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THE BRAIDED MONOIDAL STRUCTURE OF TUBE ALGEBRA
REPRESENTATIONS

DAVID JAKLITSCH AND MAKOTO YAMASHITA

Abstract. We consider the tube algebra of a spherical semisimple multitensor cate-
gory X , and construct a braided monoidal structure with twist for its representations.
We further show that this category is braided tensor equivalent with the Drinfeld center
of the ind-category of X , extending the well-known linear equivalence.

1. Introduction

Tube algebras first appeared in the work of Ocneanu [Ocn94] on the structure of subfactors
and associated topological quantum field theory. This construction was analogous to the
quantum double of Hopf algebras, and a precise connection between the Drinfeld center
of the associated tensor category was clarified through the work of Izumi [Izu00] and
Müger [Müg03b]. To be precise, these works show that, given a unitary fusion category X ,
the linear category of modules over Ocneanu’s tube algebra Tube(X ) is equivalent to the
underlying linear category of the Drinfeld center category Z(X ). This correspondence has
been generalized to the setting without finiteness assumption on the number of irreducible
classes, and expanded to annular algebras when X is a rigid C∗-tensor category as studied
in [GJ16, NY18], which gave a linear equivalence between Tube(X )-modules and the
Drinfeld center.

While it is possible to transport the braided monoidal structure of Z(X ) to Tube(X )-
modules via this equivalence, in view of the connection to the Levin–Wen type lattice
models [CGHP23, GHK+24], it is desirable to have a direct description of fusion and
braiding on the category of modules over the tube algebra, as conjectured in [FNWW08].
In this direction, Das, Ghosh, and Gupta [DGG14] showed that, starting from a shaded
planar algebra (equivalent to a unitary rigid 2-category X generated by a single 1-cell),
the unitary representations of the associated annular algebra has a structure of unitary
braided category, and that a certain subcategory of ‘finite modules’ is braided equivalent
to the Drinfeld center Z(X ). A similar claim can be found in [Hoe19], although precise
details seems to be missing there.
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In this paper we relax the unitarity, single generation, and finiteness assumptions, and
establish a corresponding comparison result. That is, we define a braided monoidal struc-
ture on the category of modules over the tube algebra Tube(X , I) of a pivotal 2-category
X and a generating set I of objects (1-cells). Our main result (Theorem 5.3) shows that
this indeed recovers the (ribbon) braided monoidal category Z(X ).

Our model of monoidal product and braiding is loosely motivated by the topological
presentation of corresponding structures on the fusion ring in [Ocn94]. We hope that this
gives a more intuitive description of topological operations on the Levin–Wen type lattice
models than the conventional ones, as in [DGG14], based on string diagrams.

The outline of paper is as follows. In Section 2, we review some basic materials on rigid 2-
categories. In Section 3, we set up a graphical calculus scheme adapted from the standard
topological presentation of 2-categories and planar algebra theory. In Section 4, we define
the monoidal structure and braiding on the category of modules over the tube algebra,
using our scheme from Section 3. Finally in Section 5, we carry out the comparison with
the Drinfeld center.

Acknowledgments We would like to thank Corey Jones for fruitful discussions and
encouragements during the work on this project, and David Penneys and David Green
for comments on an early draft of this paper.

2. Preliminaries

2.1. Spherical multitensor categories. Let us begin with a quick review of the
basic concepts on multitensor categories, mostly following the convention of [EGNO15].

Let k be an algebraically closed field. A multitensor category over k is a locally finite
k-linear abelian category X together with a rigid monoidal structure, such that the tensor
product ⊗ is bilinear on morphisms. Without loss of generality we may and do assume
X to be strict, in view of Mac Lane’s coherence theorem.

We have the canonical irreducible decomposition of the monoidal unit,

1 =
⊕
i∈Γ

1i

for the finite set Γ parametrizing the primitive idempotents of the semisimple commutative
algebra EndX (1). This induces the corresponding decomposition of the category

X =
⊕
i,j∈Γ

Xij,

where the subcategory Xij ⊂ X consists of the objects x satisfying x ∼= 1i ⊗ x ⊗ 1j. We
call Xij the homogeneous components of X and an object in Xij a homogeneous object.
We use the notation Xi := Xii for the diagonal tensor categories. We freely identify
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X with the associated 2-category, whose 0-cells are elements of Γ, 1-cells are objects of
Xij, and 2-cells are morphisms of Xij. The horizontal composition is given by the tensor
product [EGNO15, Remark 4.3.7]. Moreover, we impose a blanket assumption that X is
indecomposable, i.e. Xij ̸= 0 for all i, j ∈ Γ, since the general can be easily reduced to
the indecomposable one under semisimplicity.

A pivotal structure on X is given by a monoidal natural isomorphism from the identity
functor of X to the double dual functor, i.e., a natural family of isomorphisms

px : x
∼−→ x∗∗

compatible with the natural isomorphism (x⊗ y)∗∗ ∼= x∗∗ ⊗ y∗∗. By [NS07, Theorem 2.2],
we may assume that p is strict, meaning that (x ⊗ y)∗ = y∗ ⊗ x∗ and px = idx. We also
identify left and right duals, i.e., for every x ∈ X we may assume

x∗ = ∗x,

and write x for this object. We can thus denote the corresponding evaluation and coeval-
uation morphisms by

evx : x⊗ x→ 1, coevx : 1 → x⊗ x,

evx : x⊗ x→ 1, coevx : 1 → x⊗ x.

These allow us to define left and right traces of an endomorphism f ∈ HomX (x, x) as

trrx(f) := evx ◦ (f ⊗ id) ◦ coevx, and trlx(f) := evx ◦ (id⊗ f) ◦ coevx .
In a pivotal multitensor category, x ∈ Xji holds for a homogeneous object x ∈ Xij. In
that case, we have that trrx(f) ∈ HomX (1j,1j) and trlx(f) ∈ HomX (1i,1i). We identify
these traces as scalars in the base field via the unique unital isomorphism of k-algebras

HomX (1i,1i)
∼−−→ k , id1i

7→ 1 . (2.1)

Another consequence of the pivotal structure is the equality

(( evx ◦ (id⊗ evy ⊗ id))⊗ id) ◦ (id⊗ f ⊗ id) ◦ (id⊗ ((id⊗ coevx ⊗ id) ◦ coevy)) = f (2.2)

for f ∈ HomX (x, y).

2.2. Definition. [cf. [Müg03a, BDH14]] A pivotal multitensor category X is called spher-
ical when left and right traces coincide under (2.1) for every endomorphism of f ∈
HomXij

(x, x), for all i, j ∈ Γ and all x ∈ Xij. In that case, we denote this scalar by
trx(f).

The dimension of an object x ∈ Xij is the scalar dx := trx(idx). Sphericality ensures that
the dimension of dual objects obey dx = dx.

The sphericality condition in Definition 2.2 is equivalent to the following [Müg03a, Propo-
sition 5.8]: for any fixed i0 ∈ Γ, the rigid tensor category Xi0 is spherical, and for each
j ∈ Γ and any fixed irreducible object x ∈ Xi0j, the Frobenius algebra Q = x⊗ x ∈ Xi0 is
normalized in the sense of [Müg03a, Definition 3.13].
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2.3. Remark. In the finite setting, given a spherical fusion category X there is a pivotal
2-category Modsph(X ) of spherical module categories over X as defined in [FGJS25b,
Section 3.6] and [FGJS25a, Definition 5.22]. By considering a choice of simple objects in
this semisimple 2-category as indexing set Γ, we obtain a spherical multifusion category as
in Definition 2.2. Reciprocally, given a spherical multifusion category X , we have that Xi

is a spherical fusion category for any i ∈ Γ. Moreover, the (idempotent completed [DR18])
2-category associated to X can be realized as the 2-category Modsph(Xi).

Throughout the paper we will tacitly assume that X is semisimple and spherical. In
particular, any object of X is a direct sum of simple objects, but we allow for X to have
infinitely many isomorphism classes of simple objects.

We fix for each i, j ∈ Γ a set IsoXij (resp. IrrXij) of representatives of isomorphism classes
of objects (resp. simple objects) in Xij.

We will use the following notation

x1 ⊗ · · · ⊗ xn ≡ x1 · · · xn

in order to shorten lengthy expressions involving the tensor product of several objects in
X . In order to simplify the presentation, we assume these objects to be from homogeneous
components Xij. In this case, the above product is nontrivial if and only if each object
xk belongs to Xikik+1

, and is nonzero, for some choice of 0-cells i1, . . . , in+1 ∈ Γ.

2.4. Ind-completion. The ind-completion of a category X is the category IndX whose
objects are colimits of filtered diagrams in X . Concretely, one can represent its objects
by functors F : I → X where I is a filtered category, and with morphism spaces between
two such functors given by

HomIndX (F,G) := limicolimj HomX (F (i), G(j)).

When X is a semisimple k-linear category, every object in IndX is a formal direct product
of objects in X , that is, ⊕

a∈IrrX

Va ⊗ a (2.3)

for a collection of vector spaces Va labeled by the irreducible classes, and the morphism
space between two such objects is given by

HomIndX

( ⊕
a∈IrrX

Va ⊗ a,
⊕

a∈IrrX

Wa ⊗ a

)
=

∏
a∈IrrX

Hom(Va,Wa).

