.38 and
Theorem 2.55) which help bridge the gap between that framework and the usual definitions
of higher categories as structures with operations satisfying equations. Our use of string
diagrams will notably make the proof of the second criterion particularly easy to grasp.
In Section 3, we recover the notion of polygraph through a different path than the one
of Batanin using the intermediate and intuitive notion of cellular extensions. We also
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describe explicitly the free constructions associated to both notions. The adjunctions
shown by Batanin between higher categories and polygraphs can then be recovered from
an adjunction between cellular extensions and polygraphs (Theorem 3.57). Finally, in
Section 4, we illustrate the use of our properties and constructions on the case of strict
categories, revisiting known results in our setting.

Acknowledgements [ would like to thank all the people with whom I was able to
discuss this work and who gave me useful feedback about it. In particular, I would like to
thank Samuel Mimram, Tom Hirschowitz and Dominic Verity who took the time to read
in depth an earlier version of this work under the form of the first chapter of my PhD
thesis. The comments of Dominic were particularly valuable to this work, since he opened
my eyes on some very naive arguments I used in that earlier version, and indicated me
some more natural ones. Most of the changes from the earlier version to this one can be
attributed to him, so that I am grateful to him.

Also, some additional thanks to Samuel Mimram for having developed satex! that I
have used to draw most of the string diagrams of this article.

1. Highlights of the formal theory of monads

In order to better manipulate globular algebras and constructions upon them, we use the
formal theory of monads of Street [34], of which we recall briefly the salient points.

We start by recalling the notion of algebra for a monad and the associated Eilenberg—
Moore category in Section 1.1. Then, in Section 1.4, we recall that the construction of
the Eilenberg—Moore category is part of an adjunction between the 2-categories MIND,
describing monads over categories, and the 2-category CAT of large categories, functors
and natural transformations. Finally, in Section 1.11, we give several useful properties to
build morphisms in MND from adjunctions in CAT.

In the following, we introduce monads either as (T',n, 1), where T is the endofunctor
of the monad and (n, ) is the unit-multiplication pair; or we introduce them as (C,T),
where C is the base category for which T is the endofunctor. When the latter notation is
used, the unit and counit, when required, are explicitly introduced.

1.1. ALGEBRAS. We recall here the standard notions of an algebra over a monad, and of
the Eilenberg—Moore category of a monad.

1.2. DEFINITION. Given a monad (T,n, ) on a category C, a T-algebra is the data of
an object X € C together with a morphism h: TX — X such that

honx =idy and hopux =hoT(h).

A morphism between two algebras (X, h) and (X', k') is given by a morphism f: X — X'
of C satisfying
foh=HoT(f).

'https://github.com/smimram/satex.
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1.3. DEFINITION. The Eilenberg-Moore category of T, denoted CT, is the category of
T-algebras and T-algebra morphisms. There is a canonical forgetful functor

ur.ct =c
which maps the T-algebra (X, h) to X. This functor has a canonical left adjoint
Fr.c—=c"

which maps X € C to the T-algebra (T X, pux), such that the unit of F¥ 4AUT is nT =,
and the associated counit, denoted €', is such that e(TXJL) = h for a given T-algebra (X, h).

Note that, in the above definition, the monad induced by FZ 4 U is then exactly (T, n, u1).

1.4. THE CATEGORY MIND AND THE EM FUNCTOR. We now recall the definition of
the 2-category MND of monads on (large) categories, together with the Eilenberg-Moore
functor EM: MND — CAT, which extends the construction seen in Definition 1.3 of
the Eilenberg—Moore category.

1.5. DEFINITION. Given two monads (S,7,v) and (T,n,pn) on two categories C and D
respectively, a monad functor betweem (S,7,v) and (T,n,p) is the data of a functor
F: C — D together with a natural transformation a: TF = F'S such that

ao(nF) = Fy and  «ao (uF) = (Fv)o (aS)o (Ta). (MF)

1.6. DEFINITION. A monad functor transformation (often abbreviated monad transfor-
mation) between two monad functors (F,a),(G,B): (C,S) — (D,T) is a natural trans-
formation m: F = G such that

(mS)oa = po(Tm).

1.7. DEFINITION. The (very large) 2-category MIND s defined as the 2-category of mon-
ads, monad functors and monad transformations.

1.8. DEFINITION. There is a functor
Inc: CAT — MND

which maps a large category C to the identity monad (C,1¢). This functor admits a right
adjoint

EM: MND — CAT

which maps a monad (C,T) to the Eilenberg—Moore category CT, and a monad functor
(F.a): (C,5) = (D,T)

to a functor
Fe. c% — Dt
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mapping an algebra (X,h) € C% to the algebra (FX,Fho ayx) € DT, and mapping an
algebra morphism f to F(f). Finally, a monad transformation

m: (F,a) = (G, B): (C,5) = (D,T)
is mapped by EM to the natural transformation F® = G® whose component at an S-al-
gebra (X, h) is mx.

The component of the counit of the above adjunction at a monad (C,T') is given by
UT,UTeT). Moreover, the monad functor (T, u): (C,1¢) — (C,T) corresponds to the
functor FI': C — CT by the adjunction Inc + EM.

1.9. DEFINITION. We write
Und: MND — CAT

for the functor which maps a monad (C,T') to C and whose action on monad functors and
monad transformations is the expected one.

1.10. REMARK. We mention that this functor is left adjoint to Inc, even though this is
not really useful for our purposes.

1.11. MorprHISMS OF MND FROM ADJUNCTIONS. In the following, we give several
results that allows building morphisms of MND from adjunctions. For this purpose, we
first recall one of the several definitions of adjunctions, which we will take as our working
definition and will be particularly amenable to graphical proofs:

1.12. DEFINITION. An adjunction between two categories C and D is the data of two
functors

L:C—D R:D—=C

together with two natural transformations
n: le = RL e: LR=1p
such that the zigzag equations hold:
(eL)o (Ln) = 1¢ and (Re)o (nR) =1p .
The data of such an adjunction is denoted L 4 R: D — C.

As is well-known, an adjunction as above induces a monad (RL,n, ReL). Drawing
~ fornand ' for e, the equations can be depicted using string diagrams:

L L R R

-] -

L L R R

(27)

In the following, we will often prefer string diagrams for the computations, and in partic-
ular, make use of the above (ZZ) equations.

In order to lift adjunctions to MIND, the notion of cocartesian morphism will be
useful:
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1.13. DEFINITION. Gwen a functor F: C — D between two categories C' and D, a
morphism f: x1 — x9 € C is said cocartesian when, for all y € C and h: 1 — y and
g: F(x2) — F(y) such that F(h) = go F(f), there is a unique g: xo — y such that
g=F(g) and h =go f. Graphically,

To F(z2)

fT S F(f)T Y

Ty —— & F(x1) o F(a').
C D

We now prove that every functor which is a right adjoint can be lifted canonically
to MND:

1.14. PROPOSITION. Let C and D be two categories, (S,n°, u°) be a monad on C, and
LAR:C—1D

be an adjunction for some R: C — D and L: D — C. The functor R lifts through Und
to a cocartesian map

(R,RSe): (C,S) — (D, T)

where T = (T,n™, u") is the canonical monad with T = RSL and € denotes the counit
of L4 R.

PROOF. The fact that we obtain a monad functor can readily be verified using string
diagrams. For example, the equation (RSe)o (nT R) = Rn® asserts that the two diagrams

(5

|
R S L R R
||

/

represents the same natural transformation, which is true by the zigzag equations (ZZ)
for L 4 R. The other equation (RSe)o (uI'R) = (Ru®) o (RSeS) o (TRSe) is verified
similarly.

We are now left to prove the cocartesianness of (R, RSe). So let (D’,T") be a monad,
U:C—D and U: D — D' such that U = UR, and (U, «a): (C,S) — (D', T') be a monad
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functor. We define a: T'U = UT by

and verify that it defines a monad functor (U,a): (D,T) — (D', T'). We start with the
unit equation, i.e., @o (" U) = Un":

wo | [o] w

R S L

T
" T

n —O
|
|

S —Ca
-0

S —
<

In the above computation, we draw in red the region on which a transformation is applied
in the following equality. Also, we annotated the equals signs in order to specify when
an axiom was used (like for the first equality with (MF)) or when an equality holds
by definition (like the last ones). We will keep using these conventions in the future
computations on string diagrams.

The second equation, i.e., @ o (uTU) = (Up®) o (aT) o (T'@), is proved in Figure 1.
Thus, we conclude that (U, &) is a monad functor. We verify that it is a factorisation
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T 7T U

™ T g N

o
| =
U
Ty T U
_
T R
- 0 T
=] M
‘7 R L ™ 17 U
U R S L

)|
o 0S| RS ;
|
L TT
, f U R S
U R ‘

Figure 1: Proof of @ o (uTU) = (Up®) o (aT) o (T'a).

=
U U T
def U (272) . def
= = [ «a ) = [a]
« T T J
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of (U, «) through (R, RSe):

T U R
M
R L T U R
™ T U R
U R L ﬁ
U
def (Z7)
U S = U =
=] vos
v R u = |
I S

Il
n— W0
<
=]

DY, c-Ltsp Y.,
ofows o s|umselrus |r
D—U>D’ C R>D U>D’

is a bijective operation between natural transformations of adequate types, whose inverse
is '+ (B'L) o (T'Un) where 1 is the unit of L < R. Thus, we conclude that (U, @) is the
unique monad functor above U which factors (U, «) through (R, RSe). Thus, the latter
is a cocartesian morphism for Und. [

1.15. REMARK. The morphism of Proposition 1.14 is even 2-cocartesian, meaning that
the cocartesian lifting property extends to monad transformations: given a monad trans-
formation 6: (U,«a) = (U',&/): (D, T) — (D', T') and §: U = U’ such that 0R = 0, then
6 uniquely lifts through Und to a monad modification 8: (U, &) = (U’, &) which factors
0 seen as a monad modification through (R, RSe). The proof that § induces a monad
transformation is done by observing that the bijection introduced in the end of the proof
of Proposition 1.14 generalises to a bijection

DY c—U,p
T A A
DTDI CT>D’

Then, the equation required for # to be a monad transformation is given by the one of
0, through this bijection. For a more complete view of 2-cartesianness (of which 2-co-
cartesianness can be derived as dual), we refer the reader to the existing literature [18,
10].
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Given a situation as in the statement of Proposition 1.14, we might wonder whether
the adjunction L 4 R lifts to an adjunction in MIND. In fact, we can ask this question
in a more general setting: given (C,.S) and (D, T') two objects of MND and

(R,p): (C,S) = (D, T) € MND

such that R = Und(R, p) is part of an adjunction L 4 R, when does this adjunction

lift to an adjunction in MIND, i.e., there exists A\: SL = LT such that (L,\) 4 (R, p)
in MND? This question can be answered by considering the mate of p.

1.16. DEFINITION. Given the situation just described, the mate [22] of p is the natural
transformation p*: LT = SL defined by

| |
L T R L

We then have the following property:

1.17. PROPOSITION. Given an adjunction L 4 R: C — D and a monad functor
(R,p): (C,S) = (D, T),
the following are equivalent:

(i) there exists \: SL = LT such that (L, \) - (R, p) is an adjunction in MND, whose
image by Und s the adjunction L 4 R;

(i1) the natural transformation p* is an isomorphism.

PROOF. We first show that (i) implies (ii). So let A be as in (i). We prove that A is an
inverse for p*. We start by showing that A o p* = 1;7. By the correspondence given by
the adjunction L - R, it is equivalent to show that (R(\ o p*)) o (nT') = nT. From the
fact that (L, A\) 4 (R, p) is an adjunction, we get in particular the following equality

1p
S i O\ 1
D—1—-C—gr—>D D D )

e s oue

D L>C R>D

Il
S~
%
I
@T@
=
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from which we can prove the wanted equality as follows:

/\‘/\
[ \“(\L
o w w i
B TS a }QT
R R L T

Symmetrically, in order to prove that p* o A = 14, it is equivalent to prove that
(Se) o ((p" 0 A)R) = Se.
In order to prove the latter, we use the equality satisfied by € as a monad transformation:
R D L
C 1c

\
7

ct-p-Ltsc C
Sl Ip ZI’( U A ls = sl = ls : (2)
C

C—r->D—1->2C C - 5
C
N b S
1c

Then, the wanted equality can be proved using string diagrams just as before. Thus, (ii)
is proved.

Conversely, assume that (ii) holds. We put A = (p*)~! and show that (L, )\) is a
monad functor. First, we need to show that A o (n°L) = (Ln?), or equivalently, that
(n°L) = p* o (LnT). We show the latter using string diagrams:

\?/\ ‘

LL (MF) L ohn (22) T
i ~ o | L
‘ S L

Second, we need to show that A\ o (u5L) = (Lu®) o (AT) o (SA), or equivalently, that
the equation (u°L) o (Sp*) o (p*T) = p* o (LuT) holds. We show the latter using string
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diagrams again:

L T R L T

|5 o

H
«
D)

M 77 R S MF rRL
[ (:) i (:)
(7 ) L R S
R S \
/ S

Thus, (L, A) is a monad functor. We must now prove that 7 and e induce monad trans-
formations. First, we show that (1) holds, or equivalently, that

1p
D—1.>C—r>D D sy D —25 D
| |
s 4p lT = Lot Lol lb :
CT>D C S>C R>D

But the latter equation follows directly from the string diagram definition of p* and the
zigzag equations (ZZ) of the adjunction L 4 R.
The other required equation (2), or equivalently,

[Ny ctsp-LsD
| |
s|owp 7 = x| de L 4 1
C—r>D—1->C C > C > C

lc

holds by a similar argument. Finally, the zigzag equations (ZZ) for n and € seen as

monad transformations follows from the zigzag equations satisfied by them as natural

transformation in CAT. Hence, (i) holds. n

We have the same kind of property for left adjoints (first suggested by Dominic Verity to
the author):
1.18. PROPOSITION. Given an adjunction L 4 R: C — D and a monad functor

(L,A\): (D, T)— (C,9),

the following are equivalent:
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(1) there exists p: SR = RT such that (L, \) 4 (R, p) is an adjunction in MND, whose
image by Und is the adjunction L 4 R;

(ii) the natural transformation A is an isomorphism.

PROOF. The proof is essentially the same as the one for Proposition 1.17. For (ii) implies
(i), p is now defined by the string diagram
~ |
R L TR
s L
|

and we prove just as before that it induces a monad functor (R, p) such that (L, \) 4 (R, p)
is an adjunction in MIND. [

1.19. PROPOSITION. Given two adjunctions L 4 R and L - R, in the configuration

if we write S for the monad associated with L+ R and T for the monad associated with
LL A RR, and n for the unit of L 4 R, we have a monad functor

(1¢, RnL): (£,T) — (€, 95).

PROOF. The fact that it is a monad functor can be checked using string diagrams. On
the one hand, the compatibility of RnL with the units of S and T asserts that the two
diagrams

R R L L and ?

represents the same cell, which is true by definition of the unit of 7. On the other hand,
the compatibility of RnL with the multiplications of S and T asserts that the two diagrams

S S | |

=]
[l

|
jas]]
[l B

i M

RIL R
W M kL
and R L

M |
R R L L L -
R R L L

1

represents the same cell, which is true by the zigzag equations (Z7) of L 4 R. Thus,
(1g, RnL) is indeed a monad functor. ]
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2. Higher categories as globular algebras

The notion of “higher category” encompasses informally all the structures that have
higher-dimensional cells which can be composed together with several operations. Such
structures can differ on many points. First, there are several possible shapes for the cells
of higher categories. For example, globular higher categories have 0-cells, 1-cells, 2-cells,
3-cells, ete. of the form

>\
}

T, x%y, r Yo v, rol=Uvy, ete.
\/ \Ej

But one can consider higher categories with other shapes than the globular ones. Common
variants include cubical [2] and simplicial [20] higher categories, whose 2-cells for example
are respectively of the form

gl o lh and /Uy(ﬁx )
T———F— 2

Moreover, higher categories have several operations which satisfy axioms that can take
different forms, according to their position in the strict/weak spectrum. For example,
a strict 2-category is a globular 2-dimensional category that have, among others, an
operation % to compose 1-cells in dimension 0, as in

f [*og
T———y kg y—L+—2 = x——2 5z

and operations %y and *; to compose 2-cells in dimensions 0 and 1 respectively, as in

f ! frof!

7N N
z Yo yxy U¢ z = x |dxd z
\g/\ \_/ U
g g*og’
and

f
7N

>@
}

Yo yxmz Yy oy = z loxy y

NS

g

(
{

These operations are required to satisfy several axioms consisting in equalities, like the
associativity axiom: given 0-composable 1- or 2-cells u, v, w,
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(U*O’U) o W = U *q (U*OU))
and, given 1-composable 2-cells ¢, ¥, x,

(@1 9) *1 x = ¢ *1 (¥ x1 X).
An example of a weak higher category is given by a bicategory, which is a globular 2-dimen-
sional category that has operations similar to a strict 2-category but which satisfy axioms
in the form of “weak equalities”. For example, the 0-composition of 1-cells is only required
to be weakly associative, in the sense that, given 0-composable 1-cells

f g h
w > >y >z,

the equality (f %o g) %o h = f *0 (g *0 h) does not hold necessarily, but there should exist
a coherence cell between the two sides, i.e., an invertible 2-cell a4 5, as in

(f*o0g)*oh
w U Oéf,g,h zZ.

fxo(gxoh)

Finally, a subtle difference between the different kinds higher categories is the algebraicity
of their definition [24, 17]. This notion essentially pertains to weak higher categories.
Informally, a definition of some sort of higher categories is algebraic when it can be
equivalently described by means of a monad. Concretely, algebraic definitions of weak
higher categories involve coherence cells that are distinguished (like the definition of bi-
categories, which requires that “there exists an invertible 2-cell oy g, between (f %q g) *o h
and f %o (g %o h)”), whereas non-algebraic definitions of weak higher categories involve
coherence cells that are not (a non-algebraic definition of bicategories would only require
that “there exists some invertible 2-cell between (f %o g) %o h and f *¢ (g %o h)”).

In the remainder of this article, we will restrict our attention to globular algebraic
higher categories. A particular theory of k-categories can be seen as a monad on the
category of k-globular sets, and an instance of this theory is an algebra for this monad.
A lot of globular higher categories that one usually encounters fit in this setting: strict
k-categories, bicategories, Gray categories, etc. Several constructions can then be defined
at this level of abstractions, like the truncation of globular algebras and its left adjoint.

In Section 2.1, we recall the definition of globular sets and elementary operations on
them. We then introduce globular algebras as algebras of a monad on globular sets in
Section 2.14, and then define the truncation and inclusion functors which relate globular
algebras from different dimensions in Section 2.23. Then, in the case of a monad on Glob,,,
we use the truncation functors to formally express Alg  as a (bi)limit over the Alg,’s in
Section 2.30. In Section 2.36, we introduce a criterion to recognize a tower of categories
as equivalent to the categories of globular algebras over a monad, simplifying the concrete
use of the theory developped in this article. In Section 2.40, we introduce the notion of
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truncatable monads, which correspond more to the notions of higher categories that we
are accustomed to than general globular monads, and, in Section 2.51, we prove a criterion
to easily recognize such monads in the wild. Hopefully, our use of the formal theory of
monads and of string diagrams for the computations will provide a better understanding
of the notions and properties of this section, in accordance to the last of our three goals
listed in the introduction.

2.1. GLOBULAR SETS AND OPERATIONS. Here, we recall the classical notion of globular
set. It is the underlying structure of a globular higher category which describes globes
of different dimensions together with their sources and targets. We moreover define the
truncation and inclusion functors between globular sets of different dimensions.

2.2. DEFINITION. Given n € NU{w}, the n-globe category is defined as the category O™
whose objects are the natural numbers k < n (or k € N when n = w), and whose arrows
are generated by morphisms s, ,s) : k — k+1 for k < n, subject to the equations

— - _ + —
k4195 = Sp41© Sk
- et — ot oat
Skt195% = Sp41 O Sk

fork <n—1.

2.3. DEFINITION. Given n € NU{w}, an n-globular set is a presheaf on O™. Concretely,
such presheaves X € O™ can be seen as diagrams

% O R SN Ot
X § = X § - X, § — = X - Xk+1:+
9 05 o3 04 Oy 6k+1

such that
07 00, =0; 005, and 97 0d_, =00, fori<n.

