
Theory and Applications of Categories, Vol. 45, No. 50, 2026, pp. 2153–2170.

ON THE WITT VECTORS IN THE LAWVERE QUANTALE

Dedicated to Professor Lars Hesselholt on the occasion of his sixtieth
birthday.

RYO HORIUCHI

Abstract. Categories enriched over the Lawvere quantale L have been studied as
generalized metric spaces. In this paper, we consider the monoidal category W(L) of
Witt vectors in L and explore some basic properties of categories enriched over it. We
also construct a monoidal functor from L to W(L), which induces a fully faithful functor
from the category of L-enriched categories to that of W(L)-enriched categories, and
investigate the relationship between them.

1. Introduction

In [12], Lawvere showed that metric spaces are categories enriched over a certain monoidal
category denoted by L in the present paper. This monoidal category has [0,∞] as its set
of objects, and its morphisms are given by the poset structure which is the opposite to
the usual one, and the monoidal product is the usual (extended) addition. Since this is
not merely a monoidal category but is a quantale as well, we refer to it as the Lawvere
quantale. With Lawvere’s work as one of its starting points, the theory of categories
enriched over a quantale has developed significantly [11].

While Witt vectors are usually studied for commutative rings, the works [17, 7, 5]
have shown that they can also be considered for more general algebras, in particular
commutative rigs. Witt vectors have traditionally been treated mainly in and around
number theory and studied in connection with formal power series, but these studies
reveal an intrinsic relationship between Witt vectors and symmetric functions.

The Lawvere quantale L can be viewed as a min-plus algebra, which is a rig of char-
acteristic 1. In this paper, we consider the rig W(L) of Witt vectors in L, defined as
the set of rig homomorphisms from the rig Λ of symmetric functions to L, with its rig
structure induced by the birig structure of Λ. Using this rig structure, we equip W(L)
with a monoidal category structure, which allows us to consider categories enriched over
it. Such enriched categories may be interpreted as metric spaces enhanced by symmetric
functions.

We let ⊗W(L) denote the monoidal product of W(L), 0 ∈ W(L) the unit, and ≤W(L) the
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poset structure defined below. Let X be a category enriched over W(L), and let d(x, x′) ∈
W(L) denote “the hom-set” for x, x′ ∈ X. Then we have the following inequalities

0 ≤W(L) d(x, x),

d(x, x′)⊗W(L) d(x
′, x′′) ≤W(L) d(x, x

′′),

for x, x′, x′′ ∈ X. These inequalities may appear fairly simple. However the second one,
in particular, involves the substitutions of symmetric functions, which are difficult to
compute. In this paper, we provide a partial analysis of these inequalities.

We also show the following.

1.1. Theorem. [Theorem 3.5]There is a monoidal functor θ : L → W(L).

We will explicitly construct θ in §3. We remark that there is no rig homomorphism
from L to W(L), since the rig W(L) is not of characteristic 1. The addition ⊕L of L and
the poset structure ≤L, namely the category structure of L, are equivalent in the following
sense:

x ≤L y ⇔ there exists z ∈ L such that x⊕L z = y.

Therefore, although θ is not a rig homomorphism, it does not discard the addition of L.
The (pre)orders defined as above are called difference (pre)orders in [6] and play a role
in the theory of rigs. It is clear but important that difference orders do not work well on
(non-trivial) rings because the additive inverses must exist uniquely.

We also remark that, for a commutative ring R, there is a ring isomorphism W(R) ∼=
1 + tR[[t]], where 1 + tR[[t]] has the usual commutative multiplication of formal power
series as its addition and is endowed with an intricate multiplication, which is governed
by the combinatorics of elementary symmetric functions. Since θ is a monoidal functor, it
respects this important structure. This approach may work for other rigs of characteristic
1.

By construction, θ induces a fully faithful functor from the category of categories
enriched over L to that of those enriched over W(L). We will also describe the image of
the functor explicitly.

Finally we briefly discuss some homotopical background. Witt vectors are connected
to topological Hochschild homology (THH) in a profound way [10, 9]. THH is one of
the most fundamental invariants of ring spectra and this connection has been playing a
pivotal role in the field over the past several decades. Recently, the notion of spectra has
been extended to categorical spectra [16], and the study of algebras of them is beginning
as well [14]. However, there is still very little known about the invariants of such algebras.
Rigs are elementary examples of algebras that lie outside the scope of ring spectra, yet
they are captured by the framework of algebras of categorical spectra. In order to gain
insights into the invariants of such algebras, we focus on Witt vectors in the important
rig L, which is not a ring, as we suspect they may relate to THH even in the categorical
spectral setting.
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2. Witt vectors and Lawvere metric spaces

In the following, N denotes the set {0, 1, 2, · · · } and N>0 denotes the set {1, 2, · · · }.

2.1. Witt vectors. In this section, we briefly recall the basics of the theory of Witt
vectors, following [5] and [7], as preparation for later sections.

2.2. Definition. A sequence of natural numbers λ = (λ1, λ2, · · · ) ∈ NN>0 is a partition
if

� λ1 ≥ λ2 ≥ · · · and,

� there exists i ∈ N>0 such that λi = 0.

