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THE BRAIDED MONOIDAL STRUCTURE OF TUBE ALGEBRA
REPRESENTATIONS

DAVID JAKLITSCH AND MAKOTO YAMASHITA

ABSTRACT. We consider the tube algebra of a spherical semisimple multitensor cate-
gory X, and construct a braided monoidal structure with twist for its representations.
We further show that this category is braided tensor equivalent with the Drinfeld center
of the ind-category of X', extending the well-known linear equivalence.

1. Introduction

Tube algebras first appeared in the work of Ocneanu [Ocn94] on the structure of subfactors
and associated topological quantum field theory. This construction was analogous to the
quantum double of Hopf algebras, and a precise connection between the Drinfeld center
of the associated tensor category was clarified through the work of Izumi [Izu00] and
Miiger [Miig03b]. To be precise, these works show that, given a unitary fusion category X,
the linear category of modules over Ocneanu’s tube algebra Tube(X) is equivalent to the
underlying linear category of the Drinfeld center category Z(X). This correspondence has
been generalized to the setting without finiteness assumption on the number of irreducible
classes, and expanded to annular algebras when X is a rigid C*-tensor category as studied
in [GJ16, NY18], which gave a linear equivalence between Tube(X)-modules and the
Drinfeld center.

While it is possible to transport the braided monoidal structure of Z(X) to Tube(X)-
modules via this equivalence, in view of the connection to the Levin—Wen type lattice
models [CGHP23, GHK"24], it is desirable to have a direct description of fusion and
braiding on the category of modules over the tube algebra, as conjectured in [FNWWO08].
In this direction, Das, Ghosh, and Gupta [DGG14] showed that, starting from a shaded
planar algebra (equivalent to a unitary rigid 2-category X generated by a single 1-cell),
the unitary representations of the associated annular algebra has a structure of unitary
braided category, and that a certain subcategory of ‘finite modules’ is braided equivalent
to the Drinfeld center Z(X'). A similar claim can be found in [Hoel9], although precise
details seems to be missing there.
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In this paper we relax the unitarity, single generation, and finiteness assumptions, and
establish a corresponding comparison result. That is, we define a braided monoidal struc-
ture on the category of modules over the tube algebra Tube(X,I) of a pivotal 2-category
X and a generating set I of objects (1-cells). Our main result (Theorem 5.3) shows that
this indeed recovers the (ribbon) braided monoidal category Z(X').

Our model of monoidal product and braiding is loosely motivated by the topological
presentation of corresponding structures on the fusion ring in [Ocn94]. We hope that this
gives a more intuitive description of topological operations on the Levin—Wen type lattice
models than the conventional ones, as in [DGG14], based on string diagrams.

The outline of paper is as follows. In Section 2, we review some basic materials on rigid 2-
categories. In Section 3, we set up a graphical calculus scheme adapted from the standard
topological presentation of 2-categories and planar algebra theory. In Section 4, we define
the monoidal structure and braiding on the category of modules over the tube algebra,
using our scheme from Section 3. Finally in Section 5, we carry out the comparison with
the Drinfeld center.

Acknowledgments We would like to thank Corey Jones for fruitful discussions and
encouragements during the work on this project, and David Penneys and David Green
for comments on an early draft of this paper.

2. Preliminaries

2.1. SPHERICAL MULTITENSOR CATEGORIES. Let us begin with a quick review of the
basic concepts on multitensor categories, mostly following the convention of [EGNO15].

Let k be an algebraically closed field. A multitensor category over k is a locally finite
k-linear abelian category X together with a rigid monoidal structure, such that the tensor
product ® is bilinear on morphisms. Without loss of generality we may and do assume
X to be strict, in view of Mac Lane’s coherence theorem.

We have the canonical irreducible decomposition of the monoidal unit,
1 ::6192u
ier

for the finite set I' parametrizing the primitive idempotents of the semisimple commutative
algebra Endy(1). This induces the corresponding decomposition of the category

JYZZ 6}9‘%b3
1,j€l

where the subcategory &j; C X consists of the objects x satisfying 2 = 1, ® x ® 1;. We
call Xj; the homogeneous components of X and an object in &j; a homogeneous object.
We use the notation &; = Aj); for the diagonal tensor categories. We freely identify
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X with the associated 2-category, whose 0-cells are elements of I', 1-cells are objects of
A&, and 2-cells are morphisms of Xj;;. The horizontal composition is given by the tensor
product [EGNO15, Remark 4.3.7]. Moreover, we impose a blanket assumption that X" is
indecomposable, i.e. &;; # 0 for all 4,5 € I, since the general can be easily reduced to
the indecomposable one under semisimplicity.

A pivotal structure on X is given by a monoidal natural isomorphism from the identity
functor of X to the double dual functor, i.e., a natural family of isomorphisms

Dot T — T
compatible with the natural isomorphism (z ® y)** = z** @ y**. By [NS07, Theorem 2.2],

we may assume that p is strict, meaning that (z ® y)* = y* ® «* and p, = id,. We also
identify left and right duals, i.e., for every x € X we may assume

and write Z for this object. We can thus denote the corresponding evaluation and coeval-
uation morphisms by
evy: TRx — 1, coev,: 1 > rQ®T,

eV rx T — 1, coev,: 1 =>TQx.

These allow us to define left and right traces of an endomorphism f € Homy(x,x) as
trl (f) == eV, 0 (f ®id) ocoev,, and tr\(f) :=ev,o (id® f)ocoev,.

In a pivotal multitensor category, * € X); holds for a homogeneous object x € &j;. In
that case, we have that tr%(f) € Homx(1;,1;) and trl(f) € Homx(1;,1;). We identify
these traces as scalars in the base field via the unique unital isomorphism of k-algebras

Another consequence of the pivotal structure is the equality
(evyo(id®ev,®id)) ®id) o (id® f ®id) o (id ® ((id ® coev, ® id) oToevy)) = [ (2.2)
for f € Homy(z,y).

2.2. DEFINITION. [cf. [Miig03a, BDH14]] A pivotal multitensor category X is called spher-
ical when left and right traces coincide under (2.1) for every endomorphism of f €
Hompy, (v, z), for all i,j € T and all x € Xj;. In that case, we denote this scalar by

trp(f).

The dimension of an object € Aj; is the scalar d, = tr,(id,). Sphericality ensures that
the dimension of dual objects obey dz = d,.

The sphericality condition in Definition 2.2 is equivalent to the following [Miig03a, Propo-
sition 5.8]: for any fixed iy € T, the rigid tensor category X;, is spherical, and for each
J € I and any fixed irreducible object x € & ;, the Frobenius algebra Q =z ®7% € X}, is
normalized in the sense of [Miig03a, Definition 3.13].
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2.3. REMARK. In the finite setting, given a spherical fusion category X there is a pivotal
2-category Mod*"(X) of spherical module categories over X as defined in [FGJS25b,
Section 3.6] and [FGJS25a, Definition 5.22]. By considering a choice of simple objects in
this semisimple 2-category as indexing set I', we obtain a spherical multifusion category as
in Definition 2.2. Reciprocally, given a spherical multifusion category X', we have that &;
is a spherical fusion category for any i € I'. Moreover, the (idempotent completed [DR18])
2-category associated to X' can be realized as the 2-category Mod™" (X;).

Throughout the paper we will tacitly assume that X is semisimple and spherical. In
particular, any object of X is a direct sum of simple objects, but we allow for X’ to have
infinitely many isomorphism classes of simple objects.

We fix for each i, j € I" a set Iso Xj; (resp. Irr Aj;) of representatives of isomorphism classes
of objects (resp. simple objects) in Xj;.

We will use the following notation
21 QTp =Ty Ty

in order to shorten lengthy expressions involving the tensor product of several objects in
X. In order to simplify the presentation, we assume these objects to be from homogeneous
components &;;. In this case, the above product is nontrivial if and only if each object

71, belongs to &4, ., and is nonzero, for some choice of O-cells i1, ..., 1,41 € T

2.4. IND-COMPLETION. The ind-completion of a category X is the category Ind X whose
objects are colimits of filtered diagrams in X. Concretely, one can represent its objects
by functors F': I — X where [ is a filtered category, and with morphism spaces between
two such functors given by

Hompyg x(F, G) = lim;colim; Homx (F (i), G(j))-

When X is a semisimple k-linear category, every object in Ind X is a formal direct product

of objects in X, that is,
P v.ea (2.3)

a€lrr X

for a collection of vector spaces V, labeled by the irreducible classes, and the morphism
space between two such objects is given by

Homlndx( EB V., ® a, EB Wa®a) = H Hom(V,, W,).

a€lrr X a€lrr X a€lrr X

Indeed, (2.3) can be considered as the colimit of diagram F': I — X where [ is the

category whose objects are V' = €, 1., » Vi, a direct sum of subspaces V, C V, for

a € Irr X such that dim V' < oo, ordered by inclusion. Conversely, suppose we are given
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a filtered diagram F': I — X. Then, for each fixed a € Irr X, the finite-dimensional vector
spaces Hom(a, F'(i)) form a directed system. Writing V, for its colimit, we see that (2.3)
is a presentation of the overall colimit of F'.

