Theory and Applications of Categories, Vol. 22, No. 22, 2009, pp. 588–621.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX BY MULTIPOINTED D-SPACE

PHILIPPE GAUCHER

Abstract. Globular complexes were introduced by E. Goubault and the author to model higher dimensional automata. Globular complexes are topological spaces equipped with a globular decomposition which is the directed analogue of the cellular decomposition of a CW-complex. We prove that there exists a combinatorial model category such that the cellular objects are exactly the globular complexes and such that the homotopy category is equivalent to the homotopy category of flows. The underlying category of this model category is a variant of M. Grandis’ notion of d-space over a topological space colimit generated by simplices. This result enables us to understand the relationship between the framework of flows and other works in directed algebraic topology using d-spaces. It also enables us to prove that the underlying homotopy type functor of flows can be interpreted up to equivalences of categories as the total left derived functor of a left Quillen adjoint.

1. Introduction

Globular complexes were introduced by E. Goubault and the author to model higher dimensional automata in [GG03], and studied further in [Gau05a]. They are topological spaces modeling a state space equipped with a globular decomposition encoding the temporal ordering which is a directed analogue of the cellular decomposition of a CWcomplex.

The fundamental geometric shape of this topological model of concurrency is the topological globe of a space Z, practically of a n-dimensional disk for some n � 0. The underlying state space is the quotient

{^0, ^1} ⊔ (Z × [0, 1]) (z, 0) = (z^′, 0) = ^0, (z, 1) = (z^′, 1) = ^1

equal to the unreduced suspension of Z if Z ≠ ∅ and equal to the discrete space {^0, ^1} if the space Z is empty. The segment [0, 1] together with the usual total ordering plays in this setting the role of time ordering. The point ^0 is the initial state and the point ^1 is the final state of the globe of Z. The execution paths are the continuous maps t → (z, t) and all strictly increasing reparametrizations preserving the initial and final states. This

Received by the editors 2009-03-04 and, in revised form, 2009-11-30. Transmitted by R. Brown. Published on 2009-12-03.

2000 Mathematics Subject Classification: 55U35, 18G55, 55P99, 68Q85.

Key words and phrases: homotopy, directed homotopy, combinatorial model category, simplicial category, topological category, delta-generated space, d-space, globular complex, time flow.

© Philippe Gaucher, 2009. Permission to copy for private use granted. 588

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 589

construction means that, between ^0 and ^1, orthogonally to the time flow, there is, up to strictly increasing reparametrization, a topological space of execution paths Z which represents the geometry of concurrency. By pasting together this kind of geometric shape with Z being a sphere or a disk using attaching maps locally preserving time ordering, it is then possible to construct, up to homotopy, any time flow of any concurrent process. In particular, the time flow of any process algebra can be modeled by a precubical set [Gau08b], and then by a globular complex using a realization functor from precubical sets to globular complexes ([GG03, Proposition 3.9] and [Gau08a, Theorem 5.4.2]). See also in [GG03] several examples of PV diagrams whose first appearance in computer science goes back to [Dij68], and in concurrency theory to [Gun94].

Although the topological model of globular complexes is included in all other topological models [Gou03] introduced for this purpose (local pospace [FGR98], d-space [Gra03], stream [Kri09]), it is therefore expressive enough to contain all known examples coming from concurrency.

However, the category of globular complexes alone does not satisfy any good mathematical property for doing homotopy because it is, in a sense, too small. In particular, it is not complete nor cocomplete. This is one of the reasons for introducing the category of flows in [Gau03] and for constructing a functor associating a globular complex with a flow in [Gau05a] allowing the interpretation of some geometric properties of globular complexes in the model category of flows.

We prove in this work that a variant of M. Grandis’ notion of d-space [Gra03] can be used to give a homotopical interpretation of the notion of globular complex. Indeed, using this variant, it is possible to construct a combinatorial model category such that the globular complexes are exactly the cellular objects.

This result must be understood as a directed version of the following fact: The category of cellular spaces, in which the cells are not necessarily attached by following the increasing ordering of dimensions as in CW-complexes, is the category of cellular objects of the usual model category of topological spaces. Moreover, if we choose to work in the category of Δgenerated spaces, i.e. with spaces which are colimits of simplices, then the model category becomes combinatorial.

It turns out that the model category of multipointed d-spaces has a homotopy category which is equivalent to the homotopy category of flows of [Gau03]. So the result of this paper enables us to understand the relationship between the framework of flows and other works in directed algebraic topology using M. Grandis’ d-spaces.

As a straightforward application, it is also proved that, up to equivalences of categories, the underlying homotopy type functor of flows introduced in [Gau05a] can be viewed as the total left derived functor of a left Quillen adjoint. This result is interesting since this functor is complicated to use. Indeed, it takes a flow to a homotopy type of topological space. The latter plays the role of the underlying state space which is unique only up to homotopy, not up to homeomorphism, in the framework of flows. This result will simplify future calculations of the underlying homotopy type thanks to the possibility of using homotopy colimit techniques.

590 PHILIPPE GAUCHER

Outline of the paper. Section 2 is devoted to a short exposition about topological spaces (k-space, Δ-generated space, compactly generated space). Proposition 2.8 and Proposition 2.9 seem to be new. Section 3 presents the variant of Grandis’ notion of d-space which is used in the paper and it is proved that this new category is locally presentable. The new, and short, definition of a globular complex is given in Section 4. It is also proved in this section that the new globular complexes are exactly the ones previously defined in [Gau05a]. Section 5 is a technical section which sketches the theory of inclusions of a strong deformation retract in the category of multipointed d-spaces. The main result, the closure of these maps under pushout, is used in the construction of the model structure. Section 6 constructs the model structure. Section 7 establishes the equivalence between the homotopy category of multipointed d-spaces and the homotopy category of flows of [Gau03]. The same section also explores other connections between multipointed d-spaces and flows. In particular, it is proved that there is a kind of left Quillen equivalence of cofibration categories from multipointed d-spaces to flows. And finally Section 8 is the application interpreting the underlying homotopy type functor of flows as a total left derived functor.

Prerequisites. There are many available references for general topology applied to algebraic topology, e.g., [Mun75] [Hat02]. However, the notion of k-space which is presented is not exactly the good one. In general, the category of k-spaces is unfortunately defined as the coreflective hull of the category of quasi-compact spaces (i.e. spaces satisfying the finite open subcovering property and which are not necessarily Hausdorff) which is not cartesian closed ([Bre71], and [Čin91, Theorem 3.6]). One then obtains a cartesian closed full subcategory by restricting to Hausdorff spaces ([Bor94b, Definition 7.2.5 and Corollary 7.2.6]). However, it is preferable to use the notion of weak Hausdorff space since some natural constructions can lead outside this category. So [May99, Chapter 5] or [FP90] Appendix A must be preferred for a first reading. See also [Bro06] and the appendix of [Lew78]. Section 2 of this paper is an important section collecting the properties of topological spaces used in this work. In particular, the category of k-spaces is defined as the coreflective hull of the full subcategory of compact spaces, i.e. of quasi-compact Hausdorff spaces. The latter category is cartesian closed.

The reading of this work requires some familiarity with model category techniques [Hov99] [Hir03], with category theory [ML98] [Bor94a][GZ67], and especially with locally presentable categories [AR94] and topological categories [AHS06].

Notations. All categories are locally small. The set of morphisms from X to Y in a category C is denoted by C(X, Y ). The identity of X is denoted by Id_X . Colimits are denoted by lim−→ and limits by lim←−. Let C be a cocomplete category. The class of morphisms of C that are transfinite compositions of pushouts of elements of a set of morphisms K is denoted by cell(K). An element of cell(K) is called a relative K-cell complex. The category of sets is denoted by Set. The class of maps satisfying the right lifting property with respect to the maps of K is denoted by inj(K). The class of maps satisfying the left lifting property with respect to the maps of inj(K) is denoted by cof(K). The cofibrant

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 591

replacement functor of a model category is denoted by (−)^{cof} . The notation ≃ means weak equivalence or equivalence of categories, the notation ∼= means isomorphism. A combinatorial model category is a cofibrantly generated model category such that the underlying category is locally presentable. The notation Id_A means identity of A. The initial object (resp. final object) of a category is denoted by ∅ (resp. 1). In a cofibrantly generated model category with set of generating cofibrations I, a cellular object is an object X such that the map ∅ → X belongs to cell(I). The cofibrant objects are the retracts of the cellular objects in a cofibrantly generated model category.

Acknowledgments. I thank very much Jiří Rosický for answering my questions about topological and locally presentable categories.

2. About topological spaces

We must be very careful in this paper since we are going to work with Δ-generated spaces without any kind of separation condition. However, every compact space is Hausdorff.

Let T be the category of general topological spaces [Mun75] [Hat02]. This category is complete and cocomplete. Limits are obtained by taking the initial topology, and colimits are obtained by taking the final topology on the underlying (co)limits of sets. This category is the paradigm of topological category because of the existence of the initial and final structures [AHS06].

A one-to-one continuous map f : X → Y between general topological spaces is a (resp. closed) inclusion of spaces if f induces a homeomorphism X ∼= f(X) where f(X) is a (resp. closed) subset of Y equipped with the relative topology. If f is a closed inclusion and if moreover for all y ∈ Y \f(X), {y} is closed in Y , then f : X → Y is called a closed T_1-inclusion of spaces.

2.1. Proposition. (well-known) Let i : X → Y be a continuous map between general topological spaces. If there exists a retract r : Y → X, i.e. a continuous map r with r ∘ i = Id_X , then i is an inclusion of spaces and X is equipped with the final topology with respect to r, i.e. r is a quotient map.

Proof. The set map i is one-to-one and the set map r is onto. Since i is the equalizer (resp. p is the coequalizer) of the pair of maps (i ∘ r, Id_Y ), one has X ∼= {y ∈ Y, y = i(r(y))} ∼= i(X) and X is a quotient of Y equipped with the final topology.

Let us emphasize two facts related to Proposition 2.1:

1. There does not exist any reason for the map i : X → Y to be a closed inclusion of spaces without any additional separation condition.

2. If the map i : X → Y is a closed inclusion of spaces anyway, then there does not exist any reason for the map i : X → Y to be a closed T_1-inclusion of spaces without any additional separation condition.

592 PHILIPPE GAUCHER

Let B be a full subcategory of the category T of general topological spaces. A topological space X is B-generated if the natural map

k_B(X) := lim−→

B∈B,B→X

B −→ X

is a homeomorphism (note that the diagram above may be large). The underlying set of the space k_B(X) is equal to the underlying set of the space X. The B-generated spaces assemble to a full coreflective subcategory of T , in fact the coreflective hull of B, denoted by Top_B. The right adjoint to the inclusion functor Top_B ⊂ T is precisely the functor k_B, called the Kelleyfication functor. The category Top_B is complete and cocomplete. Colimits in Top_B and in T are the same. Limits in Top_B are obtained by calculating the limits in T and by applying the Kelleyfication functor k_B. See [Vog71] for a proof of all these facts. The category Top_B is also locally presentable as soon as B is small by [FR08, Theorem 3.6]. This fact was conjectured by J. H. Smith in unpublished notes.

2.2. Notation. The binary product in the category Top_B of B-generated spaces is denoted by ×_B, if necessary. The binary product in the category T is denoted by ×_T , if necessary.