We let P denote the set of partitions.
For any partition λ = (λ1, λ2, · · · ) ∈ P, we define its weight |λ| ∈ N to be the (finite)

sum λ1 + λ2 + · · · . We say λ is a partition of |λ|. For any n ∈ N, we let Pn ⊂ P be the
set of partitions of n.

2.3. Remark. Note that P =
∐

n∈N Pn. We will usually write (λ1, . . . , λk) for the parti-
tion (λ1, . . . , λk, 0, 0, . . .).

Although the following well-known Markov process will not be used explicitly in this
paper, it could be helpful to keep it in mind, and so we include it here.
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2.4. Definition. Let x1, x2, . . . be commuting indeterminates and λ ∈ P. We define the
monomial symmetric function mλ(x1, x2, · · · ) of λ to be the formal sum∑

(α1,α2,··· )

xα1
1 xα2

2 · · · ,

where (α1, α2, · · · ) ∈ NN>0 runs over all permutations of λ. By convention, m(0) = 1,
where (0) is the unique partition of 0. We may write mλ for short instead ofmλ(x1, x2, . . .).
We say a symmetric function with coefficients in N is a finite N-linear combination of
monomial symmetric functions.

Let Λ denote the set of symmetric functions with coefficients in N. As is shown in
[5], Λ is a (commutative and co-commutative) birig, namely a commutative rig object in
CRigop, where CRig denotes the category of commutative rigs and rig homomorphisms,
and CRigop its opposite category. More precisely, in the usual way Λ is a commutative
rig, and with the following structures, it gives rise to a birig. See [5] for more detail:

∆+ : Λ → Λ⊗N Λ,

∆+(f(x1, x2, . . . )) = f(x1 ⊗ 1, 1⊗ x1, x2 ⊗ 1, 1⊗ x2, . . . , xi ⊗ 1, 1⊗ xi, . . . )

ε+ : Λ → N, ε+(f(x1, x2, . . . )) = f(0, 0, 0, . . . )

∆× : Λ → Λ⊗N Λ,

∆×(f(x1, x2, . . . )) = f(x1 ⊗ x1, x1 ⊗ x2, . . . , xi ⊗ xj, . . . )

ε× : Λ → N, ε×(f(x1, x2, . . . )) = f(1, 0, 0, . . . ),

where ∆+, ε+, ∆×, and ε× will be called co-addition, co-additive unit, co-multiplication,
and co-multiplicative unit, respectively.

2.5. Example. By definition

m(2,1) = x2
1x2 + x2

1x3 + · · ·+ x1x
2
2 + x2

2x3 + · · · .

Again by definition, we have

∆+(m(2,1)) = m(2,1) ⊗ 1 +m(2) ⊗m(1) +m(1) ⊗m(2) + 1⊗m(2,1),

∆×(m(2,1)) = m(2,1) ⊗m(2,1) +m(2,1) ⊗m(3) +m(3) ⊗m(2,1),

ε+(m(2,1)) = ε×(m(2,1)) = 0.

Let (S,+S, ·S) be a commutative rig and W(S) denote the set HomCRig(Λ, S) of rig
homomorphisms. We give W(S) the following rig structure:
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Let f, g ∈ W(S). The addition f ⊕W(S) g ∈ W(S) is given by

(f ⊕W(S) g)(φ) = ·S ◦ (f ⊗ g) ◦∆+(φ)

for any φ ∈ Λ. The additive unit is induced by ε+. Similarly, the multiplication f⊗W(S)g ∈
W(S) is given by

(f ⊗W(S) g)(φ) = ·S ◦ (f ⊗ g) ◦∆×(φ)

for any φ ∈ Λ and the multiplicative unit is induced by ε×.

2.6. Theorem. [5] This gives rise to a functor W : CRig → CRig.

This theorem has been proven by [17] for commutative rings.
The birig Λ also has an important structure called a composition N-algebra. As is

shown in [5], the category of commutative and cocommutative birigs admits a monoidal
structure where the monoidal product is denoted by ⊙ and the unit object is the polyno-
mial birig N[X].

2.7. Definition. [5]A monoid object with respect to this monoidal structure is called a
composition N-algebra.

2.8. Theorem. [5]The birig Λ is a composition N-algebra.

The monoid operation ◦ : Λ⊙Λ → Λ is the one known as plethysm or composition in
[13]. The unit map N[X] → Λ is induced by X 7→ m(1).

By this structure, the functor W : CRig → CRig gives rise to a comonad. Namely,
the structure map, for any commutative rig S, W(S) → W(W(S)) is given by f 7→ f̃ ,
which is given by f̃(φ) = f(- ◦ φ) ∈ W(S) for any φ ∈ Λ.

Restricting to commutative rings and abusing notation, W : CRing → CRing is also
a comonad, where CRing denotes the category of commutative rings and ring homomor-
phisms.