Furthermore, when X is a multitensor category, the Ind X inherits from X a monoidal
structure with the same set of 0O-cells. However, Ind X is not rigid since we are allowing
infinite direct sums of 1, among others, as its objects.

2.5. DRINFELD CENTER. Next, let us recall the Drinfeld center Z(Ind X') of the multi-
tensor category Ind X for a semisimple multitensor category, cf. [MS15, NY18]. Its objects
are pairs (Z,0%), where Z € Ind X and ¢ is a natural isomorphism

0% X®Z 70X

obeying the corresponding hexagon axiom. The centrality condition against X = 1
shows that Z must be of the form @, . Z; for Z; € Ind &;. Moreover, o? is completely
determined by its action on objects of Xj; for 4,7 € I', so that our data can be represented
by natural isomorphisms

UfZCL@ZJ’%ZZ‘(@a (z,jEF,anU)

Morphisms in Z(Ind X') are morphisms in Ind X between the underlying objects that
commute with the respective half-braidings.

Of course, we can restrict to the case Z; € X;, which gives the category Z(X). If we
further assume that X is a tensor category, we recover the usual definition of the Drinfeld
center category.

The monoidal product of X induces a monoidal structure on Z(Ind X') where the un-
derlying object of Z ® Z' is given by (Z; ® Z!)ier, endowed with the composition of
the respective half-braidings. Moreover, Z(Ind X') is a braided category, whose braiding
(X, 0%)® (Y,0Y) = (Y,0Y) ® (X, 0%) is given by

oxy =05 XQY - Y ®X,

i.e., the action of the half-braiding on Y.

Under the rigidity and indecomposability assumption on X', for each i € I', the restriction
functor Z(Ind X) — Z(Ind X;) given by Z +— Z; are braided monoidal equivalences,
see [Sch01, Miig03a]. In particular, the monoidal unit of Z(Ind X’) will be simple in this
setting, even if its underlying object in X" is not.

2.6. ALGEBRAS WITH LOCAL UNITS. To work with tube algebras in the infinite setting,
we will need to forgo assuming the existence of a unit.
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2.7. DEFINITION. [Abr83, AMS87]| An associative k-algebra with local units consists of a
k-vector space A together with a product, i.e., a linear map -: A ® A — A obeying the
following properties.

o Associativity: for every f,g,h € A
f-(g-h)=(f-g)-h

e Local units: for every finite dimensional vector subspace V- C A there exists an
idempotent e € A such that V C eAe.

Similar to the case of unital algebras, there is an associated notion of representation for
algebras with local units.

2.8. DEFINITION. Let A be an associative k-algebra with local units.

(i) A locally presented (right) representation of A is a k-vector space M together with a
module action, i.e., a linear map M @ A — M,m & f — m.f fulfilling the following
properties.

e Module associativity: m.(f - g) = (m.f).g form € M and f,g € A.

e Locality: for every finite dimensional vector subspace W C M there exists an
idempotent e € A such that W.e = W.

(ii) A morphism of locally presented representations is simply a module homomorphism,
i.e., a linear map F: M — N obeying F(m.f) = F(m).f form € M and f € A.

(iii) We denote by Rep A the k-linear category of locally presented representations over
A.

3. Graphical calculus and spaces of tubes

3.1. CYCLICALLY INVARIANT VECTOR SPACES OF MORPHISMS. Let X be a pivotal mul-
titensor category. In the spirit of [KB10], we define in this section a cyclically invari-
ant vector space of morphisms. Let zi,...,z, be objects of X. Then the vector space
Homy (1, - - - x,) only depends on the cyclic order of (x1, ..., z,) up to canonical isomor-
phism. We will mostly consider the case where z1, ..., z, are homogeneous and cyclically

composable, in the sense that zy € X4, with 4,1 = 45.

To make this more precise, consider an indexing category n whose objects are {1,2,...,n}
and with a unique isomorphism between every pair of objects. We define a n-shaped
diagram of finite dimensional vector spaces

X: n — Vegy, i— Homy (1,2 2pxy -+ T4 1)
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assigning to the unique isomorphism between ¢ and ¢ + 1 the isomorphism

Xi,i—H . HOH]X(]_, i Tply--- xz‘—l) — HOIH)(<1, Lig1 " Tpdy - J]Z‘_ll'i)

3.1
fr(evy, ®id) o (id ® f ® id) o Coev,, (38:1)

Equalities of the form (2.2) ensure that the composition X,, ; o---0Xj 2 equals the identity
map of the vector space Homy(1,x;---x,). The identification of the double-dual of a
tensor product as the product of the double-duals implies the functoriality of X.

3.2. DEFINITION. Let X be a pivotal multitensor category and x4, ..., x, cyclically com-
posable objects in X. Define the vector space of morphisms bounded by x4, ..., z, as the
limat

Hlzy---z,] =1imX (3.2)

in the category Vecy of finite-dimensional vector spaces.

3.3. REMARK. By construction the vector space (3.2) is invariant under cyclic permuta-
tions of (x1,...,x,), thus we canonically identify

H[Il .. 'In] = H[J;2 .. '$nI1] = ... = H[gjnxl .. '$n—1]-

As remarked before, we will be mostly interested in the case when each z; is homogeneous,
that is, 3, € X, for iy,... 4, € ', with the convention 4,,; = ;. We thus identify
Hom;(il(lil,xl -+ 2,) with HomXiz(liQ,xQ -+~ T,x1), etc., by the maps of the form (3.1),
and call this H[zy ---z,]. These cyclically invariant spaces can also be realized as the
value of the product z; ---x, under the Vec-valued categorified trace associated to any
pivotal category [THP16].

Rigidity allows us to define a composition relative to an object b € X via the following
map B
op: Homy (1,20) @ Homy (1, by) — Homy (1, zy),

(f,9) = (id, ® ev, ®id,) o (f ® g). (3.3)

The composition map (3.3) relative to an object b € X, via the isomorphisms (3.1),
descends to a map between cyclically invariant vector spaces
op: H{zb] @ H[by] — H[z y] (3.4)

In the case that X is semisimple, these induce an isomorphism

Z o4 @ H[wﬂ@H[ty]iH[xy]

telrr X telrr X
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3.4. REMARK. For each object x € X consider the universal limit cone defining H[zz]:

H[zz] —— Homy(1,Zx)

H |

H[zZT] —— Homy(1, 27)

the image of coev, under the vertical isomorphism is the coevaluation morphism coev,.
We denote their common inverse image in H[Zz] = H[2Z] by e,, and refer to it as the unit
morphism of x. This morphism serves as identity of relative composition (3.4) as shown
in Lemma 3.5.

The unit morphism of z € &j; can also be used to define partial traces: given f € H[yaT]
ptr,(f) == f ouz e, € H[y]

Full traces, or simply traces are similarly defined for endomorphisms f € HlxZ] with
x € Xi]’ by

[\

(2.1)
trp(f) = f oz e, € H1;] = k.

[a¥)

(A word of caution: for arbitrary € X we have natural isomorphisms H[zZ] = H[zZ],
but tr,(f) and trz(f) are different elements of k'. When = € Xj;, these elements have
only one nonzero components, respectively at ¢-th and j-th components, which are the
same scalars.)

3.5. LEMMA. Let X be a piotal multitensor category.
(i) The unit morphism of an object x € Iso X;; obeys
e, = €z, €zy = €, 01, €y, and fore,=f €HlyaT],
for any f € HlyxT|, which justifies its name.
(i) Given f € H[zy] and g € Hyz], it holds that
foyg=gozf
as elements of H[xz].
(#9) For f € Hwzy| and g € Hlyzz|, it holds that
[ oay g = ptr,(f oy g) = ptr,(f oz g)
as elements of H[xz].
() For f € Hlzyiys], g € H[g,w] and h € H[y,z], it holds that
(g 04, f) o5, h =g oy, (fog, h)

as elements of H[zwz].
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PROOF. Statement (i) follows from coevz = coev,. Next, for (ii), take f € Homy (1, 27)
and g € Homy(1,y%). We then have the equality

fo,g=(1d®ev,®id)o(f®Rg)=(ild®ev,®id) o (¢ ® f)

in H{zz]. Item (iii) follows from the standard snake relations for the structure morphisms
of duality. Finally, (iv) follows from associativity of the composition in X and uses the
fact that the double dual of a tensor product is the product of the double duals. [

3.6. DIAGRAMMATIC CALCULUS. We set up the conventions for a graphical calculus using
the 2-dimensional graphical representation of 2-categories (which in a sense is the dual
graph to the usual string diagram for tensor categories).