2.3. Proposition. ([Vog71, Proposition 1.5]) Let B_1 and B_2 be two full subcategories of the category T with B_1 ⊂ B_2. Then one has Top_{B1} ⊂ Top_{B2} and the inclusion functor i^{B2}_{B1} has a right adjoint k_{B1} .

2.4. Definition. (e.g., [Bor94b, Proposition 7.1.5] or [Lew78, p 160]) Let X and Y be two general topological spaces. The space T_t(X, Y ) is the set of continuous maps T (X, Y ) from X to Y equipped with the topology generated by the subbasis N(h, U) where h : K → X is a continuous map from a compact K to X, where U is an open of Y and where N(h, U) = {f : X → Y, f(h(K)) ⊂ U}. This topology is called the compact-open topology.

Proposition 2.5 is a slight modification of [Vog71, Section 3], which is stated without proof in [Dug03]. It is important because our theory requires a cartesian closed category of topological spaces.

2.5. Proposition. (Dugger-Vogt) [Dug03] Let us suppose that every object of B is compact and that the binary product in T of two objects of B is B-generated. Then:

1. For any B ∈ B and any X ∈ Top_B, one has B ×_T X ∈ Top_B.

2. The category Top_B is cartesian closed.

Sketch of Proof. We follow Vogt’s proof. It is well known that for any compact space K, the functor K ×_T − : T → T has the right adjoint T_t(K, −) : T → T . So the partial evaluation set map T_t(X, Y ) ×_T K → T_t(K, Y ) ×_T K → Y is continuous for any general topological space X and Y and for any continuous map K → X with K compact.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 593

Consider the topological space TOP_B(X, Y ) = k_B(T_t(X, Y )), i.e. the set Top_B(X, Y ) equipped with the Kelleyfication of the compact-open topology. Let X and Y be two B-generated topological spaces. For any B ∈ B, the composite g : B → T_t(X, Y ) ×_T X → Y is continuous for any continuous map B → T_t(X, Y ) ×_T X since g is equal to the composite B → T_t(B, Y ) ×_T B → Y where B → T_t(B, Y ) is the composite B → T_t(X, Y ) ×_T X → T_t(X, Y ) → T_t(B, Y ) and since B is compact. So the set map TOP_B(X, Y ) ×_B X = k_B(T_t(X, Y ) ×_T X) → Y is continuous.

By hypothesis, if B_1, B_2 ∈ B, then B_1 ×_T B_2 ∈ Top_B. Since B_1 is compact, and since colimits in Top_B and in T are the same, one deduces that for any X ∈ Top_B, B_1 ×_T X ∈ Top_B. So the canonical map B_1 ×_B X = k_B(B_1 ×_T X) → B_1 ×_T X is a homeomorphism if B_1 ∈ B and X ∈ Top_B. Hence the first assertion.

Let X, Y and Z be three B-generated spaces. Let f : Y ×_B X → Z be a continuous map. Consider the set map ~f : Y → TOP_B(X, Z) defined by ~f(y)(x) = f(y, x). Let g : B → Y be a continuous map with B ∈ B. Then the composite set map B → Y → T_t(X, Z) is continuous since it corresponds by adjunction to the continuous map B ×_T X^{∼=}→ B ×_B X → Y ×_B X → Z. Since Y is B-generated, and therefore since k_B(Y ) = Y , the set map ~f : Y → TOP_B(X, Z) is therefore continuous. Hence the second assertion.

For the rest of the section, let us suppose that B satisfies the following properties:

• Every object of B is compact.

• All simplices Δ^n = {(t_0, . . . , t_n) ∈ (R^+)^n, t_0 + · · · + t_n = 1} with n � 0 are objects of B.

• The binary product in T of two objects of B is B-generated.

The category K of all compact spaces satisfies the conditions above. It is the biggest possible choice. An object of Top_K is called a k-space [May99] [FP90] [Lew78].

The full subcategory Δ of T generated by all topological simplices Δ^n = {(t_0, . . . , t_n) ∈ (R^+)^n, t_0 +· · ·+t_n = 1} with n � 0 is another possible choice. Indeed, one has Δ^n ∼= |Δ[n]| where |Δ[n]| is the geometric realization of the n-simplex viewed as a simplicial set. And there is a homeomorphism Δ^m ×_K Δ^n ∼= |Δ[m] × Δ[n]| by [Hov99, Lemma 3.1.8] or [GZ67, Theorem III.3.1 p49]^1. At last, since Δ^m is compact, the canonical map Δ^m ×_K Δ^n → Δ^m ×_T Δ^n is an isomorphism. This choice is the smallest possible choice. Further details about these topological spaces are available in [Dug03].

As corollary of Proposition 2.5, one has:

2.6. Proposition. Let X and Y be two B-generated spaces with Y compact. Then the canonical map X ×_B Y → X ×_T Y is a homeomorphism.

1Note that Gabriel and Zisman’s proof is written in the full subcategory of Hausdorff spaces of the coreflective hull of the category of quasi-compact spaces, that is with the wrong notion of k-space.

594 PHILIPPE GAUCHER

Proof. Because the colimits in T and Top_B are equal, one has:

X ×_B Y ∼= lim−→

B→X,B∈B

(B ×_B Y ) since − ×_B Y is a left adjoint by Proposition 2.5 (2)

∼= lim −→ B→X,B∈B

(B ×_T Y ) since B ×_T Y ∈ Top_B by Proposition 2.5 (1)

∼= X ×_T Y since Y is compact and since − ×_T Y is a left adjoint.

The following two propositions exhibit two striking differences between Δ-generated spaces and k-spaces.

2.7. Proposition. [Lew78] [Dug03] Let X be a general topological space.

1. If X is Δ-generated, then every open subset of X equipped with the relative topology is Δ-generated. There exists a closed subset of the topological 2-simplex Δ^2 which is not Δ-generated when it is equipped with the relative topology.

2. If X is a k-space, then every closed subset of X equipped with the relative topology is a k-space. An open subset of a k-space equipped with the relative topology need not be a k-space.

2.8. Proposition. Every Δ-generated space is homeomorphic to the disjoint union of its non-empty connected components, which are also its non-empty path-connected components. In particular, a Δ-generated space is connected if and only if it is path-connected.

Proof. Let X be a Δ-generated space. Let ^X be the disjoint sum of the connected components (resp. path-connected components) of X which is still a Δ-generated space. There is a canonical continuous map ^X → X. Let B ∈ Δ be a simplex. Then any continuous map B → X factors uniquely as a composite B → ^X → X since B is connected (resp. path-connected). Thus ^X ∼= k_Δ( ^X) ∼= k_Δ(X) ∼= X.

For example, the set of rational numbers Q equipped with the order topology is a non-discrete totally disconnected space. The latter space is not Δ-generated since k_Δ(Q) is the set Q equipped with the discrete topology.

The category of B-generated spaces contains among other things all geometric realizations of simplicial sets, of cubical sets, all simplicial and cubical complexes, the discrete spaces, the n-dimensional sphere S^n and the n-dimensional disk D^n for all n � 0, all their colimits in the category of general topological spaces, and so all CW-complexes and all open subspaces of these spaces equipped with the relative topology by Proposition 2.7 (1).

The category of spaces Top_B has other interesting properties which will be useful for the paper.

2.9. Proposition. The forgetful functor ω_B : Top_B → Set is topological and fibre-small in the sense of [AHS06].

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 595

Proof. The category Top_B is a concretely coreflective subcategory of T . Therefore it is topological by [AHS06, Theorem 21.33].

By the topological duality theorem (see [AHS06, Theorem 21.9]), any cocone (f_i : ω_B(A_i) → X) of Top_B has a unique ω_B-final lift (f_i : A_i → A). The space A is the set X equipped with the final topology. In particular, as already mentioned, colimits in Top_B and in T are the same. Another consequence is that any quotient of a B-generated space equipped with the final topology is also a B-generated space. In particular, by Proposition 2.1, any retract of a B-generated space is B-generated.

2.10. Definition. A general topological space X is weak Hausdorff if for any continuous map g : K → X with K compact, g(K) is closed in X. A compactly generated space is a weak Hausdorff k-space.

Note that if X is weak Hausdorff, then any subset of X equipped with the relative topology is weak Hausdorff and that k_B(X) is weak Hausdorff as well since k_B(X) contains more closed subsets than X.

2.11. Notation. The category of compactly generated topological spaces is denoted by CGTop.

Let us conclude this section by some remarks explaining why the homotopy theory of any of the preceding categories of spaces is the same. By [FR08] [Hov99], the inclusion functor i^K_Δ : Top_Δ → Top_K is a left Quillen equivalence for the Quillen model structure: it is evident that it is a left Quillen adjoint; it is a Quillen equivalence because the natural map k_Δ(X) → X is a weak homotopy equivalence since for any space K ∈ {S^n, S^n ×[0, 1], n � 0}, a map K → X factors uniquely as a composite K → k_Δ(X) → X. The weak Hausdorffization functor H : Top_K → CGTop left adjoint to the inclusion functor CGTop ⊂ Top_K is also a left Quillen equivalence for the Quillen model structure by [Hov99, Theorem 2.4.23 and Theorem 2.4.25]. All cofibrant spaces of Top_Δ and Top_K are weak Hausdorff, and therefore compactly generated because of the inclusion Top_Δ ⊂ Top_K.

3. Multipointed d-spaces

3.1. Definition. A multipointed space is a pair (|X|, X^0) where

• |X| is a Δ-generated space called the underlying space of X.

• X^0 is a subset of |X| called the 0-skeleton of X.

A morphism of multipointed spaces f : X = (|X|, X^0) → Y = (|Y |, Y^0) is a commutative square

X^{0 f} 0 � � Y^0 � |X|^{|f|} � |Y |.

596 PHILIPPE GAUCHER

The corresponding category is denoted by MTop_Δ.

3.2. Notation. Let M be a topological space. Let ϕ_1 and ϕ_2 be two continuous maps from [0, 1] to M with ϕ_1(1) = ϕ_2(0). Let us denote by ϕ_1 ∗_a ϕ_2 (with 0 < a < 1) the following continuous map: if 0 � t � a, (ϕ_1 ∗_a ϕ_2)(t) = ϕ_1(^t_a ) and if a � t � 1, (ϕ_1 ∗_a ϕ_2)(t) = ϕ_2(^{t−a}_{1−a} ).

3.3. Definition. A multipointed d-space X is a triple (|X|, X^0, P^{top}X) where

• (|X|, X^0) is a multipointed space.

• The set P^{top}X is the disjoint union of the sets P^{top}_{α,β}X for (α, β) running over X^0 ×X^0 where P^{top}_{α,β}X is a set of continuous paths ϕ from [0, 1] to |X| such that ϕ(0) = α and ϕ(1) = β which is closed under composition ∗_{1/2} and under strictly increasing reparametrization^2, that is for every ϕ ∈ P^{top}_{α,β}X and for any strictly increasing continuous map ψ : [0, 1] → [0, 1] with ψ(0) = 0 and ψ(1) = 1, ϕ ∘ ψ ∈ P^{top}_{α,β}X. The element of P^{top}X are called execution path or d-path.