2.9. Definition. [17]A coalgebra over the comonad W : CRing → CRing is called a
λ-ring.

In some literature, the λ-ring structure of a λ-ring R is defined in terms of endomaps
on R indexed by N. Such a definition and the one given above are connected via the
elementary symmetric functions. See [17] for more detail. λ-rings have been playing a
prominent role around the algebraic K-theory. They are also crucial in Borger’s absolute
geometry [3] and [4]. It would be fair to expect that coalgebras over the comonad W :
CRig → CRig could also play a role in mathematics. However we do not investigate
such coalgebras in this paper, except for W(L) defined later.

2.10. Lawvere metric spaces. We let [0,∞] denote the set of non-negative real num-
bers together with ∞, and view it as a linearly ordered set with the order ≤L defined
by

x ≤L y :⇔ y ≤ x,
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where ≤ is the usual order on [0,∞]. We also equip [0,∞] with a monoid structure by the
usual addition, denoted here by ⊗L with the unit 0. These two structures are compatible
in such a way that they give rise to a monoidal poset, hence a monoidal category, which
we denote by L. It is well known that L is furthermore a quantale. We refer to it as
the Lawvere quantale. While we do not discuss it in this paper, quantales are algebraic
structures often studied in logic and related fields. See, for example, [1].

Note that the order structure ≤L induces a binary operation ⊕L on [0,∞] defined by

x⊕L y := x ∨ y,

where ∨ denotes the join with respect to ≤L. In other words, ⊕L coincides with the
minimum operation, min, with respect to the usual order.

The Lawvere quantale L also determines the commutative rig whose underlying set
is [0,∞], with addition given by min and multiplication given by ⊗L. Abusing both
terminology and notation, we may also refer to this commutative rig as the Lawvere
quantale and denote it by L. Note that this rig is of characteristic 1, namely 0⊕L 0 = 0,
which is an object in idempotent analysis. Note also that ≤L is recovered from ⊕L:

x ≤L y ⇔ x⊕L z = y for some z ∈ [0,∞].

In this sense, the order and the addition of L are equivalent.
We remark that, for any ring R and x, y ∈ R, we have y− x ∈ R and x+ (y− x) = y.

That is, the induced order on R is trivial.
Let L-Cat denote the category of (small) categories enriched over L. Let X ∈ L-Cat.

Then, we have a hom-map d : X ×X → L, where, by abusing notation, we write X for
the set of objects in X, and L for the set of objects in L, which satisfies

0 ≤L d(x, x)

d(x, x′)⊗L d(x
′, x′′) ≤L d(x, x′′),

for any x, x′, x′′ ∈ X. The first one may be called the identity axiom, and the second one
the composition axiom.

In the usual notation, we have
0 = d(x, x)

d(x, x′) + d(x′, x′′) ≥ d(x, x′′).

So we can regard X as a kind of metric space. This brilliant idea is due to Lawvere
[12]. Note that the distance is not necessarily symmetric and there may exist some points
x, x′ ∈ X which are not the same but d(x, x′) = 0. Viewing categories enriched over
quantales as a kind of space has long been an active area of research. For example, in [2],
probabilistic metric spaces are defined to be categories enriched over a quantale related
to L.1 See [11] for more detail.

1The author learned this from the anonymous referee.
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3. W(L)-categories
In this section, viewing L as a rig, we consider the Witt vectors W(L). We give it a
monoidal category structure induced by the structures of Λ and L, and consider categories
enriched over it. We would like to think of such categories as a generalization of Lawvere
metric spaces.

3.1. Relationship between W(L) and L. By definition, W(L) is a rig. We equip it
with a monoidal category structure as follows.

3.2. Definition. Let f, g ∈ W(L). We define an order ≤W(L) as follows:

f ≤W(L) g :⇔ ∀λ ∈ P, f(mλ) ≤L g(mλ)

We denote the monoidal product on W(L) by ⊗W(L), which is the multiplication of
the rig W(L). Thus, by definition,

(f ⊗W(L) g)(mλ) = min
µ,µ′

{f(mµ) + g(mµ′)},

where µ and µ′ are the partitions that appear in the unique expression ∆×(mλ) =∑
µ,µ′ cλµ,µ′mµ ⊗mµ′ .

Let 0 ∈ W(L) be the element2 defined by

0(mλ) =

{
0 if λ = (n) for some n

∞ otherwise,

which is the multiplicative unit of the rig W(L).

3.3. Proposition. With these structures, W(L) is a monoidal poset.

Proof. It is clear that W(L) is a poset with ≤W(L). Since ⊗W(L) and 0 are parts of the
rig structure of W(L), the unit axiom and the associativity axiom hold. We only need to
check the bifunctoriality of - ⊗W(L) - : W(L) ×W(L) → W(L). It is enough to show the
functoriality on the first component.

Let f, f ′ ∈ W(L) with f ≤W(L) f
′. Then by definition for any ν ∈ P we have f(mν) ≥

f ′(mν). For any g ∈ W(L) and λ ∈ P, we have

(f ⊗W(L) g)(mλ) = min
µ,µ′

{f(mµ) + g(mµ′)}

≥ min
µ,µ′

{f ′(mµ) + g(mµ′)}

= (f ′ ⊗W(L) g)(mλ),

where µ and µ′ are the partitions that appear in the unique expression ∆×(mλ) =∑
µ,µ′ cλµ,µ′mµ ⊗mµ′ with cλµ,µ′ ∈ N.
Thus we have f ⊗W(L) g ≤W(L) f

′ ⊗W(L) g.