When there is no ambiguity on i, we often write 0~ and O for 0; and 9;. An element u
of X; is called an i-globe of X and, fori > 0, the globes 0, (u) and ;" | (u) are respectively
called the source and target and u. Given n-globular sets X and Y, a morphism of n-glo-
bular set between X and Y is a family of functions F' = (F: X — Yi)k<ni1, Such
that

OfoF, 1 =F,o00  fori<nandee {— +}.

We write Glob,, for the category of n-globular sets.
2.4. REMARK. As a presheaf category, Glob,, is complete and cocomplete. More gener-
ally, since globular sets can be seen as models of an evident algebraic theory, Glob,, is

a locally finitely presentable category, which is a class of categories with good properties
(see Section A for details).
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2.5. DEFINITION. Given n € NU {w}, X € Glob,, and i,j € N with i +j < n+ 1,
for e € {—,+}, we write
0;;j=0;00 000 1: Xiy; > X

for the iterated source (when ¢ = —) and target (when € = +) operations. We generally
omit the index j when there is no ambiguity and simply write 05 (u) for 05 ;(u) foru € Xiy;.

2.6. DEFINITION. Given n € NU{w}, X € Glob,, and i,k,l <n+ 1 with i < min(k,1),
we write Xy x; X; for the pullback

2.7. DEFINITION. Given n € NU{w}, X € Glob,,, p > 2 and ky,...,k, <n+1, a se-
quence of globes uy € Xy, ..., u, € Xy, is said i-composable for some i < min(ky, ..., k),
when O (u;) = 07 (ujy1) for j < p. Gwen k < n+1 and u,v € X}, u and v are said
parallel when k=0 or 0;_,(u) = 05_,(v) for e € {—,4+}. To remove the side condi-
tion k = 0, we use the convention that X _; is the set {x} and that 0—;,0", are the unique

function Xg — X _1.

2.8. NOTATION. For u € X;;1, we sometimes write u: v — w to indicate that 0; (u) = v
and Of (u) = w. In low dimension, we use n-arrows such as =, =, etc. to indicate the
sources and the targets of n-globes in several dimensions. For example, given a 2-globular
set X and ¢ € X, we sometimes write ¢: f = g: x — y to indicate that

peXy, 0 (0)=f 0 (p)=g, o)==z and () =vy.

We also use these arrows in graphical representations to picture the elements of a globular
set X. For example, given an n-globular set X with n > 2, the drawing

f
e N
x 99—y > 2 (3)
N
h

figures two 2-cells ¢, € Xy, four 1-cells f, g, h,k € Xy and three 0-cells z,y, z € Xy such
that
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2.9. DEFINITION. Given n € NU{w}, m < n+ 1, the canonical embedding O™ — O"
induces a truncation functor

Torn: Glob, — Glob,,

by precomposition and, given X € Glob,,, we denote by X<,, the resulting m-truncation
of X, i.e., the m-globular set obtained from X by removing the sets of i-globes fori < n+1
with © > m. Similarly, given f: X — Y € Glob,,, we write f<,, for the m-truncation
of f. The operation 7;LGm is often denoted T,S when there is no ambiguity on n.

As is well-known (see [19, Example A4.1.4]), a functor between presheaf categories,
like the above truncation functor, induced by a functor between the underlying small
categories, like the embedding O™ — O", has both a left and a right adjoint, that we
now introduce and describe for the truncation functor.

2.10. DEFINITION. The truncation functor of Definition 2.9 admits a left adjoint
7! ,: Glob,, — Glob,

often denoted IS when there is no ambiguity, and which maps an m-globular set X to
the n-globular set X4, called n-inclusion of X, and which is defined by (Xtn)<m = X
and (Xtn)i =0 for i < n+1 with i > m. Similarly, given f: X — Y € Glob,,, we
write f, for the n-inclusion of f. The unit of the adjunction TS - T,¢ is the identity
and the counit is the natural transformation denoted i""", or simply i™ when there is no
ambiguity, which is given by the family of canonical morphisms

i%: (Xem)m = X
for X € Glob,,.
2.11. DEFINITION. Given k € N, we write
B : Glob, — Set
for the functor mapping X € Globy, to the set
Bi(X) = {(u,v) € Xi | u and v are parallel}
and with obvious action on morphisms.

2.12. DEFINITION. The truncation functor of Definition 2.9 also admits a right adjoint
Jn . Glob,, — Glob,

denoted JC when there is mo ambiguity. It maps an m-globular set to the n-globular
set Xy, defined by (Xyn)<m = X, and, fori <n+1 with i > m, (X4,)i = Bn(X) such
that, for (u,v) € (Xyn)i,

U when i — 1 =m, v when 1 — 1 =m,

Oima((wv)) = {(u,v) when i —1 > m, 0w, 0)) = {(u,v) when 1 — 1 > m.
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The action of J& on morphisms is then the obvious one. We write fy, for the image
by jﬁn of a morphism f: X — Y € Glob,,. The counit of the adjunction is the identity,
and we write ™" : 1giob, = jn%nﬁgm, or more simply i, for the unit of the adjunction:
given X € Glob,,, j¥ is such that (j%{), = idy, for k <m, and (j%)r(u) = (9,,(u), 0 (u))
for k e N withm <k <n and u € Xy.

2.13. REMARK. Note that, since they are left adjoints, the functors Z , and 7,3, pre-

m
serves colimits.

2.14. GLOBULAR ALGEBRAS. We now introduce categories of globular algebras, i.e., the
Eilenberg-Moore categories induced by monads on globular sets, as were first introduced
by Batanin in [4]. We moreover give several additional constructions and properties on
these objects. For the remainder of this section, we fix n € NU{w} and (7,7, 1) a finitary
monad on Glob,,.

2.15. DEFINITION. We write Alg,, for the category of T-algebras Globg and
U¢: Alg, — Glob, F&: Glob, — Alg,

for the induced left and right adjoints, that were denoted UT and F' in Section 1: given
an algebra (X, h) € Alg,,, the image of (X,h) by US is X and, given Y € Glob,,, FY
1s the free T-algebra

(TY, py : TTY = TY).

2.16. DEFINITION. Given k < n, using Proposition 1.1/ with the adjunction T,¢ 4 IS,
we derive a monad (T* n*, u*) on Globy where

T" = TSTL
and such that n": lgiob, = Tk is the composite

TEnTE

Be., nh = (Nx,)<k for X € Globy, and such that pF: TETF — T* is the composite

TGT ik TIG TG :U'IG
kk k n s TG G k mm s Tk
°T > T TTL, > 1",

2.17. DEFINITION. Given k < n + 1, we write Alg, for the category Glob;‘fk, and
U : Alg, — Globy F¢: Glob, — Alg,

for the canonical functors defined like US and FS above, forming an adjunction F& - US
whose counit is denoted €. The objects of Alg, are called k-globular algebras, or even
k-categories. Moreover, given a k-category C' = (X, h), the elements of X; are called the
1-cells of C' fori < k+ 1.
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2.18. REMARK. In the above definition, we require that the monad (7,7, ) is finitary in
order to prove later the existence of several free constructions on the k-categories. This is
not too restrictive, since it includes all the monads of algebraic globular higher categories
that have operations with finite arities, i.e., most theories of algebraic globular higher
categories.

We can already derive several properties of the categories Alg,:

2.19. PROPOSITION. For k € NU {w} with k < n, the category Alg,, is locally finitely
presentable. In particular, it is complete and cocomplete. Moreover, the functor US
preserves and creates directed colimits, and creates limits.

PRrROOF. The category Alg, is locally finitely presentable as a consequence of Propo-
sition A.13 since Globy, is locally finitely presentable by Remark 2.4. The functor U
preserves directed colimits by Proposition A.13. Moreover, since U reflects isomorphisms
and Alg, is cocomplete, U creates directed colimits. Finally, it is well-known that the
forgetful functor associated to an Eilenberg-Moore category creates limits (see [9, Propo-
sition 4.3.1] for example). n

We can usually derive monads from equational definitions of higher categories as illus-
trated by the following examples.

2.20. EXAMPLE. The canonical forgetful functor Cat — Glob; is a finitary right ad-
joint (see Example A.36 for a detailed argument) which induces a finitary monad (7', n, )
on Glob;. This monad maps a 1-globular set G to the underlying 1-globular set of the
category of paths on G seen as a graph. Using Beck’s monadicity theorem (recalled
later as Theorem 4.12), one can verify that the functor Cat — Glob; is monadic, so
that Alg, ~ Cat. Moreover, the monad (7°,7° u") is essentially the identity monad
on Globy, and thus Alg, ~ Set. More generally, we will see in Section 4 that the
monads of strict k-categories for k € N are derived from the monad of strict w-categories.

2.21. EXAMPLE. We define a notion of weird 2-category as follows: a weird 2-category
is a 2-globular set C' equipped with an operation

*ZCZXCQ%CO.

Note that we do not require the composability of the arguments of %, and we do not enforce
any axiom on *. A morphism between two weird 2-categories is then a morphism between
the underlying 2-globular sets that is compatible with *. The category Weird of weird
2-categories and their morphisms is essentially algebraic, and the functor which maps a
weird 2-category to its underlying 2-globular set is induced by an essentially algebraic
theory morphism, so that it is a right adjoint and finitary by Proposition A.33. From the
adjunction, we derive a finitary monad (7,7, 1) on Globs, and, given X € Glob,, we
have that
(TX)o= XoU (X x Xo) (TX) =X, (TX)y = X,
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so that, for Alg, derived from the monad 7T, Alg, = Weird. Moreover, the mon-
ads (7°,7°, u°) and (T, n', u') are essentially the identity monads on Globy and Glob,
respectively, so that the associated notions of weird 0- and 1-categories are simply 0- and
1-globular sets.

The previous example moreover illustrates the unusual operations that notions of higher
categories defined in the setting of Batanin can have. It is also an example of a monad
on globular sets which is not truncatable (c.f. Example 2.43).

2.22. EXAMPLE. Monoids can be considered in any category with a monoidal structure.
Given a theory of globular algebraic higher category, one can define an associated notion
of strict monoidal higher category by considering monoids in the category of algebras,
choosing the monoidal structure to be the cartesian one. Monadically, we have an opera-
tion mapping a monad 7" on n-globular sets to a monad 7" on n-globular sets representing
the theory of strictly monoidal higher categories which are instances of T'. This operation
can be seen to preserve a finitary hypothesis on 7.

2.23. TRUNCATION AND INCLUSION FUNCTORS. We now introduce truncation and in-
clusion functors between the categories Alg, together with some of their properties.

Let n € NU{w} and (7,7, 1) be a finitary monad on Glob,,. Given k < n, using
Proposition 1.14, we get that ’7;Gk lifts to a cocartesian morphism

(T8 TETi*)
e

(Glob,,, T) (Globy, T")

with respect to the functor Und.

2.24. DEFINITION. We write
7:{}: Alg, — Alg,

for the image by EM of the above functor. We might also denote it by T,* when there is
no ambiguity on n.

Now, given k,l € N with k¥ < [ < n, since 7:le can be factored as ﬁ%TG the

n,l»
cocartesianness of (7,%, T,°Ti') ensures that there is a unique morphism (F,a) which
factorises (7,8, T,8T'i*) through (7,¢, 7,6Ti") in MND.

2.25. LEMMA. Given k,l € N with k <[ < n, the morphism
(TS, ToT M) : (Globy, T') — (Globy, TF)
is the factorisation of (T,C, T,STi*) through the cocartesian morphism

(T, 7T ).
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ProoF. By Proposition 1.14, there is a morphism
(Tige, TeT M) (T, 1Y) — (T8, 1)
where (T", 7/, /') is the monad on T,¢ defined by
T =T T'I]
W =T L
= (TEW'TE) o (TET M T'TP).

By a straight-forward computation, we get T" = T* 1’ = n* and p/ = u*. To verify that
the above morphism is the wanted factorisation, we are left to check that

(T TET ) o (T8, TET 1) = (T8, TET )
in MND. But it is straight-forward too, since

0T8T =

2.26. DEFINITION. We write
T Alg, — Alg,

for the image by the EM functor of the factorisation morphism given by Lemma 2.25.
We might also denote it by T,* when there is no ambiguity. Concretely, given a T'-algebra

(X,h: T'X — X)),
its image by T, is the T*-algebra (X<x, h'), where I is defined as the composite

(TGTZ ik,l)
TH(Xop) — (X)) o, e
The image of (X, h) in Alg, by T;* is called the k-truncation of (X h) and we denote
it (X, h)<k. Note that the image of a morphism f: (X, h) — (X', 1) by TA is f<i (the
globular k-truncation of f). The same concrete description holds fm" the functors 7;LAk

The definition of the truncation functors allows for the following compatibility property:
2.27. PROPOSITION. Given j, k,l < n with j < k <1, we have
T T =T
PRrROOF. The two morphisms
(Tiys TETF %) o (T, TGT' ™) and (T, TiGT' V)
provide a factorisation of (7;(;3, %%Tij’”) through the cocartesian morphism

(T, ToaTi™).

Thus, they are equal. The conclusion follows from the functoriality of EM. [

Ly
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The finitary assumption on 7' enables the existence of a left adjoint to truncation
functors:

2.28. PROPOSITION. Guwen k,l < n with k <, the functor 772 s finitary and admits a
left adjoint.

ProoF. By the adjunction Inc 4 EM, we have a commutative diagram

TA

uﬁl lu,g :

Glob; — Globy

The functor 7;Ak is finitary since, by Proposition 2.19, US creates directed colimits and
the functor
A G

preserves directed colimits. Moreover, T | Dreserves limits since US creates limits and the
functor US T = T2US preserves limits (both 7;G and U are right adjoints). Then, by
Proposition A.12, the functor ’ﬁk admits a left adjoint. (]

2.29. DEFINITION. Given k,l < n with k < [, we write
I Alg, — Alg,

for the left adjoint to 7; given by Proposition 2.28, or even I when there is no ambiguity
on k. The image of (X, h) in Alg, by I is called the I- 1nclus1on of (X, h) and we denote
1t (X, h)Tl-

We moreover write n>*! for the unit of the adjunction I,ﬁl - 7;% Whenl =k+1, we
might write n™*, or even n® when is no ambiguity on k, for this unit.

2.30. Alg, As A LIMIT. Let (7,7, ) be a finitary monad on Glob,. The purpose of
this section is to characterise Alg, as a limit on the categories Alg, for k¥ € N using the
truncation functors T;A.

Recall from Definition 2.10 the definition of the counit i"™" (also denoted i™) of the
adjunction Z& 4 7,6,

2.31. PROPOSITION. The cone
((GlObwa T)a (77607 77cGTik>k€N)
1s a limit cone in MIND on the diagram
G
(Globy, T% < (Globy, T') < (Globy, T?) <2 (Globs, T%) «5— ...

where we abbreviated by T,C the monad functor (T,C, TET*1i*) for k € N for readability.



AN EXTENSION OF BATANIN’S APPROACH TO GLOBULAR ALGEBRAS 1833

PrRoOOF. We already know that it is a cone by Lemma 2.25. Let us prove that it is a limit
cone in MIND (seen here as a 1-category).

Let (C,S) be a monad and ((I'*,7*): (C,S) — (Globy,T*))ren be a cone on the
diagram of the statement. By applying Und, we get a cone (I'*: C — Globy,); and thus
a factorising functor I': C — Glob,,. In order to get a monad functor, we still need to
build a 2-cell v: TT = I'S. Such a 2-cell is the data of morphisms vx: TTX — I'SX for
X € C. Write RF for

R* = I6T,¢: Glob,, — Glob,
and (¥ for the natural transformation
Lk _ IE ik,k+l 77:—;&-1: Rk = Rk+l
which is just applying i**! in the middle of a truncation from and an inclusion to w
dimension. Note that, for all Y € Glob,, (i];,’“: R*Y — Y)ien is a colimit cocone
in Glob,, on the diagram

9 W ot Ly Paans
RY Y3 Ry Y ... X 4y RFy Y Ry ¥ o, ...

Indeed, the above is a directed diagram and, for [ € N, every [-globe of Y is the image
of “essentially one” I-globe of the R¥Y’s. The criterion of Proposition A.4 to recognise a
colimit cocone on a directed diagram in Set then is readily adapted to the presheaf case,
so that (i¥: RFY — Y)gen is a colimit cocone.

Now, since T is finitary, ((T'i**)y: TR*Y — TY)iey is a colimit cocone on the
diagram

TROY (TLO)Y TRIY (TLI)Y o (Tbkil)Y> TRkY (Tbk)Y TRk—l-lY (TLk+1)Y

In particular, given X € C, a morphism f: TTX — I'SX (like for instance the morphism
vx we are looking for) can be defined through a cocone

(f*: TRFTX — I'SX)en
on the above diagram, instantiated for Y = I'X, so that f* could be recovered from f
through coprojection, that is, f* = f o (T'i**)px = f o (T'i**I")x for every k € N.

Generalising this fact from morphisms to natural transformations, we have a limit
cone

(Ti*T)*: Hom(TT,T'S) — Hom(TR*T',T'S))ren
on the diagram

LO - Ll * L2 *
Hom(TRT', T'S) u Hom(TR'T,T'S) u Hom (T RT, T'S) Trens

On the other hand, given a pair of functors G,G’: C — Glob,,, every natural transfor-
mation a: G = G’ is uniquely characterised by the projections 7,%« for k € N. In other
words, we have a limit cone

(7, Hom(G, G") — Hom(T,°G, T°G") ien
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on the diagram
TG 7'1G
HOm(%GG77BGG/) PR HOHI(TlGG,TIGG’) S HOm('BGG,’];GG’) p

By combination of the two limit diagrams, we have that Hom(7T,I'S) is limit cone on
the diagram

| |
75 T
1 1

Lk *
T Hom(TE, TR, TS, TS) < Hom (7,8, TRHT, T6,Ts) ¥ ...

7 7
. ! !
T Hom(TETRAT, TOTS) < Hom(TSTRMIT, TTS) &0

G G
T2y T2y

k+)

1 1

expressed on the category (N x N, < x <)°P. Note that the diagonal functor
A% (N, <)P — (N x N, < x )P

is final (see Definition B.3 and Example B.7 for details). Thus, by Proposition B.5,
Hom(7T,I'S) is in fact a limit cone on the diagram

Hom(TCTRT, TETS) +— Hom(TCTR'T, TETS) +— Hom(TCTRT, TETS) +—

One can check that a compatible sequence for this diagram is precisely given by the +*’s
(the natural transformation components from the family we started from at the beginning
of the proof). Indeed, it is a consequence of the fact that ((I'*,7"))en is a cone. Thus,
we get v: TT = I'S such that (7,%7) o (T.CTi**T) = 4* and ~ is uniquely defined by
this property. Thus, we have the uniqueness of a factorising (I', ) in MIND for the cone
we started from. We are left to show that (I',+) is indeed a monad functor for existence.

Let’s prove the first required equality, i.e., v o (p’T) = I'n®. By an argument similar
to the one we used above, it is enough to prove that

(T7) o (T D) o (T M T) = (TTn) o (TE 1M T)
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for every k € N. We compute that

(T#7) o (T8 T) o (TF 1™ T)

= (T57) o (T T) o (T80 RT) (by naturality)
=" o (T R'T)

= "o (n"TH) (since the unit of ZG 4 7, is the identity)
I

— EGFUS

= (T5Tn®) o (TF 1M T) (since T,° i"* is an identity).

In order to show the other equality, that is,
Yo (W'T) = (U)o (v8) o (T9) (4)
we need to use twice the argument we used earlier to get that
(m: Hom(TTT,T'S) — Hom(T,CTR*TR*T, T,ST'S) ) ken
is a limit cone on the adequate diagram, where 7 is the composite

(TETiF T T)*

G
Hom(TTT,TS) —“s Hom(TETTT, T,CTS) s Hom(T.CTRFT RFT, T,CT'S).