First, a O-cell + € I' is depicted by a vertex. Properly speaking, vertices should be
decorated by the labels ¢ € ', but we suppress this from our diagrams.

Next, a 1-cell, that is, a homogeneous object x € Iso &}; will be depicted by an oriented
line segment. Changing the orientation of the edge results in changing the label by the
dual object.

*
|

X

The i-th component of the monoidal unit is depicted by a dotted edge:

and as mentioned we will suppress the vertex decoration in our diagrams. Often we will
also omit the subscript ¢ on 1; since this is determined by the labels adjacent to the
vertices. Finally, a 2-cell, which we take to be an element of H[x; - - - x,,], will be depicted
by an oriented disk (we will always use by convention a counterclockwise orientation)
whose boundary comes with an oriented graph whose edges are labeled by composable

homogeneous objects x1, ..., z,. For instance, an element f € H[x xoxsz425] is depicted
by
Ts Ty
g x3
T2

Different graphs correspond to the same element of H[x; - - - 2;,] in the following situations:

(i) Edge fusion (vertex removal): two consecutive edges meeting at a vertex can be seen
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as an edge with label being the tensor product of the starting edges.

AD

iy f 4o = b ¢ Hiabed)

= 4

¢ T Y A V= Habc]

where a € &j;, b € X, and ¢ € &};.

(iii) Gluing: the composition map (3.4) is depicted by the gluing of the corresponding
disks along the common boundary label. We have that

T T €1
Toy g Yb o b Y2 = Tovy g by f Yo = T2y g oy f Y2
T3 Y1 T3 n T3 n

as an element in the vector space H{z x2x3y190).

3.7. SPHERICAL PAIRING. Throughout this section we assume that X is a spherical
semisimple multitensor category. The pivotal structure of X induces an important struc-
ture on the Hom-spaces of &', namely a non-degenerate pairing: for any z,y € Iso &;

(—, —)zy: Homy(Z,7) ® Homy(z,y) - Homy(1;,1;) =k,

(f>g)Hevyo(f®g>0mx:Wyo(f]@f)OCoer. (35>

We extend this to arbitrary x, y € Iso X by bilinearity, noting that Homy (z, y) is the direct
sum of spaces Homy, (745, yi;) with x = @z i Tij for z;; € X;;, and a similar decomposition
for y. In particular, we have for the vector space Homy (1, z) that the pairing (—, —)1, =
o, is the composition relative to x.

A direct computation involving the sphericality of the pivotal structure of X proves that
the pairing (3.5) commutes with the isomorphisms X; ;1 from equation (3.1). Conse-
quently, when z1,...,x, is a cyclically composable sequence of 1-cells, (3.5) descends to
a pairing on H spaces

(—, =) =try, (—opyz, . —): H[Tp - T @ Hlzy - - 2,] = k (3.6)

where we interpret the value of tr,, as a scalar by the isomorphism Endy(1;) — k as
in (2.1). The non-degeneracy of the pairing means that H[zq - - - x,]* = H[Z,, - - - T1].
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3.8. DEFINITION. Let o = {a'} and @ = {@;} be bases of Hlax] and H[Ta] respec-
tively. The bases (o, @) are called a pair of dual bases of H[ax] with respect to (3.6) when
<ai, (l/j> = 5@' holds.

Given a pair of dual bases (o, @) of H[az], the linear map defined by

k — H[za] ® Hla z]
1Y @@ (3.7)

is independent of the choice of dual bases. The element Y, @; ® o' will be depicted by

where the sum over the basis elements is implicit and indicated by Einstein’s summation
convention.

3.9. LEMMA. [Kirll, Lemma 3.6] Given f € H[ab], we have that

QPO -

where (o, @) is a pair of dual bases of Hlax] and (B, ) dual bases ofH bx

Composition relative to an object is compatible with the pairing only up to a dimension

factor. For a simple object x € Irr AXj;, define

f.xg::\/afoxg'

For composable simple objects x4, ..., z,
foryw, 9= /dey da, [ Ona, g

3.10. LEMMA. [KB10, Lemma 1.1] Let y € Trr X be a simple object, and a,b € IsoX
homogeneous objects.

(i) For f € Hlay] and g € H[ya], then

dy foag={(f g)ey
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(ii) Dominance relation: unit morphisms can be decomposed in terms of sums of dual
bases over simple objects.

(3.9)

(ili) For f € Hlay], g € H[yb], h € H[by], and k € H[ya)

<f.yg7h.yk>:<f7k>'<g7h> .

PROOF. Since y is simple, H[yy] is one dimensional and thus f o, ¢ = Ae, for a scalar
A € k. It follows that (f,g) = try(f o, g) = Ad, which implies (i). To prove (ii) first
assume that b = 1 and a = y is simple. Notice that, from Schur’s lemma, H[tg] is one-
dimensional only if ¢ =& y and zero otherwise. It follows that the sum on the right-hand
side of (3.9) reduces to

E di @i 00 0 = dy @y 0 oy = (0, ) € = e
telrr X

where the second to last equality follows from (i) and the last one holds since @, and
o, are dual bases. Due to semisimplicity of X', extending the argument to direct sums
ensures that the whole statement holds. Lastly, notice that

M (9h
(fo,9,he k) =dy,tr,(fo,go,ho,k)=d, <d >tra(foy ey oy k) = (f,k)-(g,h)
y
which proves (iii). n

3.11. LEMMA. Let a,b,c be homogeneous objects in Iso X .

(i) For eacht € Irr X consider a pair of dual bases (wt,_@t) of Hlatc], and (B, B,) a pair
of bases of H[bt]. Then {53; & ¥ }icirex and {B,; o ¥, et x is a pair of dual bases
of Hlabc].

(i) Given a pair of dual bases (i, @,) of H[btc|, of each t € Irr X, and (o, ) ofH[aﬂ.
Then {} &; ¢} }rcr v and {@1i 0 Py jtemex s a pair of dual bases of H[abc|.
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Thus, graphically we have in the vector space Hlabc] ® H|abc| that

@)

telrr X b

a a a
for an arbitrary pair of dual bases (,7%) of H[abc].

PROOF. From Lemma 3.10 (iii) follows that
<Bt,i o Et,j’ 55 o wé> = <Btmﬁ§> ) <Et,ja wi) = 0t,50;,k0;,

where the &, appears after taking into account that 3, ; o, ¥ belongs to H[¢s] = 6 k.
The additional delta factors come since we are pairing pairs of dual bases. This proves
(). Statement (ii) follows analogously. "

In the case that a graph has two edges with labels dual to each other, we can resolve them
over simple objects, via the composition:

*,: HlaxbT(] &0, @ Hlazbzc] ® H|xt] @ H[zt] ALALEN @ Hlatbic]

telrr X telrr X

This operation can be graphically represented as follows. For f € H[axbZc]|, the homoge-
neous component of x,(f) associated to t € Irr X is given by

pele
ot -~/

t t

where (oy, @) is a pair of dual bases of H|[xzt].
3.12. LEMMA. The maps %, satisfy the following consistency conditions.