2Although this notation may seem awkward, we retain it because it is inherited from the min-plus
algebra.
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3.4. Remark. Note that {mλ}λ∈P forms an N-module basis for Λ, and that elements of
W(L) are rig homomorphisms. There might be ways to endow W(L) with a partial order
that makes it a quantale.

Note also that, in [5], Borger studied the subrig ΛSch ⊂ Λ generated by Schur symmetric
functions and the associated notion of Witt vectors, Schur-Witt vectors, which we do not
treat in this paper.

We relate the base monoidal categories as follows.

3.5. Theorem. The map θ : L → W(L) defined by

θ(r)(mλ) =

{
nr if λ = (n) for some n

∞ otherwise

is a monoidal functor.

Proof. We first show that θ(r) : Λ → L is a rig homomorphism for any r ∈ L. Since
{mλ}λ∈P is an N-module basis, θ(r) preserves addition. Let n, n′ ∈ N. Without loss of
generality, we assume n ≥ n′.

When n > n′, we have m(n)m(n′) = m(n+n′) +m(n,n′). So we have

θ(r)(m(n)m(n′)) = min{θ(r)(m(n+n′)), θ(r)(m(n,n′))}
= min{(n+ n′)r,∞}
= (n+ n′)r

= θ(r)(m(n)) + θ(r)(m(n′))

= θ(r)(m(n))⊗L θ(r)(m(n′)).

When n = n′, we have m(n)m(n′) = m(2n) + 2m(n,n). By the same argument above,
θ(r)(m(n)m(n′)) = θ(r)(m(n))⊗L θ(r)(m(n′)).

Let λ ∈ P be a partition not of the form (n′) for any n′ ∈ N, then m(n)mλ =
∑

µ cµmµ,
where any µ is not of the form (k) with k ∈ N and cµ ∈ N. So we have

θ(r)(m(n)mλ) = min
µ

{θ(r)(mµ)}

= min
µ

{∞}
= ∞
= θ(r)(m(n))⊗L θ(r)(mλ).

Let λ, λ′ ∈ P be partitions, neither of which is of the form (n) for any n ∈ N. Then
by the same argument above, we have θ(r)(mλmλ′) = θ(r)(mλ)⊗L θ(r)(mλ′).

So we have shown that θ(r) ∈ W(L) for all r ∈ L.
Since ∆×(m(n)) = m(n) ⊗m(n) for all n ∈ N, we have

(θ(r)⊗W(L) θ(r
′))(m(n)) = θ(r)(m(n)) + θ(r′)(m(n))

= n(r + r′)

= θ(r ⊗L r
′)(m(n)),
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for any r, r′ ∈ L.
For any λ ∈ P which is not of the form (n), the term m(k) ⊗m(k) with any k ∈ N does

not appear in ∆×(mλ). So (θ(r)⊗W(L) θ(r
′))(mλ) = ∞ = θ(r⊗L r

′)(mλ) for any r, r′ ∈ L.
By definition, θ(0) = 0, and θ(r) ≤W(L) θ(r

′) if r ≤L r′.

3.6. Remark. Let r, r′ ∈ L, then by definition

θ(r ⊕L r′)(mλ) =

{
nmin{r, r′} if λ = (n) for some n

∞ otherwise.

On the other hand, for any n ∈ N,

(θ(r)⊕W(L) θ(r
′))(m(n)) = min{θ(r)(m(n)), θ(r

′)(m(n))}
= min{nr, nr′}
= θ(r ⊕L r

′)(m(n)),

since ∆+(m(n)) = m(n) ⊗ 1 + 1⊗m(n).
However, by definition, since ∆+(m(2,1)) = m(2,1)⊗ 1+m(2)⊗m(1)+m(1)⊗m(2)+1⊗

m(2,1), we have

(θ(r)⊕W(L) θ(r
′))(m(2,1)) = min{∞, 2r + r′, r + 2r′}.

So, in general, θ(r⊕Lr
′)(mλ) ̸= (θ(r)⊕W(L)θ(r

′))(mλ), namely θ does not preserve addition
and is not a rig homomorphism.

Note that, in contrast to the rig L, the rig W(L) is not of characteristic one. Indeed,
0⊕W(L) 0 ̸= 0, which can be checked directly by (0⊕W(L) 0)(m(2,1)) = 0 and 0(m(2,1)) = ∞.

Thus there does not exist a rig homomorphism from the rig L to the rig W(L), but we
have a monoidal functor from the monoidal poset L to the monoidal poset W(L). Note
that the construction of the order ≤L does not work well for rings as we have seen.