Then, using the existing equations and naturality, the reader can prove similarly as above
that

(T (v o (u'D))) o (TETH THMT) = (T (D) 0 (v5) o (T))) o (T T T T)

so that (4) holds and (T", ) is indeed a monad functor, which moreover factorises uniquely
the cone (I'*, ¥*)en. Thus, (Glob,, T') is indeed a limit cone in MND as stated. n

2.32. PROPOSITION. (T,A: Alg, — Alg, )ren is a limit cone in CAT on the diagram

76A leA 7~2A 7—3A
Alg, «— Alg, «— Alg, +— Alg; «— --- (5)
ProoF. This is a consequence of Proposition 2.31 and that EM is a right adjoint. [

2.33. REMARK. The above proof only show that Alg, is a limit in the 1-categorical
sense, i.e., only factorises cones of functors by a functor (and not morphisms of cones as
natural transformations, a priori). But, by a generic argument (stated for example as
[31, Lemma 7.5.1]), any limit in the 1-categorical sense in CAT is also a strict 2-limit,
1.€., factorises morphisms between cones as well.
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2.34. REMARK. In the context of a 2-category and, in particular, diagrams of categories,
one is usually more interested in the notion of bilimit, which also allows factorising pseu-
docones, which are more natural in a 2-categorical setting. The good news is that Alg,,
is also a bilimit since the truncation functors 7;*’s are isofibrations®. Indeed, given a
pseudocone on (5), that is, a category C, functors H*: C — Alg, for k € N and natural
isomorphisms 6%: TAH = H* for k € N, we are able to build a (strict) cone which
is equivalent to this pseudocone, by proceeding incrementally on the dimension k. We
describe one step of the procedure for some k € N: given a triangle

C
';:Lk ék Hk+1
p—

Alg, « — Alg, .,

k

for some functor H* and natural transformation ék, a pointwise use of the fact that
T2 is an isofibration allows us to construct a functor H**! and a natural isomorphism

BEHL AL = HFHL guch that

Using this elementary step adequately for every k € N, we get a strict cone on (5) which
is equivalent (for a suitable notion of “equivalence”) to the pseudocone we started from,
and which can thus be factored through Alg,. Thus, (T*: Alg, — Alg, )ren is also a
bilimit on (5).

2.35. REMARK. If we restrict our interest to weakly truncatable monads (defined in Sec-
tion 2.40), another proof is possible which dispenses with the specific and technical ar-
gument of Proposition 2.31. Indeed, writing MIND,y for the sub-2-category of MIND
consisting of monads, pseudo monad functors and monad transformations, where a monad
functor (F, ¢) is said pseudo when ¢ is an isomorphism, we have that the underlying func-
tor Und: MND,y — CAT, mapping a monad (C,T) to its underlying category C, cre-
ates bilimits, and the latter are moreover preserved by the inclusion MND,sq — MND
(this is left as an exercise for now). Thus, a bilimit version of Proposition 2.31 can be
deduced from the fact that Glob, is a bilimit of the Glob,’s for £ € N. This argument
does not apply for MIND as a whole, and it is really the finitary hypothesis on 7" which
makes Proposition 2.31 work.

2Recall that a functor F: C — D is an isofibration when for every ¢ € C, d € D and isomorphism
0: F(c) 2 d € D, there exists ¢ € C and an isomorphism 6: ¢ = ¢’ € C such that F(0) = 6.
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2.36. A CRITERION FOR GLOBULAR ALGEBRAS. Usually, a specific notion of higher cat-
egory and the associated truncation and inclusion functors are not directly derived from
a monad. Instead, we often manipulate higher categories that are defined, in each dimen-
sion k € N, as structures with operations satisfying some equations, and the truncation
and inclusion functors are defined by hand. Such equational definitions surely induce
monads on k-globular sets, but it is not immediate that the monad in dimension [ is
obtained by truncating the monad in dimension [, for [; < Iy, as was done earlier, nor is
the equivalence between the boilerplate definitions of truncation and inclusion functors
and the ones defined earlier in this section. Verifying the equivalences of these definitions
is required in order to use general constructions for globular algebras, like the ones of the
next section. But, without a generic argument, the verification can be tedious since it
involves, among others, an explicit description of the different monads. In this section,
we give a criterion, in the form of Theorem 2.38, to recognize that categories and functors
between them are equivalent to categories of globular algebras and truncation functors
derived from some monad on globular sets, which is a first tool to contribute to the second
of the three goals from the introduction.

We first prove a technical lemma:

2.37. LEMMA. Given a commutative diagram of functors

c YD

1k
C’—U>D

which are part of adjunctions F 41U, F 41U, T AT, I - T, we have a commutative
diagram in MIND

(U, U

(Cu 10) ’ (D7 R)
InC(T)l l(T’,T’REII’TI)
(C.1¢) GO (D’T)(W)(Dﬂ) ——— (D,5)

where R, S, S and T are the monads respectively derived from the adjunctions F 4 U,
FT' AT'U,IF AUT and F 4 U, and (D,S) — (D, S) is the isomorphism of monads
induced by T'U = UT, and where we wrote n“% and e“® for the unit and counit of each
adjunction L 4 R. Moreover, if the unit of the adjunction T 4T is an isomorphism (or,
equivalently, T is fully faithful), then the morphism (D,S) — (D, T) is an isomorphism.

PrOOF. By Propositions 1.14 and 1.19 already introduced, the morphisms shown on the
diagram are indeed monad functors. We are left to check that the diagram commutes.
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More precisely, we need to show that pasting of 2-cells

C Y D LAY 5 D b . p
le = j I T'RET i LUTH ! j LUBTE kT
C —— D P D T D T D
is equal to
C T _,C Y D
lc = T U/ UEF’U k
C = C TR D

where 0: F _I’ = TF is the canonical isomorphism between the two functors which are left
adjoint to UT = T'U. This morphism and its inverse are defined by

F 1 T F
U T T U
0 = (=) 6t = (=)
T U g T
- e
I F F 1

T I def+(27) T I (27) U FOT
g7 - N -/

The criterion for recognizing categories and functors as categories of globular algebras
and truncation functors between them is the following:

2.38. THEOREM. Let (T, n, ) be a finitary monad on Glob,, and

(Ce)ken and C,
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be categories, and
(Ug: Cr, — Globy)geny and U,: C,, — Glob,,
be monadic functors, and
(TE: Gy = Cr)ren and  (Ti: Cy = C)ken

be right adjoint functors with fully faithful left adjoints such that 7;k+177€“jrl =T and

C., —%, Glob,

K

commute for every k € N. Then, there exist equivalences of categories

H,: C, — Alg, and (Hy: Cp — Alg))ren

such that
c, <, Alg, Chyr —= Alg,,,
7| |2 and ] |7 (6)

commute for every k € N.

2.39. REMARK. The statement of the above theorem can easily be adapted when working
on a monad 7" on Glob,, for some n € N by requiring instead that

Ukt
Cry1 —— Globy

T:“l lﬁﬁ-lk

k

commutes for every k < n, and then one only gets the right commuting square of (6).

PROOF. Let k € N. Taking C,, C, Glob,, and Globy, respectively for C, C, D and D,
and U, Uy, T and 7;Gk respectively for U, U, T and 7' in Lemma 2.37, and using the
adjunction Inc 4 EM, we get a commutative square

Cu uc > Alg,

Cp —— Glob! +——— Glob? +—— Alg,
Hy,
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where S and T are the monads defined in the lemma. Remember that both Alg, and
T2 were defined using Proposition 1.14 so that the arrow on the right of the above
diagram is indeed 7:JA,g Also, H,, and H;, are equivalences since U, and U, were supposed
monadic. Finally, by the final part of Lemma 2.37 and the hypothesis, the middle arrow
in the bottom line is an isomorphism. Thus, by defining Hj, to be the composition of the
three morphisms on the bottom line (after inverting the second and third ones), we get
the commutative diagram on the left of (6), and we are left to get the one on the right.
Writing ZF for a left adjoint to 7, since the unit 1¢, = 7;%,Z5"" is an isomorphism,
it is enough to check that

A k+1 k+1 k+1
77<;Hk+1 wI+:Hk7;€+ wIJr.

k+1%w k+1%w
But
ﬁAHkH kﬁlzfjﬂ - 77cA ukaHwaH
= %ékHon]jH
= H, TP T
- Hkﬁkﬂ kbfl-lzclj+1
which concludes the proof. [

2.40. TRUNCATABLE GLOBULAR MONADS. The general setting of higher category the-
ories as monads over globular sets allows defining theories with unusual operations, like
compositions of [-cells that produce unrelated [’-cells for some " < [ (c.f. Example 2.21).
Anticipating the next section, such theories are badly behaved when it comes to freely
adding new (k+1)-generators to k-categories, since the underlying k-categories will not
be preserved in the process. In order not to allow such monads, we recall from [4] the
notion of truncatable monad which forbids those problematic operations and still includes
most usual theories for higher categories: those are the monads which “commute with
truncation” in a suitable sense. As we will see in the nextsection, the k-categories of these
theories are preserved when freely adding (k+1)-generators.

In this section, we fix n € NU {w} and a finitary monad (7,7, ) on Glob,,.
For k < n + 1, remember that we used Proposition 1.14 to define both the monad
(T*, n*, u*) and the cocartesian morphism

(1.5, TETi*):  (Glob,,T) — (Globy,T%).

n

2.41. DEFINITION. We write t* for the natural transformation
T TTITS - T

The monad T is said weakly truncatable when t¥ is an isomorphism for each k < n; it
is truncatable when, for each k < n, t¥ is the natural identity transformation (so that
T, T.¢ = TET).
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2.42. EXAMPLE. The monad (7,7, 1) of categories on Glob; defined in Example 2.20 is
weakly truncatable. By adequately choosing the left adjoint Glob; — Cat that defines T,
we can even suppose that T is truncatable. More generally, we will see in Section 4.19
that the monad of strict w-categories is weakly truncatable, and even truncatable up to
an isomorphism of monads.

2.43. EXAMPLE. The monad (7,7, i) of weird 2-categories on Globy defined in Exam-
ple 2.21 is not truncatable since, for X € Globy, we have

(TX)o = XoU (Xy x Xo) and  (T%(X<p))o = Xo.

The following property tells that we can always adapt a weakly truncatable monad to a
truncatable monad:

2.44. PROPOSITION. If (T, n, 1) is weakly truncatable, then it is isomorphic to a monad
which is truncatable.

PROOF. We define a truncatable monad (7, 7, fi) on Glob,, and an isomorphism ¢: T — T
from their trunctations

TET and  é<p: TET — TET
and we define those using an induction on k for £ < n + 1. In dimension 0, we put
ToT =TT and ¢ = (t°)"

Then, given k < n+1 and a (k+1)-globular set X, we define (T'X)<xy; as the (k+1)-glo-
bular set Y where

Yap = (TX)<x and  Yigr = (T (Xapir)
and the operation 05 : Y11 — Y} is defined as the composite

oc tk+1 ¢ _
Vi = (T (Xapi))krn =5 (T (X apn))k 2 (TX) 225 (TX),

for e € {—, +}. Our definition extends canonically to a functor
TS, T Glob, — Globy.
We also extend ¢<j on dimension k 4 1 by putting, for X € Glob,,

(Ox)ks1 = ((t1§(+1)_1)k+11 (TX)py1 — (TX)k—i-l

So we defined T: Glob,, — Glob,, together with an isomorphism ¢: T — T Finally, we
put

n=¢on and fi=dopuo(p ¢
so that (7,7, /i) is a monad and (lgiob,, ¢ '): (Glob,,T) — (Glob,,T) a monad iso-
morphism. By the definition of T', we easily verify that (T',7, ) is truncatable. m



1842 SIMON FOREST

The truncatability with respect to dimension n implies the truncatability with respect to
dimension [ for any [ < n:

2.45. LEMMA. If T is weakly truncatable (resp. truncatable), then, for every k,l € N with
k<l<n, TET'i* is an isomorphism (resp. an identity).

PROOF. We have i*" = i*' o(Z i* T/9), so that
Tow T = (TR T T o (TT M Th0).

By the 2-out-of-3 property for isomorphisms, we get that TGTl iml TG 7 1s an isomorphism.
By precomposing with Zi, we get that T,$7"i*! is an isomorphlsm. When T is truncat-
able, this isomorphism is an equality. [

When T is truncatable, the 7% n* and p* can be related through the equations given by
the following lemma:

2.46. LEMMA. If T is truncatable, then, for k,1 < n with k <[, we have
Tk’ﬁ(,i = ﬁ%Tl and 77%77 =1 'T and 77’ka[ = pkﬁ%
PROOF. By Lemma 2.45, we have that T,9T" i*! is an identity. In particular,
kan(;;r _ ﬁ,%Tl

Moreover, from the equations satisfied by the monad functor (’ﬁc,j, TET! i*!), we deduce
that
Tgn' =0T and TG’ = @ T

We now prove several properties of truncatable monads regarding truncation of algebras.
First, the truncation of algebras has now a simpler definition:

2.47. PROPOSITION. If T is truncatable, then given k,l < n such that k < I, and an
l-algebra (X, h) € Alg;, we have (X, h)<x = (X<k, h<k).

PROOF. Indeed, since T is truncatable, we have
(TST' " x = (TFTS 1) x = idpy

so that (X, h)gk = (ng, hgk) n
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Moreover, the operation of truncation of algebras is now a left adjoint:

2.48. PROPOSITION. If T is truncatable, then, given k,l < n with k <1, the functor
777‘%: Alg, — Alg,

1s a left adjoint. In particular, it preserves colimits.

PROOF. By Lemma 2.45, 7T,8T"i*! is an identity and in particular an isomorphism. Thus,
by Proposition 1.18, since we have an adjunction 7;% . j,fl, this adjunction lifts canoni-
cally through Und to an adjunction

(Tige: T ') 4 (T p) (7)
in MIND for some p given by Proposition 1.18. This adjunction is sent by EM to another
adjunction, whose left adjoint is ;. n

2.49. DEFINITION. If T is truncatable, given k,l < n with k < [, we write Jk‘?l for the
right adjoint to the functor 7;‘2 built in the proof of Proposition 2./8.

2.50. REMARK. In the proof of Proposition 2.48, since the counit of 7{% = jk(:’l is the
identity (c.f. Definition 2.12), the counit of the lifted adjunction (7) is also the identity.
Thus, the image by EM of the adjunction (7), which is 772 . jkAJ, has identity as counit.

2.51. CHARACTERISATION OF TRUNCATABLE MONADS. Earlier, we introduced Theo-
rem 2.38 that allows recognizing that some categories and functors between them are
equivalent to the categories of globular algebras and the associated truncation functors
derived from a monad 7" on globular sets, without having to explicitly describe this monad.
But, by the current definition of truncatability, in order to show that the monad 7' is trun-
catable, a direct proof would require to show that the natural transformations ’7ZGTil’"
are isomorphisms, so that a description of 7" is still needed. Below, we introduce a charac-
terisation of the truncatability of T" that does not rely on such tedious description, which
is another tool, in addition to Theorem 2.38, to contribute to the second of the three goals
from the introduction.

We start by proving the following lemma, relating the functors F¢ (the free T*-algebra
functors from Definition 2.17):

2.52. LEMMA. Given k € N such that k < n, we have
TR, = 5

PROOF. By the adjunction Inc 4 EM, it amounts to prove that the two pastings of 2-cells

G G
Glob, — = Glob, — L Glob, —*  Globy
| |
1 — 1 u W T U TGT ik Tk
l ! 1 g

Glob, — Glob,, ———— Glob,, ———— Glob,
I,CL; T kaG
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and
k
Glob, — = Glob,

[

GlObk T) GlObk

are equal. But this directly follows from the definition of ;*. So the wanted equality
holds. [

Now, we prove that truncatable monads can be characterised through the associated
globular algebras:

2.53. PROPOSITION. The monad (T,n, i1) is weakly truncatable (resp. truncatable) if and
only if, for k < n, the natural transformation

TAFG P FETE = TAFS
is an isomorphism (resp. an identity).

PRrOOF. Note that the domain of TAFSi*" is the claimed one by Lemma 2.52. Now,
for k < n, we have that

UETAFS = TOUSFS
=TT,

The proposition follows from the fact that U reflects isomorphisms (resp. identities). m
We will need the following folklore property about adjunctions:
2.54. PROPOSITION. Let

L4AR:C—D and L'AR:C—D
be two adjunctions with respective unit-counit pairs (v,€) and (7', €'), and

: L=L and 6: R =R

be two natural transformations such that = (eL') o (LOL') o (Ly'), i.e., graphically:

L L ~
R/ L/
B
L R
L / )

Then, 0 is an isomorphism if and only if 0 is an isomorphism.

PROOF. An inverse for 6 can be straight-forwardly constructed from an inverse for 6 using
string diagrams, and symmetrically. ]
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Recall the natural transformation j* from Definition 2.12. We now introduce the criterion
for showing the truncatability of monads through their globular algebras:

2.55. THEOREM. Let n € NU {w} and (T,n,u) be a finitary monad on Glob,,. The
monad (T, n, 1) is weakly truncatable if and only if, for k < n, the functor 7;Ak has a right
adjoint, which we write jk/?n (as in Definition 2.49), such that jFUS T, is an isomorphism.

PrOOF. By Proposition 2.48, if T' is weakly truncatable, ’7;LA,€ has a right adjoint, so we
can assume that this adjoint exists and denote it by jk/?n. Then, the morphism T,AFS i*,
pictured by

T FS I T

@

is a natural transformation between two composites of left adjoints. Then, by deriving
the units and counits of these composite adjunctions (as in [25, IV.§8 Theorem 1] for
example), and using (the dual of) Proposition 2.54, the above natural transformation is
an isomorphism if and only if the natural transformation depicted by the string diagram

is an isomorphism, where (a, o), (7", €"), (7,i*) are the pairs of units and counits asso-
ciated with the adjunctions T,* 4 J2, F¢ 4 U and Z¢ - T, respectively. Using the
zigzag equations (ZZ) satisfied by adjunctions to reduce the above diagram, we obtain

@

geoTe U g
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which is the diagram associated to the morphism j*UF J*. Thus, T,AFS i* is an isomor-
phism if and only if j*UF 7 is an isomorphism. We conclude with Proposition 2.53. m

We will use the above criterion to show that the monad associated to the theories of strict
categories is weakly truncatable (c.f. Theorem 4.22).

3. Free higher categories on generators

Given some theory of higher categories, an important construction is the one that builds a
k-category which is freely generated on a set of generators. Indeed, like for other algebraic
theories, a k-category can be described by means of a presentation, i.e., by quotienting a
free k-category by a set of relations. For example, a formal adjunction can be described as
the strict 2-category generated by two 0-cells z and y, two 1-cells l: y — z and r: x — y,
and two 2-cells v: id, = [ xo 7 and €: r %9 [ = id, satisfying the zigzag equations (ZZ).
Given a theory of higher categories expressed in Batanin’s setting, i.e., as a monad (7', 7, )
on Glob,, for some n € NU{w}, there are several free constructions that one can consider.
First, the functors F: Glob;, — Alg, already enable to construct the free k-category
on a k-globular set. Moreover, there is a construction which produces a k-category from a
k-cellular extension, i.e., a pair consisting of a (k—1)-category and a set of k-generators.
Such construction was introduced for strict categories in [11]. Finally, one can consider
the free k-category on a k-polygraph: the latter is a system of i-generators for i < n + 1
which is organised inductively as cellular extensions. It differs from a mere k-globular set
in the sense that a k-polygraph allows generators to have complex sources and targets
that are composites of other generators, whereas the sources and targets of generators
organised in a k-globular set can only be globes. Polygraphs (also called computads) were
first introduced by Street [35] and Burroni [11] for strict categories, and then generalised
to any finitary monad on globular sets by Batanin [4]. We should also mention the work
of Garner [15], which provides a simplified presentation of polygraphs which does not
require the finitary hypothesis.

In this section, we define free constructions for algebraic globular higher categories
following the path of Burroni [11] by relying on cellular extensions, giving in the process
another light on the results of Batanin [4], who did not use them, and addressing this
way the first of our three points listed in the introduction. More precisely, we define the
notion of cellular extension for any algebraic theory of globular higher categories, and
then derive the notion polygraphs from it, together with the free construction associated
to each notion. Since most of the definitions rely on pullbacks in CAT, we first recall
some properties of these pullbacks (Section 3.1). Then, we introduce cellular extensions
together with the associated free construction for any finitary monad on globular sets,
and, in the case of a truncatable monad, we show that this construction preserves the
lower dimensions, i.e., that freely adding k-generators does not change the underlying
(k—1)-category (Section 3.8); we show some specific properties in the case where the un-
derlying monad is truncatable (Section 3.26). Then, we introduce polygraphs, in finite
dimensions (Section 3.32) and infinite dimension (Section 3.47), together with the asso-
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ciated free construction for any finitary monad on globular sets. Finally, we recover in
our setting the adjunction of Batanin between higher categories and polygraphs (Sec-
tion 3.54). As before, we try to stick to formal arguments and computations through
string diagrams in order to give a new light to these constructions, in accordance to the
last of the three goals stated in the introduction.