(i) Given f € H[yzyz] and g € H[Zw], it holds in @,y,, » H|ztwl] that

*y(fo:9) =#y(f)o.g,  and  xy(fe.9)=(f)e.g. (3.10)
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(i) Given f € HlaxyzbzZyT|, it holds that

Z *xt(*yz(f)t) = *zyz(f) - Z *tz(*a:y(f)t) (3'11)

(#ii) Given f € H[zyzwZ 7], it holds that
wx (ky (f) = Hy (2 f))
()= Y maleO(H)) = D xalry(a(Fi)s) -

s,telrr X s,telrr X

() For f € HlazbT] and x € Irr X, we have that x,(f) = f.
(v) Given f € HzyT|, with z € Irr X, and families of pairs of dual bases «, B, v and n

it holds
a
* 2 a b
Yy ,0; YT YA 7 AY d.d — <
Z dt*a}y ti ' R té f 5 = Sywk,ﬂ P 7)} Y2 ® xy 7k“z77i iz
telrr X by é] YY i \ 947« AT z l; .
b a a

PROOF. The first statement follows from Lemma 3.5, indeed

*y(f Oz g) = Z Qi Oy (f Oz g) Ogat = Z Qi Oy (f ogat) oz.g:*y(f) 62 49.

telrr X telrr X

The second equality in (i) follows by considering the additional factor of v/dz. To prove
the second assertion, first notice that by (i) resolving a label over simple objects and
gluing along a different label are procedures that commute. Now, by Lemma 3.11, the
two possible configurations of gluing pairs of dual bases agree. More explicitly, we have
graphically for each simple object s € Irr X that

- a _a . a
¢ [ 8 "xzpk { I8 9, |z [ % \
k . J
f; 74,
E S f ®, f e, . S=SY_ %y f e, LY S= E s e, f ®, s
r . Yk _
telr X Q; ot v telrr X P gOk
[ 39 ([ [ 39 ([ (3 9.
b b b

which translates into equation (3.11). The first part of (iii) simply states that resolving
different labels into simple objects are independent procedures and therefore commute.
The second part of (iii) follows from a similar argument to the one that proves (ii). Item
(iv) is immediate from the definition, considering « is a simple object. The fifth assertion
follows by applying Lemmas 3.11, 3.9 and 3.10 (i). ]
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3.13. SPACES OF TUBES AND THE TUBE ALGEBRA. The rotational invariance of the
graphical calculus allows for representing certain graphs as annuli or tubes: two non-
consecutive edges of a graph with the same label up to orientation reversal are merged.
This leads to a loop labeled by the product of the labels of the edges in between the

merged edges.

AN
A

8
A

8

[l

3.14. DEFINITION. Let X be a spherical semisimple multitensor category, and let I =

Hiel“ I, and J = Hi,jeF Jij be collections of isomorphism classes Irr X; C I; C Iso &; and
Jij C Iso .)C'Z]

(i) Given a pair of objects a,b € 1, define the space of tubes from b to a as the vector

space
Tab = @ H[Bfax}

zelJ

We refer to a vector f € H[Bfax} as a tube element and simply write T,y for the
choice J;; = Irr ;.

(ii) Given a,b,c € 1, the welding of tube elements is defined by the map
w: T, @ Ty, — To. (3.12)

gwen for f € H[Eiax] and g € H[egby] by

ACL
® f ®
fovg) Z tYn; < n'yt .
telr X ) Y ?y
* C

We note that Hwﬁm} is nontrivial only if € J;; holds for 7,5 € I' a € I;;, b € 1;;, so we
ought to take the direct sum over this small choice of indexes, but suppress it to avoid
cumbersome notation. In the following we will write Irr X C I to mean Irr X; C I; for
1 € I', and similarly for J.
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3.15. PROPOSITION. Welding of tube elements is associative, i.e., the diagram

Tg;b ® Tg;c ® Tg, ld®w TJ ;b ® T
W®idl lw
Tg;c ® Tg;d T> Tg;d

commutes for all a,b,c,d € Iso X .

PROOF. ASSOClat1V1ty follows from Lemma 3.12. Indeed, given f € (T1,)., 9 € (Th..)y
and h € (T,,). we have on one hand that

w(f@w(goh)) = w(f@x.(godh) = > sl forrys(goc)e) =) S xar(y(fosgoch)y)

telrr X telrr X
(3.13)
On the other hand, it holds that
(3.10)
W(W(f®9)®h) = Wik (for0)@h) = Y s (kay(Forg)och) =" > 1 (kay(forgoch)s)
telrr X telrr X
(3.14)
The last steps in (3.13) and (3.14) are graphically depicted as
a a
e f [ *. f [
Uy P B—t L
S [ ] g ® S (3_11) S jil g [ ] ¢ S
Z ¢ 1Y c |V W - Z Y c |2
s,telrr X Q; < i s,telrr X — < k
. 5 0? Pk ). §h > ¥
d d
which both equal to *.,.(f o g oc h), leading to the desired result. n

3.16. REMARK. We will fix the label set to be J;; = Irr &};. This is intrinsically related
to the following construction, see also Section 5. Given a € X; and j € I, we set

in the ind-category of Aj;. Since X is semisimple, this can be interpreted as a coend
construction. Therefore, the vector spaces of tubes can be described as T,y = H[b Z;(a)]

for b € X;, as long as the above assumption on J stands.

When X is a spherical fusion category, the above specializes to the tube algebra Tube(X),
which is a symmetric Frobenius algebra whose representations realize the Drinfeld center
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of X. The corresponding claim for multifusion setting is straightforward, but if we allow
for X' to have infinitely many isomorphism classes of simple objects, Tube(X) is no longer
a symmetric Frobenius algebra, since it is not unital.

Let X be a spherical semisimple multitensor category, and let Irr X C I C Iso X’ be in the
diagonal part as in Definition 3.14. The vector space

Tube(X,1) =P Tar =P P H[bTax]

a,bel a,bel x€lrr X

is endowed with the structure of an associative k-algebra with local units. The product
is given by welding of tube elements, i.e., for f € H[l_)fax] and g € H[cyby]

frg9=w(f®g)=y(f o 9)
which is associative by Proposition 3.15. Now, given a finite set F' C I, multiplication by

the idempotent
er = Z eq € @ Hlaa].

ael acF
from both sides projects Tube(X,I) to @, ycr Tasp-

3.17. DEFINITION. Let X be a spherical semisimple multitensor category and Irr X C 1 C
Iso X' be in the diagonal part as in Definition 3.14. The associative k-algebra with local
units Tube(X, 1) is called the tube algebra of X.

In particular, a homogeneous element of the tube algebra f € H[l_ﬁax} can be depicted

as

Y

8
A S AR

which justifies the terminology.

The tube algebra comes with a symmetric linear form given by the trace coming from the
spherical structure of X, defined by

tra(f) if f € H[E 11‘(111'],

¢: Tube(X,I) =k, 6(f):{o if f e H[bzax], x #1; or a #b,

where a € &; and we interpret tr, as a scalar by (2.1). In the case that X’ is fusion and I
is finite, Tube(X,I) is a Frobenius algebra

Tube(X, 1)~ @ €P Hlazbz|" =P P HlzbTal = Tube(X,T).

a,bel zelrr X a,bel xelrr X
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4. Tube algebra representations

The goal of this section is to explicitly define a braided monoidal structure on the cate-
gory Rep Tube(X, 1) of tube algebra representations of a spherical semisimple multitensor
category X. In Section 5 this structure is related to the braided monoidal structure on
the Drinfeld center of the ind-completion of X

4.1. TENSOR PRODUCT OF REPRESENTATIONS. Let X be a spherical semisimple multi-
tensor category and suppose we are given Irr X C I C IsoX in the diagonal part as in
Definition 3.14. Every tube algebra representation M € Rep Tube(X,I) admits a canoni-
cal decomposition

M = @ M,, where M, := M.e,
a€l
determined by the action of the local units e,.

In order to define the tensor product of two tube algebra representations, we will consider
the following auxiliary space

Mope = Tare = D HleTaba] (4.1)

zelrr X

where a and b represent the degree of the vectors of the representations and ¢ the label
where the tube algebra acts.

4.2. PROPOSITION. The tube algebra Tube(X,1) acts from the right on I,y via

T.f =w(r® f) =*gy(mo. f) (4.2)
for f € H[dYcy| and * € HeTaba].

PRrOOF. The module associativity follows from Proposition 3.15. Locality is ensured by
taking the sum of the idempotents e, for each basis element m € H[cZabz] in a finite-
dimensional W C II, .. m

Now, given tube algebra representations M, N € Rep Tube(&X,1) and ¢ € I define the
vector space

(MEBN) =P M, @ N, @ g e

a,bel

A homogeneous vector m @ n @ m € M, ® N, ® I, is graphically depicted as

A
AR

men ry YT

oA 3
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The tube algebra action on Il ;. defines an action on M 8 N. However, we need to

account for the actions on the representations M and N. To this end, we define an
equivalence relation on M O N:

(i) Given a tube algebra element f € H[aua'u| acting on m € M, and vectors n € N,
and 7 € II, ;.. we consider the following relation

Q\

AT
A

m.fRANR 1

<

°
IS

ST QSR SR
IS

ISY W §
°
e

yr o Z d5m®nd—]®y @k

y,belrr X ®

[oF W=

=Y W=

where (3, B) is a pair of dual bases of H [Eﬂiyu]

(ii) Similarly, accounting for the tube algebra action on N, for g € H[E@b’ v}, and m €
M,, n € Ny and 7 € 11, ;.. we set the relation

AT
AR
=
AR

' v

mRn.gL ry

3

(4.4)

]
A Q A

4

Qs

Y~ Z dam.j—2®n®*w

y,a€lrr X Ty

ISy §

3

I T

[V Y

[V §

for (o, @) a pair of dual bases of H[a vav].