Note also that, for a commutative ring R, there is a famous ring isomorphism W(R) ∼=
1 + tR[[t]]. Under this ring isomorphism, the addition in W(R) corresponds to the usual
multiplication in 1 + tR[[t]], and the multiplication in W(R) corresponds to an intricate
multiplication in 1 + tR[[t]]. In addition, we recall that categorical spectra are defined
as the stabilisations of (∞,∞)-categories [16] instead of (∞, 0)-categories, in which all
morphisms are inverted. Therefore, a monoid object in categorical spectra may lack the
underlying commutative group-like structure.

3.7. Proposition. The map τ : W(L) → L, τ(f) = f(m(1)) is a monoidal functor.

Proof. Since ∆×(m(1)) = m(1) ⊗m(1), for any f, g ∈ W(L), we have

τ(f ⊗W(L) g) = (f ⊗W(L) g)(m(1))

= f(m(1)) + g(m(1))

= τ(f)⊗L τ(g).

Again by definition, τ(0) = 0, and τ(f) ≤L τ(g) if f ≤W(L) g.
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3.8. Definition. We define a subset W(L)l of W(L) to be

{f ∈ W(L)|nf(m(1)) = f(m(n)), ∀n ∈ N}.

3.9. Remark. 3 Note that, for any f ∈ W(L), f(m(n)) ≤L nf(m(1)) holds for any
n ∈ N. By direct calculation, mn

(1) is equal to the sum of m(n) and other terms, namely

mn
(1) = m(n) +

∑
λ aλmλ. Since f is a rig homomorphism,

nf(m(1)) = f(mn
(1))

= min{f(m(n)), f(
∑

aλmλ)}
≤ f(m(n)).

Thus, f ∈ W(L)l if and only if nf(m(1)) ≤L f(m(n)), ∀n ∈ N.

3.10. Proposition. The monoidal category structure on W(L) restricts to W(L)l and
the monoidal functor τ : W(L) → L restricts to the monoidal functor τ : W(L)l → L.

Proof. We need to show the first claim. It is clear that the partial order structure,
hence the category structure, on W(L) restricts to W(L)l. By definition, 0 ∈ W(L)l. Let
f, g ∈ W(L)l. Then by definition, for all n ∈ N,

(f ⊗W(L) g)(m(n)) = f(m(n)) + g(m(n))

= n(f(m(1)) + g(m(1)))

= n(f ⊗W(L) g)(m(1)).

Also by definition we have the following.

3.11. Proposition. The monoidal functor θ : L → W(L) factors through the monoidal
functor θ : L → W(L)l.

These give rise to the following adjunction.

3.12. Proposition. The monoidal functor θ : L → W(L)l is left adjoint to τ : W(L)l →
L.

Proof. Let r ∈ L and f ∈ W(L)l. Suppose θ(r) ≤W(L) f . Then by definition for any
λ ∈ P, we have θ(r)(mλ) ≤L f(mλ). Again by definition,

θ(r)(mλ) =

{
nr if λ = (n) for some n

∞ otherwise.

So we have r ≤L f(m(1)) = τ(f).
Conversely, suppose r ≤L τ(f). Since τ(f) = f(m(1)), for all n ∈ N, we have nr ≤L

nf(m(1)). Since f ∈ W(L)l, we have nr ≤L f(m(n)). By the definition of ≤W(L) and that
of θ(r), we have θ(r) ≤W(L) f .

3This was pointed out to the author by the anonymous referee. In an earlier draft, the author defined
W(L)l to be {f ∈ W(L)|nf(m(1)) ≤L f(m(n)), ∀n ∈ N}.
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3.13. Basic properties of W(L)-categories. Let W(L)-Cat denote the category of
(small) categories enriched over the monoidal poset W(L). Let X ∈ W(L)-Cat. Then we
have a hom-map d : X ×X → W(L), where, by abusing notation, we write X for the set
of objects in X, and W(L) for the set of objects in W(L), which satisfies

0 ≤W(L) d(x, x)

d(x, x′)⊗W(L) d(x
′, x′′) ≤W(L) d(x, x

′′),

for any x, x′, x′′ ∈ X.
For any λ ∈ P, we define for simplicity the map dλ : X ×X → L given by dλ(x, x

′) =
d(x, x′)(mλ) for any x, x′ ∈ X.

Then, from the first inequality above, we obtain by the definition of 0

0 = d(n)(x, x)

for any n ∈ N. Note that for any partition λ ∈ P not of the form (n), we have only
∞ ≥ dλ(x, x), which is trivial. From the second one above, for any λ ∈ P we have

dλ(x, x
′′) ≤ min

µ,µ′
{dµ(x, x′) + dµ′(x′, x′′)},

where µ and µ′ run over the sum ∆×(mλ) =
∑

µ,µ′ cλµ,µ′mµ ⊗mµ′ .

3.14. Remark. Let X be a W(L)-category. For x, x′ ∈ X, the distance d(x, x′) is not yet
determined in some sense. Namely, we can evaluate it at f ∈ Λ to obtain an observed value
df (x, x

′) := d(x, x′)(f) ∈ [0,∞]. If f is expressed as
∑

aλmλ with aλ ∈ N, the observed
value is given by df (x, x

′) = min{dλ(x, x′)}. The partition achieving the minimum depends
on x, x′ and f .

We explore some basic properties of W(L)-categories.