A morphism of multipointed d-spaces f : X = (|X|, X^0, P^{top}X) → Y = (|Y |, Y^0, P^{top}Y ) is a commutative square

X^{0 f} 0 � � Y^0 � |X|^{|f|} � |Y |

such that for every ϕ ∈ P^{top}X, one has |f| ∘ ϕ ∈ P^{top}Y . Let P^{top}f(ϕ) = |f| ∘ ϕ. The corresponding category is denoted by MdTop_Δ.

Any set E can be viewed as one of the multipointed d-spaces (E, E, ∅), (E, E, E) and (E, ∅, ∅) with E equipped with the discrete topology.

3.4. Convention. For the sequel, a set E is always associated with the multipointed d-space (E, E, ∅).

3.5. Theorem. The category MdTop_Δ is concrete topological and fibre-small over the category of sets, i.e. the functor X → ω_Δ(|X|) from MdTop_Δ to Set is topological and fibre-small. Moreover, the category MdTop_Δ is locally presentable.

Proof. We partially mimic the proof of [FR08, Theorem 4.2] and we use the terminology of [AR94, Chapter 5]. A multipointed d-space X is a concrete structure over the set ω_Δ(|X|) which is characterized by a 0-skeleton, a topology and a set of continuous paths satisfying several axioms. The category Top_Δ is topological and fibre-small over the category of sets by Proposition 2.9. So by [Ros81, Theorem 5.3], it is isomorphic to the category of models Mod(T ) of a relational universal strict Horn theory T without equality, i.e. all axioms are of the form (∀x), ϕ(x) ⇒ ψ(x) where ϕ and ψ are conjunctions of atomic

2These two facts imply that the set of paths is closed under ∗_t for any t ∈]0, 1[.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 597

formulas without equalities. As in the proof of [FR08, Theorem 3.6], let us suppose that T contains all its consequences. It means that a universal strict Horn sentence without equality belongs to T if and only if it holds for all models of T . The theory T may contain a proper class of axioms. Let us construct as in the proof of [FR08, Theorem 3.6] an increasing chain of full coreflective subcategories such that the union is equal to Mod(T ) = Top_Δ

Mod(T_0) ⊂ Mod(T_1) ⊂ ... Mod(T_α) ⊂ ....

where each T_α is a subset of axioms of T indexed by an ordinal α. Let α_0 be an ordinal such that the subcategory Mod(T_{α0} ) contains all simplices Δ^n = {(t_0, . . . , t_n) ∈ (R^+)^n, t_0 + · · ·+t_n = 1} with n � 0. Then one has Mod(T ) ⊂ Mod(T_{α0} ) since the category Mod(T_{α0} ) is cocomplete. So one obtains the isomorphism of categories Mod(T_{α0} ) ∼= Top_Δ. The theory T_{α0} is a universal strict Horn theory without equality containing a set of axioms using 2^{ℵ0} -ary relational symbols R_j for j ∈ J for some set J. See [Man80] for a description of this theory for the category of general topological spaces. One has the isomorphism of categories MTop_Δ ∼= Mod(T_{α0} ∪ {S}) where S is a 1-ary relational symbol whose interpretation is the 0-skeleton. Let us add to the theory T_{α0} ∪{S} a new 2^{ℵ0} -ary relational symbol R whose interpretation is the set of execution paths. And let us add the axioms (as in the proof of [FR08, Theorem 4.2]):

1. (∀x)R(x) ⇒ (S(x_0) ∧ S(x_1))

2. (∀x, y, z) � 0⩽t⩽1/2 x2t = zt � ∧ � 1/2⩽t⩽1 y2t−1 = z^1_2 +t � ∧ R(x) ∧ R(y) � ⇒ R(z)

3. (∀x)R(x) ⇒ R(xt) where t is a strictly increasing reparametrization

4. (∀x)R(x) ⇒ R_j (xa) where j ∈ J and T_{α0} satisfies R_j for a.

The first axiom says that for all execution paths x of a multipointed d-space X, one has x_0, x_1 ∈ X^0. The second axiom says that the set of execution paths is closed under composition ∗_{1/2}, and the third one that the same set is closed under strictly increasing reparametrization. The last axiom says that all execution paths are continuous. Then the new theory T^′ is a relational universal strict Horn theory without equality containing a set of axioms. So by [AR94, Theorem 5.30], the category MdTop_Δ ∼= Mod(T^′) is locally presentable^3, and by [Ros81, Theorem 5.3], it is fibre-small concrete and topological over the category of sets.

Note that the same proof shows that the category MTop_Δ is also concrete topological and locally presentable. It is of course possible to prove directly that MTop_Δ and MdTop_Δ are concrete fibre-small and topological using Proposition 2.9 and Proposition 3.6 below. But we do not know how to prove that they are locally presentable without using a logical argument.

3A relational universal strict Horn theory is a limit theory since the axiom (∀x)(A(x) ⇒ B(x)) is equivalent to the axiom (∀x)(∃y)(A(x) ⇒ (B(x) ∧ y = x)): see [Ros81, p 324].

598 PHILIPPE GAUCHER

Since all relational symbols appearing in the relational universal strict Horn theory axiomatizing MdTop_Δ are of arity at most 2^{ℵ0} , the category MdTop_Δ is locally λpresentable, where λ denotes a regular cardinal greater or equal to 2^{ℵ0} ([HJ99, p 160]).

The proof of the following proposition makes explicit, using the ∗_t composition laws, the construction of colimits in MdTop_Δ.

3.6. Proposition. The functor U_Δ : X = (|X|, X^0, P^{top}X) → |X| from MdTop_Δ to Top_Δ is topological and fibre-small. In particular, it creates limits and colimits.

Proof. That it is fibre-small is clear. It is very easy to prove that the functor U_Δ is topological by observing that the functor ω_Δ ∘ U_Δ is topological by Theorem 3.5 and that the functor ω_Δ is topological by Proposition 2.9. We prefer to give a proof with an explicit construction of the final lift using the ∗_t composition laws because this proof will be reused several times in the paper. By [AHS06, Theorem 21.9], it then suffices to see that the forgetful functor U_Δ : MdTop_Δ → Top_Δ satisfies: for any cocone (f_i : U_Δ(A_i) → X), there is a unique U_Δ-final lift (f_i : A_i → A). Let A^0 be the image of the set map lim−→ A^0_i → X = |A|. Let P^{top}A be the set of all possible finite compositions ∗_t of f_i ∘ ϕ_i with ϕ_i ∈ P^{top}A_i and t ∈]0, 1[. Then one obtains a set of continuous paths which is closed under strictly increasing reparametrization. Indeed, let ϕ_0 ∗_{t1} ϕ_1 ∗_{t2} · · · ∗_{tn} ϕ_n such a path. Then a strictly increasing reparametrization is of the form ϕ^′_0 ∗_t′_1 ϕ_1 ∗_t′_2 · · · ∗_t′_n ϕ^′_n where the ϕ^′_i maps are strictly increasing reparametrizations of the ϕ_i maps. Then the cocone (f_i : A_i → A) is the unique U_Δ-final lift. The last sentence is a consequence of [AHS06, Proposition 21.15].

Let f : X → Y be a map of multipointed d-spaces. For every (α, β) ∈ X^0 ×X^0, the set map P^{top}f : P^{top}_{α,β}X → P^{top}_{f 0(α),f 0 (β)}Y is continuous if P^{top}_{α,β}X and P^{top}_{f 0(α),f 0 (β)}Y are equipped with the Kelleyfication of the relative topology coming from the inclusions P^{top}_{α,β}X ⊂ TOP_Δ([0, 1], |X|) and P^{top}_{f 0(α),f 0(β)}Y ⊂ TOP_Δ([0, 1], |Y |).

The following proposition will be used in the paper:

3.7. Proposition. The functor P^{top} : MdTop_Δ → Top_Δ is finitely accessible.

Proof. Since the forgetful functor ω_Δ : Top_Δ → Set is topological by Proposition 2.9, it creates colimits by [AHS06, Proposition 21.15]. So it suffices to prove that the functor ω_Δ ∘P^{top} : MdTop_Δ → Set is finitely accessible. The latter fact is due to the construction of colimits in MdTop_Δ (see Proposition 3.6).

Since the functor P^{top} : MdTop_Δ → Top_Δ preserves limits, it is a right adjoint by [AR94, Theorem 1.66]. The left adjoint G : Top_Δ → MdTop_Δ is explicitly constructed in Section 4.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 599

4. Globular complexes

Let Z be a topological space. By definition, the topological globe of Z, which is denoted by Glob^{top}(Z), is the multipointed d-space � {^0, ^1} ⊔ (Z ×_Δ [0, 1]) (z, 0) = (z^′, 0) = ^0, (z, 1) = (z^′, 1) = ^1

, {^0, ^1}, P^{top}Glob^{top}(Z) �

where P^{top}Glob^{top}(Z) is the closure by strictly increasing reparametrizations of the set of continuous maps {t → (z, t), z ∈ Z}. In particular, Glob^{top}(∅) is the multipointed d-space {^0, ^1} = ({^0, ^1}, {^0, ^1}, ∅). Let

I^{gl,top} = {Glob^{top}(S^{n−1}) −→ Glob^{top}(D^n), n � 0}

where the maps are the image by Glob(−) of the inclusions of spaces S^{n−1} ⊂ D^n with n � 0.

4.1. Definition. A globular complex is a multipointed d-space X such that the map X^0 → X is a relative I^{gl,top}-cell complex. The set of cells of X^0 → X is called the globular decomposition of the globular complex.

4.2. Notation. −→ I^{top} = Glob^{top}(D^0).

4.3. Proposition. Let f : X → Y be an element of cell(I^{gl,top}). Then |f| : |X| → |Y | is a Serre cofibration of spaces. In particular, it is a closed T_1-inclusion of spaces.

Proof. The continuous map |Glob^{top}(S^{n−1})| → |Glob^{top}(D^n)| is a cofibration by [Gau06, Theorem 8.2] (the fact that [Gau06] is written in the category of compactly generated spaces does not matter here). Since the class of cofibrations of the Quillen model structure of Top_Δ is closed under pushout and transfinite composition, one obtains the first sentence using Proposition 3.6. The map |f| : |X| → |Y | is also a cofibration in T and therefore a closed T_1-inclusion of spaces by [Hov99, Lemma 2.4.5].

4.4. Proposition. Let X be a globular complex. Then the topological space |X| is compactly generated.

Proof. By Proposition 3.6 and Proposition 4.3, the space |X| is cofibrant. Therefore it is weak Hausdorff.

4.5. Proposition. Let X be a globular complex. Then the space P^{top}X is compactly generated.

Proof. The space T_t([0, 1], |X^{cof} |) is weak Hausdorff by [Lew78, Lemma 5.2] since |X^{cof} | is weak Hausdorff by Proposition 4.4. Thus the space TOP_Δ([0, 1], |X^{cof} |) is weak Hausdorff since the Kelleyfication functor adds open and closed subsets. So P^{top}X which is equipped with the Kelleyfication of the relative topology is weak Hausdorff as well. Thus it is compactly generated by Proposition 2.3.