3.1. PULLBACKS IN CAT. In the following sections, we define the categories of cellular
extensions and polygraphs using pullbacks in CAT. We will be interested in showing that
these categories are cocomplete and that several of the projection functors are left or right
adjoints. Such properties are consequence of general properties of pullbacks that we recall
below. In particular, a pullback of an isofibration (see Footnote 2) has good properties
with regard to cocompleteness and preservation of colimits. This is convenient since, as
we will see below, all the truncation functors introduced until now are isofibrations.

We begin with a property of compatibility of pullbacks in CAT with left and right adjoints:

3.2. PROPOSITION. Giwen a pullback in CAT

c .

o o
D'——D

and a functor H: D — C such that GH = 1p, then there exists a canonical H': D' — C’
such that G'H' = 1p. Moreover, if there is an adjunction H 4 G (resp. G < H ) whose

unit (resp. counit) is 11, then there is an adjunction H' 4 G" (resp. H - G) whose unit
(resp. counit) is 1, .

PrOOF. We define H' using the universal property of pullbacks by

D/ HoF
- ) /
[N
Ly a'l la
D——7D
F
which satisfies G'H' = 1p/ by definition. Moreover, suppose that there is an adjunc-

tion H 4 G whose unit is 1;,. Then, considering a morphism f: H'X — Y € C’, since C’
is defined by a pullback, f is the data of morphisms f;: X — G'Y and f,: HFX — F'Y
with F(f;) = G(f.). But, since the unit of H 4 G is 1,,, G induces a bijective correspon-
dence between C(HF X, F'Y) and D(FX,GF'Y), so that f, is uniquely defined by F'(f;).
Thus, G induces a bijective natural correspondence between C'(H'X,Y) and D'(X,G'Y)
for all X € D" and Y € (', so that there is an adjunction H' 4 G’ with unit 1, ,. The
case where (G is left adjoint is similar. [
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Moreover, we prove that isofibrations are well-behaved regarding pullbacks in CAT. We
recall that a functor G: C — D € CAT is an isofibration when it lifts isomorphisms, i.e.,
for all X € C and Y € D, given an isomorphism f GX — Y in D, there exists Y € C
and an isomorphism f: X — Y such that GY =Y and G(f) = f. We then have:

3.3. PROPOSITION. Given a pullback in CAT

[N,

"

D T> D
such that G is an isofibration, the following hold:
(i) G' is an isofibration,

(i1) given a small category I, if C and D' have all I-colimits and F' and G preserve them,
then C' has all I-colimits and F' and G' preserve them.

PROOF. Proof of (i): Let X € C', Y, € D" and ;,: G'X — Y], be an isomorphism. Then,
since GG is an isofibration, there is Yz € C and an isomorphism 6g: F’X — Yp such
that F(0;) = G(0r). Moreover, F(0;') = G(03') so that (01,0r): X — (Yz,Yx) is an
isomorphism of C’.

Proof of (ii): Let d: I — C’ be a functor, which is the data of d,: I — D" and dg: I — C.
Then, there are colimit cocones (pr;: dL( ) = X1)ier and (pr;i: dr(i) — Xg)ier. Since
both F' and G preserve colimits, both

(F(pri): F(dp(i)) = F(XL))ier and  (G(prgi): F(dr(i)) = G(XRr))ier

are colimit cocones for F' o dy. So there exists an isomorphism 6: F(X;) — G(Xg)
between the two cocones. Since G is an isofibration, we can suppose that F'(X ) = G(Xg)
and 0 = idp(y,). Thus, we have a cocone ((pri,pr.i): d(i) — (Xz,Xr)): on d, and we
easily verify that it is a colimit cocone. [

3.4. REMARK. Pullbacks in CAT should normally raise suspicion since strict limits are
not well-behaved in CAT in general. Indeed, a limit cone in CAT on a diagram is not
preserved when replacing some functors of the diagram by isomorphic functors. Moreover,
the limit cone is defined up to isomorphism, and not up to equivalence of categories. To
solve this problem, one usually considers a weaker notion of limits, where the triangles of
cones commute only up to isomorphisms, as with weighted bilimits [27]. But the strict
limit on a diagram is generally not equivalent to the associated weighted bilimit. However,
introducing weighted bilimits here would be an unnecessary pain for what we want to do,
since the pullbacks along isofibrations are equivalent to the weighted bipullbacks (see [27,
Proposition 5.1.1]).

We say that a monad functor is an isofibration when the underlying functor is an isofi-
bration. We then have:
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3.5. LEMMA. The functor EM preserves isofibrations.

PROOF. Let (F,a): (C,S) — (D,T) be a monad functor isofibration, (X,h: SX — X)
be an S-algebra, and f: F*(X,h) — (Y, k) be a T-algebra isomorphism. Since F' is an
isofibration, there is an isomorphism f: X — Y such that F(f ) = f. One can equip Y
with a structure of S-algebra (Y, k) by putting k= f ohoS(f1). Then, we have an
S-algebra morphism f: (X, h) = (Y, k). Moreover, (Y, k) is mapped to (Y, k) by F*,

that f is an isomorphism Wthh lifts f. Hence, EM preserves isofibration. [

We now verify that several functors of interest to us are isofibrations:

3.6. PROPOSITION. Given k,l € NU{w} with k <1, the functor T, is an isofibration.

PROOF. Straight-forward. ]

3.7. PROPOSITION. Let n € NU{w} and (T,n, ) be a finitary monad on Glob,,. Given
k,l € NU{w} with k <, the functor 77,: is an isofibration.

PRrROOF. The functor '772 is the image by EM of (’Hk, 7ZGTI i*!), which is an isofibration.
Thus, by Lemma 3.5, it is an isofibration. m

3.8. CELLULAR EXTENSIONS. In this section, we introduce the notion of k-cellular ez-
tension, which describes a (k—1)-category (for some theory of higher categories) equipped
with a set of k-generators. We moreover give the construction of the free k-category on a
k-cellular extension together with more specific results when the theory we are considering
is associated with a truncatable monad.

In the following, let n € NU {w} and (T, n, 1) be a finitary monad on Glob,,.

3.9. DEFINITION. Given k € N with 0 < k < n, we define the category Alg; of k-cellular
extensions, together with functors T,": Algy — Alg,_, and Gi.: Alg] — Globy, as the
pullback

Algf 7. Glob,
T |7 ®)
Algk*l T) GlObk 1

k—1

For better handling side cases, we moreover define Algg = Globy and Gy = 1giob,-

We verify that:

3.10. PROPOSITION. Given k € N with k < n, the category Alg) is locally finitely
presentable. In particular, it is complete and cocomplete. Moreover, both Gy and T,.",
(when k > 0) are finitary right adjoints.
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PROOF. We can restrict to the case where k > 0. The categoy Alg) is defined as the
pullback of the finitary right adjoint isofibration 7,%, along the right adjoint ¢ ;. Thus,
it is a bipullback of right adjoints between locally finitely presentable categories. Since
the 2-category of locally finitely presentable and finitary right adjoint functors is closed
under bilimits (see [7, Theorem 2.17]), Alg; is locally finitely presentable and the two
projections Gy and 7," | are finitary right adjoint functors. [

3.11. REMARK. In fact, one can check by hand that the finitely presentable objects of
Alg/ are exactly the compatible pairs (C, X), where (' is a finitely presentable object of
Alg, , and X is a compatible k-globular set such that X} is finite.

Given a cellular extension (C, X), we observe that much of the data of X is already
contained in C'. We provide a more compact definition of Alg; which can often be more
convenient than the one given on the pullback (8).

3.12. PROPOSITION. Given k € N with 0 < k < n, the category Alg] is isomorphic to
the category

— whose objects are the pairs (C,S) where C € Alg,_, and S is a set, equipped with
two functions
d];_l, dz__ll S = Cra

such that 95 _,od, ;=05 ,od) | foree {—,+},

— and whose morphisms between two such pairs (C,S) and (C',S") are the pairs (F, f)
where

F:C—C'eAlg, , and f:S— S € Set
and such that dj,_;of = Fy_yod;_; fore e {—, +}.

PRrROOF. Write A_lg: for the category described in the statement. An isomorphism be-
tween Alg, and A_lg,—: can be described as follows. Given (C, X) € Alg}, we map (C, X)
to the pair (C, X) and, for € € {—,+} and = € X, we put dj,_,(x) = 95_; () (where 9§_,
is the operation of the globular structure on X), and we extend this mapping to mor-
phisms of Alg; as expected. Since U ,C' = X<y for (C,X) € Alg], the resulting
functor is an isomorphism of categories. ]

3.13. REMARK. This other description of Alg, helps better understand how a colimit
of a diagram (C?, S%) in Alg; is computed: first, one computes a colimit C' of the C?’s in
Alg, ,, then one compute a colimit S of the sets S¥’s and equips it with the canonical
source and target operations d;_,,df ;: S — Cy_;.

3.14. DEFINITION. Given k € N with 0 < k < n, following the description of Alg; given
by Proposition 3.12, a left adjoint to the functor T, is given by the functor

I Alg, , — Alg;

which maps C' € Alg,_, to (C,0) € Alg; and with the obvious action on morphisms
of Alg;_;.



AN EXTENSION OF BATANIN’S APPROACH TO GLOBULAR ALGEBRAS 1851
3.15. PROPOSITION. Given k € N with 0 < k < n, the functor T, | is an isofibration
and has a right adjoint.
PROOF. This is a consequence of Propositions 3.2 and 3.6. [
3.16. DEFINITION. Given k € N with 0 < k < n, we write

T Alg,_, — Alg)

for a right adjoint to T ,. Concretely, one can define J© as the functor mapping the
(k—1)-algebra (X, h) to the pair ((X,h), Xqx) € Alg; .
3.17. REMARK. Using the concrete definition of Definition 3.16, we observe that the
counit of the adjunction 7,", + 7.} is the identity.

3.18. PROPOSITION. Given k € N with 0 < k < n, the functor T,", preserves finitely
presentable objects.

Proor. By adjunction, it is equivalent to prove that its right adjoint is finitary. By the
constructive content of Proposition 3.2, this right adjoint is built from a cone of finitary
functors on the (bi)pullback defining Alg;, itself made of finitary functors. Thus, the
factorising functor is itself finitary. [

3.19. DEFINITION. Given k € N with 0 < k < n, we write UF: Alg, — Alg) for the
functor defined as the factorisation arrow

.
Algf — % Glob, -
_I
Tktll lﬁGA
Algk—l T) GlObk_l

k—1

For convenience, we also write UL for US .

Then, there is an operation which produces a k-category from a k-cellular extension. It
is the left adjoint to U}, that exists by the following property:

3.20. THEOREM. Given k € N with k < n, UF has a left adjoint.

PRrROOF. The case £ = 0 is immediate. So assume k£ > 0 and let

o Alg (T () ) = Alg (T ()
Ut Algy (TR FE (=), —) = Globy (=, US  TA_(-))
PR Alg, (FS(-),-) = Globy(—, Ug (—))
VR Globy(FEIE | ,(—),—) = Globy (=, TE US(-))
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be the natural bijections derived from the associated adjunctions. Note that these bijec-
tions can be defined using the units of the adjunctions. For example, given C' € Alg,._,
and D € Alg,, ®* maps a morphism f: C}, — D € Alg, to the morphism

J<k-10 Ué’k_1¢ C'— Dejn € Algy
where n*~1 is the unit of T2, 4 Z/* defined in Definition 2.29. Since
FiTy and IMFS

are both left adjoint to U7, T, = T,2 U, the natural morphism

0: FATe 1 = Lo Fiy
defined as the composite
0= <€kIl?71,k~Fl§71) © (FE i*t UISII?fl,k]:l?fl) © (E?Lil,ku/?fﬁ?&k_lfl?fl) © (FEIISA,MFI)
which can be represented by

G
]:]? Ik',fl.,k: ]:]S‘

A G A G
Il»cfl,lc ]:k—l kal,k ]:k—l

is an isomorphism as a consequence of Proposition 2.54. In the following, given a
morphism f: X — Y of a category C, we write f*: C(Y,Z) — C(X,Z) for the func-
tion g — go f for all Z € C. One can verify using the zigzag equations (ZZ) that the
natural transformation 6 makes the diagram

vl
Alg, (FE1Z) i, A) = » Globy,_1(Z, U 1 (A<k-1))
(92)*l H (9)
Alg, (Fi(Zw), A) o > Globy,_1(Z, (U A)<k—1)

commutes for all Z € Globy_; and A € Alg,. Let (C,X) € Alg{, D € Alg,
and (D<x_1,Y) be UFD. Since

UiiC=Xepr and U (Degr) =Yg
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and by the properties of adjunctions, we have a diagram

¢ p
Algk(CTka D) ” Algk—l(cv Dﬁkfl)
(‘3%0,)())*V v, lu}?—l
uS c,p
Algk((‘FIS—lukG—lo)Tk? D) = ’ GIObk71<ul§—1C>ul?—l(DSkfl))
Ox_p_ )" H (10)
G - \Ij?{<k—1’D
Alg (F (X<k—1)1), D) = > Globy_1(X<g—1, Y1)
(e?cyx))* TTIchl
% 5

Alg,(FSX, D) » Globy,(X,Y)

such that each square commutes and where e and e® are the natural transformations
L A _k—1 k-1
e’ =1, € 77;[1 and R = .7:,?1 Gy

respectively. Indeed, the middle square commutes by (9) and the top and bottom squares
commute by the zigzag equations (ZZ). By definition of Alg;, the set Alg} ((C, X),UFD)
is the pullback

Alg; ((C, X),UED) G » Globy (X, GUED)

_|
ntll lﬂf:l

Alg,_(C, T.m\UED) » Globy_1(X<k_1, (G:UED)<k—1)

k-1

Since

Ty =T U and UP = Gidy

and by the commutative diagram (10), the following diagram is also a pullback:

(CI))RQD)_lng

((PB,D)_lo,Tktll/ - l(e?c,m)*
Alg, (Cy, D) — Alg (FF(X<k-1)1k), D)

(e%C,X)Oexgk—l
Since Alg, is cocomplete by Proposition 2.19, the diagram

(Plox))"

Alg,(C[X], D)
_I
(p%c’x))*l

Alg, (Cyx, D)

5 Algk(flg’X, D)
l(e?%)*
> Alg (FF(X<k-1)), D)

(e(e,x)®0xop )"
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is also a pullback, where C[X], p(LC’ X) and p?a x) are defined as the pushout

R
C[X] < POX) FEX
A~ d
p%C’X) TG?C,X) : (11)
Ch 4 Fie (X<k-1)1w)

e%C,X)OGXSk_1
Thus, there is an isomorphism

which is natural in D. Hence, U admits a left adjoint. ]

3.21. DEFINITION. Given k € N with 0 < k < n, the operation (C,X) — C[X]| defined
in the proof of Theorem 3.20 extends to a functor

Fi: Algl — Alg,

and which is left adjoint to UF. The image C[X] of some (C, X) € Alg) by FE, is called
the free extension on (C, X). The morphisms p%C’X) and p?C’X) defined in the proof of
Theorem 3.20 extends to natural transformations

Pt T, = 7
pRE o FOG, = FE.

often denoted pv and p® when there is no ambiguity. For convenience, we also write F&
for F§.

3.22. REMARK. By careful inspection of the proof of Theorem 3.20, we observe that a
morphism F': (C, X) — UFD is in correspondence with a morphism F': C[X] — D which
is the factorisation of two morphisms

F:Cy—D and  F.: FA(X)—= D
in Alg, through the pushout (11), where F; is in correspondence with the morphism
T (F): C = T,5 U (D) = Dejey
through the adjunction Z* 4 7,4 |, and where F, is in correspondence with the morphism
Gu(F): X = GUZ (D) = U (D)

through the adjunction & - U
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3.23. ExAMPLE. Consider the monad (7,7, 1) on Glob; defined in Example 2.20. A
1-cellular extension (C,X) is then essentially the data of a set Cy of O-cells, a set X
of 1-generators, and functions dy,dd: X; — Cp, i.e., a graph. Moreover, the 1-cate-
gory C[X] is the image of (C,X) seen as a graph by the left adjoint to the func-
tor Cat — Gph defined in Example A.36.

3.24. REMARK. Theorem 3.20 is a particular case of the fact that the category of locally
presentable categories and right adjoints are closed under weighted bilimits (see [7] and
the end of [27, §5.1]). But the concrete pushout description given by the proof will be
useful later to show properties of the functor F}".

3.25. PROPOSITION. Given k € N with k < n, the functor F¢ preserves finitely pre-
sentable objects.

PROOF. By adjunction, it is equivalent to show that its right adjoint Uy is finitary. Since
T is finitary, U is finitary, which concludes the proof when k& = 0. Otherwise, when
k > 0, T2 is finitary by Proposition 2.28, so that the same argument as in the proof of
Proposition 3.18 applies to conclude that Uy is finitary. [

3.26. CELLULAR EXTENSIONS AND TRUNCATABILITY. In the following, let n € NU {w}
and (7T',n, ;) be a finitary monad on Glob,,.

We now consider the truncatable case in the context of cellular extensions, and, given
k € N with 0 < k < n, show that the underlying (k—1)-category of a k-cellular extension
is preserved by Fr. For this, we need to show that the natural transformation n**=1,
defined in Definition 2.29, is an isomorphism when the monad we consider is truncatable.
Sadly, we cannot use a argument dual to the one of Remark 2.50 to conclude since, in
general, the adjunction IE_L e 7}5}_1 does not lift through Und to provide a left adjoint
to (7;51@717 7.8, T*i*=1%) in MND. Instead, we use the following property suggested to
us by Dominic Verity, inspired by the principle of unity and identity of opposites [23]:

3.27. PROPOSITION. Let C and D be two categories, and M: C — D and L,R: D — C
be three functors equipped with structures of adjunctions L 4 M and M - R. If the counit
of M 4 R is an isomorphism, then so is the unit of L 4 M.

Proor. Write A\: 1p = ML for the unit of the adjunction L 4 M, and p: 1o = RM
and p: MR = 1p respectively for the unit and the counit of the adjunction M - R.
Assume that p is an isomorphism. We define a natural transformation \': ML = 1p
using the following string diagram:

L@
A/ = M R
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and show that it provides an inverse to A\. We first prove that X o A = 1, using string
diagrams:

~
M L =

tj\izg = M R = 1, -
/

We now prove that A o A = 1, using string diagrams:

M L
M L
(=]
M R M L
_ ﬂ _ (Z2) ||
o M R M L o o
M L
~
M L

where we used for the first equation the exchange law of string diagrams and, for the
middle equation the fact that p~'M = Mp since, by the zigzag equations (ZZ), we have
(pM) o (Mp) = 1. Thus, X is an inverse to A, which concludes the proof. n

3.28. REMARK. By the equivalence between the units/counits of adjunctions being iso-
morphisms and left/right adjoints being fully faithful (see [8, Proposition 3.4.1] for ex-
ample), an equivalent statement of Proposition 3.27 is: if R is fully faithful, then so
is L.

3.29. PROPOSITION. Given k € N with k < n, if T is truncatable, then n™* is an

1somorphism.

PROOF. By Remark 2.50, the counit of the adjunction 77511,1@ n j,fk 41 is an isomorphism,

so that Proposition 3.27 applies, and the unit of the adjunction I,ék e 'ﬁﬁm, which is
Ak
’r] I’

We can conclude a conservation result for the underlying (k—1)-category of a k-category
produced by F¢:

, is an isomorphism. [

3.30. PROPOSITION. If T is truncatable, then, given k < n and (C,X) € Alg;,,, there
is an isomorphism C = C[X|<y which is natural in (C, X).