Indeed, (2.3) can be considered as the colimit of diagram F : I → X where I is the
category whose objects are V ′ =

⊕
a∈IrrX V

′
a, a direct sum of subspaces V ′

a ⊂ Va for
a ∈ IrrX such that dimV ′ < ∞, ordered by inclusion. Conversely, suppose we are given
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a filtered diagram F : I → X . Then, for each fixed a ∈ IrrX , the finite-dimensional vector
spaces Hom(a, F (i)) form a directed system. Writing Va for its colimit, we see that (2.3)
is a presentation of the overall colimit of F .

Furthermore, when X is a multitensor category, the IndX inherits from X a monoidal
structure with the same set of 0-cells. However, IndX is not rigid since we are allowing
infinite direct sums of 1, among others, as its objects.

2.5. Drinfeld center. Next, let us recall the Drinfeld center Z(IndX ) of the multi-
tensor category IndX for a semisimple multitensor category, cf. [MS15, NY18]. Its objects
are pairs (Z, σZ), where Z ∈ IndX and σZ is a natural isomorphism

σZ
X : X ⊗ Z → Z ⊗X

obeying the corresponding hexagon axiom. The centrality condition against X = 1
shows that Z must be of the form

⊕
i∈Γ Zi for Zi ∈ IndXi. Moreover, σZ is completely

determined by its action on objects of Xij for i, j ∈ Γ, so that our data can be represented
by natural isomorphisms

σZ
a : a⊗ Zj → Zi ⊗ a (i, j ∈ Γ, a ∈ Xij).

Morphisms in Z(IndX ) are morphisms in IndX between the underlying objects that
commute with the respective half-braidings.

Of course, we can restrict to the case Zi ∈ Xi, which gives the category Z(X ). If we
further assume that X is a tensor category, we recover the usual definition of the Drinfeld
center category.

The monoidal product of X induces a monoidal structure on Z(IndX ) where the un-
derlying object of Z ⊗ Z ′ is given by (Zi ⊗ Z ′

i)i∈Γ, endowed with the composition of
the respective half-braidings. Moreover, Z(IndX ) is a braided category, whose braiding
(X, σX)⊗ (Y, σY ) → (Y, σY )⊗ (X, σX) is given by

σX,Y = σY
X : X ⊗ Y → Y ⊗X,

i.e., the action of the half-braiding on Y .

Under the rigidity and indecomposability assumption on X , for each i ∈ Γ, the restriction
functor Z(IndX ) → Z(IndXi) given by Z 7→ Zi are braided monoidal equivalences,
see [Sch01, Müg03a]. In particular, the monoidal unit of Z(IndX ) will be simple in this
setting, even if its underlying object in X is not.

2.6. Algebras with local units. To work with tube algebras in the infinite setting,
we will need to forgo assuming the existence of a unit.
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2.7. Definition. [Abr83, AM87] An associative k-algebra with local units consists of a
k-vector space A together with a product, i.e., a linear map · : A ⊗ A → A obeying the
following properties.

� Associativity: for every f, g, h ∈ A

f · (g · h) = (f · g) · h

� Local units: for every finite dimensional vector subspace V ⊂ A there exists an
idempotent e ∈ A such that V ⊂ eAe.

Similar to the case of unital algebras, there is an associated notion of representation for
algebras with local units.

2.8. Definition. Let A be an associative k-algebra with local units.

(i) A locally presented (right) representation of A is a k-vector space M together with a
module action, i.e., a linear map M ⊗A→M,m⊗ f 7→ m.f fulfilling the following
properties.

� Module associativity: m.(f · g) = (m.f).g for m ∈M and f, g ∈ A.

� Locality: for every finite dimensional vector subspace W ⊂ M there exists an
idempotent e ∈ A such that W.e = W .

(ii) A morphism of locally presented representations is simply a module homomorphism,
i.e., a linear map F : M → N obeying F (m.f) = F (m).f for m ∈M and f ∈ A.

(iii) We denote by RepA the k-linear category of locally presented representations over
A.

3. Graphical calculus and spaces of tubes

3.1. Cyclically invariant vector spaces of morphisms. Let X be a pivotal mul-
titensor category. In the spirit of [KB10], we define in this section a cyclically invari-
ant vector space of morphisms. Let x1, . . . , xn be objects of X . Then the vector space
HomX (1, x1 · · · xn) only depends on the cyclic order of (x1, . . . , xn) up to canonical isomor-
phism. We will mostly consider the case where x1, . . . , xn are homogeneous and cyclically
composable, in the sense that xk ∈ Xikik+1

with in+1 = i1.

To make this more precise, consider an indexing category n whose objects are {1, 2, . . . , n}
and with a unique isomorphism between every pair of objects. We define a n-shaped
diagram of finite dimensional vector spaces

X: n → Veck, i 7→ HomX (1, xi · · · xnx1 · · · xi−1)
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assigning to the unique isomorphism between i and i+ 1 the isomorphism

Xi,i+1 : HomX (1, xi · · · xnx1 · · · xi−1) → HomX (1, xi+1 · · · xnx1 · · · xi−1xi)

f 7→ (evxi
⊗ id) ◦ (id⊗ f ⊗ id) ◦ coevxi

(3.1)

Equalities of the form (2.2) ensure that the composition Xn,1◦· · ·◦X1,2 equals the identity
map of the vector space HomX (1, x1 · · · xn). The identification of the double-dual of a
tensor product as the product of the double-duals implies the functoriality of X.

3.2. Definition. Let X be a pivotal multitensor category and x1, . . . , xn cyclically com-
posable objects in X . Define the vector space of morphisms bounded by x1, . . . , xn as the
limit

H[x1 · · · xn] := limX (3.2)

in the category Veck of finite-dimensional vector spaces.

3.3. Remark. By construction the vector space (3.2) is invariant under cyclic permuta-
tions of (x1, . . . , xn), thus we canonically identify

H[x1 · · · xn] = H[x2 · · · xnx1] = · · · = H[xnx1 · · · xn−1].

As remarked before, we will be mostly interested in the case when each xk is homogeneous,
that is, xk ∈ Xikik+1

for i1, . . . , in ∈ Γ, with the convention in+1 = i1. We thus identify
HomXi1

(1i1 , x1 · · · xn) with HomXi2
(1i2 , x2 · · · xnx1), etc., by the maps of the form (3.1),

and call this H[x1 · · · xn]. These cyclically invariant spaces can also be realized as the
value of the product x1 · · · xn under the Vec-valued categorified trace associated to any
pivotal category [THP16].

Rigidity allows us to define a composition relative to an object b ∈ X via the following
map

◦b : HomX
(
1, xb

)
⊗ HomX (1, by) → HomX (1, xy),

(f, g) 7→ (idx ⊗ evb ⊗ idy) ◦ (f ⊗ g).
(3.3)

The composition map (3.3) relative to an object b ∈ X , via the isomorphisms (3.1),
descends to a map between cyclically invariant vector spaces

◦b : H
[
x b
]
⊗ H[b y] → H[x y] (3.4)

In the case that X is semisimple, these induce an isomorphism∑
t∈IrrX

◦t :
⊕

t∈IrrX

H
[
x t
]
⊗ H[t y]

∼=−→ H[x y]
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3.4. Remark. For each object x ∈ X consider the universal limit cone defining H[xx]:

H[xx] HomX (1, xx)

H[xx] HomX (1, xx)

(3.1)

the image of coevx under the vertical isomorphism is the coevaluation morphism coevx.
We denote their common inverse image in H[xx] = H[xx] by ex, and refer to it as the unit
morphism of x. This morphism serves as identity of relative composition (3.4) as shown
in Lemma 3.5.

The unit morphism of x ∈ Xij can also be used to define partial traces : given f ∈ H[yxx]

ptrx(f) := f ◦xx ex ∈ H[y]

Full traces, or simply traces are similarly defined for endomorphisms f ∈ H[xx] with
x ∈ Xij by

trx(f) := f ◦xx ex ∈ H[1i]
(2.1)∼= k .

(A word of caution: for arbitrary x ∈ X we have natural isomorphisms H[xx] ∼= H[xx],
but trx(f) and trx(f) are different elements of kΓ. When x ∈ Xij, these elements have
only one nonzero components, respectively at i-th and j-th components, which are the
same scalars.)

3.5. Lemma. Let X be a pivotal multitensor category.

(i) The unit morphism of an object x ∈ IsoXij obeys

ex = ex, exy = ex ◦1j
ey, and f ◦x ex = f ∈ H[yxx] ,

for any f ∈ H[yxx], which justifies its name.

(ii) Given f ∈ H[xy] and g ∈ H[yz], it holds that

f ◦y g = g ◦y f

as elements of H[xz].

(iii) For f ∈ H[wx y] and g ∈ H[yxz], it holds that

f ◦xy g = ptrx(f ◦y g) = ptry(f ◦x g)

as elements of H[xz].

(iv) For f ∈ H[xy1y2], g ∈ H[y1w] and h ∈ H[y2z], it holds that

(g ◦y1 f) ◦y2 h = g ◦y1 (f ◦y2 h)

as elements of H[xwz].
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Proof. Statement (i) follows from coevx = coevx. Next, for (ii), take f ∈ HomX (1, xy)
and g ∈ HomX (1, yz). We then have the equality

f ◦y g = (id⊗ evy ⊗ id) ◦ (f ⊗ g) = (id⊗ evy ⊗ id) ◦ (g ⊗ f)

in H[xz]. Item (iii) follows from the standard snake relations for the structure morphisms
of duality. Finally, (iv) follows from associativity of the composition in X and uses the
fact that the double dual of a tensor product is the product of the double duals.