600 PHILIPPE GAUCHER 4.6. Proposition. ([Lew78, Lemma 1.1]) Let X be a weak Hausdorff space. Let g : K → X be a continuous map from a compact K to X. Then g(K) is compact. 4.7. Proposition. Let X be a globular complex of MdTop_Δ. Then X^0 is a discrete subspace of X. Let ϕ ∈ P^{top}X. Then there exist 0 = t_0 < · · · < t_n = 1 such that • ϕ(t_i) ∈ X^0 for all i ∈ {0, 1, . . . , n} • ϕ(]t_i, t_{i+1}[) ∩ X^0 = ∅ for all i ∈ {0, 1, . . . , n − 1} • the restriction ϕ↾_{]ti,ti+1[} is one-to-one.

Proof. By definition, the map X^0 → X is a relative I^{gl,top}-cell complex. By Proposition 4.3, the continuous map X^0 → |X| is a closed T_1-inclusion of spaces. So X^0 is a discrete subspace of X. Since [0, 1] is compact and since |X| is compactly generated by Proposition 4.4, the subset ϕ([0, 1]) is a closed subset and a compact subspace of |X| by Proposition 4.6. Thus ϕ([0, 1]) ∩ X^0 is finite. The rest of the statement is then clear.

Thus this new definition of globular complex coincides with the (very long !) definition of [Gau05a].

4.8. Notation. The full subcategory of globular complexes of MdTop_Δ is denoted by glTop.

As an illustration of the objects of this section, it is now constructed the left adjoint G : Top_Δ → MdTop_Δ of the path space functor P^{top} : MdTop_Δ → Top_Δ. Let Z be a Δ-generated space. If Z is non-empty connected, one has the natural set bijection

MdTop_Δ(Glob^{top}(Z), X) ∼= Top_Δ(Z, P^{top}X)

because of the cartesian closedness of Top_Δ. In the general case, the Δ-generated space Z is homeomorphic to the disjoint sum of its non-empty connected components by Proposition 2.8. Denote this situation by Z ∼= � Z_i∈π_0(Z) Zi. Then the functor G is defined on

objects by G(Z) = � Z_i∈π_0(Z)

Glob^{top}(Z_i)

and in on obvious way on morphisms.

4.9. Proposition. The functor G : Top_Δ → MdTop_Δ is left adjoint to the functor P^{top} : MdTop_Δ → Top_Δ.

Proof. It suffices to use the fact that Top_Δ is cartesian closed.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 601

5. S-homotopy and strong deformation retract

The space MTOP_Δ((|X|, X^0), (|Y |, Y^0)) is defined as the set MTop_Δ((|X|, X^0), (|Y |, Y^0)) equipped with the Kelleyfication of the relative topology coming from the set inclusion MTop_Δ((|X|, X^0), (|Y |, Y^0)) ⊂ TOP_Δ(|X|, |Y |) × Set(X^0, Y^0) where Set(X^0, Y^0) is equipped with the discrete topology. The space MDTOP_Δ((|X|, X^0, P^{top}X), (|Y |, Y^0, P^{top}Y )) is defined as the set MdTop_Δ((|X|, X^0, P^{top}X), (|Y |, Y^0, P^{top}Y )) equipped with the Kelleyfication of the relative topology coming from the set inclusion

MdTop_Δ((|X|, X^0, P^{top}X), (|Y |, Y^0, P^{top}Y )) ⊂ MTOP_Δ((|X|, X^0), (|Y |, Y^0)). 5.1. Definition. (Compare with [Gau03, Definition 7.2 and Proposition 7.5]) Let f, g : X ⇒ Y be two morphisms of multipointed d-spaces. Then f and g are S-homotopic if there exists a continuous map H : [0, 1] → MDTOP_Δ(X, Y ) called a S-homotopy such that H(0) = f and H(1) = g. This situation is denoted by ∼_S . Two multipointed d-spaces X and Y are S-homotopy equivalent if and only if there exist two morphisms f : X ⇆ Y : g with g ∘ f ∼_S Id_X and f ∘ g ∼_S Id_Y .

5.2. Definition. (Compare with [Gau03, Proposition 8.1]) Let X be a multipointed dspace. Let U be a non-empty connected Δ-generated space. Then the multipointed d-space U ⊠ X is defined as follows:

• Let (U ⊠ X)^0 = X^0.

• Let |U ⊠ X| be defined by the pushout diagram of spaces U ×_Δ X^0 � � U ×_Δ |X| � X^0 � |U ⊠ X|.

• The set P^{top}_{α,β}(U ⊠ X) is the smallest subset of continuous maps from [0, 1] to |U ⊠ X| containing the continuous maps ϕ : [0, 1] → |U ⊠X| of the form t → (u, ϕ_2(t)) where u ∈ [0, 1] and ϕ_2 ∈ P^{top}_{α,β}X and closed under composition ∗_{1/2} and strictly increasing reparametrization.

5.3. Definition. Let X be a multipointed d-space. The multipointed d-space [0, 1] ⊠ X is called the cylinder of X.

602 PHILIPPE GAUCHER

5.4. Theorem. (Compare with [Gau03, Theorem 7.9]) Let U be a non-empty connected space. Let X and Y be two multipointed d-spaces. Then there is a natural bijection of sets

MdTop_Δ(U ⊠ X, Y ) ∼= Top_Δ(U, MDTOP_Δ(X, Y )).

Proof. Let f : U ⊠ X → Y be a map of multipointed d-spaces. Then by definition, one has a set map f^0 : X^0 → Y^0 and a continuous map |f| : |U ⊠ X| → |Y |. By adjunction, the composite U ×_Δ |X| → |U ⊠ X| → |Y | gives rise to a continuous map ^f : U → TOP_Δ(|X|, |Y |). Let ϕ_2 ∈ P^{top}_{α,β}X. Then one has the equality

( ^f(u) ∘ ϕ_2)(t) = f(u, ϕ_2(t))

for any (u, t) ∈ U ×_Δ [0, 1]. The continuous map t → (u, ϕ_2(t)) is an element of P^{top}_{α,β}(U ⊠X) by definition of the latter space. So the continuous map t → f(u, ϕ_2(t)) is an element of P^{top}_{f 0(α),f 0(β)}Y since f : U ⊠ X → Y is a map of multipointed d-spaces. Thus for all u ∈ U, ^f(u) together with f 0 induce a map of multipointed d-spaces from X to Y . One obtains a set map from U to MDTOP_Δ(X, Y ). It is continuous if and only if the composite U −→ MDTOP_Δ(X, Y ) ⊂ TOP_Δ(|X|, |Y |) ×_Δ Set(X^0, Y^0) is continuous by definition of the topology of MDTOP_Δ(X, Y ). By adjunction, the latter map corresponds to the continuous map (|f|, f^0) ∈ TOP_Δ(U ×_Δ |X|, |Y |) ×_Δ Set(X^0, Y^0). Hence the continuity and the commutative diagram of sets

MdTop_Δ(U ⊠ X, Y )^{f→( ^f,f 0)} � ⊂ � Top_Δ(U, MDTOP_Δ(X, Y )) ⊂ � Top_Δ(U ×_Δ |X|, |Y |) ×_Δ Set(X^0, Y^0)^{∼=} � Top_Δ(U, TOP_Δ(|X|, |Y |)) ×_Δ Set(X^0, Y^0) (1) Conversely, let g : U → MDTOP_Δ(X, Y ) be a continuous map. The inclusion

MDTOP_Δ(X, Y ) ⊂ TOP_Δ(|X|, |Y |) ×_Δ Set(X^0, Y^0)

gives rise to a set map ~g^0 : X^0 → Y^0 since U is connected non-empty and since Set(X^0, Y^0) is discrete and to a continuous map |~g| : |U ⊠ X| → |Y | by adjunction. Let ϕ ∈ P^{top}_{α,β}(U ⊠ X). By construction, ϕ is a composition of continuous paths of the form (u, ϕ_2(−)) with ϕ_2 ∈ P^{top}_{α,β}X and u ∈ U. Then |~g|(u, ϕ_2(t)) = g(u) ∘ ϕ_2(t). Since g(u) ∈ MdTop_Δ(X, Y ), |~g| ∘ ϕ ∈ P^{top}_{~g0(α),~g0 (β)}Y and therefore ~g ∈ MdTop_Δ(U ⊠ X, Y ). Hence the commutative diagram of sets

Top_Δ(U, MDTOP_Δ(X, Y )) ⊂ �

g→~g �

MdTop_Δ(U ⊠ X, Y ) ⊂ � Top_Δ(U, TOP_Δ(|X|, |Y |)) ×_Δ Set(X^0, Y^0)^{∼=} � Top_Δ(U ×_Δ |X|, |Y |) ×_Δ Set(X^0, Y^0) (2) The commutativity of the diagrams (1) and (2) implies that the set maps f → ( ^f, f^0) and g → ~g are inverse to each other, hence the result.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 603

5.5. Proposition. Let f, g : X ⇒ Y be two S-homotopic morphisms of multipointed d-spaces. Then f^0 = g^0 and the continuous maps |f|, |g| : |X| ⇒ |Y | are homotopic. Moreover, for all (α, β) ∈ X^0 × X^0, the pair of continuous maps P^{top}f, P^{top}g : P^{top}_{α,β}X ⇒ P^{top}_{f 0(α),f 0(β)}Y are homotopic.

Proof. Let H : [0, 1] → MDTOP_Δ(X, Y ) be a S-homotopy between f and g. Then the composite [0, 1] ×_Δ |X| −→ |[0, 1] ⊠ X|^{~H}−→ |Y | gives a homotopy between |f| and |g|. The mapping t → P^{top}(H(t)) induces a set map from [0, 1] to TOP_Δ(P^{top}_{α,β}X, P^{top}_{f 0(α),f 0(β)}Y ) for any (α, β) ∈ X^0 × X^0. The latter set map is continuous since it corresponds by adjunction to the continuous mapping (t, ϕ) → |H(t)|∘ϕ from [0, 1] ×_Δ P^{top}_{α,β}X to P^{top}_{f 0(α),f 0 (β)}Y . So one obtains a homotopy between P^{top}f and P^{top}g. Finally, the composite

[0, 1]^H−→ MDTOP_Δ(X, Y ) ⊂ TOP_Δ(|X|, |Y |) ×_Δ Set(X^0, Y^0) −→ Set(X^0, Y^0)

is constant since [0, 1] is connected. So f^0 = g^0.

5.6. Definition. A map i : A → B of multipointed d-spaces is an inclusion of a strong deformation retract if there exists a continuous map H : [0, 1] → MDTOP_Δ(B, B) called the deformation retract such that

• H(0) = Id_B , H(1) = i ∘ r where r : B → A is a map of multipointed d-spaces such that r ∘ i = Id_A

• | ~H|(t, i(a)) = i(a) for all a ∈ A and for all t ∈ [0, 1].

5.7. Definition. A continuous map i : A → B of general topological spaces is an inclusion of a strong deformation retract of spaces if there exists a continuous map H : [0, 1] × B → B called the deformation retract such that

• H(0, −) = Id_B , H(1, −) = i ∘ r where r : B → A is a map of multipointed d-spaces such that r ∘ i = Id_A

• H(t, i(a)) = i(a) for all a ∈ A and for all t ∈ [0, 1].

5.8. Proposition. Let i : A → B be an inclusion of a strong deformation retract of multipointed d-spaces. Then

• The set map i^0 : A^0 → B^0 is bijective.

• The continuous map |i| : |A| → |B| is an inclusion of a strong deformation retract of spaces.