PROOF. Recall that C'[X] was defined in the proof of Theorem 3.20 as the pushout

C[X] < e Fé. X

[X] < P

L T - TR

Pc,x) ¢c.x)
CTk—H < FIS+1((X§’€)T7€+1)

L
e(C,X)OGXSk



AN EXTENSION OF BATANIN’S APPROACH TO GLOBULAR ALGEBRAS 1857

By Proposition 2.48, the following diagram is also a pushout

(Po,x)) <k
ClX <k 4 o2 (~7:19+1X <k
_I
(p%c,x))gk]\ T(e?cyx))gk .
(Crir)<k < — (Fir (X<h)tisn)) <k
(e<C,X)o XSk)Sk
Since T is truncatable, we have TAFZ | = FFT,C. Thus,

(€R)§k = 77¢A]:IS+1 it Or+1

= F T 1 G

= lf;?ncglﬂ—l (Since (lk)gk = 1Globk)

so that (6?0, xy)<k = id Fo(x.,) Hence, (p(LC’ x))<k is an isomorphism, since the pushout of
an isomorphism is an isomorphism. By Proposition 3.29, we conclude that the composite

L
g (Pl x)) <k

C ———— (Chpes1) <k CX]<k

is an isomorphism. [

3.31. REMARK. If T is truncatable, given k < n, by Proposition 3.7, we can suppose that
we chose .7-",?“ so that the isomorphism of Proposition 3.30 is the identity. When such a
choice is made, we have C[X]<, = C for all (k+1)-cellular extension (C, X).

3.32. FINITE-DIMENSIONAL POLYGRAPHS. In this section, we recover the generalised
notion of polygraph of Batanin using cellular extensions, focusing first on the finite-
dimensional case. Intuitively, a polygraph is a system of generators which organises
inductively as cellular extensions, so that a definition of polygraphs based on the lat-
ter structures seems relevant. In the process, we study some properties of the different
functors involved, and consider the truncatable case.

Let n € NU{w} and (7,7, ) be a finitary monad on the category Glob,. We now
give the definition of polygraphs through their category:

3.33. DEFINITION. For k < n + 1, we define the category Pol, of k-polygraphs by
induction on k, together with a functor

Fp: Pol, — Alg,
which maps a k-polygraph to the free k-category on it. First, we put

Poly = Glob, and F, =F§.
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Now suppose that Poly and Fi are defined for some k < n. We define Polyy, as the
pullback

Poljq o » Alg)
Ca
Ttk l’T,j’ (12)
Pol;, f—}:> Alg,
and Fi., as the composite
‘7:1];:+1

Er+1
Pol,,, ————— Alg} , Alg, ;.

3.34. NOTATION. For the sake of conciseness, we will often write P* and f* for the images
by F¥ of a k-polygraph P and a k-polygraph morphism f: Q — Q. Also, as before, we
write P<y, and f<j, for the images of P and f by 773117,6, and we often simply write T¥ for
the latter functor.

3.35. REMARK. Using the simpler definition of Alg;" from Proposition 3.12, we can give
a more concrete description of Pol, for k£ < n 4+ 1. A O-polygraph P is the data of a set Py
of 0-generators, and a morphism P — P’ in Polj is the data of a function Fy: Py — Pg.
Given k < n, a (k+1)-polygraph is the data of a pair

P = (P<,Pri1)
where P<y is a k-polygraph and Py is a set of (k+1)-generators, together with functions
dye s dif  Prsr = (P<k)")w
such that
0 yod, =0, ,odf

for e € {—,+}, where 9, ,0} ;: (P<i)*)r = ((P<g)*)s_1 are the source and target
operations of the k-category (P<x)*. Moreover, a morphism P — P in Poly, is the data of
a pair (F<g, Fq1) where Fep: P<p — P, is a morphism of Poly and Fy,41: Py — Pl
is a function such that

dj, oF, 11 = (F<p)" odj,

for e € {—,+}, i.e., a (k+1)-generator g is mapped by F, .1 to a generator ¢’ whose
k-source and k-target are exactly the images of the k-source and k-target of g by (F<i)*.

3.36. REMARK. We recover this way a definition of the categories of polygraphs which is
close to the one of Garner [15] using comma categories. Indeed, given n € N the category
of (n+1)-polygraphs is the comma category Set | (B, USFF).
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3.37. REMARK. Note that the diagram

Poly,; — Globy,,

POlk W GlObk

is a pullback, since Alg,irl is defined as a pullback and the concatenation of two pullbacks
is still a pullback.

In order to better handle side conditions, we use the convention that & = lgiob,, SO
that F&' = F& o &. We then have:

3.38. PROPOSITION. For k <n+ 1, the following hold:
(i) the category Poly is locally wy-presentable (in particular, complete and cocomplete);
(i) the functor & is a left adjoint which preserves wy-presentable objects;
(iii) when k > 0, the functor T,Y | is a left adjoint which preserves wy-presentable objects;
(iv) the functor Fy is a left adjoint which preserves w;-presentable objects.

PrRoOOF. We prove this property by induction on k. The category Poly is locally finitely
presentable since equivalent to Set. Moreover, since U{' is finitary, it is also w;-accessible
so that F$ preserves finitely presentable objects. Thus, the property holds for k = 0.
Now assume that it holds in dimension k. By Proposition 3.25, the functor Fy is a
left adjoint which preserves finitely presentable objects. Thus, its right adjoint is finitary
and in particular wj-accessible. Thus, F{ also preserves wi-presentable objects. By
induction hypothesis, 7 is a left adjoint which preserves w;-presentable objects. By
Proposition 3.18 and the same argument, 7," is also a left adjoint which preserves w;-pre-
sentable objects. By [7, Proposition 3.14], the pullback Poly; of these two functors is
a locally w;-presentable category, and the two projecting functors 7, and &1 are left
adjoints which preserve w-presentable objects. [

3.39. REMARK. Sadly, [7, Proposition 3.14] requires us to deal with uncountable cardi-
nals, so that we can not use this general argument to prove that Pol, is locally finitely
presentable. But one can use an ad hoc argument to prove that it actually is. Moreover,
the finitely presentable objects of Pol, are the expected ones, that is, the k-polygraphs
with a finite number of generators. However, the arguments are rather technical and not
really illuminating, so that we keep those results in the appendix (see Section C).

3.40. PROPOSITION. For k < n, the functor T, is an isofibration which has both a
left adjoint and a right adjoint.

Proor. We know already that it has a right adjoint by Proposition 3.38. But it is also
the consequence, as is the remainder of the statement, of Propositions 3.2 and 3.3. [
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3.41. DEFINITION. Given k < n, we write
I};kﬂi Pol;, — Pol,,; and j,fkﬂz Pol;,, — Pol;,

or more concisely I)) | and J,,, for the left and right adjoints to the functor T\, .

We quickly describe these left and right adjoints, which are similar to the ones for the
truncation of globular sets (see Definitions 2.10 and 2.12). The left adjoint Z;, ,, maps
a k-polygraph P to the (k+1)-polygraph (P,(), and maps morphisms of k-polygraphs
as expected. The right adjoint jk}:kH maps a k-polygraph P to the (k-+1)-polygraph
(P, BUZ (P*)), where BiUS (P*) is the set of parallel k-globes of the globular k-algebra P*,
and maps morphisms as expected.

3.42. DEFINITION. Given i,k € N such thati < k <n+ 1 and P € Poly, we write P;
for the set of i-generators of P. This operations extends to a functor

(—)¥: Pol;, — Set

or simply (—); when there is no ambiguity on k.

We verify that colimits of polygraphs are computed dimensionwise:

3.43. PROPOSITION. Given i,k < n + 1 such that i < k, the functor (—)¥ preserves
colimits.

PROOF. This functor can be described as the composite
(—)iogioﬁpo-«-o’];f:l

where (—);: Alg — Set on the left is the analogue of the functor of Definition 3.42 for
top-level generators of cellular extensions, mapping an i-cellular extension (X, .S) to its
set of i-generator S. By Remark 3.13, this functor (—); preserves colimits. Moreover, all
the other functors of the above composition preserve colimits by Proposition 3.38, so that
the conclusion holds. [

In the case where T is truncatable, given k, [ € N with k < [, the underlying k-category of
the free l-category on an [-polygraph is only determined by the underlying k-polygraph,
as stated by the following proposition:

3.44. PROPOSITION. If T 1is truncatable, then, given k € N such that k < n and a
(k+1)-polygraph, there exists an isomorphism (P*)<, = (P<k)*.

PROOF. By definition of 7}, we have
P* = (P<k)"[Prs1]

so that the wanted isomorphism comes from Proposition 3.30. [
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3.45. REMARK. When T' is truncatable, under the assumption of Remark 3.31, the iso-
morphism given by Proposition 3.44 is the identity. This enables us to simplify some
notations: given k,! < n + 1 with £ <[ and an l-polygraph P, we directly write P%, for
both (P*)<; and (P<x)*, and Pj for both (P*), and ((P<x)*). -

3.46. REMARK. When T is truncatable, given k < n + 1, a k-polygraph P can be alter-
natively described as a diagram in Set of the form

Po o+ P, = P Pr_1 - P
0 1 k—1
leo da el dl_ eo €L d]:_l
e — P :
0 < aa_ 1 < 8;_ R k—2 k—1

where, for i < k, e; is the embedding of the i-generators in the i-cells induced by the unit
of the adjunction F* HUF | at ((P<;_1)*,P;), such that

O od;, = 0; odf, and Of odiy =0 odf,

for i < k. The above description of polygraphs can already be found in the original paper
of Burroni [11] for polygraphs of strict categories.

3.47. w-POLYGRAPHS. Let (T',n, 1) be a finitary monad on Glob,,. In this section, we
now give the definition of infinite-dimensional polygraphs, or w-polygraphs:

3.48. DEFINITION. The category of w-polygraphs Pol,, is defined as the limit in CAT
( ijl POlw — POlk)k;eN
on the diagram

TP TP 7’11 TP TP
Poly +—>~—Pol; +—— .-+ Pol, +—— Poly4 ——— ...

Concretely, an w-polygraph P is the data of a sequence (P*)en, where P¥ is a k-polygraph,
such that (P*1) <, = P* for k € N. We start with a presentability result for Pol,:

3.49. PROPOSITION. The category Pol,, is locally wy-presentable (in particular complete
and cocomplete), and the functors ofk are both left and right adjoints and preserve wy-pre-

sentable objects.

PROOF. By Proposition 3.38, the functors 7,1, , are isofibrations, so that the limit defining
Pol, is in fact a bilimit (by a direct adaptation of Remark 2.34 from Alg, to Pol,).
Since Eil,k preserves colimits as left adjoints, they are wi-accessible right adjoints. By
[7, Theorem 2.17], Pol,, is locally w;-presentable and the functors 7;Pk are wi-accessible
right adjoint functors.

The functors 7211,1{ are also left adjoints which preserve wi-presentable objects by
Proposition 3.38. Thus, [7, Proposition 3.14] also applies, so that we moreover get that
T, are left adjoints which preserve w;-presentable objects. n
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3.50. REMARK. Assuming the finite presentability of the Pol, given by Remark 3.39, we
can apply [7, Theorem 2.17] to deduce that Pol, is in fact locally finitely presentable. A
small additional argument would then prove that the finitely presentable objects of Poly
are the w-polygraph with a finite number of generators. A proof of these facts without
using Bird can be found in [12, Paragraph 1.3.3.16].

Now, in the truncatable case, we can easily define the free w-category on an w-polygraph,
just like for finite-dimensional polygraphs:

3.51. PROPOSITION. If T is truncatable, there is a functor F.: Pol, — Alg, which is
uniquely defined by
7:fk]'— 5 =7 15 7;1;

for k € N.

Proor. By Remarks 3.31 and 3.45, we have a commutative diagram

TE TF T Tr Tav

Pol, +——~— Pol, < Ce Pol, «+—*— Pol,;; +—— --.
| | | |
7 7 #r .o
{ { { {

Algo (T Algl < 7-1A cee X '7—kA_1 Algk (T Algk+1 T s

which, by the definition of Pol, and Proposition 2.32, induces a functor F. which satisfies
the wanted properties. [

3.52. REMARK. In the case where T' is only weakly truncatable, the squares in the proof
of Proposition 3.51 only commute up to isomorphism, so that we only get a pseudocone
on the Alg,’s of vertex Pol,. In this case, we can use the fact that Alg, is a bilimit
on the Alg,’s (as discussed in Remark 2.34) to get a functor F. : Pol,, — Alg, which
factorises up to isomorphism that pseudocone.

3.53. REMARK. We can still define a functor F': Pol, — Alg, in the case where T is
not weakly truncatable. Indeed, given P € Pol,,, we can construct a canonical chain of
embeddings

18, (P<o)” —— I (P<1)* —— I8 (P<) —— -

in Alg,, and call its colimit P*. This construction then readily extends to a functor F}
which is again to be considered the free w-category construction on an w-polygraph
(see [15, Definition 5.4] for an earlier occurrence of this construction). But, this func-
tor is not expected to be compatible with the functors 7* as in Proposition 3.51. Indeed,
in this case, the functor F}* does not preserve the underlying (k—1)-category C of a
k-cellular extension (C,S) € Alg;. In the weakly truncatable case, this compatibility
holds by definition.
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3.54. THE POLYGRAPHIC ADJUNCTIONS. We now translate into our setting the defini-
tion given by Batanin in [4, Section 3| of the adjunction between globular algebras and

polygraphs:
7

Pol,, - L Alg,

In contrast to other approaches [4, 15], we will derive it from an adjunction with cellular
extensions

Using as much as possible the already existing adjunctions with their units/counits will
allow us to keep using formal arguments for the proofs. As before, our use of string
diagrams will greatly simplify the definitions and the calculations of this section, and will
hopefully make them more intuitive to the reader.

Our approach will require an inductive and mutual proof of the following properties:

3.55. PROPOSITION. For k € N, there is a canonical functor
Sy Algl — Alg;)
together with, when k > 0 natural transformations
q“*: Sk = T Fe U Tk and At Sy = Laig:
often simply denoted q“ and q%, and where U}, 1is introduced by Theorem 3.57 below.
3.56. PROPOSITION. Given k € N, there is a canonical functor
u-t o Algy — Pol,
and natural transformations
grr lpo, = U;’ng
viF s SUTT = Latgt
which form a unit-counit pair witnessing that L{,j’P 1s right adjoint to &.
3.57. THEOREM. Given k € N, there is a canonical functor
ug . Alg, — Pol,
and natural transformations
& 0 lpe, = ULFP
v RUuY = Lalg,

which form a unit-counit pair witnessing that Uy is right adjoint to Fy, .
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PROOF OF THE ABOVE PROPOSITIONS. We proceed by induction on £ € N.

Base case. When k = 0, we take S, = U = lgioby, Uy = US, €F = vHh = L iong
¢" =7 and 1° = ¢ (defined in Definition 2.17).

Inductive case. We now assume that we have proved Propositions 3.55 and 3.56 and the-

orem 3.57 up to dimension £ € N and prove them in the dimension k + 1.

The functor Spy1: Algy,, — Alg{, ;. Given (C,5) € Algy,,, we define the
(k+1)-cellular extension Sg11(C,S) as the pullback

9SS
SkJrl(Ca S) __________ <C7 S)
! |
AU | ljl(caa (14)
\l/
jk—:-l«ulfc)*) (—>+ 5 ‘7,:;1 C
k+1Y)C

where j* denotes the unit of the adjunction T «71:;17 with ‘7,:;1 being the right adjoint
given by Proposition 3.15 (whose concrete definition is close to the ones of 7%, and
J,fk +1), and where v* is the counit of the adjunction F{ - U} defined by induction
hypothesis. The idea behind this pullback is the following: we forget the k-category C' as
a k-polygraph and freely generate it back immediately to a k-category (the left leg), then
we attach back the generators of S to this new k-category, taking into account that there
now several choices of cells which evaluate to the old sources and targets of the elements
of S (the right leg).

Since 7," preserves limits (as a right adjoint), the diagram

k+(qgiék;)l)
77€+(Sk+1(07 S)) —————l__> C’
i a
T aes) | llc
\|/
(U,}?C)* — C

which is the image by T, of the previous square, is a pullback (we picked \7,:;1 so that
the counit of 7? = j,iH is the identity, as stated in Remark 3.17). Moreover, since 7?“ is
an isofibration, we can suppose that we defined Si.1 such that

TH(Sen(C,9) = U0y and T ) = Lugey (15)
holds, so that we moreover have
Ti (aiers)) = e (16)
Note that the above pullback is functorial in (C,.S), so that we get a functor

Skr1: Algly, — Algl
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together with projecting natural transformations
M S = FLARUWTT and g S =

which concludes the proof of Proposition 3.55.
The functor le+1 Alg,chl — Polg1 ;. By the pullback definition (12) of Polg, 1,
defining L{+’1 requires introducing functors

Uiy Algl, —Pol,  and UL : Algl, — Algl,,

such that
T ulj«i»l:l’ T
Alg; - Tl
\ ~t
\ +
\ _ Alg, 4 (17)
\\\ T+
U, N l §
* Pol,, T) Alg,.
k

The functor uk—i—ll Algf,, — Poly is defined as the composite

Algt . T Alg, X
g, — Alg, — Pol,

and we take L{kH .o Algl  — Alg/. | to be the functor Syy1. By (15), the equality (17)
holds, so that we get, as a factorisation through Polg,; of the cone made of the functors

Z/lkHl and Z/{,CJrl ., the functor

which is characterised by TPU,;T; =UL T} and 5k+1U;;:P1) = Syt

The adjunction between £y, and le+1 We now equip (SkH,Z/I,;:}l)) with a
structure of an adjunction. First, we build the unit

k K+l otk
& = ( 1+ * f;r +1> Ipoly,, :>Uk 5k+1

through the pullback definition (12) of Polg,; (indeed, the universal property of the
pullback of categories extend to natural transformations). The projection

&M TE = TRUHT € Polyyy — Poly
of €71 through T.F is defined to be €8 TP this is well-typed, since

TEU 6y = ulf T € = Uy FETY
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Moreover, the projection
fj’kﬂi 1 = €k+1u,;ﬁ€k+1 = Sp+1€p41: Polpyy — Alg-k:»l

of €71 through &4 is defined using the pullback definition (14) of Sj4 as the natural
transformation factorising the cone

legq

> Ek (18)

ljk Ekt1

N + +
7 jk+177f 5k+1

T FRUE T

JJ+1Vk77g+gk+l

where \**1 is defined using a string diagram as

Ekt1

= )

N ‘
P P P P
]:k Mk ]:k 7;

| =

Tiw  FUT T &

[

N
J+ 7—+
k41 k
)\k+1 ‘

The pair (A*F1 1g, .,) is indeed a cone, as one can easily verify using the zigzag equa-
tions (ZZ) that the following two string diagrams

Ekt1
IO
Tow T
l = J Ep1
‘ N ‘ and N
Fooo W R T T T &en
‘71::}—1 Tk+ Ert1

represent the same natural transformation. Thus, we get a factorising natural transfor-
mation f:’kﬂ: Epi1 = 5k+1bll;:l;5k+1.
We still need to verify that the pair ( ;“Hl, PR satisfies

Fo gttt =g (19)
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for it to define a cone of natural transformations for the diagram (12). The string diagram
representations of the two sides of the equation are

,7—k+ 5k+1 7’k+ I . £k+1
[ L — L ] N T{c ‘
‘ [ = ]
and

P P P P
]:k: uk }-k ,Tk

FP uP FP TP
— P
TN U T G Fr uy TF &

so that the equation holds by the zigzag equations of adjunctions (the equality on the
right diagram is the counit of the adjunction 7,7 4 7,";). Thus,

S DRy NS R T R +,P
§+ i _< l 75;’— - > ]'P01k+1 :>uk:+18k+1

is well-defined.