3.6. Diagrammatic calculus.We set up the conventions for a graphical calculus using
the 2-dimensional graphical representation of 2-categories (which in a sense is the dual
graph to the usual string diagram for tensor categories).

First, a 0-cell i ∈ Γ is depicted by a vertex. Properly speaking, vertices should be
decorated by the labels i ∈ Γ, but we suppress this from our diagrams.

Next, a 1-cell, that is, a homogeneous object x ∈ IsoXij will be depicted by an oriented
line segment. Changing the orientation of the edge results in changing the label by the
dual object.

▶
x

= ◀
x

The i-th component of the monoidal unit is depicted by a dotted edge:

1i ii

and as mentioned we will suppress the vertex decoration in our diagrams. Often we will
also omit the subscript i on 1i since this is determined by the labels adjacent to the
vertices. Finally, a 2-cell, which we take to be an element of H[x1 · · · xn], will be depicted
by an oriented disk (we will always use by convention a counterclockwise orientation)
whose boundary comes with an oriented graph whose edges are labeled by composable
homogeneous objects x1, . . . , xn. For instance, an element f ∈ H[x1x2x3x4x5] is depicted
by

f

▶

▶▶

▶

▶x1

x2

x3

x4x5

Different graphs correspond to the same element of H[x1 · · · xn] in the following situations:

(i) Edge fusion (vertex removal): two consecutive edges meeting at a vertex can be seen
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as an edge with label being the tensor product of the starting edges.

▶
a

▶

d

▶c

▶ bf =

▶
a

▶

d ▶ bcf ∈ H[abcd]

(ii) Unit insertion: a dotted edge can be inserted at a vertex.

▶
a

▶

c ▶ bf =

▶
a

▶ b

▶c

1i f ∈ H[abc]

where a ∈ Xij, b ∈ Xjk and c ∈ Xki.

(iii) Gluing: the composition map (3.4) is depicted by the gluing of the corresponding
disks along the common boundary label. We have that

▶
x3

▶x2

▶x1

▶

bg ◦b
▶
y1

▶y2
▶

b
f

=

▶
x3

▶x2

▶x1

▶

bg

▶
y1

▶y2
f

=

▶
x3

▶x2

▶x1

g ◦b f

▶
y1

▶y2

as an element in the vector space H[x1x2x3y1y2].

3.7. Spherical pairing. Throughout this section we assume that X is a spherical
semisimple multitensor category. The pivotal structure of X induces an important struc-
ture on the Hom-spaces of X , namely a non-degenerate pairing: for any x, y ∈ IsoXij

⟨−,−⟩x,y : HomX (x, y)⊗ HomX (x, y) → HomX (1j,1j) ∼= k,
(f, g) 7→ evy ◦ (f ⊗ g) ◦ coevx = evy ◦ (g ⊗ f) ◦ coevx .

(3.5)

We extend this to arbitrary x, y ∈ IsoX by bilinearity, noting that HomX (x, y) is the direct
sum of spaces HomXij

(xij, yij) with x =
⊕

i,j xij for xij ∈ Xij, and a similar decomposition
for y. In particular, we have for the vector space HomX (1, x) that the pairing ⟨−,−⟩1,x =
◦x is the composition relative to x.

A direct computation involving the sphericality of the pivotal structure of X proves that
the pairing (3.5) commutes with the isomorphisms Xi,i+1 from equation (3.1). Conse-
quently, when x1, . . . , xn is a cyclically composable sequence of 1-cells, (3.5) descends to
a pairing on H spaces

⟨−,−⟩ = trxn(− ◦x1···xn−1 −) : H[xn · · ·x1]⊗ H[x1 · · · xn] → k (3.6)

where we interpret the value of trxn as a scalar by the isomorphism EndX (1i) → k as
in (2.1). The non-degeneracy of the pairing means that H[x1 · · · xn]∗ ∼= H[xn · · · x1].
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3.8. Definition. Let α = {αi} and α = {αi} be bases of H[ax] and H[x a] respec-
tively. The bases (α, α) are called a pair of dual bases of H[ax] with respect to (3.6) when
⟨αi, α

j⟩ = δij holds.

Given a pair of dual bases (α, α) of H[ax], the linear map defined by

k → H[x a]⊗ H[a x]

1 7→
∑
i

αi ⊗ αi (3.7)

is independent of the choice of dual bases. The element
∑

i αi ⊗ αi will be depicted by

▶

▶

▶

▶x a a xαi ⊗ αi

where the sum over the basis elements is implicit and indicated by Einstein’s summation
convention.

3.9. Lemma. [Kir11, Lemma 3.6] Given f ∈ H[ab], we have that

▶

▶ ▶

▶

▶x

a
b a xαi f ⊗ αi = ▶▶

▶

▶ ▶x b a

b

xβj f⊗ βj (3.8)

where (α, α) is a pair of dual bases of H[ax] and (β, β) dual bases of H
[
bx
]
.

Composition relative to an object is compatible with the pairing only up to a dimension
factor. For a simple object x ∈ Irr Xij, define

f •x g :=
√

dx f ◦x g .

For composable simple objects x1, . . . , xn

f •x1···xn g :=
√

dx1 · · · dxn f ◦x1···xn g .

3.10. Lemma. [KB10, Lemma 1.1] Let y ∈ IrrX be a simple object, and a, b ∈ IsoX
homogeneous objects.

(i) For f ∈ H[ay] and g ∈ H[y a], then

dy f ◦a g = ⟨f, g⟩ey .
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(ii) Dominance relation: unit morphisms can be decomposed in terms of sums of dual
bases over simple objects.

▶

▶ ▶

▶
b

a

b

a

eab =
∑

t∈IrrX

dt

▶

▶ ▶

▶

▶

b

a

b

a

αt,i αi
t

t
(3.9)

(iii) For f ∈ H[ay], g ∈ H[y b], h ∈ H
[
b y
]
, and k ∈ H[y a]

⟨f •y g, h •y k⟩ = ⟨f, k⟩ · ⟨g, h⟩ .

Proof. Since y is simple, H[yy] is one dimensional and thus f ◦a g = λ ey for a scalar
λ ∈ k. It follows that ⟨f, g⟩ = try(f ◦a g) = λ dy which implies (i). To prove (ii) first
assume that b = 1 and a = y is simple. Notice that, from Schur’s lemma, H[ty] is one-
dimensional only if t ∼= y and zero otherwise. It follows that the sum on the right-hand
side of (3.9) reduces to∑

t∈IrrX

dt αt,i ◦t αi
t = dy αy ◦t αy = ⟨αy, αy⟩ ey = ey

where the second to last equality follows from (i) and the last one holds since αy and
αy are dual bases. Due to semisimplicity of X , extending the argument to direct sums
ensures that the whole statement holds. Lastly, notice that

⟨f •y g, h •y k⟩ = dy tra(f ◦y g ◦b h ◦y k)
(i)
= dy

⟨g, h⟩
dy

tra(f ◦y ey ◦y k) = ⟨f, k⟩ · ⟨g, h⟩

which proves (iii).

3.11. Lemma. Let a, b, c be homogeneous objects in IsoX .

(i) For each t ∈ IrrX consider a pair of dual bases (ψt, ψt) of H[atc], and (βt, βt) a pair
of bases of H

[
bt
]
. Then {βi

t •t ψ
j
t}t∈IrrX and {βt,i •t ψt,j}t∈IrrX is a pair of dual bases

of H[abc].

(ii) Given a pair of dual bases (φt, φt) of H[btc], of each t ∈ IrrX , and (αt, αt) of H
[
at
]
.

Then {αi
t •t φ

j
t}t∈IrrX and {αt,i •t φt,j}t∈IrrX is a pair of dual bases of H[abc].
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Thus, graphically we have in the vector space H[abc]⊗ H
[
abc
]
that

∑
t∈IrrX

▶

▶

▶

▶

▶

▶
b

b

a

a

c ⊗
c

•t

•t

φt,j

φj
t

αt,i

αi
t =

∑
t∈IrrX

▶

▶▶

▶

▶

▶b

b

a

a

c ⊗
c

•t

•t
ψj
t

ψt,j

βt,i

βit

=

▶

▶

▶

▶

▶

▶

b

b

a

a

c ⊗
c

γk

γk

for an arbitrary pair of dual bases (γ, γ) of H[abc].

Proof. From Lemma 3.10 (iii) follows that

⟨ βt,i •t ψt,j, β
k
s •s ψl

s ⟩ = ⟨βt,i, β
k
s ⟩ · ⟨ψt,j, ψ

l
s⟩ = δt,sδi,kδj,l

where the δt,s appears after taking into account that βt,i ◦b βk
s belongs to H[ts] ∼= δt,sk.

The additional delta factors come since we are pairing pairs of dual bases. This proves
(i). Statement (ii) follows analogously.

In the case that a graph has two edges with labels dual to each other, we can resolve them
over simple objects, via the composition:

⋆x : H[axbxc]
(3.7)−−→

⊕
t∈IrrX

H[axbxc]⊗ H
[
xt
]
⊗ H[xt]

•x ⊗ • x−−−−→
⊕

t∈IrrX

H
[
atbtc

]
This operation can be graphically represented as follows. For f ∈ H[axbxc], the homoge-
neous component of ⋆x(f) associated to t ∈ IrrX is given by

fa

x

c
x

b
x

x
t

t

αt

αt

7→ fa

c

b

t

t

• x

•xαt

αt

=: ⋆x(f)ta

t

c
t

b

where (αt, αt) is a pair of dual bases of H
[
xt
]
.