• The continuous map P^{top}i : P^{top}_{α,β}A → P^{top}_{f 0(α),f 0 (β)}B is an inclusion of a strong deformation retract of spaces for all (α, β) ∈ A^0 × A^0.

Proof. Consequence of Proposition 5.5.

604 PHILIPPE GAUCHER 5.9. Theorem. The class of inclusions of a strong deformation retract of multipointed d-spaces is closed under pushout.

Proof. We mimic the proof given in [Hov99, Proposition 2.4.9]. Consider a pushout diagram of multipointed d-spaces A � i � C j � B � D where i is an inclusion of a strong deformation retract. Let K : [0, 1] → MDTOP_Δ(B, B) be the corresponding deformation retract and let r : B → A be the retraction. The commutative diagram of multipointed d-spaces A � � � � � � � � � � � i � C � � � � � � � � � � � B � r � � � � � � D � � � � � A � C � A � C

gives the retraction s : D → C. Denote by �Id_C the map corresponding to the constant map from [0, 1] to MDTOP_Δ(C, C) taking any element of [0, 1] to the identity of C. Then consider the commutative diagram of multipointed d-spaces

[0, 1] ⊠ A � � [0, 1] ⊠ C

�_{�IdC}

� � � � � � � � � � � � [0, 1] ⊠ B �

~K � � � � � � � � � � [0, 1] ⊠ D

� � � � � � � C � B � D Since the functor [0, 1] ⊠ − preserves colimits by Theorem 5.4, the universal property of the pushout induces a map of multipointed d-spaces ~H : [0, 1] ⊠ D → D. Denote by H the corresponding continuous map from [0, 1] to MDTOP_Δ(D, D). By Proposition 3.6,

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 605

one obtains the commutative diagram of topological spaces

|[0, 1] ⊠ A| � � |[0, 1] ⊠ C|

�_{|�IdC |}

� � � � � � � � |[0, 1] ⊠ B| �

| ~K| � � � � � � � � � � |[0, 1] ⊠ D|

� � � � � � � |C| � |B| � |D|.

By construction, one then has | ~H|(t, c) = j(c) for all c ∈ C and all t ∈ [0, 1] and | ~H|(0, d) = d for all d ∈ D. Since | ~K|(1, b) ∈ |i|(|A|) for all b ∈ B, it follows that | ~H|(1, d) ∈ |j|(|C|) for all d ∈ D. Since |j| is an inclusion of spaces by Proposition 5.8, H is a deformation retract as required.

6. The combinatorial model structure

6.1. Definition. (Compare with [Gau03, Definition 11.6]) A morphism f : X → Y of multipointed d-spaces is a weak S-homotopy equivalence if f^0 : X^0 → Y^0 is a bijection of sets and if P^{top}f : P^{top}_{α,β}X → P^{top}_{f 0(α),f 0(β)}Y is a weak homotopy equivalence of topological spaces. The class of weak S-homotopy equivalences of multipointed d-spaces is denoted by W^{top}.

If C : ∅ → {0} and R : {0, 1} → {0} are set maps viewed as morphisms of multipointed d-spaces, let I^{gl,top}_+ = I^{gl,top} ∪ {C, R}. Let

J^{gl,top} = {Glob^{top}(D^n ×_Δ {0}) −→ Glob^{top}(D^n ×_Δ [0, 1]), n � 0}

where the maps are the image by Glob(−) of the inclusions of spaces D^n ×_Δ {0} ⊂ D^n ×_Δ [0, 1] with n � 0.

6.2. Proposition. Let f : X → Y be a morphism of multipointed d-spaces. Then f satisfies the right lifting property with respect to {C, R} if and only if f^0 : X^0 → Y^0 is bijective.

Proof. See [Gau03, Proposition 16.2] or [Gau05b, Lemma 4.4 (5)].

6.3. Proposition. (Compare with [Gau03, Proposition 13.2]) Let f : X → Y be a morphism of multipointed d-spaces. Let g : U → V be a continuous map. Then f satisfies the right lifting property with respect to Glob^{top}(g) if and only if for all (α, β) ∈ X^0 × X^0, P^{top}f : P^{top}_{α,β}X → P^{top}_{f 0(α),f 0(β)}Y satisfies the right lifting property with respect to g.

606 PHILIPPE GAUCHER

Proof. Consider a commutative diagram of solid arrows of spaces U g � � P^{top}_{α,β}X

P^{top}f � V � ℓ � � � � P^{top}_{f 0(α),f 0(β)}Y.

Since Top_Δ is cartesian closed by Proposition 2.5, the existence of the lift ℓ is equivalent to the existence of the lift ℓ^′ in the commutative diagram of solid arrows of multipointed spaces Glob^{top}(U) g � � X f � Glob^{top}(V ) �

ℓ^′ � � � � � Y.

6.4. Proposition. Let i : A → B be an inclusion of a strong deformation retract of spaces between Δ-generated spaces. Then Glob^{top}(i) : Glob^{top}(A) → Glob^{top}(B) is an inclusion of a strong deformation retract of MdTop_Δ.

Proof. Let r : B → A be the corresponding retraction and let H : [0, 1] ×_Δ B → B be the corresponding deformation retract. Then Glob^{top}(r) : Glob^{top}(B) → Glob^{top}(A) is the corresponding retraction of multipointed d-spaces and Glob^{top}(H) : Glob^{top}([0, 1]×_Δ B) → Glob^{top}(B) is the corresponding deformation retract of multipointed d-spaces since there is an isomorphism of multipointed d-spaces Glob^{top}([0, 1] ×_Δ B) ∼= [0, 1] ⊠ Glob^{top}(B).

6.5. Theorem. There exists a unique cofibrantly generated model structure on the category MdTop_Δ such that the weak equivalences are the weak S-homotopy equivalences, such that I^{gl,top}_+ = I^{gl,top} ∪ {C, R} is the set of generating cofibrations and such that J^{gl,top} is the set of trivial generating cofibrations. Moreover, one has:

1. The cellular objects are exactly the globular complexes.

2. A map f : X → Y of multipointed d-spaces is a (resp. trivial) fibration if and only if for all (α, β) ∈ X^0 × X^0, the continuous map P^{top}_{α,β}X → P^{top}_{f 0(α),f 0 (β)}Y is a (resp. trivial) fibration of spaces.

3. Every multipointed d-space is fibrant.

4. The model structure is right proper and simplicial.

5. Two cofibrant multipointed d-spaces are weakly S-homotopy equivalent if and only they are S-homotopy equivalent.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 607

Proof. We have to prove the following facts [Hov99, Theorem 2.1.19]:

1. The class W^{top} satisfies the two-out-of-three property and is closed under retracts.

2. The domains of I^{gl,top}_+ are small relative to cell(I^{gl,top}_+ ).

3. The domains of J^{gl,top} are small relative to cell(J^{gl,top}).

4. cell(J^{gl,top}) ⊂ W^{top} ∩ cof(I^{gl,top}_+ ).

5. inj(I^{gl,top}_+ ) = W^{top} ∩ inj(J^{gl,top}).

That W^{top} satisfies the two-out-of-three property and is closed under retracts is clear. By [Bek00, Proposition 1.3], every object of MdTop_Δ is small relative to the whole class of morphisms since MdTop_Δ is locally presentable by Theorem 3.5. Hence Assertions (2) and (3). By Proposition 6.2 and Proposition 6.3, a map of multipointed d-spaces f : X → Y belongs to inj(I^{gl,top}_+ ) if and only if the set map f^0 : X^0 → Y^0 is bijective and for all (α, β) ∈ X^0 × X^0, the map P^{top}_{α,β}X → P^{top}_{f(α),f(β)}Y is a trivial fibration of spaces. By Proposition 6.3 again, a map of multipointed d-spaces f : X → Y belongs to inj(J^{gl,top}) if and only if for all (α, β) ∈ X^0 × X^0, the map P^{top}_{α,β}X → P^{top}_{f(α),f(β)}Y is a fibration of spaces. Hence the fifth assertion.

It remains to prove the fourth assertion which is the most delicate part of the proof. The set inclusion cell(J^{gl,top}) ⊂ cell(I^{gl,top}) comes from the obvious set inclusion J^{gl,top} ⊂ cof(I^{gl,top}). It remains to prove the set inclusion cell(J^{gl,top}) ⊂ W^{top}. First of all, consider the case of a map f : X → Y which is the pushout of one element of J^{gl,top} (for some n � 0):

Glob^{top}(D^n ×_Δ {0}) � � X � Glob^{top}(D^n ×_Δ [0, 1]) � Y.

Since each map of J^{gl,top} is an inclusion of a strong deformation retract of multipointed dspaces by Proposition 6.4, the map f : X → Y is itself an inclusion of a strong deformation retract by Theorem 5.9. So by Proposition 5.8, the continuous map P^{top}f : P^{top}X → P^{top}Y is an inclusion of a strong deformation retract of spaces. By Proposition 4.3, the subset |Y |\|X| is open in |Y |. Let ϕ ∈ P^{top}Y \P^{top}X. By Proposition 3.6, one has ϕ = ϕ_0 ∗_{t1} ϕ_1 ∗_{t2} · · · ∗_{tn} ϕ_n with the ϕ_i being execution paths of the images of Glob^{top}(D^n ×_Δ [0, 1]) or of X in Y . Since ϕ /∈ P^{top}X, the set ϕ^{−1}(|Y |\|X|) is a non-empty open subset of [0, 1]. Let [a, b] ⊂ ϕ^{−1}(|Y |\|X|) with 0 � a < b � 1. Then ϕ belongs to N([a, b], |Y |\|X|) which is an open of the compact-open topology. Since the Kelleyfication functor adds open subsets, the set N([a, b], |Y |\|X|) is an open neighborhood of ϕ included in P^{top}Y \P^{top}X. So P^{top}Y \P^{top}X is open in P^{top}Y . Therefore, the continuous map P^{top}f : P^{top}X → P^{top}Y is a closed inclusion of a strong deformation retract of spaces^4. This class of maps is closed

4This step of the proof is necessary. See Proposition 2.1 of this paper.

608 PHILIPPE GAUCHER

under transfinite composition in T , and in Top_Δ, since it is the class of trivial cofibrations of the Strøm model structure on the category of general topological spaces [Str66] [Str68] [Str72]. So for any map f ∈ cell(J^{gl,top}), the continuous map P^{top}f : P^{top}X → P^{top}Y is a closed inclusion of a strong deformation retract of spaces since the functor P^{top} is finitely accessible by Proposition 3.7. Therefore it is a weak homotopy equivalence. Hence the set inclusion cell(J^{gl,top}) ⊂ W^{top}.

It remains to prove the last five assertions of the statement of the theorem. The first one is obvious. The second one is explained above. The third one comes from the second one and from the fact that all topological spaces are fibrant (the terminal object of MdTop_Δ is ({0}, {0}, {0})). The model structure is right proper since all objects are fibrant. The construction of the simplicial structure of this model category is postponed until Appendix B. The very last assertion is due to the construction of the simplicial structure and to the fact that X ⊗ Δ[1] ∼= [0, 1] ⊠ X since [0, 1] is non-empty and connected.

Here are some comments about cofibrancy. The set {0} = ({0}, {0}, ∅) is cofibrant. More generally, any set E = (E, E, ∅) is cofibrant. The multipointed d-space ({0}, ∅, ∅) is not cofibrant. Indeed, its cofibrant replacement is equal to the initial multipointed d-space ∅ = (∅, ∅, ∅). Finally, the terminal multipointed d-space ({0}, {0}, {0}) is not cofibrant.