3.15. Proposition. For any W(L)-category (X, d) and any n ∈ N, (X, d(n)) is an L-
category.

Proof. By the definition of W(L), for any x ∈ X we have

0 ≤W(L) d(x, x).

Since 0(m(n)) = 0, we have 0 = d(n)(x, x) as we saw. Also for any x, y, z ∈ X, by the
definition of W(L), we have

d(x, z) ≥W(L) d(x, y)⊗W(L) d(y, z)

Since ∆×(m(n)) = m(n) ⊗m(n), by the definition of ≤W(L), we have

d(n)(x, z) ≤ d(n)(x, y) + d(n)(y, z).
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So a W(L)-category (X, d) contains a sequence4 {(X, d(n))}n∈N of L-categories, with
a common underlying set, indexed by N, which may be viewed as discrete time. One
may think of it as the shape of X changing moment by moment as time passes, while the
particles remain the same. This sequence corresponds to the top line in the graph (2.1).

Note that there may be some particles x, x′ ∈ X with x ̸= x′ that satisfy d(n)(x, x
′) = 0

at some phase n and d(n′)(x, x
′) ̸= 0 at another phase n′.

3.16. Proposition. For any W(L)-category (X, d) and any λ ∈ P, dλ satisfies the tri-
angle inequality.

Proof. We prove, for any x, y, z ∈ X and any λ = (λ1, ..., λn) ∈ P, dλ(x, z) ≤ dλ(x, y) +
dλ(y, z).

By the definition of W(L)-category, we have

dλ(x, z) ≤ (d(x, y)⊗W(L) d(y, z))(mλ).

Again by the definition of ⊗W(L), we have

(d(x, y)⊗W(L) d(y, z))(mλ) = min
µ,µ′

{dµ(x, y) + dµ′(y, z)},

where µ and µ′ are the partitions which appear in the sum

∆×(mλ) =
∑
µ,µ′

cλµ,µ′mµ ⊗mµ′ .

By definition, the term (x1 ⊗ x1)
λ1 · · · (xn ⊗ xn)

λn = (xλ1
1 · · · xλn

n ) ⊗ (xλ1
1 · · · xλn

n ) appears
in ∆×(mλ) = mλ(x1 ⊗ x1, x1 ⊗ x2, ..., xi ⊗ xj, ...) at least once.

Therefore, we have

(d(x, y)⊗W(L) d(y, z))(mλ) ≤ dλ(x, y) + dλ(y, z).

For a W(L)-category (X, d) and any λ ∈ P not of the form (n) for any n ∈ N, (X, dλ)
is still a kind of metric space. However in them there may exist a particle x ∈ X for
which the self-distance dλ(x, x) is not 0. Note that, in a partial metric space, a point can
have non-zero distance from itself [15].

Thus a W(L)-category (X, d) consists of a family {(X, dλ)}λ∈P of space-like struc-
tures indexed by P with a common underlying set, whose components are related by the
following inequalities mentioned above, namely for any x, x′, x′′ ∈ X and λ ∈ P,

dλ(x, x
′′) ≤ min

µ,µ′
{dµ(x, x′) + dµ′(x′, x′′)},

where µ and µ′ are the partitions appearing in ∆×(mλ). Note that, by the definition of
∆×, we have µ, µ′ ∈ P|λ| for such µ and µ′.

Thus it may be natural to think about the complete symmetric functions hn =∑
λ∈Pn

mλ of degree n, for all n.

4The anonymous referee suggests that this sequence would be considered to be the “ghost components”
of (X, d), as m(n)’s correspond to the ghost components of Witt vectors.
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3.17. Definition. For (X, d) ∈ W(L) and n ∈ N, we define dn as follows:

dn : X ×X → L, (x, y) 7→ d(x, y)(hn).

3.18. Proposition. For any W(L)-category (X, d) and any n ∈ N, (X, dn) is an L-
category.

Proof. For any x ∈ X, by the definition of dn, we have

dn(x, x) = min
|λ|=n

{dλ(x, x)} ≤ d(n)(x, x) = 0.

Let x, y, z ∈ X. By definition, we have

dn(x, z) ≤ (d(x, y)⊗W(L) d(y, z))(hn)

= min
|λ|=n

{(d(x, y)⊗W(L) d(y, z))(mλ)}

= min
|λ|=n

{min
µ,µ′

{dµ(x, y) + dµ′(y, z)}}.

Here, µ and µ′ are the partitions which appear in ∆×(mλ). So in particular, |µ| = |µ′| = n.
Moreover, in min|λ|=n{minµ,µ′{dµ(x, y) + dµ′(y, z)}, λ runs over all partitions of size n.
Therefore, we have

(d(x, y)⊗W(L) d(y, z))(hn) = min
|µ|=|µ′|=n

{dµ(x, y) + dµ′(y, z)}

= min
|µ|=n

{dµ(x, y)}+ min
|µ′|=n

{dµ′(y, z)}

= dn(x, y) + dn(y, z).