3.12. Lemma. The maps ⋆x satisfy the following consistency conditions.

(i) Given f ∈ H[yxyz] and g ∈ H[z w], it holds in
⊕

t∈IrrX H
[
xtwt

]
that

⋆y(f ◦z g) = ⋆y(f) ◦z g, and ⋆y (f •z g) = ⋆y(f) •z g . (3.10)
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(ii) Given f ∈ H[axyzbz y x], it holds that∑
t∈IrrX

⋆xt(⋆yz(f)t) = ⋆xyz(f) =
∑

t∈IrrX

⋆tz(⋆xy(f)t) (3.11)

(iii) Given f ∈ H[xyzwz y], it holds that

⋆z(⋆y(f)) = ⋆y(⋆z(f)) ,

⋆yz(f) =
∑

s,t∈IrrX

⋆st(⋆z(⋆y(f)s)t) =
∑

s,t∈IrrX

⋆st(⋆y(⋆z(f)t)s) .

(iv) For f ∈ H
[
ax b x

]
and x ∈ IrrX , we have that ⋆x(f) = f .

(v) Given f ∈ H[z y x], with z ∈ IrrX , and families of pairs of dual bases α, β, γ and η
it holds

∑
t∈IrrX

dt ⋆xy

 ▶ ▶

▶ ▶

▶

▶

▶

y y

x x

b

t

a

αi

βj

⊗ ▶ ▶

▶ ▶ ▶

▶

▶

▶ z
x x

y y

a

t

b

f
αi

βj

=
dxdy

dz

⟨γk, f⟩ ▶ ▶

▶

▶

z z

b

a

ηi ⊗ ▶ ▶▶

▶

▶

xy z z.

a

b

γk ηi

Proof. The first statement follows from Lemma 3.5, indeed

⋆y(f ◦z g) =
∑

t∈IrrX

αt ◦b (f ◦z g) ◦b αt =
∑

t∈IrrX

αt ◦b (f ◦b αt) ◦z g = ⋆y(f) ◦z g .

The second equality in (i) follows by considering the additional factor of
√
dZ . To prove

the second assertion, first notice that by (i) resolving a label over simple objects and
gluing along a different label are procedures that commute. Now, by Lemma 3.11, the
two possible configurations of gluing pairs of dual bases agree. More explicitly, we have
graphically for each simple object s ∈ IrrX that

∑
t∈IrrX

▶s ▶ s

ψkψk

αiαi

•t •t
•z •z

▶
b

•y •yf

•x •x

▶a

=

▶s ▶ s
γkγk

•z •z
▶
b

•y •yf

•x •x

▶a

=
∑

t∈IrrX

▶s ▶ s

φkφk

βjβj•t •t

•z •z
▶
b

•y •yf

•x •x

▶a

which translates into equation (3.11). The first part of (iii) simply states that resolving
different labels into simple objects are independent procedures and therefore commute.
The second part of (iii) follows from a similar argument to the one that proves (ii). Item
(iv) is immediate from the definition, considering x is a simple object. The fifth assertion
follows by applying Lemmas 3.11, 3.9 and 3.10 (i).



BRAIDED MONOIDAL STRUCTURE OF TUBE ALGEBRA REPRESENTATIONS 2129

3.13. Spaces of tubes and the Tube algebra. The rotational invariance of the
graphical calculus allows for representing certain graphs as annuli or tubes: two non-
consecutive edges of a graph with the same label up to orientation reversal are merged.
This leads to a loop labeled by the product of the labels of the edges in between the
merged edges.

▶ ▶

▶

▶ ▶

x x

b

aã

f ≡

▶

▶

▶

▶

=x

b

aã

f

3.14. Definition. Let X be a spherical semisimple multitensor category, and let I =∐
i∈Γ Ii and J =

∐
i,j∈Γ Jij be collections of isomorphism classes IrrXi ⊂ Ii ⊂ IsoXi and

Jij ⊂ IsoXij.

(i) Given a pair of objects a, b ∈ I, define the space of tubes from b to a as the vector
space

TJ
a;b :=

⊕
x∈J

H
[
b x a x

]
We refer to a vector f ∈ H

[
b x a x

]
as a tube element and simply write Ta;b for the

choice Jij = IrrXij.

(ii) Given a, b, c ∈ I, the welding of tube elements is defined by the map

w: TJ
a;b ⊗ TJ

b;c → TJ
a;c (3.12)

given for f ∈ H
[
bxax

]
and g ∈ H[c yby] by

⋆xy(f ◦b g) =
∑

t∈IrrX
ηiηit t

▶ ▶

•y •y

▶

▶

b

c

g

•x •x

▶a

f
.

We note that H
[
bxax

]
is nontrivial only if x ∈ Jij holds for i, j ∈ Γ a ∈ Iii, b ∈ Ijj, so we

ought to take the direct sum over this small choice of indexes, but suppress it to avoid
cumbersome notation. In the following we will write IrrX ⊂ I to mean IrrXi ⊂ Ii for
i ∈ Γ, and similarly for J.
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3.15. Proposition. Welding of tube elements is associative, i.e., the diagram

TJ
a;b ⊗ TJ

b;c ⊗ TJ
c;d TJ

a;b ⊗ TJ
b;d

TJ
a;c ⊗ TJ

c;d TJ
a;d

id⊗w

w⊗id w

w

commutes for all a, b, c, d ∈ IsoX .

Proof. Associativity follows from Lemma 3.12. Indeed, given f ∈ (TJ
a;b)x, g ∈ (TJ

b;c)y
and h ∈ (TJ

c;d)z we have on one hand that

w(f⊗w(g⊗h)) = w(f⊗⋆yz(g◦ch)) =
∑

t∈IrrX

⋆xt(f◦b⋆yz(g◦ch)t)
(3.10)
=

∑
t∈IrrX

⋆xt(⋆yz(f◦bg◦ch)t)

(3.13)
On the other hand, it holds that

w(w(f⊗g)⊗h) = w(⋆xy(f◦bg)⊗h) =
∑

t∈IrrX

⋆tz(⋆xy(f◦bg)t◦ch)
(3.10)
=

∑
t∈IrrX

⋆tz(⋆xy(f◦bg◦ch)t)

(3.14)
The last steps in (3.13) and (3.14) are graphically depicted as

∑
s,t∈IrrX

ψkψk

αiαi

s s•t •t
▶ ▶

•z •z

▶

▶

d

c

h

•y •y

▶b

g

•x •x

▶a

f

(3.11)
=

∑
s,t∈IrrX φkφk

βjβj
s s

•t •t▶ ▶

•z •z

▶

▶

d

c

h

•y •y

▶b

g

•x •x

▶a

f

which both equal to ⋆xyz(f ◦b g ◦c h), leading to the desired result.

3.16. Remark. We will fix the label set to be Jij = IrrXij. This is intrinsically related
to the following construction, see also Section 5. Given a ∈ Xi and j ∈ Γ, we set

Zj(a) =
⊕

x∈IrrXij

x⊗ a⊗ x

in the ind-category of Xjj. Since X is semisimple, this can be interpreted as a coend
construction. Therefore, the vector spaces of tubes can be described as Ta;b = H

[
b Zj(a)

]
for b ∈ Xjj, as long as the above assumption on J stands.

When X is a spherical fusion category, the above specializes to the tube algebra Tube(X ),
which is a symmetric Frobenius algebra whose representations realize the Drinfeld center
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of X . The corresponding claim for multifusion setting is straightforward, but if we allow
for X to have infinitely many isomorphism classes of simple objects, Tube(X ) is no longer
a symmetric Frobenius algebra, since it is not unital.

Let X be a spherical semisimple multitensor category, and let IrrX ⊂ I ⊂ IsoX be in the
diagonal part as in Definition 3.14. The vector space

Tube(X , I) :=
⊕
a,b∈I

Ta;b =
⊕
a,b∈I

⊕
x∈IrrX

H
[
b x a x

]
is endowed with the structure of an associative k-algebra with local units. The product
is given by welding of tube elements, i.e., for f ∈ H

[
bxax

]
and g ∈ H[c yby]

f · g := w(f ⊗ g) = ⋆xy(f ◦b g)

which is associative by Proposition 3.15. Now, given a finite set F ⊂ I, multiplication by
the idempotent

eF :=
∑
a∈F

ea ∈
⊕
a∈F

H[a a] .

from both sides projects Tube(X , I) to
⊕

a,b∈F Ta;b.

3.17. Definition. Let X be a spherical semisimple multitensor category and IrrX ⊂ I ⊂
IsoX be in the diagonal part as in Definition 3.14. The associative k-algebra with local
units Tube(X , I) is called the tube algebra of X .

In particular, a homogeneous element of the tube algebra f ∈ H
[
bxax

]
can be depicted

as

▶ ▶

▶

▶

x x

b

a

f ≡

▶

▶

▶

=x

b

a f

which justifies the terminology.