4.3. DEFINITION. Given tube algebra representations M, N € Rep Tube(X, 1), their ten-
sor product is defined as the quotient

mMon=MEN (4.5)
where the equivalence relation ~ is defined by (4.3) and (4.4).

4.4. REMARK. In the setting of tensor categories, the summand of z = 1 in (4.1) is often
used to describe the monoidal product, which can be interpreted as a variation of the Day
convolution product, see for example [KJST24, Section 3]. While it is possible to reduce
the computation to the case x = 1; for some i (see Proposition 4.8 (iii)), we chose to
work with this more flexible presentation because there is no preferred choice of the 0-cell
1 € I', and the braiding will inevitably introduce nontrivial labels z.
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4.5. REMARK. The previously defined relations can be also graphically expressed in terms
of tube-like notation: the relation starting from an action on M as

O 25 D v

belrr X

S OL D S

a€lrr X

o OvgOapT

4.6. PROPOSITION. Let M, N € Rep Tube(X,1) be tube algebra representations. The tube
algebra action (4.2) on I, .. descends to an action on the tensor product M O N.

ProOOF. We need to verify that the action is compatible with the relations defining the
quotient M O N. For the first relation (4.3), notice that (m.g ® n ® m).f is given by

b
b a N )
< < uy BJ Yu g yYu
ryY m YU (4.3) < <
m.g®n®*ﬁy C: ~ E m®n.ﬁj®*uzo(*$y)z Ty b T a YT
yy f 1Y t,b,z€lrr X é
< Yy Yy
d f
d

Applying Lemma 3.12 (ii) we obtain the expression

Z m®n~3j®*zyo<*uac)z [(ﬂj Ou g) Ogb T O¢ f] - Z m@”gj@*ux [(ﬁj Oy 9) Oab W} f

t,E,zGIer belrr X

proving the desired result. A similar argument shows the compatibility of the tube algebra
action with the relation (4.4). "
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4.7. PROPOSITION. The tensor product from Definition 4.3 extends to a functor
O : Rep Tube(X,I) x Rep Tube(X,I) — Rep Tube(X,I)

given for homomorphisms F: M — M’ and G: N — N’ between tube algebra representa-
tions by the assignment

FOG: MON — MON',
menen +— F(m)@Gnh)®r

that, in particular, is a well-defined homomorphism of tube algebra representations.

PROOF. A routine check shows that F'OG preserves the relations (4.3) and (4.4). Since
the action (4.2) is solely defined on it is clear that F'OG is an intertwiner.

[
4.8. PROPOSITION. Let M, N be tube algebra representations.
(i) The following relation, obtained by decomposing the label a in simple objects,
t
b a m
< < b 07
mn ry T Y ~ Z dt m.oa; @n < C:L (46)
< telrr X Ty 7T Yr
c <
c
holds for any m @ n®@m € M, @ Ny @ Il psc.
(i) Similarly, the relation
S
b a .
mxnNK gy T Y ~ Z dsm®nﬁj® 5 - (47)
< selrr X Yy m Yo
¢ <
c

holds for every m @ n @ m € My @ Ny @ 1, e

(iii) Ewvery vector in (M ON), can be expressed in terms of vectors in My @ Ny @ (I1; 5..)1
where t,s € Irr X are simple objects. Explicitly, the following relation

S t
b a : . l:
< < V] T A M
d, mAN® ry T yr ~ Z dtdsm.ui®n.yj®5x e (4.8)
< t,s€lrr X : T :
c :

holds for anym @n@m € M, @ Np @ I1, e
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PROOF. Relation (i) follows from applying (4.4) to g = e,. Similarly, (ii) corresponds to

relation (4.3) for f = e,. To show (iii), notice that by (4.4) the right hand side of (4.8)
is related to

|“0‘
Q

X

<
8

Q
B

S dddam. (m - ?) one x| |

t,s,aclrr X

~
]

8
S
OA
4
)

which in turn, by using Lemma 3.12 (iv) and Lemma 3.10 (ii), gives the expression

a
: ey a¥
. o ley t yx
40 Y ddam (@) @ne o (4.9)
t,aclr X 1 SR A
: b :
c

Now, since the product of tube algebra elements is [i; - @y = *z,(f; o; @), we obtain by
Lemma 3.12 (v) that

Z dy *z2 (ﬁz Ot ak) ® a” Ot /Li Oxx €z = did;1<exa ex> n; ® 77i O1 €y
telrr X

where (77,7) is a pair of dual bases of H[@a]. Replacing this identity in (4.9) we get the
expression

AT
QAS}QI

d: Y dami,®@ne

aclrr X ry

3
s

[V Y

which is related to the left hand side of (4.8) by (4.6). n

4.9. ASSOCIATORS AND PENTAGON AXIOM. The purpose of this section is to define the

associators for the tensor product M O N of tube algebra representations presented in
Section 4.1.

4.10. DEFINITION. Given tube algebra representations M, N,L € Rep Tube(X,I), the
associator

AM,N,L: (MDN)DL—)MD(NDL) (410)
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1s defined as the assignment given by

2137

d b _a
Vi yy k & T Yy
(menem)@Iep— Y dgm®(n®l.ﬁ®ebcg)®*@,x ’ «
delrr X Y Ty d 1% ¢ \ &
L. T: -

form el pe and p € Il g,

4.11. PROPOSITION. The map Ay n,z 15 a well-defined natural isomorphism of represen-
tations of Tube(X,1).

Proor. Naturality is immediate from the definition. It follows from Proposition 3.15
and the definition of the tube algebra action (4.2) that Ay is an intertwiner. To
check that the associator is well-defined under relation (4.3), notice that on one hand
(menr.fl@lepe M,® Ny®I,p.® Lqg® 1,4, gets assigned by Ay 1 the value

d b a
Z dddyzm@)(n@l.gﬁ@ew)@mx Y p u‘ylz ¢ f N . (4.11)
cZ,uEIer v < —
TY 1% c Y
- ; -
On the other hand, the right-hand side of relation (4.3) is mapped by Ay n 1 to
d b _a
. yy Cyi . \ &Y e Yy
Bj -y ) <
Z dddt m ® n ® l d d ® ebd ® *yzx FA 4 ﬁ] \ & ¢ f \ &4 (412)
J,teler =Y p -
i 4 d p ¢ Y

It follows from Lemma 3.11 and 3.9 that

Z dt(Bj-@)@)aiotﬁj:dZdy Z 7k®7,~ou7koaui

telrr X u€lrr X

where (7,7) is a pair of dual bases of H[aﬂ Ju} and (7,v) of H[Zyu|. Applying this
formula and Lemma 3.12 (ii) to the expression (4.12) we obtain (4.11). That the associator
is well-defined under relation (4.4) can be verified using analogous arguments.
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Lastly, the assignment given for = € Il ..; and p € I, 4, by the value

¢ b _a
Qi A { T Uy ai \ &

meneleT)®p— Z da (m.d—®n®eab>®l®*m < +
aclrr X Y Ty d p YT

provides the inverse A]_Wl’ np: MO(NOL) — (MON)OL for the associator. Indeed,
using relation (4.6), we obtain that the image of a vector (m ® n ® 7) ® l ® p under the
composition AK}} ~.z © Apr v, is given by the expression

_ . -
~ al
_ d (b a
Z d&dd (m@n@m)@l%@*yx Yy ,.)/k Yy m Yy
a,delrr X Y < é
Ty d P YT

which can be further simplified to (m®n®7) ®[® p by transporting 7 according to (3.8)

and applying relation (4.4) in the representation (M ON)O L. That Ay nz o Ayl y =
idy o(vory can be verified with similar arguments.

4.12. LEMMA. Let M, N, L be tube algebra representations. Then, it holds that
b a

———t
Ayne | [meone! 7 |@lop=me@nolee,)@mo4p
d

PROOF. Directly from the definition of the associator (4.10), we obtain an expression that

can be further simplified, by means of the relation (4.7), into the desired result. [

4.13. PROPOSITION. The associators Ay n 1, defined in (4.10) satisfy the pentagon axiom

(MON)OL)OK

Ap,n,p Oidg Apyon,LK

(MO(NOL))OK (MON)O(LOK)
MO(NOL)OK)

Iy v » MO(NO(LOK))
for all tube algebra representations M, N, L, K.
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PROOF. In view of Proposition 4.8 (iii), it is enough to check that the pentagon axiom
holds for elements of the form

b a c U d v
r———at— '—‘—'—‘—'_ M ————eg—
meone: g |®Ilel p ke 7 (4.13)
: : U' : - :

where a, b, c,d,u,v € Irr X. Using Lemma 4.12, one obtains that both compositions
ldM O AN,L,K o) AM,NDL,K 0] AM,N,L (] ldK and AM,N,LDK e} AMDN,L,K

assign to (4.13) the value

b a
—————s
¢l
m®(n®(l®k®ecd)®ebcd)® d: pu
—— . i
W
thereby proving the statement. [

4.14. MONOIDAL UNIT AND DUALIZABLE OBJECTS. Let us next present the monoidal
unit in our category, and describe the dualizable objects.