6.6. Conjecture. The model category MdTop_Δ is left proper.

7. Comparing multipointed d-spaces and flows

We describe a functor cat from the category of multipointed d-spaces to the category of flows which generalizes the functor constructed in [Gau05a].

7.1. Definition. [Gau03] A flow X is a small category without identity maps enriched over topological spaces. The composition law of a flow is denoted by ∗. The set of objects is denoted by X^0. The space of morphisms from α to β is denoted by P_{α,β}X. Let PX be the disjoint sum of the spaces P_{α,β}X. A morphism of flows f : X → Y is a set map f^0 : X^0 → Y^0 together with a continuous map Pf : PX → PY preserving the structure. The corresponding category is denoted by Flow(Top_Δ), Flow(Top_K), etc... depending on the category of topological spaces we are considering.

Let Z be a topological space. The flow Glob(Z) is defined by

• Glob(Z)^0 = {^0, ^1},

• PGlob(Z) = P_{^0,^1}Glob(Z) = Z,

• s = ^0, t = ^1 and a trivial composition law.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 609

It is called the globe of the space Z.

Let X be a multipointed d-space. Consider for every (α, β) ∈ X^0 × X^0 the coequalizer of sets P_{α,β}X = lim−→ � P^{top}_{α,β}X ×_Δ P^{top} −→ I^{top} ⇒ P^{top}_{α,β}X �

where the two maps are (c, ϕ) → c ∘ Id−→_{I top} = c and (c, ϕ) → c ∘ ϕ. Let [−]_{α,β} : P^{top}_{α,β}X → P_{α,β}X be the canonical set map. The set P_{α,β}X is equipped with the final topology.

7.2. Theorem. Let X be a multipointed d-space. Then there exists a flow cat_Δ(X) with cat_Δ(X)^0 = X^0, P_{α,β}cat_Δ(X) = P_{α,β}X and the composition law ∗ : P_{α,β}X ×_Δ P_{β,γ} X → P_{α,γ} X is for every triple (α, β, γ) ∈ X^0 × X^0 × X^0 the unique map making the following diagram commutative: P^{top}_{α,β}X ×_Δ P^{top}_{β,γ} X �

[−]_{α,β}×_Δ[−]_{β,γ} � P^{top}_{α,γ} X

[−]_{α,γ} � P_{α,β}X ×_Δ P_{β,γ} X � P_{α,γ} X

where the map P^{top}_{α,β}X ×_Δ P^{top}_{β,γ} X → P^{top}_{α,γ} X is the continuous map defined by the concatenation of continuous paths: (c_1, c_2) ∈ P^{top}_{α,β}X ×_Δ P^{top}_{β,γ} X is sent to c_1 ∗_{1/2} c_2. The mapping X → cat_Δ(X) induces a functor from MdTop_Δ to Flow(Top_Δ).

Proof. The existence and the uniqueness of the continuous map P_{α,β}X ×_Δ P_{β,γ} X → P_{α,γ} X for any triple (α, β, γ) ∈ X^0 × X^0 × X^0 comes from the fact that the topological space P_{α,β}X is the quotient of the set P^{top}_{α,β}X by the equivalence relation generated by the identifications c∘ϕ = c equipped with the final topology. This defines a strictly associative law because the concatenation of continuous paths is associative up to strictly increasing reparametrization. The functoriality is obvious.

7.3. Proposition. The functor cat_Δ : MdTop_Δ → Flow(Top_Δ) does not have any right adjoint.

Proof. Suppose that the right adjoint exists. Let Z be a Δ-generated space. Then for any multipointed d-space X, one would have the natural isomorphism

MdTop_Δ(X, Y ) ∼= Flow(Top_Δ)(cat_Δ(X), Glob(Z))

for some multipointed d-space Y .

With X = X^0, one obtains the equalities

MdTop_Δ(X, Y ) = Set(X^0, Y^0) and Flow(Top_Δ)(cat_Δ(X), Glob(Z)) = Set(X^0, Glob(Z)^0).

By an application of Yoneda’s lemma within the category of sets, one deduces that Y^0 = {^0, ^1}.

610 PHILIPPE GAUCHER

Consider now the case X = −→ I^{top}. The set P^{top}_{α,β}Y is non-empty if and only if there exists a map f : −→ I^{top} → Y with f^0(^0) = α and f^0(^1) = β. The map f : −→ I^{top} → Y corresponds by adjunction to a map −→ I = Glob({0}) → Glob(Z). Thus one obtains P^{top}Y = P^{top}_{{^0,^1}}Y .

Consider now the case X = Glob^{top}(T ) for some Δ-generated space T . Then one has the isomorphisms MdTop_Δ(X, Y ) ∼= Top_Δ(T, P^{top}_{{^0,^1}}Y ) and

Flow(Top_Δ)(cat_Δ(X), Glob(Z)) ∼= Top_Δ(T, Z).

So by Yoneda’s lemma applied within the category Top_Δ, one obtains the isomorphism P^{top}Y = P^{top}_{{^0,^1}}Y ∼= Z.

Take Z = {0}. Then Y is a multipointed d-space with unique initial state ^0, with unique final state ^1 and with P^{top}Y = P^{top}_{{^0,^1}}Y = {0} ≠ ∅. Thus there exists a continuous map ϕ : [0, 1] → |Y | with ϕ(0) = ^0, ϕ(1) = ^1 which is an execution path of Y . So any strictly increasing reparametrization of ϕ is an execution path of Y . So ^0 = ^1 in Y^0. Contradiction.

7.4. Corollary. The functor cat_Δ : MdTop_Δ −→ Flow_Δ is not colimit-preserving.

Proof. The category MdTop_Δ is a topological fibre-small category over the category of sets. Therefore, it satisfies the hypothesis of the opposite of the special adjoint functor theorem. Thus, the functor cat_Δ is colimit-preserving if and only if it has a right adjoint.

The colimit-preserving functor H ∘ i^K_Δ : Top_Δ → CGTop induces a colimit-preserving functor Flow(Top_Δ) → Flow(CGTop) from the category of flows enriched over Δgenerated spaces to that of flows enriched over compactly generated topological spaces (the latter category is exactly the category used in [Gau03] and in [Gau05a]). So the composite functor

cat : MdTop_Δ^{catΔ}−→ Flow(Top_Δ) −→ Flow(CGTop)

coincides on globular complexes with the functor constructed in [Gau05a] since the globular complexes of [Gau05a] are exactly those defined in Section 4 and since one has the equality cat(Glob^{top}(Z)) = Glob(Z) for any compactly generated space Z.

7.5. Theorem. The composite functor

MdTop_Δ^{(−)cof}−→ glTop^{cat}−→ Ho(Flow(CGTop))

induces an equivalence of categories Ho(MdTop_Δ) ≃ Ho(Flow(CGTop)) between the category of multipointed d-spaces up to weak S-homotopy and the category of flows up to weak S-homotopy where a map of flows f : X → Y is a weak S-homotopy if and only if f^0 : X^0 → Y^0 is a bijection and Pf : PX → PY is a weak homotopy equivalence.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 611

Proof. By [Gau05a, Theorem V.4.2], the restriction of the functor cat to the category glTop of globular complexes induces a categorical equivalence glTop[(W^{top})^{−1}] ≃ Ho(Flow(CGTop)) where glTop[(W^{top})^{−1}] is the categorical localization of glTop by the class of weak S-homotopy equivalences W^{top}. Every multipointed d-space is fibrant. Therefore the localization glTop[(W^{top})^{−1}] is isomorphic to the quotient glTop/ ∼_S where ∼_S is the congruence relation on morphisms induced by S-homotopy (see Definition 5.1). The inclusion functor glTop ⊂ (MdTop_Δ)_{cof} from the category of globular complexes to that of cofibrant multipointed d-spaces induces a full and faithful functor glTop/∼_S → (MdTop_Δ)_{cof} /∼_S . The right-hand category is equivalent to Ho(MdTop_Δ) by [Hir03, Section 7.5.6] or [Hov99, Proposition 1.2.3].

Recall that there exists a unique model structure on Flow(CGTop) such that [Gau03]

• The set of generating cofibrations is I^{gl}_+ = I^{gl} ∪ {C, R} with

I^{gl} = {Glob(S^{n−1}) −→ Glob(D^n), n � 0}

where the maps are the image by Glob(−) of the inclusions of spaces S^{n−1} ⊂ D^n with n � 0.

• The set of generating trivial cofibration is

J^{gl} = {Glob(D^n × {0}) −→ Glob(D^n × [0, 1]), n � 0}

where the maps are the image by Glob(−) of the inclusions of spaces D^n × {0} ⊂ D^n × [0, 1] with n � 0.

• The weak equivalences are the weak S-homotopy equivalences.

7.6. Proposition. Let X be a cofibrant flow of Flow(CGTop). Then the path space PX is cofibrant.

Sketch of Proof. The cofibrant flow X is a retract of a cellular flow X and the space PX is then a retract of the space PX. Thus one can suppose X cellular, i.e. ∅ → X belonging to cell(I^{gl}_+ ). By [Gau07, Proposition 7.1] (see also Proposition A.1 of this paper and [Gau03, Proposition 15.1]), the continuous map ∅ → PX is a transfinite composition of a λ-sequence Y : λ → CGTop such that for any μ < λ, the map Y_μ → Y_{μ+1} is a pushout of a map of the form Id_{X1} × . . . × i_n × . . . × Id_{Xp} with p � 0 and with i_n : S^{n−1} ⊂ D^n being the usual inclusion with n � 0. Suppose that the set of ordinals

{μ � λ, Y_μ is not cofibrant}

is non-empty. Consider the smallest element μ_0. Then the continuous map ∅ → PY_{μ0} is a transfinite composition of pushout of maps of the form Id_{X1} × . . . × i_n × . . . × Id_{Xp} with all spaces X_i cofibrant since the spaces X_i are built using the path spaces of the flows Y_μ with μ < μ_0. So the space PY_{μ0} is cofibrant because the model category Top_Δ is monoidal. Contradiction.

612 PHILIPPE GAUCHER

Note that the analogous statement for multipointed d-spaces is false. Indeed, the multipointed d-space −→ I^{top} is cofibrant since −→ I^{top} ∼= Glob^{top}(D^0). And the space P^{top} −→ I^{top} is the space of strictly increasing continuous maps from [0, 1] to itself preserving 0 and 1. The latter space is not cofibrant.

Let us conclude the comparison of multipointed d-spaces and flows by:

7.7. Theorem. There exists a unique model structure on Flow(Top_Δ) such that the set of generating (resp. trivial) cofibrations is I^{gl}_+ (resp. J^{gl}) and such that the weak equivalences are the weak S-homotopy equivalences. Moreover:

1. The model category Flow(Top_Δ) is proper simplicial and combinatorial.

2. The categorical adjunction Flow(Top_Δ) ⇆ Flow(CGTop) is a Quillen equivalence.

3. The functor cat_Δ : MdTop_Δ → Flow(Top_Δ) preserves cofibrations, trivial cofibrations and weak S-homotopy equivalences between cofibrant objects.