We are now required to give a counit

+,k+1. +,P

We take vT++1 = ¢ which is well-typed since 8k+17/{,jf1) = Spi1-
We now check that (f+’k+1, v TEF1) is the unit-counit pair of an adjunction &£, Z/{:fi.
We first verify the right zigzag equation of (ZZ), by computing that
(V+,k+1gk+l) ° (gk+1 €+,k+1) — (I/+7k+15k+1) o (gj,kJrl)
- IL5k+1

by the definition &7 from (18), since vTF+! = &,
We now verify the left zigzag equation of (ZZ), namely

(uli{_l;l’yﬁkJrl) o (§+,k+1 ul;:fl)) _ ]lu,;ﬁ . (20)
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We first check that the projection along 7;¥ is an identity using string diagrams:

P +.,P P +.,P
Te Ui T Uy
N N
TP P ud  FP ug T
k k+1 k k k k
def
N = =
ust & ul” T €k T
N
P +,P P +.P
776 Z/{k+1 77€ uk+1
P, +.P
776 uk+1

+.,P
TE Uy =)

T
P +,P
Ty Up s

+,P
- T

P +,P
77c uk:+1

We now check that the projection along &4 is also an identity, i.e.,

(Strra®) o (€M UL = Loy, - (21)

As an equation between two natural transformation with codomain Sk 1, a functor defined
by a pullback of natural transformations, we check this equation by verifying that post-
compositions with the projections g% and q® are the same. We start with q“, and thus
are required to show that

q" o(Skr1q™) o (§F T ULT) = o~ (22)

as natural transformations of type Si11 = J,/ 1 FLU; T,". While we could directly use
string diagrams to prove the above equality, it is more convenient to simplify it first using
the following property:

3.58. LEMMA. Gwen two natural transformations o, 3: F = j,:HG for two functors
F:C— Alg),, and G: C — Alg,,, we have a = (3 if and only if T, o = T, 5.

PROOF. The adjunction 7, \71:;1 induces a correspondence between natural transfor-
mations of type F' = j,:fHG and the ones of type T,"F = G. Since the counit of this
adjunction is an identity (Remark 3.17), the forward map of this correspondence is given
by the application of T,*. n
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Thus, we just need prove that the equation (22) holds, up to application of 7. Since,
by (15), we have T, g = 1 zpypr-+, equation (22) reduces to

(T Skera™) o (T UL = T,
Thus, by Lemma 3.58, q" is a cofork® of the two sides of (21) if the equation
(T Sk ) o (T U = 1y,

holds. Using that Sxy1 = 8k+1Ll; fl), we prove the above equation using string diagrams:

T Ee U
TF Ekt1 Ll,:rfl’
= Te T
uP ]:P
7o i
v
T Ui €t
T Erat z,{ljfl' TF u:;jgk_,,l N ,‘+1
['_*_3 J‘rp T Eer1lly ]y
Eer1 U Enia (19) T Err Uy 7y def+(16)
Sk+1 ‘Sk+1
FEOULTS Sk
T Sl
TF Eerr UDT
[:::]k hH T Enealh Y
P + [:E
]:k 77@ P + + & +.,P
Fr Ty T Skl
EE = N
o up FLoup Tt - -
8 Uy T, T Sl

3
TF el
P k k41
T Ert1 U

k d k41

We proceed with verifying that ¢ is a cofork of the two sides of equation (21), that is,
A" o(Ser ™) o (€ UL = o

3Given two morphisms f,g: A — B in some category, we say that a morphism h: B — C'is a cofork
of f and g when ho f =hog.
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and we show it again using string diagrams:

Ekt1 Z/{,jfl' Ekt1 Z/{,:ﬂ
E@ ‘ w@@ ‘ gk+1ulj’yl:1)
Sl et SRSy =
(=) (=1 = (=) =1 = s
Skt1 Skt1 Skt1 Skt @

£ & &

Thus, equation (21) holds up to post-composition by g% and q&, so that it plainly holds
by the universal property of the pullback (14).

Hence, equation (20) holds up to post-composition by 7,F and &1, so that it plainly
holds by the universal property of the pullback (12).

Thus, the pair (¢£H* v HF+1) equips (Skﬂ,u,jj’) with the structure of an adjunc-
tion &y Z/{,;'ﬁ.

The adjunction between Ff, | and UY . Writing U}, for U TUP, |, we get an
adjunction Fp,, 1 UF,, by composition of the adjunctions Fi',, AU, | and E U
The unit £ and the counit **! of the new adjunction are then defined using string
diagrams from the ones of the existing two adjunctions:

k41 k41 Ten B Uy U
T . N G

+,P 7B E
Uiy Usr Filpr it

The zigzag equations (ZZ) are then easily verified through string diagrams.

This concludes the inductive argument of this section. [

4. The full example of strict categories

In this section, we illustrate the previous constructions on the classical example of strict
categories, which is a well-known theory of higher categories. Strict categories, as their
name suggests, are a classical example of a theory for higher categories that lies on the
strict side of the strict/weak spectrum of higher categories. As such, they do not represent
faithfully the homotopical information of topological spaces (see [32] or [6]). Nevertheless,
they admit a relatively simpler axiomatization than weak higher categories, and can be
encountered in several situations of interest. As such, they will provide a simple concrete
example to instantiate the abstract theory we have developed. While essentially no new
results on strict categories will appear in this section, it will netherless provide a template
one can easily adapt when considering another algebraic notion of higher categories.

A source of difficulties, which is common with other equational theories of higher cate-
gories, is the discrepancy between the presentation of higher categories as structures with
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operations and equations, and the one as globular algebras for some monad. A first prob-
lem is that it is not immediate that the operations that we defined for globular algebras,
such as truncation and inclusion, are equivalent to the truncation and inclusion operations
usually defined for strict categories (or other higher categories). A second problem is that
several properties and simplications that we introduced earlier rely on the truncatability
of the underlying monad, which can be difficult to prove since we only have an indirect
definition of the monad through an equational theory. Our theoretical developments on
globular algebras—more specifically, the two criterions that we introduced—will prove
useful to deal with these problems, in the case of strict categories as we illustrate, but of
other theories as well.

We start by recalling the equational definition of strict categories in Section 4.1. Then,
we give the full calculation that the forgetful functor from strict categories to globular
sets is monadic in Section 4.8. Next, we give the boilerplate definitions of the truncation
and inclusion functors for strict categories in Section 4.14. Then, in Section 4.19, we
show using the criteria of Theorems 2.38 and 2.55 that the categories of strict categories
are coherently equivalent in each dimension to the categories of globular algebras derived
from a monad on Glob, (the monad of strict w-categories). Finally, in Section 4.24,
we instantiate the free constructions of cellular extensions and polygraphs introduced in
Section 3 in the case of strict categories.

4.1. EQUATIONAL DEFINITION. We recall here the usual equational definition of strict
categories together with associated notions and elementary properties.

4.2. DEFINITION. Given n € NU{w}, a strict n-category (C,07,0%,id, *) (often simply
denoted C') is an n-globular set (C,0~,07) together with, for k € N with k < n, identity
operations

idk+1i Cp — Ck—H

often writen id when there is no ambiguity on k, and, for i,k < n + 1 with i < k,
composition operations
*i K Ck X Ck — Ck

often denoted x; when there is no ambiguity on k, which satisfy the axioms (S-i) to (S-vi)
below. Gien k,l < n+1 such that k <1 and u € Cy, we extend the notations for identity
operations and write id'(u) for

id'(u) = id o - - - 0 1" (u)

and, for the sake of conciseness, we often write idi for idl(u), or even id, when | = k+1.
The axioms are the following:

(S-i) for k <mn and u € Cy,
0 () = 0 (1) = u,
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(S-1i) forik <n+1 withi <k, (u,v) € Cy X; Cy and € € {—,+},
h1(w) % Oy (v) f 1 <k—1,
Op_1(ux;v) =< 0 (u) ifi=k—1ande=—,
o (v) ifi=k—1ande= +,
(S-iit) fori,k <n+1 such thati <k, and u € Cy,
id¥ (0, (1)) % u = u = u ; id"(0; (u)),
(S-iv) for i,k <n+1 such that i < k, and i-composable u,v,w € Cy,
(u ;) % w=ux*; (V* w),
(S-v) for i,k <mn such that i < k, and (u,v) € Cy x; Ck,
AR (w s v) = 1dF () #; 1dMT (),
(S-vi) for i,j,k < n+ 1 such that i < j < k, and u,u',v,v" € Cy such that u,v are
i-composable, and u,u’ are j-composable, and v,v" are j-composable,
(U x4 U) *, (U/ x4 U,) = (U *j Ul) *; (U *] U/).
Note that the composition that appear in Axioms (S-iii), (S-iv), (S-v) and (S-vi) are
well-defined as a consequence of Axioms (S-1) and (S-ii) and the equations satisfied by the

source and target operations of a globular set. The Axiom (S-vi) is frequently called the
exchange law of strict categories.

4.3. EXAMPLE. Given a 2-category C' and 0-, 1- and 2-globes as in the following config-

uration ;
g2

1
T f2 > Y > Z
/ /
Uf?/ \l}ng/

we have (u xq v) %1 (U % V') = (u*1 u’) *¢ (v *; V") by Axiom (S-vi).

Our definition of strict categories involves sets, but we could have written a similar def-
inition using classes to define large strict categories. For such alternative definition, we
have the following classical example:

4.4. EXAMPLE. There is a large strict 2-category Cat whose 0-cells are the small cate-
gories, whose 1-cells are the functors between the 1-categories, and whose 2-cells are the
natural transformations between functors, and where the operations *(; is the composi-
tion of functors, and the operations ¢ and #; o are respectively the horizontal and vertical
compositions of natural transformations. Note that the exchange law Axiom (S-vi) in this
setting corresponds to the usual exchange law for natural transformations.
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4.5. DEFINITION. Letn € NU{w}. Given two strict n-categories C and D, a morphism F
between C and D is the data of an n-globular morphism F: C — D which moreover
satisfies that

~ F(idF) = id’?{l}) for every k < n and u € Cy,
— F(ux;v) = F(u)*; F(v) for every i,k < n+1 with i < k and i-composable u,v € Cj.

We often call such morphisms n-functors. We write Cat,, for the category of strict n-cate-
gories and their morphisms.

4.6. DEFINITION. We write B
US: Cat, — Glob,

for the functor which maps a strict n-category to its underlying n-globular set.

The definition of strict n-categories directly translates into an essentially algebraic
theory (c.f. Section A.21), so that the functor U is induced by a morphism between
the essentially algebraic theory of n-globular sets (c.f. Remark 2.4) and the one of strict
n-categories. Thus, we get:

4.7. PROPOSITION. For every n € N U {w}, the category Cat,, is locally finitely pre-
sentable, complete and cocomplete. Moreover, the functor US is a right adjoint which
preserves directed colimits.

PROOF. The category Cat,, is locally finitely presentable by Proposition A.28 and in par-
ticular cocomplete. It is moreover complete by Proposition A.11. The required properties
on US are a consequence of Proposition A.33. m

4.8. MonNADICITY. While other proofs already exist in the literature (for example [24,
Theorem F.2.2]), we give here a hopefully more direct version of the proof that the func-
tors US are monadic. It uses Beck’s monadicity theorem, that we first recall quickly. It
relies on the notion of split coequaliser:

4.9. DEFINITION. Given a category € and morphisms f,g: X —Y and h: Y — Z in &,
we say that h is a split coequaliser of (f, g) when there exist s: Z — Y andt: Y — X as
m

t s
TRV
X—=vy “1l> 2z
g
such that ho f =hog, hos=1id,, fot=1idy, andgot=soh.

4.10. REMARK. In the above definition, it can be shown that h is indeed a coequaliser
of f and g.
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4.11. DEFINITION. Given a functor R: C — D between two categories C and D, we say
that a pair (f,g) of parallel morphisms f,g: X — Y is R-split when there exists a split
coequaliser of (R(f),R(g)).

Beck’s monadicity theorem is then:

4.12. THEOREM. (Beck’s monadicity theorem) Given a functor R: C — D, the functor R
1s monadic if and only if the following conditions are satisfied:

(i) R is a right adjoint,
(ii) R reflects isomorphisms,

(iii) for every R-split pair (f, g) of morphisms f,g: X — Y in C, (f, g) has a coequaliser
in C which is preserved by R.

PROOF. See [9, Theorem 4.4.4] or the original work of Beck [5]. =
We can then prove the following:
4.13. PROPOSITION. Given n € NU {w}, the functor US is monadic.
PROOF. By Proposition 4.7, US is a right adjoint. Moreover, given a morphism
F:C — D e Cat,,
if Fi.: Cy — Dy, is a bijection for £ < n + 1, then there is a morphism

F~': D — C € Cat,

defined by (F71), = (Fp)7! for k < n + 1, so that US reflects isomorphisms. Now,
let F,G: X — Y be two morphisms of Cat, such that there exist Z € Glob,,, and
morphisms

H:-USY - Z, S:Z—-USY and T:USY -USX

of Glob,,, as in
T S
VA Vel

USX —— Uy 5 7
us ()

that witness that (F), G_) is a UY-split coequaliser. We prove that F, G has a coequaliser
which is preserved by US. For this purpose, we shall equip Z with a structure of a strict
n-category. For i,k <n+ 1 with i < k and (u,v) € Zj X; Zj, we put

ux; v =H(S(u)*; S(v))
and, given k < n and u € C}, we put

idtrt = H(id’g;}))
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We verify that the axioms of strict n-categories are verified. Let k& < n, u € Z,
and € € {—,+}. We have

Or(id, ") = (9k(H(1d’“T1)))
(idg(u)

so that Axiom (S-i) is satisfied. Now, let ¢,k < n + 1 such that i < k, (u,v) € Zy x; Zj
and € € {—,+}. We have

Or—1(u i v) = H(9_1(S(u) % S(v)))
H(0p_1(S(u)) *; Op_1(S(v))) if i <k —1,
=4 H(0, {(S(u))) ifi=k—1and e=—,
H(0 ,(S(v))) ifi=k—1ande=+

so that, by reducing the last expressions, we see that Axiom (S-ii) is satisfied. Now,
let 7,k < n+ 1 such that + < k, and v € Z;. We have

id"(; () % u = H(S(H (g, ,))) *: S(u))
= H(S(H(id}- (S(u)))) x; SHS(u))
= H(GT(idgi_ (sqy) *i GTS(u))
= HG(T(idg; (stay) i TS (w))
= HF(T(idgi_ sty ¥ TS(w)
= H(FT(idgi, (suy) *i FTS(u))
= H(id(’;i_ (5w ¥ S (W)
=H(S(u)) =u

and, similarly, u *;id"(0;" (u)) = u, so that Axiom (S-iii) holds. Now, let i, k < n 4 1 such
that ¢ < k, and i-composable u, v, w € C). We have

(u*; v) *;

2
=
@
=
F
Jo2
4
¥
Jo2
£

g
(T

|
EEEEEEEE
~
n
=
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and, similarly, u *; (v *; w) = H(S(u) *; S(v) %; S(w)). So that Axiom (S-iv) is satisfied.
Axioms (S-v) and (S-vi) are proved similarly, so Z is equipped with a structure of a strict
n-category.

We now verify that H is a strict n-category morphism. Given k£ < n and u € Y}, we have
and, given i,k < n + 1 with i < k, and (u,v) € Y} X; Yy, we have

H(u) x; H(v) =

I
TR DRER
“ij

so that H is a strict n-category morphism.

We now prove that H is the coequaliser of F' and G in Cat,. Let K:Y — W be an
n-functor such that KF = KG. Then, since H is the coequaliser of US(F) and US(G),

there is a unique morphism B B
K- USZ — USW

of Glob,, such that K'H = K. We are only left to prove that K’ is an n-functor. First,
note that we have

K' =K'HS=KS and KSH=KGT =KFT =K.
Now, given k < n and u € Cj, we have
KS(Gdjt) = KSH(idg(,))
= K(ids7))
- id’?sl(u)-
Moreover, given i,k < n+ 1 with ¢ < k, and (u,v) € Cy x Cy, we have
KS(ux;v)=KSH(S(u)*; S(v))
= K(S(u) % S(v))
= KS(u) *; KS(v),

so that K’ is an n-functor. Hence, H is the coequaliser in Cat, of F' and G. We can
conclude with Theorem 4.12. [
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4.14. TRUNCATION AND INCLUSION FUNCTORS. We now introduce the standard trun-
cation and inclusion functors for strict categories. Contrary to the ones of Section 2.23,
they do not refer to the underlying monad of strict categories.

Let k,l € NU{w} such that k < [.

4.15. DEFINITION. We write
7?7(]22 Catl — Catk

for the truncation functor, which maps a strict l-category C' to its evident underlying
strict k-category, denoted C<y, and called the k-truncation of C.

4.16. DEFINITION. Conversely, there is an inclusion functor
I]SZZ Catk — Catl

which maps a strict k-category C' to the strict l-category Cy;, called the l-inclusion of C,
and defined by
(Cr)<e =C  and  (Cy)m = Cy

form <1+ 1 with k < m, and such that

— form <1 with k <m and u € (Ct;)mt1, O (u) = O (u) = u,

m

— form <l withk <m and u € (Cy))p, id" = u,
— fori,m <141 withi <k <m and (u,v) € (Cyt)m Xi (Cit)m, U *im V= U v,
— fori,m <141 with k <i<m and (u,v) € (Cyt)m Xi (Cit)m, U *im v =1u=uv.

4.17. DEFINITION. We write
k1. 7C 4C
1 . Ik‘,l’ﬁ,k‘ = 1Catl

for the natural transformation, given a strict l-category C', the l-functor ilgl: (C<k)py — C
is defined by (i) <x = idg_, and, form <I+1 withm >k, i maps u € (C<p)rt)m = Ci
to id". B

It is straight-forward to verify that:

4.18. PROPOSITION. There is an adjunction Ig, = TS whose unit is the identity and

whose counit is i*'.

4.19. STRICT CATEGORIES AS GLOBULAR ALGEBRAS. We now derive a monad on glob-
ular sets and relate, using the criterion of Theorem 2.38, the strict categories defined as
in Definition 4.2 to the globular algebras induced by this monad. We also show that this
monad is weakly truncatable using the criterion of Theorem 2.55.
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4.20. DEFINITION. Given n € NU {w} we write
F&: Glob,, — Cat,

for the left adjoint of the functor US given by Proposition 4.7.

In particular, the adjunction FS 4 US defines a monad (7,7, i), which is finitary by
Proposition 4.7, and it induces categories of algebras Alg,, for n € NU {w} as explained
in Section 2.14. By Proposition 4.13, the comparison functor H,: Cat, — Alg,_ is an
equivalence of categories, that moreover satisfies that US H,, = US. Using the criterion
introduced in Section 2.36, we prove that the other categories Cat,, are, up to equivalence,
the categories of algebras Alg,,:

4.21. THEOREM. There exists a family of equivalences
(Hy: Caty — Algy)ren

making the diagrams

H
Caty; — Alg,,, Cat, —= Alg,
N

commute and such that US Hy = U for every k € N.

PROOF. The unit of the adjunction I,gw ~ 7€ is the identity, so that Iﬁw is fully faithful
and Theorem 2.38 applies. [

Finally, we prove the truncatability of the monad of strict w-categories:

4.22. THEOREM. The monad (T,n, i) on Glob,, derived from FS A US is weakly trun-
catable.

PrOOF. By Theorems 2.55 and 4.21, it is enough to show that, for every k& € N, the
functors 7.3, have right adjoints J,, such that j*¢J 7., is an isomorphism, where j* is
the counit of 7;Gk o jkcfw introduced in Definition 2.12. So let £ € N. Given a strict
k-category C', we define a strict w-category C’ whose underlying globular set is the image
the underlying k-globular set of C' by j,fw, i.€.,

Lo =C and C] ={(u,v) € (Cy)* | u, v are parallel} for [ > Fk,

and we equip C’ with a structure of a strict w-category that extends the one on C by
putting

id5 = (u,u)  for u € Gy, idl(;i) = (u,v) forl e N with >k and (u,v) € (],
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and moreover, for i,! € N with max(i, k) < ! and i-composable (u,v), (u',v") € C],

(v v 0") if i <Kk,
(u, ) if 1 > k.

(u,v) %y (u',0") = {

One can show that the axioms of strict w-categories are verified by C’. Now, let D be
a strict w-category and F': D<, — C be a k-functor. By the properties of the adjunc-
tion 7;Gk - jfw, there is a unique w-globular morphism F': D — C” such that F., = F,

which is defined by
F'(u) = (F(9y (u), F(0; (u)))

for every | € N with £ < [ and u € D;. We verify that F’ is an w-functor by checking the
compatibility with the id’ and *;; operations. Given [ € N with [ > k and u € D;, we
have

F'(idyt) = (F(8; (), F(9 (u))) = i,

Moreover, given i,] € N with max(7, k) < [ and i-composable u,v € D;, we have
F'(u s v) = (F(0y (u) % F (O (v)), F(95 (w) *; F(O (v)) ifi <k
Z (F (9, (u)), F(Of (v))) if i >k

= F'(u) *; F'(v).