4.15. DEFINITION. Define the trivial tube algebra representation I as the wvector space
Do Hlal] with tube algebra action given by the partial trace

lf =d, ptI':C(l Ca f)
for 1 € H[a1] and f € H[bzaz].

4.16. REMARK. In case X is a tensor category and we consider the tube algebra associated
to the index set I = Irr X', the trivial representation is one-dimensional and the action is
given by the full trace.

The trivial representation I serves as monoidal unit for the tensor product (4.5). In order
to show this, define the right unitor morphism by the assignment

ry: M — M OT, My > My X e1 R e,
and, similarly, the left unitor morphism as

ly: M —-10 M, Mg > e1 P®m, Re,.
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4.17. PROPOSITION. For any tube algebra representation M € Rep Tube(X, 1), the uni-
tors vy and ly; are well-defined isomorphisms of tube algebra representations.

ProoOF. Given m € M,, | € H[l_)l] and 7 € Il .., we have that

(4.4) (4.3)
mVIRT ~ mMRe1 Rloym ~ mloym e Q e,

and thus (M O ). = M., for every ¢ € I. Moreover, relation (4.3) ensures that ry, is an
intertwiner. A similar argument shows the statement for 1. [

4.18. PROPOSITION. The triangle axiom holds, i.e., the diagram

(MOI)ON Aty > M O(I ON)
I‘M;id\ AZ‘IN
MON

commutes for all tube algebra representations M and N.
PROOF. From Lemma 4.12 it follows that

AygvoryOidy(me@n@m) =m® (e1@n®e,) @7 =idy Oly(m@n @ )
forany m@n®@m € M, ® Ny ® I, .., which proves the desired result. =

Now that we count with a monoidal unit in Rep Tube(X, 1), we can discuss dualizability
of representations. From the infinite nature of this tensor category we know that not
every representation admits a dual object.

4.19. DEFINITION. A tube algebra representation M € Rep Tube(X,1) is called locally
finite when M, is finite-dimensional for every a € 1 and the support {t € Irr X' | M, # 0}
18 finite.

4.20. REMARK. In the case that I = Irr X', the situation simplifies. We have that locally
finite representations are actually finite-dimensional.

To define the dual of a locally finite representation, we make use of the following involutive
structure on the tube algebra: given a,b € I the assignment

\ &4

() Tay > Ty 1

ba’

T AR AR
S]]

QA A
&

extends to the tube algebra Tube(X,I) and obeys (f - g)* = g7 - f7.
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4.21. DEFINITION. Let M € Rep Tube(X, 1) be a locally finite tube algebra representation.
The dual tube algebra representation of M is a triple consisting of:

(i) The representation M given for a € 1 by the vector space M, = M?%: = Homy (Mg, k)
with tube algebra action

p.f(m) = ¢ (m.f*)
for o € M%, any tube element f € Ty, and m € My,

(i) The evaluation morphism defined by the assignment

Q a PR

eviy: MOM =1, o@m® Ty

oA

YT d. omn PP
— d, ©.7, (m) ptr, N arame i
c

where ¢ € My, m € My, and (7, 7) is a pair of dual bases of H[a b].

(#ii) The coevaluation morphism is given by

- L
coevy: I — MOM, :' L Z dy th®mt : et
telrr X '—l<—°

c

where t is taken from Irr Xy with ¢ € Iy, and {mi}; is a basis for My and {m.}; its
dual basis, that means that M (m}) = 6; ;.

4.22. PROPOSITION. The full k-linear subcategory Rep"" Tube(X,I) C Rep Tube(X,1)
of locally finite tube algebra representations is rigid.

PROOF. That the subcategory Rep"" Tube(X,1) is closed under the tensor product O
follows from Proposition 4.8 (iii). To check rigidity, we start by proving that ev,; is well-
defined. Consider a vector ¢.f ® m ® 7 in the tensor product M O M. The image of the
right-hand side of (4.3) under ev,, equals

G % g
dx@(mgj) ptrya: Uy /B:J vy;f \ 4]
Ty b v a YT
¢

after applying the identity (3.9). We obtain by means of (3.8) the expression

d, ¢ <m. <ﬁk# . f#>> ® ptr,, (nk Oub 7r) =evy (o.f @mE )
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for (77,n)a pair of dual bases of H[ab]. Compatibility with relation (4.4) follows analo-
gously. A routine check shows that ev,; is an intertwiner of tube algebra representations.
To prove that coev,, is compatible with the action requires a more involved calculation
using (4.8). We check now the snake relation. By direct computation one can verify that
the composition

coev i = AN T, M swd idOev
M B roM 2B (o) oM A Mo (Mo M) 220 poT S v

assigns to a vector m € M, the value

> d > (myg) (m) mim, = ij L=m

telrr X 7

where (1,7) is a pair of dual bases of H[a ¢] and the first equality follows from Lemma 3.10
(i) and the independence of the coevaluation map from the choice of basis. The second
equality follows by the definition of the dual basis to {m?};. The remaining snake relation
holds similarly. [

4.23. BRAIDING AND TWIST. We turn now to the definition of the braiding in the
monoidal category Rep Tube(X,I). To this end, we need first to look into the follow-
ing special class of tube elements.

4.24. DEFINITION. The twist element of a € Iso &; is defined as the tube element

T, =d,' ag®ag ha € T?ZXZ .

In the case that a ¢ I, the twist element does not properly belong to the tube algebra
Tube(X,I). However, we can define the action of tube elements f € T;2* by resolving
the x label into simple objects, thereby obtaining an element %,(f) € Tube(X,I) and
setting m.f == m. x, (f) for m € M.

4.25. LEMMA. Twist elements obey the following properties.
(i) The twist element of a € Iso X; is invertible under (3.12) and its inverse is given by

a

-1 _ q-1 e
7, =d, aye, weva .

a
(ii) For any f € Tffix’ it holds that

To-f= -1 €To™. (4.14)
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(iii) For any a € Iso &, it holds that

*a(Ta) = Z diag -7 - Oék )

telrr X;
where (a, @) is a pair of dual bases of Hlat].

PRrROOF. The first statement is an immediate consequence of the definition of welding of
tube elements. To verify assertion (ii) notice that from the definition of twist elements
we have that

~ AQ

M a a

1 e < (3.8) ng‘ z
. = Z e f 0%2 - Z gj
b

xT

—1
—f-7

A

zelrr X zelrr X Uj

z

where (1,7) is a pair of dual bases of H[azZ] and (v,7) of H[zbZ]. The third statement
follows by applying (ii) and relation (3.9). n

Twist elements define a twist on Rep Tube(X',I) as it will be shown in Proposition 4.30,
but first we define the braiding with help of the (inverse) twist element, as well.

4.26. DEFINITION. Let M, N be tube algebra representations. The braiding

BMJVZMDN—)NDM (415)
1s defined by the assignment
b . a < .
- - — a4
mnK ry T Yr — Z n®m.7a_1®z X T ‘(,Ok >
< zelrr X | &
c

c
form@an@me M, ® Ny ® I, ., where (¢, ) is a pair of dual bases of HaxZz].

4.27. PROPOSITION. The above By v is a well-defined natural isomorphism of Tube(X, I)-
representations.

PROOF. That B), y is an intertwiner follows from composing pairs of dual bases according
to Lemma 3.11. To prove that the braiding is well-defined, we consider the relation (4.3).
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For simplicity, assume that a € Irr X' then

b~
- T
—_ - _ . a ;
dy1 E n.,Bj(X)m.Ta,l@ by 37 VY f L AVZA R0
b,z,welrr X 8 C:L ”L/Jk

8
Py

oY W=

represents the image of the right hand side of (4.3) under By x.

Now, the braiding B, y assigns to m.f ® n @ 7 the following value

AR
A

I
S

Q\
_“0‘1

QA 4
<
ey
=

AS)

_ 4.4 B; _
Z ne@m.(f-7,®, &ux T ‘Sp’f Py D Z n.d—J®m.Ta,1®w 7,
Y

o, -
zelr X b,z,welrr X

[o¥ \

8
N oA

[V §

that can be further simplified by base change (3.8) which translates f to the right side
of 7. Lemma 3.11 gives us a pair of dual bases for the space H[Zya'w] common to both
expressions, thereby showing the desired result. A similar argument implies that the
braiding preserves relation (4.4). Finally, one can show that the assignment given by

b a
4 b < <
< < Ya k
nYmeE yy v Yy — E nYm.T, X z U, U 0y77/) P
< zelrr X "Z/
¢ <
C

provides the inverse braiding B;j’N : NOM — M O N, by means of Lemma 3.11 and (4.6).

4.28. PROPOSITION. Let M, N and L be tube algebra representations. The hexagon ax-

10ms

(MON)OL 280, yro(NOL)

BIVI’]V W L

(NOM)OL

(NOL)aM

m %,L,]\/I

NOMOL) ——— NO(LOM)

idN DBI\/I,L



BRAIDED MONOIDAL STRUCTURE OF TUBE ALGEBRA REPRESENTATIONS 2145

and
(MON)OL 2225 1o (MON)
MO(NOL) (LOM)ON

idas m Aj idy

MO(LON) —— (MOL)ON

M,L,N
are fulfilled by the braiding (4.15) and associators (4.10).

PROOF. Owing to Proposition 4.8 (iii), it suffices to verify the hexagon for elements of
the form

b a c d
——— ———at—t
mne: T IR p (4.16)
- e

where a,b, ¢, d € Irr X. The image of (4.16) under Ay 1 a0 Byrnvorn © Ay o,z equals

c b

dgl n (l Q@ Mm.T, ® eca) ® aik 14 d T‘-ACL (417)

.2 AR

v

On the other hand, idy OBy 0 Ay sz © Byy Oidy, assigns to (4.16) the value

¢ a b
_ a ¢ ,y‘k ea‘,fﬂ )
- 5 ey at a“',f' ta
da 2 dg n ® l—k ® m.Tf ® a A a € AQ ® i < (418)
NZ d, ¢ d
celrr X < <
C a

.

SV W

Now, using relation (4.4), it follows that in L O M the vector z is related to

t

<

dg’ Z de L.(V 'ﬁj) @ M.Ty & a" A ( e

telrr X

O AR

[S3¥ \
QAR
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and thus, again by (4.4), we have that in N O (L O M) the vector (4.18) is related to

A2 > dedin® (L7, 1) @M, ®ee) ® A 7t

a
ctelrr X

[oF \
SV WS i) SO

A D

According to Lemma 3.12 (v) we have that

Z déﬁk .ﬁj ® (77] oéfyk) Oq €q = dZ Zz & eq 01 Cl
celrr X
where ((, ¢) is a pair of dual bases of H [Z c}, but since ¢ € Irr X, it follows that t = ¢. We

can choose the bases ¢ = id, and ¢ = d'id. to finally conclude that the expressions (4.18)
and (4.17) agree. In a similar manner, one can verify the second hexagon axiom. n

4.29. DEFINITION. The twist of M € Rep Tube(X,1) is given by the assignment

On: M — M, mg— mg.T, .

4.30. PROPOSITION. © defines a twist on Rep Tube(X,1) in the sense of [EGNO15, Def-
inition 8.10.1].

PROOF. It is clear that ©), is a natural isomorphism, with inverse given by the action
of the inverse twist element. That ©, is an intertwiner follows from (4.14). Given tube
algebra representations M, N € Rep Tube(X,I), one can check that ©,, 00y o By s 0
By and ©y 0y agree, by a direct computation involving (4.14) and Lemma 3.11. n

4.31. THEOREM. Let X be a spherical semisimple multitensor category. The data
( D ) ]17 A7 B7 @>

endow the k-linear category Rep Tube(X 1) with the structure of a braided monoidal cat-
egory with twist. Moreover, the full k-linear subcategory Rep™" Tube(X, 1) of locally finite
tube algebra representations is a ribbon semisimple tensor category.

PRrROOF. The statement compiles the results of Proposition 4.7, 4.13, 4.28 and 4.30. The
rigidity of the subcategory Rep"" Tube(X,I) was shown in Proposition 4.22. It remains
to be checked that O3 = ©);. A computation similar to (4.22) shows that for ¢ € M, it
holds that

Oulp) =3, p(mi.7,) M,

but, since 7 = 77 and {m!} and {m?} are dual bases, the result follows. n
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5. Tube algebra representations and the Drinfeld center

We are now ready to compare the category of representations of Tube(X,I) and the
Drinfeld center of X. To simplify exposition, we will consider from now on that I in
Definition 3.14 given by I; = Irr A}, even though the statements given next hold for a
larger indexing set.

As shown in [NY18, Proposition 4.2], there is an equivalence of k-linear categories
E: Z(Ind X) —— Rep Tube(X), (5.1)

where E(X) = E(X, o) is given by the direct summands E(X), = H[dX] for d € Irr &;,
together with the right tube algebra action defined by the formula

X

m.f:=d, /‘\

\

y

8
@‘A%DAS >

8

for m € H[aX] and f € Tube(X). Module associativity follows from the naturality of o
and Lemma 3.10 (ii). Locality of the action is ensured since o7 = idy.

The purpose of this section is to explicitly define a braided monoidal structure on the
equivalence (5.1). To this end, consider for central objects X,Y € Z(Ind X') the assign-
ment

\IIX,yI E(X) O E(Y) — E(X & Y)

UXY
t s y ¥ X
X Y < <
Y n m X (52)
@@@@ Ty T Yo — < <
S
S t < "azt ™ Ty
c
c

5.1. PROPOSITION. The assignment (5.2) is a well-defined isomorphism of tube algebra
representations.
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PROOF. We verify the preservation of relation (4.3), a vector m.f ® n @ m gets assigned
the value

X
x m
Y P
Oz Y N X
s
dxdy Y n vyf yy géj (53)
t s
L 20 T A 4
c
by the map Wxy. On the other hand,
z
X
O'%/Z m Uf
Y N X
Z dxdydz Y vy; yv (5 4)
Y n .
ze€lrr X > < < Ut z
2 87 t $
Viyx T Ty
c

is the right hand side of (4.3). Applying the naturality of 0 and o¥, we can transport the
morphisms 7; and v’ to be glued together and by (3.9) we obtain that the expressions (5.3)
and (5.4) coincide. As usual the second relation (4.4) holds by the symmetry of the
situation. One can verify, with similar arguments, that the following assignment gives the
inverse of Wy, n

t S
X VEAVOAN
L e ) ddimebeiT T x
: : t,selrr X f :
c —_—
&

by making use of Lemma 3.9 and relation (4.8). That Ux y is an intertwiner follows from
the naturality of the half-braidings involved and relation (3.9). ]

5.2. PROPOSITION. The natural isomorphisms (5.2) endow the equivalence (5.1) with the
structure of a braided monoidal equivalence.
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PROOF. Given central objects X,Y, Z € Z(Ind X'), the associativity condition

(B(X)DE(Y)) DE(Z) —EE0R0, poyy 0 (B(Y) OE(Z))
E(X ® Y)OE(Z) E(X)OE(Y ® Z) (5.5)

TX®le lWXX®Z

EX®Y®Z) »E(X®Y ®2)

R

must be fulfilled. In view of Proposition 4.8 (iii), it is enough to check the commutativity
of the previous diagram for vectors of the form

X Y t s 7 e e
£:y%:3®; r e/T\® P e(EBX)OEY)DEQ). (56)
5 t ) 7 T a

A direct computation, involving Lemma 4.12, shows that both compositions in the dia-
gram (5.5) assign to (5.6) the value

Y X

3

NA—AN
[V §

QA D

in E(X®Y ® Z) and thus we conclude that the desired commutativity holds. To prove
that E is braided, we have to check that the diagram

Bex)B(v)

E(X)OE(®Y) E(Y)OE(X)

\I’X,Yl l‘lly,x

EX®Y) —5—— EY ® X)

E(ox,y)

commutes. For simplicity, we rely once more on Proposition 4.8 (iii), and verify the
commutativity for

X Y t S
!—1—0—4—!
@@@@; T eEB(X)OE(Y)
y i B
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Its image under E(oyy) o Wx y is given by the value

in E(Y ® X), and

>

zelrr X

represents its image under the composition Wy, x o Bg(x) gy). Now, by applying naturality
of 0%, we can transport m to bound #- Next, by means of (3.8), we further transport m
to the right side of n obtaining bases ¥ and ¥ of H[X Z] in the process. By naturality of

0% and o the bases 1) and 1) are glued together and using (3.9), we finally recover the

expression (5.8), thereby proving that E is braided. n

Let us summarize what we have obtained so far.

5.3. THEOREM. Let X be a spherical semisimple multitensor category. There is a braided
monotdal equivalence

E: Z(Ind X) —— Rep Tube(X)

given by the assignment (5.1) and monoidal structure (5.2). Moreover, restricting E to
dualizable objects, we obtain an equivalence

Z(X) —— Rep"" Tube(X)

of ribbon semisimple tensor categories.

References

[Abr83] Gene D. Abrams. Morita equivalence for rings with local units. Comm. Algebra,
11(8):801-837, 1983.

[AMS87] P. N. Anh and L. Mérki. Morita equivalence for rings without identity. Tsukuba .J.
Math., 11(1):1-16, 1987.



BRAIDED MONOIDAL STRUCTURE OF TUBE ALGEBRA REPRESENTATIONS 2151

[BDH14] Arthur Bartels, Christopher L. Douglas, and André Henriques. Dualizability and
index of subfactors. Quantum Topol., 5(3):289-345, 2014.

[CGHP23] Jessica Christian, David Green, Peter Huston, and David Penneys. A lattice model
for condensation in Levin-Wen systems. J. High Energy Phys., 2023(9):Paper No.
55, 55, 2023.

[DGG14] Paramita Das, Shamindra Kumar Ghosh, and Ved Prakash Gupta. Drinfeld center
of planar algebra. Internat. J. Math., 25(8):1450076 (43 pages), 2014.

[DR18] Christopher L. Douglas and David J. Reutter. Fusion 2-categories and a state-sum
invariant for 4-manifolds, 2018.

[EGNO15] Pavel Etingof, Shlomo Gelaki, Dmitri Nikshych, and Victor Ostrik. Tensor cate-
gories, volume 205 of Mathematical Surveys and Monographs. American Mathemat-
ical Society, Providence, RI, 2015.

[FGJS25a] Jiirgen Fuchs, César Galindo, David Jaklitsch, and Christoph Schweigert. Spherical
Morita contexts and relative Serre functors. Kyoto Journal of Mathematics, 65(3):537
— 594, August 2025.

[FGJS25b] Jiirgen Fuchs, César Galindo, David Jaklitsch, and Christoph Schweigert. A man-
ifestly Morita-invariant construction of Turaev—Viro invariants. Quantum Topology,
April 2025.

[ENWWO08] Michael Freedman, Chetan Nayak, Kevin Walker, and Zhenghan Wang. On picture
(24 1)-TQFTs. In Topology and physics, volume 12 of Nankai Tracts Math., pages
19-106. World Sci. Publ., Hackensack, NJ, 2008.

[GHK™*24] David Green, Peter Huston, Kyle Kawagoe, David Penneys, Anup Poudel, and Sean
Sanford. Enriched string-net models and their excitations. Quantum, 8:1301, 2024.

[GJ16] Shamindra Kumar Ghosh and Corey Jones. Annular representation theory for rigid
C*-tensor categories. J. Funct. Anal., 270(4):1537-1584, 2016.

[Hoel9] Keeley Hoek. Drinfeld centers for bimodule categories. Master’s thesis, Australian
National University, 2019.

[Izu00] Masaki Izumi. The structure of sectors associated with Longo-Rehren inclusions. I.
General theory. Comm. Math. Phys., 213(1):127-179, 2000.

[KB10] Alexander Kirillov, Jr. and Benjamin Balsam. Turaev-Viro invariants as an extended
TQFT. preprint, April 2010. arXiv:1004.1533.

[Kir11] Alexander Kirillov, Jr. String-net model of Turaev-Viro invariants. preprint, June
2011. arXiv:1106.6033.



2152 DAVID JAKLITSCH AND MAKOTO YAMASHITA

[KJST24] Kyle Kawagoe, Corey Jones, Sean Sanford, David Green, and David Penneys. Levin-
wen is a gauge theory: Entanglement from topology. Communications in Mathemat-
ical Physics, 405(11), October 2024.

[MS15] Ehud Meir and Markus Szymik. Drinfeld centers for bicategories. Doc. Math., 20:707—
735, 2015.

[Miig03a] Michael Miiger. From subfactors to categories and topology. I. Frobenius algebras in
and Morita equivalence of tensor categories. J. Pure Appl. Algebra, 180(1-2):81-157,
2003.

[Miig03b] Michael Miiger. From subfactors to categories and topology. II. The quantum
double of tensor categories and subfactors. J. Pure Appl. Algebra, 180(1-2):159-219,
2003.

[INS07] Siu-Hung Ng and Peter Schauenburg. Higher Frobenius-Schur indicators for pivotal
categories. In Hopf algebras and generalizations, volume 441 of Contemp. Math.,
pages 63-90. Amer. Math. Soc., Providence, RI, 2007.

INY18] Sergey Neshveyev and Makoto Yamashita. A few remarks on the tube algebra of a
monoidal category. Proc. Edinb. Math. Soc. (2), 61(3):735-758, 2018.

cn rian Ocneanu. rrality for operator algebras. In Subjactors Yyuzeso, ,
Ocn94] Adrian O Chirality f lgeb In Subf K 1995
pages 39-63. World Sci. Publ., River Edge, NJ, 1994.

[Sch01] Peter Schauenburg. The monoidal center construction and bimodules. J. Pure Appl.
Algebra, 158(2-3):325-346, 2001.

[THP16] James Tener, André Henriques, and David Penneys. Categorified trace for mod-
ule tensor categories over braided tensor categories.  Documenta Mathematica,
21:1089-1149, 2016.

Department of Mathematics, University of Oslo

P.O box 1053, Blindern, 0316 Oslo, Norway

Email: dajak@math.uio.no
makotoy@math.uio.no

This article may be accessed at http://www.tac.mta.ca/tac/



THEORY AND APPLICATIONS OF CATEGORIES will disseminate articles that significantly advance
the study of categorical algebra or methods, or that make significant new contributions to mathematical
science using categorical methods. The scope of the journal includes: all areas of pure category theory,
including higher dimensional categories; applications of category theory to algebra, geometry and topology
and other areas of mathematics; applications of category theory to computer science, physics and other
mathematical sciences; contributions to scientific knowledge that make use of categorical methods.
Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. Full
text of the journal is freely available at http://www.tac.mta.ca/tac/.

INFORMATION FOR AUTHORS I¥TEX2e is required. Articles may be submitted in PDF by email
directly to a Transmitting Editor following the author instructions at
http://www.tac.mta.ca/tac/authinfo.html.

MANAGING EDITOR. Geoff Cruttwell, Mount Allison University: gcruttwell@mta.ca
TEXNICAL EDITOR. Nathanael Arkor, Tallinn University of Technology.

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TEX EDITOR EMERITUS. Michael Barr, McGill University: michael.barr@mcgill.ca

TRANSMITTING EDITORS.

Clemens Berger, Université Cote d’Azur: clemens.berger@univ-cotedazur.fr

Julie Bergner, University of Virginia: jeb2md (at) virginia.edu

John Bourke, Masaryk University: bourkej@math.muni.cz

Maria Manuel Clementino, Universidade de Coimbra: mmc@mat.uc.pt

Valeria de Paiva, Topos Institute: valeria.depaiva@gmail.com

Richard Garner, Macquarie University: richard.garner@mgq.edu.au

Ezra Getzler, Northwestern University: getzler (at) northwestern(dot)edu

Rune Haugseng, Norwegian University of Science and Technology: rune.haugseng@ntnu.no
Dirk Hofmann, Universidade de Aveiro: dirk@ua.pt

Joachim Kock, Universitat Autonoma de Barcelona: Joachim.Kock (at) uab.cat

Stephen Lack, Macquarie University: steve.lack®Omq.edu.au

Tom Leinster, University of Edinburgh: Tom.Leinster®@ed.ac.uk

Sandra Mantovani, Universita degli Studi di Milano: sandra.mantovani@unimi.it

Matias Menni, Conicet and Universidad Nacional de La Plata, Argentina: matias.menni@gmail.com
Giuseppe Metere, Universita degli Studi di Palermo: giuseppe.metere (at) unipa.it
Kate Ponto, University of Kentucky: kate.ponto (at) uky.edu

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini®@unige.it

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Tim Van der Linden, Université catholique de Louvain: tim.vanderlinden@uclouvain.be
Christina Vasilakopoulou, National Technical University of Athens: cvasilak@math.ntua.gr



	Introduction
	Preliminaries
	Graphical calculus and spaces of tubes
	Tube algebra representations
	Tube algebra representations and the Drinfeld center