Sketch of Proof. The construction of the model structure goes as in [Gau03]. It is much easier since the category Flow(Top_Δ) is locally presentable by a proof similar to the one of [Gau05b, Proposition 6.11]. Therefore, we do not have to worry about the problems of smallness by [Bek00, Proposition 1.3]. So a big part of [Gau03] can be removed. It remains to check that [Hov99, Theorem 2.1.19]:

• The class W of weak S-homotopy equivalences of Flow(Top_Δ) satisfies the twoout-of-three property and is closed under retracts: clear.

• cell(J^{gl}) ⊂ W ∩ cof(I^{gl}_+ ). The set inclusion cell(J^{gl}) ⊂ cof(I^{gl}_+ ) comes from the obvious set inclusion J^{gl} ⊂ cof(I^{gl}). The proof of the set inclusion cell(J^{gl}) ⊂ W is similar to the proof of the same statement in [Gau03]: the crucial facts are that:

– Proposition A.1 which calculates a pushout by a map Glob(U) → Glob(V ). – A map of the form Id_X ×_Δj_n : X ×_Δ D^n ×_Δ {0} → X ×_Δ D^n ×_Δ [0, 1], where j_n : D^n ×_Δ {0} ⊂ D^n ×_Δ [0, 1] is the usual inclusion of spaces for some n � 0, is a closed inclusion of a strong deformation retract of spaces. Indeed, since D^n is compact, the map Id_A ×_Δj_n is equal to the map Id_A ×_T j_n by Proposition 2.6. And we then consider once again the Strøm model structure on the category of general topological spaces T .

– So for every map f ∈ cell(J^{gl}), the continuous map Pf : PX → PY is a closed inclusion of a strong deformation retract of spaces since the path space functor P : Flow(Top_Δ) → Top_Δ is finitely accessible as in Proposition 3.7. Therefore it is a weak homotopy equivalence.

• inj(I^{gl}_+ ) = W ∩ inj(J^{gl}). See [Gau03, Proposition 16.2] and [Gau03, Proposition 13.2].

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 613

The model category Flow(Top_Δ) is right proper since every object is fibrant. The proof of the left properness of Flow(Top_Δ) is postponed until Appendix A. It is simplicial by the same proof as the one given in [Gau08a]. The second assertion of the statement is then obvious. The functor cat_Δ : MdTop_Δ → Flow(Top_Δ) is colimit-preserving. Therefore it takes maps of cell(I^{gl,top}_+ ) (resp. cell(J^{gl,top})) to maps of cell(I^{gl}_+ ) (resp. cell(J^{gl})). Since every (resp. trivial) cofibration of multipointed d-spaces is a retract of an element of cell(I^{gl,top}_+ ) (resp. cell(J^{gl,top})), one deduces that the functor cat_Δ : MdTop_Δ → Flow(Top_Δ) takes (trivial) cofibrations to (trivial) cofibrations. Let f : X → Y be a weak S-homotopy equivalence between cofibrant multipointed d-spaces. The cofibrant object X is a retract of a globular complex X. The space P^{top}X is compactly generated by Proposition 4.5. The space PX is the path space of the cofibrant flow cat(X). Therefore the space PX is cofibrant by Proposition 7.6. Any cofibrant space is weak Hausdorff. So PX is compactly generated and by [Gau05a, Theorem IV.3.10], the map P^{top}X → PX is a weak homotopy equivalence, and even a trivial Hurewicz fibration. Thus the map P^{top}X → PX is a retract of the weak homotopy equivalence P^{top}X → PX. Hence it is a weak homotopy equivalence as well. The commutative diagram of Δ-generated spaces

P^{top}X^≃ � ≃ � P^{top}Y ≃ � PX � PY

and the two-out-of-three property completes the proof.

In conclusion, let us say that the functor cat_Δ : MdTop_Δ → Flow(Top_Δ) is a kind of left Quillen equivalence of cofibration categories.

8. Underlying homotopy type of flows as a total left derived functor

The underlying homotopy type functor of flows is defined in [Gau05a]. Morally speaking, it is the underlying topological space of a flow, but it is unique only up to a weak homotopy equivalence. It is equal, with the notations of this paper, to the composite functor

Ho(Flow(Top)) ≃ glTop[(W^{top})^{−1}] −→ Ho(Top_Δ) ≃ Ho(CGTop)

where the middle functor is the unique functor making the following diagram commutative:

glTop^{X→|X|} � � Top_Δ � glTop/∼_S ∼= glTop[(W^{top})^{−1}] � Ho(Top_Δ)

where both vertical maps are the canonical localization functors.

8.1. Proposition. The functor | − | : X = (|X|, X^0, P^{top}X) → |X| from MdTop_Δ to Top_Δ is a left Quillen functor.

614 PHILIPPE GAUCHER

Proof. By Proposition 3.6, this functor is topological. So it has a right adjoint by [AHS06, Proposition 21.12]. In fact, the right adjoint R : Top_Δ → MdTop_Δ is defined by: R(Z) = (Z, ω_Δ(Z), MTop_Δ(([0, 1], {0, 1}), (Z, ω_Δ(Z)))).

The functor | − | preserves cofibrations and trivial cofibrations by Proposition 4.3.

8.2. Corollary. Up to equivalences of categories, the underlying homotopy type functor of flows is a total left derived functor.

Proof. Indeed, the composite functor

Ho(Flow(Top)) ≃ Ho(MdTop_Δ)^{X→Xcof}−→ glTop/∼_S^{Y →|Y |}−→ Ho(Top_Δ) ≃ Ho(CGTop)

is equal to the underlying homotopy type functor.

The underlying space functor X → |X| from MdTop_Δ to Top_Δ is not invariant with respect to weak S-homotopy equivalences. With the identification S^1 = {z ∈ C, |z| = 1}, consider the multipointed d-space X = (S^1, {1, exp(iπ/2)}, P^{top}X) where P^{top}X is the closure by strictly increasing reparametrization of the set of continuous paths {t → exp(itπ/2), t ∈ [0, 1]}. The multipointed d-space has a unique initial state 1 and a unique final state exp(iπ/2). Then consider the map of multipointed d-spaces f : −→ I^{top} −→ X defined by |f|(t) = exp(itπ/2) for t ∈ [0, 1]. Then f is a weak S-homotopy equivalence with | −→ I^{top}| contractible whereas |X| is not so.

A. Left properness of Flow(Top_Δ)

As the proof of the left properness of Flow(CGTop) given in [Gau07, Section 7], the proof of the left properness of Flow(Top_Δ) lies in Proposition A.1, Proposition A.2 and Proposition A.6:

A.1. Proposition. (Compare with [Gau07, Proposition 7.1]) Let f : U → V be a continuous map between Δ-generated spaces. Let X be a flow enriched over Δ-generated spaces. Consider the pushout diagram of multipointed d-spaces:

Glob(U)

Glob(f) � � X � Glob(V ) � Y.

Then the continuous map PX → PY is a transfinite composition of pushouts of maps of the form Id_{X1} ×_Δ . . . ×_Δ f ×_Δ . . . ×_Δ Id_{Xp} with p � 0.

Proof. The proof is exactly the same as for Flow(CGTop). Nothing particular need be assumed on the category of topological spaces we are working with, except that it must be cartesian closed.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 615

A.2. Proposition. (Compare with [Gau07, Proposition 7.2]) Let n � 0. Let i_n : S^{n−1} ⊂ D^n be the usual inclusion of spaces. Let X_1, . . . , X_p be Δ-generated spaces. Then the pushout of a weak homotopy equivalence along a map of the form a finite product

Id_{X1} ×_Δ . . . ×_Δ i_n ×_Δ . . . ×_Δ Id_{Xp}

with p � 0 is still a weak homotopy equivalence.

Proof. The three ingredients of [Gau07, Proposition 7.2] are

1. The pushout of an inclusion of a strong deformation retract of spaces is an inclusion of a strong deformation retract of spaces. This assertion is true in the category of general topological spaces by [Hov99, Lemma 2.4.5].

2. The Seifert-Van-Kampen theorem for the fundamental groupoid functor which is true in the category of general topological spaces by [Bro67] [Hig05].

3. The Mayer-Vietoris long exact sequence which holds in the category of general topological spaces: it is the point of view of, e.g., [Rot88].

The following notion is a weakening of the notion of closed T_1-inclusion, introduced by Dugger and Isaksen.

A.3. Definition. [DI04, p 686] An inclusion of spaces f : Y → Z is a relative T_1- inclusion of spaces if for any open set U of Y and any point z ∈ Z\U, there is an open set W of Z with U ⊂ W and z /∈ W .

A.4. Proposition. (Variant of [DI04, Lemma A.2]) Consider a pushout diagram of Δ-generated spaces A ×_Δ S^{n−1} � � Y � A ×_Δ D^n � Z.

Then the map Y → Z is a relative T_1-inclusion of spaces.

Proof. By [DI04, Lemma A.2], the cocartesian diagram of T

A ×_T S^{n−1} � � Y � A ×_T D^n � Z^′.

yields a relative T_1-inclusion of spaces Y → Z^′. Since both S^{n−1} and D^n are compact, one has A ×_T S^{n−1} ∼= A ×_Δ S^{n−1} and A ×_T D^n ∼= A ×_Δ D^n by Proposition 2.6. Since colimits in T and in Top_Δ are the same, the map Y → Z^′ is the map Y → Z.

616 PHILIPPE GAUCHER

A.5. Proposition. [DI04, Lemma A.3] Any compact is finite relative to the class of relative T_1-inclusions of spaces.

A.6. Proposition. (Compare with [Gau07, Proposition 7.3]) Let λ be an ordinal. Let M : λ −→ Top_Δ and N : λ −→ Top_Δ be two λ-sequences of topological spaces. Let s : M −→ N be a morphism of λ-sequences which is also an objectwise weak homotopy equivalence. Finally, let us suppose that for all μ < λ, the continuous maps M_μ −→ M_{μ+1} and N_μ −→ N_{μ+1} are pushouts of maps^5 of the form of a finite product

Id_{X1} ×_Δ . . . ×_Δ i_n ×_Δ . . . ×_Δ Id_{Xp}

with p � 0, with i_n : S^{n−1} ⊂ D^n being the usual inclusion of spaces for some n � 0. Then the continuous map lim−→ s : lim−→ M −→ lim−→ N is a weak homotopy equivalence.

Proof. The main ingredient of the proof of [Gau07, Proposition 7.3] is that any map K → M_λ factors as a composite K → M_μ → M_λ for some ordinal μ < λ as soon as K is compact if λ is a limit ordinal. More precisely, one needs to apply this fact for K belonging to the set {S^n, S^n ×_Δ [0, 1], n � 0}. It is not true that the maps M_μ → M_{μ+1} and N_μ → N_{μ+1} are closed T_1-inclusions of spaces since the spaces X_i are not necessarily weak Hausdorff anymore. So we cannot apply [Hov99, Proposition 2.4.2] saying that compact spaces are finite relative to closed T_1-inclusions of spaces, unlike in the proof of [Gau07, Proposition 7.3]. Let Z = X_1 ×_Δ . . . ×_Δ X_p. Then each map M_μ −→ M_{μ+1} and N_μ −→ N_{μ+1} is a pushout of a map of the form Z ×_Δ S^{n−1} → Z ×_Δ D^n. We can then apply Proposition A.4 and Proposition A.5. The proof is therefore complete.