3.19. Remark. Consider, for example, the Plancherel measure on Pn for every n ∈ N.
These give rise to a Poissonized Plancherel measure on P, shown in (2.1), which is a
standard tool for the theory of asymptotic analysis of the Young lattice. See [8] for more
detail.

Let X ∈ W(L)-Cat. Then we obtain the family {(X, dλ)}λ∈P. So it might be fine to
say the enriched category X collects all possible ways in which a space may grow proba-
bilistically. Note that the probability that a randomly chosen λ is of the form (|λ|) tends
to decrease as |λ| becomes larger. One may also consider other stochastic processes on P.

As Proposition 3.18 shows, {(X, dn)}n∈N is a sequence of L-categories, which does
not depend on the measure. It might also be fine to say a W(L)-category X includes a
discrete-time sequence of L-categories.

By replacing the base category L with W(L), we can endow spaces with a structure
related to the composition operator on Λ in the following sense. Since W is a comonad,
there is a map cL : W(L) → W(W(L)), which is induced by the composition operator on
Λ.
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Let (X, d) ∈ W(L)-Cat. Then we have a map

cL ◦ d : X ×X → W(W(L)),

defined for all x, x′ ∈ X by

(cL ◦ d)(x, x′) : Λ → W(L),

where for each f ∈ Λ,

((cL ◦ d)(x, x′))(f) : Λ → L, g 7→ dg◦f (x, x
′).

Let |X| denote the family {(X, df )}f∈Λ, which carries a natural rig structure with
addition (X, df )⊕(X, df ′) := (X, df+f ′) and multiplication (X, df )⊗(X, df ′) := (X, df ·f ′).
We let End(|X|) denote the set of maps from |X| to itself, and equip it with the induced
rig structure. By the definition of the composition operator on Λ, we have the following
action, which allows us to leap from one phase of X to another.

3.20. Proposition. Let (X, d) ∈ W(L)-Cat. Then the action

Λ → End(|X|), g 7→ ((X, df ) 7→ (X, dg◦f ))

is a rig homomorphism.

We investigate the relationship between W(L)-categories and L-categories. The func-
tors θ and τ defined above induce functors again denoted by

θ : L-Cat → W(L)-Cat

and
τ : W(L)-Cat → L-Cat

respectively.
By construction, we have the following.

3.21. Proposition. θ : L-Cat → W(L)-Cat is fully faithful.

3.22. Remark. For (X, d) ∈ L-Cat we denote θ(X, d) = (X, d̃) ∈ W(L)-Cat. As we
saw above, for any n ∈ N we have (X, d̃(n)) ∈ L-Cat such that for any x, x′ ∈ X,

d̃(n)(x, x
′) = nd(x, x′). Thus we may obtain a sequence {(X, d̃(n))}n∈N of L-categories,

linearly and uniformly expanding over discrete time, with (X, d̃(1)) = (X, d).
Similarly, for any λ ∈ P which is not of the form (n) for any n ∈ N, and for any

x, x′ ∈ X, we have d̃λ(x, x
′) = ∞. Note that (X, d̃λ) is no longer an L-category, but it is

a kind of discrete space. If we consider the Plancherel growth process, the probability that
a randomly chosen λ is of the form (|λ|) will tend to decrease as |λ| becomes larger, that
is, as time passes. So it becomes increasingly difficult for (X, d̃λ) to be an L-category as
|λ| becomes larger.
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Note that, if a partition λ is not of the form (|λ|), then (X, d̃λ) is not an L-category
and the subsequent one also cannot be an L-category, since the transition probability from
(λ1, λ2, . . . , λk) with λ2 ̸= 0 to (|λ|+ 1) is 0.

Note also that we have d̃n = d̃(n) for all n ∈ N. So we cannot distinguish {(X, d̃(n))}n∈N
from the non-stochastic sequence {(X, d̃n)}n∈N.

Conversely, let (Y, d) ∈ W(L)-Cat. By taking τ : W(L)-Cat → L-Cat, we have its
initial-state L-category (Y, d(1)).

The Lawvere quantale L is an example of (commutative) quantales. One might con-
sider the Witt vectors in other quantales as well. Also, Λ is an example of composition
algebras [17, 5, 7], so one might choose other composition algebras. It would be worth
emphasizing that the combinatorial or probabilistic aspect of P has contributed to the
theory of Witt vectors.

3.23. An example of W(L)-categories. In this section, we describe a very explicit
example of W(L)-categories to help the reader develop an intuition for W(L)-categories.

Let X be the three-point set {x, x′, x′′}. We are defining dλ on X for any partition
λ ∈ P.

By convention m(0) = 1, so the space (X, d(0)) must be collapsed. Namely, for any
a, b ∈ X,

d(0)(a, b) = 0.

If the weight of a partition were regarded as a kind of discrete time, then any (non-
empty) W(L)-category would be viewed as a one-point space at the very beginning.

Next, we define
d(1)(x, x) = d(1)(x

′, x′) = d(1)(x
′′, x′′) = 0,

d(1)(x, x
′) = d(1)(x

′, x) = 3,

d(1)(x
′, x′′) = d(1)(x

′′, x′) = 4,

d(1)(x, x
′′) = d(1)(x

′′, x) = 5.