Thus, F’ is an w-functor. Hence, the natural bijective correspondence
T3, Glob,(D,C") = Globy(D<, C)
induces a bijective correspondence
Ty Cat,(D,C") — Caty, (D, C)

so that the operation C' +— C” extends to a functor J, which is right adjoint to 7.5
Moreover, by the definition of C" above, the natural morphism j*1/$ 7, k?w is an isomorphism.
Hence, Theorem 2.55 applies and (7,7, 1) is a weakly truncatable monad. ]

4.23. REMARK. We highlight that the criterions given by Theorems 2.38 and 2.55 enabled
us to prove that the categories Cat, are globular algebras derived from a truncatable
monad on Glob,, without giving an explicit description of this monad, which could have
been a tedious exercise [30].

4.24. FREE CONSTRUCTIONS. Using Theorems 4.21 and 4.22, we can instantiate the
definitions and properties developed in Section 3 to define free constructions on strict
n-categories. In particular, for every n € N, there is a notion of n-cellular extension,
with associated category Cat. defined like Alg'. Moreover, there is a canonical forgetful
functor Cat,, — Cat} which has a left adjoint

FE. Cat! — Cat,
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which can be chosen such that C[X]<, = C for (C,X) € Cat;. As was shown in [28],
the n-cells of a free extension admit a syntactical description consisting of “well-typed”
terms considered up to the axioms of strict categories (c.f. Section 4.1).

Using the functors FZ, we can define, for every n € NU {w}, a notion of n-polygraph
with associated category Pol,, and a functor

.7:"5: Pol, — Cat,,

which maps an n-polygraph P to the free strict n-category P* induced by the generators
contained in P. Note that, when n > 0, as a consequence of the compatibility of F¥ with
truncation, the underlying strict (n—1)-category (P*)<,_; of P* is exactly (P<,_1)*. As
before, the cells of P* admit a syntactic description as equivalence classes of well-typed
terms (see [26] or [12, Proposition 1.4.1.16]).

The above free constructions provide convenient tools to introduce specific instances
and define constructions on strict higher categories, as witnessed by the examples below.

4.25. EXAMPLE. Given n € N and a strict n-category C, we have an (n+1)-cellular
extension (C,C)/) where C); = B,UZ(C) and, for every (u,v) € C)/, we put d, (u,v) = u
and d; (u,v) = v. The image of C' by J,°; can be described as the quotient of C[C)/] by
the following equations:

(i) for all u € Gy,
id, = (u,u),

(ii) for all i < j < n and i-composable u, v’ € C; and v,v" € C},
(u,v) *; (', 0") = (ux;u' ;0% 0"),
(iii) for all two-by-two parallel u,v, w € C,,
(u,v) *, (v, w) = (u,w).
Concretely, the above quotient takes the form of a coequaliser
ClA; U A; U Ayl —= C[C)] ----- > Chnt1

where A;, A; and A;; are the sets of instances of the respective axioms (i), (ii), (iii).

4.26. EXAMPLE. We define a 3-polygraph P that aims at encoding the structure of a
pseudomonoid in a 2-monoidal category as follows. We put

Po = {z} Py ={l:2—z} Po={p:2=1,7:0=1}
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where, given n € N, we write 7 for the composite 1 xq --- %o 1 of n copies of 1, and we
define P3 as the set with the following three elements

L: (nxoidd) s, p = id?
R: (id2xn) s p = id?

It is convenient to represent the 2-cells of P* using string diagrams. In this representation,
the 2-generators 7 and p are represented by o and N/ respectively, and the 2-cells of
the form id? are represented by sequences of n wires | | - | | for n € N. Moreover,
given u, v € Pj, when wu, v are 0-composable (resp. 1-composable), a representation of the
2-cell u xg v (resp. wu *; v) is obtained by concatenating horizontally (resp. vertically)
representations of u and v. For example, using this representation, the 3-generators L, R

and A, can be pictured by
ST

SEE
AU s LY

Note that, by Axiom (S-vi), a 2-cell can admit several representations as string diagrams.
For example, the 2-cell

can be represented by the three string diagrams

VILy wd TG e G[]Y

4.27. EXAMPLE. Given two strict 2-categories C' and D, their Gray tensor product (more
precisely, the lax variant, see [16, Section I, 4] for details) is a quotient of the free 2-cate-
gory G* on the polygraph G defined as follows:

— the elements of Gy are the pairs (z,y) where z € Cy and y € Dy,
— the elements of G; are the pairs
(f,9): (z,y) = (@'y) and (z,9): (z,y) = (,9),
for frox—2 €Ciand g:y —y € Cy,

— the elements of Gy are the pairs

(.9): (fry) = (fy) and  (z,9): (2,9) — (v,9)
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for p: f= feCy¢: g= ¢ € Cy and x,y € Cp, and the pairs

(f:g): (f7y> *0 (x/hg) = <x7g) *0 (fvy/)

which can be pictured as

(fy)
(xvy) —y> ($/,y)

(ag)l 4 (f9) l(m',g)

('ZC? y/) (f7y/) (x/7 y/)

for frx— 2 €Ciand g:y—y € Ch.

The quotient on G* is made by enforcing several equations on the generated cells. We
refer the reader to [13, Section 2.1] for these equations.

More generally, Steiner [33] defined the Gray tensor product of n-categories for n > 2 as
a quotient of free n-categories over particular polygraphs derived from so-called augmented
directed complezes (see [33, Theorem 7.3] for details).
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A. Local presentability

Locally presentable categories are a standard tool for deriving elementary properties on
categories of algebraic structures (monoids, groups, but also categories, 2-categories, etc.).
They are those categories where every object is a directed colimit of “finitely presentable”
objects, which are a generalization of the notions of finitely presentable monoids or groups.
Knowing that some categories are locally finitely presentable category is helpful since
those categories are complete, cocomplete and satisfy other nice properties. For a more
complete presentation, we refer to the existing literature [14, 1, 9].

We first recall the definition of locally finitely presentable categories (Section A.1) and
then introduce essentially algebraic theories, which are a standard tool to show that some
categories are locally finitely presentable (Section A.21).

A.1. PRESENTABILITY. In this section, we define the notion of locally finitely presentable
category, after recalling directed colimits and presentable objects of categories.

A.2. DEFINITION. A partial order (D, <) is directed when D # 0 and for all x,y € D,
there exists z € D such that x < z and y < z. A small category I is called directed when
it is isomorphic to a directed partial order (D, <).

Given a category C € CAT, a diagram in C is the data of a functor d: I — C where I
is a small category. We say that it is a directed diagram when I is moreover directed. A
directed colimit of C' is a colimit cocone (p;: d(i) — X);er on a directed diagram d: I — C.

A.3. EXAMPLE. A set is a directed colimit of its finite subsets. A monoid is a directed
colimit of its finitely generated submonoids.

In Set, we have the following characterisation of directed colimits:

A.4. PROPOSITION. Let d: I — Set be a directed diagram in Set and (p;: d(i) — C)ier
be a cocone on d. Then, (p;: d(i) — C)ier is a directed colimit on d if and only if

(i) for all x € C, there isi € I and ' € d(i) such that p;(z') = x,
(i1) for all iv,ia € I, x1 € d(iy) and xo € d(ia), if pi,(x1) = piy(x2), then there exists
1 € I such that
21 —>i€], o >t €] and d(ll%l)(Il) :d(22—>1)(1‘2)
PROOF. See for example [8, Proposition 2.13.3]. [

A.5. DEFINITION. Let C € CAT. An object P € C is finitely presentable when its
hom-functor

C(P,—): C — Set

commutes with directed colimits. By Proposition A.J, it means that, given a directed
colimit
(it d(i) = X)ier

on a directed diagram d: I — C, we have
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(i) for every X € C and f: P — X, there is a factorisation of f through d, i.e., there
erists i € I and g: P — d(i) such that f =p;og;

(i1) this factorisation is essentially unique, i.e., given other i € I and ¢': P — d(i)
such that f = py o ¢, then there exist j € I, h:i — j € and h': i — j € I such
that

A.6. EXAMPLE. Given a set S, S is finitely presentable if and only if it is finite. See [1,
Example 1.2(1)] for details.

A.7. EXAMPLE. A monoid is finitely presentable when it admits a presentation consisting
of a finite number of generators and equations. A similar description of finitely presentable
objects holds for the other categories of algebraic structures (groups, rings, etc.). See [1,
Theorem 3.12] for details.

A.8. DEFINITION. A locally small category C € CAT is locally finitely presentable when
(i) it has all small colimits,
(ii) every object of C is a directed colimit of locally finitely presentable objects,

(iii) the full subcategory of C whose objects are the finitely presentable objects is essen-
tially small.

A.9. EXAMPLE. The category Set is locally finitely presentable. Indeed, it is cocomplete
and every set is a directed colimit of its finite subsets, which are finitely presentable
objects of Set.

A.10. EXAMPLE. The category Mon of monoids is locally finitely presentable. More
generally, the categories of algebraic structures (groups, rings, etc.) are locally finitely
presentable. This is the consequence of the fact that such categories can be described by
means of essentially algebraic theories, as we will see in the next section.

Identifying a category as locally finitely presentable enables to derive several elementary
properties, like completeness:

A.11. PROPOSITION. A locally finitely presentable category is complete.
PROOF. See [1, Corollary 1.28, Remark 1.56(1), Theorem 1.58] for details. =
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Moreover, showing that a functor between two locally finitely presentable categories is a
left or right adjoint is easier than in the general case, since we do not need the existence
of solution set like in Freyd’s adjoint theorem ([8, Theorem 3.3.3]):

A.12. PROPOSITION. Given a functor F': C — D between two locally finitely presentable
categories C and D, the following hold:

(i) F is left adjoint if and only if it preserves colimits,
(i) if F' preserves limits and directed colimits, then it is right adjoint.

Finally, there is a simple criterion for a category of algebras on a monad to be locally
finitely presentable. We recall that a functor F' is finitary when F' preserves directed
colimits, and a monad (7',n, 1) on a category C is finitary when T is finitary. We then
have:

A.13. PROPOSITION. Given a locally finitely presentable category C and a finitary monad
(T,n,u) on C, the category of algebras CT is locally finitely presentable. Moreover, the
canonical forgetful functor CT — C preserves directed colimits.

PROOF. The category CT is finitely locally presentable by [1, Theorem 2.78 and the
following remark]. Moreover, since T is finitary, the directed colimits of C* are computed
in C, so that the mentioned forgetful functor preserves directed colimits. [

A.14. EXAMPLE. The category Mon is equivalent to the category of algebras Set”
where (T',n, ) is the free monoid functor on Set. It can be shown that 7' is finitary,
so that we obtain another proof that Mon is locally finitely presentable using Proposi-
tion A.13.

The above definitions and properties can be generalised to higher cardinals in order
to define more general notions of presentable categories, in particular for the first non-
countable cardinal N; = |w;]|.

A.15. DEFINITION. A partial order (D, <) is wi-directed when every countable subset
S C D admits an upper bound in D. A small category I is called wi-directed when it is
isomorphic to an w-directed partial order (D, <).

A.16. DEFINITION. Given a diagram d: I — C in a category C, we say that it is an
wi-directed diagram when [ is wi-directed. An wi-directed colimit of C' is a colimit
cocone (p;: d(i) — X)ier on a directed diagram d: I — C.

A.17. DEFINITION. Let C € CAT. An object P € C is wy-presentable when its hom-

functor
C(P,—): C — Set

commutes with wi-directed colimits.
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A.18. DEFINITION. A locally small category C € CAT is locally wi-presentable when
(i) it has all small colimits,
(i1) every object of C is an wy-directed colimit of locally w-presentable objects,

(#ii) the full subcategory of C whose objects are the wi-presentable objects is essentially
small.

A.19. PROPOSITION. A locally wi-presentable category is complete.
PROOF. See [1, Corollary 1.28]. "

A.20. PROPOSITION. Given a functor F': C — D between two locally wy-presentable cat-
egories C and D, the following hold:

(i) F is left adjoint if and only if it preserves colimits,
(i1) if F' preserves limits and wy-directed colimits, then it is right adjoint.

We stop the copy-and-paste here and refer the reader to [1] for other properties shared
by locally w;- and finitely presentable categories.

A.21. ESSENTIALLY ALGEBRAIC THEORIES. The verification that some category is lo-
cally finitely presentable with the above definition can be tedious. A simpler way consists
in describing it as the category of models of some essentially algebraic theory. The latter
is similar to an algebraic theory (theory of monoids, theory of groups, etc.), except that
operations with partial domains are allowed, as long as those domains are specified by
equations. Another interesting property is that morphisms between such theories induce
functors between the associated categories of model, and those functors are moreover right
adjoints and preserve directed colimits. The main reference here is [1, Section 3.D].
In the following, let (z;);en be a chosen sequence of distinct variable names.

A.22. DEFINITION. Given a set S, an S-sorted signature is the data of a set Y of symbols
such that each o € ¥ has an arity under the form of a finite sequence (s;)icq1,..n}y Of
elements of S for somen € N, and a target in the form of an element s € S and we write

0:81 X+ X8, — 8§

such a symbol o of ¥ with such arity and target.

A.23. DEFINITION. Given a set S, an S-sorted context is the data of a finite sequence
I' = (8i)ieq1,..ny of elements of S for some n € N. Under the context I', the variable x;
should be thought “of type s;” for i € {1,...,n} so that we often write

T1:81y.-.,Tpt Sy

for such a context T
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A.24. DEFINITION. Given a set S and S-sorted signature 3 and context I', we define the
notions of X-term on I' together with the one of judgement I' b t: s where t is a X-term
and s € S, inductively as follows:

— if I' = (8)icqu,...ny for somen € N and sy,...,s, € S, then, for everyi € {1,...,n},
we have I' - x;: s;,

- gwen o: 8 X -+ X 8, — § € X and X-terms ty,...,t, such that I' + t;: s;
forie{l,...,n}, then Tk o(ty,... t,): s.

Note that s is uniquely determined by ¢ in a judgement I' - ¢: s.
A.25. DEFINITION. An essentially algebraic theory is a tuple
T = (5,%, E, %, Def)
where
- S is a set,
— X is an S-sorted signature,

— E is a set of triples (', t1, ty) where I' is an S-sorted context, and ti,ty are Y-terms
on I such that there ezists s € S so that I' - t;: s fori e {1,2},

— Y 18 a subset of X,

— Def is a function mapping a symbol o: s X -+ X s, — s € X\ Xy to a set of pairs
(t1,t2) of Xi-terms such that there exists s € S so that (x1: S1,...,xn: Sp) F bt s
fori e {1,2}.

The set S represents the different sorts of the theory, the set 3 the different operations
that appear in the theory, the set F the global equations satisfied by the theory, the set 3,
the operations whose domains are total, and the function Def the equations that define
the domains of the partial operations.

A.26. DEFINITION. Given an essentially algebraic theory T, a model of T, or T-model,
1s the data of

— forall s € S, a set My,
— forallo: sy X -+ X8, = s €Yy, a function

My: Mg, < -+ x My — Mg,

— forallo: sy X -+ X8, > s € X\ Xy, apartial function

My: Mg, x -+ x M, — M,
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such that

— forallo: syX-+-Xs, = s € X\X;, M, is defined atj = (y1,...,Yn) € Mg, X--- XM,
if and only if, for all (t1,t2) € Def(o), we have [t1]; = [t2]ly,

-----

Sorts S1,...,8, € S, given a tuple § = (y1,...,Yn) € Mg, X --- X My, , if both [t1];
and [[t2]y are defined, then [ti]; = [t2]y.

-----

that T' = t: s, and a tuple y = (y1,...,Yn) € Mg, X --- X M, , the evaluation of ¢
at gy, denoted [t]);, is either undefined or an element of My, and is defined by induction
ont by

—ift =x; for somei € {1,...,n}, then [t]; is defined and
[t]5 = i,

—ift = o(ty,...,tg) for some k > 0 and X;-terms t1,...,ty, then [t]; is defined if
and only if [tilly, - - ., [te]s are defined and M, is defined at [t1]y, ..., [te]; and, in
this case,

[ty = My ([talg, - - -, [txllg)-

A.27. DEFINITION. Given two models M and M’ of T, a morphim of T-model between M
and M’ is a family of functions f = (fs: Mg — M])ses such that

—forallo: sy X - X8, > s€EXN, fsoMy, =M, o(fs XX fs),

—forallo: sy x -+ xXs, >s€X\E andy = (Y1,...,Yn) € Mg, X -+ x M, such
that M, is defined on y, fso Ms(y) = ML(fs,(y1),---, fs,(Un))-

We then write Mod(T) for the category of T-models and their morphisms. We say that
a (big) category C € CAT is essentially algebraic when it is equivalent to the category of
models of some essentially algebraic theory.

Identifying a category as essentially algebraic enables to deduce that it is locally finitely
presentable, since the two notions are the same:

A.28. THEOREM. Given a category C € CAT, C is essentially algebraic if and only if it
18 locally finitely presentable.

PROOF. See the proof of [1, Theorem 3.36]. ]
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A.29. EXAMPLE. The category Set is essentially algebraic since it is the category of
models of the essentially algebraic theory ({s},0,0,0, L).

A.30. ExAMPLE. The category Mon is essentially algebraic since it is the category of
models of the essentially algebraic theory

T = ({s},{e: 1 = s,m: s xs— s}, E,{e,;m}, 1)
where F consists of three equations
— m(e,x1) = 1 in the context (z1: s),
— m(x1,e) = 1 in the context (z1: s),
— m(m(xq,x2),23) = m(x1, m(x2,x3)) in the context (zq: s,29: s, 23: 8).
In particular, it gives a simple proof that Mon is locally finitely presentable.

A.31. ExAMPLE. The category Cat of small categories is essentially algebraic since it is
the category of models of the essentially algebraic theory T = (S, X, E, %, Def) defined
as follows. The set S consists of two sorts ¢y and ¢; corresponding to 0-cells and 1-cells,
and

Y={0y:c1 =y, Of:c1— co, idb:cop = e, xic X — 1}

Moreover, F consists of the equations
— 0y (id"(xy)) = z; and 95 (id' (1)) = 21 in the context (z;: cp),
— Oy (#(w1,29)) = 9y (1) and Iy (x(w1,2z2)) = Iy (z2) in the context (x1: c1,zq: ¢1),
— %(id" (0 (x1)), 71) = 21 and *(z1,id" (05 (v1))) = 21 in the context (z1: ¢1),
— *(k(z1,x9), x3) = *(x1, *(x9, x3)) in the context (x1: ¢1,x9: ¢1,23: ¢1).

Finally, ¥, = {0;,07,id'}, and Def(%) is the singleton set containing the equation
9y (1) = 9y (w2). This shows that Cat is a locally finitely presentable category.

A.32. DEFINITION. Given two essentially algebraic theories
T = (S,%, E, %, Def) and T = (5%, FE %, Def’)
a morphism of essential algebraic theories between T and T’ is the data of
- a function f: S — 5,
— a function g: ¥ — ¥,
such that

~ given o: $1 X +++ X 8, = s € X, we have g(o): f(s1) X -+ x f(s,) = f(s) € ¥,
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— given 0 € &, 0 € ¥y if and only if g(o) € X},
o gz’ven (F7t17t2> S E; we have (f(F)7g(t1)7g<t2)) S El;

— given o € ¥\ 3, and two X;-terms t; and ty, we have that (t1,t3) € Def(o) if and
only if (g(t1), g(t2)) € Def'(g(c)),

..........

write g(t) for the ¥'-term defined by induction on t by

— for all variable x;,
9(@;) = i,
—forallo: sy X -+ X8, = s€X and X-terms ty,...,t,,
glo(ty, .- tn)) = g(o)(g(tr), - g(tn)).
Such a morphism (f,g): T — T’ induces a functor
Mod((f,g)): Mod(T') — Mod(T)
which maps a model M’ € Mod(T) to a model M € Mod(T) defined by
— forall s €S, M, = M]’c(s),
— forall o € X, M, = M,

and which maps morphisms of models as expected. The functors induced this way by
morphisms between theories have good properties:

A.33. THEOREM. Given a morphism (f,g): T — T’ between two essentially algebraic
theories T and T, the functor Mod((f,g)) is a right adjoint which preserves directed
colimits.