The tube algebra comes with a symmetric linear form given by the trace coming from the
spherical structure of X , defined by

ϵ : Tube(X , I) → k, ϵ(f) =

{
tra(f) if f ∈ H[a1ia1i],

0 if f ∈ H
[
bxax

]
, x ̸= 1i or a ̸= b,

where a ∈ Xi and we interpret tra as a scalar by (2.1). In the case that X is fusion and I
is finite, Tube(X , I) is a Frobenius algebra

Tube(X , I)∗ ∼=
⊕
a,b∈I

⊕
x∈IrrX

H
[
a x b x

]∗ ∼= ⊕
a,b∈I

⊕
x∈IrrX

H[x b x a] ∼= Tube(X , I) .
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4. Tube algebra representations

The goal of this section is to explicitly define a braided monoidal structure on the cate-
gory RepTube(X , I) of tube algebra representations of a spherical semisimple multitensor
category X . In Section 5 this structure is related to the braided monoidal structure on
the Drinfeld center of the ind-completion of X .

4.1. Tensor product of representations. Let X be a spherical semisimple multi-
tensor category and suppose we are given IrrX ⊂ I ⊂ IsoX in the diagonal part as in
Definition 3.14. Every tube algebra representation M ∈ RepTube(X , I) admits a canoni-
cal decomposition

M ∼=
⊕
a∈I

Ma, where Ma :=M.ea

determined by the action of the local units ea.

In order to define the tensor product of two tube algebra representations, we will consider
the following auxiliary space

Πa,b;c := Tab;c =
⊕

x∈IrrX

H[c x a b x] (4.1)

where a and b represent the degree of the vectors of the representations and c the label
where the tube algebra acts.

4.2. Proposition. The tube algebra Tube(X , I) acts from the right on Πa,b;c via

π.f := w(π ⊗ f) = ⋆xy(π ◦c f) (4.2)

for f ∈ H
[
d y c y

]
and π ∈ H[c x a b x].

Proof. The module associativity follows from Proposition 3.15. Locality is ensured by
taking the sum of the idempotents ec for each basis element π ∈ H[c x a b x] in a finite-
dimensional W ⊂ Πa,b;c.

Now, given tube algebra representations M,N ∈ RepTube(X , I) and c ∈ I define the
vector space

(M
∼
2N)c :=

⊕
a,b∈I

Ma ⊗Nb ⊗ Πa,b;c

A homogeneous vector m⊗ n⊗ π ∈Ma ⊗Nb ⊗ Πa,b;c is graphically depicted as

m⊗ n⊗ ▶ ▶

▶

▶ ▶

x x

c

ab

π ≡

▶

▶ ▶

▶

mn

=x

c

ab

π



BRAIDED MONOIDAL STRUCTURE OF TUBE ALGEBRA REPRESENTATIONS 2133

The tube algebra action on Πa,b;c defines an action on M
∼
2N . However, we need to

account for the actions on the representations M and N . To this end, we define an
equivalence relation on M

∼
2N :

(i) Given a tube algebra element f ∈ H[a ua′u] acting on m ∈Ma′ , and vectors n ∈ Nb

and π ∈ Πa,b;c we consider the following relation

m.f⊗n⊗ ▶ ▶

▶

▶ ▶

x x

c

ab

π ∼
∑

y,b̃∈IrrX

db̃ m⊗n.
βj

du

⊗
•x •x

•u •u
▶ ▶

▶

▶

▶

▶ ▶

▶

yy
u

c

a

a′

b

b̃

fβj

φk φk

π

(4.3)

where (β, β) is a pair of dual bases of H
[
b ub̃u

]
.

(ii) Similarly, accounting for the tube algebra action on N , for g ∈ H
[
b vb′v

]
, and m ∈

Ma, n ∈ Nb′ and π ∈ Πa,b;c we set the relation

m⊗n.g⊗ ▶ ▶

▶

▶ ▶

x x

c

ab

π ∼
∑

y,ã∈IrrX

dã m.
αi

dv

⊗n⊗⋆vx



▶

▶▶ ▶

▶ ▶

▶

▶ ▶

▶

x x

vv v

c

a

ã

b

b′

αig

π

 (4.4)

for (α, α) a pair of dual bases of H[a vãv].

4.3. Definition. Given tube algebra representations M,N ∈ RepTube(X , I), their ten-
sor product is defined as the quotient

M 2N :=M
∼
2N⧸∼ (4.5)

where the equivalence relation ∼ is defined by (4.3) and (4.4).

4.4. Remark. In the setting of tensor categories, the summand of x = 1 in (4.1) is often
used to describe the monoidal product, which can be interpreted as a variation of the Day
convolution product, see for example [KJS+24, Section 3]. While it is possible to reduce
the computation to the case x = 1i for some i (see Proposition 4.8 (iii)), we chose to
work with this more flexible presentation because there is no preferred choice of the 0-cell
i ∈ Γ, and the braiding will inevitably introduce nontrivial labels x.
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4.5. Remark.The previously defined relations can be also graphically expressed in terms
of tube-like notation: the relation starting from an action on M as

▶

▶ ▶

▶

m.fn

=x

c

ab

π

∼
∑

b̃∈IrrX

db̃d
−1
u ⋆ux



▶

▶ ▶

▶

mn.βj

=ux

c

a′b̃

βj ◦uf ◦abπ


and the relation involving the tube algebra action on N is graphically presented as

▶

▶ ▶

▶

mn.g

=x

c

ab

π

∼
∑

ã∈IrrX

dãd
−1
v ⋆vx



▶

▶ ▶

▶

m.αin

=vx

c

ãb′

αi◦vg◦abπ


.

4.6. Proposition. LetM,N ∈ RepTube(X , I) be tube algebra representations. The tube
algebra action (4.2) on Πa,b;c descends to an action on the tensor product M 2N .

Proof. We need to verify that the action is compatible with the relations defining the
quotient M 2N . For the first relation (4.3), notice that (m.g ⊗ n⊗ π).f is given by

m.g⊗n⊗⋆xy



▶

▶ ▶

d

y yf

▶ ▶

▶

▶ ▶

x x

c

ab

π


(4.3)∼

∑
t,b̃,z∈IrrX

m⊗n.βj⊗⋆uz◦(⋆xy)z

 ▶

▶

▶

▶ ▶

▶

▶▶

▶▶

uu u

x x

c

a

ã

b

b̃

gβj

π

▶

▶▶

d

y yf


.

Applying Lemma 3.12 (ii) we obtain the expression∑
t,b̃,z∈IrrX

m⊗n.βj⊗⋆zy◦(⋆ux)z
[
(βj ◦u g) ◦ab π ◦c f

]
=
∑

b̃∈IrrX

m⊗n.βj⊗⋆ux
[
(βj ◦u g) ◦ab π

]
.f

proving the desired result. A similar argument shows the compatibility of the tube algebra
action with the relation (4.4).
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4.7. Proposition. The tensor product from Definition 4.3 extends to a functor

2 : RepTube(X , I)× RepTube(X , I) → RepTube(X , I)

given for homomorphisms F : M →M ′ and G : N → N ′ between tube algebra representa-
tions by the assignment

F 2G : M 2N →M ′2N ′ ,

m⊗ n⊗ π 7→ F (m)⊗G(n)⊗ π

that, in particular, is a well-defined homomorphism of tube algebra representations.

Proof. A routine check shows that F 2G preserves the relations (4.3) and (4.4). Since
the action (4.2) is solely defined on π it is clear that F 2G is an intertwiner.

4.8. Proposition. Let M,N be tube algebra representations.

(i) The following relation, obtained by decomposing the label a in simple objects,

m⊗ n⊗ ▶ ▶

▶

▶ ▶

x x

c

ab

π ∼
∑

t∈IrrX

dt m.αi ⊗ n⊗

▶ ▶

▶

▶ ▶

▶

x x
a

b

c

t

αi

π
(4.6)

holds for any m⊗ n⊗ π ∈Ma ⊗Nb ⊗ Πa,b;c.

(ii) Similarly, the relation

m⊗ n⊗ ▶ ▶

▶

▶ ▶

x x

c

ab

π ∼
∑

s∈IrrX

ds m⊗ n.βj ⊗ ▶ ▶

▶

▶ ▶

▶

x x

a

b

c

s

βj

π
(4.7)

holds for every m⊗ n⊗ π ∈Ma ⊗Nb ⊗ Πa,b;c.

(iii) Every vector in (M 2N)c can be expressed in terms of vectors in Mt⊗Ns⊗ (Πt,s;c)1
where t, s ∈ IrrX are simple objects. Explicitly, the following relation

dx m⊗n⊗ ▶ ▶

▶

▶ ▶

x x

c

ab

π ∼
∑

t,s∈IrrX

dtdsm.µi ⊗n.νj ⊗

▶

▶

▶ ▶ ▶▶

▶ ▶

x

c

xa

t

bx

s

µiνj

π

(4.8)

holds for any m⊗ n⊗ π ∈Ma ⊗Nb ⊗ Πa,b;c.
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Proof. Relation (i) follows from applying (4.4) to g = eb. Similarly, (ii) corresponds to
relation (4.3) for f = ea. To show (iii), notice that by (4.4) the right hand side of (4.8)
is related to

∑
t,s,ã∈IrrX

dtdsdãm.