So, one may view (X, d(1)) as a right triangle. We could consider a non-symmetric
metric space, but for simplicity, let us focus on a symmetric one here.

Then we consider when |λ| = 2. By direct calculation, we know the following inequal-
ities must hold:

d(2)(a, c) ≤ d(2)(a, b) + d(2)(b, c)

d(1,1)(a, c) ≤ min{d(2)(a, b) + d(1,1)(b, c), d(1,1)(a, b) + d(2)(b, c),

d(1,1)(a, b) + d(1,1)(b, c)}

for any a, b, c ∈ X.
We set d(2) = d(1). So (X, d(2)) may still be viewed as the right triangle.
We also define

d(1,1)(x, x) = d(1,1)(x
′, x′) = d(1,1)(x

′′, x′′) = 0,
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d(1,1)(x, x
′) = d(1,1)(x

′, x) = d(1,1)(x, x
′′) = d(1,1)(x

′′, x) = 2,

d(1,1)(x
′, x′′) = d(1,1)(x

′′, x′) = 4.

So (X, d(1,1)) may be viewed as a segment with length 4. One can check that the inequal-
ities above indeed hold.

Recalling the Markov process of partitions, shown in (2.1), one might think of the
right triangle (X, d(1)) as staying the same right triangle (X, d(2)) one unit of time later
with probability 1/2, and as becoming a line segment (X, d(1,1)) with probability 1/2.

We next consider when |λ| = 3. By direct calculation again, we know the following
inequalities must hold:

d(3)(a, c) ≤ d(3)(a, b) + d(3)(b, c)

d(2,1)(a, c) ≤ min{d(2,1)(a, b) + d(2,1)(b, c), d(2,1)(a, b) + d(3)(b, c),

d(3)(a, b) + d(2,1)(b, c)}

d(1,1,1)(a, c) ≤ min{d(3)(a, b) + d(1,1,1)(b, c), d(1,1,1)(a, b) + d(3)(b, c),

d(2,1)(a, b) + d(2,1)(b, c), d(2,1)(a, b) + d(1,1,1)(b, c),

d(1,1,1)(a, b) + d(2,1)(b, c), d(1,1,1)(a, b) + d(1,1,1)(b, c)}

for any a, b, c ∈ X.
Note that d(1,1,1) is constrained by both d(2,1) and d(3), and d(2,1) is constrained by

d(3). In other words, partitions of greater length are constrained by partitions of smaller
length, but not conversely. In particular, the ghost component is not constrained by any
other partition.

We set d(3) = d(2).
We define

d(2,1)(x, x) = d(2,1)(x
′, x′) = d(2,1)(x

′′, x′′) = d(2,1)(x, x
′) = d(2,1)(x

′, x) = 0,

d(2,1)(x
′, x′′) = d(2,1)(x

′′, x′) = d(2,1)(x, x
′′) = d(2,1)(x

′′, x) = 4.

So (X, d(2,1)) may be viewed as a segment with length 4 and one of the endpoints is
doubled.

We define

d(1,1,1)(x, x) = d(1,1,1)(x
′, x′) = d(1,1,1)(x, x

′) = d(1,1,1)(x
′, x) = 0,

d(1,1,1)(x
′′, x′′) = 1,

d(1,1,1)(x
′, x′′) = d(1,1,1)(x

′′, x′) = d(1,1,1)(x, x
′′) = d(1,1,1)(x

′′, x) = 1.

So (X, d(1,1,1)) may be viewed as a segment with length 1, with one of the endpoints
doubled and the other one having nontrivial self distance. Since d(1,1,1)(x

′′, x′′) ̸= 0,
(X, d(1,1,1)) is not an L-category.
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One can check that the inequalities above indeed hold.
When |λ| = 3, the probability that X keeps the same shape as the right triangle is

considered to be 1/6. Moreover, if X has already become the line segment when |λ| = 2,
then it can never return to the right triangle at the next time step.

For λ ∈ P with |λ| ≥ 4, we define dλ(a, b) = ∞ for any a, b ∈ X. Note that if |λ| ̸= |µ|,
then dλ and dµ do not constrain each other. Thus, from |λ| = 4 onward, the space X may
be viewed as having completely fallen apart.

If we observe d(x, x′) via a symmetric function f ∈ Λ and obtain a finite value df (x, x
′),

then we know that f contains no mλ with |λ| ≥ 4.
As we have shown, (X, d3) is an L-category. Explicitly we have

d3(x, x) = d3(x
′, x′) = d3(x

′′, x′′) = d3(x, x
′) = d3(x

′, x) = 0,

d3(x
′, x′′) = d3(x

′′, x′) = d3(x, x
′′) = d3(x

′′, x) = 1

By the definition of plethysm, we have

m(1,1) ◦m(2) = m(1,1)(x
2
1, x

2
2, · · · ) = x2

1x
2
2 + x2

1x
2
3 + · · · = m(2,2).

By Proposition 3.20, the action of m(1,1) allows us to leap from (X, d(2)) to (X, d(2,2)),
namely, from the right triangle to the completely fallen-apart state.
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