PROOF. The fact that it is a right adjoint is given by [29, Theorem 5.4]. Moreover,
one easily verifies that the directed colimits are computed pointwise in both Mod(T)

and Mod(T"), so that they are preserved by Mod((f, g)). n

A.34. REMARK. A more general definition of morphisms between essentially algebraic
theories for which Proposition A.33 holds can be defined. However, it would require the
introduction of formal deduction systems, which would be quite long and technical. This
would be in vain since our definition of morphisms is enough for our purposes.

A.35. EXAMPLE. One can define the essentially algebraic theory T®™® of groups from
the one of monoids given in Example A.30 by adding a symbol i: s — s representing a
total function, and by adding the equations m(i(z1),x1) = e and m(zq,i(x1)) = e in the
context (z1: s). The canonical embedding T™" — T#" induces a functor Grp — Mon
between the categories of groups and monoids which is the expected forgetful functor.
This functor is a right adjoint and preserves directed colimits by Proposition A.33.
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A.36. EXAMPLE. The essentially algebraic theory
Tgph = ({CQ, Cl}, {da c1 — Cp, dar c1 — Co}, @, {da, d(J)r}, J_)

exhibits the category Gph of graphs as an essentially algebraic category. Recalling from
Example A.31 the definition of T the mappings d, — J; and dj + 97 define a mor-
phism of essentially algebraic theories T#" — T which induces a functor Cat — Gph
that is the expected forgetful functor. This functor is a right adjoint and preserves directed
colimits by Proposition A.33.

B. Final and cofinal functors

In this section, we recall the notions of final and cofinal functors, together with elementary
properties. We refer the reader to the standard references (like [25, Section IX.3], [8,
Section 2.11] and [21, Section 2.5]) for details.

B.1. DEFINITION. Given a functor F': I — J between two categories I and J and an
object j € J, we write F'' | j (resp. j | F') for the slice category of F' above j (resp. coslice
category of j above F'), whose objects are the pairs (i € I, f: F(i) — j € J) (resp. the
pairs (1 € I, f: j — F(i) € J)), and whose morphisms (i, f) — (¢, f') are the morphisms
g:i — i € I such that f' o F(g) = f (resp. F(g) o f = f'), and whose identity and
composition operations are derived from the ones on I.

B.2. DEFINITION. Let I be a category. Write ~; for the smallest equivalence relation on
the objects of I satisfying x ~y y when there exvists f: x — y € I for all z,y € I. A
category I is connected when there is exactly one equivalence class of objects of I under
the equivalence ~7j.

B.3. DEFINITION. A functor F': [ — J between two categories I and J is final (resp. co-
final ) when, for each j € J, the slice category F | j (resp. the coslice category j | F) is
connected.

B.4. REMARK. Alternatively, a functor F': I — J is cofinal when the opposite functor
FoP: [P — JOP

is final.

Final and cofinal functors are useful to simplify the computation of limits and colimits
respectively:

B.5. PROPOSITION. Let F': I — J be a final functor between two categories I and J,
d: J — C be a functor into a category C and p: Ay = d be a cone on d of vertex | € C
(where A; is the constant functor J — C' of value l). Then, p is a limit cone on d if and
only if pF is a limit cone on dF'. A dual property holds for cofinal functors.

PROOF. See [25, Section IX.3] or [21, Section 2.5]. =
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The cofinal functors between two directed categories (see Definition A.2) are easily char-
acterised:

B.6. PROPOSITION. Let I and J be two directed categories and F': I — J be a functor. F
is cofinal if and only if, for each j € J, there exists i € I and a morphism j — F (i) € J.

PRrROOF. The implication is clear. Conversely, suppose that for each j € J, there ex-
ists ¢« € I and a morphism j — F(i) € J. Then, given j € J, the category j | F is
not empty. Moreover, given two morphisms fi: j — F(i1) and fo: j — F(ig) in J for
some i1,1%9 € I, since [ is directed, there exist morphisms ¢;: 71 — ¢ and g9: 29 — ¢ in [
for some ¢ € I, that induce morphisms

g1: (i, f1) = (i, F(g) o f1) and g2 (ig, f2) = (i, F(g2) © f2)

in j | F. Since J is directed, we have F(g;) o fi = F(g2) o fo. Thus, j | F' is connected.
Hence, F' is cofinal. n

B.7. EXAMPLE. Both the categories (N, <) and (N x N, < x <) are directed posets. The
diagonal functor
A: (N, <€) = (Nx N, < x <),

mapping n € N to (n,n) € N, is cofinal. Indeed, given (a,b) € N x N, we have
(a,b) < (max(a,b), max(a, b)) = A(max(a,b))
so that Proposition B.6 applies. Now, by Remark B.4, the opposite diagonal functor
A%P: (N, <)P - (N x N, < x <)°P,

is final. In particular, given a complete category C and a functor d: (NxN, < x <)P — C,
the limit of d is the same as the limit of dA°P, as a consequence of Proposition B.5.

C. Finite presentability of the categories of polygraphs

Let n € NU {w} and (T,n, ) be a finitary monad on Glob,,. Following Remark 3.39,
we now show a refinement of Proposition 3.38(i) stating that the different categories of
polygraphs are locally finitely presentable.

In this section, we will use the following notations:

C.1. NOTATION. Given k < n, for | < k, we write P<; for (T%,;---T._1)(P) € Pol,
and, for 1 € N with k <1 <n, we write Py, for I, ,--- I}, ., (P) € Pol,.

As one can expect, the finitely presentable objects among polygraphs will be the finite
polygraphs:
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C.2. DEFINITION. Given k € NU {w} with k < n, a k-polygraph P is finite when the
set U< P s finite.

Note that the full subcategory of Pol, whose objects are the finite k-polygraph is es-
sentially small, i.e., there is a set S C (Poly)o such that every finite k-polygraph P
is isomorphic to an element of S. We prove that Poly is locally finitely presentable by
showing that every k-polygraph is a directed colimit of finite k-polygraphs, and that those
finite k-polygraphs are precisely the finitely presentable objects of Pol,. We start with
the case k € N.

C.3. PROPOSITION. Given k € N with k < n, every k-polygraph is a directed colimit of
finite k-polygraphs.

Proor. We prove this property by induction on k. If k& = 0 the property holds, since
every set is the directed colimit of its finite subsets. So suppose that k£ > 0. Let (P, S) be
a k-polygraph and, by induction hypothesis, let P(-): I — Pol,_; be a directed diagram
on Pol;_; together with colimit cocone

(FZ PZ — P)ie[.
We write J for the small category whose objects are the tuples (i,U, g~,¢g") where i € I, U
is a finite subset of S, and ¢g~, ¢g" are functions of type U — (P?);_, such that
— S

U
gél ldiq

(P4 m Pri1

commutes for € € {—, +}, and whose morphisms (i1, U1, g1, g7 ) — (i2, Us, g5 , g5 ) are the
morphisms h: iy — 15 € [ such that U; C Uy and

Ul%UQ

gfl lgé

(P)ics i (P

SO

commutes for € € {—, +}.
We now prove that J is directed. There is a canonical functor V: I — J which
maps i € I to (i,0, L, L) € J. Thus, J is not empty since [ is directed. Now, given

ty = (i1, U1, 97,97) and  to = (i2,U2,95.97)

in J, we show that there are morphisms h;: t; — t and hy: to — t in J for some t € J.
Since [ is directed, there exist ¢ € I and morphisms h;: i1 — ¢ and hy: io — 7 in I, so we
can suppose that i; = i5 = 7. We then have

(F)*(gi(x)) = di 4 (2) = (F')"(g5(x))
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for all z € U; N U,. Note that, since T is finitary, U | preserves directed colimits. Thus,
by Proposition 3.38(iv), US| o FF_| preserves directed colimits, so that, since U; and U,
are finite, there is i’ € I and a morphism A': i — ¢’ € I such that

(P")*(gi(2)) = (P")*(95())-
Let g=,g%: Uy UUy — (PY);_, be the functions such that

gle) = {gg(:c) it x € Uy

for e € {—,4+} and = € U; UU,. We then have a tuple t = (i, U; UUs, g, g") € J, and I/
induces morphisms of J between t; and ¢, and between ¢, and ¢t. Thus, J is directed.

Now, we consider the functor
Q): J — Pol,,
which maps ¢t = (1,U, g™, g") € J to the k-polygraph Q' = (P, §*) defined by S* = U and
such that di_,,d; ;: S* — (P%)* are the functions g~ and g* respectively. There is then
a cocone ' '
((Fla Lt) : (Pla St) — (Pv S))t:(i,U,g*,g+)6J (23)

where (': S* — S is the inclusion function U < S for t = (i,U,g~,¢") € J.

We now prove that (23) is a colimit cocone. Given = € S, since U | Fi_, preserves
directed colimits, there are i_,i, € I, u_ € (P"-);_, and u, € (P*);_, such that

(F')"(ue) = dj_y(x) for e € {— +}.
Since [ is directed, we can suppose that ¢ =i, =i for some ¢ € I. Moreover, we have
(F) (O-a(u-)) = g 0 di_y(2) = Oy 0 Ay (x) = (F) (9 _o(u+))

for § € {—, +}, so that we can suppose that i is big enough such that 92 _,(u_) = 92_,(uy).
Hence, there is t = (i,{x},¢97,9") € J with ¢g—,¢" defined by ¢°(z) = dj_,(z) for
€ € {—,+}, so that = !(z). Moreover, if z = /1(x) = J'2(x) for some t1,t, € J, then,
since J is directed, there exists ¢ € J and morphisms hy: t; — t and hy: to — t' in J
so that both z € S% and = € S* are mapped to z € S*. Thus, by Proposition A.4 and
Proposition 3.43, we have

(colim Q") = S.

ted

Now, write W: J — I for the functor which maps (i,U, g™, ¢") € J to i. In particular,
for every i € I, we have i = W (i,(), L, L), which is sufficient for W to be a cofinal functor
(see Definition B.3) since both I and J are directed, as a consequence of Proposition B.6.
Then, by Proposition B.5, since

QL) — PO

and since 7,F | preserves colimits, we have (colimie; Q')<j_1 = P. Finally, since 7,7,
and (—), are jointly conservative, we have colim,c; Q" = (P, S). =
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We now characterise the finitely presentable objects among finite-dimensional polygraphs:

C.4. PROPOSITION. Given k € N with k < n and P € Poly, P is finitely presentable if
and only if it is finite.

PROOF. Suppose first that P is finitely presentable. By Proposition C.3, there is a colimit
cocone

(FZ PZ — P)iel

on some directed diagram P(): I — Pol, where P’ is finite for i € I. Since P is
finitely presentable, there is a factorisation of idp: P — P through some P!, so that
we have F'o I = idp for some i € I and F': P — P® Then, for every j < k, we
have (F"); o Fj = idp, in Set. Since (P); finite, we deduce that P; is finite for j < k.

We show converse implication by induction on k. If & = 0, the property holds
since Poly = Set (see Example A.6). So suppose that k£ > 0. Let

(G" Q' = Qier
be a colimit cocone in Pol; on a directed diagram
d: I — Pol,,

and F': P — Q be a morphism in Pol,. By Proposition 3.38(iii), 7;1) «_1 breserves colimits.
Thus, by induction hypothesis, there is j; € I and F': P;_; — nglk_1 € Polj_; such that

J1 L
ng—l oF = ngfl.

By Proposition 3.43 and the fact that Py is finite, there exists j, € [ and a func-
tion f: P, — Q}’ € Set such that

GPo f=F.

Since [ is directed, we can suppose j; = jo = j for some j € I. Moreover, since T
is finitary, U | preserves directed colimits. Thus, by Proposition 3.38(iv), U | o FF |
preserves directed colimits, so that we have a colimit cocone

(( igk;—l)lt—f (Qigk—l)l:—l — (Qer—1)k_1)ier
on (=) UG | FE Q). Note that, for € € {—,+}, the diagram

dz_ll ld;_l

(P<r-1)in 7= Qe )i
k-1



1896 SIMON FOREST

commutes when postcomposed with (ng v_1)k_q since

(ngk—l)lt—l ody_yof =dj_,; OGi of
= dz—l OFk
= (Fek-1)p-1 0y
= (ngk—l)Z—l oFy_yodj_.
Thus, by the properties of directed colimits and since Py is finite, up to choosing a

bigger j € I, we can suppose that the above diagram commutes for € € {—, +}. So, (F, f)
is a morphism of Pol;, of type P — Q/ satisfying

F=G o(F,f)
and this factorisation can be shown essentially unique using the fact that the factorisations
Fepor=GL,_oF and F,=Gjof
are essentially unique. Hence, P is finitely presentable. [

C.5. THEOREM. For every k € N with k < n, Poly is locally finitely presentable.

PROOF. The category Pol; has all colimits by Proposition 3.38(i) and, by Proposi-
tion C.3, every k-polygraph is a directed colimit of finite k-polygraphs (that are finitely
presentable by Proposition C.4), and the subcategory of finite k-polygraphs is essentially
small. Thus, Poly, is finitely presentable. [

Until the end of the section, we suppose that n = w. We now verify that Pol, is locally
finitely presentable by showing properties similar to the ones of finite-dimensional poly-
graphs. In order to relate presentability in Pol, to the one of the Pol’s, we first make
the following observation about the truncation functors 77

C.6. PROPOSITION. For k € N, the functor T, : Pol, — Poly has both a left and a
right adjoint.

ProOOF. Let £ € N. Define I};w: Pol;, — Pol, by the universal property of limit to be
the unique functor such that

Iy, ifk<l,
7;{)11-]5(# — 1P01k lf ]C - l,
To  ifk>1

We have that 7, is a left adjoint for 7. Indeed, given P € Pol, a morphism Py, — Q

is the data of a sequence of morphisms F': (Ptw)<i — Q< for I € N with [ > k such
that (F'™')¢, = F'. But, for | € N with [ > k, we have (Py,)<; = Py and, by the
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universal property of Py, F! is completely determined by FlgC = F*. So there is a natu-
ral correspondence between Pol,(Py., Q) and Pol,(P,Q<). Thus, i, is a left adjoint
for TF,.

Dually, let j,fw: Pol;, — Pol, be the functor such that

Jo itk <,
TEIY, = idpg, ifk=1,
o k>

By a similar proof as above, we have that J}, is a right adjoint for 7.}, L
C.7. PROPOSITION. Fvery w-polygraph is a directed colimit of finite w-polygraphs.

PROOF. Let P be an w-polygraph. Using the proof of Proposition C.3, we can define,
by induction on k € N, small directed categories I* and diagrams P*(=): I*¥ — Pol,
where P%? is finite for i € I*, with colimit cocones

(FR5: PR Pog)icrs.

In the following, given k£ € N, a category C' and x € Cy, we denote the constant func-
tor I¥ — C of value x by A . For k € N, the proof of Proposition C.3 moreover gives
functors

VFEoIE— MY and WL TRPL o 1
such that W*V* = 1, (in particular, W* is cofinal since both I* and I**! are directed,
as a consequence of Proposition B.6) and such that

P o Vh = TF, o PR, (24)
PR oWk = TF, o PMLO), (25)
FAWE = T P (26)

where F*¥ = (F%),_;x is interpreted as a natural transformation P*(-) = A’;q. Let
(VE " = Dien (27)
be a colimit on the diagram

[0 Vo . [1 1 . I2 V2 . 13 V3

7 7 7

> e e
7

We prove that I is directed. First, I is not empty since every I¥ is not empty. Now,
given z1,15 € I, since the colimit (27) is directed, there is k € N, 2/,2, € I* such
that V*(2}) = a; for i € {1,2}. Thus, since I* is directed, there exists ' € I* and
morphisms h}: 2, — o' for i € {1,2}. Hence, we have morphisms V*(h)): z; — V*(2')
fori € {1,2}. Finally, given z,y € Iy and fi, fo: * — y € I, since (27) is a colimit cocone,



1898 SIMON FOREST

there exist k; € N, objects z/,y; and morphisms f: 2} — y of I* such that V*(f]) = f;
for i € {1,2}. Since (27) is directed, we can suppose that k; = ko, 2} = x}, and y; = ).
Thus, since I*! is directed, we have f| = f5, so that f; = f,. Hence, I is directed.

For k € N, we define a functor W*: I — I* using the colimit (27) as the unique functor
such that

Wko‘?lzwko”'owlfl
for | € N with [ > k. In particular, we have W* o V¥ = 1,1, so that W¥ is cofinal by
Proposition B.6, since both I and I* are directed).

In the following, given & € N and [ € {k + 1,w}, we write €®! for the counit of the
adjunction

Ti A Ti

given by Proposition 3.38(iii) and Proposition C.6. Then, given k € N, the cocone F*
induces another cocone o .
(Fk’zi (PkJ)TW — P)iefk

on the diagram I} o P*(7) where
F = (“AR) o (Ti, F*).

By (24), we have

IP

b1 0 PP o V=T o PR

so that, by the colimit (27), there exists a unique functor P(-): I — Pol, such that,
for k € N,
PO oVk =17F oPk().

In particular, since P*? is finite for k € N and i € I*, we have that P? is a finite w-polygraph
for ¢ € I. Given a category C and = € Cy, we write A, for the constant functor I — Pol,
of value z. For k € N, we compute that

FIVE — (AT o (T FHVE)
= (EHLMA]I;) o (I};rl,kaHVk) o (Ilf+1,w€k’k+lzlik+1Pk’(_))
(by (24) and since 9y (F**1) = PFL(5) and A HIZE, | = Lee, .,
= (THUAR) o (T o TN AB) © (Tru T B V)

(by naturality)

)

= ("Ag) o (Zp F*WHVF)

(since e*t1% o (I,fﬂwek’k“ffk“) = ehw)
= ("“Ap) o (Ty ,F")
= F*
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Thus, by the colimit (27), there exists a unique natural transformation F: P(-) = Ap
such that, for k € N, o B
FVk = F*,
We verify that it is a colimit cocone. For k.l € N with £ < [, we have
7;11}_7‘71 = 73?1@}?[

= (T5ab) o (TLILF)

= 7;712Fl (since 7;56["" = ]LEPJ)

= Rkt (by (26))

A
so that, by the colimit (27), we have 7;1?1@]5 = F*WP* for every k € N. By Proposition B.5,
since F* is a colimit cocone and W¥ is cofinal,

T e THPT) = Ap_,

is a colimit cocone. Since Pol, is cocomplete by Proposition 3.49, and 7;Pk preserves
colimits by Proposition C.6 for every k € N, and the functors 7?; are jointly conservative

for I € N, the latters jointly reflects colimits. Thus, F': P(-) = Ap is a colimit cocone.
Hence, P is a directed colimit of finite w-polygraphs. [

C.8. PROPOSITION. Given P € Pol,,, P is finitely presentable if and only if it is finite.

PRrROOF. The proof of the first implication is similar to the one of Proposition C.4. So
suppose that P is finite. Let

(F": Q" = Q)ier
be a directed colimit on a diagram Q~): I — Pol,,. Since P is finite, P = Py, for
some k € N and k-polygraph P. Then, since there is an adjunction Zy , + 77, by
Proposition C.6, we have an isomorphism

POIW(P, Q) = POlk(p, ng)
Since 7;Pk is a left adjoint by Proposition C.6,
(F%k lgk — Q<i)ier

is a directed colimit on 7;Pk o Q7). By Proposition C.4, since P is finite, we have an
isomorphism

POlk(p, Q<k> = COhIHl POlk(ls, Qz<k)
< - <
and, by the properties of the adjunction Z;; , 4 7., we have
C(Z)gm Pol,(P,Q%,) = C(Z)éljm Pol,(P,Q").

Hence, P is finitely presentable. [
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We can conclude that:
C.9. THEOREM. The category Pol,, is locally finitely presentable.

Proor. We already know that Pol, is locally wi-presentable by Proposition 3.49. More-
over, every w-polygraph can be written as a directed colimit of finite w-polygraphs by
Proposition C.7, that are finitely presentable by Proposition C.8. Finally, it is clear that
the full subcategory of finite w-polygraphs is essentially small. Hence, Pol, is locally
finitely presentable. m
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