(
µi ·

αk

dx

)
⊗ n⊗ ⋆x


▶ ▶

▶

▶

▶

▶ ▶ ▶▶

▶▶

▶ ▶ xx
x

x

c

xa

ãb

t

bx

s
µiνj

αkνj

π


which in turn, by using Lemma 3.12 (iv) and Lemma 3.10 (ii), gives the expression

d−1
x

∑
t,ã∈IrrX

dtdãm. (µi · αk)⊗ n⊗

▶

▶

▶

▶

▶ ▶ ▶▶

▶

▶ x
x

x

c

xa

ã

t

bx

µi

αk

ex

π

. (4.9)

Now, since the product of tube algebra elements is µi · αk = ⋆xx(µi ◦t αk), we obtain by
Lemma 3.12 (v) that∑

t∈IrrX

dt ⋆xx (µi ◦t αk)⊗ αk ◦t µi ◦xx ex = d2
xd

−1
x ⟨ex, ex⟩ ηi ⊗ ηi ◦1 ex

where (η, η) is a pair of dual bases of H[a ã]. Replacing this identity in (4.9) we get the
expression

dx

∑
ã∈IrrX

dãm.ηi ⊗ n⊗

▶ ▶

▶

▶ ▶

▶

x x
a

b

c

ã

ηi

π

which is related to the left hand side of (4.8) by (4.6).

4.9. Associators and pentagon axiom. The purpose of this section is to define the
associators for the tensor product M 2N of tube algebra representations presented in
Section 4.1.

4.10. Definition. Given tube algebra representations M,N,L ∈ RepTube(X , I), the
associator

AM,N,L : (M 2N)2L→M 2 (N 2L) (4.10)
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is defined as the assignment given by

(m⊗ n⊗ π)⊗ l ⊗ ρ 7→
∑

d̃∈IrrX

dd̃ m⊗
(
n⊗ l.

γk
dy

⊗ ebd̃

)
⊗ ⋆yx


▶▶ ▶

▶ ▶

▶

▶ ▶

▶▶▶

yy y

x x

r

c

abd̃

d ρ

γk π


for π ∈ Πa,b;c and ρ ∈ Πc,d;r.

4.11. Proposition. The map AM,N,L is a well-defined natural isomorphism of represen-
tations of Tube(X , I).

Proof. Naturality is immediate from the definition. It follows from Proposition 3.15
and the definition of the tube algebra action (4.2) that AM,N,L is an intertwiner. To
check that the associator is well-defined under relation (4.3), notice that on one hand
(m⊗ n⊗ π.f)⊗ l⊗ ρ ∈Ma ⊗Nb ⊗Πa,b;c ⊗Ld ⊗Πc,d;r gets assigned by AM,N,L the value

∑
d̃,u∈IrrX

dd̃dyzm⊗
(
n⊗ l.

γk
du

⊗ ebd̃

)
⊗ ⋆ux



▶

▶ ▶

▶ ▶

▶ ▶

▶ ▶

▶

▶ ▶

▶

▶▶▶

uu u
y y

z z

x x

r

c̃

c

abd̃

d

ρ

γk νiνi
π

f


. (4.11)

On the other hand, the right-hand side of relation (4.3) is mapped by AM,N,L to

∑
d̃,t∈IrrX

dd̃dtm⊗

(
n⊗ l.

βj · αi

dzdy

⊗ ebd̃

)
⊗ ⋆yzx



▶
▶▶

▶

▶
▶

▶ ▶

▶

▶

▶

▶

▶

▶▶▶

y

z

y y

z z

x x

r

c̃

c

abd̃

t

d ρ

αi

βj

π

f


. (4.12)

It follows from Lemma 3.11 and 3.9 that∑
t∈IrrX

dt (βj · αi)⊗ αi ◦t βj = dzdy

∑
u∈IrrX

γk ⊗ νi ◦u γk ◦u νi

where (γ, γ) is a pair of dual bases of H
[
d u d̃u

]
and (ν, ν) of H[z y u]. Applying this

formula and Lemma 3.12 (ii) to the expression (4.12) we obtain (4.11). That the associator
is well-defined under relation (4.4) can be verified using analogous arguments.
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Lastly, the assignment given for π ∈ Πb,c;d and ρ ∈ Πa,d;r by the value

m⊗ (n⊗ l ⊗ π)⊗ ρ 7→
∑

ã∈IrrX

dã

(
m.
αi

dy

⊗ n⊗ eãb

)
⊗ l ⊗ ⋆yx


▶▶ ▶

▶ ▶

▶

▶ ▶

▶▶▶

yy y

x x

r

a

ãbc

d ρ

αiπ

 .

provides the inverse A−1
M,N,L : M 2 (N 2L) → (M 2N)2L for the associator. Indeed,

using relation (4.6), we obtain that the image of a vector (m⊗ n⊗ π)⊗ l ⊗ ρ under the
composition A−1

M,N,L ◦ AM,N,L is given by the expression

∑
ã,d̃∈IrrX

dãdd̃ (m⊗ n⊗ αi)⊗ l.
γk
dy

⊗ ⋆yx



▶ã

▶▶ ▶

▶ ▶

▶

▶ ▶

▶▶▶

yy y

x x

r

c

abd̃

d ρ

γk π

αi


which can be further simplified to (m⊗n⊗π)⊗ l⊗ρ by transporting π according to (3.8)
and applying relation (4.4) in the representation (M 2N)2L. That AM,N,L ◦ A−1

M,N,L =
idM 2 (N 2L) can be verified with similar arguments.

4.12. Lemma. Let M,N,L be tube algebra representations. Then, it holds that

AM,N,L


m⊗ n⊗

▶

▶ ▶

d

ab

π

⊗ l ⊗ ρ

 = m⊗ (n⊗ l ⊗ ebc)⊗ π ◦d ρ

Proof. Directly from the definition of the associator (4.10), we obtain an expression that
can be further simplified, by means of the relation (4.7), into the desired result.

4.13. Proposition. The associators AM,N,L defined in (4.10) satisfy the pentagon axiom

((M 2N)2L)2K

(M 2 (N 2L))2K (M 2N)2 (L2K)

M 2 ((N 2L)2K) M 2 (N 2 (L2K))

AM,N,L 2 idK AM 2N,L,K

AM,N 2L,K AM,N,L2K

idM 2AN,L,K

for all tube algebra representations M,N,L,K.
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Proof. In view of Proposition 4.8 (iii), it is enough to check that the pentagon axiom
holds for elements of the form

m⊗ n⊗

▶

▶ ▶

u

ab

π

⊗ l ⊗

▶

▶ ▶

v

uc

ρ

⊗ k ⊗

▶

▶ ▶

w

vd

τ (4.13)

where a, b, c, d, u, v ∈ IrrX . Using Lemma 4.12, one obtains that both compositions

idM 2AN,L,K ◦ AM,N 2L,K ◦ AM,N,L 2 idK and AM,N,L2K ◦ AM 2N,L,K

assign to (4.13) the value

m⊗ (n⊗ (l ⊗ k ⊗ ecd)⊗ ebcd)⊗

▶

▶

▶ ▶

▶

▶▶

w

v
d

c
u

ab

π

ρ

τ

thereby proving the statement.

4.14. Monoidal unit and dualizable objects. Let us next present the monoidal
unit in our category, and describe the dualizable objects.

4.15. Definition. Define the trivial tube algebra representation I as the vector space⊕
a∈I H[a1] with tube algebra action given by the partial trace

l.f := dx ptrx(l ◦a f)

for l ∈ H[a1] and f ∈ H
[
bxax

]
.

4.16. Remark. In case X is a tensor category and we consider the tube algebra associated
to the index set I = IrrX , the trivial representation is one-dimensional and the action is
given by the full trace.

The trivial representation I serves as monoidal unit for the tensor product (4.5). In order
to show this, define the right unitor morphism by the assignment

rM : M →M 2 I, ma 7→ ma ⊗ e1 ⊗ ea

and, similarly, the left unitor morphism as

lM : M → I 2 M, ma 7→ e1 ⊗ma ⊗ ea .
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4.17. Proposition. For any tube algebra representation M ∈ RepTube(X , I), the uni-
tors rM and lM are well-defined isomorphisms of tube algebra representations.

Proof. Given m ∈Ma, l ∈ H
[
b1
]
and π ∈ Πa,b;c, we have that

m⊗ l ⊗ π
(4.4)∼ m⊗ e1 ⊗ l ◦b π

(4.3)∼ m.l ◦b π ⊗ e1 ⊗ ec

and thus (M 2 I)c ∼= Mc, for every c ∈ I. Moreover, relation (4.3) ensures that rM is an
intertwiner. A similar argument shows the statement for lM .

4.18. Proposition. The triangle axiom holds, i.e., the diagram

(M 2 I)2N M 2 (I 2N)

M 2N

AM,I,N

rM 2 idN idM 2 lN

commutes for all tube algebra representations M and N .

Proof. From Lemma 4.12 it follows that

AM,I,N ◦ rM 2 idN(m⊗ n⊗ π) = m⊗ (e1 ⊗ n⊗ eb)⊗ π = idM 2 lN(m⊗ n⊗ π)

for any m⊗ n⊗ π ∈Ma ⊗Nb ⊗ Πa,b;c, which proves the desired result.

Now that we count with a monoidal unit in RepTube(X , I), we can discuss dualizability
of representations. From the infinite nature of this tensor category we know that not
every representation admits a dual object.

4.19. Definition. A tube algebra representation M ∈ RepTube(X , I) is called locally
finite when Ma is finite-dimensional for every a ∈ I and the support {t ∈ IrrX |Mt ̸= 0}
is finite.

4.20. Remark. In the case that I = IrrX , the situation simplifies. We have that locally
finite representations are actually finite-dimensional.

To define the dual of a locally finite representation, we make use of the following involutive
structure on the tube algebra: given a, b ∈ I the assignment

(−)# : Ta,b → Tb,a,

▶ ▶

▶

▶

x x

b

a

f 7→ ▶ ▶

▶

▶

x x

a

b

f

extends to the tube algebra Tube(X , I) and obeys (f · g)# = g# · f#.
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4.21. Definition. LetM ∈ RepTube(X , I) be a locally finite tube algebra representation.
The dual tube algebra representation of M is a triple consisting of:

(i) The representation M given for a ∈ I by the vector space Ma :=M∗
a = Homk(M a, k)

with tube algebra action
φ.f(m) := φ

(
m.f#

)
for φ ∈M∗

a, any tube element f ∈ Ta,b and m ∈M b.

(ii) The evaluation morphism defined by the assignment

evM : M 2M → I, φ⊗m⊗ ▶ ▶

▶

▶ ▶

x x

c

ab

π 7→ dx φ.ηk (m) ptrx

 ▶ ▶

▶

▶ ▶

x x

c

ab π

ηk


where φ ∈Ma, m ∈Mb and (η, η) is a pair of dual bases of H[a b].

(iii) The coevaluation morphism is given by

coevM : I →M 2M, ▶

c
l 7→

∑
t∈IrrX

dt

∑
i

mi
t ⊗mi

t ⊗
▶

▶ ▶

c

t t

l

et

where t is taken from IrrXk with c ∈ Ik, and {mi
t}i is a basis for Mt and {mi

t}i its
dual basis, that means that mj

t(m
i
t) = δi,j.

4.22. Proposition. The full k-linear subcategory Repl.f. Tube(X , I) ⊂ RepTube(X , I)
of locally finite tube algebra representations is rigid.

Proof. That the subcategory Repl.f. Tube(X , I) is closed under the tensor product 2

follows from Proposition 4.8 (iii). To check rigidity, we start by proving that evM is well-
defined. Consider a vector φ.f ⊗m⊗ π in the tensor product M 2M . The image of the
right-hand side of (4.3) under evM equals

dx φ
(
m.βj

)
ptryx



▶

▶▶ ▶

▶ ▶

▶

▶ ▶

▶

x x

yy y

c

a

ã

b

ã

fβj

eã

π


after applying the identity (3.9). We obtain by means of (3.8) the expression

dx φ
(
m.
(
η#k · f#

))
⊗ ptrx

(
ηk ◦ab π

)
= evM (φ.f ⊗m⊗ π)
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for (η, η)a pair of dual bases of H[a b]. Compatibility with relation (4.4) follows analo-
gously. A routine check shows that evM is an intertwiner of tube algebra representations.
To prove that coevM is compatible with the action requires a more involved calculation
using (4.8). We check now the snake relation. By direct computation one can verify that
the composition

M
lM−−→ I2M coevM 2 id−−−−−−−→

(
M 2M

)
2M

AM,M,M−−−−−→M 2
(
M 2M

) id2 evM−−−−−→M 2 I
r−1
M−−→M

assigns to a vector m ∈Ma the value∑
t∈IrrX

dt

∑
i

(
mi

t.η
k
)
(m) mi

t.ηk =
∑
j

mj
a(m) mj

a = m

where (η, η) is a pair of dual bases of H[a t] and the first equality follows from Lemma 3.10
(i) and the independence of the coevaluation map from the choice of basis. The second
equality follows by the definition of the dual basis to {mj

a}j. The remaining snake relation
holds similarly.

4.23. Braiding and twist. We turn now to the definition of the braiding in the
monoidal category RepTube(X , I). To this end, we need first to look into the follow-
ing special class of tube elements.

4.24. Definition. The twist element of a ∈ IsoXi is defined as the tube element

τa := d−1
a ▶ ▶

▶

▶

a a

a

a

ea ea ∈ TIsoXi
a;a .

In the case that a /∈ I, the twist element does not properly belong to the tube algebra
Tube(X , I). However, we can define the action of tube elements f ∈ TIsoX

a;b by resolving
the x label into simple objects, thereby obtaining an element ⋆x(f) ∈ Tube(X , I) and
setting m.f := m. ⋆x (f) for m ∈M .

4.25. Lemma. Twist elements obey the following properties.

(i) The twist element of a ∈ IsoXi is invertible under (3.12) and its inverse is given by

τ−1
a = d−1

a

▶ ▶

▶

▶

a a

a

a

eaea .

(ii) For any f ∈ TIsoXi
a;b it holds that

τa · f = f · τb ∈ TIsoXi
a;b . (4.14)
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(iii) For any a ∈ IsoXi, it holds that

⋆a(τa) =
∑

t∈IrrXi

dt αk · τt · αk ,

where (α, α) is a pair of dual bases of H[at].

Proof. The first statement is an immediate consequence of the definition of welding of
tube elements. To verify assertion (ii) notice that from the definition of twist elements
we have that

τ−1
a · f =

∑
z∈IrrX

▶z

▶

z

▶

▶ ▶

•x •x

b

a a

f ηj

ηj
(3.8)
=

∑
z∈IrrX

▶

z

▶

z •x •x

▶

▶

▶

b

a

b

fνj

νj
= f · τ−1

b

where (η, η) is a pair of dual bases of H[axz] and (ν, ν) of H[xbz]. The third statement
follows by applying (ii) and relation (3.9).

Twist elements define a twist on RepTube(X , I) as it will be shown in Proposition 4.30,
but first we define the braiding with help of the (inverse) twist element, as well.

4.26. Definition. Let M,N be tube algebra representations. The braiding

BM,N : M 2N → N 2M (4.15)

is defined by the assignment

m⊗ n⊗ ▶ ▶

▶

▶ ▶

x x

c

ab

π 7→
∑

z∈IrrX

n⊗m.τ−1
a ⊗ ▶ z

▶

▶
▶

▶ ▶

•x
•x

c

ba

a
z πφk φk

for m⊗ n⊗ π ∈Ma ⊗Nb ⊗ Πa,b;c, where (φ, φ) is a pair of dual bases of H[axz].

4.27. Proposition.The above BM,N is a well-defined natural isomorphism of Tube(X , I)-
representations.

Proof. That BM,N is an intertwiner follows from composing pairs of dual bases according
to Lemma 3.11. To prove that the braiding is well-defined, we consider the relation (4.3).
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For simplicity, assume that a ∈ IrrX , then

d−1
y

∑
b̃,z,w∈IrrX

n.βj ⊗m.τ−1
a′ ⊗ ▶ w

•x •x

•y •y

•z •z

▶

▶

▶

▶▶

▶ ▶

▶

w

y

c

a

a′

b

b̃a′

fβj

ψk ψk

µi
µi

π

represents the image of the right hand side of (4.3) under BM,N .

Now, the braiding BM,N assigns to m.f ⊗ n⊗ π the following value

∑
z∈IrrX

n⊗m.(f ·τ−1
a )⊗ ▶ z

▶▶

▶

▶ ▶

•x •x
c

ba

a
z πφk φk

(4.4)∼
∑

b̃,z,w∈IrrX

n.
βj

dy

⊗m.τ−1
a′ ⊗ ▶

w

▶

w
•z

▶•z

▶•y •y

▶

▶

▶▶

▶

y

•x •x
c

ba

b̃a′

a

f βj

πφk
φk

νi νi

that can be further simplified by base change (3.8) which translates f to the right side
of βj. Lemma 3.11 gives us a pair of dual bases for the space H[xya′w] common to both
expressions, thereby showing the desired result. A similar argument implies that the
braiding preserves relation (4.4). Finally, one can show that the assignment given by

n⊗m⊗ ▶ ▶

▶

▶ ▶

y y

c

ba

υ 7→
∑

z∈IrrX

n⊗m.τa ⊗ ▶z

▶

▶

▶▶

▶

•y
•y

c

b a

a
zυψk

ψk

provides the inverse braiding B−1
M,N : N 2M →M 2N , by means of Lemma 3.11 and (4.6).

4.28. Proposition. Let M,N and L be tube algebra representations. The hexagon ax-
ioms

(M 2N)2L M 2 (N 2L)

(N 2M)2L (N 2L)2M

N 2 (M 2L) N 2 (L2M)

AM,N,L

BM,N 2 idL BM,N 2L

AN,M,L AN,L,M

idN 2BM,L
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and

(M 2N)2L L2 (M 2N)

M 2 (N 2L) (L2M)2N

M 2 (L2N) (M 2L)2N

BM 2N,L

A−1
L,M,NA−1

M,N,L

idM 2BN,L BL,M 2 idN

A−1
M,L,N

are fulfilled by the braiding (4.15) and associators (4.10).

Proof. Owing to Proposition 4.8 (iii), it suffices to verify the hexagon for elements of
the form m⊗ n⊗

▶

▶ ▶

d

ab

π

⊗ l ⊗

▶

▶ ▶

v

dc

ρ (4.16)

where a, b, c, d ∈ IrrX . The image of (4.16) under AN,L,M ◦ BM,N 2L ◦ AM,N,L equals

d−1
a n⊗ (l ⊗m.τa ⊗ eca)⊗ d▶▶ ▶

▶

▶ ▶▶

a a

v

bca
πρ

ea (4.17)

On the other hand, idN 2BM,L ◦ AN,M,L ◦ BM,N 2 idL assigns to (4.16) the value

d−2
a

∑
c̃∈IrrX

dc̃ n⊗

l.γkda

⊗m.τ 2a ⊗ ▶ ▶

▶ ▶

▶▶

a a

c̃ a

c̃a

eac̃
ea


︸ ︷︷ ︸

x

⊗

▶▶ ▶

▶

▶ ▶

▶▶▶

aa a

v

d

bac̃

c
ρ

γk π
ea

(4.18)

Now, using relation (4.4), it follows that in L2M the vector x is related to

d−1
a

∑
t∈IrrX

dt l.(γk · ηj)⊗m.τa ⊗

▶

▶

▶

▶

▶ ▶

ta

ac̃

ηj ea

ea
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and thus, again by (4.4), we have that in N 2 (L2M) the vector (4.18) is related to

d−3
a

∑
c̃,t∈IrrX

dc̃ dt n⊗
(
l.(γk · ηj)⊗m.τa ⊗ eta

)
⊗ ▶▶ ▶

▶

▶ ▶

▶▶▶

▶▶

aa a

v

d

bac̃

ta

c
ρ

γk

ηj

π
ea

According to Lemma 3.12 (v) we have that∑
c̃∈IrrX

dc̃ γk · ηj ⊗ (ηj ◦c̃ γk) ◦a ea = d2
a ζ i ⊗ ea ◦1 ζ i

where (ζ, ζ) is a pair of dual bases of H
[
t c
]
, but since c ∈ IrrX , it follows that t = c. We

can choose the bases ζ = idc and ζ = d−1
c idc to finally conclude that the expressions (4.18)

and (4.17) agree. In a similar manner, one can verify the second hexagon axiom.

4.29. Definition. The twist of M ∈ RepTube(X , I) is given by the assignment

ΘM : M →M, ma 7→ ma.τa .

4.30. Proposition. Θ defines a twist on RepTube(X , I) in the sense of [EGNO15, Def-
inition 8.10.1].

Proof. It is clear that ΘM is a natural isomorphism, with inverse given by the action
of the inverse twist element. That ΘM is an intertwiner follows from (4.14). Given tube
algebra representations M,N ∈ RepTube(X , I), one can check that ΘM 2ΘN ◦ BN,M ◦
BM,N and ΘM 2N agree, by a direct computation involving (4.14) and Lemma 3.11.

4.31. Theorem. Let X be a spherical semisimple multitensor category. The data

(2 , I,A,B,Θ)

endow the k-linear category RepTube(X , I) with the structure of a braided monoidal cat-
egory with twist. Moreover, the full k-linear subcategory Repl.f. Tube(X , I) of locally finite
tube algebra representations is a ribbon semisimple tensor category.

Proof. The statement compiles the results of Proposition 4.7, 4.13, 4.28 and 4.30. The
rigidity of the subcategory Repl.f.Tube(X , I) was shown in Proposition 4.22. It remains
to be checked that ΘM = ΘM . A computation similar to (4.22) shows that for φ ∈Ma it
holds that

ΘM(φ) =
∑

j φ(m
j
a.τa) m

j
a ,

but, since τ#a = τa and {mj
a} and {mj

a} are dual bases, the result follows.
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5. Tube algebra representations and the Drinfeld center

We are now ready to compare the category of representations of Tube(X , I) and the
Drinfeld center of X . To simplify exposition, we will consider from now on that I in
Definition 3.14 given by Ii = IrrXi, even though the statements given next hold for a
larger indexing set.

As shown in [NY18, Proposition 4.2], there is an equivalence of k-linear categories

E: Z(IndX )
≃−−−−→ RepTube(X ), (5.1)

where E(X) = E(X, σ) is given by the direct summands E(X)d = H
[
dX
]
for d ∈ IrrXi,

together with the right tube algebra action defined by the formula

m.f := dx

X▶

X▶

▶ ▶

▶

▶

x x

b

a
f

m

σx

for m ∈ H[aX] and f ∈ Tube(X ). Module associativity follows from the naturality of σ
and Lemma 3.10 (ii). Locality of the action is ensured since σ1 = idX .

The purpose of this section is to explicitly define a braided monoidal structure on the
equivalence (5.1). To this end, consider for central objects X,Y ∈ Z(IndX ) the assign-
ment

ΨX,Y : E(X)2E(Y ) → E(X ⊗ Y )

▶X

▶

s

m ⊗

▶Y

▶

t

n ⊗ ▶ ▶

▶

▶ ▶

x x

c

st

π 7→

▶X▶Y

▶X

▶

Y

▶ ▶

▶

▶ ▶

x x

c

st

σXY
x

π

mn (5.2)

5.1. Proposition. The assignment (5.2) is a well-defined isomorphism of tube algebra
representations.
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Proof. We verify the preservation of relation (4.3), a vector m.f ⊗ n ⊗ π gets assigned
the value

dxdy

▶X

▶Y

▶

x

▶X

▶

Y

▶ ▶

▶ ▶

▶

▶ ▶

▶

x x

y y

c

s

s′

t

σX
xy

σY
x

f

π

m

n
(5.3)

by the map ΨX,Y . On the other hand,

∑
z∈IrrX

dxdydz

▶ z

▶X

▶Y

▶z

▶X▶

Y
▶z ▶ ▶

▶ ▶

▶

▶ ▶ ▶

▶

x x

y y

c

s

s′

t

y

σX
zσY

yz

f

π

m

n

νi
νi

(5.4)

is the right hand side of (4.3). Applying the naturality of σX and σY , we can transport the
morphisms νi and ν

i to be glued together and by (3.9) we obtain that the expressions (5.3)
and (5.4) coincide. As usual the second relation (4.4) holds by the symmetry of the
situation. One can verify, with similar arguments, that the following assignment gives the
inverse of ΨM,N

▶

▶ ▶

c

XY

f 7→
∑

t,s∈IrrX

dtds αi ⊗ βj ⊗

▶s▶t

▶

▶ ▶

c

XY
f

αiβj

by making use of Lemma 3.9 and relation (4.8). That ΨX,Y is an intertwiner follows from
the naturality of the half-braidings involved and relation (3.9).

5.2. Proposition. The natural isomorphisms (5.2) endow the equivalence (5.1) with the
structure of a braided monoidal equivalence.
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Proof. Given central objects X, Y, Z ∈ Z(IndX ), the associativity condition

(E(X)2E(Y ))2E(Z) E(X)2 (E(Y )2E(Z))

E(X ⊗ Y )2E(Z) E(X)2E(Y ⊗ Z)

E(X ⊗ Y ⊗ Z) E(X ⊗ Y ⊗ Z)

ΨX,Y 2 id

AE(X),E(Y ),E(Z)

id2ΨY,Z

ΨX⊗Y,Z ΨX,Y ⊗Z

∼=

(5.5)

must be fulfilled. In view of Proposition 4.8 (iii), it is enough to check the commutativity
of the previous diagram for vectors of the form ▶X

▶

s

m ⊗

▶Y

▶

t

n ⊗

▶

▶ ▶

c

st

π

⊗

▶Z

▶

r
l ⊗

▶

▶ ▶

d

cr

ρ ∈ (E(X)2E(Y ))2E(Z) . (5.6)

A direct computation, involving Lemma 4.12, shows that both compositions in the dia-
gram (5.5) assign to (5.6) the value

▶X▶Y

▶Z

▶

▶ ▶

▶▶

d

c

st

r ρ

l

mn

π
(5.7)

in E(X ⊗ Y ⊗ Z) and thus we conclude that the desired commutativity holds. To prove
that E is braided, we have to check that the diagram

E(X)2E(Y ) E(Y )2E(X)

E(X ⊗ Y ) E(Y ⊗X)

ΨX,Y

BE(X),E(Y )

ΨY,X

E(σX,Y )

commutes. For simplicity, we rely once more on Proposition 4.8 (iii), and verify the
commutativity for

▶X

▶

s

m ⊗

▶Y

▶

t

n ⊗

▶

▶ ▶

c

st

π ∈ E(X)2E(Y ) .
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Its image under E(σX,Y ) ◦ΨX,Y is given by the value

▶X

▶

Y

▶Y▶X

▶

▶ ▶

d

st

σY
X

π

mn (5.8)

in E(Y ⊗X), and

∑
z∈IrrX

dz

▶

z

▶

X ▶Y

▶X

▶Y

▶

▶

▶
▶

▶

▶

▶ ▶

d

ts
s

s

z

s

z

n

π

es

m

φk φk

σY
z

σX
sz

represents its image under the composition ΨY,X ◦BE(X),E(Y ). Now, by applying naturality
of σX , we can transport m to bound φk. Next, by means of (3.8), we further transport m
to the right side of n obtaining bases ψ and ψ of H[X z] in the process. By naturality of
σX and σY the bases ψ and ψ are glued together and using (3.9), we finally recover the
expression (5.8), thereby proving that E is braided.

Let us summarize what we have obtained so far.

5.3. Theorem. Let X be a spherical semisimple multitensor category. There is a braided
monoidal equivalence

E: Z(IndX )
≃−−−−→ RepTube(X )

given by the assignment (5.1) and monoidal structure (5.2). Moreover, restricting E to
dualizable objects, we obtain an equivalence

Z(X )
≃−−−−→ Repl.f. Tube(X )

of ribbon semisimple tensor categories.
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