B. The simplicial structure of MdTop_Δ

The construction is very similar to the one given in [Gau08a] for the category of flows.

B.1. Definition. Let K be a non-empty connected simplicial set. Let X be an object of MdTop_Δ. Let X ⊗ K = |K| ⊠ X where |K| means the geometric realization of K [GJ99].

B.2. Definition. Let K be a non-empty simplicial set. Let (K_i)_{i∈I} be its set of nonempty connected components. Let X ⊗ K := � i∈I X ⊗ K_i. And let X ⊗ ∅ = ∅.

B.3. Proposition. Let K be a simplicial set. Then the functor − ⊗ K : MdTop_Δ → MdTop_Δ is a left adjoint.

Proof. As in [Gau08a], it suffices to prove the existence of the right adjoint

(−)^K : MdTop_Δ → MdTop_Δ

for K non-empty connected and to set:

5There is a typo error in the statement of [Gau07, Proposition 7.3]. The expression “pushouts of maps” is missing.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 617

• X^∅ = 1 • for a general simplicial set K with non-empty connected components (K_i)_{i∈I} , let X^K := � i∈I X^{Ki} .

So now suppose that K is non-empty connected. For a given multipointed d-space X, let (compare with [Gau03, Notation 7.6] and [Gau03, Theorem 7.7]):

• (X^K )^0 = X^0 • |X^K | = TOP_Δ(|K|, |X|) • for (α, β) ∈ X^0 × X^0, P^{top}_{α,β}(X^K ) = TOP_Δ(|K|, P^{top}_{α,β}X).

We can observe that the functor (−)^K : MdTop_Δ → MdTop_Δ commutes with limits and is λ-accessible if |K| is λ-presentable in Top_Δ for some regular cardinal λ since the functor P^{top} : MdTop_Δ → Set is finitely accessible by Proposition 3.7. So by [AR94, Theorem 1.66], it is a right adjoint. It is easy to check that the left adjoint is precisely − ⊗ K.

B.4. Proposition. Let X and Y be two multipointed d-spaces. Let Δ[n] be the nsimplex. Then there is a natural isomorphism of simplicial sets MdTop_Δ(X ⊗ Δ[∗], Y ) ∼= Sing MDTOP_Δ(X, Y ) where Sing is the singular nerve functor. This simplicial set is denoted by Map(X, Y ). Proof. Since Δ[n] is non-empty and connected, one has Sing(MDTOP_Δ(X, Y ))_n = Top_Δ(|Δ[n]|, MDTOP_Δ(X, Y )) ∼= MdTop_Δ(X ⊗ Δ[n], Y ).

B.5. Theorem. The model category MdTop_Δ together with the functors − ⊗ K, (−)^K and Map(−, −) assembles to a simplicial model category. Proof. Proof analogous to the proof of [Gau08a, Theorem 3.3.15].

In fact, the category of multipointed d-spaces MdTop_Δ is also tensored and cotensored over Top_Δ in the sense of [Col06] because of Proposition 2.8 and Theorem 5.4. On the contrary, one has:

B.6. Proposition. The category MdTop_K of multipointed d-spaces over Top_K is neither tensored, nor cotensored over Top_K.

Proof. Otherwise the functor MDTOP_K(X, −) : MdTop_K → Top_K would preserve limits. Take X = {0}. Then for any multipointed d-space Y , MDTOP_K({0}, Y ) is the discrete space Y^0 by Proposition B.4. But a limit of discrete spaces in Top_K is not necessarily discrete (e.g. the p-adic integers Z_p = lim←− Z/p^nZ [Mun75]). Contradiction.

618 PHILIPPE GAUCHER

The same phenomenon arises for the category of flows: read the comment [Gau03, p567] after the statement of Theorem 5.10.

References

[AHS06] J. Adámek, H. Herrlich, and G. E. Strecker. Abstract and concrete categories: the joy of cats. Repr. Theory Appl. Categ., (17):1–507 (electronic), 2006. Reprint of the 1990 original [Wiley, New York; MR1051419].

[AR94] J. Adámek and J. Rosický. Locally presentable and accessible categories. Cambridge University Press, Cambridge, 1994.

[Bek00] T. Beke. Sheafifiable homotopy model categories. Math. Proc. Cambridge Philos. Soc., 129(3):447–475, 2000.

[Bor94a] F. Borceux. Handbook of categorical algebra. 1. Cambridge University Press, Cambridge, 1994. Basic category theory.

[Bor94b] F. Borceux. Handbook of categorical algebra. 2. Cambridge University Press, Cambridge, 1994. Categories and structures.

[Bre71] H. Breger. Die Kategorie der kompact-erzeugten Räume als in Top coreflective Kategorie mit Exponentialgesetz, Diplomarbeit, Univ. Heidelberg. 1971.

[Bro67] R. Brown. Groupoids and van Kampen’s theorem. Proc. Lond. Math. Soc., III.

Ser., 17:385–401, 1967.

[Bro06] R. Brown. Topology and groupoids. BookSurge, LLC, Charleston, SC, 2006.

Third edition of Elements of modern topology [McGraw-Hill, New York, 1968; MR0227979], With 1 CD-ROM (Windows, Macintosh and UNIX).

[Čin91] J. Činčura. Cartesian closed coreflective subcategories of the category of topological spaces. Topology Appl., 41(3):205–212, 1991.

[Col06] M. Cole. Many homotopy categories are homotopy categories. Topology Appl., 153(7):1084–1099, 2006.

[DI04] D. Dugger and D. C. Isaksen. Topological hypercovers and A^1-realizations.

Math. Z., 246(4):667–689, 2004.

[Dij68] E.W. Dijkstra. Cooperating Sequential Processes. Academic Press, 1968.

[Dug03] D. Dugger. Notes on delta-generated topological spaces. available at http://www.uoregon.edu/~ddugger/, 2003.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 619

[FGR98] L. Fajstrup, E. Goubault, and M. Raußen. Detecting deadlocks in concurrent systems. In CONCUR’98: concurrency theory (Nice), volume 1466 of Lecture Notes in Comput. Sci., pages 332–347. Springer, Berlin, 1998.

[FP90] R. Fritsch and R. A. Piccinini. Cellular structures in topology, volume 19 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1990.

[FR08] L. Fajstrup and J. Rosický. A convenient category for directed homotopy.

Theory and Applications of Categories, 21(1):pp 7–20, 2008.

[Gau03] P. Gaucher. A model category for the homotopy theory of concurrency. Homology, Homotopy and Applications, 5(1):p.549–599, 2003.

[Gau05a] P. Gaucher. Comparing globular complex and flow. New York Journal of Mathematics, 11:p.97–150, 2005.

[Gau05b] P. Gaucher. Flow does not model flows up to weak dihomotopy. Appl. Categ.

Structures, 13(5-6):371–388, 2005.

[Gau06] P. Gaucher. T-homotopy and refinement of observation (IV) : Invariance of the underlying homotopy type. New York J. Math., 12:63–95 (electronic), 2006.

[Gau07] P. Gaucher. T-homotopy and refinement of observation, part II: Adding new T-homotopy equivalences. Internat. J. Math. Math. Sci., 2007:Article ID 87404, 20 pages, 2007. doi:10.1155/2007/87404.

[Gau08a] P. Gaucher. Globular realization and cubical underlying homotopy type of time flow of process algebra. New York J. Math., 14:101–137 (electronic), 2008.

[Gau08b] P. Gaucher. Towards a homotopy theory of process algebra. Homology Homotopy Appl., 10(1):353–388 (electronic), 2008.

[GG03] P. Gaucher and E. Goubault. Topological deformation of higher dimensional automata. Homology, Homotopy and Applications, 5(2):p.39–82, 2003.

[GJ99] P. G. Goerss and J. F. Jardine. Simplicial homotopy theory. Birkhäuser Verlag, Basel, 1999.

[Gou03] E. Goubault. Some geometric perspectives in concurrency theory. Homology, Homotopy and Applications, 5(2):p.95–136, 2003.

[Gra03] M. Grandis. Directed homotopy theory. I. Cah. Topol. Géom. Différ. Catég., 44(4):281–316, 2003.

[Gun94] J. Gunawardena. Homotopy and concurrency. Bull. EATCS, 54:184–193, 1994.

620 PHILIPPE GAUCHER

[GZ67] P. Gabriel and M. Zisman. Calculus of fractions and homotopy theory. Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 35. Springer-Verlag New York, Inc., New York, 1967.

[Hat02] A. Hatcher. Algebraic topology. Cambridge University Press, Cambridge, 2002.

[Hig05] P. J. Higgins. Categories and groupoids. Repr. Theory Appl. Categ., (7):1– 178 (electronic), 2005. Reprint of the 1971 original [Notes on categories and groupoids, Van Nostrand Reinhold, London; MR0327946] with a new preface by the author.

[Hir03] P. S. Hirschhorn. Model categories and their localizations, volume 99 of Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2003.

[HJ99] K. Hrbacek and T. Jech. Introduction to set theory, volume 220 of Monographs and Textbooks in Pure and Applied Mathematics. Marcel Dekker Inc., New York, third edition, 1999.

[Hov99] M. Hovey. Model categories. American Mathematical Society, Providence, RI, 1999.

[Kri09] S. Krishnan. A convenient category of locally preordered spaces. Applied Categorical Structures, 17(5):445–466, 2009.

[Lew78] L. G. Lewis. The stable category and generalized Thom spectra (appendix). PhD thesis, University of Chicago, 1978. available at http://www.pps.jussieu.fr/~gaucher/cgspaceintro.pdf.

[Man80] E. G. Manes. Equational aspects of ultrafilter convergence. Algebra Universalis, 11(2):163–172, 1980.

[May99] J. P. May. A concise course in algebraic topology. University of Chicago Press, Chicago, IL, 1999.

[ML98] S. Mac Lane. Categories for the working mathematician. Springer-Verlag, New York, second edition, 1998.

[Mun75] J. R. Munkres. Topology: a first course. Prentice-Hall Inc., Englewood Cliffs, N.J., 1975.

[Ros81] J. Rosický. Concrete categories and infinitary languages. J. Pure Appl. Algebra, 22(3):309–339, 1981.

[Rot88] J. J. Rotman. An introduction to algebraic topology, volume 119 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1988.

HOMOTOPICAL INTERPRETATION OF GLOBULAR COMPLEX 621

[Str66] A. Strøm. Note on cofibrations. Math. Scand., 19:11–14, 1966.

[Str68] A. Strøm. Note on cofibrations. II. Math. Scand., 22:130–142 (1969), 1968.

[Str72] A. Strøm. The homotopy category is a homotopy category. Arch. Math. (Basel), 23:435–441, 1972.

[Vog71] R. M. Vogt. Convenient categories of topological spaces for homotopy theory.

Arch. Math. (Basel), 22:545–555, 1971.

Laboratoire PPS (CNRS UMR 7126) Université Paris 7–Denis Diderot Case 7014 75205 PARIS Cedex 13 France Email: gaucher@pps.jussieu.fr

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/22/22/22-22.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor. Gavin Seal, McGill University: gavin seal@fastmail.fm Transmitting editors.

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown (at) btinternet.com Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Cuill Inc.: valeria@cuill.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Tom Leinster, University of Glasgow, T.Leinster@maths.gla.ac.uk Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca